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The mandala of Legendrian dualities for pseudo-spheres
in Lorentz-Minkowski space and “flat” spacelike surfaces.

Shyuichi Izumiya and Kentaro Saji

September 23, 2009

Abstract

Using the Legnedrian duarities between surfaces in pseudo-spheres in Lorentz-Minkowski
4-space, we study various kind of flat surfaces in pseudo-spheres. We consider a surface in
the pseudo-sphere and its dual surface. Flatness of a surface is defined by the degeneracy
of the dual surface similar to the case for the Gauss map of a flat surface in the Euclidean
space. We study singularities of these flat surfaces and dualities of singularities.

1 Introduction

It has been shown in [25] that a theorem of Legendrian dualities for pseudo-spheres in Lorentz-
Minkowski space which gives a commutative diagram between contact manifolds defined by the
dual relations. This theorem has been generalized into psuedo-spheres in semi-Euclidean space
with genral index in [10]. Such a commjutative diagram is called a mandala of Legendrian
dualities now [10, 26]. The mandala of Legednrian dualities is very useful for the study of
the differential geometry on submanifolds in pseudo-spheres. Especially, it works well even for
spacelike hypersurfaces in the lightcone where the induced metric is degenerate[25].

In this paper we consider various kinds of flatness of surfaces in pseudo-spheres in Lorentz-
Minkowski space. In Euclidean space, a flat surface is characterized by the degeneracy of the
Gauss map. For example, a surface is a part of a plane if the Gauss map is constant. Moreover,
a surface is a developable surface if the image of the Gauss map is a point or a curve (i.e., all
points of the surface are singularities of the Gauss map). We remark that the dual surface of a
surface plays a similar roles as the Gauss map of the surface [24, 31]. Accoreding to the these
facts on the Euclidean case, the Legedrian dual of a surface in pseudo-sphere is considered to
be a kind of the Gauss map of the surface. In this sense a surface in a pseudo-sphere is “flat”if
the Legendrian dual is singular at any point of the surface. Especially, we consider the case
when the Legendrian dual is a curve in a pseudo-sphere. In [22] we have studied a surface in
Hyperbolic space whose lightcone dual is a curve.In this case the suface is called a horo-flat
surface. Moreover, such surfaces are one-parameter families of horo-cycles. Therefore, we call
it a horo-flat horocyclic surface. Horo-flat surfaces are “flat”surfaces in the sense of a new
geometry in Hyperbolic space[5, 6, 17, 18, 19, 22] which is called “Horospherical Geometry”.
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In this paper we consider surfaces with similar properties as horo-flat horo-cyclic surfaces in
other pseudo-spheres. These surface can be obatined by the aid of the mandala of Legendrian
dualities. One of the main results in this paper is to give classifications of the singularities
of these surfaces and show dualities among singularities. Therefore, the mandala of Legedrian
dualities still remains on the singularities level. As a consequence, these surfaces are frontals
which are the projection images of istropic surfaces in the total contact manifold of a Legenrian
fibration. If the istropic surface is a Legendrian surface, the frontal is called a wave front (or,
simply a front).

Singularities of wave fronts have been originally investigated by Zakalyukin[34, 35]. See [2]
for the detail. He has shown that generic singularities of wave front surfaces are the cuspidal
edge and the swallowtail. It is known that generic singularities of frontal surfaces are cuspidal
cross cap in addition to the above two fronts [14, 15].

Here, the cuspidal edge is a map germ ((R?;u,v),0) — (R?,0) defined by (u,v) — (u,v? v?)
at the origin, the swallowtail is a map germ ((R%u,v),0) — (R3,0) defined by (u,v)
(u, 3v* + w?v,4v® + 2uv) and the cuspidal cross cap is a map germ ((R?u,v),0) — (R?,0)
defined by (u,v) +— (u,v? uv?) at the origin. Furthermore, the dual surfaces have the more
degenerate singularities which called cuspidal lips or cuspidal beaks and cuspidal butterfly.
The cuspidal lips (resp. cuspidal beaks) is a map germ ((R?u,v),0) — (R? 0) defined by
(u,v) — (u, —20° + w?v, 3v* — u?v?) (resp. (u,v) — (u, —20® — u?v, 3v* — u?v?)). The cuspidal
butterfly is a map germ ((R?; u,v),0) — (R3,0) defined by (u, v) — (u, 50 +2uv, 40° +uv?—u?).
We can draw the pictures of these singularities here.

cuspidal cross cap

|

cuspidal lips cuspidal beaks cuspidal butterfly

i
L aal

Figure 1.

We study singularities of maps up to A-equivalence of map germs. Here, map germs fi, f5 :
(R%,0) — (R3,0) are A-equivalent if there exist diffeomorphic map germs ¢, : (R?,0) — (R?,0)
and ¢,(R?,0) — (R?,0) such that f;0¢y = ¢10 f, holds. In Section 8 we give criteria to detect
the map-germs in the above list of frontals. In order to give classifications of “flat”surfaces
we construct a basic Lorentzian invariant in Section 6. We give characterizations of the above
singularities of our surfaces by using such invariants (cf., Therorems 8.6, 8.8, 8.9, 8.10, 8.11,
8.13 and 8.14).
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On the other hand, there are many investigations on linear Weingarten surfaces in pseudo-
spheres ([1, 8, 11, 12, 27]). The mandala of Legendrian duality is deeply related to linear
Weingarten surfaces. By using the mandala of Legendrian dualities, we can unify the notion of
linear Weingarten surfaces in different pseudo-spheres. (cf. Theorem 5.3)

We assume throughout the whole paper that all the maps and manifolds are C'*° unless the
contrary is explicitly stated.

2 Basic concepts and notations

In this section we prepare basic notions on Minkowski space. For detailed properties, see [29].
Let R"™ = {(zg,21,...,2,)|z; € R, =0,1,...,n} be an (n + 1)-dimensional vector space.
For any vectors © = (xg,...,%n), Y = (Yo,...,Yn) in R"M the pseudo scalar product of x
and y is defined by (z,y) = —xoyo + > s, z;y;- The space (R™*1 (,)) is called Minkowski
(n + 1)-space and denoted by R}t

We say that a vector = in R™™!\ {0} is spacelike, lightlike or timelike if (x,z) > 0,= 0 or
< 0 respectively. The norm of the vector £ € R™"! is defined by ||z| = /|(z,z)|. Given a
vector n € R} and a real number ¢, the hyperplane with pseudo normal n is given by

HP(n,c) = {x € R1™|(x,n) = c}.

We say that HP(n,c) is a spacelike , timelike or lightlike hyperplane if n is timelike, spacelike
or lightlike respectively.

We have the following three kinds of pseudo-spheres in R}t : The hyperbolic n-space is
defined by

H"(—1) = {z e R{"| (z,x) = 1},

the de Sitter n-space by
St ={zeR{"|(z, ) =1}

and the (open) lightcone by

LC* = {z € R™1\ {0}|(z,2) = 0 }.

o W v -
For any &', 22 ..., 2" € R!"™ we define a vector &' Az A--- Ax" b
—€y) €1 €n
11 1
0 "
' AZEPN- AT =] Tp T T, |, (2.1)
n n n
Ty T Ty
where e, ey, .. ., e, is the canonical basis of Rf™ and = = (z{,z%, ..., 2%). We can easily check
that
(,x* N2 A - Ax") = det(z, x', ..., "), (2.2)

so that &' Ax* A --- A 2" is pseudo orthogonal to any ' (i =1,...,n).
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3 A mandala of Legendrian dualities for pseudo-spheres

We now review some properties of contact manifolds and Legendrian submanifolds. Let N be
a (2n + 1)-dimensional smooth manifold and K be a tangent hyperplane field on N. Locally
such a field is defined as the field of zeros of a 1-form «. The tangent hyperplane field K is non-
degenerate if a A\ (da))™ # 0 at any point of N. We say that (N, K) is a contact manifold if K is a
non-degenerate hyperplane field. In this case K is called a contact structure and « is a contact
form. Let ¢ : N — N’ be a diffeomorphism between contact manifolds (N, K) and (N', K').
We say that ¢ is a contact diffeomorphism if dp(K) = K'. Two contact manifolds (N, K) and
(N', K") are contact diffeomorphic if there exists a contact diffeomorphism ¢ : N — N’. A
submanifold ¢ : L C N of a contact manifold (N, K) is said to be Legendrian if dim L = n
and di,(T,L) C Kj(;) at any € L. We say that a smooth fiber bundle 7 : E' — M is called
a Legendrian fibration if its total space E is furnished with a contact structure and its fibers
are Legendrian submanifolds. Let 7 : E — M be a Legendrian fibration. For a Legendrian
submanifold ¢ : L C F, mot : L — M is called a Legendrian map. The image of the Legendrian
map 7 o is called a wavefront set of i which is denoted by W (L). For any z € E, it is known
that there is a local coordinate system (z,p,y) = (1,...,Zm,P1,- - -, Pm,y) around z such that
m(z,p,y) = (z,y) and the contact structure is given by the 1-form a = dy —>""" | p;dz; (cf. [2],
20.3).

In [25] we have shown the basic duality theorem which is the fundamental tool for the study
of spacelike hypersurfaces in Minkowski pseudo-spheres. We consider the following four double
fibrations:

(1) (a) H”( 1) x 57 5 Ay = {(v,w) | (v,w) =0},

(b) w11 : Ay — H"(—1),m2 : Ay — ST,

(C) 611 <d’U 'w>\A1, ‘912 = <’U d’lU>|A1

(2) (a) H"(=1) x LC* D Ay = {(v,w) | (v, w) = —1 },
(b) 21 A2—>Hn( )7T22 A2—>LC*
(C) 92 = <d’U 'w>|A2, 022 = < ,dw>|A2

(3) (a) LC* x ST D Az ={(v,w) | (v,w) =1},
(b) w31 : Ay — LC* w35 : Ag — ST,

(C) 931 = <d’U w>\A3, 932 = < ,dw)|A3

3

(4) (a) LC* x LC* D Ay = {(v,w) | (v,w) = -2},

(b) w41 : Ay — LC* w9 : Ay — LC™,

(c) 041 = (dv,w)|Ay, 049 = (v, dw)|A,.

Here, mj(v,w) = v, ma(v,w) = w, (dv,w) = —wedvy + Y ., widy; and (v,dw) =
—vodwg + Z?Zl v;dw;.

We remark that 6;;'(0) and 6,,'(0) define the same tangent hyperplane field over A; which
is denoted by K;. The basic duality theorem is the following theorem:

Theorem 3.1. Under the same notations as the previous paragraph, each (A;, K;) (i = 1,2, 3,4)
is a contact manifold and both of m;; (j = 1,2) are Legendrian fibrations. Moreover those contact
manifolds are contact diffeomorphic to each other.

Since the proof of the theorem was given in [25], we do not give the detailed proof here.
We only remark that (A;, Ky) can be canonically identified with the unit tangent bundle
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S(T'H"(—1)) over H™(—1) with the canonical contact structure ([7, 9]). Moreover, the contact
structure K; (i = 2, 3,4) can be canonically induced by the following constructions. We consider
smooth mappings (i # j ; (4,5 =1,2,3,4)) ¥;; : A, — A, defined by

Uis(v,w) = (v,v +w), Vg = (v, w —v),

Uis(v,w) = (v +w,w), Vs (v,w) = (v —w,w)
Uy(v,w) = (v —w,v+w), Vy(v,w) (v—;w,w;'v)’
Uos(v,w) = (w,w —v), ¥ss(v,w) = (v—w,v),

Uoy(v,w) = (2v — w,w), Yyo(v,w) = (v—;w’ ) :

We can easily show that ¥;; are contact diffeomorphisms such that \I!i_jl = U,; for any 4,j =
1,2,3,4. For example, we have

Ui091 = (dv,v + w)|A; = ((dv,v) + (dv, w))|A; = (dv, w)|A; = b4

and

N v+w) v—w
@41911 = <d( 2 ), 2 >‘A4
1
4
1
4

Therefore Wyy : (A1, K1) — (A, K3) and Wy : (Ay, Ky) — (A4, K;) are contact diffeomor-
phisms. By the similar calculations, we can show that the other W¥;; are also contact diffeo-
morphisms. We call these Legendrian dualities a mandala of Legendrian dualities (cf.,[10, 26])
because we can explain the situation as the following diagram:
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H"(—1) x LC* LC* x ST

The mandala of Legendrian dualities

The above mandala has the similar structure as the real mandala of Buddhism which is a
religious picture of the universe. In the real mandala, the central Buddha is the symbol of the
sun (the light). In the above diagram the central contact manifold is corresponding to the light,
so that the analogous structure exists. This is the reason why we call the above diagram the
mandala of Legendrian dualities. The mandala was generalized into the case for pseudo-spheres
in general semi-Euclidean space[10]. Moreover, it can be extend to infinitely many Legendrian
dualities|26].

4 Local differential geometry of spacelike hypersurfaces
in pseudo-spheres

In this section we consider differential geometry of hypersurfaces in pseudo-spheres as an ap-
plication of the mandala of Legendrian dualities. We remark that it is deeply related to the
previous theory on the differential geometry of submanifold in the hyperbolic space[17]. We
now give a quick review on the theory. Let X : U — H"(—1) be an embedding from an
open region U C R"™! and denote that M = X (U). We define the unit normal vector field
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e:U — S} along M in H"(—1) by
e(u) o Xul(u)/\“'/\Xun—1(u)
X () A Xy () A A X ()]
Therefore it satisfies that
<X<u)7 e(u)> - <Xuz(u)’ e(u)> = <X(u)7 euz<u)> =0,

where i = 1,...,n — 1 and X,, = 0X/0u;. Since (e(u), e, (u)) = 0, the above relations
mean that e, (u) is tangent to M at p = X (u). Therefore de(u) can be considered as a linear
transformation on T, M. Moreover, if we consider L*(u) = X (u)+e(u), then L*(u) are lightlike
vectors. By the identification of M with U through X, dX(u) can be identified with 17, ;.
Therefore we have a linear transformation dL*(u) : T,M — T,M with dL*(u) = 17, ;s -de(u).
We call the linear transformation Spi = —dL*(u) : T,M — T,M the hyperbolic shape operator
of M = X(U) at p = X (u). The de Sitter Gauss-Kronecker curvature of M = X (U) at
p = X(u) is defined to be K4(u) = detA, and the lightcone Gauss-Kronecker curvature of
M = X(U) at p = X(u) is K, (u) = detSF. In [17] we have investigated the geometric
meanings of the lightcone Gauss-Kronecker curvature from the contact viewpoint. One of
the consequences is that the lightcone Gauss-Kronecker curvature estimates the contact of
hypersurfaces with hyperhorospheres. It has been also shown that the Gauss-Bonnet type
theorem holds on the lightcone Gauss-Kronecker curvature [25].

On the other hand, we can interpret the above construction by using the Legendrian du-
ality theorem (Theorem 3.1). For any regular hypersurface X : U — H™(—1), we have
(X (u),L*(u)) = —1. Therefore, we can define an embeddings £5 : U — A, by L3 (u) =
(X (u), L*(u)). Since (X, (u), L*(u)) = 0, each of £ are Legendrian embeddings.

It has been shown that my; : Ay — H"(—1) is a Legendrian fibration. The fiber is the
intersection of LC* with a spacelike hyperplane (i.e., an elliptic hyperquadric). Therefore the
intersection of the fiber with the normal plane (i.e., a timelike plane) in R}*" of M consists of
two points at each point of M. This is the reason why we have such two Legendrian embeddings.
However, one of the results in the theory of Legendrian singularities (cf., the appendix) asserts
that the Legendrian submanifold is uniquely determined by the wave front set at least locally.
Here, M = X (U) = my0LE(U) is the wave front set of £ (U) through the Legendrian fibration
mo1. Therefore each of the Legendrian embeddings Ezi is uniquely determined with respect to
M = X (U). It follows that we have a unique pair of lightcone Gauss images L* = 79, 0 L3
Moreover, we have a Legendrian embedding £, : U — A; defined by £;(u) = (X (u), e(u)).
It follows from the mandala of Legendrian dualities, we have

Ly(u) = i3 0 Ly(u) = (L (u), e(u)), La(u)= V40 Ly(u) = (L~ (u),L*(u)).

We write Lo(u) = L3 (u). Eventually we have Legendrian embeddings £; : U — A; (i =
1,2,3,4) such that ¥;; o £; = £;. In this case we started the embedding X : U — H"(—1).
However, we have no reason why we do not start a spacelike embedding into S} or LC™.

According to the above arguments, we consider the following situations. Let £, : U — A,
be a Legendrian embedding and denote that £;(u) = (X"(u), X?(u)). By using the contact
diffeomorphism W4, we have a Legendrian embedding £, : U — A, defined by L4(u) =
W40 Ly (u). We denote that L4(u) = (X (u), X’ (u)), so that we have the following relations:

X5 (u) = X"(u) = XU (u), X (u) = X"(u) + X (u),
_ X (u) + X (v) _ X (u) — X (u)
2 2 ’

X" (u) , X(u)
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We also denote that Lo = Vis0L : U — Ay and L3 = V30 L : U — As, so that we have
Ly(u) = (X"(u), X (), Ls(u) = (X (u), X (u)).

Since V;; (1,7 = 1,2,3,4) are contact diffeomorphisms, £;(U) (i = 1,2,3,4) are Legendrian
submanifolds. By defintion, £;(U) is a Legendrian submanifold in A; if and only if

(X" (u), X (u)) = (X" (u), X7, () = (X, (u), X (u)) = 0

fori =1,...,n—1. Therefore if we suppose that X" is an embedding, then X can be considered
as the Gauss map of M" = X"(U) and —dX“(u) is the corresponding Weingarten map. If X
is an embedding, then X" can be considered as the Gauss map of M¢ = X%(U) and —dX"(u) is
the corresponding Weingarten map. It follows that we can define the corresponding curvatures.
The situations are the same as for the other £;(U). We now summarize the situations. We
denote that M7 = X"(U) and MP = X*U). If X" is an embedding, we call X% the de
Sitter Gauss image of hypersurface M* in the hyperbolic space H"(—1). Moreover, we define
(S, = —dX%u) : T,M" — T,M"™ where p = X"(u). We also call (S}), the de Sitter
Weingarten map of hypersurface M* in the hyperbolic space H*(—1) at p = X h(u) Then we
have de Sitter principal curvatures k;(u) (i =1,...,n—1) defined as the eigenvalues of (S}'),
and the de Sitter Gauss-Kronecker curvature K (u) = det(SH), of M at p = X"(u).

On the other hand, if X¢ is an embedding, we call X" the hyperbolic Gauss image of
spacelike hypersurface MP in the d Sitter space S7. Moreover, we define (SP), = —dX"(u) :
T,MP — T,MP where p = X%(u). We also call (SP), the hyperbolic Weingarten map of
spacelike hypersurface MP in the de Sitter space S at p = X d(u). Then we have hyperbolic

principal curvatures Ky (u) (i = 1,...,n—1) defined as the eigenvalues of (S}), and the hyper-

bolic Gauss-Kronecker curvature KP(u) = det(SP), of MP at p = X“(u). If both the mappings
)(Ah, X% are em];eddlnghs, then we ddeﬁne ggh(u) = <X?(§L), X;‘(hu», g (u) = (X?(u), X?(u)})qanj;l
hijl(u) = — (X} (u),Xj (u)) = (Xij(u),X (u)) = (X (u),XU(u» We respectively call g;7, g;;
and hﬁl a hyperbolic first fundamental invariant of M, a de Sitter first fundamental invariant
of MH] and a A;-second fundamental invariant. In this case we can identify T, M* with TI;MD
for p = X"(u) and p’ = X%(u). By definition, the principal directions of (S¥), and (SP), are
the same. We have the following Weingarten type formulae.

Proposition 4.1. Let £, : U — Ay be a Legedrian embedding with L£1(u) = (X"(u), X%(u)).
(1) Suppose that X" : U — H™(—1) is an embedding. Then we have

n—1 )

X4 =- Z (n")I X

J=1

(2) Suppose that X*: U — H"(—1) is an embedding. Then we have

n—1 ]

Xho==> (") x1.

Here, ((h")]) = (hi;")(g}f) ™" and ((P)]) = (hi7')(g5) ™.

The proof of the above formulae are the same as those for the Weingarten type formula in

[17], so that we omit it. We remark that xZ;(u) and xf;(u) are the eigenvalues of ((h* )] ) and

((hP)]) respectively. We have the following relation between kil (u) and kP (u).
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Corollary 4.2. Suppose that both the mappings X", X¢ are embeddings. In this case we have
the relation Kk} (u)ky);(u) =1 (i = 1,...n—1). Here x};(u) and ky;(u) are principal curvatures

corresponding to the same principal direction.

Proof. Since both the mappings Xh, X? are embeddings, K (u) # 0 and KP(u) # 0. By the
Weingarten type formulae, ((hD )f) is the inverse matrix of ((hH )f) , so that the eigenvalues
have the above relations. O

We say that m;; o £; and 7,5 o L; are A;-dual each other if £; : U — /A, is an isotropic
mapping with respect to K.

5 Linear Weingarten surfaces

Galvez, Martinez and Milan has investigated the linear Weingarten surfaces using the Weier-
strass type representation formula [12]. In this section, we discuss linear Weingarten surfaces
and their hyperbolic Gauss maps from our point of view.

5.1 Matrix representation of pseudo-spheres

Let Herm(2) be the set of 2 x 2 Hermitian matrices. Identifying via

3
4 }: - To + T3 1+ —1xy
Rl > <x07x17x27x3) = Tr€p = (IE1 _ \/__11,2 To — T3 € Herm(2)7

k=0
where
10 0 1 0 v—1 1 0

60_(0 1)761_(1 0)762_(_ /_1 0)763_(0 _1))
one has (x,y) = trace(zesy('y)es) = trace(xy), where g is the cofactor matrix of y. In
particular, we have (x,x) = — det . Hence the pseudo-spheres are represented as

H3(—1) = {X € Herm(2)| det X =1, trace X > 0} = {AA*|A € SL(2,C)},
S} = {X € Herm(2)|det X = -1} = {AezA*| A € SL(2,C)},
LC* = {X € Herm(2)| det X =0, trace X > 0}
= {Am A" |A e SL(2,C)} = {AmA*|A € SL(2,C)},

where

20 0 0
m; =ey+ ez = 0 0/’ mo = €y — e3 = 0 2/

If we define an action of g € SL(2,C) to © € R} by g-x = gxg*, then the above pseudo-spheres
are invariant under this action, thus we have the another representation:

H?(-1)={AzA*| A€ SL(2,C), = € Herm(2), detx = 1}.

5.2 Dualities of surfaces in pseudo-spheres

In the context of our duality, as in Section 4, the following lemma holds.
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Lemma 5.1. Let X" : U? — H3(—1) be a surface and X4 the hyperbolic Gauss map of X"
Then
X"e mi(-1), Xte S} X"+ XteLor, X" - X4e Lo

are dual each other in the sense of Theorem 3.1.

Proof. This lemma is a conclusion from the general theory of duality as in Section 4. But
we give an alternative proof here. It is based on a direct calculation. By the definition, we
have <Xh,Xd> = 0 and <dXh,Xd> = 0. Hence X" and X? are dual. The other cases
are obvious because of the definition of dualities [25] and formulas (X XM X d> = —1,
(X4, X"+ X = (- X" X" - X% =1and (X" + X4 X" - X7) = 2. O

5.3 Linear Weingarten surfaces of Bryant type and Bianchi type

A surface f : U? — H3(—1) is called a linear Weingarten surface if the mean curvature
HI = (sl + ki) /2 and the de Sitter Gauss-Kronecker curvature K4 satisfies

20(HY — 1)+ b(K¥ —1)=0, a, bR, a+b#0.

If a+b # 0 holds, it is called a linear Weingarten surface of Bryant type. In [22], we investigated
“horo-flat” horospherical surfaces in H?(—1). It is linear Weingarten surfaces of non-Bryant
type, we considered them as surfaces whose hyperbolic Gauss map degenerates to a curve in
the de Sitter space (see [22, Section 4]). This means that a horo-flat horospherical surface is
the dual surface of a curve in the de Sitter space. In [12], Galvez, Martinez and Milan showed
the following representation formula for linear Weingarten surfaces of Bryant type.

Theorem 5.2. [12, Theorem 2] Let V C C' be a simply connected domain. Fiz a meromorphic
map A:V — SL(2,C) satisfying
-1 . 0 w
AT dA = (dh E

where h is a meromorphic function and w a holomorphic one-form. If

o= (a+Db) ((1 +elh) lwl” - %)

is positive definite then f = A(QLy)A* is a linear Weingarten surface. Moreover, the hyperbolic
Gauss map v of f is given by v = A(2_)A* where

1+ &2 =
Qe = | 1+¢lh? e , respectively, ¢=a/(a+b), and 1+¢|h|* > 0.
Feh +(1 4+ ¢|h|?)

By Lemma 5.1, we can obtain the dual surfaces in S} and LC* by taking v : U? — S? and
fExv:U?— LC*

2; 0 Qﬂ —9h
f+vrv=A 1+5|h|2 A f—-v=A 1-|-g]h]2 A*. (5.1)
0 0 —2eh 2(1+¢lh)?)
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In [3], Aledo and Espinar showed a Weierstrass type representation formula for linear Wein-
garten surfaces of Bianchi type. A surface f : U? — S} is a linear Weingarten surface if the
mean curvature HP and the hyperbolic Gauss-Kronecker curvature K/ satisfies

2A(HP —1)+ B(KP —1)=0, A, BeR.

If A+ B # 0 holds, it is called Bianchi type. As a consequence of the duality theorem, we can
interpret the relationship between linear Weingarten surfaces in H? (—1) and S5.

Theorem 5.3. Let £, : U? — Ay be a Legendrian immersion. Suppose that both of w1 o Ly :
U? — H3(-1) and ma o Ly : U> — S} are immersions. Then my 0 £, = X" is a linear

Weingarten surface of Bryant type if and only if ms 0 £1 = X% is a linear Weingarten surface
of Bianchi type.

Proof. Let kf; (i =1,2) be the de Sitter principal curvatures of M* = X"(U) at p = X"(u).

and £y, (i = 1,2) the hyperbolic principal curvatures of M” = XY U) at p = X%u). By 4.2,

we have the relations x};xp; = 1. Since KJ'(u) = xf|s}, and 2H]" = k| + kl/,, we have
2a(HY — 1) + b(KH — 1) = a(mﬁ{l + 55{2 -2)+ b(ﬂgllmfﬁ 1).

We also have another relation

- H _1/.D
Since ry; = 1/ky;, we have

1 1 1
2a(HE — 1)+ (K7 —1) = —— =2 b -1
o(Ha )+ bk ) a(“hD,1+“hD,2 >+ (“hD,lﬁhD,Q )

1
= DD (a(“hD,l + “5,2 —2) + (—2a — b)(xy, 1’152 1)
nilh2
1
= 5 (2a(H) = 1)+ (=2a = b)(K}} — 1))
Kp1bKnh2

If we put A =a, B= —(2a+b), then 2a(H? — 1)+ b(K}¥ —1) = 0 if and only if 2A(HP —1) +
B(KP —1) = 0. Moreover, A+ B = 0 if and only if a + b = 0. This completes the proof. [

This theorem shows that we can bring the representation formula for a surface in H?(—1)
to representation formulas for surfaces in S? and LC*, and get new surfaces. Remark that
we have interesting families of surfaces in the lightcone obtained by taking the dual of linear
Weingarten surface of non-Bryant type. In fact, the Gauss map v of a linear Weingarten surface
f given in Theorem 5.2 is a linear Weingarten surface in S}. Furthermore, surfaces f 4 v given
in (5.1) are this class of surfaces. Theorem 5.3 says that Theorem 5.2 also can be considered
representation formula for these families of surfaces. Kokubu and Umehara investigated the
topological properities of linear Weingarten surfaces giving a variant of this representation
formula [27].
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6 The Legendrian dualities for “flat” spacelike surfaces

In this section we study general properties of spacelike surfaces in pseudo-spheres which are
A;-duals of spacelike curves in pseudo-spheres. Let ag : I — H3(—1) be a smooth map and
a;: I — S} (i = 1,2) be smooth mappings from an open interval I with (a;(t),a;(t)) = 0
if i # j. We define a unit spacelike vector as(t) = ao(t) A a1(t) A ax(t), so that we have a
pseudo-orthonormal frame {ag, a1, as, as} of R{. We have the following fundamental invariants:
a1(t) = (ag(t), ar(t)) = —(ao(t), @i (1)),  cut) = (a) )
ea(t) = (ag(t), ax(t)) = —(ao(t), a5(t)),  cs(t) = (ai(t), as(t)) = —(ai(t), as(t)),
c3(t) = (ag(t), as(t)) = —(ao(t), as(t)),  cs(t) = (a) 5

It can be written in the following form:

ag(t) 0 alt) ) )\ [all) ao(t)
ai(t)| _ |al) 0 alt) o) | [a) ]| _, o) | & (t)
a’2 (t) Co (t) —Cy4 (t) 0 Cg (t) as (t) ' as (t)
a;(t) cs(t) —es(t) —ce(t) 0 a;(t) a;(t)

We remark that C(t) is an element of the Lie algebra so(3, 1) of the Lorentzian group SOy(3, 1).
If {ao(t),a:(t), as(t),as(t)} is a pseudo-orthonormal frame field as the above, the 4 x 4-matrix
determined by the frame defines a smooth curve A : I — SOy(3,1). Therefore we have the
relation that A'(t) = C(t)A(t). For the converse, let A : I — SOy(3, 1) be a smooth curve, then
we can show that A'(t)A(t)™' € s0(3,1). Moreover, for any smooth curve C' : I — s0(3,1),
we apply the existence theorem on the linear systems of ordinary differential equations, so
that there exists a unique curve A : I — SOy(3,1) such that C(t) = A'(t)A(t)~' with an
initial data A(ty) € SOq(3,1). Therefore, a smooth curve C': I — s0(3,1) might be identified
with a pseudo-orthonormal frame in H?(—1). Let C': I — s0(3,1) be a smooth curve with
C(t) = A(t)A(t) and B € SO(3,1), then we have C(t) = (A(¢t)B)'(A(t)B)~'. This means
that the curve C' : I — s0(3,1) is a hyperbolic invariant of the pseudo-orthonormal frame
{ao(t),a;1(t),as(t),as(t)}. We set £ = ag + as and c36 = c3 + cg. We study dual surfaces of
£ using Ay, Az and Ay-duality. In this section, we assume c3(t) = 0, ¢;1(t) — c4(t) = 0 and
c36(t) # 0 for any ¢, this means that £ = c3sasz # 0.

6.1 As, As and Ay-dual surfaces of £

(1) As-dual surface of £: In order to obtain the Ay-dual surface of £, we consider a hight
function F' : H? (—1)xI — R defined by F(X,t) = (X, £(t))+ 1. There exist o, 21, 22, 23 € R
such that X = xgag + x1a1 + z2as + x3a3. Then the discriminant set Dy of I is
Dp = {XeH{(-1)| tel, F(X,t) = E(X’t) =0}
= {XeH}(-1)|tel,~zg+as+1=0, z3 =0}.

Since X € H?(—1), we have
2

X = ao(t) + say(t) + %E(t)

for z; = s, which we denote X(s,1).
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By the above construction, (X} (s,t),£(t)) : R* — A, is an isotropic map with respect to
the contact structure defined in Theorem 3.1, so that X (s, t) and £(t) are Ay-dual each other.

Since ¢, = ¢; — ¢4 = 0 hold, the surface X is horo-flat in the sense of [22]. Moreover if we
assume c3(t) = 0 for any ¢, then the singular value of X is ao(t). We also consider the A;
and As-dual surfaces of ag. By the same computations as those of the previous paragraph for
obtaining the surface X, we have the A;-dual surface X¢ and As-dual surface X% of a as
follows:

X(s,t) ;= cossas(t) +sinsas(t) and X} (s,t) = ag(t) + cos s ay(t) + sin s as(t).

In [22], we introduced these surfaces X% and X% by the same construction as the above and
investigated the geomeotric properties and singularities of them. It has been shown in [22] that
X ? is a linear Weingarten surface of non-Bryant type.

(2) As-dual surface of £: Under the condition cy(t) = ¢3(t) = 0 for any ¢, we consider a hight
function F : S x I — R defined by F(X,t) = (X, £(t)) — 1. By the same computations as
those for detecting X} (s,t), the descriminant set is given by

2
s
X = G,Q(t) + Sal(t) — Eﬁ(t),
which we denote that X (s, t). Like as in the case for X}, we consider the dual surfaces of a,
here. By exactly the same calculations as those in the previous cases, the A;-dual surface X Z
of ay(t) and the As-dual surface X of ay(t) are parameterized by

X"(s,t) ;= coshsag(t) +sinhsas(t) and X.(s,t):= ay(t) + coshsag(t) + sinh s as(t).

(3) Ay-dual surface of £: Under the condition cy(t) = c¢4(t) = 0 for any ¢,we consider a
hight function F' : LC* x I — R defined by F(X,t) = (X, £(t)) + 2. By exactly the same
computations as those of the previous two cases. we have

X = ag(t) — as(t) + 2sa,(t) + s°£(t),

which we denote X (s, ). We study geometric properties of X(s, t) in section 7 and investigate
the singularities in section 8. Like as in the case of X} and X¢, we consider the dual surfaces
of £_ := ap — ay. Under the condition co(t) = ¢1(t) + c4(t) = 0 for any ¢, the Ay-dual surface
X" of £_(t), the As-dual surface X¢_ of £_(t) and the Ag-dual surface X5 of £_(t) are

parameterized by

X" (s,t) = ag(t)+3a1(t)+%£_(t),

X9 (s,t) = —aQ(t)+sa1(t)—%£(t),
X (5,1) = ao(t) + ay(t) + 2sa(t) + s*£_(t).

Since we can obtain these surfaces X% , X¢ and X'_ by translating a; — —as, geometric
properties of these surfaces are completely the same as those of X ?, X ? and X ﬁ Here we remark
the super and lower subscript. For example, X ? means this surface is the dual surface of a
curve in the lightcone and lies in the hyperbolic 3-space. Since surfaces X ?, X 2[ and X ﬁ are
one-parameter families of parabolas, we call these surfaces parabollatic surfaces. If we adopt the
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word “parabolic” instead of the word “parabollatic”, it might be confused with other notions.
Now, we summerize the correspondences between these curves and surfaces:

2

LC* D L(t) «—— X(s,t) = ao(t) + sa,(t) + %B(t) C H(-1)
2

LC* S L(t) — XUs,t) = as(t) + sai(t) — %E(t) c S

LC* D L(t) «— Xi(s,t) = ag(t) — as(t) + 2sa.(t) + s°£(t) C LC* 6.1)
H3(=1) D ag(t) —— X(s,t) = cossas(t) + sinsas(t) c S?
H3(=1) D ag(t) «— X}(s,t) = ao(t) + cos say(t) + sin sas(t) C LC*

S% D ay(t) «— X!(s,t) = coshsag(t)+ sinhsas(t) C H(-1)

S3 D ay(t) «—— Xi(s,t) = as(t) + coshsay(t) + sinh sas(t) < LC*.

6.2 Dualities of “flat” surfaces

By using the equations for the pseudo-orthonormal frame, we have

2
S
(XZ)/(S’ t) = sciag+ cia; + scias + (03 + scs + 5036) as

(X?)S(S,t) = Ssag+ a; + saq,
where () means 0/0t and ()s means 0/0s. It follows that we have

(X (s, 1), X2(5,0)) =0,

(X)) (£s,1), X7(Fs,t)) =0 and ((X})s(Es,t), X (Fs,t)) =0,

where = 0 means that it holds identically. This implies that (X%, X¢) : R? — A, is an isotropic
map with respect to ;. Therefore X” and X¢ are A;-dual each other. Since X/} (s,t) is a linear
Weingarten surface of non-Bryant type, X ?(3, t) is a linear Weingarten surface of non-Bianchi
type by Theorem 5.3. By the same calculation, we can show that the As-duality between
X" (4s,t) and Xi(+s,t), and the Az-duality between X¢(+s,t) and —X(Fs,t) under the
assumptions ca(t) = 0, ¢1(t) — c4(t) = 0. These assumptions mean that a kind of flatness of
X"(s,t), X%(s,t) and X5(s,t). For X"(s,t), such a flatness is called horo-flat in [22].

Furthermore, under the conditions cy(t) = ¢3(t) = 0 for any ¢ (resp. c2(t) = ¢g(t) = 0),
we have (X, X)) =1 (resp. (X}, X5) = —1) and (X},dX}) =0 (vesp. (X}, dX}) =0).
Hence X¢ and X are As-dual (resp. X" and X% are A,-dual) each other. By Theorem
5.3 and the mandala of Legendrian dualities, the surface X(s,t) corresponds to the linear
Weingarten surfaces of non-Bryant type in H? (—1) and of non-Bianchi type in S}.

Thus we have the following diagram which expresses the duality for flat surfaces in pseudo-
spheres:
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(CLO + saq + (82/2)6, as — sa| — (82/2)8)
m
Ay

Y
Ay
Y

ag — as + 2sa; + 520, £
(

(ao + sai + (s*/2)e, €) sy (€, —as + sa; + (s*/2)¢),
If we start from a curve £ in the lightcone, we have the following diagram of dualities:
ao + sa; + (s2/2)L

m
Hi(-1)

Ag—dual

LC*

As-dual
S8 /

As-dual LC
w w
—ay + sa; + (s%/2)L ag — as + 2saq + s%4.
Also we can have the diagram on dualities starting from ay and as:
HY(-1)
w
Qg
) Aq-dual Ay-dual
S} LC*
W As-dual W
COS $@y + sin sag ag + cos say + sin sas

and

15
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Sy
w
as
5 Aq-dual As-dual
H:(-1) LC*
W Ay-dual W
cosh sag + sinh sag as + cosh saq + sinh sas.
We can also have a diagram starting from the curve £_ = ag — as. However, the situation is

the same as the case for £, so that we omit it.

7 Fundamental properties of parabollatic surfaces

In section 6, we construct the dual surfaces of £ which are called parabollatic surfaces. The
analogous notion in Euclidean space is ruled surfaces given by one-parameter families of lines in
R3. For the study of singularities and geometric properties of ruled surfaces, the striction curve
plays a crucial role ([16]). The striction curve is a curve on the ruled surface which contains
the singularities of the surface. Similarly, an analogous notion of the striction curve also plays
a crucial role for one-parameter families of circles ([23]). Since surfaces X}, X¢ and X} are
one-parameter families of parabolas, we try to find the analogous notion of striction curves of
ruled surfaces. Here, we only consider the surfaces X%, X¢ and X/. We remark that surfaces
X¢ Xt X" and X/ have similar properties as the circular surfaces [23]. We shall investigate
these surfaces in the forthcoming paper.

7.1 The striction curve of X/

Let A = (ag,a1,a2,a3) : I — s0(3,1) be a pseudo-orthonormal frame defined in Section 6.
The As-dual surface X¢ of £ is defined by

X9 a(s,1) = as(t) + saq (t) — %E(t).

For any t, the curve s — X?7A(s,t) is a parabola. The each parabola called the generating
parabola.
On the other hand, for any curve

@(t) = as(t) + s(t)ay(t) — 2 L-L(t) (7.1)

on the X¢, we define

s(t)? s(t)?

a_g(t):(l—i- 5 )ao(t)—s(t)al(t)+ 5 as(t),

ai(t) = —s(t)ao(t) + a1(t) — sas(t) and az(t) = as(t)

(7.2)

e

then X?yg(s — s(t),t) = X¢ A(s,t) holds. Moreover, we define invariants C(t) by the formula
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A'(t) = C(t)A(t), then we have

( = (ﬁ) c —§'(t) + S? cy — S(t)co
G = S(t)ey +co— s(t)ey
C_3 = (3 — S(t)C5 + S<;) C3g
G = _S2<t) ¢ — s(t)ey + (1 + 8(;) ) cy — S'(t)
G = c5— s(t)cse
G = cg+s(t)es — S<t>2036.

It follows that
Cl—Ci=10C —
and

1—ci=c=0ifand onlyif ¢; —cs =2 = 0.

This means that the condition ¢; — ¢4 = ¢ = 0 is invariant under the adopted coordinate
changes. Here, a reparameterization (s,t) — (S, 7)) of X¢ 4 is said to be adopted if S = s — s(t)
and T'=t. We have the following proposition.

Proposition 7.1. Let XjA be a parameterization of a parabollatic surfaces of the form

2
X?A(S,t) =ay + sa; — %e

such that c; —cq never vanish. Then Image X;{A has an adopted reparameterization of the form

52

X{ 4(s,t) =@y + sa; — 52

satisfying (ay’,az) = 0 for any t.

Proof. Let us define
—Co(t
s(t) = _ el
c1(t) — ca(t)
and define curves @y, @, @ by (7.1) and (7.2). Then &3 = 0 holds. We do not need to say that
X ?72 and X¢ 4 have the same image. Thus the condition of the proposition holds. O

A curve X7 A(s(t),t) on the surface is called striction curve if (ah(t),as(t)) = 0 for any
t holds. Proposition 7.1 implies that we can take as as the striction curve. Singularities of
parabollatic surfaces are located on the striction curve. For any parabollatic surfaces satisfying
c1 — ¢4 = 0, there exists a unique striction curve.

Proposition 7.2. Let X‘Z,A be a parabollatic surface with the striction curve as and ¢y —cyq # 0.
If (so, to) is a singular point, then sy = 0 namely, o is located on the striction curve. Moreover,
if (0,t0) is a singular point, them the generating parabola at ty is tangent to the striction curve.

Proof. Direct calculation and a), = —c4a; yield the conclusion. a
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7.2 The striction curve of Xﬁ

In this section, we study general properties of dual surfaces of £. Let A = (ag, a1, as,a3) :
I — 50(3,1) be a pseudo-orthonormal frame defined in Section 6. The dual surface X of £ is
defined by

X4 a(s,1) == ag(t) — ay(t) + 2sa;(t) + s2£(t).

For any curve, @ — @z(t) = ag — as(t) + 2s(t)a(t) + s2£(t) on X} q, we define

ag(t) = ao+ s(t)a; + ﬂﬂ, ai(t) = a; + s(t)L(1),

2 7.3
o(1)? (7.3)
2

as(t) = ag — s(t)a; — £ and a3(t) = as(t)

then X?Z(s — s(t),t) = X4 4(s,t) holds. Moreover, we define invariants C(¢) by the formula
A'(t) = C(t)A(t), then we have

( G = —8(2)2 (c1 —cq) + 1+ 5 (t) + sc
G = —s(t)er+co+ s(t)ea
G = c3+s(t)es + S(;>2036
G = —S(;)ch + s(t)ey + 8(3)204 + 5(t)
G5 = c5—s(t)ese

| G6 = C6— s(t)es — 8(5)2036

Thus it follows that
Cl—Ci=10C—C4

and

¢l — ¢4 =0y =0if and only if ¢; — ¢4 = ¢ = 0.

A reparameterization (s,t) — (S,T) of X7 4 is said to be adopted if S = s — s(t) and T = t.
We have the following proposition.

Proposition 7.3. Let XﬁﬁA be a parameterization of a parabollatic surfaces of the form
X?A(s, t) = ag — ay + 2sa; + s°£

such that ¢y — cq never vanish. Then Image Xf;,A has an adopted reparameterization of the form
X{ (s, t) =@y — @ + 25@1 + s°€

satisfying (@y’, az) = 0 for any t.

Proof. Let us define
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and define curves A as (7.1) and (7.2). Then ¢ = 0 holds. We do not need to say that X?Z
and X ﬁ, 4 have the same image. Thus the condition of the proposition holds. O

A curve on the surface X4 4(s(t),t) is called striction curve if (a}(t), as(t)) = Ofor any t
holds. Proposition 7.3 implies that one can take as as the striction curve. Singularities of
parabollatic surfaces are located on the striction curve.

Proposition 7.4. Let X?A be a parabollatic surface with the striction curve as and ¢ —cy # 0.
If (s0,t0) is a singular point then sy = 0 namely, xq is located on the striction curve. Moreover,
if (0,t0) is a singular point then the generating parabola at ty which is tangent to the striction
curve.

Proof. For a parabollatic surface X 4, point (s, o) is a singular point if and only if

Cg(to) — 80(01 (to) — C4(t0)) = O and Cg(to) — CG(to) + 28065(f0) + 83036(150) = 0

Thus if ag — ay is the striction curve, them sy = 0 and c3(ty) — ¢6(to) = 0 holds. Moreover,
if ¢3(to) — c6(to) = 0, then the parabola tangents to the striction curve at (0,ty). Because of
a, — ah = —cy(ag — as) + (c1 + c4)ay. O

Singularities of these surface are studied in Section 8. Although we can costruct dual surfaces
from £_, their geometric properties are the same as those of dual surfaces constructed from £,
so that we omit the study of their striction curves.

8 Singularities of flat parabollatic surfaces

8.1 Ciriteria for singularities of frontals

All surfaces investigating here have an isotropic lift to some contact manifold. They are called
frontals which are originally investigated by Zakalyukin[34, 35]. In order to investigate singu-
larities of concretely parameterized surfaces, the identification problems for singularities are
important. Let fy be a given map germs. The identification problem for f, means that finding
a necessary and sufficient condition that if a map germ f satisfies the condition, then f to
be A-equivalent to fy. We call the condition criterion of fy. Such criteria are given by many
people now. Simple criteria for cuspidal edge and swallowtail were given by Kokubu, Rossman,
Saji, Umehara and Yamada [28]. Other criteria for singularities of frontals are investigated in
[13, 32, 22]. Here, we briefly review the criteria of frontals. Let 7 : E — M be a Legendrian
fibration from a five-dimensional contact manifold £ to a three-dimensional manifold M. A
C>®-map f : U — M is called a frontal (resp. front) if there exists an isotropic lift (resp.
Legendrian immersion) Ly : U — E, where U C R? be an open set. Recall that the image
of the Legendrian sumbanifold is called the wavefront set (see Section 3). By the generalized
Darboux theorem (cf., [2], 20.3), any Legendrian fibration £ — M is locally equivalent to the
standard fibration PTR? — R3. Therefore, we assume that £ — M is PTR?> — R3 and that f
is a C> map germ (U,p) — (R?, f(p)). Taking the fiber component, let us denote Ly = (f, [V]).
The discriminant function of a frontal f is defined by A(u,v) = det(fy, fu, v)(u,v) using the
coordinate system (u,v) on U, where f, = Jf/0u, for example. A singular point p of f is
non-degenerate if d\(p) # 0 holds. Let p be a non-degenerate singular point of a frontal f. In
this case, there exists a smooth parameterization y(¢) : (—¢,¢) — U, 7(0) = p of S(f) near
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p. Moreover, there exists a smooth vector field n(t) along ~y satisfying that 7(t) generates the
kernel of df,). We call this vector field the null vector field. Now we define a function ¢y(t)
on v by

¢5(t) = det ((f o), v oy, dv(n))(t) (8.1)

Using these notations, the following criteria have been obtained.

Theorem 8.1. [28, 13] Let f : U — R3 be a front and p a non-degenerate singular point of f
and v : (e,e) — U, v(0) = p be a smooth parameterization of S(f) near p. Then the following
assertions hold.
o IfnA(p) #0 then f to be a front near p if and only if p£(0) # 0 holds.
o The map germ f at p is A-equivalent to the cuspidal edge if and only if f to be a front
near p and n\(p) # 0 hold.
o The map germ f at p is A-equivalent to the swallowtail if and only if f to be a front

near p, nA(p) = 0 and mmA(p) # 0.
e  The map germ [ at p is A-equivalent to the cuspidal cross cap if and only if n\(p) # 0,

65(0) = 0 and ¢(0) # 0.

Here, n) : U — R means the directional derivative of A by the vector field 77, where 77 € X(U)
is an extended vector field of 77 to U. Moreover, we have the following criterion for the cuspidal
butterfly.

Theorem 8.2. Let f : U — R3 be a front and p a non-degenerate singular point of f and
v : (e,e) = U, v(0) = p be a smooth parameterization of S(f) near p. Then the map germ f
at p is A-equivalent to the cuspidal butterfly if and only if f to be a front near p and nA\(p) =

mA(p) = 0 and nmA(p) # 0.

A proof of this theorem is given in the appendix. Next we consider a degenerate singularity.
Let p be a degenerate singularity of a front f. If rank(df), = 1, then there exists a non-zero
vector field n near p such that if ¢ € S(f) then n(q) generates the kernel of df(¢q). A criterion
for the degenerate singularity is given as follows.

Theorem 8.3. [22] Let f be a frontal and p a degenerate singular point of f Then the following
assertions hold.

e The map germ f at p is A-equivalent to the cuspidal lips if and only if rank(df), = 1
and det Hess A\(p) > 0.

o  The map germ f at p is A-equivalent to the cuspidal beaks if and only if rank(df), = 1,
det Hess A(p) < 0 and nmmA(p) # 0.

In order to study singularities of a front in pseudo-Riemannian space, we introduce the
following notion.

Definition 8.4. ([13]) A lift L, : U — T*N of a C*-map g : U — N to be admissible if g
never intersect to the zero-section and g, (7,U) C ker(Ly(p)), where ker(Lgy(p)) C Ty N is the
kernel of a linear map Ly(p).

Using this notion, a criterion for cuspidal cross cap is stated as follows.

Theorem 8.5. ([13, Theorem 1.4|) Let g : U — N be a frontal and L, : U — T*N be
an admissible lift of g. Let D be an arbitrary linear connection on N. Suppose that ~y(t)
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(|t] < €) is a singular curve on U passing through a non-degenerate singular point p = ~(0),
and &, : (—e,e) — T'N is an arbitrarily fived vector field along v such that

(1) L(&,) vanishes on U and

(2) &, is transversal to g.(T,U) at p.

We define a function 1,(t) by

Ua(t) = L(Dj& (1(0) ). (8:2)

where 1n(t) is a null vector field on the singular curve parameterized by t. Then the germ g at p
is A-equivalent to the cuspidal cross cap if and only if 1,(0) = 0 and 1,(0) # 0 hold, and 7(0)
is transversal to 7'(0).

8.2 Singularities of dual surfaces of £

In this section, we apply the criteria, and describe the conditions of singularities of dual surfaces
of £. We assume that ¢y = ¢; — ¢4 = 0 in this section.

Theorem 8.6. The singular set of X is S(X1) = {(s,t) | 2c3(t) 4 2sc5(t) + s2cs6(t) = 0} and
X" is a frontal for any po = (so,t0) € S(X%). Then we have the following assertions:
o Ifcss(to) # 0 holds, then X% to be a front near py.
e X! atpy is A-equivalent to the cuspidal edge if and only if css # 0 and alt == —2¢i(cs +
Sc36) + 27y 4 2sck + s*chg # 0 hold at py.
° XZ at py is A-equivalent to the swallowtail if and only if c3s # 0, c5 + sczg # 0, aff =0
and ci(alt)s + (') # 0 hold at po.
e X/ at py is A-equivalent to the cuspidal butterfly if and only if css # 0, c5 + scsg # 0,
af =0, ci(af)s + (o) # 0 and AE(af)ss + 2c1(a)s + d(af)s + ()" = 0 hold at py.
° X? at po is A-equivalent to the cuspidal lips (resp. cuspidal beaks) if and only if czg #
0, c5 + sczg = 0, 25 + 2sch + s?°chg = 0 and det H > 0 (resp. det H} < 0 and
—2¢1 (36 + ¢ + schg) + (—2¢1(c5 + sc36) + ¢ + sck + s*hg) # 0) hold at py, where

Hl{l = ( /2636 / //20/5 +/?SC§))62 /" ) .
205 + 28¢5 2c5 + 25cy + 5%y

° XZ at po is A-equivalent to the cuspidal cross cap if and only if c3¢ = 0, crc5 # 0 and
chs 7 0 hold at py.

Remark 8.7. Surfaces X} satisfying c3 = 0 be a horo-flat horo-cyclic surfaces which is in-
vestigated in [22]. Substituting c3 = 0 in the formulas of Theorem 8.6, we have [22, Theorem
6.2].

Theorem 8.8. The singular set of X§ is S(X) = {(s,t) | — 2cs(t) — 2sc5(t) + s2cz6(t) = 0}
and X? is a frontal for any (so,ty) € S(Xg). Then we have the following assertions:
o Ifcsg(to) # 0 holds, then X;l to be a front near py.
° Xg at py is A-equivalent to the cuspidal edge if and only if css # 0 and of = 2¢1(cs —
sc3g) + 2¢5 + 2scy — s%Cys # 0 hold at po.
° X? at po is A-equivalent to swallowtail if and only if c3s # 0, ¢s — scz6 £ 0, aff =0 and
c1(af)s + () # 0 hold at py.
° szl at po is A-equivalent to cuspidal butterfly if and only if c3s # 0, ¢s—scss # 0, al =0,
cr(ad)s + (o) =0 and A (af)ss + 2¢1 (o), + ¢, (af)s + (o) # 0 hold at py.
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X;l at po is A-equivalent to the cuspidal lips (resp. cuspidal beaks) if and only if c3s #
0, 2¢f + 2sck — s%chs = 0, c5 — sc3e = 0 and det HY > 0 (resp. det H} < 0 and
c1(—2c1¢36 4 2c — 25dys) + (2¢1(c5 — ses6) + 2¢f + 2scf — 32036)/ #0) hold at py, where
Hg = ( /_2036 / 7 20/5 _/?80362 1 > .
205 — 25Cq  2cg + 28¢5 — s%C3q
Xff at po is A-equivalent to the cuspidal cross cap if and only if csg = 0, cic5 # 0 and
css 7 0 hold at py.

Theorem 8.9. The singular set of X4 is S(X5) = {(s,t) | cs(t)(s>+1)+2sc5(t)4-cg(t)(s2—1) =
0} and X7 is a frontal for any (so,to) € S(X5). Then we have the following assertions:

If c36(to) # 0 holds, then Xﬁ to be a front near py.
Xﬁ at po is A-equivalent to the cuspidal edge if and only if css # 0 and o} := —2¢y(c5 +
scag) + 4(s% + 1) + 2sck + cg(s* — 1) # 0 hold at po.
Xf at py is A-equivalent to the swallowtail if and only if css # 0, ¢5 + sc3s # 0, af =0
and —c;(af)s(af) # 0 hold at po.
XY at py is A-equivalent to the cuspidal butterfly if and only if css # 0, c5 + scsg # 0,
ab =0, —c1(ah)s(ah) =0 and 2(ab)ss — 2c1(ab)l — i (ab)s + (af)” # 0 hold at p.
Xﬁ at po is A-equivalent to the cuspidal lips (resp. cuspidal beaks) if and only if csg # 0,
(s + 1)+ 2scs + (s> — 1) =0, c5 + sczg = 0 and det Hj > 0 (resp. det Hj < 0 and
—c1 (= 2e1c36 + 2(cs + 5¢)) + (= 2¢1(cs + sc36) + (8% + 1) + 2s¢h + (s — 1)) #0)
hold at pg, where

0 2¢36 2c5 + 2sci
¢t <20g + 25chs  4(sP+ 1) + 28l + (s* — 1)) '
Xﬁ at po is A-equivalent to the cuspidal cross cap if and only if cz3¢ = 0, cic5 # 0 and
cye 7 0 hold at py.

8.3 Singularities of dual surfaces of a

In this section, we apply the criteria, and describe the conditions of singularities of dual surfaces
of ag. In this section, we assume ¢y = c3 = 0.

Theorem 8.10. The singular set of X4 is S(X$) = {(s,t) | ca(t) coss + c5(t)sins = 0} and
Xﬁ is a frontal for any po = (So,t0). Then we have the following assertions:

If ¢ # 0 holds, then XZ to be a front near py.

X‘}f at py is A-equivalent to the cuspidal edge if and only if c; # 0 and off := —cg(cq sin s—
c;coss) — (cjcos s+ cysins) # 0 holds at po.

X at py is A-equivalent to the swallowtail if and only if c; # 0, —cysins 4 cscoss # 0,
ad =0 and —cg(ad), + (af) # 0.

XZ at po is A-equivalent to the cuspidal butterfly if and only if ¢; # 0, —cysins +
cscoss £ 0, ad =0, —cs(ad)s + (ad) =0 and c(af)ss — 2c6(ad), — ch(ad)s + (ad)" £ 0
holds at pg.

X;{ at po is A-equivalent to the cuspidal lips (resp. cuspidal beaks) if and only if ¢; # 0,
dycoss + cysins = 0, cysins — cscoss = 0, and det HY > 0 (resp. det HY < 0 and
—ce(al)s + (o) # 0) hold at py, where

e —cyc088 — cssins ¢ sins — cfcos s
h cysins —cycoss  cjcoss+ cssins
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Xﬁ at po is A-equivalent to the cuspidal cross cap if and only if ¢; = 0, cscg # 0 and
¢y # 0 hold at py.

Theorem 8.11. The singular set of X4 is S(X4) = {(s,t) | c1(t) —ca(t) cos s —c5(t) sins = 0}
and XfL is a frontal for any py = (So,to). Then we have the following assertions:

If ¢1(to) # 0 holds, then X' to be a front near py.

Xf; at py is A-equivalent to the cuspidal edge if and only if c; # 0 and o, := —cg(cq sin s—
c50088) + ¢ — ¢y coss — cksins # 0 holds at py.

XfL at poy is A-equivalent to the swallowtail if and only if ¢; # 0, cysins — c5coss # 0,
ab =0 and —cg(at)s + (af) # 0 holds at po.

X at po is A-equivalent to the cuspidal butterfly if and only if ¢; # 0, cysin s —c5 cos s #
0, af =0 and —cg(ah)s + (o) = 0 and c2(af)ss — 2c6(ah), — cs(ab)s + (at)” # 0 holds
at Po-

be at po is A-equivalent to the cuspidal lips (resp. cuspidal beaks) if and only if ¢; # 0,
cysins — cscoss = 0, ¢4 — cjcoss — chsins = 0 and det Hf > 0 (resp. det Hf and
—ce(at)s + (ab) # 0) holds at py, where

: ! o3 /
gt _ (Cacoss+cssins  cysins —cjcoss
h cysins —cgcoss ¢ —cdjcoss — cisins

Xi at po is A-equivalent to the cuspidal cross cap if and only if ¢; = 0, csc6 # 0 and
¢y # 0 hold at py.

Remark 8.12. Surfaces X satisfying ¢s = 0 is called a hyperbolic-flat tangent lightcone
circular surface which is investigated in [22]. Substituting ¢ = 0 in the formulas of Theorem
8.11, we have [22, Theorem 8.2].

8.4 Singularities of dual surfaces of a,

In this section, we apply criteria and describe the conditions of singularities of dual surfaces of
a-. In this section, we assume that ¢y = ¢ = 0.

Theorem 8.13. The singular set of X" is S(X) = {(s,t) | c1(t) cosh s —c5(t) sinh s = 0} and
X" is a frontal for any po = (sg,ty). Then we have the following assertions:

If ¢4 # 0 holds, then XZ 1a a front near py.

XZ at py is A-equivalent to the cuspidal edge if and only if c4 # 0 and ot ;= —c3(c; sinh s—
cs cosh s) + ¢ cosh s — & sinh s # 0 hold at po.

X" at py is A-equivalent to the swallowtail if and only if ¢4 # 0, c1sinh s — ¢ cosh s # 0
and o =0 and —c3(aht), + (@) # 0 hold at py.

XZ at po is A-equivalent to the cuspidal butterfly if and only if ¢4 # 0, c¢;sinhs —
cscoshs # 0 and ot = —c3(al), + (a?) = 0, —c3(a?), + () = 0 and (). —
2c3 (o)l — dy(al) s + (o) # 0 hold at py.

XZ at po is A-equivalent to the cuspidal lips (resp. cuspidal beaks) if and only if ¢4 # 0,
cysinhs — cscoshs = 0, ) coshs — cfsinhs = 0 det HY > 0 (resp. det H} < 0 and
—cz(ah)s + (ah) #0) hold at py, where

I (01 coshs — ¢ssinhs ¢ sinh s — ¢ cosh s)

d =\ sinhs — cLcoshs ¢ coshs— csinhs
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° XZ at po is A-equivalent to the cuspidal cross cap if and only if ¢4 = 0, c3c5 # 0 and
cy # 0 hold at py.

Theorem 8.14. The singular set of X' is S(X4) = {(s,t) | —c4(t)+c1(t) cosh s—c5(t) sinh s =
0} and X7 is a frontal for any po = (so,te) € S(XY). Then we have following assertions:
If ¢4 # 0 holds, then Xfl is a front near po.
XY at po is A-equivalent to the cuspidal edge if and only if cy # 0 and af := —c3(cy sinh s—
cs cosh s) — ¢ + ¢ cosh s — cf sinh s # 0 hold at py.

° Xfl at po is A-equivalent to the swallowtail if and only if ¢4 # 0, ¢y sinh s — ¢5 cosh s # 0,
af =0 and —c3(af), + () # 0 hold at po.

° Xfl at po is A-equivalent to the cuspidal butterfly if and only if ¢4 # 0, ¢;sinhs —
cscoshs # 0 ¢ysinhs — cscoshs # 0, af = 0 —cz(af)s + (h) = 0 and 2(ah)ss —
2¢3(ad)l — ch(ah)s + (ah)” # 0 holds at py.

° Xfl at po is A-equivalent to the cuspidal lips (resp. cuspidal beaks) ¢y # 0, ¢y sinhs —
cscoshs = 0, —c, + ¢ coshs — cisinhs = 0 and det H; > 0 (resp. det Hf < 0 and
—c3(ad)s + () #0) hold at py, where

: /o3 /
gt (@ cosh s — czsinh s ¢y sinh s — ¢f cosh s
d ¢y sinhs — cfcoshs —cj + ¢/ coshs — ¢ sinh s

° Xfl at po is A-equivalent to the cuspidal cross cap if and only if c4 = 0, c3c5 # 0 and
cy # 0 hold at py.

We shall give proofs of these theorems in the following.

Proof of Theorem 8.9. Since

(Xﬁ)s = 28(1,0 -+ 2(11 -+ 280,2

(Xﬁ)/ = 2sc1ag + 2c1a1 + 2c1as + (c3(s? + 1) + 2sc5 + c5(s* — 1)) as,
it follows that S(X) = {(s,) | c3(t)(s* + 1) 4 2sc5(t) + cg(t)(s> — 1) = 0}. Furthermore, an
isotropic map (X9,£) : U — Ay is a Legendrian immersion if and only if css # 0 on S(X7).

In this case X ﬁ is a front nearpg. Since ag and as are linearly independent to T LC*, we can
choose the discriminant function \ as

A = det ((Xﬁ)s (X)), ao, a2> = —2((s* 4+ 1)es(t) + 2¢5(t) + 2sc6(t)).

Since the kernel direction of d X ﬁ on singular set is n = —c¢;0s+dt and we can take a transversal
vector field Js, we have

n\ = —2ci(cs+ sczg) + (82 + 1) + 2sck + cg(s* — 1)
max = —cl( — 2c1e36 + 2(c5 + 5036)) /
+( = 2¢1(cs5 + scse) + Ay(s? + 1) + 2s¢}, + ¢5(s* — 1))
B 2¢36 2¢5 + 2s¢y
HessA = (20{5 + 2schs h(s*+ 1)+ 2scl + (s — 1)

Hence we have all assertions of Theorem 8.9 except the case for the condition of cuspidal cross
caps. We give the proof of the condition for cuspidal cross cap as follows: Let us define a lift
w:U — T*LC* by

wp(v) = (v, £€(p)), v € TXf(p)LC*, peU.
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Then w does not have intersection with the zero section. Since (7 o w).(z) = dX(2) for any
vector 2 € T,U, we have (€,dX () = 04(as, X}) = 0. Thus we have (row).(T,U) C kerw,. This
means that w is the admissible lift of X ﬁ. Under the assumption that cz(to) = 0, As(so,t0) # 0
if and only if ¢5(to) # 0. Then S(X%) can be parameterized as (s(t),t) for some function s(t).
Putting £(t) = as(t), then £ is a non-zero vector field along X$|S(X,§)' Since (£, X}) = 0,
vector field ¢ satisfies the conditions of Theorem 8.5. Therefore the function (t) is equal to
(ng, £) (t) = —csg(t). On the other hand, if As(so,to) = 0 and X (sq, o) # 0, then (X7}, (s0,t0))
is not A-equivalent to the cuspidal cross cap. This competes the proof of Theorem 8.9. O

We can give the proofs of Theorems 8.6, 8.8, 8.10, 8.11, 8.13 and 8.14 by the same arguments
as those of the above proof. We only state the fundamental data here, and omit the detailed
proof. The discriminant function A, null vector field n, the one-form w and the vector field &
for each dual surfaces are shown in the Table 1.

’ Surface ‘ A ‘ i ‘ w ‘ & ‘
X7 2cs + 28¢5 + S2Csg (—ci,1) | (x,£) | a3
X? —2c¢ — 25¢5 + S%Cag (c1,1) (x,£) | a3
x¢ €4COS S + c5sin s (—ce, 1) | (x,a0) | a1
X! ¢1 — C4CO8 S — C58in s (—c6,1) | (x,a0) | ay
X" c¢1 cosh s — ¢5sinh s (—e3, 1) | (x,a0) | ay
Xfl —c4 + ¢y coshs — czsinhs | (—c3,1) | (x,a9) | a;

Table 1: Fundamental data to recognize the conditions of singularities of dual surfaces

9 Dualities of singularities

Comparing Theorems 8.6, 8.8 and 8.9, when singular point is always (0, ¢), with Theorems 8.10,
8.11, 8.13 and 8.14 we observe a certain duality between swallowtails and cuspidal cross caps.
It can be summerized as follows.

Remark 9.1. The conditions that singular set is equal to the curve (0, ) is
o c¢3=0for X},

o c¢s=0for X,
° 03—0650forX§
e ¢,=0for X¢
° cl—c4EOforXfl,
e ¢ =0for X/,
° cl—c4EOforXfl.

Moreover, if co = ¢35 = ¢1 — ¢4 = 0 for any ¢, then X 2‘ at (0,1g) is A-equivalent to the swallowtail
if and only if cg = 0 and ¢;¢4 # 0 at ty. This condition is the same as X, at (0, ¢y) is A-equivalent
to the cuspidal cross cap. Furthermore, X ? at (0, 1) is A-equivalent to the cuspidal cross cap if
and only if ¢; = 0 and cgc) # 0 at to. This condition is the same as X at (0, 1) is A-equivalent
to the swallowtail. Like as this argument, we have the same type condition of singular points
for dual surfaces when the singular set is equal to (0,1).

We can summerize this situation on the Table 2. In the table, S means the singular set.
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duality S ={(0,%)} || cuspidal edge | swallowtail cuspidal cross cap
X? Co = 0 C3 = 0 Cg 7é O, CgCs 7é O, C1Cs 7£ 0,

c1—c =0 cre5 £ 0 cg =0, #0,{ =0, cg#0,
X(Z Co = 0 Ce = 0 C3 7é O, C3Cs 7é O, C1Cs 7£ 0,

ci—c=0 cre5 £ 0 cg=0,¢ #0 c3 =0, ¢ #0,
X[ ea=0 c3—c=0 | c36#0, czscs 7 0, cies # 0,

ci—c, =0 cre5 £ 0 cg=0,¢ #0 c36 =0, chg # 0,
XZ =0 cy =0 c1 #0 cic5 # 0 csce £ 0

c3=0 cscq £ 0 c6=0,c#0 || c1=0,¢,#0
Xfl CQEO 61—6450 C1§£O 0165%0 0506#0

c5 =0 csce # 0 c6=0,c#0 || c1=0,¢,#0
XZ =0 =0 cy 0 cycs £ 0 cscs £ 0

=0 c3es £ 0 c3=0,c5#0 || c4=0,¢,#0
Xfl =0 cr—cs=0 [[cs#0 cycs £ 0 cscs £ 0

=0 c3es £ 0 c3=0,c5#0 || c4=0,¢,#0

Table 2: Dualities of condition for singularity.

We can observe there are some dual relations of conditions for singularities of the swallowtail
and the cuspidal cross cap on each dual points of surfaces. Furthermore, the condition of holding
the duality and that the singular set is {(0,¢)} are the same between X | and X, (resp. between
X¢ and XY):

taking singular value d taking singular value
X7 a X a
4 0 L 2
Ag-dualT lAg-dual and Ag-dualT J{Ag-dual
taking singular value ¢ taking singular value ¢
Y X! ; X0,

Like as the remark, a duality between swallowtail and cuspidal cross cap have been pointed
out in many researches, for example, [33, 13, 22]. In this section, we give an interpretation for
this duality. Firstly, we prove the following lemma.

Lemma 9.2. Let M; (i = 1,2) are three dimensional manifolds and A C My x My a five
dimensional submanifold with the contact structure. Assume that the canonical projection my :
A — My is a Legendre fibrations. If an isotropic map Ly = (f1,11) and a frontal fo : U — My
satisfies that p is a non-degenerate singular point of both f; (i = 1,2) and vy degenerates a
curve such that vy = fyoo, where o is a submersion U — S(f). If the null direction of fi does
not parallel to the kernel of o, then the following two conditions are equivalent.

e [ is a Legendrian immersion.

e  The null direction of fs at p is transversal to S(f1).

Proof. Since p is a non-degenerate singular point, L; is a Legendrian immersion if and only if
the directional derivative ;1 does not vanish. this is equivalent to dfy(n;)(o) does not vanish.
This is equivalent to that the tangential direction of S(f;) does not parallel to ne. This is
equivalent to 7 is transversal to S(f1). This completes the proof. O

Theorem 9.3. Let p is a non-degenerate singular point of a frontal f. Then we have the
following criteria of singularities using the function ¢y defined in (8.2).
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(1) Ifv(p) # 0 then f at p is A-equivalent to the cuspidal edge.

(2) Assume that f is a front. If Y¢(p) = 0 and (d/dt)y(p) # 0, then f at p is A-equivalent
to the swallowtail.

(3)  Assume that the null direction at p is transversal to S(f). If;(p) = 0 and (d/dt)¢(p) #
0, then f at p is A-equivalent to the cuspidal cross cap.

Proof. Since the conditions are independent of the choice of coordinates, we take the coordinate
system (u,v) satisfying S(f) = {v = 0}. Under this conditions, v; is proportional to ¢, where
¢y is defined in (8.1). Firstly, we prove (1). The condition ¢; # 0 implies that f, and nv are
linearly independent. Since v points the kernel direction of df, this implies that f to be a front.
Moreover, we have f, # 0, this implies that n does not tangent to S(f). By Theorem 8.1, we
have (1).

Next, we assume that f to be a front and ¢y = 0 at p. Then this condition implies
fu(p) = 0, namely, n tangents S(f) at p. Thus we can take a function F(u) such that n(u) =
0/0u + B(u)d/dv, 5(0) = 0. By Theorem 8.1, f at p is A-equivalent to the swallowtail if and
only if 5'(0) # 0. On the other hand, (d/dt)¢s(p) # 0 implies that det(fyu, v, v)(p) # 0. Since
fv, v and v, are linear independent at p, this is equivalent to (fu., f») (p) # 0. Since 7 is the
null vector field on the w-axis, f, + 5(u) + f, = 0 holds on the u-axis. Thus (fuu, f») (p) # 0
implies 3'(0) # 0. This completes the proof. (3) is directly holds from Theorem 8.1. O

We can give the alternative proof of Theorem 8.11 in the special case of ¢; — ¢4 = 0 and
Cs 7é 0.

Proof of Theorem 8.11 If ¢y = ¢5 = ¢; — ¢4 = 0, and ¢5(t) # 0, then by Theorem 8.6 X
at (t9,0) is A-equivalent to the swallowtail if and only if ¢5 # 0, ¢; = 0 and ¢ # 0 at .
Furthermore, X fl at (to,0) is A-equivalent to the cuspidal cross cap if and only if ¢; # 0, ¢ =0
and cg # 0 at to.

Under the assumptions ¢; = ¢3 = ¢; — ¢4 = 0 and c5(ty) # 0, it holds that S(X1}) =
S(X4) = {(t,0)} near (ty,0). Hence we can apply Lemma 9.2 and Theorem 9.3. This means
that the condition for swallowtail and cuspidal cross cap of the dual surface are obtained by
only interchangeing the condition for cuspidal cross cap and swallowtail of the original surface.
Thus we have that X i at (t,0) is A-equivalent to the cuspidal cross cap if and only if ¢ # 0,
¢, = 0 and ¢ # 0 at t,. Furthermore, X at (¢, 0) is A-equivalent to the capswallowtail if and
only if ¢; # 0, ¢ = 0 and ¢ # 0 at ¢y. This is the same as Theorem 8.11 under the assumption
cp —cq =0. O

A A criterion for the cuspidal butterfly

In this section, we give a proof of Theorem 8.2. The main tool to prove it is the notion of
generating families. Let G : (R* x R*,0) — (R,0) be a function germ which we call an
unfolding of g(q) = G(q,0). We say that G is a Morse family of hypersurfaces if the mapping

oG oG

AGe (g oe %
( oq gy

) . (R x R", 0) — (R x R*,0)
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is non-singular, where (¢,7) = (q1,...,qk, 1, ..., T,) € (R¥ x R 0). In this case we have a
smooth (n — 1)-dimensional submanifold

5.(0) = {w) € (R X B",0) | Glaa) = 5o{g0) = = G (g.0) =0 }

and the map germ ®g : (X.(G),0) — PT*R" defined by

dq(q, ) = (:c, [S—i(q,x) D gz (q,x)])

is a Legendrian immersion germ. The fundamental result of Arnol’d-Zakalyukin [2, 34| assets
that all Legendrian submanifold germs in PT*R"™ are constructed by the above method. We
call G a generating family of ®¢(3,(G)). Therefore the wave front of O (X, (G)) is

W((Pg):{m eR" |dq € R* such that G(q,x) = g—i(q,x) == g—qu(q,x) =0 } )

We also write Dg = W (®¢) and call it the discriminant set of G.

We now introduce an equivalence relation among Legendrian submanifold germs. Let 7 :
(L,p) C (PT*R",p) and ¢’ : (L',p') C (PT*R™,p’) be Legendrian submanifold germs. Then
we say that 7 and i’ are Legendrian equivalent if there exists a contact diffeomorphism germ
H : (PT*R",p) — (PT*R",p’) such that H preserves fibers of 7 and that H(L) = L'.

Since the Legendrian lift i : (L, p) C (PT*R™,p) is uniquely determined on the regular part
of the wave front W (i), we have the following simple but significant property of Legendrian
immersion germs:

Proposition A.1. Let i : (L,p) C (PT*R",p) and i’ : (L',p’) C (PT*R",p') be Legendrian
immersion germs such that the representative of both the reqular sets of the projections wo i
and woi' are dense. Then i and i’ are Legendrian equivalent if and only if wave front sets W (1)
and W (i') are diffeomorphic as set germs.

This result has been firstly pointed out by Zakalyukin [35]. The assumption in the above
proposition is a generic condition for i and 7’.

We can interpret the Legendrian equivalence by using the notion of generating families. We
denote &, the local ring of function germs (R™,0) — R with the unique maximal ideal 90t,, =
{he &, |h0)=0} Let Gi,Gy : (R¥xR",0) — (R, 0) be function germs. We say that G and
Gy are P-K-equivalent if there exists a diffeomorphism germ ¥ : (R¥ x R",0) — (R* xR", 0) of
the form W(q, z) = (¢1(q, ), ¥2(x)) for (¢, ) € (R¥ xR™, 0) such that U*((Gy)e,,..) = (G2)e,...-
Here ¥* : &1y — Ekiy is the pull back R-algebra isomorphism defined by U*(h) = ho W .

Let G : (RF x R",0) — (R, 0) be a function germ. We say that G is a K-versal unfolding
of g = G|R* x {0} if for any unfolding G : (R¥ x R™, 0) — (R, 0) of g (i.e., G(q,0) = g(q)),
there exists a map germ ¢ : (R™,0) — (R",0) such that ¢*G and G are P-K-equivalent,
where ¢*G(q,u) = G(q, ¢(u)). For an unfolding G(t,z) of a function g(t) of one-variable, we
have the following useful criterion on the K-versal unfoldings in (cf., [4], 6.10): We say that g
has an A,-singularity at to if g (ty) = 0 for all 1 < p < 7, and g"+Y(¢;) # 0. We have the
following lemma
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Lemma A.2. Let G be an unfolding of g and g(t) has an A,-singularity (r > 1) at to. We
denote the (r — 1)-jet of the partial derivative OG/0z; at ty by

o 8G r—1 '
17 (e ) ) (o) = >t =ty

fori=1,...,n. Then G is a K-versal unfolding if and only if the r x n matriz of coefficients
(aj;) has rank r (r < n).

It follows from the above lemma that the function germ defined by
LA o A SRR S MY

is a K-versal unfolding of g(t) = t"™'. One of the main results in the theory of Legendrian
singularities is the following theorem:

Theorem A.3. Let Gi,Gy : (RF x R",0) — (R,0) be Morse families of hypersurfaces. Then
b, and Pg, are Legendrian equivalent if and only if G1 and G are P-K-equivalent.

As a corollary of Proposition A.1 and Theorem A.3, we have the following proposition.

Proposition A.4. Let G1,G5 : (R¥ x R*,0) — (R,0) be Morse families of hypersurfaces.
Suppose that both the regular sets of the representative of projections mo @, , mo P, are dense.
Then (W(®¢,),0) and (W(Pq,),0) are diffeomorphic as set germs if and only if G1 and G
are P-IC-equivalent.

The following Lemma roles the key of the proof for the criteria. Two function germs
gi + (R,0) — (R,0) (i = 1,2) are R-equivalent if there exist a diffeomorphism germ « :
(R,0) — (R,0) such that a0 g; = g5 holds.

Lemma A.5. Let g : (R;t),0) — (R,0) be a function germ such that R-equivalent to t°.
If an unfolding G : (R x R3;t,2,y,2),0) — (R,0) of g is a Morse family and a function
G(t,z,y,z,w) = G(t,z,y, 2) + wt® is a K-versal unfolding of g, then P-K-equivalent to t° +
xt? +yt + 2.

Proof.  Since the condition does not depend on the parameter transformation of ¢, we can
assume that g(t) = t5. Moreover, since the map t° + wt> + xt*> + yt + z is the versal unfolding
of 5, there is a diffeomorphism (¢1, ¢, @3, ¢4) : R* — R* such that G is P-K-equivalent to

t5 + gbl(:c,y,z,w)t?’ + (bg(:c?y,z,w)tQ + (ﬁg(l‘,y,Z,U))If + ¢4(:U7y,z,w).

Since G = G + wt? is a K-versal unfolding, and the condition of lemma only depend on the
P-K-equivalent class, we can rechoose (z,y, z) such that G is P-K-equivalent to

7+ o1 (x,y, 2, W)t + xt? +yt + 2.

Furthermore, since G is a versal unfolding and d¢;/0w(0) = 0, we rechoose w such that G is
P-K-equivalent to

2+ (w — h(z,y, 2))t* + at* + yt + 2
for some function k. Summerizing up these argument, we can assume that G is

Gt z,y,2) =t + (w — h(z,y, 2))t> + 2t® + yt + 2.

We have the following Zakalyukin’s lemma



30 S. Izumiya and K. Saji

Lemma A.6. [35, Theorem 1.4] Let V : (R x R*,0) — (R,0) be a K-versal unfolding of the
form
V(t,z,y,z,w) =t + wt® + 2t* + yt + z (A1)

and o : (R*,0) — (R,0) be a function germ with (z,y, z, w)-variables such that do /Ow(0) # 0.
Then there exists a differmorphism germ © : (R* 0) — (R*,0) such that

O(Dy) = Dy and 0 0 O(z,y, z,w) = w.

Let us continue to prove of Lemma A.5. We apply Lemma A.6 to V of (A.1) and w —
h(z,y,z). Then there exists a diffecomorphism germ © such that

©(Dy) = Dy and (w — h(z,y, 2)) o O(x,y, 2z, w) = w.
We define a diffeomorphism germ
U(z,y,z,w) = (x,y,z,w — h(z,y, 2)),
then it holds that U*V = G),. Define a new diffeomorphism germ © by © = Wo O then we have
B(Dy) = W O(Dy) = U(Dy) = Dy,

Hence Dy, and Dg are diffeomorphic. On the other hand, let us define 7 : (R*, 0) — (R,0) by
m(x,y, z,w) = w. Since

ToO(z,y,z,w) =m0oWoO = (w—h(z,y,2) 00 = w,

we have 7 0 © = . Since the set of regular points of Dy, is dense, by the Zakalyukin theorem
([35], see also [28, Appendix]), there exist a diffeomorphism germ Z: R x R* — R x R?* of the
form
(t,z,y, 2 w)

(5 (t,x y,z w), G (x,y, z,w), Gz, y, z,w),(’g(x,y,z,w),@(w))

such that E*((V)e,,,) = (Gh)e, .-
If we restrict the above map to w = 0, we complete the proof Lemma A.2. O

|| (1]

Using these results, we give the criterion of the A4-singularity of wave fronts.

Let f: (R?0) — (R? 0) be a front and v be the normal vector field of f. Let 0 is a non-
degenerate singular point of f. Needless to say, the conditions of Theorem 8.2 do not depend
on the choice of coordinates and choice of v. One can prove the following lemma.

Lemma A.7. One can choose the coordinate systems (u,v) of (R?,0) and (X1, X2, Z) of (R?,0)
satisfying

e n=o0v.
e f(u,v) = (fi(u,v), fo(u,v),u) and (f1)u(0) = (f2)u(0) =
e 1(0)=(1,0,0

Under this coordinate system, we prove that if f : R? — R3 satisfies nA = X = 0 and
nmmA # 0 at 0 then f at 0 is A-equivalent to the cuspidal butterfly.
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Proof of Theorem 8.2. Let us fix a small number u and consider a family of plane curves I'(v) =
C(u,v) = (fi(u,v), fo(u,v),u) in the plane 11, = {(X1, X5, Z)|Z = u} and show that these are

fronts near 0. Denote v = (v, 15, 3) and put

[N*(0)] = [(n(w, v), va(u, v), 0)].

Then [N*(v)] is well-defined near 0. We put

Y(u,v) = (fi(u,v), fa(u,v)) and n(u,v) = (1 (u,v), vs(u,v)).

Then, since (y'(u,v),n(u,v)) =0, (v,[n]) is an isotropic map for all u, where ' denotes 9/0v
and (-,-) is the canonical inner product of R3. Since v4(0), we have n’(0) # 0. This implies
that for each w near 0, (v, [n]) is a Legendrian immersion germ.

We define two functions ¥ : R x R — R and ¢ : R — R as follows:

\IJ(U,Xl,XQ, Z) = nl(Z> U)<X1 - fl(Zv U)) + nQ(ZaU)(X2 - fQ(Zvv))> @D(U) = \II(U,O,O, 0)

Then we have Dy = f(U). Hence by Lemma A.6 and the arguments in the above, it is
sufficient to prove that ¢ has an A,-singularity and W satisfies the conditions of Lemma A.5.
In the following context, we put Z = u.

Lemma A.8. It holds that f'(0) = f'(0) = f”(0) = 0, f""(0) # 0 and (f)'(0) = (f)"(0) =
(f)"(0) =0, (f)"(0) # 0.

Proof. Since 9, is the null vector field, so that we have f’(0) = 0 and S(f) = {f, = 0}.
By nA = 0, since (0, =)no € ToS(f), it holds that f”(0) = 0. Furthremore, by \’"(0) = 0
and f'(0) = f"(0) = 0, we have \"(0) = det(f,, f”,v)(0). Hence it holds that f”(0) €
span { f.(0), v(0)}.

On the other hand, we have (f,, f”') (0) = ((0,0,1), (x,*,0)) = 0. Differenciating (v, f') =
0, we have (v, ) = (v, f'Y — (/" f' and (v, f"") = (v, ") — (', ). Hence (v, f") = 0 holds
on S(f). Since 1y € TyS(f), it holds that (v, )" (0) = 0 and (v, f) (0) = 0. Thus we have
f/”(O) -0

Since A”(0) # 0 and f/(0) = f(0) = f(0) = 0, it holds that 0 % \"(0) = det(f., ", v)(0).
In particular, f””(0) # 0 holds. O

To prove Theorem 8.2, firstly we show that ¢ has the As-singularity at 0. Differenci-
ating ((f)',n) = 0 and by Lemma A.8, we have ((f)"”,n)(0) = 0 and 4 ((f)",n') (0) +
((H"™,n)(0) =0.

By these formulas and Lemma A8, we have P'(0) = ¢"(0) = " (0) = 0, ¥"(0) =
o <n ////> =0 and w///// —_ <TL ////>

On the other hand, since n,n’ is linearly mdependent at 0 and (n, (f)") (0) = 0, we have

<n ////> #O<,:> (T)////(O) 7’é0<:>f//”(0) 7&0

Hence 1 has the A4 singularity at O.

Next, we show that (¥, W', ¥"”) is non-singular. If this is satisfied, ¥ satisfies the condition of
Lemma A.5 namely, ¥ is a Morse family and ¥ (v, X1, X5, u) +wv? is a K-versal unfolding of ).
Remark that the discriminant set of an unfolding t>+xt?+yt+ 2 of a function #° is diffeomorphic
to the image of the canonical cuspidal butterfly (u,v) — (u, 5v* +2uv, 40° +uv? —u?) at 0 as set
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germs. Therefore by Proposition A.4 and Lemma A.5, we can show that f at 0 is A-equivalent
to the cuspidal butterfly.

Since Wx(0) = —n1(0), Uy (0) = —ny(0) and Wy = 3%,y o ((ni)u, Xi = fi) = (ni, (fi)u), it
holds that ¥, (0) = 0. By a direct calculation, we have U (0) = —n/(0), ¥} (0) n5(0) and
W = D imi o (), Xi = fi) = (i, f) = (i, (fi)u) = (i, (fi),)- Sinee (ni, (f2),,) < () -
{(nu, (f)") =0 holds at 0, we have ¥/,(0) = 0.

Thus it is sufficient to prove that the matrix

oV, W, U)ot 0 0 0
8(\11, \IJ/, \Ij”)/aXl . ny n’l *
ow, v, v ox, | Q= ny ny o« |©
o0, W, U /Ou 0 0 w

is of full rank. Hence we show that ¥(0) # 0.
Differenciating (n, (f)') =0 by u and v, and by Lemma A.8, we have

(n, (F)n) (0) = (', (F),) (0). (A.2)
Differentiating ¥ by v and v two times, and by Lemma A.8 and (A.2), we have
W;(0) = — (', (£)s,) (0).
On the other hand, since (n, (f),) (0) =0,

(0, () (0) # 0 4= (F),(0) # 0 = £,(0) £0

holds. By A\,(0) # 0 and f,(0) = 0, we have

0 # Au(0) = det(f,, £} v)(0).

In particular, f/(0) # 0 holds. This implies the desired result.

The converse pert of the theorem is obvious since the conditions and assertions of Theorem
8.2 are independent of the choice of coordinates and choce of v, and the canonical A, singularity
satisfies the condition of theorem. O

Remark that since 0 is a non-degenerate singular point, we have the parameterization ()
of S(f). Take the null vector field on v as 7(t). Define a function of ¢ by

p(t) = det(v'(1), n(t)).

One can easily show that ©(0) = ¢/(0) = 0 and p”(0) # 0 and nA(0) = nnA(0) = 0 and
nmmA(0) # 0 are equivalent, as a corollary, the following assertion holds.

Corollary A.9. A front germ f at 0 is A-equivalent to the Ay-singularity if and only if 0 is a
non-degenerate singular point and p(0) = p/(0) =0 but 1"(0) # 0 holds.
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