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Abstract

For smooth explicit n-th order ordinary differential equations, there exists a unique
solution with initial condition and hence exists an n-parameter family of solutions at least
locally. On the other hand, for smooth implicit ordinary differential equations, existence
and uniqueness for solutions with initial condition does not hold. In this paper, we give
a necessary and sufficient condition for existence of an n-parameter family of geometric
solutions in the smooth category. Moreover, we give a sufficient condition that implicit
ordinary differential equations have a unique geometric solution with initial condition.
As a consequence, we classify completely integrable first and second ordinary differential
equations in detail.

1 Introduction

For a smooth explicit ordinary differential equation

d"y dy

P20 =1 (w0t0). L) ). )

it is well-known that there exists a unique smooth solution with initial condition for (1), where
[ is a smooth function (for instance, see [1, 2, 4]). It follows that there exists an n-parameter
family of smooth solutions at least locally.

On the other hand, for a smooth implicit ordinary differential equation (briefly, an implicit
ODE)

F(xayapla"-apn):()a (2)
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existence for a local solution with initial condition does not hold, where F'is a smooth function
of the independent variable x, the function y and its i-th derivatives p; = d'y/dz",i = 1,...,n.

A natural question is what conditions guarantee existence and uniqueness for a local solution
around a point of an implicit ODE. In this paper we shall discuss a qualitative theory for implicit
ODEs.

It is natural to consider (2) as being defined on a subset in the space of n-jets of smooth
functions of one variable, F' : O — R where O is an open subset in J"(R,R). Throughout
this paper, we assume that 0 is a regular value of F. Tt follows that the set F~'(0) is a
hypersurface in J"(R,R). We call F~'(0) the equation hypersurface. Let (x,y,pi,...,p,) be a
local coordinate on J"(R,R) and £ C TJ"(R,R) be the canonical contact system on J" (R, R)
described by the vanishing of the 1-forms

a1 = dy—pldxa
ay = dp; — podz,

ap = dpnfl_pndaj

We now define the notion of solutions. A smooth solution (or, a classical solution) of
F = 0 passing through a point 2, is a smooth function germ y = f(z) at a point ¢, such
that (to, f(to), f'(to), ..., f™(ts)) = 20 and F(x, f(z), f'(z),..., f™(z)) = 0, where f®(z) =
(d'f/dxz")(x). In other words, there exists a smooth function germ f : (R,#,) — R such that the
image of the n-jet extension, jf : (R, ;) — (J*(R,R), 20); 7" f () = (z, f(z), f'(z), ..., f™(z)),
is contained in the equation hypersurface. It is easy to see that the map j”f is an immersion
germ with (j"f)*a; =0fori=1,...,n.

More generally, a geometric solution of F' = 0 passing through a point 2, is an integral
immersion germ v : (R ty) — (J"(R,R), 2) such that the image of v is contained in the
equation hypersurface, namely, v # 0, v*a; = 0 for i = 1,...,n and F(v(t)) = 0 for each
te (R tp).

By the definition, a smooth solution is also a geometric solution. Conversely, it is easy to
see that if y(t) = (z(t),y(t), p1(t),...,pu(t)) is a geometric solution of F' = 0 and 2/(ty) # 0,
then we can reparametrize y(¢) as a smooth solution.

The following notions are basic in this paper (cf. [3, 15, 17]). By the definition of
parametrized version for smoothness of the solutions (i.e., smooth solutions), a smooth com-
plete solution of (2) at 2z is defined to be an n-parameter family of smooth function germs
y=f(t,e) = f(t,c1,...,¢,) such that

0 o"
F <t,f(t, c), G_{U’ c),..., W’Jj(t’ c)) =0

and the map germ j7f : (R x R, (ty, ¢y)) — (F~1(0), 29) defined by

0 o"
iite) = (1o Fuwe. Glio)

is an immersion. It follows that the equation hypersurface is foliated by an n-parameter family
of smooth solutions.

On the other hand, we consider the corresponding definition of parametrized version for
geometric solutions. Let I : (R x R", (t,¢p)) — (F1(0),2) be an n-parameter family of
geometric solutions, i.e., ['(+, ¢) is a geometric solution of F' = 0 for each ¢ € (R", ¢y).
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We call I a complete solution of (2) at zy if I' is an immersion germ, namely,

ox /0t Oy/ot Op /ot --- Op,/ot B
rank <8x/8c dy/0c Opi/0c --- Op,/O0c (to, c0) =1 +1,

where T'(t,¢) = (x(t, ¢),y(t,c),pi(t,¢),...,pu(t,€)). Tt follows that the equation hypersurface
is foliated by an n-parameter family of geometric solutions.

We say that an equation F' = 0 is smooth completely integrable (respectively, completely
integrable) at zj if there exists a smooth complete solution (respectively, a complete solution)
of F'=0 at z.

In the study of implicit ODEs from the view point of singularity theory, there is a lot of
research. For example, generic singularities and properties were given in [5, 6, 8, 16, 14] for the
case of first order, in [12, 13] for the case of second order and in [7] for the case of any order
etc. In this paper is focused on the theory of completely integrable implicit ODEs.

In §2, we give a necessary and sufficient condition for existence of complete solutions and
smooth complete solutions at a point. We show that F' = 0 is completely integrable at z, if and
only if F' = 0 is either of Clairaut type or of reduced type at zy (cf. Theorem 2.2). This result
guarantees existence for a geometric solution in Proposition 3.1. In §3, we give a sufficient
condition for existence and uniqueness for a geometric solution with initial condition. In §4
and §5, we classify completely integrable first order and second order ODEs respectively. We
also give examples of completely integrable implicit ODEs.

All map germs and manifolds considered here are differential of class C*.

2 Existence and uniqueness for complete solutions

In this section, we consider existence and uniqueness conditions for a complete solution and a
smooth complete solution of implicit ODEs. We denote a map Fy+pi Fy+poFy, +- - +ppF), | by
Fx. Here F, (respectively, F,, F},,) is the partial derivative of F' with respect to z (respectively,
with respect to y, p;). We refer to the following Lemma. See in case of first order in [9, 16],
and of second order in [3, Lemma 3.1].

Lemma 2.1 Let F' = 0 be an implicit ODE at z5. The equation F = 0 is completely integrable
at zg € F7Y(0) if and only if there exist function germs o, 3 : (F7'(0), zp) — R, which do not
vanish simultaneously, such that

Q- FX|F*1(0) + ﬂ . Fpn|F*1(0) = 0.
Proof. Suppose that F' = 0 is completely integrable at zy and let
[ (RxR(ty, o)) = (F7(0), 20)

be a complete solution of the implicit ODE at z,. Then differentiating [ with respect to t yields
a vector field Z : (F~(0), z9) — TF~'(0) given by Z(T'(t,¢)) = [';(¢, ¢). Since Z(2) lies in the
contact plane &, for each z € (F~1(0), 2), it has the form Z = (a,p1c, ..., p,q, 3) for some
function germs «, 8 : (F~(0), z9) — R which do not vanish simultaneously. Besides Z(z) also
lies in T, F~1(0). It follows that the identity

Q- FX|F*1(0) + - Fpn|F*1(0) =0
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holds. Reversing the argument yields the converse. O

We say that an equation F' = 0 is of n-th order Clairaut type (for short, Clairaut type) at
zp if there exist smooth function germs A, B : (J"(R,R), zp) — R such that

Fy=A-F+B-F,,

and of reduced type at zj if there exist smooth function germs A', B': (J"(R,R), zp) — R such
that
F, =A'-F+B - Fy.

We give a necessary and sufficient condition for existence of a smooth complete solution and
a complete solution of implicit ODEs.

Theorem 2.2 Let F =0 be an implicit ODE at z.

(1) F = 0 is smooth completely integrable at zy if and only if F' = 0 is of Clairaut type at
20-

(2) F =0 is completely integrable at zo if and only if F' = 0 is of Clairaut type, or of reduced
type at zp.

Proof. (1) The proof follows from a direct analogy of the proof for Theorem 2.2 in [10] or
Theorem 3.1 in [15], so that we omit it.

(2) The result is a consequence of Lemma 2.1 and the fact that F' = 0 is regular. O
The uniqueness of the complete solution is the following.

Proposition 2.3 Let '} : (R x R, (t1,¢1)) — (F71(0),20) and Ty : (R x R* (t3,¢)) —
(F~1(0), 20) be complete solutions of F = 0 at zo. Then there exists a diffeomorphism germ
® : (R x R, (t3,¢2)) — (R X R, (t1,¢1)) of the form ®(t,e) = (¢1(t,¢), p2(€)) such that
Fl od = FQ.

Proof. Suppose that the assertion does not hold. Since the complete solution is an n-parameter
family of curves in F'~1(0), then there exists a point z; € (F~'(0), 29) such that T';(-,¢;) and
[9(+, €2) are transversal near the point z;. Then we can construct a map germ I' : (RxR",0) —

(F71(0), 21) such that (at least) ['(¢,,-,c3,...,¢,) is an immersion germ,

oy Ox OPn_1 ox

Lt e) =pi(t,e)—(t,¢), ... t,e) = p(t, c)—(t,

301 ( ) C) pl( ) C) 301 ( ) C), ) 801 ( ) C) p ( C) 801 ( C) (3)
and

ay 8.'17 apn—l 8.'17

— = — .. = — 4

where I'(t, ¢) = (z(t, ¢),y(t,c),p1(t,c), . ..,pa(t, c)). If we calculate second order partial deriva-
tives of the last equality for (3) with respect to ¢o and for (4) with respect to ¢;, we get

pn—1 _ Op, Ox 0%x Ppn—1  Op, Oz 0%z

St LN d - e,

802801 802 801 +p 802801 an 861862 861 862 +p 861862
Therefore we obtain the equality (Op,/0c2) - (0x/dc1) = (Opn/0c1) - (0x/Dcg). This contradicts
the fact that I'(¢,-, -, c3,...,¢,) is an immersion germ. O



3 Existence and uniqueness for geometric solutions

In this section, we give an existence and uniqueness condition for a geometric solution with
initial condition.

Let F = 0 be an implicit ODE at z,. Consider a point z € F~1(0) such that the contact
plane &, intersects T,F1(0) transversally. Then it is easy to see that a complete solution
exists at z by integrating the line field £ N TF~'(0) (see, Lemma 2.1). We call points where
transversality fails contact singular points and denote the set of such points by 3. = X.(F).
We call X.(F) the contact singular set of F~1(0). It is easy to check that the contact singular
set, is given by

Y(F)={2€ F7Y(0)| Fx(2) =0, F,, (2) =0}.

We say that a geometric solution v : (R,0) — (F~(0), 20) is a singular solution of F = 0
passing through z, if for any representative 7 : I — F~'(0) of v and any open subinterval
(a,b) C I at 0, |(ap) is never contained in a leaf of a complete solution (cf. [3, 7, 9, 11]). If
a completely integrable implicit ODE has a singular solution, then uniqueness for geometric
solutions break down at such points (see, Example 4.4).

Proposition 3.1 Let F = 0 be an implicit ODE at zy. If z9 & Y.(F), then there exists a
unique geometric solution passing through zy.

By Proposition 3.1, a geometric solution v : (R,ty) — (F~'(0),2) is a singular solution
only if it is contained in ¥ (F). If zyp ¢ X.(F), either Fx # 0 or F,, # 0 at z. The latter
case, the consequence of Proposition 3.1 is follows from the classical results for existence and
uniqueness of smooth solution of smooth explicit equations. Thus in order to prove Proposition
3.1, it is enough to show the former case. If Fix(zy) # 0, then F' = 0 has a unique geometric
solution around 2y by integrating the line field &, N T, F~'(0). Therefore we have the following
result.

Lemma 3.2 Let F' =0 be an implicit ODE at zy. If Fx(29) # 0, then there ezists the unique
geometric solution passing through z.

The above Lemma is a well-known result. However, in the Appendix, we shall prove Lemma,
3.2 explicitly by an elementary argument like as explicit ODEs, since we use this method to
prove in Theorem 5.6.

Now suppose that F' = 0 is completely integrable at z; and X.(F') is an n-dimensional
manifold around zy. Remark that if /' = 0 is completely integrable at z;, the condition that
Y..(F) is an n-dimensional manifold around z, is a generic condition by Theorem 2.2.

We call a map germ @ : (RxR™ L, (¢9,bg)) — (Xc(F), 20) a complete solution of L.(F) at z
if @ is an immersion germ and ®(-, b) is a geometric solution for each b € (R*~!, b,). Moreover,
we call ® a complete singular solution of ¥.(F) at zy if ®(-,b) is a singular solution for each
be (R by). If &, intersects T,3.(F) transversally in T, F~'(0), then integrating the line field
ENTY.(F) yields a complete solution of ¥.(F'). We call a point where transversality does not
hold a second order contact singular point and denote the set of such points by X.. = X..(F) (or,
Y =X2(F)) (cf. [3, 17]). Inductively, if ¥..(F) is an (n — 1)-dimensional manifold around zp,
then we can define a complete solution of ¥..(F) at 2z, a complete singular solution of ¥..(F')
at zp and third order contact singular set X... = Xoo(F) (or, Xz = X3(F)) etc. Therefore we
have the following sequence when X (F') are (n — i+ 1)-dimensional submanifolds, i =1,...,n



(cf. [7]):
Y (F) CEp-1(F) C-+- C X2(F) CS(F) C FH0).

4 Completely integrable first order ordinary differential
equations

In this section, we quickly review known results for the theory of completely integrable implicit
first order ODEs
F(z,y,p) =0, p=dy/dx.

For more detail, see [8, 9, 10, 11, 16]. In [9], it has shown the following results.

Theorem 4.1 Let F(x,y,p) = 0 be an implicit first order ODE at zy. F = 0 is completely
integrable at zy if and only iof 29 € X or X, is an 1-dimensional manifold around zy. Moreover,
if ¥ is an 1-dimensional manifold around zy, then . is a singular solution of F' = 0 passing
through zg.

As a corollary of Theorem 4.1, the condition of Proposition 3.1 is a necessary and sufficient
condition for uniqueness of geometric solutions of completely integrable implicit first order
ODEs.

Corollary 4.2 Let F(x,y,p) = 0 be a completely integrable implicit first order ODE at 2.
There exists a unique geometric solution passing through zy if and only if 2o & 2.

Now suppose that zy € X.. Since F' = 0 is regular, F,(z) # 0. By the implicit function
theorem, there exists a smooth function f : U — R, where U is an open set in R?, such that in
a neighborhood of 2y, (z,y,p) € F~(0) if and only if —y + f(z,p) = 0. Thus we may assume
without loss of generality that F(x,y,p) = —y + f(z,p) = 0. It follows that 2, is a regular
point of either F},|p-1(0) or Fx|p-1(0).

Hence completely integrable implicit first order ODEs have four kinds of types (cf. [16]),
see Table 1.

Conditions Type Name
20 & X | Fy(z)#0 Clairaut type C
Fx(z) #0 reduced type R

29 € B¢ | Fy(2) # 0 | regular point of F},|p-1(9y | Clairaut type | RC,
regular point of Fx|p-1() | reduced type | RR,
Table 1. Classifications of completely integrable implicit first order ODEs at z.

We now give two easy examples illustrating the notion of the complete solution and results.
One is satisfied the condition of Proposition 3.1 and the other is not.

Example 4.3 (Type R). Let F(z,y,p) = v— f(p) = 0 with f(0) = 0. Then Fx = F,+pF, =1
and F, = —f'(p). In this case, ¥. = 0 and F' = 0 is of reduced type. By Theorem 2.2, this
equation is completely integrable and a complete solution I' : (R x R, 0) — F'~1(0) is given by

D(t,c) = <f(t),/tf’(t)dt+c,t> .
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By Proposition 3.1 (or, Corollary 4.2), the geometric solution is unique passing through each
point zy € F~1(0).

For example, if we put f(p) = p* (respectively, f(p) = p?®), the complete solution is T'(t, c) =
(t2,(2/3)t3 +c, t) (respectively, ['(t,c) = (3, (3/4)t*+¢,t)). We can draw pictures; the equation
surface F'~1(0), geometric solutions {I'(t,c)}cer,0) and the phase portrait {m o I'(t, ¢) }eer0),
where 7 : R* — R? is the canonical projection 7(z,y,p) = (z,y). See Figures 1 and 2.
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equation surface geometric solutions phase portrait

Z

. 0. 0.

equation surface geometric solutions phase portrait

Figure 1. F(z,y,p) =2 — p? = 0.

\

Figure 2. F(z,y,p) =2 —p3 = 0.

Example 4.4 (Type RR,). Let F(z,y,p) =y — f(p) = 0 with f(0) = 0. If f(0) # 0, then
there exist not only a smooth complete solution, but also a unique smooth solution passing
through each point of F~1(0).

We now suppose that f'(0) = 0. It follows that there exists a smooth function germ g such
that f(p) = p°g(p). Then Fx = F, + pF, = p and F, = —f'(p) = —p(29(p) + pg'(p)). The
contact singular set ¥, is z-axis in J}(R,R) and F' = 0 is of reduced type. By Theorem 2.2,

this equation is completely integrable and a complete solution I' : (Rx R,0) — F~1(0) is given
by

re.0) = [ ot +tg@)ar-+e.s0.1)

By Theorem 4.1, we have a singular solution v : (R,0) — . C F~Y(0); v(t) = (¢,0,0).
Therefore it is easy to see that there are two geometric solutions of F' = 0 passing through
2o € Ye.

For example, if we also put f(p) = p? (respectively, f(p) = p?), the complete solution is
[(t,c) = (2t + ¢, t%,t) (respectively, ['(¢,c) = ((3/2)t* + ¢, ¢*,t)). We can draw pictures; the

7



equation surface F'~1(0), geometric solutions {I'(¢, ¢) }cer,0) and the singular solution (t), and
the phase portrait {7 o I'(¢, ¢) }ce(r,0)- See Figures 3 and 4.

geometric solutions and

equation surface : i
quation sur the singular solution

phase portrait

Figure 3. F(z,y,p) =y —p*> = 0.

geometric solutions and
the singular solution

equation surface phase portrait

Figure 4. F(z,y,p) =y —p® = 0.

5 Completely integrable second order ordinary differen-
tial equations

The condition of Proposition 3.1 is a necessary and sufficient condition for uniqueness for
geometric solutions of completely integrable implicit first order ODEs. However, the result
does not hold in the case of completely integrable implicit second order ODEs, that is, even
if zg € 3, there is a unique geometric solution passing through zy (cf. Theorem 5.6). In this
section, we analyse completely integrable implicit second order ODEs in detail. Let

F(z,y,p,q) =0, p=dy/dz, q= d°y/dz*

be an implicit second order ODE at 2. If zy ¢ X, then F' = 0 satisfies either F,(zp) # 0 or
Fx(z0) # 0.

First we assume that F}(zp) # 0. By the implicit function theorem, F' = 0 can be represented
by an explicit equation ¢ = f(z,y,p) where f is a function germ. In this case, F' = 0 is of
Clairaut type at zp and here we call this type C.
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Next we assume that F'x(zo) # 0. In this case, F' = 0 is of reduced type at z; and we call
this type R.

Both cases, there is a unique geometric solution passing through each point of F~1(0). Tt
follows that there is a complete solution of F~*(0) and no singular solution.

By Theorem 2.2, a completely integrable ODE at zy is either of Clairaut type or reduced
type at z;. The main results in this paper are to classify the completely integrable implicit
second order ODEs in detail and to characterize a complete (singular) solution of X, for each
type respectively. It is concluded that there are ten kinds of types, see Table 2.

Conditions Type Name
20 € X | Fy(z) #0 Clairaut type C
Fx(z) #0 reduced type R

29 € e | Fp(20) #0 | regular point of Fy|p-1(0) Clairaut type | RC,

regular point of Fix|p-1(p reduced type | RR,

Fy(2) # 0 | regular point of Fy|p-1() Clairaut type | RC,

F,(%) =0 | regular point of Fx|p-1() Y. =A reduced type RR;

Y. 2 A =X, | reduced type | RR

Y. 2 A DX, | reduced type | RR;

singular point of Fy|p—1(g) Clairaut type | SC),

and Fx|p-1(0) reduced type | SR,

Table 2. Classifications of completely integrable implicit second order ODEs at 2.

Here we consider the subset A = A(F') C X, which is defined to be the set of points z € 3,
such that T,F~'(0) coincides with the kernel of a;(z). Explicitly, it is given by A = {z €
el Fp(z) = 0}.

We now review the previous results in [3, 15, 17]. Conditions for existence of a complete
solution and a complete (singular) solution of ¥, for implicit second order ODEs were given
under a regularity condition.

Theorem 5.1 [3, Theorems 1.1, 1.2 and 1.3] Suppose that 0 is a regular value of Fy|p-1(p).
(1) F =0 is completely integrable at zy if and only if zo & X, or X, is a 2-dimensional manifold
around zp.
(2) Let F =0 be completely integrable.

(i) The leaves of the complete solution which meet X, away from A intersect . transversally.

(ii) The leaves of the complete solution which meet A are tangent to X..
(3) Let F =0 be completely integrable and X, # (.

(i) F =0 admits a complete singular solution of ¥, at zy if and only if zg & Yee 01 Bee is a
1-dimensional manifold around z.

(ii) Suppose that F = 0 admits a complete singular solution of ¥.. Then each leaf of the
complete singular solution of X, intersects X.. transversally.

Theorem 5.2 [17, Lemma 2.3, Propositions 2.4 and 3.8] Suppose that 0 is a regular value of
FX|F—1(0) .

(1) F =0 is completely integrable at zy if and only if zo & X, or X, is a 2-dimensional manifold
around zg.

(2) Let F =0 be completely integrable.

(i) The leaves of the complete solution which meet X, away from A intersect . transversally.
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(ii) The leaves of the complete solution which meet A are tangent to X..
(3) Let F =0 be completely integrable and X, # ().

(i) FF = 0 admits a complete solution of ¥. at zy if and only if zo & S or Lo s a 1-
dimensional manifold around zy.

(ii) Suppose that F = 0 admits a complete solution of X... Then each leaf of the complete
solution of X, intersects YX.. transversally.

Proposition 5.3 [15, Proposition 3.2] Let F' = 0 be completely integrable at zy and zy € 2.
(1) If 0 is a regular value of Fy|p-1(0), then F' =0 is of Clairaut type at 2.
(2) If 0 is a regular value of Fx|p-1(0y, then F' =0 is of reduced type at z.

Proposition 5.4 [17, Propositions 2.7] Let F' = 0 be completely integrable at zy and X. be a
2-dimensional manifold around zy. Then X.. C A.

Remark 5.5 There is an important difference between the case where 0 is a reqular value of
Fylp-10) and where it is a reqular value of Fx|p-1(0y. Namely, if 0 is a regular value of Fy|p—1()
and zg € A, then A is a 1-dimensional manifold around zy by Proposition 3.6 in [3]. However,
A is not necessarily a 1-dimensional manifold even if 0 is a regular value of Fx|p-1(g).

Now suppose that F' = 0 is completely integrable at z, € .. Since F'is regular at zy, F' =0
satisfies either F(z) # 0 or F,(z) # 0.

5.1 On the types RC), and RR,

If F,(20) # 0, by the implicit function theorem, there exists a smooth function g : V" — R,
where V' is an open set in R?, such that in a neighborhood of zy, (z,y,p,q) € F~'(0) if and
only if —p + g(z,y,q) = 0. Thus we may assume without loss of generality that F(x,y,p,q) =
—p+ g(x,y,q) = 0. Under this notations, F, = g, and Fx = g, + ¢ - g, — ¢. It follows that z
is a regular point of either F|p-1() or Fx

F1(0)-

If 2 is a regular point of F|p-1(p), then F' = 0 is of Clairaut type at z and X, is a 2-
dimensional manifold around z; by Proposition 5.3 and Theorem 5.1. We call this type RC),.
By 20 ¢ A and Proposition 5.4, 2y &€ ... Hence F' = 0 has a complete singular solution of ¥,
at zp automatically.

On the other hand, suppose that z is a regular point of Fx|r-1(g). By Proposition 5.3 and
Theorem 5.2, F' = 0 is of reduced type at z, and ¥. is a 2-dimensional manifold around z,. We
call this type RR,. By 2y ¢ A and Proposition 5.4, 2y € ¥... Since the leaves of the complete
solution which meet 3. away from A intersect Y. transversally, F' = 0 has a complete singular
solution of ¥, at z; automatically.

5.2 On the type RC,

If F,(29) # 0, again by the implicit function theorem, there exists a smooth function f : U — R,
where U is an open set in R3, such that in a neighborhood of zy, (z,y,p,q) € F~'(0) if and
only if —y + f(z,p,¢) = 0. Thus we may assume without loss of generality that F(x,y,p,q) =
—y + f(z,p,q) = 0. Define the diffeomorphism ¢ : U — F~1(0), (z,p, q) — (z, f(x,p,q),p,q)
and up = ¢ '(z9). Below, if F,(z9) # 0, we keep the notations of the above.

10



Suppose that z is a regular point of Fy|p-1(g). By Proposition 5.3 and Theorem 5.1, F' = 0
is of Clairaut type at zp and X, is a 2-dimensional manifold around z,. We call this type RC).
Moreover, F' = 0 has a complete singular solution at zq € X, if and only if zy € X.. or X is a
1-dimensional manifold around zy, by Theorem 5.1.

Remark that if .. is a 1-dimensional manifold around 2, then A = ¥, (cf. Remark 5.5)
and Y. is an isolated singular solution passing through zy (see, [3, Proposition 1.4]).

5.3 On the type RR,

Let F(z) # 0. Suppose that z; is a regular point of F'x|z-1(g). By Proposition 5.3 and Theorem
5.2, F =0 is of reduced type at zy and X, is a 2-dimensional manifold around z,. In this case,
there are three types. First case is ¥, = A around z (type RF)), second is ¥, 2 A = X,
around zp (type RF;), and the last is ¥. 2 A D ¥, around 2y (type RF;). We may assume
that F,(z) = 0, namely, zy € A, and F' = 0 is not of Clairaut type at z.

We now consider F' = 0 is the type RFy1 at zp. By Theorem 5.2, FF = 0 has a complete
solution of X, at zg if and only if zy &€ Y. or X.. is a 1-dimensional manifold around zy. In this
type, we have the following result.

Theorem 5.6 Let F' = 0 be type RFy1 at zo € A. If zg & X, then there exists a unique
geometric solution passing through zy.

Proof. We denote that F(z,y,p,q) = —y + f(x,p,q) = 0. Since F = 0 is of reduced type at
20, there exists a smooth function germ « : (F~1(0),29) — (R, 0) such that

fq:a'(fx_p+pr)- (5)

A complete solution, I' : (R x R*,0) — (F~1(0), z), is given by integrating the vector field
¢« X, where X : U — TU is given by

X =(-a,—a-q,1)
(cf. [3, Lemma 3.1]). By (5), we have
(fo =P+ afp)g=(atqo) (fo—p+afp) +o - ((fo—p+afp)e+alfo =+ afp)p) + fp (6)
It follows from the assumption ¥, = A that

(fo =P+ afp)glo-10) = 1m0y - (fo =P+ afp)a + a(fo — P+ afp)p)s-1(50)-

In this case, a complete solution of X, ® : (R x R 0) — (X, 2), is given by integrating the
vector field ¢,Y, where Y : ¢71(Z,.) — T¢~'(Z,) is given by

Y = (—alg-1z), (—a - q)lp-1(x), 1)

(cf. [17, Lemma 3.5]). This means that I'|,-1(sx,) = ®. Therefore there is a geometric solution
on .. Let v: (R ty) = (Xe20);7(t) = (z(t), y(t),p(t),q(t)) be a geometric solution passing
through zy. By the definitions of ¥, and X.., we have

¢ (Se) = (fo —p+afp) ' (0)
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and
¢ (Zee) = (fo =2+ 0fp) HO) N ((fo =2+ afp)e + a(fo =P+ afp)p) " (0).
By differentiating the equality (f, —p + ¢f,)(x(t),p(t), ¢(t)) = 0 with respect to ¢, we have

((fe=p+afp)eta(fa=p+af)p) (1), p(t), a(t)) - (1) + (fo —p+afp)g(x(t), p(t), (1)) - ¢'(£) = O

On the other hand, by differentiating (5) with respect to x and p, we have

fa:q:ax'(fx_p+pr)+a'(fx_p+pr)x

and
foa=0p - (fo—p+afy) +a - (fo—p+afp)p
It follows that

(@' (@) +a-q@®) ((fo —p+afp)e +alfo — P+ afp)p)(=(1), p(1), 4(£)) = 0.

Since zg & Yee, (fo —P+afp)e +4(fo —p+qfp)p # 0 at ug. Then we have 2'(t) +a-¢'(t) =0 at
to, and hence ¢'(tp) # 0. It follows that we can reparametrize v(t) as (z(t), y(t), p(t),t). By the
analogous way in the proof of Lemma 3.2 in the Appendix, we can show the uniqueness for geo-
metric solution passing through zy. In fact, we may apply 2'(t) = —a(x(t), y(t), p(t),t),y'(t) =
p(t)z'(t) and p'(t) = ta'(t) to the case of n = 2 in the proof of Lemma 3.2. This completes the
proof of Theorem 5.6. O

Proposition 5.7 Let F' = 0 be type RFy1 at zop € A. If ¥.. is a 1-dimensional manifold around
29, then X.. is a singular solution passing through z.

Proof. By the assumption, it is easy to see that Y., is a geometric solution passing through z.

As before, ¢ 1(X.) = (fo —p+qfp) '(0) and ¢ H(Eee) = (fo —p+afy) (O N((fa —p+afp)e+
q(fe—p+qfy)p) 1 (0). To show that 3. is not a leaf of the complete solution of F~!(0) (and X.)
at 2o, it is sufficient to check that the scalar product of grad((f, —p+a/fy)e +q(fo — D+ qfp)p)
and the vector field X is nonzero at ug. Now

<grad((fx — P + pr)a: + Q(fx — P + qu)p)7 (_aa —a-dq, 1)>
=—a - (fa—p+afp)st+a(fo—r+afo)p)s—-a((fo =P+ afp)s +a(fo =P+ afo)p)p
"‘((fx—p+pr)x+Q(fx—p+pr)p)q- (7)

By (5), (7) is equal to 2(fzp+qfypp) —1 at ug. It follows from the assumption ¥, = A that there
exists a smooth function germ /5 such that f, = - (f —p + ¢f,). Differentiating this equality
with respect to z and p, then

f:npzﬁw'(fw_p‘i_pr)‘i_ﬁ'(fw_p‘i_pr)m

and
fpp - Bp . (fm _p+pr) +B' (fm _p+pr)p-

It follows that (7) is nonzero at wuy. O
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5.4 On the type RRz

Suppose that F' = 0 is the type RR; at zg. Then ¥, D A = ¥ . around zy. By Theorem 5.2,
F = 0 has a complete solution of ¥, at z; if and only if ¥.. is a 1-dimensional manifold around
29. However, we have the following.

Theorem 5.8 Let F' = 0 be type RR; at zo € A. F =0 has a complete singular solution of
e at zg if and only if X.. s a 1-dimensional manifold around zy.

Proof. By Theorem 5.2, each leaf of the complete solution of F~'(0) which meet 3. away
from X.. intersect X, transversally, and each leaf of the complete solution of X, intersects ..
transversally. Therefore the complete solution of X, is the complete singular solution of ¥.. O

By the definition of X,

(fo—p+afp)eta(fe —p+afp)p =0, (fe —p+afp)g=0
at zg € Xee (cf. [17]). Since f, —p+qf, is regular at zo, (fz —p+qfp)p # 0 at zy. Hence F =0

satisfies either (i) ((fo—p+a/fp)a+a(fa—pFafp)p)q # 0 or (i) (fa—p+afp)ata(fo—p+afp)p)e =
0 at z. It follows that z is a regular point of (f, —p+qfp)s+q(fo—D+qfp)p, or of (fo—p+qfp)q-

Proposition 5.9 Let F' = 0 be type RR; at zg € A. Suppose that X.. is a 1-dimensional
manifold around z.

(1) If F = 0 satisfies the condition (i), then each leaf of the complete solution of F~1(0) is
intersects Y. transversally and hence .. 1s a singular solution passing through z.

(2) If F =0 satisfy the condition (ii) and Fy,|s.. = 0 around 2y, then each leaf of the com-
plete solution of F~'(0) is tangent to Y. If v(t) = (x(t),y(t),p(t), q(t)) € e is a geometric
solution, y(t) is represented by the form (a,b,c,t) where a,b,c € R. Moreover, (t) is a leaf of
the complete solution of F~1(0).

Proof. (1) Since ¢~ (See) = (fo —p+af,) " (O) NV ((fo =+ afp)e +a(fo —p+af,),)~1(0), it
is sufficient to check that the scalar product of grad((f, —p+¢qf,). +¢(fo —p+4qf,),) and the
vector field X is nonzero at uy. By the same calculations in Proposition 5.7,

(grad((fe —p+afp)e + a(fe =P+ afp)p)s (ma, —a-q,1)) = 2(fup + qfpp) — 1
at ug. The condition (i) guarantees that 2(fy, + qfpy) — 1 # 0 at ug. Therefore each leaf of the
complete solution of F71(0) is intersects 3, transversally and hence X.. is a singular solution
passing through zy.
(2) Since ¢ (Ze) = (fo =2+ af,) " 0) N ((fo — p+ qfp)e) "1 (0), it is sufficient to check
that the scalar product of grad(f, — p + ¢f,), and the vector field X is zero. By the direct
calculations, the consequence follows from the condition F,|s,. = 0 around z.

Let v(t) = (z(t),y(t),p(t),q(t)) € X be a geometric solution passing through z,. By
differentiating f,(x(t), p(t), ¢(t)) = 0 with respect to t,

(fap + afpp) (2(2), (1), 4 (1)) - 2'(2) + fpg(2(1), p(2), ¢(1)) - ¢' (1) = 0.
By the condition (ii), we have f,, +qf,, = 1/2 at up and hence 2'(t) = 0. This means that x(t)
is constant on Y. around z;.
Differentiating (5) with respect to p, we have f,, =a, - (fo —p+qfp) + - (fo =P+ afp)p-
It follows that ay,, = 0 around z,. By the form of the vector field X (see, in the proof of
Theorem 5.6), I'|p-1(x..) = 7- O
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5.5 On the type RRfj

Suppose that F' = 0 is the type RR; at zp. Then ¥, D A D X, around zy. In this subsection,
we assume that A is a 1-dimensional manifold around 2y and zy € ... By Theorem 5.2, F' =0
has a complete solution of ¥, at z5. If A is not a geometric solution passing through z,, the
complete solution of X, is the complete singular solution of .. On the other hand, if A is a
geometric solution passing through z;, we have the following.

Proposition 5.10 Let F' =0 be type RR} at zy € A\ See. If y(t) = (x(t),y(t),p(t),q(t)) € A
is a geometric solution passing through zo, then y(t) is represented by the form (a,b,c,t) where
a,b,c € R. Moreover, v(t) is a leaf of both complete solutions of F~1(0) and X..

Proof. Since zy & ¥, and (6), we have (f, —p+qfy)e+q(fo—p+qfp)p # 0 at ug. Differentiating
equalities (f, — p + qf,)(x(t),p(t),q(t)) = 0 and f,(z(t),p(t),q(t)) = 0 with respect to ¢, we

h
e ( (fx_p+pr)x+Q(fx_p+pr)p (fx_p+pr)q ) ( x,(t) ) _ < 0 )
Jop + @ fpp [ q'(t) 0

Since 7(t) is a geometric solution, (2'(t),q'(t)) # (0,0) on A. Thus

(fe—p+afp)etalfo—P+af)y (fo—pP+afo)e ) _
det < Jop + 0 fop Ja > =0

on A. It follows from (5) that a|a = 0 and hence 2/(t) = 0. This means that z(¢) is constant
on A around zj.

Since (fz —p+ ¢fp)qla = 0 and the forms of the vector fields X for a complete solution of
F~1(0) and Y for a complete solution of X, (cf. Proof of Theorem 5.6), I'|r-1(a) = ®|p-1(a) = 7.
a

5.6 On the type SC,

Suppose that F' = 0 is of Clairaut type at zy and z is a singular point of F|p-1). We call
this type SC,.

Proposition 5.11 Let ' = 0 be type SC, at z. If X, is a 2-dimensional manifold around z,
then zo € Yee.

Proof. Let F(x,y,p,q) = —y + f(z,p,q) = 0. Since F = 0 is of Clairaut type at zy, there is a
function germ « : (F~'(0), 29) — R such that

fa:_p+pr:a'fq- (8)

By differentiating (8) with respect to p, fup — 1+ qfpp = - fg + - fpe. Hence fop +qfpp =1
at ug. By a direct calculation,

(fo =P+ afp)eg +a(fe =P+ afo)pg = (fog + 0foa)e + A(fog + afpg)p + fop + A fpp (9)
On the other hand, by (8), we have

(f:z: Y + pr):nq + Q(fa: Y + pr)pq
= (g + qpg) - [+ g (foz + afpg) + (i +q0p) - fog + - (fagq + 0 fpgg) (10)
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By definition, ¢~"(X.) = f;'(0). Since ¥, is a 2-dimensional manifold around z, there is a
regular function germ ¢ : (U,up) — R and a function germ k : (U,up) — (R,0) such that
¢~ () = ¢7(0) and f, = k - g at least locally. By a direct calculation, the right hand of (9)
is given by

(ke +aqkp)e +q(ke+kp)p) - g+ 2(ke+qkp) - (92 +q9p) + k- ((92+9p) 2 + ¢(92 +99p)p) + fop+ A fpp-
Also the right hand of (10) is given by
(Qog + qpq) - k- g+ g - (ko +qky) - g + k- (90 + a9p)) + (0 +q) - (kg - g + k- gg)
Q- ((kqu + qkpq) g+ kg (gx + qu) + (kx + qkp) “gqt k- (gxq + quq))

If zp € X¢c, then ¢ = g, +qg, = g4 = 0 at ug. This contradicts the fact that (9) = (10), namely
1=0 at Uugp. (|

Under the assumption of Proposition 5.11, it follows from zy ¢ X.. that there is a com-
plete solution of . at z;. According to Theorem 5.15 in below, a geometric solution passing
through z, on ¥, is a singular solution. Hence there is a complete singular solution of X, at z,
automatically.

5.7 On the type SR,

Suppose that F' = 0 is of reduced type at zy and 2y is a singular point of (F,+pF,+qF,)|r-1(0).
We call this type SR,. We can prove the following result by using the same arguments in the
proof of Proposition 5.11, so we omit it.

Proposition 5.12 Let ' =0 be type SR, at zy. If ¥, is a 2-dimensional manifold around z,
then zo € Yee.

Moreover, we have the following result.

Proposition 5.13 Let F' = 0 be type SF, and not of Clairaut type at z,. If ¥, is a 2-
dimensional manifold around zy, then A is a 1-dimensional manifold around zy. Moreover, A
1s not a geometric solution passing through zy.

Proof. By (5), fy =« (f: —p+qf,) with a(z) = 0. Since ¢~ (Z.) = (fo —p+4qf,)"*(0) is a
2-dimensional manifold around zy, there exist a regular function germ g : (U, up) — (R, 0) and
a function germ k : (U, uo) — (R, 0) such that f, —p+qf, = k-g and k7' (0) C ¢7'(0) at least
locally. By a direct calculation, we have

(fm - P + pr)wq + Q(er‘ -Dp + pr)Pq -
at ug. On the other hand,
(fo =P+ fp)ag+a(fo =P+ afp)pg = kg - (92 + a9p) + (ks + k) - g4

at ug. Hence kg - (g, +qgp) + (ky + qkp) - g4 = 1 at ug. If g4(up) = 0, then ky(ug) # 0. It follows
that k is represented by A(z,p, q)-(¢—p(z, p)) at least locally, where A\ and p are function germs
with A(ug) # 0. Since k7'(0) € ¢7*(0), g(x,p, u(x,p)) = 0. By differentiating this equality
with respect to x and p, we have

9o (@, p, (2, p)) + pe (2, p)gq(, p, p(x,p)) = 0
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and
(@, p, (2, p)) + (2, P)gq(2, p, p1(, p)) = 0.
This contradicts the fact that g is regular at uy. Therefore we have g, # 0 at uy.
By the definition of A, ¢~'(A) = ¢~'(0) N f,'(0). To show that A is a 1-dimensional
manifold around 2, it is sufficient to show that the matrix

A ( 9r 9 g )
Jop Jop Jog
has rank 2 at wy. Since f, —p+qf, and f, are singular at ug, f,p +¢qfp, =1 and f,; = 0 at uo.

Therefore rankA = 2 at uy.

Next suppose that v : (R, tg) — (A, z0);v(t) = (z(t), y(t), p(t), q(t)) is a geometric solution
passing through zy. By differentiating the equalities g(z(t), p(t), ¢(t)) = 0 and f,(x(t), p(t), ¢(t)) =

0 with respect to ¢, we have
) gq(x(t),p(t), a(t)) z'(t) \ _ (0
t))  fpa(2(t), p(t),q(t)) ) < q'(t) ) B ( 0 )

Since the determinant of the matrix ( Jo T 49 Yq ) is not vanish at to, (2'(t),q'(t)) = (0,0)
pr +afow Joa

at ty. This contradicts the fact that (¢) is a geometric solution passing through z. a

q(

p(t),q(t
), q(

< (92 + agp) (x(t), p(t)
( t), p(t

(t
fap + prp)(x(

As a conclusion, if F' = 0 is of type SF, and not of Clairaut type at 2o, then there is a
complete singular solution of . at z; automatically by Propositions 5.12 and 5.13.

Finally in this section, we give an important difference between Clairaut type and reduced
type.

Lemma 5.14 Let F' =0 be type RC,, at zy. If zp € A\ X, then A is not a geometric solution
passing through zy.

Proof. By remark 5.5, A is a 1-dimensional manifold around z,. We assume that v : (R, ¢5) —
(A, z0);v(t) = (x(t),y(t), p(t), q(t)) is a geometric solution passing through zy. By (8), fo —p+

qfy = - f,. Differentiating f,(x(t), p(t),¢(t)) = 0 and f,(z(t),p(t), q(t)) = 0 with respect to ¢,
we have

< (fap + 0fpp) (2(1), (1), q(2))  fpa(2(t), p(2), (1)) ) < (1) ) _ ( 0 )
(faq + apg(2(2), (1), ¢()) qu(fv(t),p(t),q(t)) q'(t) 0/

Since fop — 1+ qfpp =p - fo+ - fogand foq + fp + afpg = g fo + 0 foq,

(fap + @fop) (2(2), (), a(1))  fpg(x(8), (1), a(8)) \ _ ¢
det( (or 4 o) @(O)p(t). () Toalalt).p(t). q(t)) ) = Jaala(®). p(2), 4()):

The condition zy € X.. guarantees that f,, # 0 at ug. It follows that (2'(t), ¢'(t)) = (0,0) at .
This contradicts the fact that v(¢) is a geometric solution passing through z. O

Theorem 5.15 Let F' = 0 be of Clairaut type at zy. If v(t) = (x(t),y(t),p(t),q(t)) € X¢ is a
geometric solution passing through zo, then y(t) is the singular solution.
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Proof. First we assume that 2, is a regular point of F|p-1(0y. If 20 € A, then v(¢) is a singular
solution passing through z; by Theorem 5.2. Hence we may assume that v(¢) C A. Also if
20 & e, then 7(t) is not a geometric solution passing through zg by Lemma 5.14. We may
assume that y(¢) C X... Then we can conclude that (¢) is a singular solution passing through
2o (cf. Section 5.2).

Next we assume that z is a singular point of F|z-1(). Also we may assume that v(t) C A.
By differentiating f,(x(t),p(t),q(t)) = 0 with respect to ¢,

(fop + @ fop) (x(t), p(£), a(2)) - 2" (t) + fog(x(t), p(2), (1)) - ¢'(t) = 0.
Since fyp — 1+ qfpp = o - fo + ap - [, We have
(1 +a- fo(z(t),p(t), q(1)) - '(t) + fpg(x(t), p(), q(t)) - ¢'(t) = 0.

By the assumption, fp,(ug) = 0. Hence 2'(ty) = 0 and ¢'(¢p) # 0. It follows from the form of
smooth complete solution, ¥(t) is the singular solution passing through z,. This completes the
proof of Theorem 5.15. O

As a consequence, if F' = 0 is of Clairaut type and there exists a geometric solution on the
contact singular set, then uniqueness for geometric solutions does not hold.

6 Appendix: Proof of Lemma 3.2

In this appendix, we prove Lemma 3.2 by an elementary argument like as explicit ODEs.

Proof of Lemma 3.2. Suppose that Fx(zy) # 0. It follows that F' = 0 is of reduced type at
29- By Theorem 2.2, there exists a complete solution at 2z, and hence there exists a geometric
solution passing through z;.

We assume that Fy = 1 on the equation hypersurface, if necessary, we may consider F'/Fx =
0 as F = 0. Moreover if v : (R,t9) — (F71(0),20);7(t) = (z(¢),y(t),p1(t),...,pa(t)) is a
geometric solution passing through zj, then p/ (ty) # 0. Hence we can reparametrize 7(t) as
(@(8),y(8), pr(t), -, pn1 (D), 1).

Let () = (x(t),y(1),p1(t), ..., pnr(t),t) and Y(£) = (2(2),y(t), pr(t), ..., Pu-a(t),t) be
geometric solutions passing through zg, that is, y(¢9) = V(t9) = zp. It is enough to show that
v(t) = 7(t) for tg <t <ty + e, where ¢ is a small positive real number.

If we differentiate the equality F'(y(t)) = F(z(t), y(t),p1(t), ..., pn-1(t),t) = 0 with respect
to ¢, then we get 2'(t) = —F,, (v(t)). By integrating this equality,

o) = olta) = [ B0t

to
Since ¥(t) is a geometric solution, namely, ¢'(t) = pi(t)2'(t), pi(t) = pi ()2’ (t) i=1,...,n—
2) and p, (t) = t2'(t), we have

y(t) = ylto) + / (02 (Ot pilt) = pilte) + / D (O (0t

(t=1,...,n—2) and
Pn1(t) = pu1(te) + / ta' (t)dt.

to
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It follows that

z(t) — (1) :/t (=Fp, (v(1) + F,, (7(2)) dt, (11)

y(t) — (1) = / (p1(D)a' (1) — P ()T (1)) dt
_ / p(8) (@ (8) — 7(1)) di + / (1) (s (1) — 1 (1)) dt (12)

pit) — i) = / (piss (D2 (£) — Bea (T (1)) dit

= /pm(t) (x'(t)—f'(t))dﬂr/ &'(t) (piv1(t) = pisa(t)) dt - (13)

to to

Pur(t) — Fun(t) = / H (1) — T (1)) d.
_ /ttu—Fpn(v(t))+Fpnmt>>>dt. (14)

Since F'is a smooth mapping, there exists some number K such that

| = Fo.(7(1) + B, (Y1) < Kly(t) = 7(8)| < Ka(t),
where t) < t <ty + ¢ and
a(t) = [z(t) = 2@+ ly() — g + [p1 () = Pr(@®)] + -+ + [pa—1(t) = Paa (D).
Moreover, since v and 7' are smooth mappings, we put

ai= max {[p@®)} @=1....,n-1), an=max{ltol, lto +el}, b= max {[Z'(®)]}.

t t N\ ¢
We denote an integration repeated i-times / < - (/ a(t)dt) ) dt by (/ ) a(t)(dt)".
to to to

It follows from (11), (12), (13) and (14) that

alt) < (1+ay+-- +anK/ t)dt + (ag + - - +aan< )a

---+(ai+---+an)bl_1K</t:)i (t)(dt)’ + - -+ apb"™~ 1K</) a(t)(dt)". (15)

Moreover we put

L=max{l+a; +-+ay, (ag+- - +ay)b, - ,a,b" '}, M= max {at)}.
to<t<to+e
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By (15), we have

M<LKMY (t— 1) < LKM > e (16)
£ j| !

=1

We now consider a function f(z) = Y1 (1/i)a’ — 1/LK. If x = 0, then f(x) is negative, and
if = is sufficient large, then f(x) is positive. By the means value theorem, there exists a positive
real number ¢, such that f(z) <0on 0 <z <t,.

If we take a small real number € > 0 which satisfies 0 < ¢ < ¢,,, then f(e)M > 0 by (16).
It follows that M = 0 and concludes that y(t) = J(t) for to < t <ty + . This completes the

proof of Lemma 3.2. O
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