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Abstract

We show a comparison principle for viscosity super- and shuii®ns to Hamilton-
Jacobi equations with discontinuous Hamiltonians. Thepa@nt is that the Hamiltonian
depends upon and it has a special structure. The supersolution must egme additional

regularity.
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1 Introduction

The purpose of this note is to give a simple proof of a comparisrinciple for bounded,
uniformly continuous sub-, supersolution solutions tolt@milton-Jacobi equation

d+ H(t,z,d,d;) =0  in(0,T) xR, (1)
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when the HamiltoniarH is discontinuous and depends in non-trivial waydrit is well-
known that in general, if is discontinuous in:, then the comparison principle may fail.

Here, we assume a special structureiofind its line of discontinuity. 1t comes from
the singular curvature flow, considered in [GGR]. Namelg, ¢iguation studied there leads
to the following form of H,

—o(t,r*(t),u)m(p) If |x| < ro(t)

H(t,z,u,p) = { —o(t, z,u)m(p) if |x| > ro(t),

(2)

Here, we explain the assumption starting from the line ofaiginuity,

(R1) ro andr* belong toC?(0, T) andr*(t) > ro(t) for all t € [0, T}, in addition the set
{(t,ro(t) : t €]0,T]}is a Lipschitz curve.

Let us remark thaty need not be Lipschitz continuous as a functiort a$ in the case
of ro(t) = v/t — 1. The set in question is a subset of a parabola.

The conditions we present are not optimal, but they are sirapbugh and permit us to
present the main argument. We have to specify restrictionthe other components. We
assume that ¢ C'! is bounded, even as a function ofor u while other arguments are
fixed. It is also increasing with respecttas well ag: provided thate, u > 0. In addition,

0<oy(t,x,u) <M (3)

andm is a positive convex function with linear growth at infinityn the present paper,
however, no conditions om are necessary except for continuity.

In [GGR, Theorem 4.3] we showed a comparison principle fexcgd bounded, even,
Lipschitz continuous sub-, supersolution solutions to () required in [GGR] that the
supersolution be increasing ¢f, +o0c), while the subsolution be constant ovéra(t)],
for a(t) > ro(t) forall ¢ € [0, T7.

Here, we prove the Comparison Principle, see Theorem 1 wiittheese structural re-
strictions on sub-, supersolution solutions, however, mpdse moderate regularity as-
sumptions. Before explaining our method, we will commentl@navailable literature.

Let us mention that while the notion of semicontinuous suged subsolutions for dis-
continuous Hamiltonians is well-defined, (see [BP], [I}Sthe authors frequently assume
in the statements of their Comparison Principles that eghpersolution of subsolution is
at least Lipschitz continuous, [CS], [CH], [CR], [DE], [DZ3T].

There are various kinds of motivation to study problems k& One stems from
image analysis, like the ‘shape-from-shading’ problem [JAR], another is from flame
propagation or etching [CH] or from game theory [DZS]. Indkgapers (1) is a general
form of the eikonal equation anff does not depend upam For us (1) is a result of
degeneration of a second order parabolic problem, see [G@#tre the dependence Hf
uponw is essential.

There is a spectrum of assumptions on admissible discotdiguvith respect tox
andt. Jump discontinuities across Lipschitz hypersurfacegésgaite common, [CH],
[DE], [DZS], [T], we may add that sometimes the authors admijiie junctions of the
discontinuity set, see [DE]. In [CR] jump discontinuitie® admitted along a set of vertical
and horizontal intervals. The most general situation is@ered in [CS], the authors must
use tools from measure theory and they consider a slighffigrdint notion of solution.

Our comparison principle does not require any special ¢amdon the kind of depen-
dence ofH uponp except continuity. On the other hand [CS], [CR], [DE] needrcdivity,
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while the authors of [CS], [T] assume convexityzinSometimes other conditions are used
like 1-homogeneity with respect g see [DZS], or linear growth at infinity, see [CH].

We deal, however, with the graph over the real line, so we @eentrol the behavior
of supersolutions at infinity. For this purpose we introdaa@nvenient technical notion of
supersolution at infinity. We also find it convenient to workkhastrict supersolution, but
understood differently than in [T].

Our method of proof of Theorem 1 is based upon the idea ofisgithe supersolution
v away from the discontinuity oH so that the shifted becomes a strict supersolution.
We also regularized in a proper manner, so that the strict supersolution will agma
supersolution and subsolutions will not loose this propéfhis permits us to use classical
results and deduce our claim.

2 The Comparison Principle

We first recall from [GGR, Definition 1] (see also [BP], [I] antbre recently by [CR]) the
notion of a sub-/supersolution to (1) in case of a discomtirsuHamiltonian.

Definition 1 (a) We shall say that a bounded, uniformly continuous famcti : (0,7") x
R — R is aviscosity subsolutionf (1) provided that for alC* functionsy : (0,7) x R —
R such that: — ¢ has a local maximum dty, =), then

©¢(to, xo) + Hy(to, 0, u(to, 20), vz (to, z0)) < 0.

(b) We shall say that a bounded, uniformly continuous furcti : (0,7) x R — Ris a
viscosity supersolutionf (1) if it for all C'! functionsy : (0,7) x R — R such that — ¢
has a local minimum &t, o), then

©t(to, zo) + H*(to, zo, v(to, zo), vz (to, z0)) > 0.

(c) We shall say that a bounded, uniformly continuous fumctl : (0,7) x R — R is
aviscosity solutiorof (1) provided that it is a viscosity subsolution as well agszosity
supersolution of (1).

For the sake of self-consistency we briefly recall the deding of upper semicontinu-
ous envelopeH™*, and lower semicontinuous envelogé,, for a locally bounded function
H:(0,T) x R® — R. Namely, we set

H,(z) = liminf H((), H*(z) = limsup H(().

(—z (—z

We notice that Definition 1 is in the line of notion of sub-(supsolution introduced by
[BP], [I] and more recently by [CR] for discontinuous Haroitians.

We shall describe our assumptions Brwhich slightly generalize formula (2) above.

We begin with continuity requirements,

(H1) HamiltonianH is lower semicontinuous if, 7] x R x R x R;

(H2) H is continuous away fron' = {(¢, £ro(t)) : ¢t € [0,7]} and it has a jump discon-
tinuity atT".



(H3) H* is continuous inG = {(t,z) : |z| > ro(t)}, while H, is continuous on the
closure of[0, 7] x R\ G.
Symmetry ofH is just for the sake of simplicity. That is, we impose,

(H4) For anyey, €9, €3 in {—1,1} we haveH (t, €1z, eau, e3p) = H(t, x,u,p).

Monotonicity of our Hamiltonian is crucial for our argumenwe shall frequently use
the following condition,

(H5) HamiltonianH is strictly increasing with respect ta i.e. there is a positivég, such
that the following inequality holds for alls, u1, z, t andp,

H(t,z,uz,p) — H(t,z,u1,p) > ho(uz — u1). 4)

(H6) For allt,u andp functionz — H(t,z,u,p) is decreasing for > r((t), moreover
H(t,x,u,p) = H(t,r*(t),u,p) for x € [=ro(t), ro(t)].

Remark 1 Itis possible to convert ouff into one satisfying (4), by means of the following
change of variables = e**u, whereA = —2M and M is the constant appearing in
(3). Nonetheless, even the transformed Hamiltonidp,.,, will have a jump in(¢, z) at
(t,£ro(t)). It has the following form

Hpew (8, 2,0, p) = 2Muv + e 2 M H (¢, 2, M, M), (5)

Interestingly, property (4) is inherited by * and H...
Corollary 1 If H satisfies (4) so dél* andH, with same constarit.

Proof. By the definition of H*(¢, z, u, p) there is a sequende,,, x,,, u.., p,) converging to
(t,z,u1,p) such that
lim H(ty, Tn,ul, pn) = H*(t, z,u1,p).

n—oo

By (4) we have,
H(tn7$n7u27pn) - H(tnaxmurlwpn) > hO(UQ - urlz)

By definition of H* the inequalityH* (¢, 5, u2, pn) > H(tn, Tn,us2, p,) always holds.
SinceH* is upper semicontinuous we have

H*(t,z,us,p) — H*(t,z,u1,p) > limsup H(tn, Ty, u2,pn) — nlim H(tn,xn,u}l,pn)

n—00 —00
> lim ho(ug —u,,) = ho(uz — uy).
n—oo
Hence,H* indeed satisfies (4).
In order to show (4) fofd, we proceed in a similar way: we take a sequeftger,,, u2, p,)
converging ta(t, z, uz, p) such that

im H(ty, Tn,u2,pp) = H*(t,z,u,p).

n—~o0



Subsequently, we apply tham inf to the inequality
H(tnu T,y uiupn) - H*(tTH T,y u717,7pn) 2 hO(ui - Ul).

Our claim follows. O

In order to state and establish our result we need a techdéate, which is used to
control the behavior of supersolution at infinity. This idsause our region has no bound-
ary. This requires another condition on the Hamiltonian:

(H7) H converges taH* € C([0,T] x R) locally uniformly with respect tat,u) €
[0,7] x R andp near zero agr| — oo, i.e. H> does not depend upgn

In our [GGR] we considered in fact piecewiég solutions. We need them here as well.
We also make precise what we shall call here by a piece@istinction in order to make
next notion meaningful.

Definition 2 We shall say that a Lipschitz continuous functioiis a piecewise>! -function
(with discontinuity along{|z| = r¢(t)}) provided that there are disjoint open seéis,C
(0,7) xR,i=1,..., Ny, N, € Nsuch that: (aJ0,7] x R = [J* &4;, (b) eachis; has
Lipschitz boundary, (c) the s¢t € [0,T] : (t,70(t)), (¢, —7r0(t))} is contained inJ, oU;,
(d) there exist two indexe®, andjy, and a positive numbaet, such that

(O,T) X (—OO, —,uo] C Z/_{io and (O,T) X [,uo,-l-OO) C Z/_{jov
(e)wly, € C'(U;), i.e. the derivatives can be extended#aas continuous functions.

Once we have imposed restrictions on the behaviof/oby requiring (H7) we can
introduce another notion.

Definition 3 For H satisfying (H7) we shall say that a piecewiSé-function w is a su-
persolution at infinityprovided thatw is a supersolution, the following limits exist and are
uniform with respect ta € [0, 71,

wy — wi®, w—wr, wy; —0 as|z| — oo
and
Wi () + H(t, w™(1)) > 0. ©)

We shall callw a strict supersolution at infinityf it is a supersolution at infinity and the
inequality in (6) is strict.

Here is our main result. It is worth noticing that we do not ep on the Hamiltonian
neither coercitivity nor convexity irp. In particular, Hamiltonian given in (5) satisfies
all our conditions provided that in (2) converges uniformly, ag:| — oo, to 0> €
C1((0,T) x R).

Theorem 1 Let us assume that a measurable functibrsatisfies (R1) and (H1-H7) and
for u,v € BUC(]0,T] x R) following conditions are valid:

(a)v is a supersolution to (1), is a subsolution to (1) and0, z) < v(0, z).

(b) v is a piecewis&! -function.

(c)v is a supersolution of (1) at infinity.

Then, for allt > 0
u(t,x) < v(t,x).
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The above statement is rather long, however, the conteratiher simple: we have
to impose condition permitting us to control the behavioHaimiltonian H and super-,
subsolutions at infinity. Moreover, we assume that the sabafdifferentiability points of
the supersolution is small and sets of discontinuitie&/aindv,. are ‘aligned’.

We shall proceed in several stages: we will move the probleaydrom the jump dis-
continuity of H by considering a “shifted supersolution”. We also modifyto make it a
continuous function. Subsequently, we apply the classezllts for continuous Hamilto-
nians.

In order to state our next observation it is convenient toithice the notion of a strict
supersolution. It is known in the literature, see e.g. [T] €' sub-, supersolution, here
however, we have to relax the regularity assumptions.

Definition 4 We shall say that a supersolutions a strict supersolutiorof (1), if for any
test functiony € C! such thaty — ¢ has a minimum attg, o), then

¢t(to, wo) + H* (to, zo, v(to, o), Yz (to, ¥0)) > 0.
We definea strict subsolutiorof (1) in a similar way.

We may now state our next observation as follows.

Proposition 1 Let us suppose that the assumptions (R1) and (H1)—(H7) Hbld.is a
supersolution of (1) so is + € for any positivec. Moreover,v + € is a strict supersolution.

Proof. Sincew is a supersolution then the inequality in Definition 4 is @wd due to the
strict monotonicity ofH* shown in Corollary 1. O

Let us now define the regularized Hamiltonian. Bas 0 we set

H5(t,a:,u,p)
H(t,z,u,p) |x| > ro(t) + 0,

=q (1- %)H(t,r*,u,p)—i—%H(t,'ro—i-é,u,p) |z| = 7o(t) + A, A € (0,0),
H(t,r*(t),u,p) |x| < ro(t).

Note that\ depends on: andt. Here is our first observation oH?.
Lemma 1 If u is a subsolution to (1), then it is also a subsolution to (Tdwe

dy + H(t,x,d,d;) = 0. (7)
Proof. The claim follows immediately from the inequality

H(S(t»xauap) SH*(t,x,u,p) O
We are ready for a definition of a shifted supersolutiénWe set
v (z) = v(z — 9).

We have to show that for a giventhen for a sufficiently smalf, functionv® + ¢ is indeed
a supersolution to (7).



Lemma 2 Let us suppose that assumptions (R1) and (H1)—-(H7) hold and:

(a)w is piecewise &' function;

(b) w is a supersolution of (1);

(c)w is a supersolution at infinity of (1).

Then, for any > 0 there is sucliy(¢) > 0 that for anys € (0, 6o (¢)), functionw® + ¢ is a
supersolution of (7).

Proof. By Proposition 1w + €, ¢ > 0, is a strict supersolution of (1). We claim that the
restrictions imposed on the behaviorafat infinity permit us to show a stronger inequality
than postulated by Definition 4. Namely, there exists 0 such that for any test function
¢ such that the difference — ¢ attains its minimum att, z) € (0,7) x R we have

oi(t,x) + H* (t,z,w(t, z) + €, ¢ (t,x)) > n > 0. (8)
Indeed, we noticed thdi* satisfies (4) with the sanie, asH does. Thus, we deduce

ee(t,z) + H (t,z,w(t,z) + €, . (t, 7)) >
(,Ot(t,l‘) + H*(taxaw(ul‘)a@x(tuw)) + hoe > hoe =:n > 0.

In other words, (8) holds for allt, z) € (0,7) x R as desired.
We notice that due to (4) the Hamiltonian at infinf§?° is also strictly increasing with
respect tau. It is just sufficient to pass to the limit in (4) to deduce that

Hoo(t,UQ) - Hoo(t,ul) 2 ho(Ug - ul).

This inequality combined with (6) shows that+- ¢ is a strict supersolution at infinity.
We will now show thatw® + ¢ is a supersolution. We need to show for a test function
such thatw® — ¢ attains its minimum att, «) that

Y+ Hé(t,x,wé +€,0,) > 0. (9)
We consider firstz| > ro(t) + J, then we have
9075(75,1') + H(t>x>w6(t>$) + ¢, 90$(t733)) = SDt(tvx) + H(t,x,w(t,x - 5) + e, Sox(t>x))'

We writey = = — 6, hencely| + 6 > ro(t) + §. We notice that is locally uniformly
continuous inG' x R2. Indeed, because of the assumed uniform convergengetofH >
for a givenn we can find suchr that for |y|, |z| > R > uo we have|H(t,y,w,p) —
H(t,z,w,p)| < n. Due to compactness of the $8tn Br(0) function H is uniformly
continuous oiF = G N Br(0) X [—||w]leo — 1, |w]leo + 1] X [=||wz oo, |z ||so]-

Let us now introduce a new test function by formulé, y) = ¢(t,y + ¢). We have to
check thaty,| < ||wz||~. This is indeed so because the inequalityt, z) —(t,2))) > 0
for = # y in a neighborhood of;, implies thatw} (¢,y) > .(t,y) andw} (t,y) <
¥z (t,y). Since (8) holds, then we can fiadso that

¢t(t,y)+H(t,y+5,w(t,y)+€,1/)$) > wt(tvy)—i_H(t?y?w(tvy)—i_E?w:E)_n > n—m= 0.

This proves the claim foj:| > ro(t) + 6.

Suppose nowz| < rg, in this caseH (t,x — 0,u,p) = H(t,r*(t),u,p) and it is by
definition smaller tharf® (¢, z,u, p). Then, after setting = = — ¢ and introducing the
same new test function by (8), we have

it y) + Ho(ty + 6,w(t,y) + €, v (t,y)) > it y) + H(t,r*, w(t,y), e (t,y) > 0.

7



Our claim holds again.
Now, we taker € [ro(t), ro(t) + ¢), we proceed as before. We notice that

9075(75,1') + H(S(t,:lj,wé(t,ib) + ¢, 90$(t733)) = QDt(t,-T) + Hé(t,x,w(t,:c - 5) + ¢, 90$(t733))
> wt(tvy) —I—Hé(t,y—l—é,w(t,y),q/)gg(t,y)
> hu(t,y) + H(t,r"(8), w(t, y), ¥u(t,y) = 0.

For—az € [ro(t), ro(t) + 6) the calculations are essentially the same,

oi(t,x) + Ho(t,z, 0’ (t, ) + €, 0 (t,2)) = @t z) + Ho(t,z,w(z — 8) + €, pu(t, x))
= (t,y) +H6(t>y+6>w(t7y) + €, ¢2(t,y))
> Pt y) + H(Er" (1), w(t,y), ¥ (t,y)) = 0.

Finally, we consider point$t, x) = (t,+(ro(t) + 0)). These are translations of special
points of H. Let us consider firstt, ) = (¢, 70(t) + ¢). For any test functiogp we have to
show that

L:= 90t+H6(t7 TO(t)+57 w6 (TO(t)+57 t)+67 QOCU) = (,0t+H*(t, TO(t)+57 w(TO (t)7 t)7 QOCU) > 0.

SinceH* is uniformly continuous irG N [0, 7] x [0, R], then we can find(e¢), so that (8)
implies

L= e(t,ro(t), +H (t,r0(t), w(t, ro(t)) + €, v (t, ro(t),) — 1
> n—n=0.
We recall that* (¢, 7o(t),v,p) = H(t,79(t)", v, p). Our claim follows. O

Remark. The assumption that+ ¢ is a strict supersolution at infinity is technical only for
the sake of dealing with unbounded domain.

We are now ready for thproof of our main result Let us suppose a subsolutian
and supersolutiom satisfy the assumptions. By Proposition 1, for any positive + ¢
is a strict supersolution, moreover+ ¢ is a strict supersolution at infinity. Sinee+ ¢
is uniformly continuous oveR, then there isiy(¢), such that for allb € (0,dp(€)) we
havev?(0,z) 4+ ¢ > u(0,z). By Lemma 1,u is a subsolution to (7), while® + ¢ is a
supersolution to the same equation, possibly for a small8inceH? is strictly increasing
with respect ta:, we may apply the classical comparison principle to corelit

u(t,z) < V0(t x) + e,

forall t € [0,T]. Sincedy(e) goes to zero whem — 0 andwv® 4 € converges ta, we
conclude that
u(t,z) <w(t,x), forallte [0,T],

as desired. n
We notice that our comparison principle improves the unigss result of [GGR, The-
orem 1.1], because there we assumed unnecessary struoburesaper- and sub-solutions.

Here, they are removed, but we restrict the behavior of suget sub-solutions at infinity.
However, the complete analysis of this issue will be presgetsewhere.
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