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0 Introduction

For two holomorphic modular forms

ca(m)e(mz)

NE

hi(z) = Z c1(m)e(mz) and hy(z) =

=0

3
I

of half-integral weights k; — 1/2 and ky — 1/2, respectively, of Neben Typus for
I'h(N), we define the convolution product L(s, hy, hy) as

L(s, b1 ha) = Ly (25 — ky — ky +3,0) 3 Cl(mr)nﬂ

—_

where w is a certain Dirichlet character determined by the Neben characters of

hy and hs, and
w(d
LN(S7W) - Z C(is)

d>0,(d,N)=1

(for the precise definition of w, see Section 2.) The analytic properties of this
Dirichlet series were investigated by Shimura [12] (see also Mizuno, [10].) Fur-
thermore the algebraicity of the values of this Dirichlet serries evaluated at half-
integers was deeply investigated by Shimura [12]. However, as far as we know,
there is no result about the algebraicity of its special values at integers. In this
paper, we investigate the linear dependence of the special values of the Rankin-
Selberg convolution products at integers of two half-integral weight modular
forms. To state our main result, let A be a cusp form of half-integral weight

*The second named author was partly supported by Grant-in-Aid for JSPS Fellows for this
work.



k — 1/2 for Ij(4) belonging to Kohnen’s plus subspace, and E3’/<) the twisted
Zagier Fisenstein series by a Dirichlet character y (for the precsie definition of

Eé}‘;, see Section 2.) Let N = p{'---p& be the prime decomposition of an odd

integer N and put N = p; - - - p,.. For a primitive character y of conductor N, we

define 53/2( z) by
ENE = D Byl

0<M|N

where () denotes the Jacobi symbol. Assume that (=)x is primitive for any
positive divisor M of N. Then E?E}(%(z) is a (non-holomorphic) modular form of

weight 3/2 and character x? for I;(4N?). Then our main result (Theorem 4.2)
can be stated as follows:

Under the above notation and the assumption, there exszts a posztzve mteger
r depending only on h such that the values L(l, h 53721 )y, LI, 1 8372”1 ) are
linearly dependent over Q for any mteger 1<I<k—-2and Dzrzchlet characters

X1, -, X1 0f odd conductors such that x3, ..., X2, Xzi1 are primitive. In particu-

lar, the values L(l, h 53721 )y L(L R 5;75*1)) are linearly dependent over Q for

any non-quadratic characters X1> ooy Xrt1 Of odd prime conductors.

We note that there 1s no non-trivial hnear relation among the functions

L(s,h 53721 ),y L(s, 537; ) and L(s,h 8372’“ ) themselves in general (cf. Re-
mark after Theorem 4.2.) At present we don’t know whether this type of result
holds for any two holomorphic modular forms of half-integral weight. Nevethe-
less this result seems a little bit surprising. We hope the above result shed a new
right on this subject.

A main tool for proving Theorem 4.2 is the twisted Koecher-Maafl series.
Let F(Z) be a modular form of weight k with respect to the symplectic group

Spn(Z). Then F(Z) has the following Fourier expansion:

F(Z) = ZCF(A)eXp(QTF\/—_l tr(AZ)),

A

where A runs over all semi-positive definite half-integral matrices over Z of
degree n and tr(X) denotes the trace of a matrix X. For a positive integer
N let SL,y(Z) = {U € SL,(Z) | U = 1, mod N}, and en(T) = #{U €
SL,n(Z) | TIU] = T}. For a primitive Dirichlet character x mod N we define
the Koecher-Maaf3 series L(s, F, x) of F' twisted by x as

Xtr (T)
Z detTS’




where T' runs over a complete set of representatives of SL, y(Z)-equivalence
classes of positive definite half-integral matrices of degree n. We note that this
Dirichlet series coincides with the Hecke L-function associated to F' twisted by
X in case n = 1. Though we are mainly concerned with L(s, F) x) in this paper,
we also define another type of the twisted Koecher-Maaf} series L*(s, F, x) as

det T) ’

where T runs over a complete set of representatives of SL,,(Z)-equivalence classes
of positive definite half-integral matrices of degree n, and ¢(T") = €;(T"). These two
Dirichlet series L(s, F,x) and L*(s, F, x) coincide with each other in case n = 1,
but they don’t in general. To distinguish these two Dirichlet series, we sometimes
call L(s, F,x) and L*(s, F,x) the twisted Koecher-Maaf} series of the first and
second kind, respectively. We will discuss the relation between these two Dirichlet
series in case n = 2 in Section 3. We write L(s, F') = L(s, F, xo) if xo is the
principal character. The analytic and arithmetic properties of the Koecher-Maaf}
series L(s, F, x) were investigated by Choie and Kohnen [3] (cf. Propositions 1.1
and 1.2.) In particular, its special values at integers have been studied in a general
setting by them. In this paper we give an explicit formula of L(s, M (h), x) for the
MaaB lift M (h) of a cusp form h in the Kohnen plus subspace of weight k — 1/2
for I'y(4) and apply it to the special values of convolution products of the half
integral weight modular forms. To be more precise, we express L(s, M(h),x)
in terms of Rankin-Selberg convolution products of h and the twisted Zagier
Eisenstein series of weight 3/2 (cf. Theorem 2.3.) This also gives a certain
generalization of Bocherer’s result in [2]. To prove Theorem 2.3, for a modular
form F with respect to Sps(Z) we express L(s, F,x) in terms of the sum of
twisted Koecher-Maaf series of the second kind (cf. Theorem 3.8.) On the other
hand, we easily get an explicit formula for the twisted Koecher-Maaf} series of
the second kind for the Maaf lift (cf. Proposition 2.1.) Thus we get Theorem
2.3. By using Theorem 2.3 combined Proposition 1.2, we can immediately get
Theorem 4.2.

Furthermore, by using Theorem 2.3, we get the algebraicity of the special
values of L(s, M (h),x) at half-integers for the Hecke eigenform A of half-integral
weight stated above. To explain this more precisely, let S(h) be the normalized
Hecke eigenform corresponding to h under the Shimura correspondence, and
Q(S(h)) the field generated over Q by all the Fourier coefficients of f. As is
well known, Q(S(h)) is a totally real field. Furthermore, let u_(S(h)) be the
complex numbers defined in [12]. Then under a certain condition, the value
L(1/2, M(h), x) belongs to the vector space Q(S(h))u_(S(h))(x)m'~tv/~1 for
any odd integer such that 1 <[ < 2k — 3 and a primitive Dirichlet character x
of odd conductor (cf. Theorem 4.1.) This type of result was obtained for the
Ikeda lift in [7] when x is the principal character. On the other hand, in this
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paper, we get such a result for infinitely many primitive character. We note that
the above theorem is not a special case of Choie and Kohnen’s result. Actually
they treated the values of Koecher-Maaf§ series at integers. On the other hand,
we treat the values at half-integers. Finally we also get a functional equation of
the Rankin-Selberg convolution product stated above (cf. Theorem 4.4.)

Notation. We denote by e(r) = exp(2ry/—1z) for a complex number
x. For a commutative ring R, we denote by M,,,,(R) the set of (m,n)-matrices
with entries in R. For an (m,n)-matrix X and an (m,m)-matrix A, we write
A[X] =X AX, where X denotes the transpose of X. Let a be an element of R.
Then for an element X of M,,,(R) we often use the same symbol X to denote the
coset X mod aM,,,(R). Put GL,,,(R) = {A € M,,(R) | det A € R*}, where det A
denotes the determinant of a square matrix A, and R* denotes the unit group of
R. Let S, (R) denote the set of symmetric matrices of degree n with entries in
R. Furthermore, for an integral domain R of characteristic different from 2, let
L, (R) denote the set of half-integral matrices of degree n over R, that is, £, (R)
is the set of symmetric matrices of degree n whose (i, j)-component belongs to R
or %R according as i = j or not. We call an element of 2£,,(R) an even-integral
matrix over R. We simply write £,(Z) as L,. In particular, if S is a subset
of S,(R) with R the field of real numbers, we denote by S~o (resp. Ss¢) the
subset of S consisting of positive definite (resp. semi-positive definite) matrices.
GL,(R) acts on the set S,(R) in the following way:

GL,(R) x S,(R) > (9,A) — 'gAg € S,(R).

Let G be a subgroup of GL,,(R). For a subset B of S,,(R) stable under the action
of G we denote by B/G the set of equivalence classes of B with respect to GL,(R).
We sometimes identify B/G with a complete set of representatives of B/G. We
abbreviate B/GL,(R) as B/ ~ if there is no fear of confusion. Two symmetric
matrices A and A" with entries in R are called equivalent with each other with
respect to G and write A ¢ A’ if there is an element X of G such that A" = A[X].
We also write A ~ A’ if there is no fear of confusion. For square matrices X and

) X O
YwewrlteXJ_Y—<O Y).

1 Twisted Koecher-Maaf series

We denote by H,, the Siegel’s upper half space of degree n. Let I}, be the sym-
plectic group of degree n. For a positive integer k, we denote by My (1},) (resp.
&(I,) the space of holomorphic modular forms (resp. cusp forms) of weight k
for I,. For a modular form F(Z) of weight k with respect to I, and a Dirichlet
character x mod N let L(s, F, x) be the Koecher-Maa8 series for F' twisted by



X as in the Introduction. We review the analytic and arithmetic properties of
L(s, F, x) following Choie and Kohnen [3] (see also Maaf} [9], Arakawa [1].)

Proposition 1.1. Let F' € &(1},), and x a primitive character of conductor
N. Put

n

Yals) = (2m) ™ [ [ /20 (s = (i = 1)/2),

i=1
and put
A(s, F.x) = N*1(x)7'L(s, F,x)  (Re(s) >> 0),

where T(x) is the Gauss sum of x. Then A(s, F,x) has an analytic continuation
to the whole s-plane and has the following functional equation:

A(k -5, F7 X) = (_1>nk/2X(_1)A(57 F7 X)

Proposition 1.2 Let F' € &(1I,). Then there exists a Z-module My C C of
finite rank such that
NL(m, F,x)
T(x)(2rV=1)""
for any primitive character x of conductor N and any integer m such that (n +

1)/2 <m < k—(n+1)/2, where Z|x] is the Z-module obtained from by adjoining
the values of x.

€ My ®z Z[]

We remark that the analytic and the arithmetic properties of L*(s, F) x) are
not so well-known in general.

2 Twisted Koecher-Maafl series of the Maaf3 lift

From now on we assume that k is an even positive integer. Let N be a positive in-
teger, and x be a Dirichlet character mod N. We then denote by M2 ; ;5(I5(4N), x)
the space of C*° modular forms of weight £ — 1/2 and Neben character y for
I'y(4N). Furthermore we denote by My_1/2([6(4N), x) (resp. &_12(16(4N), x)
the space of holomorphic modular forms (resp. cusp forms) of weight k& — 1/2
and Neben character x for Ip(4N). We write M, »(19(4N)) and the others if
X is a trivial character. We denote by 9)?;71/2(110(4]\/)) (resp. 6;1/2(%(4]\[)))
Kohnen’s plus subspace of My_1/2(I15(4N)) (resp. &j_1/2([6(4N)).) As for the
precise definition of the Kohnen plus subspace, see [8]. Let h be an element of
&i_1/2(10(4)). Then h has the following Fourier expansion:

h(z) = Z cle)e(ez),

e



where e runs over all positive integers such that (—1)*='/2¢ = 0,1 mod 4. For

B n r/2
T_(T/2 m >€£2>0,PUt

ST DR s

d|G.C.D(n,r,m)

and

= Y A(D)e(tx(TZ)).

TeLa>o

Then M(h) is a cusp form of weight k for I5. Furthermore if h is a Hecke
eigenform, so is M (h), and the spinor L-function L(s, M (h),Sp) can be expressed
as

where S(h) is the Hecke eigenform in Sagy_o(I) corresponding to h under the
Shimura correspondence (cf. [5].) We call M(h) the Maa$ lift of h. For any

D € Z-,, we put
1
Hy(D) = —_—
A€Ls50(D)/SL2(Z)
where Lo5o(D) = {A € Losg|4det A= D}, and €(A) = #{U € SLy(Z) | AlU| =
A}. Furthermore, for a Dirichlet character n of conductor N, we define Zagier’s

Eisenstein series E(n (z) of weight 3/2 twisted by 7 as

3/2
ESN (=) =3 2n(m) Hy(m)e(mz) +y ™2 3" Bl4nny)e(—n22)n(—n?),

where z = z + /=1y, H;(0) = 5} and

_ 1 > —-3/2 —zu
Bx) = 167r/1 u > Ce " du.

If 7 is primitive, then E3/2( z) belongs to M39,(IH(4N?),7?), and there exists a
constants A, a,b > 0 such that |E§%( W< Ay +y~) forany z = 2+ /—1y €

H,. Let N =pi*---pt be the prime decomposition of N, and put N =p; - p
We then define 537%( ) by

3/2 Z E3 ),

0<M|N

where () denotes the Jacobi symbol. Assume that ()7 is primitive for any
positive divisor M of N. Then Eé (2) belongs to M37,(Io(4N?), n*). Furthermore
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assume that p = —1 mod 4 for some prime factor p of N. Then 5§7;(z) is holomor-
phic on H; and therefore by the above growth condition, we see that it belongs
to M3/2(I5(4N?),n*)). Now let k and [ be positive integers and 7, and 7, Dirich-
let character mod N; and N, respepctively. For hi(z) = >~ ci(m)e(mz) €
Mi—1/2(L0(N1), M), and an element hy(z) of M=, ;5(I5(N2), 72) with the following
Fourier expansion

ha(z) = ) ca(m)(mz) +y7' Y~ bln,y)e(—n’z)

m=0 n=-—oo

we define the convolution product L(s, hy, hs) as

c1(m)ca(m)

L(s,hi,hy) = Ly(2s — k — 1+ 3,w) Z

m=1

as in Section 0, where w(d) = (_Tl)k_lm(d)m(d), and

In(s)= Y “’O(lf).

m>0,(m,N)=1

If x is a primitive Dirichlet character mod N, and h belongs to My_1/2(1(4)),

then we can also define L(s, h, Eé’/(;) regarding h as an element of My _; /5(1H(4N?)).
Now let N be a positive integer, and N = p°' --- p be the prime decomposition
of N. Let x be a Dirichlet character mod N. Fix a prime factor p of N. For an
integer n prime to p, take an integer m such that

_ n mod p°
"= 1mod N/p® -

We then put
oy J x(m), if (n,p) =1
e { 0, if (np) £1

Then it is independent of the choice of m, and x® is a character mod p¢. Fur-
thermore we have
Y = H X(p).

pIN

First we give an explicit formula of L*(s, M (h), x).

Proposition 2.1. Let



be an element ofﬁz_l/z(f’o(él)), and M(h) be the Maaf lift of h to &(I%). Then
for a primitive character x we have

L*(s, M(h), x) = 22 L(s, h, E{).

Proof. This is a natural generalization of the result given in Satz 3 [2] p.20.

For T = an a2 € Ly, put e(T) = G.C.D(ay1,a12,a92), and A(T)
Cl12/ 2 ax
the T-th Fourier coefficient of M(h). Then, collecting the terms by the value

e = e(T), one has

x(det(2eTy))A(eTh)
Z e(eTy)(det eTp)®

[M]¢

L*(s, M(h), x) =

e=1 To€L2>0/SLa N(Z),e(To)=1

— X*(¢) x(det(27p)) A(eTh)
e 2. e(Tp)(det Tp)®

625
e=1 TocLa>0/SLa,n(Z),e(To)=1

By the definition of the Fourier coefficient A(T") of M (h), we see that the inner
sum is equal to

Z e Z x(det(2Ty))e((e/d)? det 2Tp) .

dle To€La>0/SLa,Nn(Z),e(To)=1 G(TO)(det TO)
Thus we obtain
© 9 00 2
. x*(m) x(n) x(det(27p))e(n® det 2T5)
L M(h =
(s, M(R), x) 25—kt 25 Z e(Tp)(det Tp)*
m=1 n=1 T06L2>0/SL2(Z),6(T0)=1
x(det(27))c(det(27))
= L(2s—k+1,%°
@s—k+1x") 3 «(T)(det T)®
T€La>0/SL2(Z)

Collecting the terms in the summation by the value d = det 2T, we have

L*(s,M(h),x) = 2%L(2s — k + 1,x?) i C(d)X(;ls)Hl(d).
d=1

This proves the assertion.

Our calculations are also applicable to the Siegel-Eisenstein series of degree
2 and even weight k > 4 defined by

Ey(Z)= > det(CZ+D)™*, ZeH,,
{c.n}



where the sum is taken over all non-associated coprime symmetric pairs {C, D}
of degree 2. For a non-negative integer m, the Cohen function H(k — 1,m) is
given by H(k —1,m) = L_,,(2 — k). Here

LD(S)
(2s-1), D=0
_ ) L(s,xpe) Y mla)xp,(a)a™ o1 ai(f/a), D #0,D=0,1mod 4

alf
0, D =2,3 mod 4,

where the positive integer f is defined by D = Dg f? with the discriminant D
of K = Q(vD), xp, is the Kronecker symbol, x is the Mébius function and
os(n) = > 4, d*. For k > 4, the Cohen Eisenstein series Hy_1(z) is

Hi-1( ZH —1,m)e(mz).
m=0

It is known that Hy_1(z) is a modular form of weight & — 1/2 belonging to the
Kohnen plus space and that the Saito-Kurokawa lift of Hy_1(z) coincides with
E»;(Z) up to a scalar multiple, namely the T-th Fourier coefficient of Esx(Z)
for a positive definite 7" is (By: the k-th Bernoulli number)

Ak(k —1) - ( det 2T)
2R INT B H (k-1 .
BBt d%;) iz

By the same argument as above, we have

Proposition 2.2. Let N and x be as in Proposition 2.1. Then we have

) st2k(k—1) )
L*(s, Bag, x) = 2° +2m (s, Hi-1, 372)

Now a main tool for the proof of Theorem 4.2 is:

Theorem. 2.3. Let h be a Hecke eigenform in & 1/2(I0(4)). Let N be an
odd positive integer, and N = pi* - --p$~ be the prime decomposition of N. Let x
be a primitive Dirichlet character mod N.

(1). If xP)(=1) = —1 for some i. Then we have L(s, M(h),x) = 0.

(2). Assume that xP)(—1) = 1 for any i. Fiz a character X such that > = .
Then we have

r

L(s, M(h),x) = 2= (1 - (=

i=1 pi

Nl b E)

9



The above theorem is not so easy to prove as Proposition 2.1, and we prove
it in the next section. Similarly we have

Theorem. 2.4. Let N and x be as in Theorem 2.3.

(1). If xP)(=1) = —1 for some i. Then we have L(s, Eyy, x) = 0.

(2). Assume that xP)(—1) = 1 for any i. Fiz a character X such that > = x.
Then we have

k(k—1) —1. _ —1 .
L E :225+2— 1 — (— -1 N2 L _ (x) .
T et | L S IR ARG S L )

Remark 1. The expression in (2) of the above two theorems does not depend
on the choice of y.

Remark 2. In [6], and [7], the first named author got an explicit formula
for L(s, F') when F' is the Klingen Eisenstein lift and the Ikeda lift of an elliptic
cuspidal Hecke eigenform, respectively. It is interesting to generalize these results
to twisted cases.

3 Twisted Koecher-Maaf} series of degree two

Let x be a primitive character mod N. For A € L,~, put

A= Y ().

UESL'/L(Z/NZ)

Proposition 3.1. Let

F(Z)= ) cp(Ae(tr(AZ))

AEﬁnZQ

be an element of My (I7,). Assume N # 2. Then we have

_ cr(A)h(A, X)
L(S,F, X) - Z € A)(det A)S '
A€Ln>0/5Ln(Z)

Proof. Put L4 ={A" € Lnso |A" ~s1,(z) A}. Then we have

L(S, F, X) _ Z CF(A) Z X(tl‘(A/)) )

A (det A)S A'€La/SLy, N(Z)

10



Fix an element A of Ly~¢. Let U; and Us be elements of SL,,(Z). Then A[U;]
and A[U,] are SL,, y(Z)-equivalent with each other if Uy € SO, (A)SL,, n(Z)Uy,
where SO, (A) = {U € SL,(Z) | A[U] = A}. Thus we can take {A[U] | U €
SO, (A)SL,n(Z)\SL,(Z)} as a complete set of representatives of £4/S L, n(Z).
Furthermore we have tr(A[U;]) = tr(A[Uy)) if Uy = SO, (A)SL, n(Z)U,. Further-

more we have ex(A’) =1 for any A’ € L£,,~o. Thus we have

) S XAy 3 \(tr(A[U])

A'€LA/SLy N (Z) UESO(A)S Ly, n(Z)\SLn(Z)

D 1))

UGSLn,N(Z)\SLn(Z)

This proves the assertion.

Now we shall compute h(A, x) in the case where A is an element of Lo~. First
we remark the following elementary lemma, which can be proved by Chinese
remainder theorem.

Lemma 3.2 . Let A € L,~g. Let N be an odd positive integer, and N =
pel -+ p° be the prime decomposition of N. Let x be a primitive Dirichlet char-
acter mod N. Then we have

(A, x) = [ [ (A x®).
=1

From now on let A be an element of L9-g. For each ¢ € Z, put
Rn(A,c) = {x = (21,72, 73,74) € (Z/NZ)* | (ALA)[x] —c=0mod N

and z124 — rox3 — 1 = 0 mod N}.

Then we have
N

h(Av X) = Z X(C)#(RN(A7 C))

c=1

To compute # Ry (A, c), we need two lemmas. The following lemma can easily
be proved by using the usual p-adic Newton approximation method.

Lemma 3.3. Let A be as above. Let p be a prime number. Assume that

(4detdy — 1 op (44t4) — 0. Then we have
p p

#Ry (A, c) = p* V4R (A, c)

11



for any ¢ € Z prime to p.

We define the Gauss sum 7, by

p

Tp= Z<]§>e<r/p>

r=1

as usual. Then the following lemma is well known.

Lemma 3.4. Let p be a prime number, and e a positive integer. For any
u € Z prime to p we have

e

p

€ u e—
> e(uz’) =p“? or (5)19( R
=1

according as e is even or odd.

Corollary. We have

1
S e(wad +usad) = p(— )"
(21,22)(Z/p°Z)? p

Proposition 3.5. Let p be an odd prime number. Let A be a symmetric
matriz of degree 2 with entries in Z,. Assume that A # O mod p, and that

(%) =—1or (%) =0 Then for any c € F,*, we have
B -1 —4det A
#Bye(A,0) ="V = ()0~ (— ).

a O

Proof. We may assume that A = ( 0 d

> with a # 0. For s,t € F,, put

I(A c;s,t) = Z e((a(x?+22) 4+ d(z2 + 22) — ¢)s + (w124 — Tox3 — 1)t),

(x1,22,73,24)EFY

and

I(Ac) = Z I(A ¢ s,t).

(s,it)eFg

Then we have
I(A,c) = pP"#R,(A,c).

12



It is easily shown that we have
I(A, ¢;0,t) = p#{(x1, 2, x3,24) € F;l | 2124 — 2925 = 1} = p* — p*.
We note that

I(A c;s,t) = Z e(as(y? +y3) + as(dads® — t*)(y3 + y3) — sc — t).
(y17y27y37y4)€F;71

Thus, by Corollary to Lemma 3.4, for any s € F*, we have

I(A ¢ s,t) = p(_—l) Z e(as(dads® — t*)(y3 +y3) — sc — t).

(y3,y4)E€F3

Then for any s € F* and t € F* we have 4ads®* — % € Fy. Thus we have

I(A, ¢ s,t) = (p(?))ze(—cs —t) = pe(—cs — t).

First assume that (%) = —1. Then for any s € F we have 4ads® € F.
Thus we have

I(A,c:5,0) = (p(—))e(~es) = pe(cs).

Thus we have

Z I(A, ¢;s,t) =0,

s€F, teF,

and therefore we have
[(A,C) = p4 _pQ-

This implies that we have
#RP<A7 C) = p2 — 1.
Next assume that (%) = 0. Then d = 0. Thus for any s € F) we have

I(A ¢ s,0) = p?’(_?l)e(—cs).

Thus we have

Z I(A c;s,t) = p? Z e(—cs —t) —i—pg(_?l) Z e(—cs)

sEF) teF, SEF, teF) SEFY

2 3
=p"—p(—),
()

13



and therefore we have

This implies that we have
-1

#1,(A, c) = p(p — ( 5

).
This proves the assertion for e = 1, and by Lemma 3.3, we prove the assertion
for a general case.

Proposition 3.6.Let A be as in Proposition 3.7. Assume that (144) = 1.

Then for any ¢ € Z let r = ord,(4det A — ¢®). Then we have

e—1

R(A0) = 7= (=D 3 (=) =

—1 e—i
P (?) )

i=e—r i=e—r—1
ifr<e—1, and
e

HR,(4,0) =02~ (ORI = 3

p = p
ifr=e.

Remark. The above assertion for e = 1 can also be proved by using the
same argument as Proposition 3.5. However, we have to prove the general case
in another way because Lemma 3.4 does not hold in this case.

a 0

Proof. We may assume that A = ( 0 d

> = 4ad mod p°. Put

) . Let [ be an integer such that

Rye(A,¢) = {(y1,y2, Y3, y1) € (Z/p°Z)* | yi+ya+y3+y;—2ac = yi—ys+y3—yi:—2al = 0}.

Then the linear transformation 2ax; = y; + y4, 202, = Yo — ys, 2lrs = I(ys +
ys), 2lzy = y1 — y4 induces a bijection from R, (A4, c) to Ry (A, c). Put

I(Ac)

= ) > e((s(yi+ys+ys+yi—2ac)+t(yi—ys+ys —yi —2al)) /p°).
(s,t)€(Z/p°Z)? (y1,y2,y3,y4)E(Z/p°Z)*

Then we have )
I(A c) = p*#R,e (A, c).

14



We have
I(A,c)

= Y > e((u(yi+y3)+o(ys+v3) —a(c+uta(—c+1)v) /p°).
(u,0)E(Z/p°Z)? (y1,y2,Y3,y4)E(Z/peZ)*

We remark that ¢ +1 # 0 mod p, or ¢ — 1 # 0 mod p. First assume that
c—1 # 0mod p, and put —a(c+1) = p"a, and a(—c+1) =  with o, # Z 0 mod p.
For each (u,v) € (Z/p°Z)* put

I(A, ¢ u,v) = > e((u(y} +3) +v(ys +yi) + p au+ Bv)/p°),

(Y1,92,y3,y4)E(Z/peZ)*

and fori,j =1,....,e

T16ID (A, ) = Z I(A, c;u,v).

(u,w)€(Z/p°2Z)?
ordp (u)=i,ordp (v)=j

Then we have .

I(Aje) =) IW)(A,c).

1,j=1

We note that for any i =1,...,e and 1 < j < e — 2, we have
169 (A, ¢) = 0.
We have

169(A,¢) =p* Y Y ellulyi +93) +prau)/p%)

w€Z/pCZ (y1,y3)€(Z/p°Z)?
ordp (u)=i

=p* > > el(ulyl +u3) +prau) /p7)

u€(Z/pe=Z)* (y1,y3)€(Z/p°Z)?
=p Y > el(ulyi +u3) +pow) /pTT)
WE(ZIp—2)* (y1.0)E (B p—2)?

i e—i —1 e—i e—r—i
= p*pTi(—) > elou/p).

P iz
For 1 <i¢<e—1 we have

Z e(au/p™"") =0, =1, or p" """ Hp—1)
u€(Z/piZ)*

15



accordingase—i—r >2e—i—r=—1,or e —i—r < 0. Furthermore we have
19 (A, c) = p*. Thus we have

- (i,e) _ e - __1 e—i __ ,de—1 - __1 e—i
;I (A,c) =p :Z( PR 12;1( )
or
€ e—1

e e e—1
’ 1 1 1 —1
[(z,e—l) A, c) = _p4e—l e—1i +p4e—2 e—i
?_1 (4,¢) (= )gﬂ( ) (= )i_;T 1(—p )
or L
1. =, -1, 1. =, -1 .
4e—1 e—1i 4e—2 e—1
(p)io(p) (p)io(p)

according as r < e — 1 or r = e. This proves the assertion.

Proposition 3.7. Let N be an odd positive integer, and N = p° ---p°" be
the prime decomposition of N. Let x be a primitive Dirichlet character mod N.
Let xP?) be the primitive Dirichlet character mod p% such that y = x®V - Pr).

(1) Assume that P (—1) = —1 for some i. Then we have

h(A, x) = 0.
(2) Assume that x'P)(—1) =1 for any i. Then we have

40 = [TH+ (20 = (Chpr DIV det ),

where X s a character such that Y* = x.

Proof. (1) Assume that x®)(—1) = —1 for some i. Take integers a,b such
that a2 + b> = —1 mod p®, and put Uy = ( _ab Z ) . Then we have det Uy =
1 mod p%, and 'UyUy = —15 mod p%. Thus there exists an element Uy € SLy(Z)

such that 'UyUy = —15 mod p®. Then for any B = b biz/2 we have
bi2/2 by

tl"(B[UoD = blle — blgCLb —+ b22a2 + bllCLZ - blgba -+ 622612 = —tI‘(B) mod pei.
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Thus we have

MAY) = Y (AU
UeSL2(Z/pZ)

= Y x(=(A[U]) = x(—1)h(A; X).

UeSL2(Z/pZ)

This proves (1).
(2) By Lemma 3.3, it suffices to prove the case N = p® with p a prime number.
We recall that we have

h(A, x) = Z X(e)# R, (A; c).

cEZ/peZ

First assume that (4(1%4) = —1. Then the number #R,e(A;c) does not depend

on c¢. Thus we have
Y X(O#Ry(A;ic) = 0.

cEZ/piZ

Next assume that ( = 1. For r < e put

4det A
p )
Spa={x €Z/p°Z | 2> = 4det A mod p"}.

Then by Proposition 2,7 we have

hAX) = D x(O)#Rye(4;0)

c€Z/p°Z
— 1., -1 ~1
= X (u)p™~( (—))(p(—)’"— )+ x@p T o= (— ) ()"
r=0 u€S, 4 p p uESe, A p p
Since x is a primitive character, we have
> x(u)=0
u€Sy A
for any r < e — 1. Thus we have
2e—1 -1 -1 e
h(A,x) =2p™ (p— (?))(?) x(0),

where [ is an integer such that [? = 4det A modp®. Now there exists a character
X such that y? = x. Then we have x(I) = y(4det A), and this value does not
depend on the choice of x. This proves the assertion (2).

Now by Proposition 3.7, we immediately derive the following.
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Theorem 3.8. Let F' be an element of My(I7,). Let N be an odd positive
integer, and N = pi' - - - pS be the prime decomposition of N. Let x be a primitive
Dirichlet character mod N.

(1). If P (=1) = —1 for some i. Then we have L(s, F,x) = 0.

(2). Assume that xP?)(—1) = 1 for any i. Fiz a character Y such that X* = .
Then we have

r

L, Fo) = [0 = (o I 30 (s, B ()0,

i=1 M|N
where N = py -+ - py.

Proof of Theorems 2.3 and 2.4. The assertions can be directly proved by
Propositions 2.1, 2.2, and Theorem 3.8.

4 Special values of convolution products of half-
integral weight modular forms and twisted
Koecher-Maaf} series

For a holomorphic modular form g of integral or half-integral weight, we denote
by Q(g) the field generated over Q by all the Fourier coefficients of g. First we
recall the following result due to Shimura [11], [12] under more general setting.

Proposition 4.1. (1) Let f be a Hecke eigenform in &q_o(I1). Then there
exist complex numbers us(f) uniquely determined up to Q(f)* multiple such that

T(;((Tgi[\//(—ﬂl’){’;z)(f) € Q(f)(x) for any integer 0 < m < 2k — 3 and a Dirichlet

character x such that j = (—=1)"x(-1).

(2) Let h be a Hecke eigenform in 62_1/2(]})(4)) and S(h) the normalized Hecke
eigenform in &3, ,(I1) corresponding to h under the Shimura correspondence.
Furthermore, for an integer | such that k > 1 > 2, and a primitive character & of

conductor M, let g be an element of My /o1 (15(4M), ). Then u_(gﬁzb)éi’”ﬁylg\)/—_l
Q(h)Q(g) for any odd integer m such that 1 < m < 2k —3 and a Dirichlet char-
acter n.

m

Now we state our main result in this paper.

Theorem 4.2. There exists a positive integer v = 1y, such that the val-
ues L(l, h, 5;721))7 e, L(L, A, 53575“)) are linearly dependent over Q for any integer
1 <1 <k —2 and Dirichlet characters x1, ..., Xr+1 0f odd conductors such that
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X3y ooy X2 X241 are primative. In particular, the values L(1, h, E?E;‘;)), ey L(L, I, 53575“))

are linearly dependent over Q for any non-quadratic characters x1, ..., Xr41 of odd
prime conductors.

Proof. The assertion can be proved by Theorems 2.3 and Proposition 1.2.

Remark. We note that the Dirichlet series L(s, h, 535;‘21)), ...,L(s,h,é‘é)/‘g“))
themselves are linearly independent over C in general. To show this, take a

cuspidal Hecke eigenform

h(z) = Z c(m)e(mz)
m=1
in Kohnen’s plus subspace of some weight k — 1/2 for Ij(4) such that ¢(4) # 0.
Then there exist positive odd integers ny, ns, ..., n,y1 coprime with each other
such that c(4n?) # 0 for any i = 1,...,7 + 1. We also have H;(4n?) # 0 for any
1 = 1,..,7 + 1. Then we can easily show that there exist Dirichlet characters
X1, ---, Xr+1 satisfying the conditions in Theorem 4.2 and

(*) det(Xi(4n?>>1§i,j§r+1 # 0.

For an exampe, put M; = H1§l§r+1,l;£i n? for each ¢, and take a Dirichlet charcter
mod M; such that x? is primitive. This is possible since we have M; > 3.
Then these xi, ..., x,+1 satisfy the required properties. Now the 4n]2-—th Fourier

coefficient of 5;75) is
viH1 (471?)%(4”]2)
with some non-zero number depending only on 7, and therefore the 4n?—th Dirich-

let coeflicient of L(s, h, 5:,572‘)) is

Yic(dng) Hy(4n3) x:(4n3).

Thus by (*), L(s, h, 5;721)), .., L(s,h, 53575*1)) are linearly independent over C.

Theorem 4.3. Let h be a Hecke eigenform in GZ_I/Q(FO(ZL)) and S(h) be the

normalized Hecke eigenform in &3, ,(I) corresponding to h under the Shimura
correspondence. Assume that all the Fourier coefficients of h belong to Q(S(h)).
Let x be a Dirichlet character of conductor N. Assume that x* is primitive, and
that p = —1 mod 4 for some prime factor p of N. Then for any odd integer m
such that 1 < m < 2k—3, the value L(m /2, M(h), x?) belongs to the vector space

Q(S(h) (u-(S(h))m™ 1/ ~1.

Proof. By assumption, 53(’7; belongs to M32(IH(4N?), x*) whose Fourier
coefficients belong to Q(x). Thus the assertion can be proved by Theorem 2.3
and (1) of Proposition 4.1.
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Remark. It is expected that (2) of Proposition 4.1 remains valid for g = Eé%
Thus it is expected that Theorem 4.3 remains valid without the assumption on
the congruence of a prime factor of N. As remarked in the Introduction, the
above theorem is not a special case of Choie and Kohnen’s result. Actually
they treated the values of Koecher-Maaf series at integers. On the other hand,
we treat the values at half-integers. This type of result has not been given in
case n = 1, and is not expected in case n is odd. It seems interesting to know
whether this type of algebraicity holds for the special values at half-integer of

twisted Koecher-Maaf series of any cusp form of even degree.
Finally by the functional equation in Proposition 1.1, we obtain:
Theorem 4.4. Put

A(s, h, X

) = N2=a 27 () L(s, h, £5)).

Assume that x* is primitive. Then A(s, h, 53%) has an analytic continuation to
the whole s-plane and has the following functional equation:

A(k — s, h, 5§7;) = A(s, h, 5§§;).

The meromorphy of this type of series was derived in [12] by using so called
the Rankin-Selberg integral expression in more general setting, but we don’t
know whehter the functional equation of the above type can be directly proved
without using the above method.
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