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Abstract. This paper studies singular diffusion equations whose diffusion
effect is so strong that the speed of evolution becomes a nonlocal quantity.
Typical examples include the total variation flow as well as crystalline flow
which are formally of second order. This paper includes fourth order models
which are less studied compared with second order models. A typical ex-
ample of this model is an H ! gradient flow of total variation. It turns out
that such a flow is quite different from the second order total variation flow.
For example, we prove that the solution may instantaneously develop jump
discontinuity for the fourth order total variation flow by giving an explicit
example.
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1 Introduction

We are concerned with singular diffusion equations whose diffusion effect is
so strong that the speed of evolution becomes a nonlocal quantity. Typical
examples include the total variation flow as well as crystalline flow which
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are formally of second order. This paper includes fourth order models which
is less studied compared with the second order model. A typical example
of this model is an H ! gradient flow of total variation. It turns out that
such a flow is quite different from usual total variation flow. This paper also
includes a short survey for second order models although the references are
not at all exhaustive.

Several examples are provided by image processing and materials science.
We begin with two simple examples which are one dimensional version of total
variation flow. One is the second order model formally written as

up = (Sgn ug)y. (1.1)
The other one is the fourth order model formally written as

up = —(SgN Ug) gaa- (1.2)

Here we use the convention that subscripts denote partial derivatives, for
example f., = 0%f/02?%, f, = 0f/0t. Both are regarded as a ‘gradient flow’
of total variation energy E(u) = [ |u,| dz but the metric of differentiation
is different. The first one is L2-gradient flow while the second one is viewed
as H~! gradient flow. The space H~! is considered as a dual space of the
Sobolev space H}. (We shall give a rigorous formulation in a later section for
periodic boundary condition.) Although the equation is written as a form
of partial differential equations, the speed is actually determined in nonlocal
way, which causes a lot of problems even for second order models.

A good aspect of problems is that it is viewed as a gradient flow of a lower
semicontinuous convex function. However, there are several difficult aspects
since the energy density of total variation is not coercive (linear growth as
|uz| — 00) and it has a singularity at u, = 0. This last singularity leads the
fact that the speed is determined in nonlocal way.

It is well-known under periodic boundary conditions the solution of (1.1)
is Lipschitz in space if initial data is Lipschitz [FG]|. In fact, there is a
maximum principle for derivatives. However, for the fourth order problem,
it turns out that the solution instantaneously may develop jump discontinuity
even if the initial data is Lipschitz continuous. This can happen since our
energy density is not coercive. We give an explicit example in this paper,
which is a new contribution in this paper. We also show that the comparison
principle is violated.



For above two examples, the initial value problem is at least well-posed in
the sense there exists a unique solution for a reasonably wide class of initial
data since energy is a lower semicontinuous, convex function in a Hilbert
space. (The solution is actually a global-in-time solution for these problems.)
However, it often happens that well-posedness itself is not clear. We overview
well-posedness problems for other examples which are not necessarily in the
form of a gradient flow. There are already review articles [GG|, [GO], [G1]
on a similar topics so we mainly focus development after 2004.

We consider a more general total variation flow equation for u = u(t, x),
x = (xy, - ,x,) of the form

u = div (Vu/|Vul|) + A(f — u), (1.3)

where f is a given function and A € R. Here Vu represents the spatial
gradient, i.e., Vu = (Op,u, . .., 0y, 1), Op,u = Ou/0x;. We also consider a more
general version of (1.3) called an anisotropic mean curvature flow equation
for the graph of a function u of the form

w = /1 + Va2 M@#)(div (V,IV) (V) + o(z,u)), (1.4)

where W = W (p) is a given convex function in R" which may not be C' and
M (> 0) is a given positive function; o is also a given function; 7i denotes the
upward normal of the graph y = u(¢, x), i.e.,

i = (=Vu//(1+ |Vul2), 1/3/1+ |Vul?).

Here V,, denotes the gradient in p variables.
Of course, (1.3) is a particular example of (1.4) by taking

M(7i) =1/ 1+ |[Vul?, W(p) = |p|
and o(x,u) = A(f(z) — u).

The total variation flow (1.3) can be formally viewed as an L?-gradient
flow of

E(u) = /(|Vu| + %(u — f)Hdx, (Q:n — dimensional manifold)  (1.5)
0

ie., u; € —0F(u), where OF denotes the L?-subdifferential of F. If A > 0,
then F is convex. Then there is a nice abstract theory for the existence
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of solutions for the initial value problem d,u € —0E(u) when E is a lower
semicontinuous convex function defined in a Hilbert space initiated by Y.
Komura [Ko| and developed by H. Brezis and others in 1960s see e.g. [B].
For our problem (1.3) it guarantees the unique solvability of the initial value
problem for (1.3) with A > 0 under for example periodic boundary condition
(by taking Q = T", a flat torus) with f € L*(Q2). Surprisingly, the speed
(the right time derivative) is determined uniquely although the evolution law
u; € —0E(u) looks ambiguous. In fact, the speed is determined by a minimal
section or canonical restriction of dE(u). However, its explicit characteriza-
tion is often nontrivial [AD] and it is well-studied for piecewise constant
functions [ACM], [ABCM], [Mol], [GGK], [SK], [S]... For development of the
theory for total variation flow the reader is referred to a nice book [ACM]
and references therein. For an intuitive explanation of the theory see [KGJ.
The corresponding fourth order problem formally written as

uy = —A[div (Vu/|Vul) + AN f — u)] (1.6)

is also formulated in the framework of subdifferential equation u; € —0y-1 E(u),
where subdifferential is taken in H~' norm. Of course (1.2) is a particular
example of (1.6). The general theory guarantees its unique solvability. How-
ever, to determine the speed we need to calculate a subdifferential which is
not easy in general. See Y. Kashima [Ka], where slightly different problem
is studied. The reader is referred to [GKohn]| for a formulation when A = 0.

To see that the speed is a nonlocal quantity we consider (1.1) which is
one-dimensional version of (1.3) with A = 0. If one considers uy(z) = cosz
as an initial data, it is expected that a flat part instantaneously develops
from maximum point and minimum point. The other part is not expected
to move. Heuristically, the place where slope equals zero feels very strong
diffusion while other part stops. In fact, the unique solution provided by the
abstract theory is of the form

u(, 1) = {cosx d(t) <

2] < /2,
cosd(t) |z| <d(t

)
and d(t) is determined by
u(x,t) = 2/(length of flat part) (= 2/2d(t)), |x| < d(t)

with d(0) = 0. This fact is observed for example by T. Fukui and Y. Giga
[FG] and R. Hardt and X. Zhou [HZ] a long time ago. It is clear that the
speed is determined by a nonlocal quantity.
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If we consider (1.4), it cannot be viewed as a gradient flow so general
theory for u; € —0F(u) does not apply. The notion of a solution itself
should be studied. A viscosity like theory [CIL] developed by M.-H. Giga
and Y. Giga [GG98Ar], [GGI9], [GGO1Ar]| during 1998-2001 covers the case
that the space dimension n is one and o equals a constant with some technical
assumptions on W (which applies a convex, piecewise linear function W). In
particular, the initial value problem for (1.4) is well-posed if o is constant.
The underlying structure of their theory is that flat position (with slope
corresponding to a jump of W) stays as flat so that the speed is constant.
This hypotheses (which is verified by subdifferential theory if it applies) is
also fundamental to construct admissible crystalline flows by J. Taylor [T1],
and independently by S. B. Angenent and M. E. Gurtin [AG]. Actually,
the speed is determined by solving an obstacle problem [KS] which may not
be a constant when the driving force o in (1.4) is not spatially constant (as
observed in the work of [GGI8DS]) or the space dimension n > 2 (as observed
by G. Bellettini M. Novaga and M. Paolini [BNP]).

In fact, for surface evolution [G2] by singular energy v of the form

V= dive (V) (1), (1.7)

where 7 is an interfacial energy and V' is the normal velocity of an evolving
hypersurface. Here divp denotes the surface divergence. G. Bellettini and
M. Novaga introduced a notion of solution and established uniqueness result
[BN]. However, the existence of solution is known only for convex initial data
[BCCN]. Flat portion such that the speed is constant is called a caribrable set
for E or a Cheeger set studied by people including B. Kawohl [KSch], [KL].
Its relation of the Rayleigh quotient of 1-Laplacian i.e., [|Vuldz/ [ |u|dx
is well-studied. It is interesting to charaterize caribrable sets in a general
setting [BNP1](cf. [BNP2]).See [BM] for a review of anisotropic flow, where
4th order problem like anisotropic Willmore flow is derived.

The case when o in (1.4) is not constant is handled recently by M.-
H. Giga Y. Giga and P. Rybka [GGiR], where they study dependence of
solutions of the obstacle problems with respect to the domain (flat portion)
we consider to obtain a comparison principle. However, the analysis is still
limited for one-dimensional problem. Nevertheless, this is a fundamental
key to develop a level set theory [CGG], [ES], [G3] for all planer singular
curvature flow including crystalline flow with nonuniform driving force term.
There is another approach to construct an explicit solution by solving a free



boundary problem ([GGR], [GR4], [GR5]). We also note that the speed
agrees with the speed proposed by A. R. Roosen [R].
Well-posedness problem is widely open for 1-harmonic map flow:

uy = div (%) + |Vulu, (1.8)
where u is a mapping to a unit sphere in R™. It is solvable locally-in-time
[GKY]. However, there is a chance that the solution may break down in finite
time like usual harmonic map flow. This is proved by [GKu] for a rotationally
symmetric 1-harmonic map flow from disk to the sphere S?. The theory is
further developed by [Gia M]. A global existence of weak solutions is recently
established by J. W. Barrett, X. Feng and A. Prohl [BFP]|. However, its
uniqueness is not known even locally (except one dimensional case see Y.
Giga and R. Kobayashi [GK]).

In the next section we briefly survey several sources of problems. In
Section 3 we give an explicit solution of 4th order total variation flow and
prove that it may lose continuity instantaneously even if the initial data is
Lipschitz or even smooth. Also, we show that the comparison principle may
be violated.

2 Source of Problems

2.1 Image Analysis

The energy (1.5) involving total variation is first introduced by [ROF] to
recover an image, where f is a given gray-scale image with fidelity constant
A > 0. The minimizer u of this energy is regarded as ‘a recovered image’
from f. This problem is by now well-analyzed for example in [CL]. The book
[ACM] includes a nice introduction of this topic. Clearly, the gradient flow
(1.3) is a good way to find the minimizer of (1.5).

The fourth order model is proposed by [OSV]. Instead of minimizing £
in (1.5), they proposed to minimize

A
F(u) = [ [Vul+3 llu= flfi
Q

Its H ! gradient flow (with the Neumann boundary condition) is (1.6). This
is studied by [EIS], where they proved well-posedness by the Galerkin method
as well as for regularized problems; see also [E1S2] for its numerical analysis.
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The 1-harmonic map flow is introduced in image analysis for denoising
color image [TSC], [VO]. Let I be a vector valued function

I(x) = (r(x), g(x),b(x))

at each pixel = (z1,25) € Q C R?. This function represents the intensity
of the three primary colors (red, green and blue). The chromaticity is defined

by
u=1I(z)/|I(z)]

while the brightness is defined by |I(z)|. The main idea is to decompose
the image into chromaticity and the brightness and denoise both separately
using a different method. To recover chromaticity one way is to use total
variation like energy F in (1.5). However, now our u is S*-valued. So the
corresponding gradient flow is now 1-harmonic map flow. If A = 0, its explicit
form is (1.8).

2.2 Materials Science

The equation (1.4) is the evolution equation of the graph of a function moved
by the crystalline energy when W is a convex, piecewise linear function. A
crystalline flow of the form (1.7) was first proposed by [AG] and [T1] for
planar motion to describe a motion of phase boundaries. (In this case the
interfacial energy + is assumed to be a positively homogeneous function of de-
gree one with convex polygonal sublevel set v < 1 (called a Frank diagram).)
One merit is that if one restricts a motion for a special class called admissible,
the evolution is reduced to a system of ordinary differential equations. By
a crystalline flow we often mean such a special flow. For the current status
of the crystalline flow the reader is refereed to [I] and references therein; see
also [GGH] and [GGO]. Its higher dimensional version was first studied by
[GGM]. They constructed a crystalline flow for polyhedra; however, they
overstated that this flow enjoys comparison principle. Later, it turns out
that there is a facet whose speed is not constant [BNP] if one admits the
comparison principle. See also [GPR| and [BCCN] for a formulation of the
problem for general interfacial energy.

In materials science interfacial energy has a singularity in low temperature
so the equilibrium shape, the Wulff shape has a flat part called a facet.
Such an energy is very important to handle the problem as a continuous
macroscopic thermodynamics.



From this point of view it is quite natural to consider the fourth order
model, a relaxation dynamics. For example, fourth order crystalline motion
is formulated and calculated by [CRCT] as a special model of surface diffusion
phenomena. The equation V' = —ApH with mean curvature H is called a
surface diffusion law, where A denotes the surface Laplacian. It goes back
to Mullins [M] and several mathematical results will be discussed in Section
4. See [CT] for a review.

Other than crystalline surface diffusion flows it is also proposed to use a
model of describe a growing surface in low temperature [Sp|. As discussed
in Remark(ii) of Section 3.1 the H™' gradient flow of @ is of the form

uy = —A[ div (Vu/|Vul) + p div (|Vu]7*Vu)).

Here u represents the height of a crystal surface. It is analysed by [Ka] and
[O]. According to the observation by [O], this evolution seems not the same
as a continuum limit of step motion dynamics.

Another important source is provided to model an evolution of multigrains
proposed by [KWC]: for preliminary study of the problem see [KG] and
[GGK]. It is a total variation flow for mean orientation of each grain coupled
with other order parameter. Its explicit form is

T, =kAn+ 1 —n — 2sn| V),
n’1ob; =s div (n*V0/|V0|) + vAb.

Here the unknown variable # is an indicator of the mean orientation of the
crystalline and another unknown variable 7 is an order parameter for the de-
gree of crystalline orientation. The quantities 7, 79, &, s are positive constant.
The constant v is nonnegative and can be zero. Recently, the initial value
problem with » > 0 under the Neumann condition is solved globally-in-time
in a smoothly bounded domain in R". In fact, a global-in-time week solution
is constructed in [IKY2]. If n? in front of 6, is replaced by a strictly positive
function having a similar property, a global-in-time weak solution is con-
structed in [IKY1] and the uniqueness is given for one-dimension. Existence
and uniqueness of one dimensional model with 7, replaced by (o, + £1)ze
has been established in [IGNS]. However, it is an open problem whether
or not the problem is solved for ¥ = 0. Also it is more natural that ¢ is a
function with values in S”~!. In particular, if we consider the planer case it
is natural that 6 is S* valued. Since the mean orientation function should



be considered as S! valued, it gives another source of 1-harmonic map flow
[GK].

2.3 Vertical Diffusion

Although there are several applications we just give here rather unusual
applications. It is summarized as a application of vertical singular diffusion
to have solutions with shocks.

We consider the graph I'; of solution u of the Burgers equation

uy + uuy = 0. (2.1)

If we use upward normal velocity V of Ty in R? = {(z,y)|z,y € R} it is
formally of the form:

V=yonl, (2.2)

However, the solution of (2.2) may overturn and may not be the graph of
a function. For (2.1) we often consider an entropy solution with jump dis-
continuities instead of a multivalued (overturned) solution. What is a good
equation instead of (2.2) to track an entropy solution? Singular diffusion
equation gives an answer as rigorously discussed by M.-H. Giga-Y. Giga
[GGO3]. The main idea is to consider

V =y + A div (V7(7)), (2.3)

where v(p1,p2) = |p2| and A > 0 instead of (2.2). It is useful to calculate nu-
merically (cf. T.-H. R. Tsai, Y. Giga and S. Osher [TGO]). The last term of
(2.3) is called a vertical singular diffusion term. If A > 0 is taken sufficiently
large with respect to size of jumps (but still finite), then the solution of (2.3)
is the graph of entropy solutions. This method works to calculate entropy
solutions for multidimensional scalar conservation law [TGO]. However, its
application is not limited to conservation laws. It applies to calculation of a
unique proper viscosity solution [G2] with shocks.

The unique existence of global entropy solutions is established a long time
ago by S. N. Kruzhkov [Kr] for L* initial data. His idea was extended to sev-
eral other problems. For example, J. Carrillo [C] showed the existence and
uniqueness of entropy solutions to nonlinear strongly degenerate parabolic
equations under the homogeneous Dirichlet boundary condition. More re-
cently, H. Watanabe and S. Oharu [WO] formulated BV-entropy solutions
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for the Neumann problem and proved the unique existence of global BV-
entropy solutions. This type of idea is also important to construct a unique
global solution to the total variation flow (1.3) when initial data is in L*
[ACM].

For scalar conservation laws in multidimensional spaces there are several
ways to approximate entropy solutions by solving linear equations in the
graph spaces and taking average in the vertical variable. This idea is called
a kinetic construction or transport-collapse approximation. It goes back to
works of [GM], [GMO], [B1], [B2], [Mi]. Very recently, Y. Brenier [B3] re-
covered the Kruzhkov entropy solution from the solution of a subdifferential
equation in the graph space with indicator function preventing overturning
without any approximation.

It is curious whether such singular diffusion can be used for sand pile prob-
lems studied by L. C. Evans, M. Feldman and R. F. Gariepy [EFG]. If the
slope bound is 1 i.e., [Vu| < 1, a suggestive equation is

u = f(z) + A/ (sgn(l — Vu-w)), dw, A >0,

|w|=1

when the original equation is u; = f(x).

2.4 Approximation

It is important to develop several ways of approximation of solutions not
only for construction of a solution but also to study properties of a solution.
In fact, Bellettini and et al [BCCN] constructed crystalline surface evolution
flow by using Almgren-Taylor-Wang [ATW] scheme for convex initial data.

General tendency is that various approximation is uniform with respect
to mollification way of singular interfacial energy. This is actually proved for
the anisotropic Allen-Cahn equation by Y. Giga, T. Ohtsuka and R. Schétzle
[GOS] when the driving force term is spatially homogeneous but for arbitrary
dimension. It is interesting to study recent differential game approximation
by R. V. Kohn and S. Serfaty [KS1], [KS2] of a solution although approxima-
tion scheme for singular interfacial energy is not yet given. For example it is
interesting to give a differential game interpretation for crystalline curvature
flow.

For fourth order problem less is known. An extension of Almgren-Taylor-
Wang scheme is proposed but it is an open problem to characterize its limit
[CT], [Chul.
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3 Total Variation Flow in a Sobolev Space of
Negative Order

In this section we give an explicit example that a solution for (1.2) may
develop jump discontinuity instantaneously. We also give an example that
the comparison principle is violated. These examples clarify the difference
between (1.1) and (1.2).

3.1 Loss of Continuity

We consider (1.2) with periodic boundary condition. We have to find a
rigorous formulation of the problem. Let H'(T) denote the Sobolev space of
real-valued periodic function with period w equipped with inner product

(o) = ((fg))1 + /T f-gde, f g€ H(T), T = R/wZ:

here

((F.o))r = /T fu- 9o d.

We consider a subspace so that ((f, ¢)); becomes an equivalent inner product.
Let H! (T) be the codimension one subspace of the form

HL,(T) = {f € H'(T) /T f d =0},

i.e., the space of H' functions whose average equals zero. By the Poincaré
inequality or Wirtinger inequality it is easy to see that ((f, ¢)); is an equiv-
alent inner product in H) (T) which is a closed subspace of H'(T). The
dual space H,'(T) is regarded as a subspace of the space D'(T) of Schwartz’

distributions. Let { -, - ) denotes the canonical pairing of H! and H !, i.e.
for g € H'(T) its value g(f) at f € H'(T) is denoted by
9(f) = {f9).

It is formally written as [, f - ¢ dz. It is identified with
H () = {f € HD|(1.1) = [ fdo =0}
T
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where H~'(T) is the dual space of H'(T) C D'(T). This space H_'(T) is
the Hilbert space equipped with an inner product

(1) ={(=8) o) = [ (-8)2f g da
T
where —A denotes an isometry from H} (T) to H,,'(T) defined by f
((f,*)1. It is regarded as the Laplacian.
We are now ready to formulate (1.2) with periodic boundary condition in
a rigorous way. We consider a functional

2 (v) = {fT lval, v € BV(T) N Hy\(T),

00, otherwise

in H,'(T). Note that we always assume that [ v dz = 0 when the energy
®,(v) is finite. The functional [ |v,| is the total variation defined by

[ 1l =supf [ v do | olli < 1, 0 € CHTI)
T T

The space BV(T) is the space of L'(T)-function whose total variation is
finite.
We consider a gradient flow equation of the form

%’(t) € —0g-1P, (u(t)) ae. t>0,

u|i—g = uo € H,}(T),

(3.1)

where 01 denotes the subdifferential of ®, in H,'(T). It is defined as

8[_[71 @W(U) =

(f € Ha (D)@, (0 + h) — @, () > (b, ) for all h € H(T)}. 2

Since @, is lower semicontinous and convex, an abstract theory (initiated by
Komura [Ko] see [B]) yields a unique solution u € C([0, 00), H,.,}(T)) of (3.1)
which is absolutely continuous in any compact interval in (0, c0) with values
in H}(T). Moreover, t — u(t) is right differentiable for all ¢ > 0 and

dtu

—(t) = —% . @, (u(t)) (3.3)
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for all ¢ > 0, where 99%_,®, is the minimal section (or canonical restriction)
of subdifferential 0y-1®,(v), i.e.,

0% 1 ®,(v) = argmin {||f||g-1|f € Og-1P.(v)}.

We shall explain why (3.1) represents (1.2) at least in a formal level. By re-
calling definition of subdifferential (3.2) we easily guess that f € 0g-1D,(v) is
equivalent to saying that (—A) ™' f € @, (v), where 09, (v) is L*-subdifferential
of @, since ((h, f))-1 = [ph-(=A)"'f dz. Thus & € —9y-1 @, (u) is for-
mally equivalent to

_,du

(~8) 17 € —0%, (v).

Since (an element of) —0®, is formally equals div (Vu/|Vul|) = (sgn uy)s,
operating —A both sides to get (1.2) at least formally.

In general it is difficult to characterize a subdifferential of a functional.
However, for particular geometry of v it is possible to characterize at least
L? subdifferentials 0®, (v). For general characterization see [ACM]. We first
recall a relation of -1 and @ which is formally discussed in the previous
paragraph. Let L2 (T) denote the space of all L?(T) function whose average
equals zero.

Lemma 3.1. ([GKohn]) Assume that v € L2 (T). Then f € Og-1®,(v) if
and only if (—A)~'f € 0®,(v). Here 0®,(v) is the L*-subdifferential of ®,

at v, i.e.,

00, (v) = {g € L2 (T)|®,(v+ h) — P, (v) > / hg dx for all h € L2 (T)}.

T

We consider a special profile of initial data ug(z) such that
h < ith 0 <ry <w/4

uo(z) = 4 0 |z| < ro wi ro < w/4, (3.4)
vo(x), 1o <|z| <w/4,

where vy € C'[—wg/4, we/4] is an even function strictly decreasing in z €
[0,w/4] and wvy(w/4) = 0. The constant hy > 0 is assumed to satisfy
ho > vy(ry). We extend this function on (w/4, w/2) so that ug (£ +z) =
—ug (£ —12), 0 <z < £ (as an odd function with respect to z = £.) We
further extend this function so that ug is periodic with period w. Of course,
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it is easy to observe that ["ug dz =0, i.e., ug € LZ,(T). For this particular
profile of uy one is able to calculate 0@, (ug).

Lemma 3.2. Assume that hy > vy(rg). Forug in (3.4) a function f € L% (T)
belongs to subdifferential 0®,(uo) if and only if for v € (—w/4, 3w/4)

— Nz, |.T| S To,
fle) =< —C, w/2419> 2| >w/2—r1, (3.5)
0, otherwise

with some n € H'(—rq, ) satisfying
n(=ro) =1, n(ro) = —1 and [n| < 1 on (=ro, 1), (3.6)
and some ( € H (w/2 — ro, w/2 + 1) satistying

C(w/2—=r9) =—1, ((w/2+19) =1

and |¢| <1on (w/2—rg, w/2+10). (3.7)

This lemma can be proved by using the following characterization (Lemma
3.3) together with Lemma 3.1. Lemma 3.3 is a trivial modification of [[ACM],
Proposition 1.10], which is stated for the Neumann Problem.

Lemma 3.3. For general w € L2 (T) a function f € L2 (T) belongs to
0P, (w) if and only if there is a function £ € L*°(T) N H'(T) with f = =&,
such that || <1 on T and that [, f-w dz = [ |w,| dz.

One merit of this characterization is that it is easy to extend to multi-
dimensional situation. Also it is rather easy to see that for uy in Lemma 3.2
with hg < vg(ro) the subdifferential 0®, (ug) is empty. Of course, one can
directly prove Lemma 3.2 in the line of ([GGK], Lemma 1), where u, is a
piecewise constant function.

We are now ready to calculate the profile of solution of (3.1) (or (3.3))
with initial data ug. As a result we are able to claim that the solution may
instantaneously develop discontinuities. This phenomenon does not occur for
L?-total variation flow.

Theorem 3.4. Assume that hy = vy(rg) so that ug is at least Lipschitz
continuous. Assume that vy € C'0,w/4] and vj, < 0 on (0,w/4] with
vo(w/4) = 0. Then the solution u of (3.1) with initial data uy instanta-
neously becomes discontinuous for t > 0 (until it identically equals zero in
finite time).
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The rest of this section is devoted to the proof of this main result (The-
orem 3.4). We first calculate the minimal section of 0y-1®,(v) to derive an
explicit formula of the solution. Let §(x) denote the Dirac delta function.

Lemma 3.5 (Minimal section). Assume that hy > vo(ro). If uy has a
profile given in (3.4), then

8?_[—1 (I)W(UO) (.’L‘)

24 12
= T3 X(ror0) + 7308 — w/2470) +6(x —w/2 = 1))

12 24
- ﬁ(é(x + TO) + 5(‘7; o TU)) - ﬁX(w/2*T0,w/2+T‘0)

for v € (—w/4, 3w/4). Here L is the length of flat part (called a facet) so
that L = 2ry and x(a,p) is the characteristic function of the interval («, 3).

Proof. We set F' = 0}, ®-(u). By Lemma 3.1 and Lemma 3.2 we observe
that F = —f,. with

f = argmin {1 fzall gt | f is of the form (3.5)}.

Since
||f$w||H;1(T) - ||fm||L2(T);

it suffices to minimize

| |77$$| |L2(—r0,r0) and | |<ww| |L2(w/2—ro,w/2—ro)

with (3.6) and (3.7) and the continuity of f at +ry,w/2 + 1y, which are end
points of facets. The last condition is required since f, is in L?(T). Since ¢
can be treated in a parallel way, we just study 7. The minimizing problem
we have to solve is an obstacle problem. We have to find € H?(—rg,19)

which minimizes "o
2
[ al o
1o

with the constraint |n(z)| < 1in (-7, r9) and boundary conditions n(—ry) =
1, n(rp) = —1 and n,(£ry) = 0. This is still a lower semicontinuous (in H?),
strict convex minimizing problem so there is a unique minimizer. In the
place where |n(z)| < 1, the minimizer should satisfies the Euler-Lagrange
equation (7.4)zz = 0 so it must be a polynomial of degree 3. If one finds a
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Figure 1: Profile of n(x).

polynomial of degree 3 satisfying boundary conditions and constraint it must
be the unique minimizer.
If we take
n(z) = ar® — ba

with a = 4/L?, b= 3/L, then 7 takes its local maximum value 1 at —ry and
its local minimum value —1 at ry so that 7,(£ro) = 0. Of course, [7(z)| <1
is fulfilled (Figure 1). So this 7 is the minimizer of our obstacle problem. We

differentiate
7 _ _ﬁ:pa |ZL‘| < 7o,
0, ro < |z| < w/4,
twice (in distribution sense) to get

— 24 12 .
F=—f,.= ﬁx(,ro,ro) — ﬁ(é(x +79) +0(x —19)) in (—w/4,w/4).

The reason we have a delta function is that f, has a jump discontinuity at
x = +ry (Figure 2). By symmetry the proof is now complete. [J

We are now ready to construct an explicit form of solution starting wug
in (3.4) (with hy > wp(rg)) as an initial data. Since the strictly monotone
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Figure 2: Profile of 7, (x).
part of uy does not move, it suffices to construct a solution in (0,w/4). We
postulate a solution of the form
u(z,t) = h(t)H(r(t) — x) + H(x — r(t))vo(z) for x € (0,w/4),t >0, (3.8)

where H is the Heaviside function i.e., H(z) =1 for > 0 and H(z) = 0 for
x < 0. The function (r(t), h(t)) satisfies the initial condition

(r(0), h(0)) = (70, ho).

We shall derive a system of differential equations for r(t) and h(t). We
differentiate u in ¢t to get

wp(,t) = h()H (r(t) — @) + h(t)0(r(t) — 2)7(t) — vo(2)d(r(t) — 2)7(t),

where / denotes the time derivative of h. If u solves (3.3), by Lemma 3.5 we
see that r(t) and h(t) must satisfy

: 24 12
() =~ ()~ v ) A = s
h(t) = =3/r(t)%, (h(t) — vo(r(t))F = 3/r(t)>. (3.9)

17



If hy > vo(ro), then this system of ODE has a normal form 7 = F(r, h), h =
G(r, h) with locally Lipschitz right hand side F,G near (ry, hy), so it has a
unique local-in-time solution. However, if hg = vg(r), the quantity h(t) —
vo(r(t)) is initially zero, we need more argument to construct a solution.

Proposition 3.6. Assume that vy(rg) = hy > 0 with ro € (0,w/4) and that
vy € C'0,w/4] is strictly decreasing in the sense that vy, < 0 in (0,w/4).
Then there exists at least one local solution (r(t),h(t)) € C°([0,0),R%) N
C'((0,0),R%) for some o > 0 of (3.9) with initial data (ro, ho) satisfying
h(t) — vo(r(t)) > 0 for t € (0,0), where R, = (0, 00).

Proof. We transform dependent variable r(t). We set w(t) = vo(r(t)) and
k(t) = h(t) —w(t). Then (3.9) yields

k(t) = h(t) — vy (r(1))i(1)
= =3/r(t)* — vy (r(t))3/ (k()r(t)?)
or
3k 3uy(r(t))
r)*  r(t)?
Since vy < 0 and k(0) = 0, the function k? should be increasing for small
t > 0. By definition of w and k we have

kk(t) = —

We now have a system which is equivalent to (3.9):

3 Bul(h-k) 3 g

T EA e T s PR e [y S

with initial data £(0) = 0, h(0) = hy > 0. This ODE system admits a
local solution by Peano’s existence theorem (without uniqueness). To see
this it is enough to introduce the variable k2 = y and replace k by y}r/Q with
y+ = max(y,0) to get

g =U(h,y), h=V(hy),
where U,V are continuous functions in D = {(h,y)|h > y1+/2, h < vy(0)}

with initial data y(0) = 0, h(0) = hy (ho < vo(0)). We have at least one
C'-local in time solution to (3.10) by Peano’s existence theorem. Suppose
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that y is a solution, then it must stay positive at least for a short time, since
otherwise there is a sequence of points {¢;} at which y(¢;) < 0 and y(¢;) <0
with ¢; | 0. However, (3.10) implies

g =—3uvy(vg ' (h)/(vg ' (h))* >0

at such a point so we get a contradiction. So the solution we get a local C*
solution for (y,h) with the property that y(¢) > 0 for a short time ¢ > 0.
Thus we are able to transform into the original variable to get the desired
result. [

Proof of Theorem 3.4. By Proposition 3.6 we have constructed a desired
solution u of (3.1) by giving r(t) and h(t) in the form of (3.8)(Figures 3,4).
By uniqueness of the solution of (3.1) we observe that the solution instanta-
neously develops jump discontinuities. It is not difficult to see that the local
solution of (3.9) can be extended provided that (r, h) are bounded and &k > 0.
Actually it can be extended until r tends to w/4. It is not difficult to see
that r touches w/4 in finite time. At that touching time the solution jumps
at w/4. From this time our obstacle problems for n and ¢ is related and
there is no ¢ part for the minimal section (or canonical restriction). So the
jump point stays at w/4 and h(t) is just decreasing with constant speed and
vanishes in finite time. This is easy to observe by calculation of the minimal
section. So the solution vanishes in finite time. [

Remark. (i) Since the solution of (3.1) is unique, the solution of (3.9) should
be also unique.

(i) This example gives a sharp contrast between usual second order total
variation flow (1.1) and H ! total variation flow (1.2). For (1.1) we have the
maximum principle for |ug| so that ||ug||z~(t) < ||uoz||r~. This indicates
that Lipschitz continuity is preserved. By an extended theory of viscosity
solutions [GGI8Ar] we know that the continuity is also preserved. For (1.2)
the solution may develop jump discontinuity instantaneously even if initial
data is Lipschitz. Since Proposition 3.6 can be extended to the case that
vy(ro) = 0 and v < 0 in (ry,w/4), one is able to conclude that the solution
of (1.2) may develop jump discontinuity instantaneously even if the initial
data is smooth.

(ii) The development of jump discontinuity relates to the coercivity of the
integrand of our energy ®,, which is formally written as

bofu) = [ etu)
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Figure 3: Profile of initial data wu.
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Figure 4: Profile of u(-,1).
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with e(p) = |p|. The energy density function e(p) is a linear growth i.e.
lim, ,oce(p)/|p| < oco. If the energy density e(p) is coercive (i.e. lim, . e(p)/|p| =
o0) and convex, then

O(u) = /e(um) < 00

implies that u is (absolutely) continuous. So the solution of u; € —0y-1P®(u)
must be spatially continuous.
A typical example is the case when

7
eq(p) = Ip| + glpl"

with ¢ > 1, p > 0. An H ! gradient flow for this energy density with ¢ = 3 is
first introduced by H. Spohn [Sp] to explain relaxation dynamics of a crystal
surface. The subdifferential of ® in H~" is calculated in [Ka]. This problem is
further studied by [O] numerically with some analysis where minimal section
is calculated. It turns out that minimal section does not include ¢ function
for e,.
(v) A general upper bound for extinction time is given in [GKohn]. In fact,
the extinction time 7*(uy) is estimated for example as

T* (up) < C1fuol 37 ol 17

H-1

In [GKohn| a more general estimate is given including higher dimensional
problem whose dimension n < 4. It seems to be an open problem whether
the solution vanishes in finite time for n > 5.

3.2 Violation of Comparison Principle

For such a purpose it is more convenient to consider the Dirichlet problem
for (1.2) which is formally written as

Uy = —(SgN Uy )z in (a,b) X (0,00) (3.11)

with
u=(sgn uy), =0 atz =a,b. (3.12)

As in [GGK] or [GKohn] we consider an energy functional

Dp(u) = {fR|ax|, i€ BV(R),

0, otherwise
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for uw € H™'(I) with I = (a,b). Here @ is the zero extension of u outside
I and H~'(I) is the dual space of H}(I) which is the closure of C{°(I) in
H! space. The space H 1(I) is the Hilbert space equipped with an inner
product

()1 = (-20) L) [ (~8p) 1 - da),

where —Ap denotes an isometry from H}(I) to H '(I) defined by f
((f,-))1. It is regarded as the Laplacian with the Dirichlet boundary condi-

tion. Here ((f,9))1 = fab fege dz is an equivalent inner product of Hg ().
The problem (3.11) and (3.12) is formulated as an

du
E(t) € =01 Po(u(t)), ae t>0,

=0 = uog € H™'(I),

(3.13)

where dy—1(7) denotes the subdifferential in H~'().

We now consider a special initial data uy defined in (3.4) with I =
(—w/4,w/4). Then we observe that the solution u of (3.1) is also the so-
lution of (3.13) if we restrict the domain of w in I. For this special solution
it is easy to verify that the speed belongs to —0y-1(;)®o(u(t)) at each time
so that it solves (3.13). Note that the Dirichlet condition is violated from
the time when r hits w/4 until the extinction time comes but this is the
solution. The next theorem shows that the comparison principle is violated.
We consider initial data ug of the form (3.4) in I = (—w/4,w/4). We fix
vy but consider several (rg, hy) satisfying vy(r9) = ho. To clarify the depen-
dence we shall write ug(x), ug by uo[ho](x), uglho]; 70 is determined by hy by
vo(r0) = ho.

Theorem 3.7. Let ulhy] be the solution of (3.13) with initial data ug[hy].
Assume that 0 < hy < hy < UO(O) so that Uo[hl] < Uo[hg]. Then U[hl](llf, t) >
ulhy)(z,t) for (x,t) satisfying x € (vy'(hi(t)), 7.(t)) for sufficiently small
t > 0 where (r1(t), hi(t)) is the solution of (3.9) with initial data (ry,h;)
satisfying vy (r1) = hy.

Proof. By Theorem 3.4 and the form of a solution (3.8) with Proposi-
tion 3.6 we observe that ulhi](z,t) > vo(x) for ¢ > 0 provided that z €
(vg ' (hi(t)), T1(t)). Since ulhy](z,t) = vo(x) for sufficiently small £ > 0 near
x = r1(0), we observe that u[h](z,t) > ulhy](x,t) for x € (vy*(hi (1)), 11(t)).
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Note that by Proposition 3.6 the interval (uy*(hy(t)), 71(t)) is not empty for
sufficiently small ¢ > 0. [J

4 A Few Words about Motion by Surface Dif-
fusion

A crystalline curvature flow is considered an anisotropic version of a curve
shortening equation V' = k. The corresponding fourth order model of the
mean curvature flow equation V = H is the surface diffusion equation V' =
—ArH. Compared with the mean curvature flow it is less studied since the
system does not enjoy maximum principle nor comparison principle.

It is known that there is a local smooth solution for smooth initial and that
an equilibrium shape—a sphere is locally stable in this flow [EMS]. However,
solution may create self-intersection [GI1]. Moreover, the solution may lose
convexity in finite time [GI2]. Even if initial curve is the graph of a function,
it may be overturn in finite time [EM], [C]. There is an interesting work
[BBW] discussing stability and self-similarity of pinch off for axisymmetric
surface. This has a long list of references related to surface diffusion including
[CT], [M]. Among them we just point out [CEN] where they formally derived
the surface diffusion equations from a degenerate Cahn-Hilliard equations as
singular limit. In the next paragraph we shall mention a classification of a
surface with constant mean curvature which gives an equilibrium of surface
diffusion equations. If the surface is closed (or compact), an equilibrium
surface must be a surface of constant mean curvature because all harmonic
function on a compact surface must be a constant by the maximum principle.

It is well-known that a constant mean curvature embedded (closed) hy-
persurface in R™ must be a sphere and is known as Alexandrov’s theorem
[A]. This result is recently extended for anisotropic case for smooth strictly
convex interfacial energy by Y. He, H. Li, H. Ma, and J. Ge [HLMG] and by
J. Zhai [Z]. The problem is that if the anisotropic curvature divpV,v(7) is
constant everywhere on an embedded hypersurface, it is the boundary of a
Wulff shape

W, ={x € R" | x-m < y(m) for all m such that |m| =1}

up to dilation and translation. This problem (which is solved by [HLMG] for
smooth strictly convex energy) was posed in the preprint version of [G2] and
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later by R. Morgan [Mo]. For singular interfacial energy it is known only for
n = 2, the case of curves by P. Mucha and P. Rybka [MR]. For n > 2 it
is widely open. For development of this subject for strictly convex smooth
energy the reader is referred to [HLMG], [KP1], [KP2] and references cited
there.

Even if the surface in R? is immersed, if it is defeomorphic to the sphere
5?2, the constant anisotropic curvature surface is the boundary of the Wulff
shape up to dilation and translation. This is first proved by Y. Giga and J.
Zhai [GZ] where interfacial energy in close to isotropic. A general result is
proved by [KP3] and [Z] recently for strictly convex smooth interfacial energy;
see also [HL] for some attempt. In the latter article, several anisotropic con-
stant mean curvature immersed surfaces having higher genus are constructed.
However, it is an open problem for singular energy.
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