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On the general transformation of the Wirtinger integral

Humihiko Watanabe

81 Introduction.

The Wirtinger integral is the uniformization to the upper half plane H of the hypergeometric function defined on the complex projective line P*. In [5] we

established the transformation formulas of the Wirtinger integral for the linear fractional transformations 7 — 74+ 2 and 7 — — with the aide of the theory
T
of theta functions. As a corollary we obtain the transformation formulas of the Wirtinger integral for the linear fractional transformations 7 — 7 4 2 and

p
T — G — which are identified with generators of of the principal congruence subgroup I'(2) modulo center. These formulas correspond to the monodromy
—27

matrices of the hypergeometric function for generators of the fundamental group of P! minus three points. The purpose of this paper is to generalize this result,

d
matrix of the hypergeometric function. It seems to be quite difficult to obtain such a formula directly from the hypergeometric function because we have no

namely, to establish the transformation formula of the Wirtinger integral for the general element ((CL b of I'(2), which corresponds to a general monodromy

standard way of expressing a general element of the fundamental group corresponding to the matrix (i Z eI (2).

Following the notation of Chandrasekharan [1], we introduce the four theta functions 6(v, 7),0;(v,7) (i = 1,2,3) by

1 —+o0 —+oo “+oo —+o0
1y2, - . 1\2 . 2 . . 2 . .
9(1),7’) _ ; § (71)n6(n+2) 7\”17’6(277,Jr1)7rw7 01(1)77_) _ § 6(n+2) 7rz're(2n+1)7rw’ 02(,077_) _ E (71)“6” 7r7/re2n'n'w7 93(1}77_) _ E en m‘r62n7rw7
n=-—o00 n=—00 n=—o0o n=—oo

which are defined for all (v,7) € C x H, where C denote the complex plane. Mumford [2] adopts the symbols 0y, 81, 010,611 to denote the theta functions above.
The relations between the two notations are as follows: 6(v,7) = —6011(v,7), 01(v,7) = O10(v,T), O2(v,7) = p1(v,7), O3(v,7) = Ogo(v, 7). In this paper we also
use the following abbreviations: 0;(v) = 6;(v,7), 0; = 6;(0,7), etc.

We define two functions z;(7), z2(7), which we have been proposing to call Wirtinger integrals in our papers [5], [6] (see also [7]), by

1
3
z1(1) = 9§/ 0(1}77)2“_191(1)77)27_20‘_192(0,7)2’8_27+393(v,7)_25_1dv,
0
3
22(7—) = 01%/ 6(”77—)25727+301 (,U’7_)7267192(,0’7_)2&7193(,0’7.)2"/720471(1,0’
0
where we assume that «, 3,7 satisfy certain conditions such that these integrals are convergent, and that argv = 0 on the interval of integral 0 < v < 1/2.

They are the lifts of Gauss’ hypergeometric functions of SL type to the upper half plane, and form a fundamental system of solutions for the lift of Gauss’

hypergeometric differential equation of SL type to the upper half plane. Let I"(2) be the principal congruence subgroup of level 2, and let (Z 2) be an element



of I'(2). Without loss of generality we may assume 0 < ¢ < d. The problem which we will study in this paper is as follows:

at +b
ct+d

Problem 1. Determine the constants A and B with respect to 7 such that z; ( > = Az (1) 4+ Bza(7).
at +b
cT+d
group of the Riemann sphere minus three points (which is the defining region of Gauss’ hypergeometric differential equation), the constants A, B are identified
at +b

and
ct+d

One can pose a similar problem for zo ( >, of which we omit the detail in this paper. Since the group I'(2) modulo center is isomorphic to the fundamental

. . . . b o
with components of the monodromy matrix for the element of the fundamental group corresponding to the matrix (Z d)' Substitution 7 —

v — makes the integral representation above for z1(7) into

cT
at +b 0. (0 at+b 2/(67+d)/29 v ar+b 20‘710 v oar+b\TP! 0 v ar+b 25727%9 v oar+b\ TN W
z = —_— _— _— _— _— .
"\er+d S\ er+d 0 et +d’ et +d "Ner+d er+d *\er+d er+d S\er+d er+d et +d
The following formulas are well-known (e.g. [3], [4]):
eﬂi(3d72+bdfcd)/4 cT + deCﬂ'i’UQ/(CT+d)0(,U, 7_)7
Voo

)eﬂ'z(d—4+20+bd—2cd)/4 CT;_ ewrwz/(m——&-d)el(,077_)7

0 v ar +b
cr+d er+d

)= (

o (i) - (
)= (

(

0 v ar +b
\Nertd er+d

. _ _ _ cT + d .2
eﬂ'z(Bd 4+2a—ab+bd—cd) /4, | . €TV /(c‘r+d)92(v,7_)7
2
i(3d— —ab—ad— _ et +d .2
eﬂ'z(Sd 3+2a+2c—ab—ad—bc+bd—2cd) /4 . €T /(CT‘Fd)gS(v’T)
1

P v ar +b B
SNervd er+d)

b
for (CCL Z) € I'(2) with ¢ > 0, where (5) denotes Jacobi’s symbol. Substituting these formulas into the integral representation for z; (aTi—d) we have
cT
at +0b _ mid(b+c)/2 mia wid(a—y)  wic(2—d)(y—a—P3)/2 ;mia(b—2)v /22 (ertd)/2 2a—1 2y—2a—1 28—2v+3 —28-1
M\ erxa) € e e € e 03 0(v)™* " 01(v) 02(v) 03(v) dv (1.1)
T 0

for <CCL Z) € I'(2) with ¢ > 0. Noticing that the integers ¢, d are relatively prime to each other, we define integers k, by

d
ko =0, ky—{y]+1 1<v<e—1), ke=d,
&

where for a real number x the symbol [z] denotes the maximal integer not exceeding to x.
The branch cuts L, (v = 0,...,c) of the integrand 6(v)2*~16; (v)27 729710y (v)2=27+303(v) 2%~ of the integral in (1.1) are given as lines on C. Namely, Ly



v
is defined by the equation v = s for the real paremeter s such that s < 0,% <s;ifv>1, L, is defined by v = s + 57’ for the real paremeter s such that

k,—1 k, . . .
s < ) < s. The integral in (1.1) is decomposed as follows:
(et+d)/2 c—1
/ e(v)Qa—lel(U)Q'y—Za—192(U)Qﬂ—27+393(,u)—2ﬂ—1dv = Z(L’ +J), (1.2)
0 v=0
where
(kyy14v7)/2
I, :/ 0(v)%* 710, (v)27 729710y (v) 2P =27 305 (v) "2 L do (1.3)
(ky+v7)/2
and
{kv+1+(v+1)7}/2 .
J, = / 0(v)2* 710, (v) 27729710y (v) 2827 +305 (v) "2~ Lo (1.4)
(kyv41+v7)/2
Furthermore, the integral I,, has the following decomposition:
ly41—1 1 2a—1 2v—2a—1 23—2v+3 —2B—1
k,+up v ky+p v ky,+up v k,+up v
I, = I;) /0 0 (v + 5 + 57’) 01 (v + 5 + 57’) 02 (v + 5 + 57 03 v+ 5 + 57 dv, (1.5)

where [,11 = k41 — k. Thus, in order to solve Problem 1, it suffices to solve the following:
Problem 2. Determine the constants P,, Q,, R,, S, with respect to 7 such that I, = P,21(7)/0% + Q,22(7)/03 and J, = R,21(7)/0% + S, 22(7)/03.
In fact, the constants A and B in Problem 1 are written by
c—1
A —emid(b+e)/2 mia mid(a—y) gric(2—d)(y—a—B) /2 gria(b—2)7/2 Z(P” YR,

v=0
c—1

_pmid(b+e) /2 mia mid(a—7) jmic(2—d)(y—a—p)/2 ;mia(b—2)y/2
B =e¢ e™% e e (Qu + 5).
v=0

Theorem. The integrals I,,’s and J,’s in (1.2) are given as follows: Iy is given by (3.2), I, for a positive even integer v (1 < v < ¢—1) by (4.11), I, for a positive
odd integer v (1 <v <c¢—1) by (5.10), Jy by (6.3), J,, for a positive even integer v (1 < v < c¢—1) by (7.8), and J, for a positive odd integer v (1 <v <c¢—1)
by (8.6).

The proof is given in Sections 2-8.

ar . . .
Remark. The linear fractional transformation of the general form 7 — with a,d odd and b, ¢ even is composed of a finite number of the linear fractional

cT +
transformations each of which is of the form 7 — 7+ m with m even or 7 —

1 with n even. According to the results of [5], the matrices My(m) and M;(n)
nr



satisfying

Z1
z2(t+m)\ z1(7) nt+1 o 21(T)
(G ) =em) (57) ana VAR It CC
*\nr+1
are given by
mmi(y—1) 0
e
Mo(m) = |: 0 em'm'(l'y):|
and
sinm(y — ) sinw(y — B)en™ e tB=7+) _ gin rasin wBen ™ ma= A1) =2mil’(1 =) (2 —v)sinnr(y —a—F—1)
My (n) = sinmysinm(y — a — ) F(—a)F(—ﬁ)F(1+af7)F(1—i—ﬁ—'y)sinﬂ'('y—a'— B)
=2mil’(y — \)I[(y)sinnr(y —a— G —1) sinm(y — a)sinm(y — B)e"™ (=== _gin ra sin e @A
I'a+1O)I'(B+ 1) (y—a)(y—B)sinm(y —a— F) sinmysinw(y — a — )
Another way to obtain the results of Theorem is to calculate the components of a product of the matrices My(m) or Mi(n) which represents the monodromy
. . . . ar +b : . .
matrix for the general linear fractional transformation 7 — pt In this paper, however, we do not choose a way to make such a calculation because of its
cT
complicatedness.
82 Auxiliary formulas.
In this section we prove some auxiliary formulas which are applied to the study of the integrals I, and J,.
Lemma 2.1. Let p,q,r, s be complex constants. Then we have
3 3
/ O(w)P01 (u)02(u)" 05 (u)’du = / 0(w)?01 (u)P02(u)?05(u)" du.
0 0
We omit the proof.
Lemma 2.2. We have:
0 /2 (=) (a=7) (emiB B
T o e B oAl 1— 627Ti a—vy €7Ti a—y (eﬂ'i _ 677Ti )
/O 9(u)2 1g, (u)Q’Y 2 192(u)2ﬂ 27+303(u) 26-1 0y = 1—67_27”"7(21 (T)/Qg) + e (ZQ(T)/HPQ))
(i)
/2 1 — ¢ 2mic mi(—a—B+y) _  mi(—a+B—7)
| o () ) = 1 (7)) + (22(7)/05)-
0 _ _



Proof. The first formula follows from the equality

0 1/2 (147)/2 /2
I A S N L e 00 i A (T e
/2 Jo 1/2 (147)/2

0 1/2 (1+7)/2 /2
I A S N L e Y e O e
7/2 0 1/2 (1+7)/2

One can prove the following lemma similarly.

and the second one from

Lemma 2.3. We have:

(i)
T/2 mi(at+B—v) _ omi(—at+B+7) 1 — e2mif
28-2v+3 —28-1 2a-1 2y—2a—14 _ € e 2 € 2

| 00000 (a0 = () /) + 1 (2265,
(ii)

/2 mi(—a—p+y) _ gmi(a—F+7) 1 — e2mi(v=05)

—28—1 23—2v+3 2y—2a—1 2a—14 _ € e 2 e 2
| o )2 e e ) + e (22(7)/63).
We omit the proof.
83 The integral I.
From (1.5) we have
ki-1 .1/2 2a—1 2y—2a—1 26—2~+3 —23-1
_ K BN ( E) K ( H)
10_§A 9<v+2> 61(1)—1—2) 0 (v+4 05 (v+ 4 dv. (3.1)

Note that for a non-negative integer p

2a—1 2y—2a—1 28—2v+3 —28—1
(o8 o B (4 o)

T4 (—1)"
_ +(2 ) eﬂ"Z(

Substituting this expression into (3.1), we have

1+ (=1)r+t

177)u0(v)2a7101 (U)2772a7102 (,U)2ﬁ72'y+303 (,U)72[371 + 5

eﬂi(lffy)(ufl)ewi(2a72fy+1)9(,0)2772047101 (U)2a7192 (0)72ﬁ7193 (U)2[372'y+3.

k1—1 1/2

14+ (=1)* . 14 (=1)+t1 . , /

IO _ Z { + (2 ) eﬂ'z(lfy)p, + + ( 5 ) 67”(1"/)1167”(204"/)}/ 0(’[))20[7101 (v)2vf2a7102(v)2672'\/+393(,U)f2ﬁfldv
pn=0 0

{ 14+ eﬂ'i(2a—"/) 1— eTri(l—'y)/cl 1— e7ri(2a—'y) 1— (_1)k1 eﬂ’i(l—'y)kl

1/2
2 : 1 — emi(1=7) + 5 T i) }A 9(,1})2&—191(1))27—2(1—192(,0)26—2w-',-393(1))_2,3_1dv7



from which it follows that

) 1— mi(1—v)ky
Iy = emia—)/2 {COS g(v L9y Lz

1— (_1)’61671‘1-(17’7)161
1 — emi(1—7)

1+ emi(i—7) } 21(7) /63 (3.2)

+ising(’y —2a) -
84 The integrals I, for positive even integers v.

In this section let v be a positive even integer. Let

2 2

ky 2a—1 k’l, 2v—2a—1 ]{JV 26—2v+3 ky —28-1
be the branches of 0 (v + ;M + %T) 01 (v + ;_M + g7’> 02 (v + ;—,u + §T> 03 (v + ;M + %T) analytically continued

on the real interval 0 < v < % from the upper side for the plus sign and from the lower side for the minus sign, respectively, such that they coincide with each
other on the real interval —(u+ 1)/2 < v < —p/2. Then we have

ky 2a—1 ]C,, 2y—2a—1 kl, 20—2v+3 ky —2p-1
9<v+ ;u+%r) 01<v+ ;u+%7> 92(v+ +'UJ+ZT) 93(11-1— +M+3T>
+

kz/ + y 2a—1 ku + y 2v—2a—1 ku + v 28—2v+3 kz/ + Y —28-1
9<v+ 2'u+27> 01| v+ 2'u+§7 O | v+ M+§T O3 v+ 2u+77 .

2 2

2 2
1 Y , ) ku 1 2y—2a—1 ky 1 2a—1 /fy 1 —28-1 ku 1 26—2v+3
:#e““—”“e“@a—?’*“)e (v + = gr) 6 (v et %T) 0 (v + e+ %T) 0 (v + et gr)
a— —20— B—2v+3 —26—-1
L+ (=D ) ky—1 v \*! O 2 k=1 v\’ k,—1 v
+ 5 e 0| v+ 5 T 57 b | v+ 5 T 5T 62 | v+ 5 T o7 63 | v+ 5t 57
and
k'u + 4 v 2a—1 ky +u U 2v—2a—1 k‘l, tu v 28—2v+3 k'u +u y —2p-1
9(U+ 5 —|—§T) 01 (v+ 5 —&—57' Oy v+ 5 +§T 03 v+ 5 —|—§T
—20— a— —28-1 28—2v+3
. 1+ (_ )H mi(y—=1)pu  wi(2y—2a—1) kl, —1 v -2 ! k/’l, —1 v 2ol kl, —1 v 2 kl, -1 v
= 9 e e 0v+ 5 +27' 01 v+ B +2T 0 ( v+ 5 +2T Os v+ 5 —|—27'
1+ (—1)r+t

) ky 1 2a—1 ku 1 2v—2a—1 ku 1 26—2v+3 ]{,‘V 1 —28-1
+fe’”(”‘1)<“+1)0 (v + =+ g7’> 01 (v + =+ g7’> 0o <v + + 57> 05 (v + +2 ) .

2 2 2 2"
Combining these relations, we have

ku 2a—1 kl, 2v—2a—1 ku 23—2v+3 ku —26-1
9<v+ ;“+;T> 91<v+ ;M+;T) 02<v+ +“+V7> 93<v+ +“+V>
JF

2 2 2 27
— { 1+ (71)#6271'1'(177)#6471'1'(&77) + 1- (l)ue%ri(l'y)(,uﬁrl)} >

2
ku 2a—1 ku 2v—2a—1 ku 26—2vy+3 ku —28-1
0<v+ ;—M+g7> 91<v+ ;#4-%7') 02<v+ +u+g7‘> 03<v+ ;—M+g7>

2



Now we have

ky,+up v
0 Z
<v+ 5 +2

2a—1 2v—2a—1 28— 2’y+3 —28-1
k,+up v ky+up v 1/
0 - 0 - -
T> 1<v+ 5 +27) 2(v+ 5 +2 27
k +p

26—2v+3 —28—1 2a—1 2y—2a—1
, , 1 k, 1 k, —1 ky —1
:eﬂl(a+ﬁ—'y+1) 0 (U+ ;_,U/ + v 5 7_) 91 (1} + ;‘M + v . T) 92 ( n . I v - ) 93 (’U + +u + v T) 1

2 2

Combining the preceding two relations, we have

ku 200—1 ku 2v—2a—1 ky 28—2v+3 ku —28—-1
0(v+ ;_M+;T> 01<v+ ;M+;T> 92(v+ +M+VT> 93(v+ +M+V7>

2 2 2 2

+
— { 1+ (71) Ami(a—y) + 1- (1)Me27ri(1'y)} e27r7,'(17'y),ue7ri(a+ﬁ*’v+l) > (41)
2 2
28—2v+3 —28-1 2a—1 2v—2a—1
ky,+p v—1 ky+p v—1 ky,+p  v—1 ky+up  v—1
x |0 (v+ + T 01 v+ + T Oy v+ + T O3 | v+ + T
( 2 2 ! 2 2 2 2 2 3 2 2
+
On the other hand, we have
ku + M v—1 2B—2v+3 k'u + L v—1 —28-1 kz/ + 1 v—1 2a—1 ky + 1 v—1 2y—2a—1
0(U+ 5 + 3 T> 01| v+ 5 + 3 T O | v+ 5 + 5 T O3 v+ 3 + 5 T .
14 (DR i) mi241) ky1—1 v—1 )\ 2" kyo1—1 wv—1 \#2* ky1—1 v—1 227! ky1 —1 v—1 \2!
= 5 e e 0v+ 5 + 5 T 0, v+ 3 + 5 T O | v+ 7 + 5 T O3 v+ 3 + 5 T
T4 (=)t b 1) ki —1 v—1 223 ki —1 v—1 \ 27! kvor—1 v—1 \?*! ki —1 v—1 \>2?
+ 5 e 0 v+ > + 5 T 0, v+ 5 + 5 T O | v+ 5 + 5 T O3 | v+ 5 + 5 T
and
ku + M v—1 28— 2'y+3 v—1 —28-1 k‘y + L v—1 2a0—1 ku + m v—1 2v7—2a—1
0 (v + 5 + 5 ) 5 7 02 [ v+ 5 + 5 T 03 v+ 2 + 5 T
L (DY i) ety) g mic2641) v—1\ ! ki —1  v—1 \*72%3 ko1 —1  v—1 72! kvo1—1  v—1 \*"
= 5 0 5 T 01| v+ 3 + 5 T 02 v+ 3 + 5 T Os | v+ 5 + 5 T
1 \stHlu+1 _ 2B—2~v+3 _ _ —28—-1 _ _ 2a—1 _ _ 2y—2a—1
+1+( 12) T (1) (v ku 1/217_) 0, (v_’_kl,,; 1+1/217) 0, (U_’_k,,,l2 1+I/217_> 0 (v_'_kl,,lz 1+1/21T) '



Combining these two relations, we have

]f,/‘i' v_1 2a—1 ky+ v_1 2v—2a—1
= 7') O3 v+ 2“—1— 5 7

kv +p v—1 2B=27+3 k,+up v—1 —2-1
0 ( + 5 + 5 T> 0, (v+ 5 + 5 T Oy (v+ 5 5 .
_ +l _(_ +l,
_ {1+( 21)M AmiB | 1—( 21)” 62772‘(71)} 2= 1) () o
byt w1 28—2v+3 byt w1 —23-1 byt w1 2a—1 byt v—1 2y—2a—1
0 0 0 0
x<v+2+27> 1+2+2T 2v+2+27 3v+2+27-
Now we have
ku 1 26—2v+3 ku 1 —26-1 ku 1 2a—1 ky 1 2v—2a—1
9(v+ ;u+y2 T) 91(v+ ;M+V2 T> H(v-i— ;N+V2 T) 63(v+ ;M+V2 T)
i, L9 \26-2v+3 k. _ 9\ 28-1
e T O3 v+ e + Y T
2 2 N

ky _9 2a—1 ky _9 2y—2a—1
thL Y T) 91<v+ +M+V 7') 92(1)—1— 5 + B

_ mi(a+B—y+1) 0
e (v + 5 + 5 5 5
Combining the preceding two relations, we have
byt v—1 26—2v+3 byt v—1 —28-1 byt v—1 2a-1 by w1 2y—2a—1
9(v+ 5 T3 T) O ( v+ 5 T T 02 5 T T 05 | v+ 5 T T .

2

{1+ (—1)rth pdmip L L DT

1-— (71 HJrl 2772(7 1) } 2mi(y—1)(p+l, )eﬂ'z(a+ﬁ 'erl)X
2
27—2a—1 28—27+3 281
-2 k. -2 k. -2
i V T Oz | v+ +N+V T 03 v+_+M+V T .
2 2 2 N

ky,+p v—2 2ot k.
9<U+ 5 + 5 T) 01| v+ 5 B 5

X
From (4.1) and (4.2) we have
ky + M v 2a—1 y 2y—2a— 1 k‘l, + 7 v 26—2v+3 kl, + [ y —20—1
9(-‘1- 9 +§> 01 -|- 5 v+ 9 +§T 03 U+T+§T .
l, ly
_ { 1+ (_1) Ami(a—7) S S 1- ( 27r7,(1 ¥ } { H+ 471'15 + 1- (_1)M+ eQTri('yl)} €2Tr7;(771)l1,62ﬂi(a+ﬂ77+1) «
2 2
k‘y‘i‘li ) 20—1 k‘ V—2 2y—2a—1 kz/+ﬂ v—_9 28—2v+3 kV+M U_9 28-1
0 0 0 0 .
x(v+2+27) 1 B) 2v+2+2T 3v+2+27 .

Repeating the same procedure, we arrive at the following



Lemma 4.1. For a positive even integer v we have

ku 2a—1 ku 2v—2a—1 kl, 28—2v+3 ku —2p-1
9<v+ +N+KT> 91<v+ +'u+57> 92<v+ ;_M-FgT) 93<v+ ;_u—f—gT)
+

2 2 2 2
— 1+ (71)“647%(0477) + 1- (71)# 62772'(177) 1+ (71)#+IV 64771'[3 + 1- (71)H+ly 6271'1'(771) 1+ (71)#+ly+l,/71 6471'1'(047'\{) + 1- (71)'U‘+ZV+IV71 62772'(177) ~
2 2 2 2 2 2
" 14+ (_1)u+lu+l,,71+l,,72 pAmiB 1— (_1)u+lu+ly71+lufz 2ri-n | 1+ (_1)u+l,,+lu71+~--+l3 pAmi(a—7) N 1— (_1)u+ly+lu71+~~~+l3 2= | (4.4)
2 2 2 2
ly+ly 14+l o+l 14+l
o {1 + (=1t h e Amif | ) eQ‘n’i('yl)} 2 i(r=1) (L oo+ latla) rmi(at B—r+1) o
2 2
k}/ 2a—1 kV 2v—2a—1 ky 26—2v+3 ky —2p-1
x 10| v+ +u 01 v+ +u O | v+ ks 03 | v+ ks .
2 2 2 2 N

We are now in a position to compute I, for a positive even integer v. Substituting (4.4) into (1.5), we have

lyy1—1
<« 1 + 4771(& ) + 1—- (_1)H e?ﬂ'i(lf’y) 1+ (_1)H+lu e47'r7lﬁ + 1- (_1)#+ZV 6271'1'(771) 1+ (_1)u+l,,+ly_1 e47'ri(o<7’y) + 1- (_1)H+ly+lu_l e?ﬂ'i(lf’y) ~
2 2 2 2 2
y { 14 ( R R i 1— (_1)u+ly+ly71+lu72 627”,(7_1)} ...... { 1+ (_1)u+ly+lu71+m+l3 - 1 (_1)u+ly+lu71+~~+l3 e2ﬂi(1—7)} y
2 2 2 2 (4.5)
Lo+l l LAl 14+l
o {1 + (=1t Amif 1 — (=D)pttvttvres 2627ri('yl)} 2mi(Y=1) (U o+ Hlakla) rmi(atB—r+1) o
2
2a—1 2y—2a—1 26—27+3 —28-1
k',, ku kl’
x/ 0 v—i— ,u 01 v+ + 0> ( v+ t O3 v+ e dv.
0 2 2 2
Since

2a0—1 2v—2a—1 28—2v+3 —2p-1
9(u+k”;“> el(u+k”;r ) ( > 93(u+k”;’“‘>

1D e ke \ 20 1 k,\ 220 1 k,\ 28-20+3 J,\ 201
_fe 9 ’U+7 — _"_7 93 ’U—’-?

2
2v—2a—1 2a—1 —28-1 26—2v+3
I 1-— (_1)“eﬂ—i(l—'y)(u—l)em'(2a—2’y+1)9 (U + k2 ) 91 <U + %) 02 <’U + %) 03 <’U + %) ,



(4.5) is turned to

lyp1—1 +1, +1, o+l +lo+ly -
Z 1 + edmila—y) 1—(=D* 2mi(1=7) L4+ (=D* AmiB | 1L— (=D~ 2mi(y—1) 14+ (=D* ! eAmila—y) 4 1— (=D~ ! e2miti=) | o
2 2 2 2 2
pn=0
1+ H-‘rl Hlo—1+l—2 , 1— (_1)M+lu+lufl+ll/72 ) 1+ (_1)u+lu+l,,71+--~+l3 ) 1— (_1)u+lu+l,,71+--~+l3 )
% { 47rzﬁ + 6271'1(')/1)} ...... { 5 e47m(oc7'y) + 5 e27rz(1'y)} %
2

Flytly 14+l Ay gt
L (Lt ttl 1 (1t
2

1 2a—1 2y—2a—1 23—2~v+3 —28-1
1+ (=DF o / k. k. k. k.
6 — 0 — 4 — 0 — d
{ ; v+ 5 1|{v+ 9 2l v+ 9 3| v+ 5 v
1 2y—2a—1 2a—1 —-26-1 23—2v+3
]. ]. ku ku ku kV
) mil=7)(=1) gri(2a—27+1) /2 O|lv+— 01| v+ — O | v+ — O3 | v+ — dv p,
0 2 2 2 2

from which it follows that

6271'1'(771) } 627\'1’(771)(l,,+l,,_2+--<+l4+l2)euwi(aJrﬁf'erl) %

ly4+1—1

Lo 14+ (_1)l1/ ) 1— (_1)lz/ L 14+ (_1)lu+lufl o 1— (_1)lu+l1/71 o
_ 4mi(a—7) 473 27i(y—1) 4mi(a—7) 27i(1—7)
I, = l;) e v { 5 e + 5 e ™\ 5 e 7 4+ 5 e 7L X
% 1+ (71)III+IV71+IV72 647Ti’6 + 1-— (71)ly+l,,71+ly72 6271'1'(771) ...... 1+ (71)ly+l’/71+.“+l3 e47ri(oszy) + 1-— (71)1,,+ly,1+---+l3 627”'(177) %
2 2 2 2
ly+ly—1+-+1 ly+ly—1+-+1
% { 1+ (_1) 5 ! 2 e47r'Lﬂ + 1- (_1) 5 ! 2 e27ri('y—1)} eQTri(’y—1)(lu+l,,_2+‘..+l4+l2)el/ﬂ'i((x—&-,ﬁ—’y-‘rl) %

1

L e (o Y, (o0 5) T (0 )T (o )
X 5 e 0911+2 911)—|—2 921)—|—2 931}—|—2 dv

(4.6)
b1 =l 1 Lo+l Lo+l
_ 1 —1) ) 1— (=1)lvtl—1 ) 1 1)t )
+ Z 271'1(1 'y){ ( ) 4#16 + + (2 ) 627”(7—1)}{ ( 2) e47rz(a—'y) + +( 2) eQﬂ'l(l—’y)} ~
y 1— (_1>l vly—1+l—2 B N 14+ (_1)lu+lufl+ly—2 627‘_1.(7_1) ...... 1— (_1)ly+lu—l+"~+l3 e47ri(a—'y) N 1+ (_1)lu+lu—l+“'+l.’3 627”.(1_7) y
2 2 2 2
y { 1— (71)lu+l,/71+...+l2 647”_6 N 14+ (71)lu+l,/71+-..+l2 e?fri('yl)} eQTri(’yf1)(ly+ll,,2+~~+l4+l2)ewri(ohtﬁf'yjtl) "
2 2
1—(=1)» _. ‘ 3 E,\ 22t ke, \ 201 k,\ 21 ki, 282143
X #e‘m(l—’ﬂﬂeﬂz@a—w /0 0 ('U + 7) 91 ('U + 7) 92 <1) + 7) 93 <1) + 7) dv.
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Substituting

S IO g L [1m e 1 (C)eni e
= 2 2 1— em’(l—’y) 1+ e‘n’i(l—'y)

into (4.6), we have

_ 1\ _(—1) 1\t - (1l -
I, = { 1+ (2 1) AmiB | 1 (2 1) e?ﬂi(’y—l)} {1 + ( 12) L phmia—) " 1—( 12) ! 627ri(1—v)} «
y e G AmiB 1— (—1)tlvatlh— Q2mit-n L 1+ (—1)lvtlertoths eAmila=n) | 1— (—1)ltlvtotls e2mii-m L o
2 2 2 2
L+l —14+l2 L+l —14+l2
y {1 + (=Dlvttatest AmiB | L — (=1)lthatet e27ri(’y—1)}e47ri(oc—'y)627ri(’y—1)(lv+lu2+~-~+l4+l2)euwi(o¢+ﬁ—'y+1)X
2 2
G ) 1_(_1)ly+1eﬂi(l—'y)ly+1 1 k, 2a—1 k, 2y—2a—1 k, 28—2v+3 k, —28-1
X 5 { 1_ eﬂ'i(l—'y) + 1+ 67”(1_7) } /0 0 (U + 7) 91 (’U + 7) 92 <’U + 7) (93 <’U + ?) dv
_(—1)l _1\ — (1)t 1\t -
n {1 (2 1) R 1+ (2 1) e27ri('y—1)} {1 ( 12) L pdmi(a—) n 1+ ( 12) ' eQ‘n’i(l—'y)} «
% 1-— (71)III+IV71+IV72 e471'1',6 + 1+ (71)ly+l,,71+ly72 6271'1'(771) ...... 1-— (71)ll,+l,,,1+--~+l3 e47ri(ozfry) + 1+ (71)1,,+ly,1+---+l3 62'/ri(17'y) X
2 2 2 2
Lyly_g et Lyly_1 et
> { 1- (_1) oot e47rzﬂ + 1+ (_1) oot e27ri(’y—1)} eQﬂ'i(l—’y)eQﬂ'i(fy—l)(ZU+l,,_2+-"+l4+l2)eyﬂ'i(o¢+[3—’y+1)eﬂ'i(Za—’y) %
2 2
1
X —
2

1— eﬂ"i(lf"y)ly-kl 1— (_1)lu+le7ri(17')’)ly+l 3 0 k, 27—2a-1 0 k, 2a—1 0 k, —28-1 ) k, 28—2v+3 p
1—eril=v 14 em(-) , Y\t L\t o 2 (vt T s (vt v,
which is turned by some elementary calculation to
I, {0 TR ()R RS (1) R @By 1) { (1R T2 ()R TRt (- 1) R R Qay —1)] 2mi(a—) gri(y—1) g2y 1) (e Ha e g2umi(at B—) o

1(1— eﬁi(l—’y)ly+1 1— (_1)lu+1eﬂi(1—fy)l,,+1 3 k 2a—1 k 2y—2a—1 k 28—2v+3 k —-2p8-1
- . , 0 - 0 — 0 - 0 - d
><2{ 1= omiim) + 14 ori(i—) }/0 (v+2> 1<v—|— 2) 2<v+ 2> 3(U+2) v .

4 e mil{ (DR T ()R TR e (2 1R R @By D) { (- 1) T2 () TR e (1R R b 2amy— )] 2y —a) (1) gri(2a—7) g 2mi(y—1) (-2 HlaHa) o

. 1 (1= e™0=l 1 — (=1)lvt1emi(l=7)lv41 3 k, 2y—20—1 k, 20—1 k, —2p-1 k, 28-27+3
x e2vmilatf=v) 2 { € - (D)e }/ 0 (v + 7) 04 (v + —> 02 (v + ?) 03 (v + —) dv.
0

2 1 — emi(1=7) 1 4 emi(1—7) 2 2

11



Now we have

% ky 2a—1 kl/ 2v—2a—1 k,/ 26—2v+3 k;/ —26-1
/0 9(’04—7) 91 (U—F?) 92 <U+?> 93 (U—‘r7> dv

1

ko —(—1)kv
_ {”g”em‘(l% " 1(21)emﬂww1>em'<2a2v+1>} [ 0w 002 a2 (0) 2 (48)
0

1

—mi(1=)ky 1= (=1)* }mi(2a—7) /2 /§ 0(0)210, (0)27 =207 10, (1) 20 =213, () =20~ dy
0

and

% k 2y—2a—1 L 2a—1 k —2p8-1 L 28—2v+3
/0 0(1}—&—7”) 01 (v—&—%) 0 <v—|—?"> 03 <v—|—?"> dv
%

k. _ (_1\kv
{1—’_(2_1)67@(17)]@1, + ]'(2]')e7ri(1'y)(kyl)e7ri(12a)}/ 9(,0)2047101(,0)2772(17192(v)2ﬁ727+303(v)72571dv (49)
0

-

— T (1= )k (1= (=1)*¥ }mi(y—20) /2 /5 0(0)2010, (0)27 =207 10, (1) 202143, () 20—,
0

Substituting (4.8) and (4.9) into (4.7), we have

I, —em {0 TR () s e ()R TR Byt D) ()M TR () R (C )R TR Y 20— 1)]

wi(1—~)l, — (—1\lt1 (=),
% (_1)€ﬂi(2a—’y)/26{2—(—1)kV}ﬂi(Za—’y)/ZeQﬂi(’y—l)(l,/+lu—2+"‘+l4+l2)e2m‘ri(a+ﬂ—'¥)eﬂ'i(l—'Y)kul l1—e (, Ve + 1 ( 1) ’ ? Gt zl(T)/9§
2 1 — emi(1=7) 1+ emi(1—7) (4 10
4 e mil{(=DR TR (R R e (1) TR @By D)+ { (- )P TR ()P TR i (- DR TR 2y 1) 0

. . . ) . _ Wi(l*"/)lqul 1 _ _1)lu+1 7Ti(17'\/)l,,+1
_ mi(2a—7)/2 {2— (=1 }mi(y—20) /2 27i(y—=1) (Il +ly o+ Fla+12) 2vmi(a+B—7) Wl(lf'y)k,,l 1—e . ( € 2
X ( 1)6 e € € € 2 { 1 — emi(1-7) 1+ emi(1-7) 21(7)/93'

If we introduce ©, by

O, = {(—1)F et - (—1)Fe i o (C1)R R (28— Dy {(—1)F R e ()RR (1R 20—y — D 4 2 D CD™ (90—,

(4.10) is turned to

) ) ) ) 1 — emt(1=7)lv41 1 — (=1)b+1 emi(1=7)l 41
__omi(2a—7)/2 2mi(y—=1)(Ly+ly—2+-+Hla+l2) 2vmi(a+B—7) ,mi(1—7)k, . - . 2
I, =—e e e e {cos 0, = +1isin®, T emi ) }21(7)/93. (4.11)

12



85 The integrals I, for positive odd integers v.

In this section let v be a positive odd integer. The formula (4.1) holds also in this case. In case where v > 3, (4.3) holds too. Moreover we have

]C,/ _9 2a—1 ky _9 2y—2a—1 ky _9 26—2v+3 ky _9 —26-1
9(v+ +M+V T) 91(v+ +M+V T> 92(v+ +M+V T) 93<v+ ;u+u2 T)

2 2

2 2 2 2 N
A1, — _(_ i+l -
_ { 1+ (_1); ! pimita—y) . L 1); ' 62771’(1—7)} 2T (1) griatf—r+1) o (5.1)
k,+up v—3 2B=27+3 k,+p v-—3 —26-1 k,4+p v-—3 Za—1 k,+p v-—3 2y-2a-l
X 9<v—|— 5 + 5 7') 01 v+ > + 5 7 O | v+ 5 + 5 7 0s v+ 5 + 5 T .
Combining (5.1) with (4.3), we have
ku+ y 2a—1 ku"‘ |y 2v—2a—1 kl,+ v 28—2v+3 ku+ Y —2p-1
0<v+ 2M+§T> 01<U+ 2M+§T> b (v =g =+ g 5 {0+ =g E 457 X
+, (1t
_ { 1+ (271)11 6471'1'(047'\/) + 1- (21)M627ri(1'y)} {1 + (;1)M e47Mﬂ + 1 ( 21)# 627ri('y1)} %
(5.2)
41y, +1y - +lo+ly—1
o {1 + (—1); L ptmila—) 1- (—1); e27ri(1—’y)} 2mi(1=7) (1) Bmi(atf—y+1) o
k,+p v—3 2B—2v+3 ky+u v—3 —26-1 ky+p v—3 \2 b+ v—3 \D2L
><0<v+2+27') 01v+2+27' 927]4—24—27' 03v+2+27- .

Repeating the same procedure, we arrive at the following

Lemma 5.1. For a positive odd integer v we have

k. 201 k, 2y—2a—1 k. 28-27+3 k. —24-1
9(1}—1— +M+KT> 91<v—|— +M+KT) 92(v+ ;M—I—gT) 93<v—|— ;M—F%T)
+

2 2 2 2
_ +l _(— +l _ +ly 41— _(_ o+l -
14+ (=1)» GAmiB . 1— (=1~ e27”'(7_1)} {1 + (=1)" ' edmita—) 1— (=1~ ! e27ri(1—’Y)} .

_ 1+ (_1)M e47ri(oc—'y) + 1- (_1)N e2‘n’i(1—’y)
2 2 2 2 2 2 (5.3)
B { 14 (= 1)ttt gimis 1 — (—1)pto ot 627”_(71)} { 14 (—1)pHhtloattls it | 1 — (= 1)ptotoattl 627”,(17)} :
2 2 2 2

% e2m‘(1—7)(u+lu71+lu73+---+l4+lz)euﬂi(a+ﬁ—7+1)

k}/ 26—2v+3 ]{,‘V —26-1 ky 2a—1 ky 2v—2a—1
0v+ o 01 v+ o O v+ t Os | v+ t
2 2 2 2 N

13




Let us now compute I, for a positive odd integer v. Substituting (5.3) into (1.5), we have

bl _ _(— _1\utl (1)t 1\l (1 el
L Z {1 + (2 1)ue4m(a_7) N 1— (=1~ 627”,(1_7)} {1+ (=)~ pimif 1—(=1)* 627”,(7_1)} {1-1—( 1)H 1 eAmila—y) 4 1—(=1) 1 egm‘(l—v)} .

s 2 2 2 2 2
- 1+ (_1)u+lu+l,,,l+...+13 647riB N 1— (_1)u+ll,+ll,,1+...+l3 e2m‘(v71) 14+ (_1)u+l,/+ly,1+...+l2 647”’(&*7) N 1— (_1)u+l,,+lyf1+~».+l2 627Ti(1*7) (5.4)
2 2 2 2
1 28—2v+3 —28-1 2a—1 2y—2a—1
x 2m =Mkl 1ty gt tlatls) grmi(atf—y+1) / 6 v+ by 0, | v+ by 1 6 | v+ hy 1 1 O3 | v+ hy 1 dv.
0 2 2 2 2
Since

k}/ 26—2v+3 k}/ —26-1 k 2v—2a—1
0(v+ ;#> 01<v+—;—M> 02 ( ( ;_N)

L+ (=" o k, 28—2v+3 —-26-1 k, 2y—2a—1
:#e (=Drg <v+2> 01 <v+ ) < ) 03 (v+2>
k,
2

—23-1 26— 2'y+3 2y—2a—1 2a—1
Lo CDY rinu-n griestg (U N %) ( > ( N %) 0, (U N %) 7

(5.4) is turned to

by1—l +, vy oAl 1 PER S B
I, = Z {1 + (2—1)“€4m‘(a—7) n 1 - (2—1)” eQﬂ'i(l—'y)} {1 + (= AmiB | 1—(=1)* e?‘n’i('y—l)} {1 + (—1); eAmila—y) 1—(=1) 6271'11(1—’\/)}

o 2 2 2
N 1+ (_1)M+lu+lu—1+'“+13 6471'1'5 N 1— (_1)H+llz+lu—1+“‘+l3 eQTri(’Y—l) 1+ (_1)M+lu+l1/—1+"'+l2 e47ri(a—’y) N 1— (_1)M+lu+lu—1+"'+l2 eQﬂi(l—’Y)
2 2 2 2
1 20—2v+3 —26—-1 2a—1 2y—2a—1
x e2m =N (ptl—1tly st tlatly) grmilatf—y+1) {71 + (2_1)He’”(7_1)“ /2 0 (v + k—;) 61 (v + %) 0 (v + %) 05 (v + %) dv
0

1 —28-1 23—2v+3 2y—2a—1 2a—1
1—(=1)* _, ; 2 ky ky, k., k.,
—l—#em('y_l)(”_l)em(%ﬂ)/ 0lv+ — 01 v+ — Oy | v+ — O3 | v+ — dv »,
2 o 2 2 2 2
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from which it follows that

u+1 1 l, L+, L+l —
=} etmitan 7){1+( 1) gamip | 1= (=1) 627”’(7—1)}{1"_( D amita—y | L= (CDMT 162m‘(1_7)}...
2

o 2 2
- {1 + (71)lu+lufl+'~-+l3 64772’,8 N 1— (71)ly+lufl+'~-+13 27”(7 1 } {1 + l Fly—1+-+l2 47ri(a7v) N 1— (71)ll,+l,,,1+...+l2 eQwi(l’y)}
2 2 2
28—2v+3 —28-1 2a—1 2y—2a—1
X 62”(1_7)(1”*1+l"*3+"'+l4+l2)e””(°‘+ﬂ_7+1)41 + (_1)N6ﬂi(1_7)u/ 0lv+ 01 v+ ky O [ v+ ky 05 | v+ ky dv
2 ; 2 2 2 55)
lop1—1 ’
" S p2miti—y) [ 1= (=)™ (Amif 1+ (=" Q2mity-1 | [1-= (*1)1"“"71 eAmita—) | L+ (*1)l"+l"7162m(177)
s 2 2 2 2
{ )l tlmatts AmiB | 14 (=1l 627Ti(’yl)} {1 — (Sl ghmila—) 14 (1)l thmtoth ezmuy)}
2 2 2
1 —25-1 28—27+3 2y—20-1 201
eQ’Ti(l*”(lH“H*"'“4“2)6””(&””“)41 — (Qilf)ue’”“ﬂ)“e”(zﬁ”) /2 0 (v + k;) o, (v + k;) 0 <v + k;) 0 (v + k;) dv.
0

Substituting

Z L () gy 11— embn ] o (cDhnemiontn
2 1 — emi(1—) 1+ emi(1—7)
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into (5.5), we have

L, L, L+, — L+, —
I, = { 1+ (_1) e47'riﬁ + 1—- (_1) e?ﬂ'i(’yl)} {1 + (_1) e 64771'(0477) + 1—- (_1) e 627\'2’(1'}/)} .

2 2 2 2

o 14+ (_1)lu+lu71+“'+13 JAnif N 1— (_1)lu+lu71+“'+l3 J2milr—1) 1+ (_1)lu+lu71+“'+12 JAmi(a—) N 1— (_l)lu+lu—1+"'+l2 J2ili—)
2 2 2 2
7i(1—v)l, L, wi(1=v)l,
s« ATi(a=) 2TI(1) (1 Hom b Hat) gri(at ey L [ 1= @07t 1 = (~1)betemimhon
2 1 — emi(1—7) 1 + emi(1=7)
1

5 20—2v+3 —26-1 2a—1 2y—2a—1
x/ 9(1}—1—%) 91(114-%) 92(114-%) 93<v+%> dv
0

I Iy ly+1l,— l,+1,
n {1 - (-1 AmiB 14+ (-1) 62771‘(7—1)} {1_ (=1)h+ L pdmi(a—) n L+ (=1)fFh ezm'(1—~,)} N

2 2 2 2
N 1— (71)lu+l7/—1+"'+l3 647”_[_3 N 1+ (71)lu+lufl+"'+l3 627”,(771) 1— (71)lu+lufl+"'+l2 847”'(01*’7) N 14+ (71)lu+lufl+“'+12 627”_(17‘”
2 2 2 2
wi(1—~)l, 1, wi(l—)l,
~ e?ﬂi(lf'y)6271'1'(17'\{)(l,,,1+l,,,3+---+l4+l2)6V7ri(a+ﬁ7'y+l)e7ri(2ﬁf'y)1 I—e (=l _ 1- (71) e (=l
2 1 — emi(l=7) 1 4+ emi(1—7)

[N

“J

which is turned by some elementary calculation to

ku —20—-1 ku 28—2v+3 kz/ 2v—2a—1 ku 2a—1
9<v+2) 01<v+2) 02<v+2) 93(v+2> dv,

1, —emil{(- DR B (DR TR ()R 2 } 2B ) { (- )R TR (DR TR e (<) M} 2amy—1)] i) 2mi (1) (b Hy g a)

wi(1—~)l, 1\ ri(1=~)l,,
X(—l)e@”—lw(aw—w)l 1—emt-mln L 1= (Ehh*e (1=l
2 1 — emi(l=7) 1+ emi(1—)

1 28—-2v+3 —20-1 2a—1 2y—2a—1
></ 9(1}—1—%) 91(1)—1—%) 92(1}—1—%) 93(1}—1—%) dv
0

4 e mi{ (DR TR ()R TR e (<1 R TR B @By D) { (<) T2 () TR e (1R R Ramy—1)] mi(26-37) o 2mi(1=9) (b1 Hy e HaHa)

wi(1l—)l, l, wi(1—)l,
» (71)6(2u71)7ri(a+ﬁ7'y)1 1—e (1=l B 1— (_1) +1e (I=)lv41
2 1 — emi(1—y) 1+ emi(1—=7)

% ky —2p-1 ky 28—2v+3 ku 2v—2a—1 ku 2a—1
></O 9(1}—#7) 01(114—7) 02<v+?) 93<U+?) dv.
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Now we have

% 26—2v+3 —2p-1 200—1 2v—2a—1
Lol ) o) )
0

2 2
k. —(—1)kv 3
_{1 + (;1) emi(r=Dky 4 1 (2 1) eﬂ'i(vl)(k‘,,l)em(ZBJrl)} /2 0(0) 2827439, () =287 10, ()29 gy (0)D 22 Ly (5.7)
0
:6ﬂi(771)kye{17(—1)ku}7r7,‘(2ﬂ*’¥)/2 /E 9(’0)2’6727+391 (v)7267102(1))20‘7193(1))27720671(1’0
0
and
% k —26—-1 k 26—-2v+3 L 27—2a—1 k 200—1
/0 9(v+7”) 91<v+7”) 92(v+7”> 93(v+7”> a0
Ky —(—1\ke 3
_ { 1+ (2—1) eﬂ'i('yfl)ky 4 1 (2 1) eﬂ—i(»yl)(k,,l)efri(27263)} /2 g(v)2ﬁ—27+391 (U)72,87192(v)2a7103(v)2772a71dv (58)
0
1
o=k {1 (= 1) }mi(v—28)/2 /2 0(0)2P= 27430, (1) 2910, ()20~ 1G5 (1) 2720 L o,
0

Substituting (5.7) and (5.8) into (5.6), we have

I, =™ {EDY T D) TR e (C1) R TR R By D H{ (C)P T 2 ()P TR e (S )R T Ray )] () emi(20-57)/22mi (=)

« 6{2—(—1)’°V Jmi(28-7)/2 2mi(1=) (ly—1+ly 3+ Hlatlz) 2vmi(atf—) jmi(y—1)k, 1

1 — ™=l 1 _ (—1)bv+1 emi(1=7)lu 11
2 { 1 — emi(l=7)

2
1+ emii=7) } 22(7)/63
4 e m[{ =D Tt TR s e ()M TR R Gy D H{ ()M TR R () TR ()R R H2a - 1) (—1)emi(2a=57)/2¢—2mi(a=p)

(5.9)
emi=Nlsr ] (1)1 emi=7)l

(2= (= 1) ymi(y—2B) /2 2mi(1—) (I 1+l _5t+Hla+la) 2umi(atf—r) mi(y—1)k, L [ 1 )
. ’ ‘ ‘ 2 { 1 — emi(l=7) 1 + emi(1—7) 2(7)/03.
If we introduce ©, by

O, = {(—1) ket (—1yFe R g (C1) e} (2Bt ) { (— 1) R (1R et o (—1)R R} oy T)rp 2 (2_1);% (26—7)m+2(a—0B),
(5.9) is turned to

; ; ) ) 1 — emil=ls1 _ (71)ly+1e7ri(177)ly+1
_mi(2a—57)/2 2mi(1=) (lu—1+Hly—s+-+latl) 2vmi(at+B—7) jmi(y—1)k, ) i 5 . 2
I, e e e e {cos CH [ orii=) +1isin®, T4 i) } z9(T)/03. (5.10)
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86 The integral J.

From (1.4) we have

T/2 k 2a—1 k 2v—2a—1 L 28—2v+3 A —20—-1
JO:/ 9(u+21> 01 <v+21> 05 <v+21> 05 <v+21) dv. (6.1)
0
Note that
kl 2a—1 kl 2v—2a—1 kl 2B—2v+3 kl —28-1
0<v+2> 01 er? D) er? 03 U+5
14 (=™ mi(1—y)k 2a—1 2y—2a—1 28—2v+3 —op—1, L— (=DM mi(1—7) (k1 —1)  7i(20—2v+1) 2v—2a—1 2a—1 —28-1 26—2v+3
=—p ¢ 1ELG(v) 01 (v)*7 02 (v) Y203 (v) + —y ¢ Vm—He YO (v)Y 01(v) 02(v) 05(v) AR
Substituting this expression into (6.1), we have
14 (=Dk . 7/2
Jo = + (2 ) em(ky)kl/ 6(1})2‘1’101(v)27’2°"192(v)2'6727+303(v)’2ﬁ’1dv
0
1—(=Dk ' /2 (6.2)
+ 5 em(l—'y)(kl—1)e7rz(2a—2’y+1)/ e(v)27—2a—191(,U>2a—192(U)—Qﬁ—leg(v>2[3—2'y+3dv.
0
Applying the formulas of Lemma 2.2 to (6.2), we have
1+ (=1 k1 i1 1_6271'71(04—’\/) 1—(=1 k1 i1 i B 1_6—27ria
JO :{ (2 ) e i(1—~)k1 . 76727”.7 + (2 ) e (1 ’Y)k1€ i(2a—7) 177 6727”,7 21(7')/9?2)
14 (=1 k1 L ewi(a—'y) eTiB _ o—miB 1—(=1)kr . 3 o eni(’y—a—ﬁ) _ eﬂi(—a—i-ﬁ—'y)
+{ (2 ) e-rrz(l ¥)k1 : E —r ) + (2 ) eT{"L(l 'y)kleﬂz(Qa v) = z2(7_)/9§
—miy (=1 1 7i(20— mi{y+(—1)11 (28— 2 —mi{y+(—=1)'1 (26— 2
:em(l—v)zle{1+(—1)11+1}m‘(2a—w)/21_e el 2) _ ey 21(7)/95+eﬂi(1—’¥)l1eﬂi(a—’y)e ey _62 _1{7 e 20(7) /03
1 —e27y 1—e 2™
) ) mi{y— (=D (2a—7)}/2 _ g—mi{y—(-1)"1 (2a—7)}/2 ) ) mi{vH(=1)"(28-7)}/2 _ p—mi{y+(=1)'1(28—7)}/2
—mi(l=mh gri(a—) € — 6_627”,7 21(7)/63 + T Dhgmila=n & = e—e2m‘7 22(7)/65,
from which it follows that
, ., Si — (=) (2a — 2 , ., Si —1)h (28 — 2
Jo = eﬂ'l(lf’y)lleﬂla SID[W{7 (Sin)ﬂ-( o 7)}/ ]21(7_)/95 + eﬂ'l(l*’y)lleﬂ'za SID[W{7+( ' ) ( ﬁ 7)}/ ]22(7_)/9% (63)
v sin 7y
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87 The integrals J, for positive even integers v.

In this section let v be a positive even integer. Then we have

ky 2a—1 ky 2y—2a—1 ku 28—2v+3 k’,/ —2p-1
9(1}—!— +1—|—Z7') 01<1}—|— +1—|—Z7') 02<v+ +1—|—%7‘> 03<v—|— 2“4—%7)

2 2 2 2 2 N
1 ) ' K, — 1 2v—2a—1 ky — 1 2a—1 ke — 1 —28-1 Ky, — 1 28—2v+3
:%e’”“—”lme“(m—”“)e (v + %r) 6, (v et %r) 0, (v + gT) 0 (v + %r)
1—(—1 los1 , ky _1 2a—1 k'l, _1 2y—2a—1 k‘l, _1 26—2v+3 ku _1 —28—-1
—I—%em(l_w(l”“ﬂ)e <v ey %7’) 01 (v +——t %‘) 02 (v +t——t gr> 03 (U s gT)
and
kqul v 200—1 ky+1 v 2v—2a—1 ku+1 Y 28—2v+3 ku+1 y —28-1
0<'U+ B) +27_> 01 v+ B) +§T 02 v+ B +§T 03 v+ B) +§T
1 1 lyi1 ) ) ky ~1 2y—2a—1 ky 1 2a—1 ku -1 —26-1 ky -1 26—-2v+3
_i+ 5 S i)l griCzr-2a-1)g (v o5+ I;r> 01 (v +——+ ;r> 05 <v +——F I;T) 03 (v +— I;T>
1-(-1 Iyt ) k:y 1 2a—1 ku 1 2y—2a—1 ky 1 26—-2v+3 k,/ 1 —28-1
+%6M(H)(WH)9 (U Tt %T> " (U Tt gT> 02 (U Tt %T> s (U Tt %T) '
Combining these relations, we have
ky+1 v 2a—1 k’l,+1 y 2v—2a—1 ku+1 v 28—2v+3 ky+1 v —28-1
9(7}+ B +§T) 91 v+ 5 +§T 62 v+ B +§T 63 v+ B +§T .
Il _(—1\
_ [+ (=) 2mi(1=ly 41 gdmi(a—) | 1—(=1)+ 2mi(1=Nlp1+1) | o
2 2
ku+1 v 2a—1 ky+1 v 2v—2a—1 ku+1 v 28—2v+3 ku+1 v —2p-1
X 6<’U+ B) +§T) 91 v+ B) +§T 92 v+ B) +§T 93 v+ B) +§T
Now we have
ky+1 v 2a—1 kv+1 v 2y—2a—1 k,/_;'_l v 20—2v+3 ky+1 v —28-1
0 — 0 — % — 0 —
(v+ 5 +2T> 1|v+ 5 +27' 2| v+ 5 +27' 3| v+ 5 +27'
. k v_1 28—2v+3 k v—1 —28—1 k v_1 2a—1 k v_1 2v—2a—1
_ mi(a+B—y+1) v+1 v+1 v+1 v+1
e 9<v+—2 + 5 T) 91<v—|— 5 + 3 ’7') 92(v+ 3 + 5 ’7') 03<U—|— 5 + 5 T) .
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Combining the preceding two relations, we have

ky 2a—1 ky 2v—2a—1 ku 26—2v+3 ky
9<v+ “+57> 91<v+ “+57> 92(v+ “+57) 93(v+ o

[NNIAN
ﬁ
N———

b
T
-
[E——'

2 2 2 2 2 2 2
+
1, ly
_ { 14 (=1)+ edmila=y) 4 1—(=1)w+ eZﬂi(l'y)} 21—t gri(a+B—y+1) (7.1)
2 2
28—2v+3 —28-1 2a—1 2v—2a—1

k v—1 k v—1 k v—1 k v—1

X 0(v+ V2+1+ 5 7') 01<v+ V2+1+ 5 T) 02<v+ V2+1+ 2 T> 03<v+ V2+l+ 5 T) 1

+
On the other hand, we have
kvyr  v—1 26-2v+3 b v—1 —28-1 b v—1 2a—1 byir  v—1 2y—2a-1
9(v+ 5 + 5 7') 01 v+ 5 + 5 T 02 | v+ 5 + 5T 03 ( v+ 5 + 5T .
1 1 lyt1+ly ) ) 1 —1 1 —2B8—-1 =1 1 28—2v+3 =1 _1 2y—2a—1 1 —1 1 2a—1
ey 2) e (D vath) it g (v + L 12 +2 3 7') 01 <v+ LS 12 +Z 5 7') 02 (v + L 12 +Z 5 7') 03 (v + ko1 =1 12 +Z 5 7')
1 (_1)lu+1+lv mi(y—=1) Ly 1+l +1) by 1—1 v—1 \2#2+3 byt —1 v—1 )\ 2! kyr—1 v—1 \2! or -1 w1 \P2el
L S— 0 vt =5t 5T 61 Vb T 02 vk T 05 vt 5T
and
Ko L1 \ 2823 kv 1\ 21 kyir L1 \2o! - Ly 1 \2-2a-1

9(U+ B + 5 T) 01| v+ ) + 5 T 02| v+ 5 + 5 7T 03 v+ 5 + 5T
L () g ) —mi2641) kya—1 v—1 \"7! k=1 v—1 \¥77 kvor—1  v—1 \77%! kvor—1  v—1 \*!
= 5 e e 0(v+ 5 —|—2T 0, v+ 5 +2T O | v+ 5 +2T O3 | v+ 2 —|—27

1- (_1)lu+1+lu mi(1=7)(ly 41+l +1) kooi—1  v—1 \*72% kyo1—1 v—1 )\ 2" kv_1—1 v—1 \>"! kvoi—1 v—1 \2 2!
t—— e Olv+=—F—+—— (vt = T b (vt =+ T 03 v+ =+ 5T .

Combining these two relations, we have

ky 1 26—2vy+3 ky 1 —28-1 ku 1 2a—1 k,, 1 2v—2a—1
0(v+ 1y Y T> 91(1}—1— =1, Y T) 02<U+ 1Y T) 93(v+ Y 7'>

2 2 2 2 2 2

Ly I 1, 1,
= {Meﬁmﬂ + Me%i(vl)} 2mi(vy=1)(luy1+l) o

2 2

kyyp v—1 28—2v+3 kyr w1 —28-1 kyr v—1 2a—1 b v—1 2y—2a—1
><9<v+2+27'> 91v+2+27 921)+2+27 93v—|—2—|—27
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Now we have

ky 1 28—2v+3 ky 1 —26-1 kl, 1 2a0—1 k;,/ 1 2y—2a—1
9<v—|— ;1—1—1/2 7') Hl(v—l— 2+1+V2 T) 92(1}—1- ;1—1—”2 T> 03(1}—1— 2+1—|—V2 7')
) ku _9 2a—1 ky _9 2y—2a—1 ku _9 20—-2v+3 ky _9 —2p-1
= ¢milatA=ytD) 1g <v + 2+1 + v 5 7'> 01 <U + 2+1 + Y 5 7') 02 <v + 2+1 + Y 5 7') 03 (1} + 2+1 + Y 5 T> X

Combining the preceding two relations, we have

2 2 2 2 2 2

ky 1 28—2v+3 ky 1 —26-1 ky 1 2a—1 ky 1 2y—2a—1
9<v—|— +1+V 7') 91(v+ +1+V 7') 92(1}—1— +1+U T> 93<v—|— +1—|—V 7')

lyp1+ly — (1)1t
_ { 14 (=1)+ e 1—(=1)¥+ eQTri(vl)} 2= (g4 gri(a+B—y+1) o
2 2

k‘l, _9 2a0—1 ku _9 2v—2a—1 k'l, _9 26—2v+3 ky _9 —28-1
9(v+ +1+V T> 91(U+ +1—|—V 7') Hg(v—l— +1+V T) 93<v—|— +1—|—V 7') .
+

2 2 2 2 2 2

From (7.1) and (7.2) we have

ky 2a—1 ku 2y—2a—1 k‘l, 20—2v+3 kV —28—-1
9<v+ +1+Kr> 91<v+ +1+57) 02(v+ +1+57) 93(v+ +1+37)

2 2 2 2 2 2 2 2 .
_1\ _(—1)lv 1\t (11t
_ { 1+ 21) 7 pdmi(a—y) n 1—( 21) H 6271’72(1»7)} {1+( 12) T amis " 1—( 12) i e27ri(’yl)} 2mi(y =)l 2mi(atB—y+1) o
ky+1 U _9 2a—1 ku-‘,—l v_9 2y—2a—1 ky+1 U_9 28—2v+3 ky-i-l v_9 —20-1
X 9(v+ 5 + 5 7‘> 01 (v+ 5 + 5 T Oy | v+ 5 + 5 T 03 ( v+ 5 + 5 T .

Repeating the same procedure, we arrive at the following
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Lemma 7.1. For a positive even integer v we have

ky+1 y 2a—1 kerl y 2v—2a—1 ky+1 v 28—2v+3 ky+1 v —28-1
9(’[}+ 5 +§T) 91 v+ B +§T 92 v+ B +§T 93 v+ B) +§T

+
_ { 1+ (71)ly+1 e47ri(a7'y) + 1- (71)lu+1 e271'1‘(1A/)} {]— + (71)ly+1+l9 6471'7,'B + 1- (71)l,,+1+ll, 627ri('yl)} ~

2 2 2 2
lyp1+l+l, -1 lyy1+l+l, -1 lypr+lo+ly 1+, — lyp1+lo+l 1+l —
> 1+ (_1) i e47ri(a—'y) + 1- (_1) i eQTri(l—’y) 1+ (_1) + 2 647”'6 + 1 - (_1) i ! 2 e?ﬂ'i(’y—l) L. (74)
2 2 2 2
N { 1+ (_1)lu+1+lu+lu—1+"'+l3 e4m‘(a—7) N 1— (_1)lu+1+lu+lu—1+"'+l3 e27ri(1—'y)} { 1+ (_1)lv+1+lz/+l1/—1+"'+l2 e‘“”ﬂ N 1— (_1)lu+1+lu+l1/71+"'+l2 627”,(7_1)} y
2 2 2 2

k 2a—1 k 2v—2a—1 k 2B—2v+3 k —28-1
% e2mi(y =D)L+l ot Flatlz) grmi(at+f—v+1) |p (v + V‘H) 0, (U + ”+1) 0 (v + ”+1> 05 (v + V+1>
2 2 2 2

+
Let us now compute J, for a positive even integer v. From (1.4) we have
T/2 k L v 2a—1 k L v 2v—2a—1 k L |y 26—2v+3 k L Py —2p-1
J, :/0 9 <v + "2+ + 27) 0, (v + "2+ + 27) 0 <v + "2+ + 27) 03 <v + ”2+ + 27) dv. (7.5)
Substituting (7.4) into (7.5), we have
J, = 1+ (1) eAmita—) | 1— (1)l 2mi(1=7) 1+ (=1)lvrrth (Amif L= (1)t p2mit=1) | o
2 2 2 2
y { 14+ (_1)lu+1+ly+ly_1 6471_2_(0‘77) N 1— (_1)ly+1+ly+l,,_1 627”_(17)} { 14 (_1)lu+1+lu+lu—l+lu—2 647”'[3 N 1— (_l)lu+1+ly+lu_1+ly_2 eQ‘rri(’yl)} o
2 2 2 2
N { 1+ (_l)lu+1+lu+lu—1+ +13 e4‘n’i(a—’y) N 1— (_1)llx+l+lu+lu—1+ +l3 627Ti(1—7)} {1 + (—1)lu+1+lu+lu—1+ +l2 6471'1'5 N 1 — (_1)lu+1+lu+lu—1+ +l2 6271'1'(’}/—1)} N
2 2 2 2
/2 i 2a-1 i 2y—2a-1 i 26-27+3 k —26-1
X 627”'("/—1)(lu+lufz+--~+l4+l2)ewri(a+ﬁ—’7+l)/ 0 (v 2vEL 0, v+ 2 0, v+ vt O (04 vt du.
0 2 2 2 2
Since
k, 2a-1 k. 2y—2a—1 k, 26—27+3 k, —26-1
(etst) ol t) el ) ()

k?,/ ku
:1 + (_21) +1 eﬂi(l—’y)ky+1 0(0)204—191 (0)27—211—192(v)25—2"/+393(v)—25_1 + 1- (_21) +1 eTri(l—'y)(kV+1—1)67ri(2a—2'y+1)9(1))%/—204—191 (U)2a—192(,U)—2B—193(,U)2B—2'y+3’
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(7.6) is turned to

Iy lug1 _1\og1+l —(—1)vsr
7 :{1+(—21) 7 ppmita—) 1—(—21) * 62”(1_7)} {1+( 12) P pamis 1—( 12) - e27ri('y—1)} o

y 14+ (_1)lu+l+lu+lufl T N 1— (_1)lu+l+ly+lufl 2mili—) 1+ (_1)lu+l+lu+lufl+lU72 pimio 1— (_1)lu+1+l,/+lu71+ly72 it L
2 2 2 2
. { 14 (_1)lu+1+lu+lu—1+-..+l3 647Ti(0¢—'y) N 1— (_1)lu+1+lu+lu—l+-..+l3 627”(1_7)} { 1+ (_1)lu+1+l1/+lu—l+'“+l2 6471'1'5 N 1— (_l)ly+1+ly+ly—1+“'+l2 627”_(7_1)} y
2 2 2 2

oo A 14 (—1)kvsr /2 f
% e wz(wf1)(l,,+ll,,2+...+l4+lz)61/7m(o¢+,67w+1) 5 eﬂl(l*“{)ky+1/ 9(1))2(17191(1})2772067192(U)2’3727+393(’U)72671d’0
0

1= (=1)k+ mi(1=~) (kyy1—1) mi(20—2y+1) 2 2y—2a—1 20-1 —28-1 2B—2v+3
e S it e ) ity / 0(0)27 2019, (1)20 10, () 29105 ()29 2743y \ |
0

from which it follows that

J, =em (=D T (C e T2 ()P TRy Qa1 { (- )P TR ()P TR s e ()P TR 28y 1)] 270 (7= 1) (L 2t 20w (a4 B—) omi(1= ) kw1

1 “1)kvs1r fT/2 1— (=1)kv+1 . T/2 7.7)
« { +( 5 ) / H(U)Qa—lel(U)2'y—2a—192(v)2ﬂ—2'y+393(U)—Qﬂ—ldv 4 ( 5 ) em(Za—’y)/ 9(,0)27—2(1—191(U)Za—1€2(U)—Qﬁ—193(v)2ﬁ—2’y+3dv .
0 0

Applying the formulas of Lemma 2.2 to (7.7), we have

J, =TT (cf e T2 (S P TR} 2a—y 1) { (- )Pt TR s (S e TR s (S P TR 28—y 1)]

k. _ 2mi(a— — (_1\kv _ ,—2mia
L4 (=1)kr1 1 — 2mil _7> L1 (=" ey L=
2 1 — e—2miv 2 1 — e—2miy

% e27ri('y—1)(lu+lu,2+~~+lg)621/7ri(oz+ﬂ—’y)eni(l—'y)k,,+1 {

baatryog
4 emil{(=D v TR (SRR TR 2 e ()P T2} Qe = D) { (1) P TR ()P TR S e ()P TR 26—y 1)) o

,1)ky+1 eﬂ(afw)(emﬁ _ efﬂiﬁ) 1— (,1)ku+1 Jri(2a—7) emi(y—a—p) _ e*ﬂi(*oﬁﬁ*w))

baa(r)/e3

% 6271'2'(771)(l,,+ly,2+---+l2)621/7ri(o¢+,87'y)eﬂ'i(lf'y)kl,+1 { 1+ ( 4 + ‘
2 1— e 2miv 2 1— e 2min

—emil{(=Df Tt (- TR (P TR} Qa—y = D H{(- D) TR ()Pt TR e e ()P TR (28— +1)]

> 627ri('y—1)(l,,+ll,_2+~-+lz)€2uﬂ'i(a+,@—’y)eﬂ'i(l—'y)k,,_H 167”(01_27)'7 {eﬂify/Qe(_l)kV+17r1:('y—2(1)/2 _ e—wi'y/Qe(—l)ker71'11(2(1—’)/)/2} 7 (7_)/9%
— e—2mi

+ el (=D)Fv T (et T2 g () B TR Y Qe = 1) { ()P T R ()P TR e ()P TR (28— 1)]

¢ 2=Vt —abta) Zumi(actB—) gril—)hu 1 e™i(e=7) {eﬂ'i'y/Qe(—l)ku+l mi(26-7)/2 _ e—m"y/2e(—1)ku+1m’('y—2ﬁ)/2} 29(7) /02,

1 — e—2miy
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and therefore

7 _eﬂi[{(_l)k1/+1_k‘v+(_1)k‘1/+1_k1/72+...+(_1)ku+1_k2}(2a_7_1)+{(_1)ku+1_kr/fl+(_1)k1/+1_k1/—3+...+(_1)ku+1_k1 1(2B—v+1)] %
L=

. ku _
o Q2=+ arbebls) 2umi(at =) i1k 1 gria SBTLY + <_1,) "= 20)}/2 21(7)/62
Sin 7y (7.8)
L emil{(=D TR (— 1Rk Res2 g ()R TRy Qe g D { (- DR TR (— )P TR s (— )R R 28— 1)] '

i kut1
o Q2T+ arbebls) 2umi(at =) i1k 1 gria ST + (_1.) "26- 7)}/2,22(7)/93.
sin 7y

88 The integrals J, for positive odd integers v.

In this section let v be a positive odd integer. The formula (7.1) holds also in this case. In case where v > 3, (7.3) holds too. Moreover we have

k. v—2 2! k, -2\t k. y—9 P03 k. y—9 \ ¥
9<v+ 2“—}— 5 T) 91<v—|— 2“—1— 3 T> 92(1}—1— ;1—1— 5 7') 93<U—|— 2“—1— 5 T)

+
_1\ot1Hlu+l - (11l -
_ { 1+ (=1 2“ ! pdmi(a—) n 1—(-1) 2“ ! 627ri(1'y)} 2mi(1=) (g1 1) grilatB—r+1) o (8.1)
ky _3 28—2v+3 ku _3 —26—1 kl, _3 2a—1 ky _3 2v—2a—1
X 9(v+ ;1—4—”2 7') 01<v—|— 2+1—|—V2 T) 02<v—|— 2“—1—”2 T> 93<v—|— 2“—1—”2 7') +.

Combining (8.1) with (7.3), we have

k 2a—1 L 2v—2a—1 k 2B—2v+3 k —26—-1
A G R e I e I ] G i

2 2
+
_ { 14 (=1)h+ edmita=) 4 1 — (=1)hi eQW’L(l—’y)} {1 + (1)t ATif | 1 — (=1)hirtly eQﬂi(’y—l)} «
2 2 2 2

(8.2)

y {1 + (_1)lu+1+lu+l1/71 ami(a—n) N 1— (_1)lu+1+lu+l1/71
e

5 5 e27ri(1—'y)} 627Fi(1—’)’)(lu+1+lu—1)e3ﬂi(a+ﬂ—"/+1)X

k'l, _3 28—2v+3 ky _3 —26-1 k}/ _3 2a—1 ky _3 2y—2a—1
L S B G B S B

X

2 2 2 2
+
Repeating the same procedure, we arrive at the following
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Lemma 8.1. For a positive odd integer v we have

2a—1 2v—2a—1 28—2v+3 —28-1
kv v kvir v kvi1 v
0 1/+1 9 v+ v 8 v+ v 0 v v
(v+ ) 1<v+ 5 +27 b | v+ 2 +27 3 v+—2 +27 .
_ 1 + 4772((1 v) + 1- (_l)ly+1 e27ri(17»>/) 1+ (_1)ly+1+ly 6471'1'[3 + 1- (_l)lu-HJer e27ri('y71)
2 2 2
loy1+lo+ly—1 loy1+l+ly—1 _1\le+1tlo e+ — (11t
y {1 + ( + edmila—) 4 1— (=) e27ri(1—’y)} ...... {1 + (1) ’ eAmif | 1— (1) SeQTri('y—l)} (8.3)
2 2 2
ly Ly l 1y, I+l
" {1+ +1tl A+l pimita—) | 1 — (=1)verthotet 262771‘(17)}62772’(1'y)(lu+1+lu1+IV3+~~-+Z4+l2)eV7ri(a+,@'y+1)
2

i 28—2v+3 k —2p-1 k 201 I 2y—2a-1
9(1}—%——1’;1) 01 <v+—l’;1> 02(1}-}-—”;1) 93(v+—u2+1) 1

Let us now compute J, for a positive odd integer v. Substituting (8.3) into (7.5), we have

+

J, = {71 + (=D edmila=y) 4 1 (=t 62771'(1—7)} {1 + (1)t eAmif | 1 — (=1)lirtte e27ri(’y—1)} %

2 2 2 2
y 1+ (_1)ly+1+l,,+lyf1 647”‘(&77) N 1— (_1)l,,+1+l,/+lyf1 627”'(1*7) ...... 14 (_1)ly+1+l,/+~».+l3 647”/3 N 1— (_1)ly+1+l,/+»..+l3 627”‘(771) y
2 2 2 2 (8.4)
Iy L4+l lys1+l,+---+l1 .
X { L+ (_1) e edmila—n) + 1- (_1) e eQWi(l—’Y)} 2Tt (=) (1 +l 1+l —3+-+latlz) grmi(atS—y+1)
2 2

T/2 20—2v+3 —26-1 2a—1 2y—2a—1
x/ 0 v—l—@ 01 v—i-@ (2 v—i-@ 03 v—f—@ dv.
0 2 2 2 2

Since

26—2v+3 —2p-1 2a—1 2y—2a—1
i) alet) el i) ()

ko —(—1\kv
_1 + (_21) +1 eﬂ—i(v—l)ku+1e(v)2ﬁ—27+391 (v)—26—102(v)2a—193(,l))2~/—2a—1 + 1 ( 21) +1 eﬂ—i('y—l)(kwrl—l)eﬂ'i(26+l)9(v)—2ﬁ—191 (,U)2ﬁ—2’y+392(U)2'y—2a—103(v)2a—1

)
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(8.4) is turned to

7 = { 14+ (_ )lu+ 4m(a i N 1— (_1)lu+1 627”,(1_7)} {1 + (—1)ly+1+ly JAmif N 1— (_1)lu+1+l,, eQﬂi('y—l)} y

2 2 2
(L iy L ] (LN 1o Gt
2 2 2
" {1 + (DR ity L (ED 627Ti(17)} 20 =) 41+ 1o bz g+ +1)
2
1+ (=1)kwn mi(y—Dky 41 /2 28—2v+3 —28-1 20—1 2y—2a—1
—¢" v 0(v) 01(v) 02 (v) 03(v) dv
0
]_ ) u+1

/2
wi(y— 1)ky+1eﬂ'l(2ﬁ 'y)/ 9(,0)26191(0)2ﬁ27+302(v)272algg(v)Qaldv}’
0

from which it follows that
] = eﬂ—z’[{(_l)kv+l7kl/+(_1)ku+17kV72+.A.+(_1)kV+17"71}(204_7_1)+{(_1)ku+17ku—1+(_1)ku+17kuf3+...+(_1)kl/+17"'2}(26_74'_1)]671.1'((1_6_27)

; 1 1 latls) 2umi i(y—1)k 14 (=1)kws f7/2 28—2~v+3 281 2a—1 Iy—2a—1
x 2= (b1 tly 1t Flatle) S2vmi(atf—y) gmi(y—1)ky+1 — 5 / 0(v) A2+ 01(v)~ A= O2(v)“* ™ 03(v)"7 " Tdv
0

1— (=Dkwer /2 28—1 28—2+v+3 2y—2a-1 20—1
+fe’”( 3,7)/ 0(v) 20710, (v)20 =230, (1)1~ 20 1, ()20 1y b
0

Applying the formulas of Lemma 2.3 to (8.5), we have
T, —emil{(= 1R TR ()R R g (C1)R R ey D) () R (1) e R g (1R 2} (2 41)] i - 29)
L (S1)fons reho) — grityetd) 1 (~1)fen riCotd) _ enilets)
2 1 — e2miy 2 1 — e2miy

4 M=) TR (R TR 2 ()Pt TR Qo — ) H{(- ) Pt TRt (S P T3 e () R TR (26— 1)] pmi(a——27)

% e27ri(1—’y)(lu+1+lu,1+~»+l4+l2)e2u7ri(a+ﬁ—'y)eﬂ'i('y—1)ku+1 {

L+ (—1)kvs1 1 —e2m8 1 — (—1)kvs1 emi(26—7) — emiv 52
2 [— e 2 e S

—emil{(=Df T (- v T2 (P TR Qe y = ) H{((-D) P TR ()Pt TR e (- )P T2 R (28— 1)) i (a—3)

> eZﬂ'i(lfA/)(l,,+1+l,,,1+-~~+l4+l2)eQuwi(a+ﬁ7'y)e7ri('yfl)kV+1 {

mi(y—=1)ky41
2™ (1= g1+l 1+ Flatla) 2vmi(atf—) €

% {ewi'y/Ze(—l)kl“rlﬂ'i(’y—Qa)/Q _ e—ﬂi’y/2e(—1)k’/+17ri(2a—'y)/2} 2 (T)/@%

eTiY — e— Ty
[ mil(= D) TR ()Rt TRz e (1) TR Qe D {(— 1) R TR (2P TR e (<) R4 T2 ) (28— 41)] ri(a—37)
e”i('y_l)kV+l

627Ti(1—'7)(lu+1+lV—1+'“+l4+l2)62u7‘-i(a+ﬁ_7) {ewi'y/Qe(_l)kwrl mi(28—v)/2 _ e—ﬂi’y/Qe(—l)ku+1 ﬂi('Y—Qﬁ)/Q} 22(7_)/93’

X - -
emY — e Ty
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and therefore

J,, mem (=D TR () e TR e ()R TR Qo= 1) { ()P TR ()P TR e (<) TR} (2894 1)] 2 (L) (1)

X

eQuwi(a+ﬁ—’y)ewi(7—1)ku+1e7rz'(a—3’y) Sinﬂ-{'y + (_1)ku+1 (7 - 204)}/2 2 (7’)/492
sin 7y 3
. - - - - - - , (8.6)
4 emil{(=D)f T (i TR 2 g ()P TR Qe y = ()P TR ()P TR S e (< )Pt T2} (28— )] 2 (1) (g o1 Hat)
N ky
~ e?yﬂi(a+ﬂ—'y)eﬂi(’y—l)ky+1e7ri(a—3'y) Sl 77{7 + (_1) + (25 - 7)}/2 ZQ(T)/QQ.
sin 7y 3
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