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ON THE PROLONGATION OF 2-JET SPACE OF 2 INDEPENDENT
AND 1 DEPENDENT VARIABLES

KAZUHIRO SHIBUYA

1. INTRODUCTION

In this paper, we will consider the extension of ”Monster Goursat manifold” in [MZ]
to multi independent variables case.

Let (R, D) be a pair of a manifold R and a distribution D on R. Let (J*(M,n), C*)
be a k-jet space and its canonical system(dim M = m+n). We define a set $(J*(M, n))
of integral elements of higher order jet spaces as follows:

S5 (M, n)) = | 2,
xeJk
where Y, = {n-dim integral elements of (J*(M,n), C*)}.

Y(J*(M,n)) are candidates for the extension of "Monster Goursat manifold” in [MZ]
to multi independent variables case. However X(.J*(M,n)) may not be manifolds. This
situation is quite different from the case of the 1 independent variable. So one of the
main purpose of this paper is to check when a set of integral elements of higher order jet
spaces becomes a manifold or not. If a set of integral elements of some higher order jet
space is a manifold, then we can define the canonical differential system on this manifold.
In this case, we think that the manifold endowed with the canonical differential system
is the extension of ”Monster Goursat manifold” or the ”prolongation” of the jet space.
And we will prove the first main result;

Theorem 3.2. X(J*(M™™ n)) is a manifold if and only if X(J*(M'*2 2)) or trivial

cases.

Here, the trivial cases are;

The case n = 1. In this case, X(J*(M™*1 1)) is nothing but a rank 1 prolongation
(remark 3.1.). The case k = m = 1. X(J}(M™" n)) is a Lagrange-Grassmann bundle
L(J), by definition. hence %(J*(M'™™ n)) are also manifolds. we call these cases trivial
cases.

Next, we will be concerned with the local equivalence probrem of X (J?(M1+2 2))(3%(J?)
for short). The equivalence probrem of ”Monster Goursat manifold” of 1 independent
variable cases is studied in [M1] and [M3]. 3(.J?) has essentially two types of singularities
in the sense of Tanaka theory(proposition 5.2.).

Y1 = {w € %(J?) | dim(w N fiber) = 1}
Yo = {w € X(J?) | dim(wNfiber) = 2}
where w € X(J*(M?,2)), the fiber means that of 7, : T(J?) D C* — T(J*1).

The first one has normal form:
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Theorem 5.7.(normal form)

For w € Xy, ((X(J*(M*',2)),D),w) is locally isomorphic to a germ at the origin in
(R'2, D); where (R'2; x,y, 2, p, q,7, s, t,a, B, ¢,e) is coordinate and D is expressed by D =
{wy = w1 = wy = w, = w, = w,; =0}, where

wo = dz — pdx — qdy w, = dy — adx — Bdt
wy = dp — rdx — sdy @, = dr — cdx — (a® + eB)dt
wy = dq — sdx — tdy ws = ds — edx + adt.

The other is more complicated one and devided into 3 types (hyperbolic type, elliptic
type, parabolic type).

Theorem 5.12.

Sy =S, U, U,
where
Yn = Yo nA{w: hyperbolic point}
Y. = Yyn{w: elliptic point}
Y, = YyN{w:parabolic point}

For w € ¥y, m(w) is isomorphic to m(1,0),m(—1,0) or m(0,0) according to whether
w € Xp,w € X, or w € Xy, respectively. Moreover,

w € Xy, is locally isomorphic to a germ at (0,---,0,1,0) in (R¥2, D).

w € X, is locally isomorphic to a germ at (0,---,0,—1,0) in (R'2 D),

w € %, is locally isomorphic to a germ at (0,---,0,0,0) in (R'2, D).

where (R*2; 2,9, 2,p, q,7, 8,t, B, D, E, F) is coordinate and D is expressed by D = {w’ =

w!' =w? =w, = w, = w, = 0} where

wo = dz — pdx — qdy w, =dx — (DE — BF)dr — Bds
wy = dp — rdx — sdy wy, = dy — Bdr — Dds
wy = dq — sdx — tdy w; = dt — Edr — Fds.

Finally, we summarise the above theorems and will give a complete classification of
¥(J?)(Corollary 5.13.).

2. GEOMETRIC CONSTRUCTION OF JET SPACES

In this section, we will briefly recall the geometric construction of jet bundles in
general, following [Y1] and [Y2], which is our basis for the later considerations.

Let M be a manifold of dimension m + n. Fixing the number n, we form the space
of n-dimensional contact elements to M, i.e., the Grassmann bundle J(M,n) over M
consisting of n-dimensional subspaces of tangent spaces to M. Namely, J(M,n) is
defined by

J(Mn)= ] Lo,  Jo=Gr(To(M),n),
zeM

where Gr(7,(M),n) denotes the Grassmann manifold of n-dimensional subspaces in

T.(M). Let w: J(M,n) — M be the bundle projection. The canonical system C on
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J(M,n) is, by definition, the differential system of codimension m on J(M,n) defined
by

C(u) =7 u) ={v e T,(J(M,n)) | m.(v) € u} C Tu(J(M,n)) == T,(M),

where 7(u) = z for u € J(M, n).

Let us describe C' in terms of a canonical coordinate system in J(M,n). Let u, €
J(M,n). Let (z1,...,2n, 2%, ...,2™) be a coordinate system on a neighborhood U’ of
r, = m(u,) such that dxq,...,dzr, are linearly independent when restricted to u, C
T,,(M). We put U = { u € 71 (U")|dz1]u,- - ., dx,|, are linearly independent }. Then
U is a neighborhood of u, in J(M,n). Here dz*|, is a linear combination of dx;|,’s,i.e.,
dz%|, = > p¥(u)dx;|,. Thus, there exist unique functions p¢ on U such that C' is
defined on U by the following 1-forms;

wa:dzo‘—Zp?dxi (a=1,...,m),
i=1

where we identify 2® and z; on U’ with their lifts on U. The system of functions
(i, 2%,p%) (a=1,...,m,i =1,...,n) on U is called a canonical coordinate system of
J(M,n) subordinate to (z;,2%).

(J(M,n),C) is the (geometric) 1-jet space and especially, in case m = 1, is the so-
called contact manifold. Let M, M be manifolds of dimension m+n and p: M — M be
a diffeomorphism. Then ¢ induces the isomorphism ¢, : (J(M,n),C) — (J(]\7[, n), C’),
i.e., the differential map ¢, : J(M,n) — J(M,n) is a diffeomorphism sending C' onto
C. The reason why the case m = 1 is special is explained by the following theorem of
Backlund.

Theorem (Bicklund) Let M and M be manifolds of dimension m~+n. Assumem > 2.
Then, for an isomorphism ® : (J(M,n),C) — (J(M,n),C), there exists a diffeomor-
phism ¢ : M — M such that ® = ¢,.

The essential part of this theorem is to show that F' = Ker m, is the covariant system
of (J(M,n),C) for m > 2. Namely an isomorphism ® sends F onto I = Ker#, for
m > 2. For the proof, we refer the reader to Theorem 1.4 in [Y2].

In case m = 1, it is a well known fact that the group of isomorphisms of (J(M,n),C),
i.e., the group of contact transformations, is larger than the group of diffeomorphisms
of M. Therefore, when we consider the geometric 2-jet spaces, the situation differs
according to whether the number m of dependent variables is 1 or greater.

(1) Case m = 1. We should start from a contact manifold (J, C') of dimension 2n+1,
which is locally a space of 1-jet for one dependent variable by Darboux’s theorem. Then
we can construct the geometric second order jet space (L(.J), E) as follows: We consider

the Lagrange-Grassmann bundle L(J) over J consisting of all n-dimensional integral
elements of (J, C);

L(J) =] L. C J(J,n),

where L, is the Grassmann manifolds of all Lagrangian (or Legendrian) subspaces of

the symplectic vector space (C(u),dw). Here w is a local contact form on J. Namely,
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v € J(J,n) is an integral element if and only if v C C(u) and dw|, = 0, where u = 7(v).
Let w: L(J) — J be the projection. Then the canonical system E on L(J) is defined by
E(v) = . (v) € To(L(J)) = Tu(J),
where 7(v) = u for v € L(J). We have OF = 7,1(C) and Ch (C') = {0} (cf.[Y1]). Hence
we get Ch (OF) = Ker 7., which implies the Backlund theorem for (L(J), E) (cf. [Y1]).

Now we put
(J*(M,n),C?) = (L(J(M,n)), E),
where M is a manifold of dimension n + 1.
(2) Case m > 2. Since F' = Kerm, is a covariant system of (J(M,n),C), we define
J*(M,n) C J(J(M,n),n) by
J*(M,n) = {n-dim. integral elements of (J(M,n),C), transversal to F'},
C? is defined as the restriction to J?(M,n) of the canonical system on J(J(M,n),n).

Now the higher order (geometric) jet spaces (J*1(M,n), C¥*1) for k > 2 are defined
(simultaneously for all m) by induction on k. Namely, for k > 2, we define J**1(M,n) C
J(J¥(M,n),n) and C¥*1 inductively as follows:

JEPY (M, n) = {n-dim. integral elements of (J*(M,n), C*), transversal to Ker (7f_,). },
where 7¥ |+ J¥(M,n) — J*1(M,n) is the projection. Here we have
Ker (7f_,), = Ch(9C*),
and C**! is defined as the restriction to J*™(M,n) of the canonical system on
J(JH(M,n),n).
where the derived system and Cauchy characteristic system of (R, D) are generally

defined as follows;
The derived system 0D of D is defined, in terms of sections, by

0D =D+ [D,D].

where D = I'(D) denotes the space of sections of D. In general 0D is obtained as
a subsheaf of the tangent sheaf of R (for the precise argument, see e.g.[Y1], [BCG3]).
Moreover higher derived systems 9°D are defined successively by

0'D = 9(0""' D),

where we put 9°D = D by convention. D is called regular, if 9°D is subbundle for all .
the Cauchy characteristic system Ch (D) of a differential system (R, D) is defined by

Ch(D)(z)={X € D(z) | X]dw; =0  (mod wy,...,ws) fori=1,... s},
where D = {w; = -+- = ws = 0} is defined locally by defining 1-forms {wy,...,ws}.

Here we observe that, if we drop the transversality condition in our definition of
J¥(M,n) and collect all n-dimensional integral elements, we may have some singular-
ities in J¥(M,n) in general. Namely, a set of all n-dimensional integral elements of
(J*¥(M,n),C*) may be a variety.

In the next section, we will introduce that the geometric construction of the jet spaces

without the transversality condition are candidates for the generalization of "Monster
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Goursat manifold”. We will give a criteria for the generalization of ”Monster Goursat
manifold” to be a manifold.

3. MAIN THEOREM

In this section, we extend ”Monster Goursat manifolds” to multi independent vari-
ables cases. Namely we consider geometric construction of the jet spaces without
transversality conditions.

Let (J*(M,n),C*) be a k-jet space and its canonical system(dim M = m +n). We
define X(J*(M,n)) as follows:

S5 (M,n)) = | ] T
zeJk
where ¥, = {n-dim integral elements of (J*(M,n),C*)}. By definitin,
JEH M, n) € 2(J¥(M,n)) € J(C*,n) C J(J*(M,n),n),
where J(C*, n) is defined by
=G  C=Gr(CHa)n),

zeJk

i.e. Oy is the Grassmann manifold consisting of n-dimensional subspaces in C*(z).
Remark 3.1. When n =1, 3(J*¥(M, 1)) are called "rank 1 prolongation” of J*(M,1) in
[SY]. Note that
S(JH(M, 1)) = J(C*)1).
We can repeat the procedure of "rank 1 prolongation”, starting from any differential
system. We can define ” k-th rank 1 prolongation” inductively. Moreover, when n = m =

1, 7k-th rank 1 prolongation” of (J(M, 1), C) are called " Monster Goursat manifold” in
MZ].

Generally X(J*(M,n)) is a variety and is not a submanifold in J(C* n). But we
have the one of the main theorem in this paper;

Theorem 3.2. X(J*(M™t™ n)) is a manifold if and only if S(J*(M*2,2)) or trivial
cases.

Proof. We showed the following theorem in [S];

Theorem 3.3. ([S]) (J*(M™™ n)) are not manifolds except for X(J*(M'+2,2)) and
trivial cases.

Therefore, we only prove that X(J*(M'2,2)) is a manifold. O

Theorem 3.4. A set of integral elements X(J*(M*2 2)) of (JA2(M'2,2),C?) is a man-
ifold.
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Proof. For w € X(J*(M'22)), let p(w) = v € J*(M'*%2), where p
Y(J2(MF22)) — J*(M'™2)2) is the projection. And let (U, (z,y,z2,p,q,7,5,1)) be
a canonical coordinate in J?(M'*2 2) around v. Then the canonical system C? is ex-
pressed by {wy = w1 = ws = 0}, where wy = dz —pdx — qdy, w, = dp—rdz — sdy, wy =
dq — sdx — tdy.

Let 7 : J(C?,2) — J*(M'*2 2) be the projection. Then 7~1(U) is covered by 10
open sets in J(C?,2):

TN U) = Uy UUyp UUs U U U U, U Uy UU U Uy U U U Ug,

where Uy :={wen Y (U) | de Ndy|, # 0}
Upr :={w e x 1 (U) | dx ANdr|, # 0}

Uy :={wen Y (U) | ds Adt], # 0}

In the following, we will explicitly describes the defining equation of X(.J2(M'*2,2))
in terms of the inhomogeneous Grassmann coordinate of Uy, - - -, Ug.
(0) On Uyy;

In this case, note that dz A dy|,, # 0 is the transversality condition of the geometric
construction of the jet spaces(§2). So the defining equation of X(J?(M**2 2)) in U,,
will be that of the third order jet space J?(M**2 2).

For w € Uy, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dr, ds, dt
to w, we can introduce the inhomogeneous coordinate in U,, of J(C?,2) around w as
follows;

drly, = pri(w)dz]y, + pri2(w)dyly
dslw = pra1(w)dz|y + prza(w)dylu
dt| = pag1(w)dx|w + paga(w)dylw-

Moreover 2-dim integral element w satisfies dw'|,, = dw?|,, = 0;
dw'l, = —dr Adz|, —ds A dyl, = (pri2(w) — proi(w))dz A dy).,
do?|, = —dsAdz|y, — dt Adyl, = (Praz(w) — paor(w))dz A dyl..
In this way, we obtain the defining equations f; = fo = 0 of X(J*(M'*2,2)) in the
inhomogeneous coordinate U,, of J(C?,2), where fi = pi112 — D121, fo = pia2 — P21}
{fl = f2 = 0} C ny-
Then dfy, df; are independent on {f; = fo = 0}. Thus, we have

drlw = pr(w)dxly + priz(w)dylw
dsly = pria(w)dz|y + proo(w)dyly
dtlw = pra2(w)da|y + pooe(w)dyly.
(ﬁ, Yy,z,p,q,1,8, t, P111,P112, P122, p222) is a coordinate of 2(J2(M1+2’ 2)) in ny. This
coordinate is called the canonical coordinate of the J3(M'12 2) (§2,84).

(1) On U,,;



For w € U,,, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dy, ds, dt
to w, we can introduce the inhomogeneous coordinate in U,, of J(C? 2) around w as
follows;

dyle, = a(w)dx|, + B(w)dr|,
dsly = c(w)dz|, + D(w)dr|y,
dtly = e(w)dz|y, + F(w)dr]|,.
Moreover 2-dim integral element w satisfies dw'|,, = dw?|,, = 0;
dw'|y = —dr Adz|, —ds Adyl, = (—1 — a(w)D(w) + B(w)c(w))dr A dxl,
dw?|, = —dsAdzl, —dt Adyl, = (—D(w) + B(w)e(w) — a(w)F(w))dr A dz|,.
In this way, we obtain the defining equations f; = fo = 0 of X(J?(M'*2 2)) in the
inhomogeneous coordinate U,, of J(C?,2), where f; = —1—aD+Bc, f, = —D+Be—akF}
{fl = f2 = 0} - er-
Then dfy, dfs are independent on {f; = fo = 0}.

(2) On U,s;
For w € Uy, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dy, dr, dt
to w, we have

dyly, = a(w)dzx|, + B(w)dsl,
drl, = c(w)dx|y, + D(w)ds|y,
dtly, = e(w)dz|y + F(w)ds|y,.
Moreover 2-dim integral element w satisfies d@'|,, = dw?|,, = 0;
dw'|, = —dr Adx|, —ds Adyl, = (—D(w) — a(w))ds A dx|,
do®|, = —dsAdz|, —dt Adyl, = (=1 — a(w)F(w) + e(w)B(w))ds A dz,.
Then the defining functions of 3(J?(M1*2 2)) are independent by the same reasoning
as in (1).

(3) On Uxt;
For w € Uy, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dy, dr, ds
to w, we have

dyl, = a(w)dz|, + B(w)dt|,
dr|, = c(w)dx|, + D(w)dt|,
dsly = e(w)dzx|y, + F(w)dt|,.

Moreover 2-dim integral element w satisfies dw'|,, = dw?|,, = 0;
dotly, = (=D(w) + e(w)B(w) — a(w)F(w))dt A dz,
do?|, = (—F(w)—a(w))dt A dzl,.

Hence, we have

dyl, = a(w)dz|, + B(w)dt|,
drl, = c(w)dz|, + (a*(w) + e(w)B(w))dt|,
dsl, = e(w)dx|y, — a(w)dt]|,.
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(,9,2,p,q,7,8,t,a, B,c,e) is a coordinate of X(J*(M*2 2)) in Uy,.

(4) On U,,;
For w € Uy, w is a 2-dim subspace of C*(v), p(w) = v. Hence, restricting dz, ds, dt
to w, we have

dz|, = a(w)dyl, + B(w)dr|,
dsly = c(w)dyl|y, + D(w)dr|,
dtly = e(w)dyl, + F(w)dr|,.

Moreover 2-dim integral element w satisfies dw!|,, = dw?|,, = 0
dw'l, = (—a(w)— D(w))dr A dyl.,
d@?|l, = (c(w)B(w)— a(w)D(w) — F(w))dr A dy|,.
(5) On Uys;
For w € Uy, w is a 2-dim subspace of C*(v), p(w) = v. Hence, restricting dx, dr, dt
to w, we have
dz|, = a(w)dyl, + B(w)dsl,
drly = c(w)dyl|y, + D(w)dsl,
dtly = e(w)dyly, + F(w)ds|,.
Moreover 2-dim integral element w satisfies d@'|,, = dw?|,, = 0;
dw'l, = (c(w)B(w) = a(w)D(w) — 1)ds A dyl.,
izl = (—a(w) — F(w))ds A dyl.
(6) On Uy;
For w € Uy, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dz, dr, ds
to w, we have

dz|, = a(w)dy|, + B(w)dt|,
drly = c(w)dyl, + D(w)dt|,
ds|ly, = e(w)dyly + F(w)dt|,.

Moreover 2-dim integral element w satisfies dw'|,, = dw?|,, = 0;
dw'l, = (c(w)B(w)—a(w)D(w) — F(w))dt A dy|,
do?|, = (e(w)B(w) —a(w)F(w) — 1)dt A dyl..
(7) On U,s;
For w € U,,, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dx, dy, dt
to w, we have
dzl, = A(w)dr|, + B(w)ds|y
dy|w C(w)dr|y, + D(w)dsl,
dt|, = E(w)dr|, + F(w)ds|y.

Moreover 2-dim integral element w satisfies dw'|,, = dw?|,, = 0;
dot|, = —dr Adz|, —ds Adyl, = (—B(w) + C(w))dr A ds|y
do?|, = —dsAdz|, —dt Adyl, = (—A(w) + D(w)E(w) — C(w)F(w))ds A dr|,.

Hence, we have



(8) On Urt;
For w € Uy, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dz, dy, ds
to w, we have

dz|, = A(w)dr|, + B(w)dt|,
dyl, = C(w)dr|, + D(w)dt|,
dsly = E(w)dr|, + F(w)dt|,.

Moreover 2-dim integral element w satisfies dw'|,, = dw?|,, = 0;

do'ly, = (—=B(w)— D(w)E(w) + C(w)F(w))dr A dt|,
do?l, = (=C(w) — A(w)F(w) + B(w)E(w))dt A dr|,.
(9) On Ug;

For w € Uy, w is a 2-dim subspace of C?(v), p(w) = v. Hence, restricting dz, dy, dr
to w, we have

dz|, = A(w)ds|, + B(w)dt|,
dyl, = C(w)ds|y, + D(w)dt|,
drl, = E(w)ds|, + F(w)dt|,.

Moreover 2-dim integral element w satisfies dw'|,, = dw?|,, = 0;

do'|ly, = (—B(w)E(w)+ A(w)F(w) — D(w))ds A dt|,
d@?|, = (—B(w)+ C(w))ds A dt|,.

From (0),-- -, (9), we conclude 3X(J*(M'*2,2)) is a submanifold in J(C?,2).

4. REVIEW OF TANAKA THEORY

Next we will consider the local equivalence problem of (X(J?(M'*2,2)), D), where D
is a canonical system on X(J*(M'2 2)) (see §5). To this purpose, we first recall Tanaka
theory of weakly regular differential systems in this section(see [T],[Y1]).
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4.1. Weak derived system. Let D be a differential system, then we define k-th weak
higher derived system 9D by ;

OVD =0oD , 0WD = 9% VD 4 [D, 0% VD]

where D = I'(D). D is called weakly regular, if 9@ D is subbundle for all i.
For weakly regular differential system D, the followings hold ;

(S1) 3p st. DrtcD?2c---cD*c--.
oo DW= - D= D=t — .
(S2) [Dr, DY c DY Vp,q <0
ie. [X,Y]eDrte, X eDrYeD? Vp,q<O0

where D™! := D, D7% := 9%~V D (k > 2).

4.2. Symbol algebra of weakly regular differential system. Let (R, D) be a
weakly regular differential system such that

T(R)y=D*">D WV 5...5D"=D.
For all € R, we put g_1(z) := D™ *(z) = D(z) , g,(x) := DP(x)/DP(z).

m(x) = @ ayla).

p=—1
Then dim m(z)=dim M. For X € g,(z) , Y € g,(z), Lie bracket [X,Y] € g,44(x) is
defined by ;

Let X € Dr, Y € D9 be extensions (X, = X , Y, = Y), then [X,Y] € Dr+d
[X,Y]:=[X,Y], € gpiq(x) is not depend on the extensions.

We call (m(z),[]) Symbol Algebra of (R, D) at z.

4.3. Example.

Ezample 4.1. Let J3(M1+27 2)3 (1’17$2,y,p1,p2,p11,plz,pm,pnl,p112,p122,p222) be a
canonical coordinate, then C? = {w = @, = wy = w1 = W12 = Wy = 0}, where

w  =dy —pidzy — pads

w; = dp; — pndry — pidry

w@ij = dpij — pijidry — pijadas.
And the structure equation is
dw =0 (mod C?)
dw; =0 (mod C?)
dw;; = —dpij1 Ndxy — dpijs A dzs  (mod C?).

Therefore 9MC? = 9C® = {@w = w; = wy, = 0}. The structure equations for 9C*
and OWC? are
dow =0 (mod 9C3)
{ dwz _dpll A d.ﬁL’l - deQ VAN d.TQ (I'IlOd 803>
10



dw =0 (mod 0WM(C3, wij N W)
dwi = _dpzl A\ dl'l — dpzZ A d.ﬁlﬁ'g (HlOd 8(1)03 , Wij A wkl).
Thus 0P C3 = 9?C® = {w = 0}. The structure equations for 9°C3,0C? are
{ dww = —dpy N dxy — dps Adzy (mod 9*C?)
dw = —dpi ANdxy — dpy N dxs
(mod 9P (3, Wi N Wity @; N Wik, @i N ;).

Therefore 9% C®% = 9°C® = T(J?). Especially, (J3(M,1),C?) is regular and weakly
regular.

Symbol algebra of J3(M'*2 2);
We take coframe:{w, w1, We, W11, W12, W22, AP111, Ap112, dp122, dP2az, dx1, dxs, } and its
d

g 0 0
dual frame {—, —, —, ——, —1},
{ay Op;’ Opi; " Opiji d%’}
where -—a_|_,a_|_ 8+ 8+ 3+ 8+ 0
d,jCi = aiL‘Z Di 8y DP1i ap D2i ap P11i ap P12i ap P22i = ap22
Then, at x € J? |
0 d 0
3 .:
g_l(x) o Ca <8ngk d > 7; 2(:):) <8p1j> ’
8-0(0) = () oale) = ()
—p
m(z) = @ g(r) =g 1D g 293D gs
p=—1

The bracket relations are;

0o d 0 0o d 0 0 d

]_ 7[ ]:Zka_m’[ﬁ_m’d_xz

0
= 07— = 0;;— , the other is 0.
lapjk | ]a?/

(9pjkl ’ dl’z 8pjk’ dl’z

5. EQUIVALENCE PROBLEM OF (X(J*(M'*% 2)), D)

From now on, we denote (X(J*(M'*2 2)), D) simply by (X(J?), D). Because %(J?)
is manifold, we can define the canonical system D on X(J?) as follows;
Vu € B(J?) , p(u) =z

D(u) = p; ' (u) C Tu(5(J%)) = To(J?)

where p : X(J?) — J?(M'2,2) is the projection.
In this section, we will consider the equivalence problem of (X(J?), D). Namely we
will give the orbit decomposition under the Aut(3(J2), D), where

Aut(X(J?), D) = {p : B(J?) — 2(J?) | ¢: local diffeomorpfhism such that
#.(D)= D}.
Remark 5.1. Let ¢ : J3(M,2) — J*(M,2) be an isomorphism, i.e., ¢ is a diffeomorphism
such that . (C?) = C%. Then ¢ induces the isomorphism ¢, : (3(J?), D) — (X(J?), D),

namely, the differential map ¢, : 3(J?) — 3(J?) is a diffeomorphism sending D onto D.
11



First, we explain geometric meaning of the decomposition in the proof of theorem
3.4. 3(J?) has another decomposition;
N(J?) = X U U, (disjoint union),
where 3; = {w € X(J?) | dim(w N fiber) = i} (i = 0,1,2), the fiber means that of
m.: T(J?) D C? — T(J'). Then,

E0|p*1(U) - Umy
Silprwy = (Upr UUrs UUy U U, UUys UUy)\Usy,
22|p71(U) = (UrsUUrtUUst)\(Ua:yUerUstUUxtUUyrUUysUUyt)~

Yo = J? is an open set in X(J?). 3 is a codimension 1 submanifold in $(J?). ¥y is a
codimension 2 submanifold in ¥(J?) and is a P*-bundle over J2.

Proposition 5.2. (X(J?), D) is regqular, but is not weakly reqular, precisely
D C 9D C 8D C 8D = TS(J2(M1,2)).

Moreover 92D = 0@ D and
O®D =T%(J?) on XyUY,
0D =0@D on¥,

Remark 5.3. Note that ¥y = J? by definition. So the derived system, weak derived
system around w € ¥y and the symbol algebra at w € ¥ are given in the example 4.1.

Proof. We take canonical coordinate on J? and consider the decomposition of X (J?):U,,U
Uy UUyps UU U U, UUs U U, U U, U U U Ug(see proof of theorem 4.3.). First of all,
we show that it is enough to work on three open sets U,,, U, U;.

Lemma 5.4. p (U) = U,y U U, U U UU, U U, UU,s UU, UUUU, UUgy =
Uy UU U U, UU,s UU, UUg, under the notation of the proof of theorem 3.4.

Proof. First, we prove Uy, C Uy U Uy,,.
For w € U,,,
dyl, = a(w)dx|, + B(w)dr|,
dsly = c(w)dz|, + D(w)dr|y,
dtly, = e(w)dz|, + F(w)dr|y,,
and the relations are f; = =1 —aD + Bec =0, fo = —D + Be — aF = 0. Note that
w € U, if and only if dr and dy are independent at w, i.e.,B(w) # 0. Assume that
B(w) =0, then F(w) # 0 from f; = 0. So

dx N dt|, = dz A (e(w)dx + F(w)dr)|, = F(w)dx A dr|, # 0.

Therefore w € Uy U Uy,
The same argument yeilds Uy C Uy U Uyy, Uys C Uy U Uy, and Uy C Uy, U Uyy,.
O

From above remark, lemma and natural symmetry, where natural symmetry means
the isomorphism induced by T =4,y = x,p = q,q = p,7 = t,t = r, it is enough to work
on Uy, U, Uy, because every germ in Uy, appears in Uy, and that of U appears in U,.

On U,,;
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We take a coordinate (x,y, z,p,q, 7, s,t,a, B, c,e) on Uy(see proof of theorem 4.3.),
then D = {wy = w1 = wp = wy, = w, = w, = 0}, where

wy = dz — pdx — qdy w, = dy — adx — Bdt
@y =dp — rdx — sdy @, = dr — cdx — (a* + eB)dt
wy = dq — sdx — tdy ws = ds — edx + adt.

Recall that, for w = (z,y,2,p,q,1,8,t,a,B,c,e), B # 0 if and only if w € ¥,
therefore it is enough to consider at w in the hypersurface {B = 0} C 3(J?). The
structure equation at a point in {B = 0} is

dw; =0 (1=0,1,2)
dw, =—daAdr—dBAdt#0

dw, = —dcAdx — (edB + 2ada) A\ dt # 0

dws, =—deNdr+daNdt#0 (mod D).

Hence 0D = {wy = wy = wy = 0}. The structure equation of dD at a point in
{B=0}is

dwyg =0
dwy = (—w, —aws + ewy) Ndx — awy, ANdt 0
dwy = —wsNdr —dt Nwy, #0

(mod 0D, w, ANwg (o, =y,1,5) ).

Hence 0¥ D = 0°D = {wy, = 0}. The structure equation of 9D at a point in
{B=0}is

dwy = —(wi + awy) Adr #0
(mod 9?’D,w, Aws (o, 5 € {y,r,5,1,2})).

Hence 0®)D = 33D = T(X(J?)). We conclude
0¥ D =T%(J% on Ly UX,.
On U,;

Let (z,y,2,p,q,7,8,t,B,D,E, F) be a coordinate on U,;. Then D = {wy = w; =
wy = w, = wy, = w; = 0}, where

wo = dz — pdx — qdy w, =dr — (DE — BF)dr — Bds
wy = dp — rdx — sdy wy, = dy — Bdr — Dds
wy = dq — sdx — tdy wy = dt — Edr — Fds.

w € Xy if and only if dx|, = dy|, = 0. So, in this coordinate, ¥, is a {B = D = 0}:
codimension 2 submanifold in %(J?).
The structure equation at a point in {B = D = 0} is

dw; =0 (i=0,1,2)

dw, = —(EdD — FdB)ANdr—dBAds#0

dw, =—dBANdr—dD ANds#0

dw, =—dENdr—dF Nds#0 (mod D).
13



Hence 0D = {wy = w; = wy = 0}. The structure equation of 0D at a point in
{B=D=0}1is

dwy =0
dw, =—drNw, —dsNw, Z0
dwy = —ds Nw, — (Edr+ Fds) Nw, # 0

(mod 0D, w, Aws (a, f=x,y,t) ).

Hence 0¥ D = 0°D = {w, = 0}. The structure equation of 9°D at a point in
{B=D=0}1is

dwy = - ANwy —wa Awy Z0
(mod 02D)
0

dwo
(mod 9?D,w, Aws (o, f € {z,y,t,1,2})).

Therefore 9°D = T(%(J?)) on U, and 0¥ D = {wy = 0} on Sy N Uys.

OII U’r’t;
dx|, = A(w)dr|, + B(w)dt|,
dyl, = C(w)dr|, + D(w)dt|,
dsly = E(w)dr|, + F(w)dt|y,

where defining equations are —-B—DE+CF =0, —-C—AF+BFE = 0. w € Y, if and only
if A= B =C = D =0. Moreover, if (E, F') # (0,0) then the point is in U,s or Ug. So
we consider a point (F, F') = (0,0) and take a coordinate (z,y, z,p,q,7,s,t, A, D, E, F)
around (£, F) = (0,0). Then D = {wy = wy = wy = w, = w, = w, = 0}

where

wo = dz — pdx — qdy wx:dx—Adr—%le?dt
w, = dp — rdx — sdy wy:dy—%dr—Ddt
wy = dq — sdx — tdy we = ds — Edr — Fdt.
The structure equation at a point (A, D, E, F') =0 is
dw; =0 (1=0,1,2)
dw, =—dANdr#0

dw, =—dD Adt#0
dw, =—dENdr—dFAdt#0 (mod D).

Hence 0D = {wy = wy; = wy = 0}. The structure equation of dD at a point in
(A,D,E,F)=0is

dwo =0
dwy, =—drNw, %0
dwy =—dt Nwy, #0

(mod 9D, w, Awg (o, B =z,9,S) ).
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Hence 0¥ D = 0°D = {wy = 0}. The structure equation of 9D at a point in
(A,D,E,F)=01is
dwy = - ANw, —ws Awy Z0
(mod 9%D)
0

dwo
(mod 9%’D,w, Aws (o, B € {x,y,s,1,2})).

We conclude that (X(J?), D) is regular and not weakly regular;
0D =0%D on X,.
Il

5.1. Classification of ;.
From above proposition, (X(J?), D) is locally weak regular around w € ;. So we
can define symbol algebra at w € 3; and the following holds;

Proposition 5.5. For w € ¥, symbol algebra m(w) is isomorphic to m, m = g_; @
g 2Pg 3Dg 4 and [,] is given by;

Xy = [XCL?XI] = [XBaXt] ) Xr - [XcaXx] ) Xs - [XeaX:c] = _[XaaXt]
X, =X, Xu] , Xy =X, Xo] = —[X,, Xi]
X, =[X,, X4, the other is trivial,

where {X,, X,, Xq, Xy, Xp, X, X, Xi, Xoy, X, Xe, Xe} are basis, and
g1 = ({Xo, Xi, Xo, X, X, Xe})
g2 = <{Xy7X’V‘aXS}>
g-3 = <{Xp=Xq}>
g+ = ({X.})

FEspecially, for w € 31, symbol algebra (m(w), [,]) is not isomorphic to jet type symbol
algebra.

Remark 5.6. Note that m(w) are not locally isomorphic to above m around wy € ¥; in
¥(J?), because 3(J?) contains J? as an open dense subset.

Proof. 7On U,,” in the proof of proposition 5.2., we put @; := w; + aw, , @0, := w, +
2aws — ew, ,w. = dc + 2ade — eda and take a coframe :

{wy, w1, w2, wy, W, ws, dz, dt, da, dB, w,, de},

then the structure equations are

dw; =0 (i=0,1,2)
dw, = —daNdr—dBAdt
dw, = —w.Ndx
dwy = —deANdx+daNdt (mod D)
dwo =0
dwo, = —w, ANdzx
dwy, = —wsNdr —dt Nwy, #0

(mod 0D, w, Awg (a, B =y,1,5) )
15



{ d@o E—?Aﬂl/\dl’io
(mod 9D, w, Awi,w; Aw; (a € {y,r,s},i,5 € {1,2}))

Hence its dual frame satisfies the relation of this proposition.
O

Theorem 5.7. (normal form)

For w € ¥1. ((B(J*(M*,2)),D),w) is locally isomorphic to a germ at the origin in
(R'2, D); where (R'2; x,y, 2, p, q,7, s, t, a, B, ¢, e) is coordinate and D is expressed by D =
{wp = w1 = wy = wy, = w, = w, =0}, where

wo = dz — pdx — qdy wy, = dy — adx — Bdt

wy = dp — rdx — sdy @, = dr — cdx — (a® + eB)dt

wy = dq — sdx — tdy ws = ds — edx + adt.
Proof. We construct the paths from any points to the origin, directly. For wy € ¥, we
may assume wy is expressed by a germ at wy = (0,--- ,0, ag, 0, co, €9),

wo = dz — pdx — qdy w, = dy — adx — Bdt

wy = dp — rdx — sdy @, = dr — cdx — (a® + eB)dt

wy = dq — sdx — tdy ws = ds — edx + adt,

because of normal form of J? and wy € ¥; if and only if B = 0. Hence what we have to
do is to construct ¢ € Aut(3(J?), D)) sending (0, --- ,0, ag, 0, co, €9) to (0,---,0). Let
e be a

906 : (:l?,y,z,p,q,r,s,t,a,B,c,e) —

€ 2 €0 2 B
(l’,y,Z - E'x Y,p—eoryY,q — Ex , ' — €Y, s — €0x7t3a7 ,C— €04, € — 60)
Then
* o * _

YWy = Wo @ewy - wy

szwl = W1 szwr = Wr — €Wy

Yoy = ws Yros = ws.
Therefore, ¢, leaves D invariant and sends a germ (0,---,0,a0,0,co,ep) to a germ

/ /

(0,---,0,a0,0,c,0) where ¢ = ¢y — epay.

Similarly, Let ¢, p. be

(pa . (:C7y727p7q7,r787t7a7B7c7 e) =
T, Y, 2, p+ apq, q, 7 + 2a9s + a’t, s + apt, t,a — ag, B, c + 2eaq, e
Y 0
¢et (v,9,2,p,q,7,8,t,a,B,c,¢e) —
cl c
(,y,2 — gox?’,p — 50232, q, 7 — o, s, t,a, B, c— ¢, €)
Then these maps preserve D and the composition ¢, o ¢, sends a germ
0,---,0,a0,0,¢,0) to a germ (0,---,0,0,0,0,0), where above isomorphisms are ob-
tained by focusing on the form w,. = dc + 2ade — eda in the proof of proposition 5.5.
and leaving the form invariant to keep the symbol algebras.

0J
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5.2. Classification of ;.

Finally, we will classify points in 5. From the proposition 5.2., w € Y5 , we can not
define the symbol algebra at w. But 0MD and 0®® D are subbundle, so we can define
pseudo symbol algebra at w as follows;

For w € ¥y, we put g_1(w) := D™ Yw) = D(w), g_o(w) := D 2(w)/D Y w),g_3(w) :=
D3 (w)/DH(w).g-s(w) == Tu(E(2))/ D (w)

m(w) = g1 (w) © g-o(w) S gs(w) © ga(w).
We define Lie bracket by the same way of the usual symbol algebra except for [g_1,g_3].
For [g_1,9_3], we define [g_1,9_3] = 0.

Note that this pseudo symbol algebra does not satisfy the generating condition
91,03 =94

Lemma 5.8. For wgy € Y, there exists w € U,s such that w is locally isomorphic to wy

Proof. Note that Y, is covered by U,s U U, UUg. From the symmetry x and y, Uy is
isomorphic to U,s. So it is enough to consider the points in U\ (U,sUUs). Uy \(UrsUUg)
is a set consisting of a point wy. wy is the origin in the coordinate U, i.e., wq is the
integral element given by;

9.9
or’ ot~
Then we consider the isomorphism ¢ : (J2, C?) — (J?, C?);

wog={dr=dy=dz=dp=dg=ds =0} =<

¢ sends the integral element w, to wy where the wy is expressed by

o 0 0
Dn — d7:d7:d7:d7:d7:d7—720 :<1_ _
W = {de = dy =dz=dp=dq=d(s =) =0} =< 7. 52 T 55 >
in the new coordinate system. Thus wy € Urs in this new coordinate system. [

From above lemma, it is enough to classify the points in U,..
Proposition 5.9. For w € ¥y, pseudo symbol algebra m(w) is isomorphic to m(E, F),
MEF)=9g 1Pg D9 3Dg_4 and [,] is given by;
(Xp, X, =X, - FX,, Xp,Xs|] =X, , X5, Xs| =X, ., [Xp,X,] = EX,
(Xe, Xo] = X, [Xp, Xi] = X,
(X, Xo] = Xy, [XSva] =Xp+1X,, [Xs, Xa] = Xq, [Xth] = EX,
the other s trivial,
where {X,, X,, Xq, X0, Xy, Xi, Xoo, X, X, Xp, X, Xr} are basis, and
g1 = ({X0, X, X, Xp, Xg, Xr})
g2 = ({Xo, Xy, Xi})
g5 = ({X, X))
g4 = ({X.})

where E, F € R are parameters.
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Proof. We may assume w € U,; by the above lemma. From the proof of theorem 3.4.,

in U, D is expressed by D = {@’ = @' = @? = w, = w, = w, = 0} where
(x,y,2,p,q,7,8,t,B,D, E, F) is the coordinate and

woy = dz — pdx — qdy w, =dr — (DE — BF)dr — Bds

wy = dp — rdx — sdy wy, = dy — Bdr — Dds

wy = dq — sdx — tdy wy = dt — Edr — Fds.

Recall that w € X, if and only if B = D = 0 in this coordinate. Let
{X., Xy, X, Xo, Xy, Xo, X0, X, X, Xp, Xp, Xp} be the dual frame of the coframe
{@", @', w?, w,, @, @, dr,ds,dB,dD,dE,dF}. From the proof of proposition 5.2., the
structure equations are;

dw; =0 (i=0,1,2)
dw, = —(EdD — FdB)ANdr—dBANds#0
dw, =—dBANdr—dD ANds#0
dw;, =—dENdr—dF Nds#0 (mod D).
dwy =0
dw, =—drNw, —dsNw, #Z0
dwy = —ds Nw, — (Edr+ Fds) Nw, # 0
(mod 0D, w, Awgs (a, f=xz,y,t) ).
dwy = - ANwy —wa Awy Z0
(mod 02D)
dwo =0
(mod 9?D,w, Aws (o, 8 € {z,y,t,1,2})).
Thus we obtain the result. Ol

For the pseudo symbol algebra m(F, F'), the followings are intrinsic;

gy = {Xeg|adX)y, =0} =<Xp, Xp, Xp,Xp >
g%, = {Xcg,|adX)|,, =0} =<X; >
@—1 = {X c g1 | Im CLd(X)’g_l c g‘_/Q} =< XE,XF > .

Lemma 5.10. For the pseudo symbol algebra m(E, F'), let Ch(m(E, F')) be a set of the
characteristic directions, that is,

Ch(m(E,F)) ={V Cg_1:1—dimsubspace | X € V, X # 0,rankad(X)|,_, = 1}.

Then
2 (F?+4E>0)
#HCh(m(E,F)) =< 1 (F?+4E=0)
0 (F%+4FE <0).

Remark 5.11. For w € Yo, w is said to be hyperbolic, elliptic or parabolic according to
whether F'2 + 4F is positive, negative or zero, respectively.
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Proof. For X € g_4,
XZSXT+77X3+XV (£7n€R7 Xveg‘—/l)

Then

ad(X)(X;) =&X,+nX,

ad(X)(X,) = &(EXy) +n(Xp + FX) =nX, + (EE+nF)X,

ad(X)(Xe) =0.

Hence X is a characteristic direction if and only if X is a null direction for the
quadratic form
E(EE+nF) — 0’ = EE + Fén— .

Therefore the determinant of this quadratic form classifies the number of the character-
istic directions. 0

From above lemma, Y has at least 3 components. But this classification is sufficient
by the following theorem.

Theorem 5.12.
Yo=2pUX. UX,

where
Yy = Yo n{w: hyperbolic point}
Y. = Xon{w:elliptic point}
Y, = XyN{w:parabolic point}

For w € ¥y, m(w) is isomorphic to m(1,0),m(—1,0) or m(0,0) according to whether
w € Xp,w € X, or w € Xy, respectively. Moreover,

w € Xy, is locally isomorphic to a germ at (0,---,0,1,0) in (R¥2, D).

w € X, is locally isomorphic to a germ at (0,---,0,—1,0) in (R'2, D),

w € ¥, is locally isomorphic to a germ at (0,---,0,0, 0) in (R¥2, D).

where (R, x,y, 2,p,q,r,5,t, B, D, E, F) is coordmate and D is expressed by D = {w® =

wl—w2—wx—wy—wt—0} where

wy = dz — pdx — qdy w, =dr — (DE — BF)dr — Bds
wy = dp — rdx — sdy wy, = dy — Bdr — Dds
wy = dq — sdx — tdy wy = dt — Edr — Fds.

Proof. First, we introduce the isomorphisms p,(a € R) : U,s — U,s and ¢ : U3 — U,.
these isomorphisms will preserve the determinant of the quadratic form;

F? +4F = F? + 4F.

For nonzero a € R, we define ¢, by;

vo: (x,y,2,p,q,7,8,t,B,D,E,F) + (2,9,%,p,q,7,5,t,B,D,E, F)
r Yy zZ p q s t B E F
= (=,%,—, =, —=,1——,—,D,—=,—).
(a27a7a47a27a37r7a7a27a7 7a27a)

1 is defined by;

Y (x,y,2,p,q,7,8,t, B,D,E,F) — (%,,%,p,q,7,5,t, B,D, E, F)

r r D F 1
= (x_%7y7z7p7q+gvr78+§7t+Z+S7B_E?DaE_E_ZaF—i_l)'
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Then

w*@o = Wy w*@x = W, — %wy
w*@l = W1 w*@y = wy
Vi@ = wy + %?Dl Vo = wy.

(1) For w € %5, we may assume w = (0,0,0,0,0,0,0,0,0,0, Ey, Fy) € U,s. Then

E
F¢+4Ey > 0. If Fy # 0, p_p, sends w to w' = (0,--- ,O,F—g,—l). 1 sends w' to
0
E 1 1
w”" =(0,---,0, F—;z) + 5 Z,O). Furthermore N sends w” to (0,---,0,1,0), where

TR
If Fo =0, ¢ g sends w to (0,---,0,1,0).

o B 1 1

(2) For w € %., we may assume w = (0,0,0,0,0,0,0,0,0,0, Fo, Fy) € U,s. Then

E
F¢+4Ey < 0. If Fy # 0, p_p, sends w to w' = (0,--- ,O,F—g,—l). 1 sends w’ to
0
E 1 1
w”" =(0,---,0, F—;z) + 5 Z,O). Furthermore N sends w” to (0,---,0,—1,0), where

Rt
If Fo =0, ¢ ~p, sends w to (0,---,0,—1,0).

o B 11

(3) For w € %, we may assume w = (0,0,0,0,0,0,0,0,0,0, Fy, F) € U,s. Then F} +
4E0:O IfF():O, E():O

1
If Fo #0, o_g, sends w to w’ = (0,---,0,—

7 —1). 9 sends w' to (0,---,0,0,0).

The normal forms of the pseudo symbol algebras are obtained by the above local
normal forms.

O

We summarize
Corollary 5.13.
N(J?) =S US U (Z,UX. UY,)
where
Yo = {weX(J?) | dim(w N fiber) =0} = J*

¥ = {weX(J?) | dim(w N fiber) = 1}

Yo = {weX(J?) | dim(wnN fiber) =2}

Sy = S,UN,UN.

Y = Yo nNA{w: hyperbolic point}

Ye = Yon{w: elliptic point}

Y, = Yon{w: parabolic point}
Yo s an open set in X(J?). Xy is an codimemsion 1 submanifold in X(J?) X,

is an codimemsion 2 submanifold in X(J?) and P*-bundle over J*. X, X, are also
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codimemsion 2 submanifolds in ¥(J?). X, is an codimemsion 3 submanifold in %(J?).

Moreover, the each component have the following normal forms;
(0) Xo has jet type normal form.

(1) w € Xy is locally isomorphic to a germ at the origin in (R'?, ﬁ) where
(R'%,2,y,2,p,q,7,5,t,a,B,c,e) is coordinate and D is expressed by D = {wy = @, =
wy = wy = w, = ws = 0}, where

wo = dz — pdx — qdy w, = dy — adx — Bdt
@y =dp — rdx — sdy @, = dr — cdx — (a* + eB)dt
wy = dq — sdx — tdy ws = ds — edx + adt.

(2)

w € Xy, is locally isomorphic to a germ at (0,---,0,1,0) in (R¥2, D).

w € X, is locally isomorphic to a germ at (0,---,0,—1,0) in (R'2, D),

w € %, is locally isomorphic to a germ at (0,---,0,0,0) in (R'2, D).

where (R*2; 2,9, 2,p, q,7, 8,t, B, D, E, F) is coordinate and D is expressed by D = {w’ =

w! =w? = w, = w, = w; = 0} where

wy = dz — pdx — qdy w, =dr — (DE — BF)dr — Bds

wy = dp — rdx — sdy w, = dy — Bdr — Dds

wy = dq — sdx — tdy wy = dt — Edr — Fds.
Appendix

A description of integral manifolds of (3(J?), D)

In this appendix, we will consider integral manifolds of (3(J?), D). If S is a 2-dim
submanifold of ¥(J?) and satisfies T'S C D , then S is called a 2-dim integral manifold
of (X(J?), D). And If S is a 2-dim integral manifold of (X(J?), D) with 2|s # 0 , then
S is called an integral manifold of (X(J?,)D) with independence condition €2, where
is a 2-form on (X(J?), D) independent modulo D.

We describe the relation between the integral manifolds of (X(J?), D) and singular
solutions of partial differential equations of second order.

For (JE(M™™ n),C*), the integral manifolds S with independence condition dz; A
-+ AN dx, correspond to the graph of the k-jet extension of m functions of n variables.
Hence, the integral manifolds with independence condition dzi A - - - A dx,, depend on m
functions of n variables.

Ezample 5.14. Let (z,y,z,p,q,r,S,t, p111, P112, P122, Pa22) be a normal coordinate on
J3(M'22). the solution S with independence condition dx A dy is expressed by;
S = (& 2(2,9), 2(2,9), 2(2,Y), 202 (2, Y), Zay (2, Y), 2 (2, y)
s Zaza (T3 Y)s Zaay (T Y)s Zayy (T, Y)s 2yyy (T, 9)).-
And the integral manifolds depend on 1 function of 2 variables z(z,y).
Now, we consider the integral manifolds of (3(.J?), D) passing through 3; = {dim(wN

fiber) = 1} with some independence condition. Note that the integral manifolds S C

{dim(w N fiber) = 0} is in the above example.
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Proposition 5.15. Let (x,y,z,p,q,1,,t,a, B, c,e) be the normal coordinate around ¥,
n (X(J?), D) (theorem 5.7.).
If S is an integral manifold of (X(J?), D) passing through ¥, with independence
condition dx A dt, then S is written by;

S = (e (. 1), / ayedt + 20(2), 2 — qa, / byt + o),

(1) Pz — SYz, 4z _tyamtaya;)ytaracysac)-

In other wards, the integral manifolds depend on 1 function of 2 variables y(x,t) and
2 functions of 1 variable qo(z), zo(x).

Conversely, for any y(z,t) with y,(0,0) = 0 and qo(z), 20(z). We can construct the
integral manifold by (1).

Proof. Let S be an integral manifold, then S = (z,y(x,t), z(x,t), - ,t,--- ,e(z,t)) from
independence condition. And S*w; =0 (i =0, 1,2,y,7,s);

(2) S'wo = (% — q¥o — p)dz + (2 — qye)dt =0
(3) S*wr = (pe — 71 — syz)dx + (py — sy)dt =0
(4) S'wy = (¢z— s —tyz)dz + (@ — ty)dt = 0
(5) S*w, = (yp—a)dx+ (yy — B)dt =0

(6) S*w, = (r,—c)dz+ (r,— (a®> +eB))dt =0
(7) S*ws = (sp —e)dr+ (s¢+ a)dt = 0.

a =y, and B =y, is determined by (5), and note that the condition passing through
Y1isB=y, =0. From (4), ¢ = /tytdt + qo(x) where go(x) is a function on S depending

only on z, and s = ¢, — ty,. From (7), e = s,. From (2), z = /qytdt—l— 2o(z) where

2o(x) is a function on S depending only on z, and p = z, — qy,. From (3), r = p, — Sy,
From (6) ¢ = r,. Therefore

(8)

S = (.’I, y(x, t)a / C]Z/tdt+20($), Ze — qYq, /tytdt"i_qO(x)?px — SYz, 4x _tym ta Yz Yty Ty Sx)-

Conversely, for any y(z,t) with 3,(0,0) = 0 and go(x), zo(z). We define the 2-dim
submanifold S by (1), then (0,0) = 0 ensure that passing through ¥; and the rest 3
conditions in (2),--- ,(7) are satisfied by definition, automatically.

O

Let p : 3(J?) — J! be a natural projection, (z,y,z,p,q,7,8,t,-++) — (z,v,2,D,q)
(J* is a 5-dim contact manifold).

Corollary 5.16. The projection of the integral manifolds passing through ¥, with inde-
pendence condition dx A dt have singularities at the origin.

Corollary 5.17. Let S be an integral manifolds with independence condition dx A dt.
Assume S C X1, then the projection of S is a reqular curve.
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Proof. The condition is B =y, = 0. Hence y(z,t) = y(x) depends only on z. From the
above theorem, we have

o a W =« »w 2= a8 u < 8
I

8

<

(z)

o(x)

20— 4oy’

qo()

(qf + 3)t* — 3qat + 2
q@ —ty'

t

/

Y
0

" "1 "1

zo — (0 v +qy") — (@y" + ay"”) — (@5 —ty")y — (a0 — ty')y"
q —ty".

N

OJ

Ezample 5.18. (cusp) Let y(x,t) = t3 — 3xt, z9(x) and qo(z).Then the integral manifold

S(z,t) is

r = x
3 — 3at
9 27 3

zZ = 2—8t7 — 2—O$t5 + (QO + §$2>t3 — 3(]0$t + 29
9 5 / 3 3 ! !

p = 1_Ot + (g0 — 533)75 — 3qyrt + 2
3 3

S T N

q 1 2:10 + Qo

r o= (qy+3)t° — 3q)xt + 2
3

s = §t2 + Q6

t =t

a = —3t

B = 3t -3z

¢ = a3+ g+ =

e %

from direct calculation.

Ezample 5.19. (Cartan’s overdeteremined system ) We consider the Cartan’s overde-
teremined system

1 1
r=-t>, s==t%
3

2
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The Lie algebra of infinitesimal contact transformations of the system is isomorphic to
the 14-dim exceptional simple Lie algebra Gj.
Let y(z,t) = —xt, 29(z) = 0 and go(x) = 0. Then the integral manifold S(z,t) is

1
=2 s = —t?
2
Yy = —xt t=1
L 53
zzgxt a=—1
L s
1
q-—éxt2 c=10
1
r—§t3 e=10

Therefore the projection of the integral manifold S(x,t) is a singular solution of the
Cartan’s overdeteremined system, where the projestion is %(J?) — J2.
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