HOKKAIDO UNIVERSITY

Title ON A BOUND FOR AMPLITUDES OF NAVIER-STOKES FLOW WITH ALMOST PERIODIC INITIAL DATA
Author (s) Giga, Yoshikazu; Mahalov, Alex; Yoneda, Tsuyoshi
Citation Hokkaido University Preprint Series in Mathematics, 952, 1-10
Issue Date 2009-12-08
DOI https://doi.org/10.14943/84099
Doc URL https://hdl. handle.net/2115/69759
Type departmental bulletin paper
File Information re952, pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




ON A BOUND FOR AMPLITUDES OF NAVIER-STOKES FLOW
WITH ALMOST PERIODIC INITIAL DATA

YOSHIKAZU GIGA, ALEX MAHALOV, AND TSUYOSHI YONEDA

ABSTRACT. For any bounded (real) initial data it is known that there is a unique global
solution to the two dimensional Navier-Stokes equations. This paper is concerned with a
bound for the sum of the modulus of amplitudes when initial velocity is spatially almost
periodic in 2D. In the case of general dimension, it is bounded on local time of existence
shown by Giga, Inui, Mahalov and Matsui in 2005. A class of initial data is given such
that the sum of the modulus of amplitudes of a solution is bounded on any finite time
interval. It is shown by an explicit example that such a bound may diverge to infinity
as the time goes to infinity at least for complex initial data.

AMS Subject Classification(2000):76D05,35Q30,42B05
Key words: Navier-Stokes equations, almost periodic initial data, frequency sets and
amplitudes

1. INTRODUCTION

A unique local-in-time classical solution of the Cauchy problem for the Navier-Stokes
equations in any dimension is known to exist for any bounded (real) initial data (see
9, 19]). It was shown in [16] that the solution is always spatially almost periodic at any
time provided that the smooth solution exists since the solution continuously depends
on initial data. This persistency property of almost periodicity also holds for the three-
dimensional Navier-Stokes equations in a rotating frame with almost periodic initial data
even if they are complex. It was shown in [15] for n > 2 that the local-in-time solution is
analytic in time. When the initial data is almost periodic, this implies that the complex
amplitude is analytic in time. In particular, a new mode cannot be created at any positive
time. Although in 2D case the solution is bounded in space and any finite time interval,
it is an open problem whether or not the sum of modulus of amplitudes is bounded in
any finite time interval provided that the corresponding quantity of almost periodic (real)
initial data is finite.

In this paper we study bounds of the sum of modulus of amplitudes of a global-in-time
solution of the 2D-Navier-Stokes equations:

u—Au+ (u,VIu+Vr=0, t>0, zeR?
(1) divu=0, xeR?

ul=o = uo,
when initial data is a real, spatially almost periodic function of the form

¢
(2) uo(x) = Z Crm €XP (iij(rj x)) , z€R?

mezZt
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where {¢m bmezt = {Chys G bmeze CC? o € R? (j =1, ,€) and {r;}’_, is linearly inde-
pendent over the field of all rational number Q. Here u = u(t,z) = (u!(t, x),u*(t,z)) and
7w = 7(t, ) are unknown functions of the velocity of the fluid and its pressure respectively;
ug = up(z) = (uj(r),ud(x)) is a given initial velocity vector field. In the case of general
dimension, the sum of the modulus of amplitudes of a solution is bounded on local time
of existence (see [11]).

As we mentioned in the first paragraph, it is known that the problem (1) admits a unique
global-in-time smooth solution for any bounded measurable initial data ([9]); see also [23]
for improvement and [24] for extension to Boussinesq flow. Uniqueness is guaranteed by
imposing structure or growth of the pressure field (see [9, 22]).

We are interested in obtaining bounds of the sum of the modulus of amplitudes

for any bounded time interval [0, 7]. Note that this quantity equals to the F'M norm of
u(t), Fourier preimage of all finite Radon measures proposed by [11]. Our goal is to find a
class of real initial data such that the above quantity ||u(t)||ras is bounded in [0, T'] for any
T > 0. For this purpose we extend an almost periodic function ug to a periodic function
of more variables by adding parameters. This device is proposed by [8]. We impose that
the initial data is in the periodic Sobolev space and prove that the solution belongs to
this Sobolev space by deriving a new a priori estimate including additional parameters.
Applying the Sobolev embedding theorem we get a desired bound on the sum of modulus
of amplitudes. It is not clear whether this bound is uniform with respect to real initial
data if one merely bounds the sum of modulus of initial amplitudes. If an initial data is
allowed to be complex, we can show that the F'M norm of the solution may diverge to
infinity as the time goes to infinity by giving an explicit example (see Theorem 3.1).

As an application we strengthen the result of [25]. In [25] the third author showed that
existence on long time intervals of regular solutions to the 3D-Navier-Stokes equations in
a rotating frame with spatially almost periodic data provided that the Coriolis force is
large enough by assuming that there is a bounded for ||u(t)||Fps in [0, 7] for the sum of
modulus of amplitudes of a solution u(t), i.e., the 2D-Navier-Stokes equations. However,
existence of such a bound is not given unless initial data is periodic. The 3D-Navier-Stokes
equations with the Coriolis force are described as follows:

(3) {atv + (v, V)v + Qeg x v — Av = —Vp,

Vv =0, v|i= = vo,

where v = v(z,t) = (v'(z,t),v*(x,t),v*(z,t)) is the unknown velocity vector field and
p = p(x,t) is the unknown scalar pressure at the point z = (1, z2, z3) € R? in space and
time ¢ > 0 while vy = vgo(z) is the given initial velocity field. Here Q2 € R is the Coriolis
parameter, which is twice the angular velocity of the rotation around the vertical unit
vector e3 = (0,0,1), the kinematic viscosity coefficient in normalized by one. By X we
denote the exterior product, and hence, the Coriolis term is represented by e3 X u = Ju
with the corresponding skew-symmetric 3 x 3 matrix J.

We note that Babin, Mahalov and Nicolaenko [2] considered global solvability of (3)
with periodic initial data (see also [1, 3, 4, 5, 21]). They proved existence on infinite

intervals of regular solutions to the 3D-Navier-Stokes equations with a large (but finite)
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Coriolis parameter with no smallness assumption on the initial data. Chemin, Desjardins,
Gallagher and Grenier [7] considered the initial data decaying at space infinity and proved
a global existence result. The almost periodic case is very different from periodic case
and the case of decaying at the space infinity.

If initial data is allowed to be complex, results related to existence of global-in-time
solution is quite different since energy estimate is no longer available. In fact, Li and Sinai
[20] constructed a finite time blow-up solution of (1) for n = 3; however, their proof still
works for two-dimensional problem. More precisely, let

(4) X :={u € L? : supp 4 is compact.}.
Note that FM C X. They showed that there exists uy € X such that ||u(t)||zz — oo and

fot |Vu(T)|| p2dT — o0 as t — T for some T' < oo. However, it seems not clear whether or
not F'M-norm of their solution blows up.

2. FUNCTION SPACES AND MAIN RESULT

In this section, we define function spaces for almost periodic functions, and state a
main result. Let us define F'M and F M spaces as follows (see also [11]).

Definition 2.1. Let
FM :={ueS8" :||ul|pm < o0},

[ull par := sup{[(u, §)| : ¢ € Coo(R") and  [|[| = <1},
where C\, is the space of all (complex-valued) continuous functions that converge to zero
at the space infinity (equipped with the supremum norm || - ||p=). Let

FMy = {u € FM: (u,65) — 0 (j — 00)},

where {¢;}52, C C(R") with supp ¢; C [=1/4,1/5)" and |¢;|l~ < 1 for j =1,2,---.
Remark 2.2. F' M is a closed subspace of F'M with the norm || - || Fas-

Remark 2.3. If u is an almost periodic function in F'M,, namely, if u is expressed as
U= seavor cxe™? by using a countable set A in R?, then

[ull par = Z |eal-

AEA\{0}

Definition 2.4. For {r;}!_, C R? (linearly independent over Q), let

D' ={5eR¥*:0<r;-s; <21 forall j=1,2,---,(}.

Remark 2.5. The set D’ is fundamental domain of T* x R* = R?**/(2nZe; + - - - 2nZe),
where we set e; := #;/|r;| and 7; :== (0,---,0,7;,0,---,0) € R* 0= (0,0) € R%. Note
that {e;}_, is an orthonormal system. We choose {e;}3%, , such that {e;}3%, become
orthonormal basis of R*. For &= (s1,--- , 8¢, 8011, - , S2¢) € R¥, we easily see that 5 is
expressed as Z?il ajej, where a; := (5,e;) =7, - §/|rj| = r; - s;/|rj|. For f:R* — C?
we define f: R* — C? as f(ay, - ,ay) = f(5) for §€ R*. We say that the function f
is D’-periodic if

f(afl +27Tm17”' 7a’€+27rméua’é+17"‘ 7a2€> = f(a‘17”' y Agy Ay, c 0 7a25)

for any m = (my,--- ,my) € Z° and (a1, -- ,az) € R¥.
3



Definition 2.6. Let us define the function spaces as follows,

LY(WES)R?x D) := {f(-,-) : R”*xD" — C*: fis D'—periodic, Y _ [|[Vif(x,3)||1e, < o0},

|k|<n

LE(WI?)(REXD') i= {f(-,) : R2x D' — €2 fis D'—periodic, S [V f(z, 5)ll (12 < o0}
|k|<n
and

X'(R? x D) := {f € LF(WP™)(R* x D) N LP(W*)(R® x D) :
1l = D IVEf (@ 8)llzze, + D IVEf (@, 8)ll o2y < o0}

|k|<n |k|<n
Remark 2.7. It is easy to see that
LE(WI®)(RE x DY) € LE(WI) (R x D),

Definition 2.8. We usually denote the following equality:

= Z cmexp< Zm] x—sj)))

meZt

if the function u® satisfies the following convergence:

Nli_1>noo u¥(z) — Z Crm €XD ( Zm] (x — s]))> =0 for a.e. + € R*,

meZt |m|<N 12

5

Remark 2.9. If there is = such that u¥(z) = Y, ;¢ ¢mexp (z Z§:1 mj(rj - (v — sj))> €
L(D"), then |lu®(y) 2Dty = Hug(y’)HLf_(De) for any y, v’ € R2.

Remark 2.10. Let u(z) = >, ¢ G exp (z Z§:1 m;(r; - x)) and

u¥(z) = 3, ezt Cm €XD (z 25:1 m;(r; - (x — sj))>. Since the function u(0) is periodic in

§ ¢ D' we can use Sobolev’s embedding theorem. Then we have

(@) || s, r2) = [|0¥(0) || Farqrze Z |Cm|
meZt
1/2 1/2
. (z<l+|m|2>n|cm|2> (Z(Hlmlz)‘”) < 0,3 1950
mezt meZt k<n
<G, Zuv )| e (r2) < Cyllwf |xn@expty for n>0/2.
k<n

Remark 2.11. If the frequency set A of the function u has only finite element, then
u® € XK(R? x DY) for any k € Z,..

Now we state the main theorem.



Theorem 2.12. Let uj = Y. .0 Cpexp (z Z§:1 m;(r; - (x — sj))> € X"(R? x D*) (n >

0/2) with co = 0 (note that uo(z) = u(z)|s=(0.. 0) € FMo(R?)). Then the unique (mild)
solution u(t,x) to the equation (1) (with initial data ui(z)) is expressed as

u¥(t, x) = Z t) exp ( Zm] (x — s]))) :

meZ‘\{O}
Moreover the solution u® is in L$2([0,00) : X"(R? x D)) if ui is real. More precisely,

sup ||U§||XW(R2xDZ)(t) <,
o<t<T

where C' > 0 is depending only on T > 0 and ||uf|| xn w2 pe)-

Remark 2.13. Let u be the solution to the equation (1).
If u§ =", ezt Cm €XP <z Z§:1 m(rj - (z — Sj))> € X"(R? x D*) with ¢y = 0, we have

u(-,t) € C([0,00) : FMu(R?)) for wu(z,0) = up(z) = ui(2)|s=(0.- 0)
by Remark 2.10. In particular, the sum -, ¢ (o) [cn(t)] is bounded in any finite time
interval [0, 7).

Remark 2.14. We give an example. The almost periodic (not periodic) function uy =
acos(zy 4 a2 +23) + acos (V2(z1 + 22 + 23)), @ = (1,1, —2) satisfies Remark 2.11. Thus
the solution u(-,t) to the equation (1) is in C([0, 00) : FMy(R?)) by Remark 2.13.

Proof of Theorem 2.12. Let S(t)ui = u® and U(z,¥,t) := Iz p@)S(t)u’(z), where
Iz yu(Z) = u(y) and p(z) = (z,z,--- ,x). Now we show that the function U(s,7,t) is
expressed as the following periodic function:

(5) Uz, §,0) = U t) = Y cm exp( Zm] ) , e (0) = .

meZt

First we show that the function U(z,,t) is periodic with respect to 7. By using the
uniqueness result of the mild solutions (see [9, 18, 22]), we have

(6) IsgS(tyug(z) = S(t) Isgug ().
Since ug ™ (x) = uf(z) for W = (wymy, - -+, weny), where w; = 27r;/|r;|? and m; € Z, we
see that

U@, § + ) = Is—gro—p) S (t)ug(2)
= Ligp(o) Lamar S (U5 (2) = Timgpia) S () Lemzrirtt(2) = Loy p(a) S (g (2)
= Loy —p@)S(t Jug(a) = Uz, 7).
Next we show that U(x,y,t) = U(y,t). By (6), we also see that

U(ﬂ? + ¢, g? t) = IHJFFCISHy o( x)S( )US(JU) = [sﬁ'ﬂﬁf( (z )+p(c))S(t)ug(x + C)

= ]gﬁy*_p(x)]g_,g_p(c)S(t)ug(l’ + C) = IS I)S( ) F-5—p(c )ug(x + C)

= IigopySug "z +¢) forall ceR?
5



where we used S(t)ug(z+c) = S(t)us "' (x) since the equation (1) is translation invariant.
Thus,
Ulx+c,y,t) = ]gﬁg_p(x)S(t)ug_”(C) (x+c) = Igﬁg_p(x)S(t)ug(a:) =U(z,y,t).

Therefore we can rewrite U(z,,t) = U(y, t), the function U(y, ¢) is periodic with values
 and is expressed as (5). Since () SU (7,t) = u®, we have the following expression:

= Z Cm(t) exp ( ij (x — 53))) :

meZt

We now derive an a priori estimate. First we take existence time 7" arbitrarily. Since D*
is compact and the solution is real-valued,

SUDg<teT HugﬂL;?S_(szDe) = Supgy<r SUPgepe [|U¥(t)]| Lo (re2y 1 always bounded (see [17,
23, 24]). Now we use the mild solution to the equation (1) for each § as follows:

t
u¥(t) = euf — / TIAPY - (uf @ uf)(7)dr,
0

and
(n o - ]
Vaul(t) = e Vau§ — [ e"IAPV - (Vau® @ uf + uf @ Vau®)(7)dr,
V2ui(t) = e VZuj — ft e=TAPY - (Vi @ uf + 2V’ ® Vau' + u® @ V2u®)(7)dr,

where P is Helmholtz projection. A direct calculation yields

V)l < IVl + O sup ()l sup 195077l
T>

<7<t

Let us set ¢ := 1/(20 supy_, <7 |[u(7)|z=.)?. By absorbing argument, we have
Repeating these arguments for several times, we have

sup [|Vau ()|, < Cp
0<t<T ’

where CF. is depending only on supy_, . [|u*(7)|| o, and ||V zug| L= . Repeating the above
arguments, we also have

sup [[Viu*(t)l|z, < C7,

o<t<T
where C7 is depending only on supg., . [[u*(7)]| Lo, ,Supg, op ||Vi;_1u§(7-)||Loo§ (1<5<
n) and [[Viug|lre, (1< k <n).
Next we estimate Vzu® with the norm L(L2). By (7), we easily have

IV ()| ey < IV sudllzeazy + 172 sup [u(P)llaze, sup (Vs (7)l| gz
’ ’ 0<r<t T o<r<t

By absorbing argument as we calculated before, we have

|V 0 (t) Lz (r2) < C3,
6



where C% is depending only on supy., . HUE(T)HL;OQ and y\uﬁ\ngo(@. Repeating these
arguments, we have

||Vgu§(t)||L;o(L§) < Cy,
where C7 is depending only on supy., . Husq(T)HL;oa , SUPgerer \]Véug(T)]|Lgo(L§),
WDy er IVET () 15, (1< j < 7 — 1) and ||V
estimates, we see that

ree(rz) (1 <k <n). Combining these

sup ||u(T)||x» < Cr,
0<r<T

where Cr is depending only on 7" and ||ug||x,. This is the desired estimate.

3. AN EXAMPLE OF COMPLEX UNBOUNDED F'M SOLUTIONS

The F'M norm dominates L norm. For L norm it is known that
[u(t)][oo < Clluolloo exp(Cllwolloot)

for all t > 0 (see [24]), where wy is the initial vorticity. By the regularizing effect the
vorticity and velocity at some positive time t; is dominated by L* norm of initial data u
and to which can be chosen based on ||ug||s (see [9]). Thus we have a bound for ||u(t)]|c
on [0,7] depending only on 7" and ||ug||s provided that wug is real. The existence of a
uniform bound in L in R? x (0, 00) is a still open problem. In this section we shall prove
that ||u(t)|| Far may diverge to infinity as t — oo at least for some complex initial data. To
construct such solutions, we use second approximation of the solution to (1) and extract
inflation term from low frequency part. This device is proposed by [6, 26].

Theorem 3.1. Let us set initial value as

Uy = ch <a0€ikgj~x + aleikéj a:) ’
j=1
where {¢;}52,, {a;}52, TRy, 3222, ¢ < 1, {ay} is linearly independent over Q, a;/(c;)* —
0 (j — o0),

() () ()

(Note that ||uo||pa < 3 for any {a};, and div ug = 0.) Assume that the solution u(t) to
the equation (1) is in C([0,00) : FMy). Then we have

[ par — 00 (t — o0).

Proof of Thorem 3.1. Let us define

t
U, = S /0 AP - (@ wpy ) (T)dT, 7= 2,3,

m~4m/=n,1<m,m’<n—1

and u; = e"®uy. We easily see that the solution u to the equation (1) is expressed as

U= Zzozl uy. Since the solution is complex valued function, we see that

n
supp U, (-, t) C U [0, 00) x ({Z aj,.}) for t>0
(j17"'7jn)€{172»"'}7’ m=1
7



and {a;}32, is linearly independent over the field of all rational number Q. For example,

supp s (+,t) C [0,00) x [({2a1}) U ({oq + a2}) U ({2a2}) U ({os + a3})---] for t>0.

Thus we have supp @, Nsupp @,y =0 (n # n'). Therefore we can estimate the F'M norm
of u as follows:

o
lullrar = Nugllear > lusll -

n=1
We now only calculate the F'M norm of us. This is the inflation term controlled by the
parameters {a;};. Since a’- k) =a' -k, =0for j =1,2,---, we have
PV (u; ®u;)) =PV - Z cjcy (a7t ® a”) Z ¢! kajhal, )@ —(lkag F+kaZ, 1)t _
01,0'26{0,1} 7,3'=1

o0
i(kgl-+k32-/)'x g2 o1 o1 (o] 7("“21 ‘2+|kg2-/ ‘Q)t _
g g cjcyPe " a% (a”t - (kG + k’aj,) e i =

o102€{0,1} j,j'=1

o0

9 T (k0 12kl |2
> cicpe et p, <( " ky,) +a’(a’ - k:g)> g~ Ube; P tlka, 1)t
J

33'=1

R IE 0.0 o1\, (RS PHIES 1Pt
+ E cjcje “Pyod’(a ko e j
7]_

ik, kL) (kL PHEL Pt
+§:Cjcj’€( Plla(l'kgj)e( it

J'=1

_ $ §1§2> ‘ 1 ( 4 —2)
Por1=1—-—= —
€] (5251 £ (€1,62)=k 0 +ky1 5\—2 1)’

(we define Py and P;; in the same way) [ is 2 x 2 identity matrix. Here we used

where

i(kQ +kL )z i(kQ +kL )z
Pe( s thay) =P071€( i Tha) . Thus
¢
fuallras = [ PV (0 )i | >
0 FM
- |0 +kL %t t 2k0 -kl
E ‘Po,lozjal + P071aj/a0| CjCjr€ ey / € “5 d >
3g'=1 0
> 0 12 t 0 1
—|kao ks |7t 2kq, kg .
E ‘PO,lal + P0,1CL0| a;(cj)’e Koy Hha | / e dr = (RHS).
j=1 0
: 2k9, kg, 0 12 0
Since e M = 20 > 1, ko, + ki, |? = 5a;? and |Pya' + Py1a’] = 11/5, we have

*5aj2tt

(RHS) > (11/5)

Mg

(¢;) e

00 .
Il



For each k > 0 the right hand side is estimated from below by (11/5)(cx)*tare 5", Thus

[e.9]

(11/5) (e aze ™% > (11/(25¢)) (cx)? /.

j=1

Sending k to oo we observe that (c)?/ay, tend to the infinity by assumption so we conclude
that ||u(t)||pa — 0o as t — oo. Thus we have the desired estimate.
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