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A REMARK ON THE NORMALIZATION OF THE
STANDARD ZETA VALUES FOR SIEGEL MODULAR
FORMS

HIDENORI KATSURADA

ABSTRACT. In [8], we gave the normalization of the standard zeta
values for Siegel modular forms, and considered the relationship
between such values and congruence of cuspidal Hecke eigenforms.
In this paper we give more reasonable normalization for such values
and improve our previous result.

1. INTRODUCTION

For a cuspidal Hecke eigenform f of weight k& with respect to Sp,(Z),

let L(f,s,St) be the standard zeta function of f. Then the value
L(f,m,St)

< f7 f > W—n(n+1)/2+nk+(n+1)m
if all the Fourier coefficients of f belong to Q(f), where < f, f > is
the Petersson product and Q(f) is the field over Q generated by all
Hecke eigenvalues (cf. [3], [10]). In [8], to consider the relationship
between these values and the congruence of Hecke eigenvalues of cusp
forms, we proposed a naive way of normalizing the standard zeta values
for a cuspidal Hecke eigenform f. This normalization is reasonable in
case the multiplicity one property holds for the space of cusp forms to
which f belongs, and has an application to the congruence between
Saito-Kurokawa lifts and non-Saito Kurokawa lifts even in case the
multiplicity one property does not hold. However, this normalization
is not necessarily uniquely determined by the Hecke eigenvalues of f. In
this paper, we give a more natural way of normalization, which depends
only on the system of eigenvalues.

belongs to Q(f) for a certain integer m

Notation. For a commutative ring R, we denote by M,,,(R) the
set of (m,n)-matrices with entries in R. In particular put M,(R) =
M,,(R). Here we understand M,,,(R) the set of the empty matriz if
m = 0 or n = 0. For an (m,n)-matrix X and an (m,m)-matrix A,
we write A[X] = 'XAX, where ‘X denotes the transpose of X. Let

a be an element of R. Then for an element X of M,,,(R) we often
1



2 HIDENORI KATSURADA

use the same symbol X to denote the coset X mod aM,,,(R). Put
GL,(R) = {A € M,(R) | det A € R*}, where det A denotes the
determinant of a square matrix A, and R* denotes the unit group of
R. Let S, (R) denote the set of symmetric matrices of degree n with
entries in R. Furthermore, for an integral domain R of characteristic
different from 2, let H,(R) denote the set of half-integral matrices of
degree n over R, that is, H,(R) is the set of symmetric matrices of
degree n whose (i, j)-component belongs to R or %R according as ¢ = j
or not. For a subset S of M,(R) we denote by S* the subset of S
consisting of non-degenerate matrices. In particular, if S is a subset
of S,(R) with R the field of real numbers, we denote by S~q (resp.
S>o) the subset of S consisting of positive definite (resp. semi-positive
definite) matrices. Let R’ be a subring of R. Two symmetric matrices
A and A’ with entries in R are called equivalent over R’ with each
other and write A p A’ if there is an element X of GL,(R') such that
A" = A[X]. We also write A ~ A’ if there is no fear of confusion. For

square matrices X and Y we write X 1Y = ( g }O/ )

2. SIEGEL-EISENSTEIN SERIES AND DIFFERENTIAL OPERATORS

For a complex number z put e(z) = exp(2my/—1z). Furthermore put

O, —1,
=1 o,
a subring K of R put

GSp,(K)T ={M € GLon(K) | J,[M] = k(M)J, with some x(M) > 0},

and

, where 1,, denotes the unit matrix of degree n. For

Spu(K) = {M € GSp,(K)* | J,[M] = J,.}.
Furthermore, put

'™ = Sp,(Z) = {M € GLy,(Z) | J,[M] = J,,}.

Let H,, be Siegel’s upper half-space. For each element M = ( é IB; ) €
GSp,(R)" and Z € H,, put
M(Z)=(AZ +B)(CZ + D)™!
and
J(M,Z) =det(CZ + D).

Furthermore, for a function f on H,, we define f|,M as

(f1eM)(Z) = det(M)*2j(M, Z)* f(M(Z)).
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A function f on H,, is called a C"*°-modular form of weight k with
respect to I'™ if it satisfies the following conditions:

(i) fis a C*™-function on H,, ;
(ii) (flxM)(Z) = f(Z) for any M € T™,

We call a C*°-modular form f a holomorphic modular form if
(i) f is holomorphic on H,;
(ii) if n = 1, f(2) is bounded on the set {z ++/—1y | y > «a} for each
a > 0.

We denote by My (I'™) (resp. M (I'™) the space of holomorphic
(resp. C*-) modular forms of weight k with respect to I'™. For a
holomorphic modular form f of weight k with respect to I'™ let

(Z)=")  aj(Ae(t(AZ)),

A€H(Z)>0

be the Fourier expansion of f(Z), where tr denotes the trace of a matrix.
We call f(Z) a cusp form if af(A) = 0 unless A is positive-definite.
We denote by & (I'™) the submodule of M;(I'™) consisting of cusp
forms. Let dv denote the invariant volume element on H,, defined by
dv = det(Im(2)) ™" A1<j<i<n (dzji A dy;). Here for Z € H,, we write
Z = (z;1) + vV—1(y;) with real matrices (z;;) and (y;;). For two C*°-
modular forms f and g of weight k with respect to I'™ we define the
Petersson scalar product < f,g > by

<rg>=[ @ deimz)

provided the integral converges.
For a positive even integer k we define the Siegel Eisenstein series
E,x(Z,s) of degree n as

[n/2]
Eox(Z,s) = C(1—-k=2s) [ [ ¢c(1=2k—4s+2i) > j(M,Z) *(det(Im(M(Z2))))*
=1 MerS\r ()

( Z € H,,s € C), where ((x) is Riemann’s zeta function, and 'y =

{ O* i € T™}. Then E,4(Z,s) is holomorphic at s = 0 as a
function of s. Furthermore, assume that & > (n+1)/2. Then E, x(Z,0)
is holomorphic as a function of Z unless £ = (n + 2)/2 = 2 mod 4,

or k = (n+3)/2 = 2 mod 4 (cf. [11]). From now on we assume
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that E, x(Z,0) is holomorphic as a function of Z, and write E,, ;(Z) =
E,x(Z,0).
Now we review the differential operators acting on the space of mod-

_d_ 1t =J =
variables, and for 1 <i,j < m, put A;; = > ﬁ. A polynomial
vl iwvOTju

P(X) in X is called pluriharmonic if A;;P = 0 for any 1 < 7,7, < m.

Take a polynomial mapping P (X, X3) from M, 5 (C) x M, 2(C) to C

such that

D-1. P(X;, X3) is pluriharmonic for each X; (i = 1, 2).

D-2. P(Xig9,X29) = P(X;,X3) for any g € O(2l), where O(21) is the

orthogonal group of degree 2I.

D-3. P(a1X1,a2X2) = (detay)¥(det ag)” P(X;, X3) for ay,as € GL,(C).

Assume that [ > n. Then there exists a unique polynomial mapping

QW) from S5 (C) to C s.t P(X1, X,) = Q(( XX XXy )) We
2n . 1,22 X2tX1 X2tX2 .

note that deg@ = nv. Let Z = (2;j)1<ij<2n be a matrix of variables

with z;; = z;;, and we write %7_ = (H;”) 823_, and (8%) = (%)ISMS%-
For f € C*°(Hy,) we define Dy(f) and Dg(f) by
3}

Dolf) = Q2)(f)

and

ﬁQ(f) = DQ(f)Zm:Oa

) _ Zy Zia

where we write Z = ( T 7o
M, (C).

For a subspace M of M (I'™) let

MM = {Z aijﬁ'(Zl)fj(Zg) (ﬁnite sum); fi, fj < 9)3, Qjj < C}
Put Cy(s) = s(s +1/2) - (s + (¢ — 1)/2). We choose Q = @}, ; such
that

) with 71,75 € H,, and Z;5 €

Dy (det Zly) = (=)™ [ [(Cu(p/2)Cull = n+v = 11/2)),
pn=1
and put
DY, =Dgv .

nl—

This coincides with ©] ; in [5]. Let n and [ be integers. Assume that
[ >n+3orl>n+1according as n = 1 mod 4 or not. Then Fy,(Z,0)
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is holomorphic modular form and write Ey, ;(Z) = Es,(Z,0) as above.
We then define &y, x(21, 22) as

an,l,k(Zly ZQ) = (—1)1/2+12_n(27T\/ —1)(l_k)n(l — n) D:;_ll (EQn,l)<Zla ZQ),
where 21, 2o € H,,. Then we see the following (cf. Section 4 of [8].)

Theorem 2. [n addition to the notation and the assumption as
above, assume that k > 1. Then Eanyx(21,29) belongs to &(I'™) @
&, (I'™). Furthermore, all the Fourier coefficients of Eonik(21,22) are

rational and any prime divisor of its denominator is not greater than
(2k — 1)L

3. PULLBACK FORMULA

Let L, = Lq(GSp,(Q)",T'™) denote the Hecke ring over Q asso-
ciated with the Hecke pair (GSp,(Q)",I'™). For a prime number p
put

T(p) = F(n)(lnlpln)[’(n)a
and
(pi) - [’(ﬂ)(pil%)p(")'
Furthermore, for e = 1,...,n — 1 put
Ti(p?) = T (L Lpli Lp* 1 Lpl )T

As is well known, L, is generated over Q by all T'(p), (p*) and T;(p?) (i =
1,...,n—1). We denote by L/, the subalgebra of L,, generated by over Z
by all T'(p) and T;(p?) (i = 1,...,n). Let T = T™MT™ be an element
of L, ® C. Write T as T = U,I'™~y and for f € M(I'™) define the
Hecke operator |1 associated to T as

flkT _ det(M>k/2—(n+l)/2 Z f|k7
v

We call this action the Hecke operator as usual (cf. [1].) If f is an
eigenfunction of a Hecke operator T' € L,, ® C, we denote by A¢(T) its
cigenvalue. We call f € M (I'™) a Hecke eigenform if it is a common
eigenfunction of all Hecke operators. Furthermore, we denote by Q(f)
the field generated over Q by eigenvalues of all T' € L,, as in Section
1. As is well known, Q(f) is a totally real algebraic number field of
finite degree. Now, first we consider the integrality of the eigenvalues
of Hecke operators. For an algebraic number field K, let O denote
the ring of integers in K. The following result is due to Mizumoto [9]
(see also [8].)



6 HIDENORI KATSURADA

Theorem 3.1. Let k > n+1. Let f € &,(I'™) be a Hecke eigenform.
Then \¢(T') belongs to Dqyy for any T € L.

Put
GSpn(Qp) = {M € GL3(Qp); Ju[M] = K(M)J,, with some x(M) € Q, },

and let L, = L(GSp,(Qy), GSpn(Qp) NG L, (Z,)) be the Hecke alge-
bra associated with the pair (GSp,(Q,), GSPn(Qp) N G Loy (Z,)). Now
assume that f is a common eigenfunction of all Hecke operators, and
for each prime number p, let ag(p), a1 (p), -..., @, (p) be the Satake pa-
rameters of L,, determined by f. We then define the standard zeta
function L(f, s, St) by

L(f.s,St) HH{ (1=p")(1 = ai(p)p )1 — cu(p) 'p~*)} .

p =1

Let f(z2) = Y.  a(A)e(tr(Az)) be a Hecke eigenform in & (I'™).
AGHn(Z)>0
For a positive integer m < k — n such that m = n mod 2 put

/N\(f, m, &) — (_1)n(7m+1)/2+1274kn+3n2+n+(n71)m+2

" . L(f,m,St)
xT'(m + 1) H ['(2k —n —1) —n(n+1)/24nk+(nt)m’
i—1
and -
A(f,m,St)
A t) = L =
(f7 m7s—) < f7 f >

Then the following result is due to [3] and [10]:

Theorem 3.2. Let [,k and n be a positive integers. Assume that k
and | +n are even, and 3 <[l < k—n orl <[ <k —mn according as
n =1mod 4 or not. Let f € &,(I'™) be a Hecke eigenform. Then we
have

< [, Eampini(*, —2)) >= A(f,1,56) f ().

Now assume that [ < k. Then we have the following Fourier expan-
sion of &y, 1 x(21, 22) as a function of 2;:

Eomap(21,22) = Z Fir:a, (z2)e(tr(Arz1)).

A1€HR(Z)>0
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Then Fi .4, (22) belongs to & (I'™) Take an orthogonal basis {f;}%,
of &,(I'™) consisting of Hecke eigenforms. Write

fiz) = Y ai(Ae(tr(Az)).

AEH, (Z)>o

Now we have the following formula.

Theorem 3.3. (Theorem 4.4 of [8]) In addition to the above notation
and the assumption, assume that | < k —n — 2. Then for any positive
definite half-integral matriz Ay of degree n we have

dy
Fiinpar(2) = D A(fi 1, St)ai (A1) fi( -2).
i=1

4. CONGRUENCE OF MODULAR FORMS

In this section we consider the congruence between the Hecke eigen-
values of modular forms of the same weight. Let K be an algebraic
number filed, and © = Ok the ring of integers in K. For a prime ideal
P of O, we denote by Dy the localization of © at P in K. Let A be a
fractional ideal in K. If A = P°B with %D(sn) = D(‘D) we write ordg = e.
We simply write ordg(c) = ordy((c)) for ¢ € K. For a Q-algebra ho-
momorphism A : L,, — C let

S(I™ \) = {f € &(I'™ | f|]T = X(T)f for all T € L,},

and Q(\) the field over Q generated by all the A\(7)’s. For a Hecke
eigenform f, the mapping L, € T +— A¢(T') € C defines a Q-algebra
homomorphism from L,, to C, which is denoted by As. Then f belongs
to &,(I'™, )\), and Q(\) = Q(f). Let

Tox = {\; | f is a Hecke eigenform in & (™)},
Let R be a subring of C. Let &,(I'™)(R) be the Z-module consisting

of elements of &(I'™) whose Fourier coefficients belong to R.

Lemma 4.1. Let \,....,\. be elements of Tnk For each j let

firs -, fig; be an elements of Gk(f‘(”); Ai) linearly independent over C,
and G an element of & (I'™). Write

fi(2) = aij(Ae(tr(Az))
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foro=1,...,r,5=1,..1; and

G(z) =) _ac(Ae(tr(Az)).

Let K be the composite field of Q(A1), Q(N2), ..., and Q(\,), and © =
Ok. Let P be a prime ideal of ©. Furthermore assume that
(1) ag(A) belongs to Oy for any A € H,(Z)so (2) there exist c;j €

K@=1.,rj=1,..l;) and A € H, > such that ord%(zzlzl cija15(A)) <

0 and
r l;
Gl2) =)D cufis2):

i=1 j=1

Then there exists an i # 1 such that we have
Mi(T) = M (T) mod P
forany T € L.

Proof. The assertion can be proved similarly to Lemma 5.1 of [8].

Lemma 4.2. Let V be a vector space over C and (*,%) be an Her-
matian inner product on V. Let o and 3 be C-linear mappings from V
to C. Take an orthogonal basis {v;}¢_, of V and put

d -
(i) B(vy)
I = —_—
Z (Ui7vi)
Then I does not depend on the choice of {v;}L,.
Proof. This may be well-known or can be easily proved. But for

the readers’ convenience, we here give a proof. Let {u;}%; be another
orthogonal basis. Then we have

d
U; = Zaijv]
=1
. . _ gy (v5,0) _
with a;; € C (i,j =1,...,d). Put a;; = ———, and A = (@;;)dxd

Then we have
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U; d (% d
and {———1}¢, and {—=—==—1}¢_, are orthonormal bases of V.
V (ui, ur) V (vi,v1)
Thus A is an unitary matrix, and therefore we have

Q31 Qi 5lm

i1 (ulauz> (Ulavl) ’

where 9y, is Kronecker delta. Thus we have

Z O{ U’L Z Z azlazma Ul (U )
u@,uZ Uuuz)

i=1 =1 I;m=1
d d d 57N
B Qilim o~ o(w) B(w)
= > alw)Blun) Y o =D =0T
l,m=1 i=1 =1

This proves the assertion.

Let f be a Hecke eigenform in &,(I'™) and M be a subspace of
& (I'™) stable under all the Hecke operators T € L,,. Assume that M
is contained in (Cf)*, where (Cf)* is the orthogonal complement of
Cf in &(I'™) with respect to the Petersson product. Let K be a an
algebraic number field of finite degree containing Q(f). A prime ideal
P of Ok is called a congruence prime of f with respect to M if there
exists a Hecke eigenform g € M such that

A (T) = A\g(T) mod P

for any T € L/, where 9 is some prime ideal of OKq(g) lying above P.
If M = (Cf)*t, we simply call P a congruence prime of f.

Now we consider the relation between the congruence primes and
the standard zeta values. To consider this, we have to normalize the
standard zeta value A(f, [, St) for a Hecke eigenform f because it is not
uniquely determined by the system of Hecke eigenvalues of f. We note
that there is no reasonable normalization of cuspidal Hecke eigenform
in the higher degree case unlike the elliptic modular case. Thus we
define the following normalization. Take an orthogonal basis { f;}%_, of
&, (1™ \) Let

fi(z) =) ai(Ae(tr(Az))

A
be the Fourier expansion of fi. For A and B and an integer [ put

A 1,80
lapll) = Z fz,fz>

=1
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Then, we have /i(fi,l,&) = A(f,l,&) for any 4, and by Lemma 4.2,
14 5(1) does not depend on the choice of { f;}. Furthermore, by Theorem

of [10], we can take {f;} so that f; € &,(I'™)(Q(f)). Thus W
lies in Q(f) for any i. Thus 14 g(I) lies in Q(f). Let 3 be the Dq(s)-
module generated by all I4 p(l)’s. Then § becomes a fractional ideal
in Q(f). We note that this fractional ideal does not depend on the
choice of an orthogonal basis stated above, and is uniquely determined
by [ and A, which will be denoted by §(A;!). In particular, if we have
dim®, (I'™ \) = 1, this coincides with the ideal A(f, Z,&)S? defined
in [8]. Now for a Hecke eigenform f in &,(I'™), let £; denote the
subspace of & (I'™) spanned by all Hecke eigenforms with the same
system of the Hecke eigenvalues as f. Let Ky be the composite field of
all the Hecke fields of Hecke eigenforms in &, (I"™). As stated above we
can take an orthogonal basis of &,(I"™) consisting of Hecke eigenforms
whose Fourier coefficients lie in K. Thus by Theorem 3.3 and Lemma
4.1, we have

Theorem 4.3. Let \ be an element of ka, and f an element of
6k(F(”); A). Let | be a positive integer satisfying the condition in Theo-
rem 3.2. Let P be a prime ideal of Ok,. Assume that ordg(3(X;1)) <0
and that it does not divide (2k —1)!. Then P is a congruence prime of f
with respect to &, (T™; \)*. In particular, if a rational prime number
p divides the denominator of Ni,(3(\;1)), then p is divided by some

congruence prime of f with respect to &, (I'™; \)*.

Remark. In line 5, page 108 of [8], we stated that

” Then, by multiplying a suitable constant ¢ we may assume all the
Fourier coefficients af(A)" are elements of Q(f) with bounded denom-
inator.”

This is true if the multiplicity one property in the space of cusp forms
to which f belongs, but it is not true in general. Thus this sentence
should read:

"Then, we assume all the Fourier coeflicients a;(A)" are elements of
Q(f) with bounded denominator if we multiply f by a suitable constant
c.”

Accordingly, the first sentence of Theorem 5.2 should read:
"Let f be a Hecke eigenform in &, (I"™) satisfying the above as-
sumption.”

By Theorem of Mizumoto [10], we can take an orthogonal basis { f;}
such that each f; is a Hecke eigenform whose Fourier coefficients lie



NORMALIZATION OF STANDARD ZETA VALUES 11

in Q(f;) in Theorem 4.4. Thus Theorem 5.2 remains valid under this
assumption.

Remark. If f is the Saito-Kurokawa lift, f satisfies the above as-
sumption. Thus Theorem 6.1 in [8] remains valid.
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