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Abstract

We consider the weighted mean curvature flow with a drivimgntén the plane. For
anisotropy functions this evolution problem degeneratea first order Hamilton-Jacobi
equation with a free boundary. The resulting problem may biem as a Hamilton-Jacobi
equation with a spatially non-local and discontinuous Htmian. We prove existence
and uniqueness of solutions. On the way we show a comparisocigle and a stability
theorem for viscosity solutions.
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1 Introduction

Our goal is to study the theory of viscosity solutions to HiéoniJacobi equation with
discontinuous Hamiltonians and an unusual free boundagye e have in mind problems
arising when we try to solve the weighted mean curvature (oo

BV =ky+0 onl(t), (1.1)

for a graph of a Lipschitz function ové&k. Formally, (1.1) is a parabolic equation of the
second order, but for the interesting anisotropy functtaseenerates to a first order sys-
tem. In order to explain it, we recall that the curvatusg, appearing in (1.1) is defined
by

Ky = —divs (V¢v(Q)le=n) , 1.2)

wheren is the normal to the curve. In our case veatois defined onlyH'-a.e. Moreover,
~ is an isotropy function (the surface energy density). Thgsjal examples we have in
mind, see [GR1], give us the motivation to consider

Y¥(p1,p2) = YAlp1| + yrlp2|. (1.3)

Thus, if there are parts @f(¢) with positive?{! measure, whera equalsny = (0, 1), then
(1.2) makes no sense. At the same time, due to the above wefiafty, the curvatures,,
is zero on curved parts @f(¢), wheren # ng. The driving tern is given here. Thus, we
claim that (1.1) degenerates to a first order equation (éxcep directions of orientions
includingng), which may be studied with the methods of viscosity sohgio

In [GR4] we have defined bent facets and we constructed a feeting solution to
(1.1) for a special choice @, so that the evolution in the direction ok is, rougly speak-
ing, just the upward tranlation. We would like to extend cesults so that quite general
will be allowed. The goal of this paper is to develop a thearyHamilton-Jacobi equations
with an unusual free boundary which is useful for this pugos

In a companion paper, [GGR], we fully explain the process erivihg from (1.1) a
tractable system in a local coordinate system. Here, we@me a necessary sketch. We
notice that the formula (1.2) becomes meaningful againg eve replace the gradieRt.
with a selectior¢ of the subdifferentiab.y. We need a rule to sele€t{z) € d:y(n(x)).
In [GR4] we considered a variational principle which whicbeg back to [FG], [GGM],
[GPR] and it was developed by Bellettini, Caselles, Chatebdoll, Novaga and Paolini,
see [BNP1], [BNP2], [CMN].

We note that ifg is properly chosen so that equation (1.1) can be written eénfoinm
of a differential inclusionu; € —d¢ for the graph{(z,y) : y = u(¢,z)}, then a unique
solution for initial value problem is constructed in [GGlesvif o depends omx. Also in
[GR3] we considered a variational principle, similar to tiree studied in [GR4], to show
persitency of facets in a free boundary problem involind 1T here, the kinetic coefficient
(£ was special. In the present paper, however, we consider gaiterals.

With the help of the variational principle mentioned abowe, defined [GR4] a vari-
ational solution to (1.1) as a couplé, &), whereI'(¢) is the graph ofi(t, -) and£(¢) is a
minimizer of a variational functional.

What is now interesting for us, is that equation (1.1) may teveniently written for
a variational solution if we assume thEft) has just one facet,e, it has just one line



segment with a normal equal to Namely, one has (see [GR4, GGR] for a derivation),

: o YA
Brlo = ][J(t,s,Lo)ds + 24 on [0,r(t)],
0

To
di = o(t,z,d)m(d,)  on [ro(t), +oc), (1.4)

(where~, equalsy evaluated a1, 0)) and it is augmented with the following initial con-
ditions,

70(0) =100, Lo(0) = Loo, d(0,7) = do(z).

For the sake of simplicity, we assume that the ditao (see (2.2)) and the solutiahare
even inz, thus it suffices to consider only > 0.

An important observation is that in order to close this systee need information about
the evolution ofr(-). These points form a zero-dimensional free boundary, wheusku-
tion is not determined by (1.4). Apparently, as a result weeteaHamilton-Jacobi equation
with a free boundary which is coupled to an ODE with a nonliycdéfined nonlinearity.
However, we would like to develop a unifying framework basgbn the viscosity theory
of Hamilton-Jacobi equations. For this purpose we set

d(t,z) =d(t,z) for|z| > ro(t), d(t,z) = Lo(t) for|z| < ro(t)

and we require continuity af. In this way we may rewrite (1.4) as a single Hamilton-Jacobi
equation, ) -
di + H(t,z,d,d,) =0,

where we expect to be able to writé as

~ | —o(t,z,u)m(p) for [z] > ro(t),
H(t,z,u,p) = { —a(t,rS(t),U)pm(O) for |z| < ?”g(t%

whererj(t) is properly chosen, sef.3. In general, the HamiltoniaH is not continuous
along the free boundany(-). This is why we must study the relationship between the right
hand-sides of (14 and (1.4). This requires understanding the behaviorgf We shall
concentrate on those cases which lead to new problems ofdoeyt of Hamilton-Jacobi
equations with discontinuous Hamiltonians. We shall seeaparticularly interesting/
arises whensy > 0. Our main geometric results Theorems 4.1 and 4.2may bedstaste
follows.

Theorem 1.1 Let us suppose that satisfies the symmetry relation (2.2) and Berg’s effect
(2.1) andd, is admissible (se§2.1 a definition)do|r\ (—ryy,r0s) € C* N L™ and=f > 0
(this quantity is defined in (2.11). (a)df .(r00) > 0, then there exist; > 0 and a unique
solution to problem (1.4),e., there is a unique matching curvg(-), Ly a unique solution

to ODE (1.4) andd a unique solution to the Hamilton-Jacobi equation{)L.4oreover,
Lo(t) = d(t, ro(t)).

(b)If dy . (r00) = 0, then there exists a unique proper matching curyeéand a unique
solutionLy, d to problem (1.4)—(1.4), in additionLy(t) = d(t,ro(t)).

The notion of the proper matching curve is introduced at theh @& §4.2.

The key point is the construction of the interfacial cumg In case (a) it is done
with the help of the Banach contraction principle which g&la unique solution. The
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story gets complicated in case (b) because the Banach thderao longer applicable.
While is it possible to construct the matching curves by 8dea theorem the uniqueness
is not obvious. This case requires the power of the viscdbigpry for Hamilton-Jacobi
equation with discontinuous Hamiltonians. The startingnp@s the observation that a
small perturbation in th€-topology of data in part (b) reduces them to case (a). The
passage to the limit is independent of the perturbation lansl $elects the mentioned above
proper matching curve. This process requires re-writing moblem (1.4) as as single
Hamilton-Jacobi equation. A stability result is shown, Bgeposition 4.6, to ensure that
the uniform limit of viscosity solutions is a solution to theit problem. We also develop
a Comparison Principle, in Theorem 4.3, to establish umigas of solutions. It is valid for
a restricted class of super-/subsolutions, but it is sefficfor our purposes.

For the sake of consistency we left out many geometric questifor example a com-
plete catalogue of possible configurations of initial coindis for (1.1) is studied in the
companion paper [GGR]. We stress that we permit a genendhdrtermo in (1.1) con-
forming to (2.1) and (2.2) and which are of clas$. We do not discuss here any possible
relaxation of this regularity assumption here.

2 Setting up the problem

2.1 Definitions

Here we recall the known facts and introduce the notionsssarg to study equation (1.1).
The physical examples we have in mind, see [GR1], give us tite/ation to consider

v(p1,p2) = Yalp1] + 72|

It is also natural to consider for which the following Berg’s effect (see [GR2] and refer-
ences therein) and symmetry conditions, hiatdfor all ¢ € [0,7")

xig—a(t,l‘l,l‘g) >0 forua; 75 0, 2=1,2, (21)
z;
and

o(t,z1,22) = o(t,—x1,22), o(t,z1,22) = 0(t,21,—22). (2.2)

However, conditions (2.2) are just for the sake of simplicif the presentation.

In this paper, in order to avoid unnecessary technical cmaupbns related to the bound-
ary conditions we consider only curves, which are graphsio€fions defined oveR with
values inR, i.e, I'(t) = {(z,d(t,z) : = € R}. We assume that for eactthe function
d(t,-) in the above definition is Lipschitz aratimissiblein the following sense: (a) for all
x € R we haved(t, —z) = d(t,z), (b) 0 belongs to an open set, whetgvanishes and
(¢) dljo,+) is Non-decreasing. Later, we shall impose further regtnst of the class of
considered curves.

We will denote the normal vector 1 by n. Parts ofl’(¢), wheren belongs to set of
normals to the Wulff shape of, which coincides here with the set of non-differentiaiilit
points ofy on the sphere, are special. If further conditions are satighey are called
faceted regionsind in our case their normal is vectaf;, = (0,1). We refer an interested
reader to [GR4, GR5, GGR] for more details on that matter.



2.2 The reduction to the local coordinate system

In this subsection we take for granted that (1.1) leads #) {f.the local coordinate system
for variational solutions, (see [GR4, GGR] for details). Wwéver, we have to specify the
properties ofm, (also called a mobility coefficient), which are inferredrir the general
properties ofg, (see [GGR] for more comments). Namely, they are:

= m(0) < m(p), (2.3)

m(p) = m(—p), (2.4)

m is Lipschitz continuous angh € C*(R \ {0}), (2.5)
m is convex forp| < 1, (2.6)

m(p) < C(1+ p). (2.7)

Here we use the shorthanth = 5(ngr).

2.3 The interfacial curves

We showed in [GR5] that the interfacial curvg may be of two types: either a tangency
curve or a matching curve. We shall say here thatttmgency conditions satisfied at
(t,ro(t)), provided that (see [GR4, Proposition 2.1] and [GR4, (3)10)

ro(t) YA
o(t,ro(t), Lo(t)) = ][ o(t,s, Lo(t))ds + ——. (2.8)
0 ro(t)
This is a slight modification of the notion, because here wdi&ly include timet as
opposed to [GR4].
If the tangency condition is satisfied @t ry(¢)) for all ¢ € [0,7), then we call the
curvery(-) atangency curve
We always demand th&tt) is a Lipschitz curve, thus the solutions to (1.4) must satisf

d(t,ro(t)) = Lo(t). (2.9)

We call (2.9) thematching conditionbecausd., must matchd. The matching condition
is automatically satisfied for the tangency curves. Howdbhere are curves which do not
satisfy the tangency condition for> 0. They are defined just by (2.9). Let us note the
following result.

Proposition 2.1 (cf. [GR5, Proposition 3.3]) Let us suppose that of classC*([0,T) x

R?) is given, it satisfies the Berg’s effect (2.1) and the symynagtations (2.2). We as-
sume that we have a variational solution to (1.1), in palaicii I'(t) is a family of graphs

of admissible Lipschitz functions evolving according to4)l andrq(-) is aC* curve in
additiond(-, x) is a piecewis&'* function. If the tangency as well as matching conditions
are satisfied att, ro(t)) for all t € [0, ¢€), thenry(-) is decreasing.

For the proof we refer the reader to [GR5, GGR]. O

In order not to distract the reader with unnecessary teahgiensiderations we do not
present the notion of a variational solution to (1.1), foisinot needed here. We refer an
interested reader for more details to [GR5, GGR].
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We need a device which helps us deciding the sigiy@f) as well as the type of the
curve from the data. In [GR4]-[GR5] we introduced the foliogrquantity,

T00
E(I)% = ][ o't(O, Y, LOO) dy — O't(o, 700, Loo) (210)
0

700
+0(0,700, Loo) <][ 025(0,y, Loo) dy — 04, (0, 700, Loo)) .
0

In [GGR] we needed

— o
=8 = ﬁ—; + (0,700, Loo) 0z, (0, 700, Loo )mp (07). (2.11)

The role ofEOR is explained in the following Proposition, which is an adijnent of [GRS5,
Proposition 3.4] to the present situation.

Proposition 2.2  ([GGR, §2.3], cf. also [GR4, Proposition 3.4])et us supposé’,§) is

a variational solution o0, T) ando,,, 0., o; are continuous oft, T') x R2. We also
assume thal(t,-) is of classC:! in the complement of the interior of the faceted regions,
ro(+) is @ matching curve ang is strictly monotone. Moreover, the tangency condition is
satisfied atoy = r¢(0). Then,

(@) If, df (t,mo(t)) > 0, i.e, the right derivative ofi(t,-) atr(t) is positive, ther(-) is
differentiable fort € (0,T) and

1 )
= (Lo(t —o(t,ro(t), Lo(t dr(t, (1)), 2.12
Ty o0/ 0r = ot Lo)m(df (o)) . (212
moreoveri,(0) = 0.

(b) If d({ .(roo) = 0 and the right second derivative af, vanishes at: = g, i.e,
daf .:(To0) = 0, then the derivative of, att = 0 exists and it is positive as long as
=l > 0 and it is given byo(0) = 328 /04, (0,700, Loo)- In particular, this derivative is
positive, provided thal' > 0.

(c) If dg . (roo) = 0 anddg ., (ro0) > 0, then

0,xx

L ERder T
dO,;c;c (TOO) (U$1 (07 700, LOO))
In particular,i(0) is positive if=E > 0.
(d) If=F = 0, thenry(0) = 0.

After familiarizing with this proposition, a reader may askg. if there are decreasing
matching curves different from tangency curves. It turnstbat this is not possible. A
discussion of this and related problems is beyond the scbfie@resent article. It is in-
cluded in the companion paper [GGR], where a complete qaialof initial configurations
is presented. O

7o(t)

3 Evolution of graphs by a Hamilton-Jacobi equa-
tion

We want to solve the equation written in the local coordirgtstem, (1.4). We notice its
several components: a Hamilton-Jacobi equation with alfoemdaryr(-) coupled with a
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nonlocal ODE. We want to present first the facts implied bydlassical theory of viscosity
solutions to Hamilton-Jacobi equations.

Proposition 3.1 Let us suppose thatbelonging taC* ([0, T') x R?) is given and it satisfies
the Berg’s effect (2.1) and (2.2). The mobility coefficientfulfills (2.3)—(2.7),dy is an
admissible Lipschitz function oR, in particular it is increasing ofrqg, oc) anddy(x) =
Lo for |z| < rgp. If we set

Ho(t, z,d,p) = —o(t, z,d)m(p), 3.1
then, there exists a unique viscosity solution to

dy + Ho(t,z,d,dy) =0 in(0,T) x R,

d(0, ) = do(x) for z € R. (3.2)

Moreover, the modulus of continuity dfis defined by the continuity moduli of., o and
dp.

Proof. This is in fact a corollary to the classical Perron’s methsek []. O

In order to extract more information about smoothness @) @e will study its regular-
ization. By this method we will discover further propertiglssolutions in a neighborhood
of ry. We hope to be able to localize (3.2). This is indeed truePseposition 3.3.

Now, we proceed with the regularization. We apply the stashdaollification tom, dg
ando. We considerm* = mxpe, dy = do* p. ando® = o * p., where the standard mollifier
pe has a support iB(0, ¢). We note that in the first two cases the mollification is on the
real line, in the last one iR3.

As a result of regularization we have(0) > 1 andm,(0) = 0. We end up with the
problem

dy —o(t,z,dym(d;) =0 inze (0,T) xR,
d(z,0) =df(x) forzeR,
where we suppressedverd.

We begin with writing the characteristic system, which afienplifications takes the
form

(3.3)

5= (ot 0D 1,0, 008) o)

p = (03, (t,z,d) + og, (¢, z,d)p) m(p),

d = o*(t,.d) (m(p) — mip)p) 54
.T(O,f) = 57 d(ovf) = d0(§)7 p(ovf) = d0,$(§)7 5 eR.

Let us make the first observation about (3.4).

Proposition 3.2 Let us suppose thaf, m® anddy, are the mentioned above mollifications
of o, m anddy which satisfy the assumption of Proposition 3.1. Then, fbe & 0 there
existsT, € (0,T) and a unique smooth solution to (3.4). Moreovér,> T, > 0, where
Ty is independent of.

Proof. Existence and uniqueness part is a conclusion from theicésiseory of char-
acteristic systems.
For the second part of the proposition, let us now recall effam the theory of ODE'’s,

y/ = f(y7t)7 y(tO) = Yo,



wheref : Q x (t1,t3) — R, Q2 is an open subset &* andy, € Q, tg € (t1,12). We know
that T;,...., the length of maximal existence interval can be estimatewh fbelow only in
the following terms: (a) the distaneefrom (yo, to) to the boundary of) x (¢1,t2); (b) the
maximum of f overQ) x (t1,t2). In our casef, depending upoK, d, p, t), is given by the
RHS of (3.4) and x (t1,t2) is equal toU := R x R x [—1,1] x R. The RHS of (3.4)
is of course bounded ofi. Thus, we will succeed in proving a uniform bound Bp .

provided that we can show a bound nThis fact is the content of the Lemma below.]

Lemma 3.1 Let us suppose that(p) < C(1 + |p|), (z,d,p) is the unique solution to
system (3.4) and < p(0,-) < po < 1, then there exitd, > 0 independent of such that
Ip(t,€)| < 1 forallt € [0,Tp).

Proof. Indeed, let us have a look at (3)4The assumptions ahandm imply existence
of K > 0 such that

P<EK(1+p+p?),  p(0) = doa(€). (3.5)
Thus, as long asg(t) < 1 holds, then (3.5) implies

p < K(1+2p), p(0) = doz(§) <po < 1.
This differential inequality combined with Gronwall inegjity lead us to
(1 + 2pp)e*™t < 3.

Hence, we conclude thatfibelongs to the intervdD, Ty], whereTy = 5k In ﬁ, which
is independent froma, then

p(t) <1
and the claim follows. O

Let us draw some qualitative conclusion about the projeciedacteristics. Il ,(§) =
0, thenp(0,£) = 0 andi(0,§) = —o(t, z,d)m;(0) = 0. Hence, the projected character-
istic is perpendicular to the-axis. On the other hand, by (2.6) for any> 0, we have
m;(a) > 0. Thus, sincel is nondecreasing we notice that alway$) < 0, see Fig. 1.

\

& &
Fig. 1

Remark. This property of the characteristic curves implies thatyteenanate from any
tangency curve ifl,(t,7o(t)) = 0. This will be indeed shown in Proposition 3.4. Thus,
these facts justify the statement that a matching condii@utomatically fulfilled on the
tangency curve. We may also say that a tangency curve behkeesrarefaction wave.
On the other hand the same property of the characteristipbesthat the matching curve
terminate on them, thus the matching curve are like shoclesav
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Now, we will state the first of our qualitative results. It éxips our interest in the
regularized system. It is also useful in the process of coashg a solution to the free
boundary problem (1.4). Of course we have to localize it irigmborhood of-.

Theorem 3.1 Let us assume that fulfills (2.3)—(2.7), o satisfies Berg’s effecty ¢
C1([0,T) xR?), dy is a bounded admissible Lipschitz function ah,, ;) € C'NL>
andd is the corresponding viscosity solution to (3.2). If dg) = py < 1, then:

(a) for allt € (0,Ty], whereTy is provided by Lemma 3.1, we have Lifit,-)) < 1 and
Lip(d(-,z)) < M :=m(1)supo on[0,Tp] for all z € R;

(b) if d({x(roo) > 4§ > 0 and\; > ro, then there i9y = do(N\1) > 0 such that for all
t € [0,Tp] and allz, y satisfyingroo < = <y < A\ we havel(t,y) — d(t,z) > do(y — x);
(c) if do »(roo) = 0, then there exists a continuous functigy: (0,7y] — (0,1), such that
forallt € (0,Ty] we havel(t,y) — d(t,x) > do(t)(y — x) for x,y € [ro, A1].

Proof. Existence of solutions to the regularized characterigttesn (3.4) was estab-
lished in Proposition 3.2. Lemma 3.1 implies existence ohdioum bound, equal to 1,
(with respect toe) on dS, for ¢t € [0,Tp]. Sinced converges uniformly taly, then the
theory of viscosity solutions implies the uniform converge ofd¢ to the unique viscosity
solution of (3.2). As a result the Lipschitz constant¢f, -), the limit of d is bounded by
one on[0, Tp).

By the same token

Lip (d(-,2)) < maxdi(t,z) < m(1) sup o(t, 2, u).
Thus, (a) is established.

In order to prove (b) we use the convexity xaf. This property and (34 imply that
di(t,z) > 6 = min{dp,(x) : = € [roo, 1]} as long asi < 1. Subsequently, we
proceed by approximation,

Yy
d(ty) = d(t,2) = Tm (d'(ty) —d'(t.2) = lim [ ds(t,7)dr > o(y - a).
We prove (c) in similar manner. We fix> 0, then we have
Yy
d(t,y) —d(t,x) = lim+ d.(t,7)dr.
e—0T Jp
By (3.4,), we deduce that d@t> 0 the derivatived, (¢, x) must be at least
ta;w (tv T00/2> dO (TOO))m(O) = 6(t) > 0.
Thus,
d(t,y) — d(t,z) > 6(t)(y — x).
O

Sometimes we have to localize solutions, this is of courssipte because of the finite
speed of propagation. In fact this is permitted by our nestite

Proposition 3.3 Let us suppose thaly,, dy are two pieces of initial data required by
Proposition 3.1, satisfyin@ly; — doz)| o,a1) = 0 @nddy, ds are the corresponding solutions
to (3.4). Then, for any < Ty, such that\; — ut > Xy we have

(dl - d2)|[0,t]><[)\0,)\1*}lt} = 07

wherey = sup o - sup my.



Proof. Let us look at the system of characteristics (3.4) augmentddd;,;, i = 1,2
the mollification ofdy,. Since the mollification kernel. is supported if—e, ¢), then the
initial datadf;, df, agree on\g + €, \; — €¢|. By Theorem 3.1, the solutions;, d;, p;),
1 = 1,2 exist fort < Ty, whereTy is introduced in Lemma 3.1. We notice that due to the
structure of the RHS of (3.4) we haye;| < u, i =1,2. Thus, ify € [A\g+ €, \; — € — pt],
thend{(t,y) = d5(t,y), as long as\op + ¢ < A\; — e — ut. The equality holds after the
passage to the limit with. Thusd; = dz on [0, t] x (Ao, A1 — pt). Our claim follows. [

3.1 Regqularity of solutions

Here, we shall study the regularity of viscosity solutionginon-cylindrical domain. If
is strictly decreasing and positive aig is a unique solution to

. TO
LO = ][ U(t7y>L0) dy + ’Y_Av
0 To
then we define aregio'r = {(t,z) € (0,7p) x R: |z| > ro(t)}.
Proposition 3.4 Let us suppose thdt > 0, H, is given by (3.1)r(-) is a tangency curve
andd is a viscosity solution to

di + Hy(t,z,d,dy) =0  inGp:={(t,z) :t> 0,2 >ro(t)},

d(0, ) = dofx) for [z > roo,  d(t,ro(t)) = Lo(t) fort >0, O

If do.(r00) = 0 andd,, d; are continuous itV N G, whereU is an open set containing
all points(t,ro(t)), t > 0, thend,(t,ro(t)) = 0 forall t > 0.

Proof. By the general theory a sufficiently smooth viscosity solutsatisfies the equation
pointwise inGp. The classical theory stipulates the compatibility candi for datag
given on a curve. In our case, this curve is a graph of function'(ry), andg equalsLy,
but it is convenient to express it in terms of the the arcdenqmrametes. We notice,

dg dLo dLodt Ly o(tro,Lo)

ds ds dt ds /(72 +1 Bry/(F0)2+1
The unit tangent and normal vectora are

7= (L70)/V ()2 +1,  n=(=ip,1)/\/(70)? + 1.
Once we writeuz = aﬁ 2 andu, = 8“ then we obviously have,

ou ou

— =€t TUz + € - DUy, 92
x

ot

=€, - TUz + €4 - NUy.

Subsequently,
ou 1 70 ou 70 1
If d is a differentiable solution to (3.6), then we are able taxglated- from the data,

becausel- = %. The compatibility conditions require existence of a solufp,,, which
equalsdy, to the following equation

U(t, To, Lo) pn?'”() (t ro Lo ToU(t ?”0, L())

Ba((fo)2+1) o2 +1 (,/707 Br((70)2 +1)

= 0.

(3.7)
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It is easy to see that
U(t, To, L0)7‘ﬂ0

Or (7'“0)2 +1
is a solution to (3.7) yieldingl,.(¢t,7o(t)) = 0. Itis a separate question if there are other
solutions. Even if they exist, then the structure of equma({®7) implies that they must be

separated fromp,, given above. As a result we would constrdavith discontinuous space
derivative att = 0. Our claim follows. O

n —

We stress that in the above result we do not use any furtheitasity properties ofn,
because we know that in our cadg(t, ro(t)) > 0. In particular, the actual value of.}
atp = 0 is unimportant for us. However, formally we extendsmoothly to the negative
argument and use Proposition 3.4 anyway.

4 A Hamilton-Jacobi equation with a free boundary

Now, we begin our construction of the free boundary probldmd); We noticed that we
have only two types of monotone interfacial curvgsif r((-) is decreasing, then we have
tangency curves. In virtue of Proposition 3.4 we expect thais continuous along such
curves, provided thaty ., (rop) = 0. Moreover, since the characteristics start from tangency
curves we may impose boundary data on cutye By the Remark irg4.3 they do not
require any advanced theory of viscosity solutions to thenbtan-Jacobi equations hence
their construction is performed in the companion paper [GGR

If ro(-) is increasing, then this is a matching curve determined gytnditions

d(t,mo(t)) = Lo(t).

In this case the characteristics terminate on the matchingec Such curves are constructed
in subsection 4.1.

We also seek a unifying framework for our free boundary peabl(1.4). A natural
choice is the theory of viscosity solutions to Hamiltonalzicequations. The situation is
quite interesting in the case of matching curves, becauséuaat choice of Hamiltoniar/
transforms (1.4) into an equation with a spatially nonlaaad discontinuous Hamiltonian.
Moreover, the discontinuity is with respect jo= d,. This is is why we have to develop
theory of solutions to such problems. It is however restdcto deal with sufficiently
regular,i.e., Lipschitz continuous solutions. We shall establish a caxispn principle and
stability in this restricted setting. These results arespngéed in subsections 4.3 and 4.2
respectively.

We have already learned what are the component of thesemsysteroposition 2.2
gives us a tool to detect the type of curve emanating fromrtefacial pointrg. Due to
Theorem 3.1 we know how to solve the Hamilton-Jacobi eqoat{d.4), i.e., (3.2).

Let us now concentrate on the interfacial curves. We havédllmving possibilities at
the interfacial point:

(Z) we have two possibilities of a sign &, (2 = 0 does not permit us to decide what
is the type of the interfacial curve);

() the tangency condition holds or fails;

(D) the derivatived, .. (ro0) either vanishes or it is different from zero.

11



Thus, in order to solve the geometric problem of the evolutib a graph we would have

to consider the eight cases. However, only those relatdietonatching curve lead to non-
trivial problems of the viscosity theory of Hamilton-Jaceljuations. The remaining cases
will be considered in detail in the companion paper [GGR]rdHare our main geometric

results.

Theorem 4.1 Let us suppose thatc C*(]0, T) x R?) satisfies the symmetry relation (2.2)
and Berg’s effect (2.1) and}, is a bounded admissible Lipschitz function with (dp) =

po < 1 anddo|, +o0) € C* N L. If 2§ > 0 @anddy - (roo) > 0, then there exist) < T
and a unique solution to problem (1.4f., there is a unique matching curve(-), Lo a
unique solution to ODE (1;4 andd a unique solution to the Hamilton-Jacobi equation
(1.4). Moreover,Ly(t) = d(t,ro(t)).

The proof is given in subsection 4.1, where the appropriaterfacial curves are con-
structed. Ifdg ..(r00) = 0 andZf > 0, then further considerations are required. This is so,
because the method of construction of the matching curveloeed int4.1 does not yield
unigueness. The necessary tools are created in subsedtdred 4.3. They are based
on a selection principle leading us to the notion of a propatafming curve. We also need
a stability result and a comparison principle for Hamiltéacobi equations with non-local
discontinuous Hamiltonians. They lead us to the proof offtiiewing statement, where
the notion of a proper matching curve is introduced at theadrsiibsection 4.2.

Theorem 4.2 Let us suppose that € C1([0,T) x R?) satisfies the symmetry relation
(2.2) and Berg’s effect (2.1). We assume tfhais a bounded admissible Lipschitz function
with l_lp(d()) =p <1 andd0|[7,00,+00) eC'nL>® If Eé% >0 anddow(?“()()) = 0, then
there existly < T and a unique proper matching cumgeand a unique solutiofy, d to
problem (1.4)—(1.4).

4.1 A matching curve emanating fromr,

We shall prove here Theorem 4.1. For this purpose we turn tbeintgon to a construction
of a matching curve emanating frorgy. Here, we do not care if the tangency condition
is satisfied and we admit vanishing derivativedgfat roo. We strive to present a general
existence result covering as many cases as possible.

Proposition 4.1 Let us assume tha is an admissible initial condition argff > 0.
(a) Then, there existe, < Ty and(rg, Lo) € C*([0, T1]; R?) a solution to the following
problem,

. 1 To(t) A
BrLo(t) = W/o o(t,s,Lo(t))ds + o)’
LO(t) = d(t,?”o(t)), (41)

Lo(O) = L()(), ?”0(0) =T00-

Here,d is a given solution to the Hamilton-Jacobi equation (3.2)0iil) x R with the
initial datady.
(b) If in addition, d({ »(roo) > 0, then the solution constructed in part (a) is unique.

12



Remark. It turns out thau({x(roo) > 0 leads to a simple uniqueness proof. On the other
hand, ifdp »(ro0) = 0, then we have to apply a selection procedure. This will batée
separately in subsections 4.2 and 4.3.

Proof. Let us notice that for a givedt, Proposition 3.1 yields the existence of a unique
solution to the Hamilton-Jacobi equation (3.2). Subsetiyiewe notice that if we are
interested ind for z > rq, t € [0,71], then due to Theorem 3d(¢, -) is increasing.

For anyr € (0,7)), let us define the set

X = {(r,L) €C([0,7];R?): (r,L)(0) = (roo, Loo), [I7 = roollcio,r) < 700/2,
IL = Loollcro, < n}

whereC([0, 7]; RF), k € N, is the space of all continuous functions frofn7] with values
in R¥ equipped with the sup-norm defined as follows

)

& 1/2
Ilu\lcm=Srg[g§]|u<s>|anduﬁncqo,ﬂ;m=(Zwmué[o,ﬂ) = ().
=1

Subsequently, we define a mép X, — C([0, 7]; R?) by

L(r,L) = (7 L),
Wheref,(t) is given by formula
. t r(2)
L(t) = Loo -I-/O (le)/o o(z,8,Lo(2))ds + %) dz, (4.2
and
i) =a (e, (L) (4.3)

Taking the inverse function is justified by the strict moratity of d, see Theorem 3.1 (b),

(©).

For an appropriate choice gfandr we establish thaf : X, — X, ,. Indeed,

t 1 r(z) A
/0 <%/0 O'(Z,S,Lo(z))ds—i-%) dz

‘f/(t) - Loo‘ =

.
< = | sup [7(s)] sup o(t,x,y)+7a
mfse[o,ﬂ r(s)] 5€[0,7] R4 xR2
27 [ 3
< — [ zro0 sup o(t,z,y) +ya | =: 7K.
700 R4 xR2

Hence, taking- = T7 < Ty sufficiently small we obtain
IZ = Loollc(o,m) < -
Next, we estimate

[#(t) = ool = |d~" (£ )(L(1) — roo| < sup |7 (t, ) (y) = rool-
te[ovT]7|nyOO|§77
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Since, the magt,y) — d='(¢,.)(y) — roo is uniformly continuous on the compact set
d([0,7] x [Loo — 1, Loo + n]), we can choose (by taking smallefl’, if necessary) ang
such that

N Too
17 = roollc(o,n) < -

Now, we shall show that mapping is compact. For this purpose we take a bounded
sequencer,, L,) € X, ,. Thus, the sequenck, given by (4.2) is bounded not only in
C°([0, 7]) but also in the spac€’ ([0, 7]). Indeed, sinc& : X, — X, ,, then we have

IZ = Loollc (o) < -
Moreover,in is bounded inC°([0, 7]). Indeed, due to (4.2) we have

L

< }{b
Consequently,
LNl o.11) < 1 Zoollco(o1) + 1 + Ko

This is why by Arzela-Ascoli Theorem we can extract a subeeqaink of L, con-
verging uniformly L. Subsequently, we deduce that — 7 in C[0, 7], wherer(t) =
d=1(¢,.)(L(t)). This finishes proof of the compactness of niap

We may now invoke the Schauder Fixed Point Theorem, becAuseompact and it
maps a closed convex s&t, 5 into itself. Thus, we conclude that mappidghas a fixed
point.

(b) In order to show uniqueness of the fixed point we shall sti@L is a contraction
on Xr,,, provided thatl , (ro0) > 0.

We recall that due to Theorem 3.1, part (g}, -) is strictly increasing, more precisely
forany \; > r( there is a positive) such that for alt € (0, 77] and allrgg <z <y < \;
we haved(t,y) — d(t,z) > n(y — x). Thus, we can write:

Li(t) = La(t)| = [d(t, 71(8)) — d(t, 72())] = nF1(t) = 72(0)].

Hence
171 = 7alleqo.r) < 5|lﬁ1 = Lalleor)-

Now, employing (4.2) we come to the following estimate

. A t r1(2)
Lqi(t) — Lg(t)‘ < /0 (lez) - 7“212‘)) (’YA +/0 o(z,L1(2),s) d5> dz
t r1(z)
/ 'r 12‘ /0 (0(z,L1(2),s) —o(z,La(2),s)) dsdz
rl(z)
( (z, La(2), )ds) dz (4.4)
ro(z)

< T <7“00 (Ko + sup cr> [r1 = r2llco +3 sup |ow,|l|L1 — L2HC[0,T}> )

s€[0,7] s€[0,7]
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Finally, restricting furthefl; for anyr < 77 we obtain thatC is a contraction onX,. [
We notice, that this proposition due to the used method doegeld uniqueness of the
interfacial curve ifdy ,(r90) = 0. We shall find a separate argument later.

Let us now turn to theproof of Theorem 4.1 In fact, the existence of a matching
curve follows from Proposition 4.1 (a). Its uniqueness iargmteed by Proposition 4.1 (b).
Existence off and L is given also in Proposition 4.1. It is based on Propositidna®d the
theory of ODE's, respectively. O

4.2 Stability

We will establish a stability result and in next section a pamson principle. They are
interesting for its own sake because they deal with disnaptis Hamiltonians. They are
also needed to select a proper solutigrwhen Theorem 4.1 fails to guarantee unigueness
if do.»(roo) = 0. We stress that we want to solve simultaneously two casestatigency
condition may or may not hold at the start of a matching curve.

Our restricted stability result is based on a comparisongpie which guarantees
uniqueness of viscosity solutions for Hamilton-Jacobiatiquns with discontinuous Hamil-
tonians. Apparently, there is not much literature on thikject, see however [CS], [St],
[CR].

Here is our approach, we will first regularize dadg, in a canonical way (see below),
so that the uniqueness part of Theorem 4.1 will apply to thelegizationdg. Then, we will
set up our problem as a Hamilton-Jacobi equation, on thelirealwith a discontinuous
Hamiltonian A€ involving parametet. Its viscosity solution/¢ depends upon the interfa-
cial curver§. Subsequently, we show that the family of solutialiconverges uniformly.
From this fact we deduce the uniform convergence‘ods well as-§. The last statement
requires some effort. Next, we claim that the limft = lim._,q+ r§ is a solution to (4.1).
Finally, we show that the limit does not depend upon a pdefowvay to regularize data.

We begin with regularization, which will be callednonical we set

0 if x S T00,
dy(z) = do(x) +n(x), wheren(x) = q if e(x —ro0) 700 < 2 < po, (4.5)
if e(po —700) > po.

wherepg > rqg is a fixed number. Automatically, by Proposition 4.1 we wilitain exis-
tence and uniqueness @fandr{. Furthermore, we have the following observation.

Lemma 4.1 Let us suppose thd ,(roo) = 0 and the assumptions of Proposition 4.1 hold
(exceptdy .. (ro0) > 0). Let us considedy defined by (4.5). If < €; < g, then

dU(t,z) <d?(t,xz), Lg(t) < Lg(t).
Before commencing the proof we will introduce a conveniestation,

J€ _ Le(t) If |l’| < Te(t)>
d'(t, ) = { () i o] > (), (4.6)

Thus, the Lemma states that B B
d(t,x) < d=(t,x). 4.7)
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Proof. By Proposition 4.1 for alk > 0 there exists a unique solution to system (4.1).
For the sake of simplicity, we will use the following shorttus: d' := d<, L} := L,
ré = ri. We will divide the domain(0,73) x R into three open set&7;, Gy andGyr,
(see Fig. 2 below),

Gy = {(t,x) Dz] > max{ré(t),rg(t)}}, Grrr = {(t,x) D] < min{r(l)(t),rg(t)}},

Grr = (0,T1) x R\ (G1 U Grrr). (4.8)

Let us define a sef by the formula,
S ={se€[0,T1) : (4.7) holds for allt < s}.

Due to the definition of the regularization af, zero belongs t&5, hence this set is not
empty.

The setS is closed. Indeed, if,, converges tas, then for allt < s inequality (4.7)
holds. Hence, due to continuity df, i = 1, 2 it does hold fort = s as well.

Now, we claim thatS is open. In order to prove this we takec S, we have to show
that there existd > 0 such that(s — d,s + d) C S. It will suffice to prove thats + 6 € S
for somes.

If s = T7, then there is nothing to prove. Before studying the gerstahtion we make
the following observation. It is true that

d?(t,z) < d?(t,z) forall (¢t,z) € Gy. (4.9)

Indeed,d“*, d** satisfy equation (3.1). The classical comparison prircgpplies, see [l],
hence the claim follows.

Due to this observation, i € S is such that for all: we haved®! (s, z) < d(s,z),
then automatically there exisis> 0 such thats + 6 € S. Indeed, inG;; andG;; we use
continuity ofd, i = 1,2, while in G; we use the observation above, (4.9).

It remains to consider the case when thergjsuch thatd®! (s, z¢) = d?(s, z). Due
to the presence of flat regions we have the following possésil (cf. Fig. 2): (a)d' and
d? touch along a facet,e., d*(s,z) = d?(s, x) for = < r(s), and the facet of* is longer,
i.e, r3(s) < ri(s); (b) same as (a) but3(s) = ri(s); (c) d' andd? touch only in the
interior of G; (d) ri(s) < r3(s) andd*(s,r3(s)) = d?(s,r¢(s)). We should keep in mind
that some combinations of the above case may occur simuoliahe

In fact, we have already noticed that (c) follows from (4.9).
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Now, we will treat case (a). We notice that the mapping

0
o(t,y, Lo) dy + 12 (4.10)
0 To

vt

has a negative derivative as long g > o(t, 79, Lo). Thus, due toL2(s) = Lj(s)
andr3(s) < r}(s) we conclude that.Z(s) > Li(s). As a result,L2(t) > Lj(t) for
t € (s,s + n), for a positiven.

We turn our attention to (b). We first notice that for all< ¢ < s + t1, wheret; is
sufficiently small we have that}(¢) < 73(¢). Indeed, formula (2.12) foiy,

Fols) = Lo(s) = di(s,70(s)) _ Lo(s) = o(s, Lo(s), 7o(s))m(dg (s,70(s)))
di (s,70(s)) di (s,70(s))
and L}(0) = L3(0) combined with(d®! )} (s,79(s))) < (d2)F (s,70(s))), wherery(s) =
ri(s) = r(s) yield

fo(s) > 75 (s).
We note that it is permitted to take one side derivatives pithitz continuous viscosity
solutions, which are monotone in
By continuity of7(-) the inequality above holds on an interval, so thit) < r3(t)
holds fort € [s, s + t1), wheret; is maximal with this property.
Now, we are in a position to comparg,(t) and LZ(t) for t € [s, s + t1). We note that

Lo(t) = —:f;gg(io(t)—a(t,ro(t),Lo(t)))
1 ro(t) . i .
+m/0 (o+(t,y, Lo(t)) + Lo(t)ow, (t,y, Lo(t)) dy.

SinceLo(0) > (0, ro, Log) we conclude that
L§(0) > Lj(0).

This implies that
L3(t) > L{(t)  fort <t,,

wheret, > s.
We now turn our attention to (d). In this case

Té(s) < r%(s) (4.11)

and for anzy € [r{(s),3(s)] we haved(s,zo) = d?(s,zo). Let us suppose thaty =
ri(s), then due to monotonicity of' we conclude thati (s,z) = d?(s,z) for all = €
[rd(s),r3(s)]. FurthermoreL3(s) = L'(s), hencer}(s) > r3(s) contrary to (4.11).

As a resultzy must be bigger than} (s). Let us suppose further thag < r2(s). Since
the interfacial curves), i = 1,2 are the matching curves, then

L§ > (s, 75(s), Li(s))m(0).
Due to Berg's effect we know that

o(s,r2(s), La(s)) > o(s,z,d (s, ))
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for x € [xo,73(s)]. Once we recall thatl (s, z) = 0 on this set, we conclude that
L3 > d}(s,x) forz € [zo,73(s)].

Thus, there is a positive numbersuch thatZL2(t) > d}(t,z) for (t,z) € G andt €
(s,s+m).

The final sub-case igy = 73(s), but in fact this is a special case of (c) which has been
already treated.

Summarizing, we have thus proved thatSés$ open and closed, hence it equilsy ).
O

In principle there is more than one solution to (4.1). We htavehoose ond,e., we
need a tool to select,. Let us suppose thak; is the canonical regularization, but in fact
it may be any admissible one (see the definition below). Tfeerg fixed(t, z) the family
d*(t,x) is decreasing, hence converging,

lim d°(t,z) = d(t,z). (4.12)

e—0F

Of course, the pointwise convergence is not sufficient.

Proposition 4.2 The familyd¢ converges locally uniformly and its limit is a Lipschitz
continuous function.

Proof. By Theorem 3.1 the familyl* has a common bound on the Lipschitz constant,
hence for any compact sétC R by the Arzela-Ascoli Theorem there exists a subsequence
converging uniformly tal on C. Since the convergence is monotone decreasing the whole
family converges locally uniformly td. Moreover, the uniform convergence preserves the
Lipschitz constant. 0

A more important question is whether the linditdepends upon the regularizatidh
For this reason we restrict our attention to regularizatiof initial data, which we call
admissible They are such that:
(i) d is Lipschitz continuous and L{gf — dy) < M (e), whereM (e) — 0;
(i) dy(z) = Loo for |z| < rgp, di(x) > do(z) for |z| > rop and there igg > rop such that
ds () = d(po) for || > roo;
(il)) (d§)if (ro0) = €
(iv) for each fixedr the family df (x) is decreasing.

We notice that Lemma 4.1 and its proof are valid for any adilissegularization. We
shall see thad does not depend on the choicedgf Indeed, we have

Proposition 4.3 Let us assume tha, is the canonical regularization of data afjdis any
admissible one. Then

lim d°(t,x) = d(t,x) = lim 6"(¢
Jim, d*(t, @) = d(t, z) = lim, o"(¢, ),

wheres" is defined as in (4.6).

Proof. Letusset(n) := max{M (n),n}. We notice thatig(") > §¢. Indeed, by definition
|60(x) — dol|/|x — 00| < M(n) for all z € [rop,+00). On the other hand, see (4.5),

A5 (@) — dol /|2 — 00| = |[75(x) — 1 (ro0)| /| — 0| < €(n) for all & € [roo, +00). Thus,
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due to the definition of() and part (a) of the defintion of an admissible regularizatien
conclude thad" (¢, z) < d°()(t, x), hence

d(t,z) > lim 6"(t,x).
(t,) = lim 0(t, )

It is now sufficient to prove that the converse inequalityt Lie look at

] 8 (x) — do(r
min | 0( ) 0( 00)| —. M(U)
x€[roo,po] |z — rool

This number is positive and the minimum is attained:@te (rqo, po). By the definition
we haves!!(z) > d“" () for all zg € (rgo, 00). Thus,6"(t,x) > d™ (¢, z). In this way
we conclude that

d(t,z) < lim 6"(t,x).
(b,) < lim 07(t, )

Our claim follows. O
Once we defined a unigdave shall identifyr,. Let us notice that ifi§ , = 0 only on
[—700, T00], then due to Theorem 3.1, for &l> 0 the derivatived;, (¢, -) vanishes only on
an interval containing zero, more preciself(t,z) = 0iff = € [—r§(t), r§(t)]. Thus, we
set
ro(t) = sup{z : dy(t,z) = 0}. (4.13)

We are now able to show the desired result.

Proposition 4.4 The family of functionsrg(-) converges uniformly te(-), andry(-) is
Lipschitz continuous and increasing. Moreowef,) is a solution to (4.1).

Proof. We will first show the pointwise convergence. We fix> 0. We recall that due
to Proposition 4.2{° converges locally uniformly tel. This implies thatd(¢,7§(¢)) =
d€(t,0) = L§(t), goes tod(t,ro(t)) = d(t,0) = Lo(t), where the last two equalities
follow from (4.13). Let us now look at the difference

D = d(t,ro(t)) — d(t, r5(t)).
On one side, due to strict monotonicity éfjuaranteed by Theorem 3.1, we have
[D| = n(t)|ro(t) — r6(t)].

On the other hand we can see that

|d(t,ro(t)) — d* (&, r5(8))| + |d° (¢, 75(2)) — d(t, 75(2))|
I1Lo(t) = Lo(t)] + sup |d*(t, ) — d(t, z)|

D] <
<

< 2]ld° = dll (o, xR)-
After combining these two estimates we obtain
n(@)|ro(t) — r5 ()] < 2[|d° — dllc(o,m)xr)

which implies the pointwise convergence «§f. However, due to;(0) = 0 we cannot
deduce the uniform convergence at this stage.
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We cannot claim that the familyg, e > 0 has a common bound on the Lipschitz
constant, because this is not true. However, by Lemma 4.tathiy r( is equicontinuous,
it is also uniformly bounded, hence by Arzela-Ascoli Theoree can select a uniformly
convergent subsequence

e — ) in C[0,11].

But the limit r) must be equal toy and it satisfies the Lipschitz condition with same
constant. We now see that the whole famifymust converge uniformly te,.

Now, we shall show thatj is a solution to (4.1). Since; and L converge uniformly,
it follows from (4.1) that L§ converges uniformly too. Thus, we may leto zero and
conclude that (4.1) holds after the passage to the limitabse we have already seen that
d(t,ro(t)) = Lo(t). Our claim follows. O

We chose an interfacial curve among possibly many. The tsateis natural, thus we
shall call its result as proper matching curve-(-). Subsequently we shall deal only with
the proper interfacial curves even without mentioning gxplicitly.

We close this section with a technical result.

Lemma 4.2 The family of functions-g, e > 0, is equicontinuous.

Proof. Step i), preparationdn order to show our claim we have to recall from the proof
of Proposition 4.1 that the couplg, rf is a solution to equation (4.1), but this time we
may not use the fact thdt is a contraction. Furthermore, due to (4.3) we have

ro(t) = (d°(t, ) THLG(1) = fe(t, L5 (1)),
where functionf, is introduced for the sake of easy notation.

We use the method employed in the course of proof of Proposiil. In particular we
taked, a viscosity solution to (3.2) with initial datg coinciding withd for |z| > rgg. We
notice thatd“(¢, z) > d(t,x), see Lemma 4.1. This implies that

(d(t, )" (y) = (d(t,y) "

We will denote byw the modulus of continuity of the function — (d(t,-))~!(y).
Thus, ifd > 0 is given, then there is > 0 such that for alk, y — Loy smaller thanr we
have

(@t ) ool < w(2r) < o (@14)

Step ii)We have to show that for a giveh > 0 there existe > 0 independent o€,
such that
if |t —s|<p, then|rg(t) —ri(s)| <é.

We first takes < t < 7, wherer is defined by (4.14). We notice due#tf(s) > oo
)
r§(t) = ré(s) < Felt, L§(0)) = roo < w(r) < 3.
Now, we takes < 7 < ¢, then we calculate using the above estimate
ro(t) = r6(s) < () —ro(7) + w(7).
We shall look closer at the first term on the RHS,

ro(t) = 76(7) [fe(t, L) = fe(t, L)) + [ fe(t, L(7)) = fe(7, L(7))]

<
< L1+ L.
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Now, ¢ is bigger or equal ta-, which is defined independently efby Theorem 3.1 (c) we
have

d(t,y) — d°(t,z) > n(t)(y — z), (4.15)

where
n(t) =t min oy, (t,r00/2,do(reo))m(0) >0

uE[T,Tl

for t > 7. This implies that

L ey e
L < mL(t) L(7)|

maX[07Tl} LS

() (t—7) < Ki(t—s), (4.16)

where )
max[(],Tl] LB

= n(7)

is independent of due to (4.1).
In order to estimatd, we make the following observation,

0=y —y=d(r fe(r,y)) = @, [e(t,y)) + d°(t, fe(T,9)) = d°(L, fe(T,9)). (4.17)

Sincet > 7, we notice thatf.(7,y) > fc(t,y). Furthermore, by (4.17) and (4.15) we can
see that

de(tv fe(Tv y))_de(Tv fe(Tv y)) = de(Tv fe(Tv y))_de(tv fe(t7 y)) Z U(T)(fe(ﬂ y)_fe(ta y))
The LHS of the above inequality may be estimated due to Theg:é (a) as follows,
d*(t, fe(r,y)) — d°(7, fe(,y)) < M(t — 7).

Combing these estimates yields a boundgn

I, <

thusp must be smaller thasy (¢ + K1).
In fact, the remaining case s > 7 has been already considered in the course of the

above analysis. We conclude that indeed, the family is eqtilcuous. O

4.3 A Comparison Principle

Once we selected a proper matching curve as a result of drignitrocess we wish to
apply the same approach to constructiorLof a solution to (1.4)—(1.4). It is convenient
to introduce a unified framework. For this purpose we will dise theory of viscosity
solutions to Hamilton-Jacobi equations with discontiruélamiltonians.
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We will use a natural modification of the standard definitiéthe (sub-, super-) solu-
tion u. This modification is required due to the discontinuity af tHamiltonian. But first
we introduce the Hamiltonian itself.

Let us assume thaf, is a tangency curve yielded by Theorem 4.1 (a)dpwhich is an
admissible regularization ef,. We introduce the notation, for all> 0 we set

Fe={(t,x) € (0,T1) xR : |z| <ri(t)} (4.18)

In order to define the Hamiltonian we will need another obston. Namely, let us suppose
that .
) L()(t) > U(t,To(t),Lo(t)) (419)
Br
The mappingo — +, o (t, y, Lo) dy + Z—g is decreasing. Thus, for a givep(t) there is a
uniquer*(t) such that%RLo(t) = o(t,r*(t), Lo(t)), moreover since is increasing in the
second and third variable we deduce thigit) > ro(t).
Finally, we set

He(t,z,d,p) = —o (L, (r§)" ()xpe + z(1 — xpe), d) m(p). (4.20)

Here,e > 0 with the understanding that & = 0, then we take-y the proper interfacial
curve in place ofr) in H° and in F°. We emphasize that our Hamiltonian is not only
discontinuous but also nonlocal due to the definitiom™of
Remark. Let us notice that the HamiltoniaH¢, ¢ > 0, is in fact Lipschitz continuous
provided that-* coincides with a tangency curvg.

Let us now suppose that equalsH ¢ for somee > 0. We need some preparations prior
to formulation the definition of viscosity solution to

di+ H(t,x,d,d;) =0, d(0,z) = do(z). (4.21)
We recall that for a locally bounded functien: (0,77) x R — R we set

u(z) = li;n_)iﬂrclf u(y), u*(z) = limsup u(y).
y—w

The functionu, (resp.u*) is lower (resp. upper) semicontinuous.

Definition 4.1 (a) We shall say that a bounded, uniformly continuous fumeti : (0, 73 ) x
R — R is aviscosity subsolutioof (4.21) provided that for alC’! functionsy : (0,77) x
R — R such that: — ¢ has a local maximum &t x(), then

@i (to, zo) + (H)«(to, zo, u(to, z0), ¢z (to, x0)) < 0.

(b) We shall say that a bounded, uniformly continuous fuorcti : (0,77) x R — Ris a
viscosity supersolutionf (4.21) if it for all C! functionse : (0,71) x R — R such that
v — ¢ has a local minimum &, z¢), then

@i (to, o) + (H)*(to, zo, v(to, o), ¢z (to, zo)) > 0.

(c) We shall say that a bounded, uniformly continuous furct : (0,77) x R — Risa
viscosity solutiorof (4.21) provided that it is a viscosity subsolution as veslla viscosity
supersolution of (4.21).
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We notice that this definition is in the line of notion of sudaper-)solution introduced by
[BP], [I] and more recently by [CR] for discontinuous Haroifians.
We state now the basic observation.

Proposition 4.5 Let us suppose thdl = H¢, wheree is positive, the functioml = d* is
defined by (4.6). Therj is a viscosity solution to (4.21).

Proof. We first check that/ is a subsolution of (4.21). We notice th@ll), = H in
F¢=(0,T) xR\ F, where sef’ is defined in (4.18).

Let us take a test functiop such that the differencé —  attains a local maximum
at (to, xzo). We have three cases to consider:a(i) > 7 (to), (i) zo < 7o(to), (iii) ¢ =
ro(to)- -

In the first case, we notice thdt= d andd a viscosity solution to a Hamilton-Jacobi
equation with Lipschitz continuous Hamiltonian

di —o(t,z,d)ym(d;) =0 in F°.

In this case our claim follows from the fact théis a regular viscosity subsolution, even a
viscosity solution.

If xp < To(to), thenCZ(to,l‘o) = Lo(to) on (—To(to),To(to)) and (to,l‘o) isa point of
differentiability of d. Hence,p,(tg, z0) = 0 andp;(tg, z9) = Lo(to). Moreover, since
(H), = H, then

ei(to, z0) + (H)x (to, x0, d(to, z0), ¢u(to, 20)) = Lo(to) — o(to, x0, Lo(to))m(0) = 0.

In order to finish checking that is a subsolution we consider (iii). Let us notice that
always the left derivative of~ at (to, zo) is zero,i.e., d; (to,r0) = 0 andd (to, o) >
0 . Hence, there is n@! function ¢ such thaty(ty,79) = d(to,70) andp > din a
neighborhood ofty, zo). We conclude thaf is a viscosity subsolution of (4.21).

We shall check now that is a viscosity supersolution of (4.21). As before we have to
consider the three above cases. The first two can be handiedhescase of subsolution.
The remaining case (iii) is the most difficult. Let us supptiss ¢ is a test function such
thatd — ¢ attains a local minimum dt, 7o(to)). We have already noticed that

0 < @a(to, ro(to)) < df (to,70(to))- (4.22)

We have to discover the restrictions gR(to, ro(to)). Due to the matching condition we
see that

Lo(to) = d; (to,7o(to)) + dy (to, 7o(t0))7o(to)-
Sincer(tg) > 0 we conclude thaf,(ty) > 7o(to). Moreover we infer

dy (to,mo(t0)) < @u(to,mo(t0)) < Lo(to).

We can see thatH )*(to, 70(to), Lo(to), p) = —o(to, ro(to), Lo(to))m(p). Thus, we have
to check that

et(to,mo(to)) — o (to, ro(to), Lo(to))m(px(to, mo(to))) = 0.

Once we denote its left-hand-side by LHS, then we have

LHS > dy (to,ro(to)) — o(to, ro(to), Lo(to))m(ex(to, ro(to)))-
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In set F© the characteristics of the smoothed out system do not catss,after passage
to the limit. Thus,(to, ro(to)) is a differentiability point ofd considered as a viscosity of
solution of (3.2) ovef0,77) x R. As as result,

LHS > o (to,ro(to), Lo(to)) m(dy (to, ro(to)) — o (to,ro(to), Lo(to)) m(px(to, ro(to)))-

Finally, due to (4.22) and monotonicity of we conclude thal.H'S > 0. In other words,
d is a viscosity supersolution as well as a viscosity subsmiutOur claim follows. O

Here is one of our main results, a Comparison Principle, wg@roved in a restrictive
setting.

Theorem 4.3 (A Comparison Principle)For eache > 0 we takeH = H¢, where H¢

is defined in (4.20). We assume thgtv are even, Lipschitz continuous viscosity sub-
(resp. super- ) solution to (4.21). In addition,(ffz) € F, thenu,(t,x) = 0 andv in
non-decreasing for > 0. If u(0,x) < v(0, ), then for allt, x we have

u(t,x) < v(t,x).

Proof. We know by the classical argument, in the complement tiie classical compar-
ison principle holds, see (4.9) and Fig. 2. Thuyg, z) < v(t, z) in the complement of".
As a result we conclude that

u(t,ro(t)) < v(t,ro(t)).

We turn our attention to sét, we first use the fact that a differentiable sub-/supersmiut
satisfies the equation in a classical sense at that points, W have to worry separately
about the null set of non-differentiability points efandv.

By assumption, at any common differentiability pointwoéndv in F' we have

ug — o(t,r*(t),u)/Br <0, ve — o(t,r*(t),v)m(v;) > 0.

Subsequently we conclude that

(u—v) < (o(t,r*(t),u) — o(t,r*(t),v)), (4.23)

R

N

becausen(0) < m(p).

In order to proceed we will make an observation about thecsira of E C (0,7}) x
(=X, \) the set points, where andv are differentiable. Of coursey,(F) = 2)\Tj, on the
other hand \

Ao (E) = / A (Ey) dx, (4.24)
-\
whereE, = E N {x} x (0,71) and \* stands for thek-dimensional Lebesgue measure.
Let us considet = {z € (—\,\) : A\ (E;) < T1}. Of course\;(Z) = 0 for otherwise
(4.24) would be violated. As a result for almost a§l such that(ty, zo) is in E, almost all
points of the intervalty, ), belong toE.

Sinceu — o(t,r*(t),u) is strictly increasing, the above observation permits us to

integrate (4.23) ovelo, t],

u(z,t) —v(z,t) <u(0,z) —v(0,2) <0

24



or
u(z,t) —v(x,t) < wu(t,ro(t)) —v(t,ro(t)) <0

as desired.

We have to deal with the non-differentiability pointsw@fndv, say(ty, z¢) is one of
them . Then in any neighborhood @f), z¢) we can find points of differentiabilityt,,, x., ),
where the desired inequality is satisfiedy,, t,) — v(xn, t,) < 0. Due to continuity ofu,

v and convergencér,, t,) — (to, xo) we conclude that(zo, to) — v(zo,to) < 0 as well.
O

An immediate conclusion is thdf, ¢ > 0, are unique viscosity solutions to (4.21) with
H = H¢ inthe restricted (Lipschitz continuous) class of funcioMoreover, ifd = HY,
then there is at most one solution to (4.21). However, belashall prove that there is
at least one viscosity solution to (4.21) with = H°. We have to define convergence of
discontinuous Hamiltonians. For this purpose we will use standard notions (see [G,
§2.1.2]) of upper relaxed limiandlower relaxed limitto study convergence of sequences
of discontinuous functions. I, ¢ > 0 is a sequence of locally bounded measurable
functions, then we set

m sup{u’(z): z € B(z,¢€), 0 <8 < €},

limsup®uf(z) = limsup u(z) = Ui
e p () = lim

e—0t z—x,e—0T1

liminf, u‘(z) = liminf uf(z) = lim inf {u‘s(z) : z€ B(z,e), 0<d < e}.
e—0F z—x,e—0T1 6—0t
We shall say that a sequence of discontinuous Hamiltontahs: > 0, convergeso H
provided that:
limsup* H* = H* and liminf, H* = H,.
e—0+ e—0t
This definition allows for some indefiniteness @t because we are really interested in the
upper and lower envelopes.

Proposition 4.6 Let us assume thak,, ¢ > 0 is a sequence of admissible regularization
of initial datad, anddc are the corresponding viscosity solutions to (4.21). Théh,
converges ta1® and the limitd of d° is a unique viscosity solution to (4.21) with = H°
and with initial dataly, i.e.,

di + H(t,xz,d,d,) =0, d(0,z) = dy(x). (4.25)

Proof. We have already proved the uniform convergencei¢f) to r(-). It is now easy
to see from the definition of the upper/lower relaxed limitatt

liminf, H(t,z,d,p) = (H®).(t,z,d, p), lim sup, H(t, z,d, p) = (H)*(t,z,d,p).

e—0t e—0+

That is, the Hamiltoniang/¢ converge taH°.

Now we shall show that the limif of viscosity subsolutiong* is a viscosity subso-
lution to (4.25) withH equal toH°. Let us suppose that is a C'-test function and the
differenced — ¢ attains its local maximum dtg, 2¢). We know, that we may assume that
this maximum is strict in a balB((to, zo),r) (see, e.g. [G, Proposition 2.2.2]). By [BP,
Lemma A.3] (see also [G, Lemma 2.2.5]) we conclude thdt,f =,,) is a sequence of
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maxima of functionsi® — ¢ in B((to, o), ), then(t,, z,,) converges tdty, =) asn tends
to infinity. By assumption,

@t(tnpmn) + (ﬂe)* (tnaxnacze(tnuxn)aQox(tnuxn)) <0.

Due to the definition of the lower relaxed limit we have,

ot (to, zo) + limégf* H" (to, 20, d(to, 20), ¢x(to, o))
€—>

< heIEéI_&f ((;Ot(tna xn) + (He)* (trn Tn, Cze(tnp Jjn)u QOx(tnp mn)))
<0.

This implies thatd a subsolution to (4.25). A similar argument shows tiads also a
supersolution to (4.25). Thus, itis a viscosity solutiomc®we showed that, an application
of the comparison principle, Theorem 4.3 yields uniquernéss O

Having at hand the results of this and previous subsectiomaseprovide thegroof of
Theorem 4.2 Namely, due to Proposition 4.4 we have existence of a unigoper inter-
facial curvery. On the other hand, Proposition 4.6 yields existence of guaviscosity
solutiond, i.e., Ly andd. O
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