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ON THE PERIOD OF THE IKEDA LIFT FOR U(m,m)

HIDENORI KATSURADA

ABSTRACT. Let K = Q(v/—D) be an imaginary quadratic field
with discriminant — D, and x the Dirichlet character corresponding
to the extension K/Q. Let m = 2n or 2n + 1 with n a positive
integer. Let f be a primitive form of weight 2k 4 1 and character x
for I'h(D), or a primitive form of weight 2k for SLy(Z) according as
m = 2n, or m = 2n + 1. For such an f let I,,,(f) be the lift of f to
the space of modular forms of weight 2k+2n and character det """
for the Hermitian modular group I’ [(Cm) constructed by ITkeda. We
then express the period (I,,,(f), I (f)) of I, (f) in terms of special
values of the adjoint L-functions of f twisted by the character y.
This poves the conjecture concerning the period of the Ikeda lift
proposed by Ikeda.

1. INTRODUCTION

In a joint paper with Kawamura [KK10b], we proved ITkeda’s con-
jecture on the period of the Duke-Imamoglu-Tkeda lift. In this paper
we prove a similar result for the period of the lift of an elliptic mod-
ular form to the space of Hermitian modular forms constructed by
Ikeda. This also proves Ikeda’s conjecture proposed in [Ike08] with
some modification. Let K = Q(v/—D) be an imaginary quadratic field
with discriminant —D. Let O be the ring of integers in K, and y the
Kronecker character corresponding to the extension K/Q. For a non-
degenerate Hermitian matrix or alternating matrix 7" with entries in
K, let Uy be the unitary group defined over Q, whose group Ur(R) of
R-valued points is given by

Ur(R) ={g€GL,(R® K) |'gTg =T}

for any Q-algebra R, where g denotes the automorphism of M,,(R® K)
induced by the non-trivial automorphism of K over Q. We also define
the special unitary group SUr over Q, by SUr = Ur N Rk ;q(SLm),
where Ry /q is the Weil restriction. In particular we write Uy as U (m)
or Uim,m) if T = (Sn 7(1)’") . For a more precise description of /(™
see Section 2. Put Ff((m) = U(m,m)(Q) N GLgy(O). Let k be a non-
negative integer. Then for a primitive form f € &y, 1(I0(D), x) Ikeda
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2 HIDENORI KATSURADA

[Ike08] constructed a lift I»,(f) of f to the space of modular forms

of weight 2k + 2n and a character det™*™" for I I(fn). This is a gen-
eralization of the Maass lift considered by Kojima [Ko0j82], Gritsenko
[Gri90], Krieg [Kri91] and Sugano [Su95]. Similarly for a primitive
form f € &y, (SLa(Z)) he constructed a lift I5,,1(f) of f to the space
of modular forms of weight 2k 4 2n and a character det**" for F[((Q ),
For the rest of this section, let m = 2n or m = 2n + 1. We then call
I,(f) the Ikeda lift of f for U(m,m) or the Hermitian Ikeda lift of
degree m. Tkeda also showed that the automorphic form Lift™(f)
on the adele group U™ (A) associated with I,,(f) is a cuspidal Hecke
eigenform whose standard L-function coincides with

[[LGs+k+n—i+1/2 f)L(s+k+n—i+1/2 fx),

i=1
where L(s+k+n—i+1/2, f) is the Hecke L-function of f and L(s+k+
n—i+1/2, f,x) is its "modified twist” by x. For the precise definition
of L(s +k+n—i+1/2,f,x) see Section 2. We also call Lift™(f)
the adelic Ikeda lift of f for U(m,m). Then our main result (Theorem

2.3) can be stated as follows:
The period (I,,(f), In(f)) of L.(f) is expressed as

L1, £, A T LG, £, Ad )L )

1=2

up to elementary factor, where L(s, f, Ad, x*™1) is the "modified twist”
of the adjoint L-function of f by X', and L(i,x") is the Dirichlet
L-function for x'.

This result was already obtained in the case m = 2, and was conjec-
tured in general case by Ikeda [Ike08].

We note that I,,,(f) is not likely to be a theta lift except in the case
m = 2, and therefore the method in [Ral88] cannot be applied to prove
our main result. The method we use is similar to that in the proof
of the main result of [KK10b] and to give an explicit formula of the
Dirichlet series of Rankin-Selberg type associated to I,,(f), and com-
pare their residues. We explain it more precisely. In Section 3, we
consider the Dirichlet series R(s, I,,(f)) of Rankin Selberg type associ-
ated with I,,,(f). For the precise definition, see Section 3. This type of
Dirichlet series was studied by Shimura [Sh00] for a classical Hermitian
form F' of weight 2k + 2n. In particular we can express its residue at
2k+2n in terms of the period of F' (cf. Proposition 3.1.) Thus to prove
Theorem 2.3, we have to get an explicit formula of R(s, I,,(f)) in terms
of L(s, f,Ad, x"). To get it, in Section 4, we reduce our computation
to a computation of certain formal power series H,,,(d; X,Y.,t) in ¢
associated with local Siegel series similarly to [KK10b] (cf. Theorem
4.4).
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Section 5 is devoted to the computation of them. This computation
is similar to that in [KK10b], but we should be careful in dealing with
the case where p is ramified in K. After such an elaborate computation,
we can get explicit formulas of H,,,(d; X,Y,t) for all prime numbers p
(cf. Theorems 5.5.2 and 5.5.3, and Corollary to Proposition 5.5.3.) In
Section 6, by using explicit formulas for H,,,(d; X,Y,t), we immedi-
ately get an explicit formula of R(s, I,,,(f)) (cf. Theorems 6.1 and 6.2)
and by taking the residue of it at 2k + 2n we prove the Theorem 2.3.

We note that we can give a similar period relation for the adelic Ikeda
lift, and can apply it to a problem concerning congruence between the
adelic ITkeda lifts and Hecke eigenforms not coming from the adelic
Ikeda lifts. These will be discussed in subsequent papers. We also note
that this type of result has been already given by [Bro07], [Kat08a],
[Kat08b] in Siegel modular forms case.

Acknowledgments. The author thanks Professor T. Watanabe for giving
him many crucial comments on the mass formula for the unitary group.
He also thanks Professor T. Ikeda for useful discussions. The author
was partly supported by Grant-in-Aid for Scientific Research, JSPS

Notation. Let R be a commutative ring. We denote by R*
and R* the semigroup of non-zero elements of R and the unit group of
R, respectively. For a subset S of R we denote by M,,,(S) the set of
(m, n)-matrices with entries in S. In particular put M, (S) = M,,(95).
Put GL,,(R) = {A € M,,(R) | detA € R*}, where det A denotes
the determinant of a square matrix A. Let Ky be a field, and K a
quadratic extension of Ky, or K = Ky @& Ky. In the latter case, we
regard K, as a subring of K via the diagonal embedding. We also
identify M, (K) with M,,,(Ko) ® Mp,,(Kp) in this case. If K is a
quadratic extension of Ky, let p be the non-trivial automorphism of K
over Ky, and if K = K@ K, let p be the automorphism of K defined
by p(a,b) = (b,a) for (a,b) € Ky. We sometimes write T instead of
p(x) for z € K in both cases. Let R be a subring of K. For an (m,n)-
matrix X = (2;j)mxn Write X* = (T};)nxm, and for an (m, m)-matrix
A, we write A[X]| = X*AX. Let Her,(R) denote the set of Hermitian
matrices of degree n with entries in R, that is the subset of M,(R)
consisting of matrices X such that X* = X. Then a Hermitian matrix
A of degree n with entries in K is said to be semi-integral over R if
tr(AB) € Ko N R for any B € Her,(R), where tr denotes the trace of

a matrix. We denote by Her,(R) the set of semi-integral matrices of
degree n over R.

For a subset S of M,,(R) we denote by S* the subset of S consisting of
non-degenerate matrices. If S is a subset of Her,(C) with C the field
of complex numbers, we denote by ST the subset of S consisting of
positive definite matrices. The group GL,(R) acts on the set Her, (R)
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in the following way:
GL,(R) x Her,(R) > (9,A) — ¢"Ag € Her,(R).

Let G be a subgroup of GL,(R). For a subset B of Her,(R) stable under
the action of G we denote by B/G the set of equivalence classes of B
with respect to GL,,(R). We sometimes identify B/G with a complete
set of representatives of B/G. We abbreviate B/GL,(R) as B/ ~ if
there is no fear of confusion. Two Hermitian matrices A and A" with
entries in R are said to be G-equivalent and write A ~g A" if there is
an element X of G such that A’ = A[X]. For square matrices X and

. X O
YwewrlteXJ_Y—<O Y)'

We put e(z) = exp(2my/—1z) for z € C, and for a prime number p
we denote by e,(*) the continuous additive character of Q, such that
e,(z) =e(x) for z € Q.

For a prime number p we denote by ord, () the additive valuation of
Q, normalized so that ord,(p) = 1, and put |z|, = p~**%®). Moreover
we denote by |z|« the absolute value of z € C.

2. PERIOD OF THE IKEDA LIFT FOR U(m,m)

Throughout the paper, we fix an imaginary quadratic extension K
of Q with the discriminant —D, and denote by O the ring of integers
in K. For such a K let U™ = U(m,m) be the unitary group defined

in Section 1. Put J,, = ( Om —1Im

1, O, ) , where 1,, denotes the unit

matrix of degree m. Then
U™(Q) = {M € GLow(K) | J[M] = Ju}.

Put
rm = — ym(Q) N G Ly (O).

Let $,, be the Hermitian upper half-space defined by

1
D ={Z € M,,(C) 2—\/__1(Z — Z*) is positive definite}.

The group U™ (R) acts on H,, by
9(Z)y = (AZ+B)(CZ+ D) for g= (4 8) cU™(R),Z € 9,,..

We also put j(g,7) = CZ + D for such Z and g. Let [ be an integer.
For a subgroup I" of I'™ and a character ¢ of I', we denote by MW; (I, 1))
the space of holomorphic modular forms of weight [ with character v
for I We denote by &,;(I",7) the subspace of W;(I",%) consisting of
cusp forms. In particular, if ¢ is the character of I" defined by v (vy) =
(det )~ for v € I, we write My (I,9)) as My (I, det™), and so on.
Write the variable Z on 9,, as Z = X ++/—1Y with X,Y € Her,,(C).
We can identify Her,,(C) with R™ through the map X = (z;;) —
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(wi;, Re(x;5), Im(z5) (i < j)), and define a measure dX on Her,,(C)
by pulling back the standard measure on R™. Similarly we define a
measure dY on Her,,(C) in the same way as above. For two elements
F, G of &y(I'™ det™), we define the Petersson scalar product (F,G)
by
(F,G) = / F(Z2)G(Z)det(Im(2))""*mdXdY.
F(nL)\bm

We call (F, F) the period of F. Let ™ (A) be the adelization of /(™.
We define the compact subgroup IC = K™ of U™ (A) by U™ (A) N
[, GL2n(O,), where p runs over all rational primes. Let h = hx be
the class number of K. Then we have

h
U(A) = Ju"(Qprku™ (R)

with some subset {71, ..., 7.} of U™ (A). We can take ; (i = 1,..., h)

so that v = 19, and ~; = b ) with t; € GL,,(K4). Put

0
0 !
I = U™(Q) N Ky, 'U™(R). Then for an element (Fi, ..., F},) €
Dr | My(I},det™), we define (F, ..., Fj,)* by

(P, Fu)i(g) = Fia(i))j(x,1) 7 (det 2)’

for + = uyrr with u € U™ (Q),z € U™ (R), s € K. We denote by
MyU™(Q)\UT™(A),det™) the space of automorphic forms obtained
in this way. We also put

S (U™ (Q\U™(A), det™) = {(Fy, ..., F,)* | F; € &y(I}, det™)}.

We can define the Hecke operators which act on the space
Moy U™ (Q)\UT™(A), det™). For the precise definition of them, see
[Tke08].

Let ﬁe\rm((’)) be the set of semi-integral Hermitian matrices over O
of degree m as in the Notation. We note that A belongs to ﬁam((’)) if
and only if its diagonal components are rational integers and /—DA €
Her,,(O). For a non-degenerate semi-integral matrix B over O of degree
m, put y(B) = (—D)"/? det B.

For a prime number p put K, = K ® Q,, and O, = O ® Z,,. Then
K, is a quadratic extension of Q, or K, = Q,®Q,. In the former case,
for x € K, we denote by T the conjugate of x over Q,. In the latter
case, for © = (x1,22) with z; € Q,, we put T = (29, ;). For z € K,
we define the norm Nk, /q,(z) by Ng,/q,(*) = 27, and put vk, (z) =
ord,(Ng,/q,()), and/Lx\Kp = |Nk,/q,(x)],- Moreover put |v|g., =
|27 | for x € C. Let Her,,,(O,) be the set of semi-integral matrices over
O, of degree m as in the Notation.  We put §, = 1, —1, or 0 according
as K, = Q, ® Q,, K, is an unramified quadratic extension of Q,, or
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K, is a ramified quadratic extension of Q,. Now for T € ﬁe\rm(op)x
we define the local Siegel series b,(T, s) by

bp(T' s) = > e, (tr(TR))p ot bl
ReHery, (Kp)/Hern (Op)

where 11,(R) = [ROJ'+O]" : O;']. We remark that there exists a unique
polynomial F,(7, X) in X such that

[(m=1)/2 ) |
bp(T.s)=F(T,p~) J[ @-p") []Q-&p* ")
=0 i=1

(cf. Shimura [Sh97].) We then define a Laurent polynomial fp(T, X)
as
E,(B, X) = X0 p (7 p=mx=2),
We remark that we have
E,(B, X" = (=D,y(B)),F,(B,X) if mis even,

F,(B,&,X 7Y = F,(B, X) if m is even and p1{ D,

and _ _
F,(B,X " =F,(B,X) ifmisodd

(cf. [TkeO8]). Here (a,b), is the Hilbert symbol of a,b € Q. Hence we
have

Fy(B,X) = (=D, y(B))r X 0O p (T, p~m X ).
Now we put

ﬁ&m((f))j ={T € Her,, (K)" | t; ,Tt;p € ﬁe\rm(Op) for any p}.

Let k£ be a non-negative integer. First let m = 2n be a positive even

integer and let
[e.e]

f(z) =) a(N)e(Nz)
N=1
be a primitive form in &opy1(Lo(D), x). For a prime number p not
dividing D let oy, € C such that oy, + x(p)oy,' = p~*a(p), and for

p| D put a, = p~*a(p). Then for the Kronecker character y we define
Hecke’s L-function L(s, f, x") twisted by x* as

L(s, f.x) = [ A = app™™x(0)) (1 = o, "p~*Hx(p) )}
ptD

Hp|D(1 - Oépp_erk)_l if 7 is even
. [Lp(1—a,'p=**)~" if i is odd.

In particular, if i is even, we sometimes write L(s, f,x") as L(s, f) as
usual. Moreover for i = 1,..., h we define a Fourier series

In(f)i(Z) = Z ar,. (), (T)e(tr(1'Z)),

TeHerm (0);)+



ON THE PERIOD OF THE IKEDA LIFT FOR U(m,m) 7

where

(1), (T) = (T F T T I det(ti) det (B Fp (7, Tt s )-

p

Next let m = 2n + 1 be a positive odd integer and let
f(z) =) a(N)e(Nz)
N

-1

be a primitive form in &y (SLy(Z)). For a prime number p let o, € C
such that oy, + o' = p~F*1/24(p). Then we define Hecke’s L-function
L(s, f,x") twisted by x' as

L(s, [, x')
= [J{@ = a7 2x(0)) (1 = o, ' 2 (p)) )

In particular, if 7 is even we write L(s, f, x%) as L(s, f) as usual. More-
over for i = 1, ..., h we define a Fourier series

[2n+l<f)i<Z) = Z a12n+1(f)i(T)e(tr(TZ))’

Teﬁ&%H((’))j
where
k—1/2 T \|n T *
(), (1) = (D)2 T I det(tiy) det(E ) |02 E, (8, Ttip, ).
p

Then Ikeda [Ike08] showed the following:

Theorem 2.1. Let m = 2n or 2n + 1. Let [ be a primitive form
in &opr1(Lo(D), x) or in So(SLa(Z)) according as m = 2n or m =
2n + 1. Moreover let I; be the subgroup of U™ defined as above. Then
L(£)i(Z) is an element of Sopyon (I}, det™ ™) for any i. In particular,
Lo(f) i= Lo (f)1 is an element of Sop o, (I, det ™).

This is a Hermitian analogue of the lifting constructed in [Ike01]. We

call I,,,(f) the Ikeda lift of f for (™).
It follows from Theorem 2.1 that we can define an element (1,,,(f)1, ..., Ln(f)n)*?
of Soppon (U™ (Q)\U™ (A), det™ ™), which we write Lift(™(f).

Theorem 2.2. Let m = 2n or 2n+1. Assume that I,,,(f) is not identi-
cally zero. Then Lift'™(f) is a Hecke eigenform in Sapon U™ (Q)\UT(A), det ™)
and its standard L-function L(s, Liftt™(f),st) coincides with

[[LGs+k+n—i+1/2 f)L(s+k+n—i+1/2 fx)
i=1

up to bad Euler factors.
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We call Lift™(f) the adelic Ikeda lift of f for 24(™)

Remark. In [Ike08], Ikeda defined the standard L-function L(s, F, st)
of a Hecke eigenform F' in the sense of automorphic representation the-
ory, and therefore gave an explicit form of the Euler factor of the stan-
dard L-function of Lift™(f) only for good primes. However, we will
define another L-function L(s, Fst) following [Sh00] in Subsection 5.2.
It coincides with L(s, F,st) up to Euler factors at ramified primes, and
in particular we have

m

L(s, Lift™(f),st) = [ L(s+k+n—i+1/2, f)L(s+k+n—i+1/2, £, x).

i=1

To state our main result, put
Tr(s) = 7*/*T(s/2)
and
Fc(s) =Tr(s)I'r(s+1).
We note that
Cc(s) = 2(2m)~°T(s).
For an integer 7 let L(s, x") = ((s) or L(s,x) according as i is even or

odd, where ((s) and L(s, x) are Riemann’s zeta function, and Dirichlet
L-function for y, respectively, and put

A(s,x') = To(s)L(s, X)-
For a primitive form f in &gy 1(Io(D), x), we define the adjoint L-
function L(s, f, Ad) and its twist L(s, f, Ad, x) by x as

s, f,Ad) = H{ (1—a2x(p)p~*) (1=, *x(p)p~*)(1—p~*)} [ [(1—p7)

p|D

and

s, f,Ad, x) H{ (1—azp™)(1 =, p*)(1 = x(p)p~)} "

x [J{ = agp=)(1 = o, %p )}

p|D

For a primitive form f in &q;(SLy(Z)), we define the adjoint L-function
L(s, f, Ad) and its twist L(s, f, Ad, x) by x as

s, f,Ad) = H{l—app )1 —a,*p™) (1 —p)}

and

s, f. Ad, x) H{ (1= a2x()p*)(1 — o, x(p)p~) (1 — x(p)p~*)} .

-1
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Let f be a primitive form in &g 11 (I0(D), x) or in Sor(SLa(Z)) ac-
cording as m = 2n or m = 2n + 1. We then put

i | L(s, f,Ad) if ¢ is even
Lis, J. Ad,x)—{ Us pAD | ifis eve

Moreover put
A(s, f, Ad,x') = To(s)la(s + L = 1)L(s, f, Ad,x),

where | = 2k + 1 or | = 2k according as f € &y1(L0(D),x) or
f € &9 (SLy(Z)). Let Qp be the set of prime divisors of D. For each

prime q € Qp, put D, = ¢°*4(?). We define a Dirichlet character x, by
_Jxtd) if (a,q) =1
Xq(a) = { 0 if qla ’
where a' is an integer such that

' =amod D, anda =1 mod DDq’l.

For a subset () of QD put Xq = [[,eq Xq and xg = Hq'EQD,qgQ Xq- Here
we make the convention that xo = 1 and xg = x if @ is the empty set.
Let

o

f(z) =) ep(m)e(mz)

m=1
be a primitive form in &ory1(lo(D), x). Then there exists a primitive
form

fol2) =) cpo(m)e(ms)

such that

¢io(p) = xe(p)es(p) for p & Q
and

co(P) = Xq(p)cs(p) for p € Q.
Then our main result in this paper is:

Theorem 2.3. (1) Let m = 2n be a positive even integer. For a
primitive form f in Sopi1(Lo(D), x), we have

<12n(f)7 [2n(f)>

2n 2n
_ 274nk74n274n+1D2nk+5n273n/271/2nn(f) HA(i’ f, Ad, Xzel) H A(i, Xi))
i=1 i=2

where

m(f) = Y xe((=1)").
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(2) Let m = 2n + 1 be a positive odd integer. For a primitive form f
in &o(SLy(Z)), we have

<I2n+1(f)> 12n+1(f)>

2n+1 2n+1
_ 2—2(2n+1)k—4n2—6n—1D2nk+5n2+5n/2 H K(Z, f’ Ad, Xi—l) H K(Z, Xz)
=1 1=2

Remark. In [Ike08] Tkeda showed that I,,(f) is identically zero
if and only if m = 2n and 7n,(f) = 0. Therefore the above theorem
remains valid even if [,,,(f) is identically zero.

This type of result was conjectured by Ikeda [Ike08]. When m = 2,
by using the result of Sugano [Su95], Tkeda [Ike08] has been already
proved that

L(f), L. T ~ ~
(A2 (2 D SRR, £ AR, £, A )
His conjecture holds true up to a power of D. In fact, he conjectured
that integer powers of D should appear on the right-hand sides of the
above formulas. However, half-integer powers of D appear in some
cases as shown in the above theorem.

Now put
i, f, Ad, x* 1)
(f. )

L. £.Ad,y) = 2
fori=1,...m
L(2i, x*) = A(2, %),
and
L(2i + 1’X2i+1) _ K(Zz +1, X2i+1)D2i+1/2
for an integer ¢ > 1. We note that

B 92k+1 Hq (1+q—1) if fe&yi1(Lo(D),x)
v i = { 5" i 7 € @a(SLa(2))

Moreover we have 7, (f) = 1,2 or 4. Hence we obtain the following:

Theorem 2.4. Let the notation be as above. Then we have

(n(F) In(F)) _ s ﬁw, £, Ad, Y HLG, ')

(fs fym
y D2nk+4nz—n Hq|D(1 + q—l) if m=2n
D2nktin?4n if m=2n41,

where By, 1 s an integer depending on n and k.
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It is well known that L(4, x) is a rational number for any positive
integer i. Moreover L(i, f, Ad, x*™!) is an algebraic number and belongs
to the Hecke field Q(f) for i = 2,.....,k" where k' = 2k or 2k — 1
according as if m is even or odd (cf. Shimura [Sh97], [Sh00].) Thus we
have

Theorem 2.5. In addition to the above notation and the assumption,
assume that m < 2k or m < 2k — 1 according as m is even or odd.

(L (f), Im(f))
Then (7. )

is algebraic, and in particular it belongs to Q(f).

3. RANKIN-SELBERG CONVOLUTION PRODUCT

To prove Theorem 2.3, we rewrite it in terms of the residue of the
Rankin-Selberg convolution product of I,,(f). Let

F(z)= ) ap(Ae(tr(Az)
Aefer, (0)+

be an element of &y ('™, det™). We then define the Rankin-Selberg
series R(s, F') for F' by

CLF(A)CZF A)
F) = T o
R(57 ) o Z (detA)se*(A)7
AcHern (0) 7 /SLn(0)

where e*(A) = #({g € SL,(O) | g*Ag = A}).

Proposition 3.1. Put

pam+m=1 ™ [ (j *+1)
Dmm=0/2 1™ L2m — i, ) T Te(@) a2l — i+ 1)
Let F € &y(I'"™ det™). Then R(s, F) is holomorphic in s for Re(s) >

2l. Moreover it can be continued to a meromorphic function on the
whole s-plane, and has a simple pole at s = 21 with the residue R, (F, F).

R, =

Proof. The assertion can be proved by a careful analysis of the proof of
[[Sh00], Proposition 22.2]. However, for the convenience of the readers
we here give an outline of the proof. We define another Rankin-Selberg
series R(s, F') for F' by

= ar(A)ar(A)

F) = Bt el i v

Rls, F)=" 2 (det A)se(A)’
A€Herm (0) " /GLn(0)
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where e(A) = #({g € GL,(O) | g*Ag = A}). Remark that
R(s, F) = #(O")R(s, F).
We define the non-holomorphic Eisenstein series Fy(Z, s) for I'™) by
Ex(Z,s) = (detIm(2))* > [j(M,2)|™,
Mer{\rom

(m) A B
where [ —{(O D

as in Page 179 of [Sh00], we obtain
R(s, F) = ! _
#(O*)vol(Her,,(C)/Her,,(O))I',,(s)(4m)~™s

€ '™}, Then by using the same argument

X / F(Z)F(Z2)Im(Z)*Ey(Z,5 — 21 +m)(det Y)*~?™dXdY,

rmn\g,
where vol(Her,,(C)/Her,,(O)) is the volume of Her,,(C)/Her,,(O) with
respect to the measure dX, and

L(s) = amm= D2 T 0(s — ).
=1

By [[Sh97],Theorem 19.7], Ey(Z,s — 2] + m) is holomorphic in s for
Re(s) > 21. Moreover it has a meromorphic continuation to the whole
s-plane, and has a simple pole at s = 2] with the residue of the following
form:

2m(1—m)—1 HZZQ L(Z, Xi-i—l)
vol(Her,,(C)/Her,,(O) [T L(2m — i, x?)

7™ T (m) ™!

We note that
vol(Her,,(C) /Her,,(Q)) = 2m=m)/2| p|mm=1)/4,

Thus we prove the assertion. O

4. REDUCTION TO LOCAL COMPUTATIONS

To prove our main result, we give an explicit formula for R(s, I,,,(f)).
To do this, we reduce the problem to local computations. Throughout
the rest of this paper, let K, be a quadratic extension of Q, or K, =
Q, © Q,. In the former case let O, be the ring of integers in K, and
fp the exponent of the conductor of K,/Q,, and put e, = f, — dap,
where dy,, is Kronecker’s delta. In the latter case, put O, = Z, © Z,,

and e, = f, = 0. Moreover put P/I\e/rm(Op) = pepﬁe\rm(Op). We note
that P/I\grm(Op) = Her,,(0,) if K,, is not ramified over Q,. Let K be an
imaginary quadratic extension of Q with the discriminant —D. We then
put D = [I,pp™, and Her,,(0) = DHer,,(0). Now let m and [ be
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positive integers such that m > [. Then for an integer a and Hermitian
matrices A and B of degree m and [ respectively with entries in O, put

Au(A, B) = {X € Mu(O,) /9" My (O,) | AX] — B € p*Hery(0,)},

and
B.(A,B) = {X € A,(A, B) | ranko, jpo, X = l}.

Assume that A and B are non-degenerate. Then the number p* 2744 A (A, B)
is independent of a if a is sufficiently large. Hence we define the local
density a,(A, B) representing B by A as

ap(4, B) = lim p"mHO4A, (4, B).
Similarly we can define the primitive local density 3,(A, B) as
By(A, B) = lim p > O4B, (4, B)
if A is non-degenerate. We remark that the primitive local density

By(A, B) can be defined even if B is not non-degenerate. In particular
we write a,(A) = a,(A, A). We also define v,(A) as

vp(A) = lim p™ ™ H(T,(4)),
where
To(A) = {X € Mya(O)/p Ma(0,) | AIX] — B € pHer(O,)}.
The relation between a,(A) and v,(A) is as follows:

Lemma 4.1. Let A € Her,,(O,)*. Assume that K, is ramified over
Q,. Then we have

ay(A) = pr I/ ),
Otherwise, a,(A) = vy(A).

Proof. The proof is similar to that in [Kitaoka [Kit93], Lemma 5.6.5],
and we here give an outline of the proof. The last assertion is trivial.
Assume that K, is ramified over Q,. Let {4;}!_, be a complete set of

representatives of 7" € Her,,(O,) such that 7" = T' mod p’"*el’ﬁ\e/rm((’)p).
Then it is easily seen that

| = [p"Her,,(O,) :pT—F@pHerm(Op)] _ pm(m—l)fp/Q.
Define a mapping

l
¢ : |_| Tr+ep (Tz) - .AT(T, T)
=1

by ¢(X) = X mod p". For X € A.(T,T) and Y € M,,(O,) we have
T[X +p"Y] = T[X] mod p"Her,,(O,).

Namely, X + p"Y" belongs to Y, ., (7;) for some 7 and therefore ¢ is
surjective. Moreover for X € A,(T,T) we have #(¢~ (X)) = prmien,
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For a sufficiently large integer r we have #7Y, . (T;) = # Y4, (1) for
any 7. Hence

l
prenIRa | (T) = Z #Yie, (T7)
=1

= P B AT, T) = p" rH A, (T T).
Recall that e, = f, — 02,. Hence
#TH—ep (T) — pm(m+1)fp/2—m262p#Ar+ep (T, T).

This proves the assertion. U

For T € Her,,,(K)™, let G(T) denote the set of SL,,(O)-equivalence
classes of positive definite Hermitian matrices 7" such that 7" is SL,,,(O,)-
equivalent to T for any prime number p. Moreover put

. 1
MA(T) = Z e* (1)
T'eGi(T)

for a positive definite Hermitian matrix 7" of degree m with entries in
0.
Let U, be the unitary group defined in Section 1. Namely let

U, = {U € RK/Q(GLl) ’ uu = 1}
For an element T € Her,,(O,), let
Upr = {det X | X € Up(O,)}.

Then (/];} is a subgroup of U, ), of finite index. We then put [, =
[Urp : Upr)l-

Proposition 4.2. Let T € Her,,(O)". Then
_ detT™ I, |D[*T (i)
B 2m=1=#@n) (1, x) Hp bprop(T)

M*(T)

Proof. The assertion is more or less well knwon. But for the sake of
completeness we here give an outline of the proof. Let M (m) be the
affine space of all m x m matrices defined over K, and Her,, = {X €
M(m) | X* = X}, We then define a measuer w’ on Ur by

W'(x) = d () /doy (¥ Tx),
where
dAm(2) = Nicijemdaij, @ = (i) € Rijq(M(m)),

and
d0'm<8) = Algigjgmdsija S = <3ij) < RK/Q(H(?T’m).
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We also define a measure w on SU7 by
w=uw'/dt,

where dt is the measure on U; normalized so that

[ 1ath =,

UI(OP)
where
1+p ! if K,/Q, is unramified
u,=¢ 1—p ' fK,=Q,®Q,
2 if K,/Q, is ramified.

We recall that the Tamagawa number of SUr is 1 (cf. Weil [We82]).
Hence by using the standard method we can prove the following mass
formula for the SUr:

[ Y
SUz(Oos) P<CSUr(0,)

Then by the strong approximation theorem for SL,,, we have

[ lele- (detTm I |D|f/2rc<i>)1 M),

2m—1

SUT(Oco)
On the other hand we have
wl= [ Wh= [ b [lt=uii [l
Ur(0y) Sur©y) oo SUT(Oy)

We note that the infinite product [],_
and is equal to 2#(@P) (1, x)~!. This completes the assertion.

u, is conditional convergent

g

Corollary. Let T € Her,,(O)". Then

] 2rom? gt T 17, T
= 2m—1—#(QD)L(]_, X)Dm(m+1)/4+1/2 Hp lp,Tap(T) ’

M*(T)

where cp =1 or 0 according as 2 divides D or not.
For a subset 7 of O, put
Her,,(7T) = Her,,(0,) N M,,(T),
and for a subset S of O, put
Her,,(S,7) = {A € Her,,,(7) | det A € S},

and IjI\e/rm(S, T) = Her,,,(S,7) N IjI\e/rm(Op). In particular if S consists
of a single element d we write Her,,(S,7) as Her,,(d,7), and so on.
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For d € Z-o we also define the set Her,,(d, O)" in a similar way. For
each T' € Her,,(O0,)* put

FT, X) = Fy(p~**T, X)
and
FONT, X) = F,(p~T, X).
We remark that
77(0 _ y—ordy(detT) yepm—fp[m/2 0
FO(T, X) = X ~ordoldetT) xeom=Folm/2] pO)(, X)),
For dy € Z; put
(A, X)) (A, Y)
lp.acy(A) '

Amp(do, X,Y) = >
A€Herm (dop',Op)/SLin (Op)
An explicit formula for A, ,(do, X,Y") will be given in the next section
for dy € Z,
Now let Her,, = Hp(ﬁam(Op)/SLm(Op)). Then the diagonal em-
bedding induces a mapping

¢ : Her,, (0)/ [[ SLm(0,) — Her,.

Proposition 4.3. In addition to the above notation and the assump-
tion, for a positive integer d let

Her,.(d) = [ [ (Her,u(d, 0,)/SLn(0,)).

p

Then the mapping ¢ induces a bijection from IjI\e/rm(d, 0)/ 11, SLm(Oy)
to Fi\grm(d), which will be denoted also by ¢.

Proof. The proof is similar to that of [[IS95], Proposition 2.1], but we
have to consider more carefully because the class number of K is not
necessarily one. It is easily seen that ¢ is injective. Let (z,) € Her,,(d).
Then by the Hasse principle for Hermitian forms, there exists an ele-
ment y in Her,,(K)* such that x, = gryg, with some g, € GL,,(K))
for any prime number p. For p not dividing Dd we may assume g, €
G Ly (O,). Hence (g,) defines an element of Ry /q(G L ) (A)N[ [, oo GLin(K)).
Since we have det yd~' € Q* N[[, Nk, /q,(K}), we see that det yd~' =

Nk q(u) with some v € K*. Thus, by replacing y with (1"51 ﬂ?l ) Y (1""51 u?l ) ,
we may assume that dety = d. Then we have Nk q,(detg,) = 1. It
is easily seen that there exists an element §, € GL,,(K},) such that

det 0, = det g, ' and &32,0, = x,. Thus we have g,0, € SL;,(K,) and
Zp = (9p%) Y 9p0p-
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By the strong approximation theorem for SL,, there exists an element
v € SLn(K) and (v,) € [], SLin(O,) such that

(9p9p) = (W) 7-

Put 2 = v*yy. Then z belongs to Her,,(d, O)*, and ¢(z) = (xp). This
proves the surjectivity of ¢. O

Theorem 4.4. Let f be a primitive form in Sopyq(Lo(D),x) or in
@9k (SLo(Z)) according as m = 2n or 2n + 1. For such an f and a
positive integer dg put

am(f> dO) = H)\m,p(dl)a ap7ap)7

p
where o, 1s the Satake p-parameter of f. Moreover put

Lo D = Dm(s—2k+l0)+(2k—l0)[m/?}—m(m+1)/4—1/22—cDm(s—2k—2n)—m+1+#(QD)

m

<L(1y) " [ Toli),

1=2

where lo = 0 or 1 according as m is even or odd. Then for Re(s) >> 0,
we have

R(S, Im(f)) = Wm,k,D Z am(f; dO)dO_S+2k+2n_1'
do=1
Proof. We note that R(s, I,,(f)) can be rewritten as

QL. (f) (571T)a]m(f) (5_1T)
e*(T) det T

R(salm(f>> =D Z

TeHer (0)+/SLm (0)

For T € IjI\e/rm(O)Jr the Fourier coefficient alm(f)(ﬁ_lT) of I,(f) is
uniquely determined by the genus to which T belongs, and can be
expressed as

|az,,(5(D'T)? = (DA D™ det T2 T [ FO(T, ) FSO(T, &).
P

Thus the assertion follows from Corollary to Proposition 4.2 and Propo-
sition 4.3 similarly to [IS95]. O
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5. FORMAL POWER SERIES ASSOCIATED WITH LOCAL SIEGEL
SERIES

For dy € Z,; put
Hppp(do, X, Y, 1) ZA (p'do, X, Y,

where for d € Z)* we define )\jmp(pldo, X,Y) as

FO(A,X) B (AY)
Z O‘p<A) '

Ap(ds X, Y) =
A€Hery, (dNg, /q, (03),0p)/GLin(0p)
We note that we have
Aap(d XS Y) = N p(d, X,Y)
for d € Z) (cf. Proposition 5.5.1), and therefore

Hyp,p(do, X, Y, 8) =) A p(pido, X, V)
i=0
In this section, we give explicit formulas of H,, ,(dy, X, Y, t) for all prime
numbers p (cf. Theorems 5.5.2 and 5.5.3.)
From now on we fix a prime number p. Throughout this section we
simply write ord, as ord and so on if the prime number p is clear

from the context. We also write vy, as v. We also simply write ITI\eer,p

instead of }/I\e/rm(Op), and so on.

5.1. Preliminaries.

Let m be a positive integer. Let K, be a quadratic extension of
Q,, and @ be a prime element of K. For a non-negative integer i <

m let Dy = GLA(0,) (1 0 ) GL,(0,), and for W € D,

put m,(W) = (=1)'Ng, q, (@) "2 Let K, = Q, ® Q,. Then for
a pair ¢ = (i1,42) of non-negative integers such that i;,i, < m, let

]‘m*il 0 lmfig 0
Dpi = GL,(0)) (( 0 pl; > , < 0 pl, )) GL,,(0,), and

for W € D,,; put m,(W) = (—1)atizpii=1/24+(-D/2 Ty either case
K, is a quadratic extension of Q,, or K, = Q,®Q,, we put m,(W) =0
for W e M,(O;) \ Ui~y Drm.i-

For non-degenerate Hermitian matrices S and T of degree m, we put

(S, T;i) = 27" lim p ™A (S, T;4),
where
A (S, T;i) = {X € M (0,)/p"Mp(0,) € Ac(S,T) | X € Dy}
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First we remark the following lemma, which can easily be proved by
the usual Newton approximation method in O,:

Lemma 5.1.1. Let A, B € Her,,,(O,)*. Let e be an integer such that

p°A~! € Her,(0,). Assume that A = B mod p*t'Her,,(0,). Then
there exists a matrizc U € GL,,,(O,) such that B = A[U].

Lemma 5.1.2. Let S € Her,,(0,)* and T € Her,(O,)* with m > n.
Then

(S, T) = Z p(nim)y(detw)ﬁﬁ&T[Wil])'
WEGLn (Op)\Mn(Op)*

Proof. The assertion can be proved by using the same argument as in
the proof of [[Kit93], Theorem 5.6.1]. We here give an outline of the
proof. For each W € M, (O,), put

B.(S, T; W) ={X € A(S,T) | XW~ is primitive}.
Then we have
A8, T) = | | B.(S,T;W).
WEGLn(Op)\Mn(Op)*

Take a sufficiently large integer e, and for an element W of M,,(O,), let
{R,;}"_, be a complete set of representatives of pHer,,,(O,)[W '] /p*Her,,,(O,).
Then we have r = p*(detW)in_ Pyt

Bo(S, T; W) = {X € My (O,) /0 My (O,)W | S[X] = T mod p°Her,,(O,)
and XW ™! is primitive}.
Then _
#(Be(S, 7)) = p" W4 (B (S, T W).
It is easily seen that
S[XW™'] = TIW~"] + R; mod p*Her,,(O,)
for some i. Hence the mapping X +— XW ! induces a bijection from
Bo(S,T;W) to | |Be(S.TIW ™'+ R;). Recall that v(W) < ord(det T).
i=1
Hence -
R; = O mod p*?Her,,(0,),
and therefore by Lemma 5.1.1,
TW™ +R; = TIW[G)]
for some G € GL,(0O,). Hence
#(Be(S,T: W) = p W (B.(S, TIW ).

Hence )
ap(S,T) = p 2" e (AL(S, T))
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—zmne n2e vide —m-rn -
= pet > pOCIRE s T ).
WEGLp(Op)\Mn(Op)*

This proves the assertion.

Now by the inversion formula for 7, we obtain
Corollary. Under the same notation as above, we have

3,(8,T) = > Tt (Y (S, TW ).

WEG Ly (Op)\Mn(Op)*

For two elements A, A" € Her,,,(0,) we simply write A ~qr,.(0,) A’
as A ~ A’ if there is no fear of confusion. For a variables U and ¢ put

m

U m =0 =¢7'0),  6ml@) = (¢, Dm-

i—1

We note that ¢,,(q) = []/~,(1 — ¢"). Moreover for a prime number p
put

dm(¢*) if K,/Q, is unramified
Omp(@) =3 (@) H K,=Q,0Q,
Pm(q) if K,/Q, is ramified

Lemma 5.1.3. (1) Let Q(S,T) = {w € M,,(O,) | S[w| ~ T}, and
Q(S,T;i) = Q(S,T) N Dy, ;. Then we have

ap(S7 T) _ #(Q(S, T)/GLm(Op))p—m(ord(det T)—ord(det S))7
ap(T)
and
aP(Sv T7 Z) _ #(Q(S, T, i)/GLm(Op))p—m(ord(detT)—ord(det S))
a(T)

(2) Let Q(S.T) = {w € My(Z) | S ~ Tlw™]}, and Q(S,T;i) =
Q(S,T)N Dy, ;. Then we have

a,(S,T)

LS = HOLn(ONA(S,T)),

and
a,(S,T;1)

a,(S) = #(GLn(Op)\Q(S, T} 7).
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Proof. (1) The proof is similar to that of Lemma 2.2 of [BS87|. First
we prove

1, (5,T)
/ ‘dl’| :¢m,p(p 1) O[p(T) )
Q(S,T)

where |dz| is the Haar measure on M,,(K),) normalized so that

/ |dx| = 1.

My (Op)

To prove this, for a positive integer e let 17, ..., T; be a complete set of
representatives of {T[y] mod p¢ | v € GL,,,(O,)}. Then it is easy to see
that

!
[ lanl =S A T)
Q(S,T) =1
and, by Lemma 5.1.1, T; is GL,,(O,)-equivalent to T if e is sufficiently
large. Hence we have

#(A(5,Th)) = #(A(5,T))

for any 7. Moreover we have

[ = #(GLn(Op/D°0)) J#( AT, T)) = p"™ G po(p ™) /0 (T).
Hence
a,(S,T)

|dz| = lp~2™* 4 (A(S, T)) = Gbm,p(p_l)my

Q(S8,T)

which proves the above equality. Now we have

/ =Y Jdetwp= S [detWdet W[

(5.7 WeQ(S,T)/GLm(Op) WeQ(S,T)/GLm(Op)

Remark that for any W € Q(S,T)/GL,,(O,) we have | det Wdet W|, =
pmlord(det T)—ord(det 5)) Thyg the assertion has been proved.
(2)By Lemma 5.1.2 we have

CYp(‘s’7 T) = Z BP(S’T[W_l])'

WEGLm (Op)\Q(S,T)

Then we have [3,(S, T[W™]) = a,(S) or 0 according as S ~ T[W™]
or not. Thus the assertion (2) holds. 0

We define a reduced matrix. A non-degenerate square matrix W =
(dij)mxm With entries in Z, is said to be reduced if d;; = p“ with e;
a non-negative integer, d;; is a non-negative integer such that d;; <
p% —1fori < j, and d;; = 0 for ¢ > j. Let K, = Q, ® Q,. Then an
element W = (Wi, W) of M,,(O,)* with Wy, Wy € M,,(Z,)* is said
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to be reduced if W; and W, are reduced. Let K, be an unramified
quadratic extension of Q,, and 6 be an element of O, such that O, =
Z, + Z,0. Then a non-degenerate square matrix W = (d;;)mxm with
entries in O, is said to be reduced if d;; = p* with e; a non-negative
integer, d;; = dg) + dfj-)e with dgjl-), dg) non-negative integers such that
dgjl-),dg) < p% —1fori < j,and d;j; = 0 for ¢« > j. Let K, be a
ramified quadratic extension of Q,, and @ be a prime element of K.
Then a non-degenerate square matrix W = (d;;)mxm with entries in
O, is said to be reduced if d;; = @w® with e; a non-negative integer,
dij = dS) + dg)w with dg), dz(?) non-negative integers sucth that dg) <
plletD/2l 1.0 < dz(-?) < ple&=D/2l — 1 for i < j, and d;; = 0 for i > j.
In any case, we can take the set of all reduced matrices as a complete
set of representatives of G L,,(Op)\M,,(O,)*. Let m be an integer. For

B e I/—I\e/rm((’)p) put
S(B) = {W € GL(K,) N M(O,) | BW ] € Her, (O,)}

Moreover put Q(B,i) = (Z(B) N Dyio Let 7 < m, and 9, be the
mapping from GL,(K,) into GL,,(K,,) defined by 1, ,,(W) = 1,,_, LW.

It is well known that we can take the set of all reduced matrices as
a complete set of representatives of GL,,(O,)\M,,(O,)*. Let m be an

integer. For B € ﬁ&m(op) put
Q(B) = {W € GL,u(K,) N My, (0,) | BIW™] € Her,,(O,)}.

Moreover put Q(B,i) = Q(B) N Dy, Let » < m, and 9,,, be the
mapping from GL,(K,) into GL,,(K,,) defined by 1, ,,,(W) = 1,,_, LW.
For a subset 7 of O,, we put

Her,,(7), = {A = (a;;) € Her,,(T) | ay € p*Z,}.
From now on put

Her,,(O, )1 if p=2and f, =3,
Her,,.(O,) = ¢ Her,(wO,); if p=2and f, =2
Her,,(O,) otherwise,

where @ is a prime element of K),, and i, = 0 or 1 according as p = 2
and fo = 2, or not. Assume that K,/Q, is unramified or K, = Q, @
Q,. Then an element B of ﬁam((’)p) can be expressed as B ~gr,,(0,)
1, 1pB; with some integer r and By € Her,,_,.(0,). Assume that
K,/Q, is ramified. For an even positive integer r define O, by

r/2

A

0 v 0 =\
o (2 T (%)
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where 7 is the conjugate of @ over Q,. Then an element B of ﬁe/rm((’)p)
is expressed as B ~gr,,(0,) O, Lpr By with some even integer r and
B, € Her,,—,.(O,). For these results, see Jacobowitz [Jac62].

Lemma 5.1.4. (1) Assume that K, is unramified over Q, or K, =
Q, ® Q,. Let By € Herp,—pn,(Op). Then Vp_pnym induces a bijection
from G Ly,—p, (Op)\fl(pBl) to GLm(Op)\KNZ(an 1pBy), which will be also
denoted by Vm—ngm-

(2) Assume that K, is ramified over Q, and that ng is even. Let By €

He—no (O)). Then Uy, —ny m induces a bijection from G Ly, _n, (O,)\Q(p™ By)
to GLy(Op)\Q(O,y Lp' By), which will be also denoted by Wm—ngm-
Here i), is the integer defined above.

Proof. (1) Clearly 1,_n,.m is injective. To prove the surjectivity, take
a representative D of an element of GL,,(0,)\Q(1,,LpB;). Without
loss of generality we may assume that W is a reduced matrix. Since we

have (1,, LpBy)[W™1] € I?e\f,/n((’)p), we have W = ( 180 MO/ ) with
1

W, € @(pBl). This proves the assertion.
(2) The assertion can be proved in the same manner as (1). O

Lemma 5.1.5. Let B € Her,,(0,)*. Then we have
T ’l"'fTL2
ap(p'dB) = p™ ap(B)
for any non-negative integer r and d € Zs,.

Proof. The assertion can be proved by using the same argument as in
the proof of (a) of Theorem 5.6.4 of Kitaoka [Ki2]. O

Now to prove an induction formula for local densities different from
Lemma 5.1.2, we use the terms of Hermitian modules. Let M be O,
free module, and let b be a mapping from M x M to K, such that

b()\lu + )\QUQ, U) = )\1b(’LL1, U) + )\2()(’&2, U)
for u,v € M and A\;, A\ € O, and
b(u,v) = b(v,u) for u,v € M.

We call such an M a Hermitian module with a Hermitian inner product
b. We set ¢(u) = b(u, u) for u € M. Take an O,-basis {u;}", of M, and
put Toy = (b(ui, uj))1<ij<m- Then Ty, is a Hermitian matrix, and its
determinant is uniquely determined, up to Ny, ,q,(0;), by M. We say
M is non-degenerate if det T, # 0. Conversely for a Hermitian matrix
T of degree m, we can define a Hermitian module Mr so that

Mp = Opuy + Opug - - - + Opuy,
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with (b(u;, w;))1<ij<m = T. Let M; and M, be submodules of M. We
then write M = My LM, if M = M; + M,, and b(u,v) = 0 for any
u € My,v € M. Let M and N be Hermitian modules. Then a homo-
morphism o : N — M is said to be an isometry if o is injective and
b(o(u),o(v)) = b(u,v) for any u,v € N. In particular M is said to be
isometric to N if o is an isomorphism. We denote by U}, the group of
isometries of M to M itself. For Hermitian modules M and N over O,
of rank m and n respectively, put

AN, M) ={o: N — M/p"M | q(o(u)) = ¢q(u) mod p=**},

and
B,(N,M) :={o € A, (N,M) | ¢ is primitive}.
Here a homomorphism ¢ : N — M is said to be primitive if ¢ induces

an injective mapping from N/pN to M/pM. Then we can define the
local density o, (N, M) as
al (N, M) = lim p=*Cm=m)4 (A (N, M))

if M and N are non-degenerate, and the primitive local density 6;(]\7 , M)
as

B (N, M) = lim p~®@m =) (B! (N, M)
if M is non-degenerate as in the matrix case. It is easily seen that
Oép(57 T) = O/p<MT7 MS)7
and
Bp(S,T) = B,(Mr, Ms).

Now let L be a submodule of M isometric to N. Take a basis {v;}I,
of N, and put

AL(N,M; L) ={o € A (N, M) | o satisfies the condition (xL)},

where the condition (xL) is
(*L) : there exists an isometry n : M — M and v}, ...,v], € M such
that

n(L) = Oy + -+ + O,

with
v; = o(v;) mod p* M.

/
n

We note that the condition (xL) is independent of the ch01ce of vy,...,v

if  is sufficiently large. Moreover the number p~a(2mn—n* #(A’ (N, M; L))
is independent of a if a is sufficiently large. Hence we define o7 (N, M; L)
as

af (N, M; L) = lim p= @)y (AL (N, M; L)).

a——>00
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Lemma 5.1.6. Let M and N be non-degenerate Hermitian modules
of rank m and n respectively. Assume that N = Ny LNy with Ny, Ny
submodules of N of rank n1 and ny, respectively, and let {L;}._, be a
complete set of submodules of M isometric to Ny which are not trans-
formed into each other by isometries of M. Moreover for a submodule
L of M put

D! (Ny, M; L) = {0 € A, (Ny, M) | b(L,(Ns)) = 0 mod p*w}.

Then
!

H(ALN, M) = #(A, (N1, M; Li)#(D,(No, M; Ly))

i=1
if a is sufficiently large.

Proof. For a sufficiently large e, we can define a mapping ¢ : A.(Ny, M) >
o1 — ¢(01) € U}, such that

¢(01)(01(N1)) = Li

for some i as follows: For o1 € AL(Ny, M), we can take a homomor-
phism o, : Ny — M such that o; mod p® = o1. Then N; is isometric
to 01(IN1) when e is suffiently large. Hence there is an element o € U},
such that a(o1(N7)) = L; for some i. Put ¢(o1) = a. Then ¢ satisfies
the required property. Now for o € A.(N, M), put

o1 =0|Ny € AL(Ny, M)

and

02 = ¢(01)(0|N2) € AL (N2, M).
Then the fact that b(Ny, Na) = 0 implies

b(a(N1), o(N2)) = 0 mod p'=w™,
and hence

b(¢(01)(0(N1)), d(01)(0(N2))) = 0 mod pe™.
Remarking that ¢(o1)(o(Ny)) = L; for some i we obtain
b(Li, 02(N3)) = 0 mod p"w'.

We then define a mapping

n: AN, M) — | |(AL(N1, M; L;) x D(Ny, M; L;))
i=1
by n(c) = (01, 02) as above. Clearly 7 is injective. For a given (01, 05) €
AL(Ny, M; L;) x D.(No, M; L;), we define o € A,(N, M) by o|N; = oy
and o|Ny = ¢(01) toy. Then n(o) = (01, 02), and hence 7 is bijective.
Thus the assertion has been proved. Il
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Lemma 5.1.7. Let Ny and M be non-degenerate Hermitian modules,
and o € Home, (Ny, M) . Suppose that Ty, = Oy, with ny even, or
Ty, = 1,, according as K, is ramified over Q,, or not, and that
q(o(x)) = q(x) mod p*** O, for x € N;
for a sufficiently large a. Then there exists an isometry n : Ny — M
such that
n(Ny) = o(N1) and n(z) = o(x) mod p***a(N;) for z € N;.

Proof. The assertion can be proved by using the same argument as in
the proof of [[Kit93], Corollary 5.4.2]. O

Lemma 5.1.8. Let N = Ny LNy and M = My 1 M, where Ny, Ny, My, My
are non-degenerate Hermitian modules. Suppose that Ty, = ©,, with
ny even, or Ty, = 1,, according as K, is ramified over Q,, or not.
Moreover suppose that Ny is isometric to My. Then

#(ALN, M) = (AL (N1, M) # (A, (N2, My))
if a is sufficiently large.
Proof. By assumption there exists at least one submodule M; of M
isometric to N;. Let L be a submodule of M isometric to N;. Then

we have M = L1 L+, and M, is isometric to L*. Hence there exits an
isometry 77 : M — M such that 7|M; = L. Hence by Lemma 5.1.6.

#(AL(N, M)) = (AL (N1, M M) # (AL (N2, Mo)).
First we will show
# (A (N1, M; My)) = (AL (N1, M))
if a is sufficiently large. To prove this, let {u;}!_; be a basis of Nj.
Let 0 € A/ (N1, M). Then, by Lemma 5.1.7, there exits an isometry
o : Ny — M such that o(N;) = 7(NV7), and we have
(Ny) = Opv) + ... + Opuy,

where v} is an element of M such that v} = o(u;) mod p*N. On the other
hand, there exists an isometry n : M — M such that n(M;) = a(Ny).
This implies that o belongs to A’ (Ny, M; M), and thus we prove the
claim. Next we will show that
#(Dg(Na, M My)) = #(A (N2, M)
if a is sufficiently large. To prove this, first recall that M = M; 1 M,
and remark that
{re K,® M, | b(x, M) € O,} = @ M,.
Hence we easily see that
{x € M | b(M;,z) =0 mod p*w'?} = p*M,; L M,.
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Hence we have
D;(Nza M; Ml)
= {0y : Ny — (p" My LM>)/p*M | q(02(z)) = q(x) mod p»™* for x € N }.

Hence we have
#(D,,(Na, M; My))

= #({o2 1 No — Ma/p"M> | q(02(x)) = g(x) mod p** for x € No})
= #(AL (N2, My)).

This proves the assertion. Il

Lemma 5.1.9. (1) Assume that K, is unramified over Q,. Let B €
Her,,(0,). Then we have

2m—1
Bp(lo, pB) = H (1 — (—1)ip~2k+i)
i=0
(2) Let K, = Q, ® Q. Let B € Her,,,(O,). Then we have
2m—1
Bp(loe, pB) = [ (1 = p~**)
i=0

(3) Assume that K, is ramified over Q,. Let ny be even. Let B €
Her,, .(O,). Then we have

H

m—

ﬁ @21% zpB H —2k+22
=0
Lemma 5.1.10. (1) Assume that K, is unramified over Q,. Then we
have
m—1
12k7 H 1_ o ’L 72k+l)
1=0
(2) Let K, = Q, ® Q,. Then we have
m—1
]-2k —2k+z
z:O

(3) Assume that K, is ramified over Q,. Let m be even. Then we have

m/2—1

(O, O) = [ (1—p~2+%).

=0
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5.2. Formal power series of Andrianov type.

For an element 7" € }T&m(OP), we define a polynomial ép(T, X,t) in
X and t by

(T, X, t) Z > (W)t FO(T[w =1, X).

1=0 WEGLyn(Op)\'Dm’i
We also define a polynomial G,(7, X) in X by

Z > (Xp™) 4t W, (W) EO(T[W 1], X).
i=0 WEGLm(Op)\Dpm.i

Moreover for an element 7' € HAe;mvp we define a polynomial B, (T, t)
in ¢t by
1
m— 1 o Tm—‘rz m+7,t2
B,(T,t) = i € ),
Gp(T, t2)

where T; =1 or &, according as 7 is even or odd. We note that

ép(T, )(7 1) _ X—ord(detT)Xepm—fp[m/Z]Gp<T7 Xp—m)

Lemma 5.2.1. (1) Assume that K, is unramified over Q,. Let B, €
Her,,—n, (O,). Then we have

no

(1 LpB1) = H(l - (_p)_i)o‘p(pBl)

i=1
(2) Let K, = Q, ® Q. Let By € Hery,—p,y (O,). Then we have

no

p(Lng LpBy) = (1 = p™")e(pB1)

i=1

(3) Assume that K, is ramified over Q,. Let ng be even. Let By €
Her,,_pn, «(O,). Then we have

no/2

(O L0 Br) = [ [ (1 =), (v By).

i=1
Proof. (1) By Lemma 5.1.8, we have

p(LngLpB1) = (L) pap(pBi).
By Lemma 5.1.10, we have

10
ap(1NO) - ap(1n07 1n0) = H(l - (_p)_z)'
i=1
This proves the assertion. Similarly the assertions (2) and (3) are
proved. U
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Lemma 5.2.2. (1) Assume that K, is unramified over Q,. Let T =
ly—rLpBy with By € Her,.(O,). Then

m+r—1

Bp(low, T) =[] (1=p ' (=1)).

=0

(2) Assume that K, = Q, ® Q,. Let T = 1,,_,LpB; with By €
Her,(O,). Then

By(1ak, T) = H (1—p ).

(3) Assume that K, is ramified over Q,. Assume that m —r is even.
Let T = ©,,_,Lp» By with By € Her,..(O,). Then

(m+r—2)/2

By(Og, T) = H (1 _p—2k+2i)_

i=0
Proof. (1) By Lemma 5.1.8, we have
ap(12k> T) = CVp(12k: 1mfr)04p(12kfm+r>pBl)‘
We have
Bp(lag, T') = cop(Lag, Lin—r) Bp(Lok—mtr, PB1).

Hence the assertion can be proved by Lemmas 5.1.9 and 5.1.10. Simi-
larly the assertions (2) and (3) can be proved. O

Corollary. (1) Assume that K, is unramified over Q, or K, = Q, ®
Q,. Let T = 0O,,_, LpB;y with By € Her,.(O,). Then we have

r—1

Gy(T,Y) =1 =& pmY?).
i=0
(2) Assume that K, is ramified over Q,. Let T = ©,,_, Lp'» By with
By € Her, .(0,). Assume that m —r is even. Then

[(r—2)/2]
G,(T,Y) = H (1— 22i+2[(m+1)/2}y2)'
i=0
Proof. We have
[(m—1)/2] [m/2]

ﬁp(GQka T) _ Gp(T, p—%) H (1 _ p2z‘—2k) H (1 _ gpp%—l—%).

=0 i=1

Thus the assertion follows from Lemma 5.2.2. O
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Lemma 5.2.3. Let B € ﬁ&m(op). Then we have

~ / B, B)
FO(B X)) = xerm—folm/2] x—ord(det B') o, (B
B'€Herm (Op)/G L (Op)

« G(B/, p—mX2)Xord(det B)—ord(det B’).
Proof. We have

FO(B, X)
_ Xepmffp[m/Z} Z Xford(det B)G(B[Wfl]’pfmx2)(X2)u(det W)
WEG Lim (Op)\Q(B)

_ Xepm—fp[m/Q]X—ord(det B)F(O) (B, X)

_ Xepmffp[m/Q}
« Z Z X—ord(dct B)G<B/, p—mXZ)(X2)u(dct w)

B/cHery, (0p) /G L (Op) WEGLm (Op)\QB',B)

— xem—fplm/2] Z X_Ord(detB,)#(GLm(Op)\Q(B/, B))
B'€Herm (0p)/GLm (Op)
><pord(det B)—ord(det B’) G(B/, p—mX2)X0rd(det B)—ord(det B’) )

Thus the assertion follows from (2) of Lemma 5.1.3. O

Lemma 5.2.4. (1) Assume that K, is unramified over Q, or K, =
Q,®Q,. LetT =1,,_,LpBy with By € Her,(O,). Then we have
m—1
By(T,t) = [ (1 =& tpm+t?).
(2) Assume that K, is ramified over Q,. Let T = ©,,_, Lp'» By with
B, € Her,,(O,). Then

[(m—2)/2]
B,(T,t) = H (1 — 2% F2lm+1)/22y,
i=[(r=1)/2+1

For a non-degenerate semi-integral matrix 7" over O, of degree n,
put

(T, X, 1) ZF X)ridetw),

This type of formal power series was first introduced by Andrianov [A]
to study the standard L-functions of Siegel modular forms of integral
weight. Thus we call it the formal power series of Andrianov type. (See
also [Boc86], [KK10a].) The following proposition can easily be proved
by (1) of Lemma 5.1.3.
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Proposition 5.2.5. Let T € ﬁ&m(op). Then we have

(B, X)a,(T, B)
ap(B)

tord(det B) _ tord(det T) Sp (T, )(7 p_mt).

BeHer, (0p)

Let H(U™(A), ™) be the Hecke ring associated with the Hecke
pair (U™ (A), I'™). Then HU™ (A), I'™) acts on Moy (U™ (Q)\UT™ (A), det ™)
as in [Tke08]. We call an element F' of Moy (U™ (Q)\U™ (A),det™) a
Hecke eigen form if it is a common eigefunction of all Hecke operators
T in HU™(A), ™). Then for each r € GL,,(A) N [1, Min(Oy), let

-1 O

Ar(r) be the eigenvalue of K ( 7’0 o ) K with respect to F, and

define a Dirichlet series (s, F') by
(s, F) = > Ap(r)| det rl,
rE(GLm (A)N[], Mm(Op))K

where [detr[a =[], |det ry|x, for r = (r,) € GL,u(A) N, My (Oy).
Then there exists an Euler product Z(s, F') such that

s, F)=[[L2s—i+1L,x"")Z(s,F).
i=1
We then put
L(s,F,st) = Z(s+m —1/2, F),

and call it the standard L-function of F' in the sense of Shimura. We
note that our standard L-function coincides with that in [Tke08] up to
Euler factors at ramified primes.

Now we define the Eisenstein series on U™ (A) and consider its
standard L-function in the sense of Shimura. Let P be the maximal
parabolic subgroup of U™ defined by

P(R) ={y=(§3) e U™ (R)}
for any Q-algebra R. Write an element g = (g,) € U™ (A) as

(Gp)p<oo = <<a(f ZZ )>p<oo (Kp)p<oo

with ((%’ 2’;))}3@0 € [1,<oc P(Qp) and (kp)p<oo € K, and define the
function on U™ (A) by

£(9) = [ [ | det(dpdy)|, "5 (goc 1)~ (det goo)'.

p
We then define the normalized Eisenstein series as

ESV(g) =2 L6 -2 Y falyg).

=1 YEP(Q\U™(Q)
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We note that Egln) is written as
m 1 2 h
Eéz ) = (52(1,)771752(1,)7;1’ -'-vgéz,zn)ﬁ7

where

m

e (Zy=2"T[LG -2 Y (detg)ii(g, 2)7

=1 9e(uNP(Q)\u

fora=1,....,h. Now put
L (X, 1)

1 — p 2=l X242y (] gymmA2isl x—2y2)1 -1 if K,/Q, is unramified
p p

_ H{(1 . pfm/2+i71/2Xt>2(1 o pfm+ifl/2X71t)2}fl if Kp _ Qp ® Qp

[[{@ = p2H1 2 Xy (1 — p /PR 12X )} if K, /Q, is ramified
\ =1
Then by a careful analysis of the proof of [Proposition 13.5, [Ike08]],
we obtain

Proposition 5.2.6. Then Egln) is a Hecke eigenform in Mo (U™ (Q)\UT™ (A), det™),
and its standard L-function E(S,Egln),st) in the sense of Shimura s
gwen by

L(s,EY s H.cmq —Hm/2 0o,

Remark. By Proposition 5.2.6 combined with the argument as in
the proof of [Thorem 18.1, [Ike08]], we see that Lift™ (f) is a Hecke
eigenform and that its standard L-function in the sense of Shimura is
given by

[[LGs+k+n—i+1/2, f)L(s+k+n—i+1/2 f x).

i=1

Theorem 5.2.7. Let T be an element of ﬁam(@p)x‘ Then we have
SP(T; X; t) = Bp<T, p_m/2t>ép(T, X7 t)ﬁm@(X, pm/Q—l/Qt)'

Proof. Take an element = ITI\e/rm((’))+ such that T ~GLn(0,) T- Then
we have

Sp(T, X, t) = S,(T, X, 1)
and N o N
B,(T,p™?0)G,(T, X, t) = B,(T,p ™*t)G,(T, X, 1).
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Write S, (T, X, t) and B, (T, p~™2t)Gy(T, X ,t) Lo p(X, p™/21/2t) as

Sy(T, X, 1) =y r(X)t,
=0
and
By(T,p ™ *)Go(T, X, 1) Lonp (X, p™*712) = 5i(X)
=0

Then r;(X) and s;(X) are polynomials in X and X ~!. For a positive
integer | and A € Her,,(O)*, let ¢y m(A) denote the A-th Fourier
coefficients of Sz(ll)m(Z ), and

Gam(A,s) = > qu )eat,m (A[W 1)) (det W) (Ng /q, (det W)~
WEG L (O)\Mm (0)*

Then by Proposition 5.2.6 and [Theorem 20.7, Shimura [Sh00]], we
obtain
> Cotm (DITV])(det V)~ (N jq(det W)) =+
VEMm(0)% /GLm (0)

= éghm(.ﬁ_lf, s) H Bq(i q_s)ﬁm,q(q_l+m/2, qm/2—1/2—s)

q
for infinitely many positive integers . As stated in [Ike08], coym(A) is

given by
C2l,m( ) |l m/2HF l m/2

for A € ﬁam(O) . Hence putting t = p~**"™/2, and comparing the
p-factors on the both hand-sides of the above formula, we obtain

Sp(j:7 p_l+m/2, t) = Bp(f’ p—m/Qt)épu’?’ p—l-l-m/Q’ t)ﬁm(p—l—i-m/Q’ pm/2_1/2t)

for infinitely many positive integers I. This implies that 7;(p~*™/2) =
5;(p~1*™/2) for infinitely many positive integers [. Hence we have r;(X) =

Now by Theorem 5.2.7, we can rewrite H,,,(dy, X,Y,t) in terms
of G,(B',p~"*tV/2Y)) B,(T,p"* 1t?) and G,(T, X, t?) in the following
way: For dy € Z,; put

Fnpldo) = | Hern (p'do Nk, 1, (0), 0,),

i=0
and define a formal power series R,,(dy, X,Y,t) in ¢t by

Z G,(B, X, p~™Yt)
ap(B/)

Rm(dOa Xa Y7 t) =
B'€Fmp(do)
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% (ty—l)ord(det B’)Bp(B/’ p_3m/2Yt)Gp(B,, p—my2)‘

Theorem 5.2.8. We have
Hm’p<d0, X, }/, t) = Yepm—fp[m/Q] Rm,p<d07 X’ }/7 t)£m,p<X, typ—m/2—1/2)
fordy € Z5.

Proof. We note that H,,,(dy, X,Y,t) can be written as

B, X)F\"(B,Y)

Hm A X Y. t) = tord(detB) p ) p ) ]
7p( 0 9 ) ) Z ap(B)

Befm,p(do)

Hence by Lemma 5.2.3 and Proposition 5.2.5, we have

Z tord(det B)ﬁ}go) (B, X)

Hpp(do, X, Y, t) = Yerm=Jolm/2]
,P( 0y Ay 4y ) ozp(B)

BEFm.p(do)

% Z Y_Ord(det BI)GP(B,7 p—mYZ)ap(B/7 B) Yord(det B)—ord(det B’)
= ap(B') .

B’eHer, (0Op)
Let B, B' € IjI\e/rm(Op), and assume that o, (B’, B) # 0. Then we note

that B € ﬁm7p(d0) if and only if B’ € ﬁm,p(do)' Hence by Theorem
5.2.7 we have

Gp(B/, p—my2)y—20rd(det B’)

Yot g (o, XY ) = )

Bl
B'€Fom p(do) (B)
F” (B, X)a,(B', B) a
) ) tY)or (det B)
> oy )
BeHern, (Op)

Z GP(B/, p—my2)Y—20rd(dot B’)
oy (B')

(ty)ord(det B/)SP(B/, X, tYp_m)

B'€Fpm p(do)

— Z GP(BGvaith) (tyfl)ord(detB’)
ap(B')

B'€Fpm.p(do)

X By(B', p " Y 1) Gy (B, p™ Y ?) Lo (Y p 27 X)),
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5.3. Formal power series of modified Koecher-Maass type.

Let r be a positive integer, and dy € Z;. We then define a formal
power series P,(dy, X,t) in t by

ﬁZSO) <B7 X) ord(det B)
P.(dy, X, t) = Z Wt .
BeFrp(do)
This type of formal power series appears in an explicit formula of the
Koecher-Maass series associated with the Siegel Eisenstein series and
the Ikeda lift (cf. [IK04], [IK06].) Thus we call this the formal power
series of Koecher-Maass type. To prove Theorems 5.5.2 and 5.5.3, the
main results of Section 5, we define a formal power series P,(dy, X, Y, )
in ¢t by

~ Go(B', X 1Y), | i
Pr(d07Xa}/7t>: Z %(ty 1) d(dtB).
B/€Frp(do) P

The relation between ﬁr(do, X,Y,t) and P,(dy, X,t) will be given in
the following proposition:

Proposition 5.3.1. (1) Assume that K, is unramified over Q,. Then
P, (do, X, Y1) = Pr(do, X, 1Y) f[(l — tlpTHE),
i=1
(2) Assume that K, = Q, ® Q,. Then
P.(dy, X,Y,t) = P.(do, X, tY 1) ﬁ(1 — 2pTH2,
i=1
(3) Assume that K, is ramified over Q,. Then
P.(dy, X,Y,t) = P.(do, X, tY ™) ﬁa — ZpT),
i=1
Proof. First assume that K, is a quadratic extension of Q,. For each
non-negative integer i« < r put

77(0) 1
PT,i(d07 X7 t) = Z Z Fp (B[V[; ]7 X) 2fOrd(det B)'
BEF, (o) WEDri ap(B)
Then by (2) of Lemma 5.1.3 we have
0 .
Pulde X,0)= Y 1 3 FY(X, B)ay (B, B; i)

a,(B
BEF(do) 4 )B'eﬁ‘&r(om
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Xp—(ord(det B)—ord(det B’))tord(det B) )

Let B, B’ € ﬁ\e/rr((’)p), and assume that a,(B’, B;i) # 0. Then we note
that B € F,,(dp) if and only if B" € F,,(dp). Thus by (1) of Lemma
5.1.3 we have

Pr,i(d07 X7 t)

~0 '
Z Fp( )(8/7 X) ord(det B’) Z tord(det B) ap(B/, B, ’l)
oy (B') ap(B)

B'€Fy(do) BeHer,(0,)

F2B.X) s , A
) ord(det B )tord(detB ) D. . (tp~ "¢
Z ap(B/) p # T','L( p ) )

B'eFp(do)

where e = 2 or 1 according as K,/Q, is unramified or ramified. By
using the same argument as in the proof of Lemma 3.2.18 of Andrianov
[A], we have

9
#Drs ¢i(p®)r—i(p°)

Hence we have
P, i(dy, X, 1)

ﬁp(O)(B/7X) ord(det B”) ¢7“(pe> —r\ei
2 ap(B') ! ¢i(pe)¢>r—i(pe)(tp )

— 0 b, X ) ()

¢i(p®) Pr—i(p°)

B'eFrp(do)

Then we have
PT(dO> Xa va t)
(=1 p D24V )P, (dy, X, tY 7).
i=0

Hence we have

Pr(d())XaYVvt)

s sty ey o) .
_ (_1)1pz(z+1)e/2(pe( r l)th)z Pr(d07X7 tY )
Zz; ¢i(p°)r—i(p°)
= P,(do, X, tY 1) JJ(1 = £2peCr=140).
i=1
Next assume that K, = Q, @ Q,. For a pair i = (i,i3) of non-
negative integers such that iy, i, < 7, put

EBW,X) e
Pi(do, X, t) = Z Z P a[(B)] )t d(det B)
P

BeFrp(do) WEDri
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Then by using the same argument as above we can prove that

Pr,i (dO, X, t) = ¢r (p) ¢r (p) Pr(d07 X, t) (tp—’l‘)il-‘rig'

B ¢i1 (p)¢r—i1 (p) ¢i2 (p)¢7"—i2 (p)

Hence we have

P.(dy, X, Y, 1)

— Z Z(_1)i1+i2pi1(i1+1)/2+i2(i2+1)/2 (prfth)’h#»’ig

i1=0142=0
¢r(p) ¢ (p) »
X 00 () brir (D) 922 (D) br—ia (D) P,(dg, X, tY ™)

= P,(do, X, tY 1) JJ(1 = £2p7 1),

i=1
This proves the assertion.
O
Let
Fnps(do) = | J(Hera(0'doNic, 1, (0;), Op) N Hery(O,)).
i=0

Now we consider a partial series of é(do, X,Y,t). We put
Qr(d07 X> Y7 t)

— Z Gp(plpB/"g? X’ tY) (ty—l)ord(deth’)‘
i» 7 ap(p'r B')
B'ep™'? Fr p(do)NHerr «(Op)
To consider the relation between ﬁr(do,X Y, t) and Q,(do, X, Y, 1),
and to express R,,(do, X,Y,t) in terms of P.(dy, X,Y,t), we provide
some more preliminary results.
First assume that K, is unramified over Q, or K, = Q, ® Q,. Let
H,, be a function on Her,,(0,)* satisfying the following condition:

H,,(1,,—L1pB) = H,(pB) for any B € Her,(O,).
Let dy € Z;,. Then we put

Hy(Lyny LpB) .
do, Hy, 7, ) = 3 mUm—r LPB) ora(aer(pm))
Q( 05 Ty ) Ozp(lmfrl_pB)
Bep~1F; p(do)NHerr (Op)

Next assume that K, is ramified over Q,. Let H,, be a function on
Her,,,(O,)* satisfying the following condition:

H,(0,,— Lp*»B) = H,(p" B) for any B € Her,,(0,) if m—1 is even.
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Let dy € Z;; and m — r be even. Then we put

H (O LD B)  ataet(viv
Q d ) Hm? r7t == tor ( € (p ))
(do ) Z (0, LpB)

Bep~ i Fr. p(do)NHery. « (Op)

Tnen by using the same argument as in the proof of [[KK10b], Propo-
sitions 5.3.4 and 5.3.5], we obtain

Proposition 5.3.2. (1) Assume that K, is unramified over Q, or
K, = Q, ® Q. Then for any dy € Z;, and a non-negative integer r
we have

Q(do, Hy,7,1)
do, Hyp, 1, t) = 2020 0
Q( ” g t) (z)mfr(gppil)

(2) Assume that K, is ramified over Q,. Then for any dy € Z; and a
non-negative integer r such that m — r is even, we have

Q(d0> Hra T, t)

do, H, 7, t) = .
Q< o ' t> ¢(mfr)/2(p_2)

Now to apply Proposition 5.3.2 to the formal power series R,,(dy, X, Y, t)
and Q,(dy, X,Y,t) we give some more lemmas.

Lemma 5.3.3. Let m be an integer.
(1) Assume that K, is unramified over Q, or K, = Q, ® Q,. Then for
any integer such that r < m, and B" € Her,(O,) we have

Gy(lp_r LpB', X, t) = G,(pB', X, ).

(2) Assume that K, is ramified over Q,. Then for any non-negative
integer r such that m — r is even, and B' € Her, .(O,), we have

Go(Op_r Lp? B X 1) = G,(p" B', X, t).
Proof. We have
Gy(lm—ralpB' . X) = G,(pB', X)
for B" € Her,(O,). Hence by Corollary to Lemma 5.2.2 we have
(0 _ (0
FIS )(1m—TJ—pB/7 X) - F;S )(pBlv X)

for B' € Her,(O,). Thus the assertion (1) follows from (1) of Lemma
5.1.4. The assertion (2) can be proved in a similar way. 0

Let R,,(do, X,Y,t) be the formal power series defined at the begin-
ning of Section 5. We express R,,(dy, X, Y, t) in terms of Q,(do, X, Y, ).
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Theorem 5.3.4. Let dy € Z,
(1) Assume that K, is unramified over Q, or K, = Q, ® Q,. Then

m Hf‘:ll(l _ Tipz‘yz) Hfjifl(l _ p—2m+iyzt2)
R..(do, X, Y 1) = = L L
( ’ ) ; (bmefl(gppil)
XQq (do, X, p~2Y, p™"/t).
(2) Assume that K, is ramified over Q.
(2.1) Let m be odd. Then

(m— 1)/2

R (do, X, Y, 1) Z

(1 B pZiy2> H(m—1/2(1 _ p—2m+2iy2t2)

i=r

Pm=2r-02 ()

X Qary1(do, X, p~" %Y, p~"2t).
(2.2) Let m be even. Then

m/2 ; m o
Run(do, X, Y, 1) Z (L= Y TI2 (1 — p2m 2y 2e?)
’ ¢(m72r)/2(p_2)

X QZT (d07 X7 p_m/Q}/J p_m/zt) .

Proof. (1) Let B be an element of Her, (O,,). Then we note that 1,,_, LpB
belongs to F,, ,(do) if and only if B € p~'F, ,(dy) NHer,(O,). Thus the
assertion (1) follows from Lemmas 5.2.2, 5.2.4, and 5.3.4, and Propo-
sition 5.3.3.

(2) Let B be an element of Herr((’) ). Let m—r be even. Then we note
that ©,,_, Lp B belongs to fmp(do) if and only if B € p 7”’.7-"73,)((110)
Her, .(O,). Thus the assertion (2) can be proved similarly to (1).

Similarly the assertion (2) can be proved. O

Now to rewrite the above theorem, first we express Igm(do, X,Y,t) in
terms of Q,(dy, X, Y, ).

Proposition 5.3.5. Let dy € Zj,.
(1) Assume that K, is unramified over Q, or K, = Q, ® Q,. Then

m

~ 1
Po(de, X, Y 1) =Y ————
" — Gpr(&p™")

(2) Assume that K, is ramified over Q.
(2.1) Let m be odd. Then

Qr(d07XaKt)'

Py(do, X, Y, t) Z Pv— (p_Q)ng(do,X,Y,t)-
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(2.2) Let m be even. Then

m/2
1
P (do, X, Y, t) Z¢2—/Q()Q2r(do,x,y,t).

Proof. The assertion can be proved in a way similar to Theorem 5.3.4.
O

Corollary. Let dy be an element of Z,.
(1) Assume that K, is unramified over Q, or K, = Q, ® Q,. Then

T (1 \m,(m—m2)/2 _
QT(dO7X7Kt) = Z ( (1; (]; p_l) Prfﬂ’L(dO’X?}/?t)'
m\Sp

m=0

(2) Assume that K, is ramified over Q,. Then

a2

r —1)mpm—m? _
Q2r+1(d07X7 Y7 t) - Z %PQT—&-I—Qm(dOa X)K t)a

m=0

and
T a2

Q2r(d07X7 Y> t) = Z %ﬁ2r—2m<d07X7Kt)'

Proof. We can prove the assertions by induction on 7.

m=0

The following lemma follows from [[IK06], Lemma 3.4]

Lemma 5.3.6. Let [ be a positive integer. Then we have the following
tdentity on the three variables q,U and Q) :

l

H(l . U—qu—i+1)Ul

=1

l-m m
Z (bl H 1 quiJrl H 1 qu 1 )mq(mme)/?
m m =1 =1

Theorem 5.3.7. Let the notation be as in Theorem 5.3.5.
(1) Assume that K, is unramified over Q, or K, = Q, ® Q,. Then

Rm(d(b X7 Y7 t)

Xm: py2 m— lP dO X P m/2Yp m/2t> Hm l( _ (£Pp)_l_m_it2) Hi:o(l _ (gpp)ZYQ)
l:() ’ ¢m_l (gpp_l)
(2) Assume that K, is ramified over Q.
(2.1) Let m be odd. Then
(m—1)/2
Ro(do, X, Y, t) = > Puya(do, X,p~ ™Y, p~"/?t)
1=0
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(p2l+ly2)(m72171)/2 Hl‘—o(l _ p2iy2) H(mfﬂfl)/?(l _ p72l7m72i+1t2)

i=1

¢(m72171)/2(p72)

X

(2.2) Let m be even. Then
m/2
Rm(d07 Xa Yva t) = Z PZl(d07 Xa p_m/2Y7 p—m/Zt)
1=0
<p2ly2)(m72l)/2 Hé:o(l _ p2iy2) Hz(rznl—Ql)/Q(l _ p72l7m72it2)
Pm—21)/2(P72)

Proof. (1) By Theorem 5.3.4 and Corollary to Proposition 5.3.5, we
have

X

R.(do, X, Y, 1)
N~ IS (= ()" Y T (1 — (&p) ™ Y2e?)
a ; Gm—r (&) )

(DR

x Pr_j(do, X, p~™?Y, p~™/?1)
B () B
m/2
= B(do, X,p Y, pt)
=0

¢ (&™) Pm—j—1(&p~t)

Then the assertion (1) follows from Lemma 5.3.6.
(2) The assertion can be proved in the same manner as above.

m—1 I+j5—-1 i m—l—j—1 _ —ie
T a3 i D i e ) e
Jj=0

g

5.4. Explicit formulas of formal power series of Koecher-Maass
type.

In this section we give an explicit formula for P,,(dy, X,1).

Theorem 5.4.1. Let m be even, and dy € Z,
(1) Assume that K, is unramified over Q,. Then
1
Gm(—p~ ) [[2 (1 = t(=p) " X)(1 = t(=p) 7' X1’
(2) Assume that K, = Q, ® Q,. Then

Pm(d07X7 t) =

1
S T (= i X1 = i XT)
(3) Assume that K, is ramified over Q,. Then

Pm(d0>Xa t) =

tmip/Q
Pm(d07Xa t) = 2¢m/2(p_2)
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y 1 N Xk, (—1)™"2dy)
TP =2 X) (1= tp 2 X 1) TLZ (1= tp 2 X) (1 — tp 21 X 1)
Theorem 5.4.2. Let m be odd, and dy € Zy,.
(1) Assume that K, is unramified over Q,. Then
1
Om(=p ™) [L2 (1 + t(=p) " X) (L + t(=p) " X1)
(2) Assume that K, = Q, ® Q,. Then

Pm(d(),X,t) —

1
G (p~ ) T (1 = tp= X) (L — tp=iX 1)
(3) Assume that K, is ramified over Q,. Then
t(m+1)ip/2+‘52p
200m—1)2(p2) [T V2 (1 = tp =21 X) (1 — tp=21 X 1)
To prove Theorems 5.4.1 and 5.4.2, put

G (B/’p—mXZ) —1\ord(det B’
Km(dOaX7 t) = Z £ a (B/) (tX 1) a tB)'
P

P(do, X, 1) =

Pm(dOaXa t) =

B’G]‘F:r,p(do)
Proposition 5.4.3. Let m and dy be as above. Then we have
Po(do, X, t) = XA ¢ (dy, X, t)
[[2, (1 — 2 X?p*=272m)=1if K,/Q, is unramified
xq Thic, (1= tle_l_m)_2 if K, =Q,®Qy
I, (1 —tXp—t-m)~t if K,/Q, is ramified.

Proof. We note that B’ belongs to ﬁ\(;rmp(do) if B belongs to }fI\e/rm_l’p(do)
and a,(B’, B) # 0. Hence by Lemma 5.2.3 we have

23

Pm(d07X7 t)
= xmetm/df ! 3 Gy(B',p " X)X B )a, (B, B)
ay(B) B a,(B’)

BeJ m,p(do)
—_ /
% )(ord(det B)—ord(det B) !ord(det B)

-m Y2
— xmerto/y  § Gp(B',p™"X )(tX—l)ord(B’)

o, (B’
B/E€Fm p(do) p(5)
% Z aP(B/7 B) (tX)ord(det B)—ord(det B") )
BeF ap(B)
Efm’p(do)

Hence by using the same argument as in the proof of [[BS87], Theorem
5], and by (1) of Lemma 5.1.3, we have

Z O‘p(B,> B) (tX)ord(det B)—ord(det B")
a,(B)

BeFm.p(do)
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_ Z (tXp_m)V(det w)
WeMm(Op)* /GLm(Op)

[T5, (1 =2 X2p2—2=2m) =1 if K,/Q, is unramified

=4 [[= (- tXij_l_m)_Q if K, =Q,®Q,
[T, —txp—t-m)~t if K,/Q, is ramified.

Thus the assertion holds. O

In order to prove Theorems 5.4.2, we introduce some notation. For
a positive integer r and doy € Z, let

1
- do 1) = § tord(detT).
Gl o) ap(T)
TE€Fm,p,+(do)

We make the convention that (o(do,t) = 1 or 0 according as dy € Zj
or not. To obtain an explicit formula of (,,(doy,t) let Z,,(u,d) be the
integral defined as

Zps(u,d) = / | det z|*"™dx,
fm,p,*(do)

where u = p~*, and dx is the measure on Her,,(K},) so that the volume
of Her,,(O,) is 1. Then by Theorem 4.2 of [Sa97] we obtain:

Proposition 5.4.4. Let dy € Zs,.
(1) Assume that K, is unramified over Q,. Then

P ) imrn2 (P2 0 )y
(0= (1))
(2) Assume that K, = Q, ® Q,. Then
Om(ph)
1221 = p=tu)

(3) Assume that K, is ramified over Q.
(3.1) Let p # 2. Then

Zm7* (U, do) =

Zm*(u, do) =

L, 4 -
Zm,*(u, dO) = E(p 1729 2)[(m+1)/2}

1
]_[(.T”l“)/z(l—in*Qu)
i=
X 1 X, (=)™ 2dg)p~m/2
H?;/f(l_p%—lu) H?l/f(l_in—Qu)

(3.2) Let p =2 and fo = 2. Then

if m is odd,

) if m is even.

1, ., _
Zm(u, do) = 5(17 L) (12
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(m+1)/2 . .
4 . if m is odd
(.m1+1)/2(17p21_2u) 9
X i= _
um/Qp_m/2< 1 iy (D™ 2do)p m/2> if m is even.
T (1—p2i—1u) 172 (1—p?—2u)

(3.3) Let p=2 and fy = 3. Then

Zm,*(u7 dO) = %(p_17p_2)[(m+1)/2}
T (o)
N m 1 X (1™ 2do)p=/2
p (Hﬁ/f(l—p%lu) H;Y;/12(1_p2i72u)
Proof. First assume that K, is unramified over Q,, K, = Q, ® Q,,
or K, is ramified over Q, and p # 2. Then Z,, .(u, dy) coincides with
Zm(u,dp) in [[Sa97], Theorem 4.2]. Hence the assertion follows from
(1) and (2) and the former half of (3) of [Loc. cit]. Next assume that
p=2and fo =2. Then Z,, .(u,dp) is not treated in [Loc. cit]. but we
can prove the assertion (3.2) using the same argument as in the proof
of the latter half of (3) of [Loc. cit]. Similarly we can prove (3.3) by
using the same argument as in the proof of the former half of (3) of
[Loc. cit].

if m is odd,

> if m is even.

g

Corollary. Let dy € Zs,.
(1) Assume that K, is unramified over Q,. Then

1 1
ol ) = G T (-1
(2) Assume that K, = Q, ® Qp. Then
1 1
Cm d 7t = ™ —.
o) S L=
(3) Assume that K, is ramified over Q.
(3.1) Let m be even. Then

PN/ 2mm o (1)

Cm d 1) =
ot) = 5
1 -1 m/2d —pm/2
[L2 (1 —p2-1t) [L2 (1 —p~2)
where
1 if p 2
Kp(t) = ¢ t™/2p~mmtD/2if p =2 and f, = 2
p~™ ifp=2and f, =3
(3.2) Let m be odd. Then
P AN/ 2mmE S (1) 1

gm(d0> t) -

20(m—-1),2(p™2) Hg:;rl)ﬂ(l — p2itly) ’
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where
1 if p£2
Kp(t) = tmFD/2p=mm+D)/2if ) — 2 and f, = 2
tp~™ if p=2and f, =3

Proof. First 0 assume that K, is unramified over Q,. Then by a simple
computation we have
Zms(p~"t,d
Cm(dmt) _ ) ( — 0)'

Pm(p~?)
Next [ assume that K, = Q, ® Q,. Then similarly to above
Zm,* (pimtv dO)

Pm(p~!)?

Finally assume that K, is ramified over Q,. Then by a simple compu-
tation and Lemma 4.1

Cm(d(b t) =

Cm(d()’ t) =

prm Do 2mmoy 7 (pmmt )
Pm(p~t)

Thus the assertions follow from Proposition 4.4.

Proposition 5.4.5. Let dy € Zj,.
(1) Assume that K, is unramified over Q,. Then

Km(d07 X7 t)
P (XTI (L= (—p) ) .
_ i Co(do, tX ).
2 () (do, £X77)
(2) Assume that K, = Q, ® Q,. Then
Km(d07 X7 t)
_ f: pfr2 (th)r H:;Ol(l _ pi—1X2)g (do tX—l)
o Gm—r(D71) Y
(3) Assume that K, is ramified over Q,. Then
Km(d07 X7 t)

M2 iy (g =1\ (m/2+47)ip TTT—1 22 2
p " (tX ) v H':O (1 —-p X ) m/2—r -1
=> = Cor((=1)™ " ", tX )
s P(m—2r)/2(P?)

if m is even, and

Km(d07X7 t)
(m=1)/2 (2 41)2 —1\((m+1)/247)ip, TT7 1 2i—-2 X2
P P(tX Pl (1 —p* =X O _
=2 S Lo ol (1) 2, 1)
— Pm—2r—1)/2(p72)

if m is odd.
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Proof. The assertions can be proved by using the same argument as in
the proof of [[KK10b], Proposition 5.4.4]. O

It is well known that #(Z}/Nk,/q,(0;)) = 2 if K,/Q, is ram-
ified. Hence we can take a complete set N, of representatives of
Z;/NKP/Qp(O;) SO that Np = {1,&)} Wlth XKP(&)) = —

Proof of Theorem 5.4.1. (1) By Corollary to Proposition 5.4.4 and
Proposition 5.4.5, we have
1 L(do, X, t)
o~ DT L+ (F 1 X0
where L,,(dy, X,t) is a polynomial in ¢ of degree m. Hence
1 L (do, X, t)
G (=) IS (1 + (= 1)p X [T, (1 — p~2 X2¢2)

Km<d07 X7 t) =

Pm(dOaX7 t) =

We have N _
F(B,—X )= F(B,X)
for any B € ESO)(B, X). Hence we have
Pm<d07 _X_la t) - Pm<d07 X7 t)7

and therefore the denominator of the rational function P, (dy, —X 1, 1)
in ¢ is at most

[[a+ o x [+ (-1)p ' Xe).
i=1 =1

Thus

P, (do, X, 1) = -

Gm(=p )L (14 (1) p X 1) [, (1 = (=1)p~'Xt)
with some constant a. It is easily seen that we have a = 1. This proves
the assertion.

(2) The assertion can be proved by using the same argument as
above.

(3) By Corollary to Proposition 5.4.4 and Proposition 5.4.5, we have

Km(d,X,t)
m/2 %—2 2
1_ X —A4ipr — m r)i m/2—r —
Z ¢(/2 =) =t (1), (12, X 1t)
m/2

_ —27"2 T —14\7r
Z 2¢m/2 r ) : (X t)

X 1 " X, ((=1)™2do)p™"
[T, (1 —p 27X [ (- p 22X [
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Thus we have

1 —2r24r —14\r
Pm(d7X7t):Z—_2)p 2 +(X 1t)

y 1 N X, ((=1)"2do)p~"
H::1<1 — p A X 1t) H;:1(1 —piXt) H::1(1 —p %X 1) H::l(l —pTiXt)
For [ = 0,1 put

POXH) = 3 3 xao (1)) P, X, 1)

deNp
Then
= (0) LO(X 1) 1
Pm (X7 ): 2¢ -2 m/2 —2i4+1 v -1 m —i ’
m/2(P >Hi:1 (1 —p X)L, (1 —piXt)
and
- LO(X ¢t 1
P, 1) = 1)

= 2¢m/2(p_2) Hzr;/f(l — pBX 1) Hﬁl(l — piXt)

with some polynomials L(® (X, ¢) and L(V)(X,t) in t of degrees at most
m. Then by the functional equation of Siegel series we have

Pu(d, X7 1) = X1, ((=1)™2d) Py (d, X, )
for any d € N,,. Hence we have
PY(X™'t) = BO(X, 1),

Hence the reduced denominator of the rational function P\’ (X,t)int
1s at most

(L—p Xt [T - px0),
i=1 i=1
and similarly to (1) we have
P 1
PT(Y?) <X7 t) B m/2 i m/2 ) .
20m2(p~2) TIZY (1 = p2 LX) [TZF (1 — pr2X)
Similarly
P 1
qull) (X.0)= m/2 ; m/2 : .
2¢m/2(p72) Hi=1 (1 — p*Z'LX*lt) Hi:l (1 _ p722+1Xt)
We have

Py(do, X, t) = PO(X, 1) + xx, (—1)™2dg) PV (X, 1).

This proves the assertion.
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Proof of Theorem 5.4.2. The assertion can also be proved by using
the same argument as above. U

5.5. Explicit formulas of formal power series of Rankin-Selberg
type.

We give an explicit formula for H,,(d, X,Y,t). First we remark the
following.

Proposition 5.5.1. Let d € Z;;. Then we have
Aap(d, X Y) = N p(d, X,Y).
Proof. Let I be the left-hand side of the above equation. Let
GL,(0Op)1 ={X € GL,,,(O,) | det X det X = 1}.
Then there exists a bijection from ﬁ\e/rm(d, 0,)/GLy,(0p); to
Her,,(dNk,/q,(0;), Op) /G Ly (O,). Hence
ap(4) '

A€Herm (d,0,)/GLm (0p)1

Now for T € ﬁ&m(d, O,), let | be the number of SL,,(O,)-equivalence

classes in Her,,(d, O,) which are GL,,(O,)-equivalent to T". Then it
can easily be shown that [ = [, 7. Hence the assertion holds. U

Theorem 5.5.2. Let m = 2n be even, and dy € Zj,.
(1) Assume that K, is unramified over Q. Then

2n Om—is2
. 1— (= n—ig
Hy,(do, X, Y, t) = IL5 (1= (=p) )

¢2n(_p_1)
> 1
[T (14 (=) 24 LXYE) (1 — (—p) 201X Y 1)
1

>< .
[0 — (=) 2 X WAL+ (—p) 2 XY
(2) Assume that K, = Q, ® Q,. Then

2n —2n—i42
(1 — t

¢2n(p71)
> 1
H?Zl(l - p‘2"+i—1XYt)(1 — p—2n+i—1XY_1t)
1

x .
H?Zl(l — p2ntiLX 1Y) (1 — p2nticLX 1Y 1)
(3) Assume that K, is ramified over Q,. Then

tnip " 1 — _QN—QitQ
Hop(do, X, V1) = e im0 =P )

2 Pn(p~2)
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1
X{Hz (1 — p 22X Y1) (1 — p2n—2it1 X~ 1y —1p)
1
—1)"d
+xx, ((=1) O)H?:l(l_ —2-2 X -1y §) (1 — p=2n—2 XY - 1t)}
Proof. First we prove (1). By Proposition 5.3.1 and Theorems 5.3.7
and 5.4.1, we have

2n 2n—I1 l
Ron(do, X, Y, 1) => [0 = (=p) ) JJ(1 -
=0 =1 =0

! 4, 2020242
(11—t
% - Hz_l( — p — ) -
Gu(=p) [Timy (1 = t(=p) 7 XY 1) (1 + t(—p) " X1V
Hence Ry, (dy, X,Y,t) can be expressed as
RQn(dO) Xa Y7 t)
_ [T (1= (=p) ") S(X, Vi 1)
Pon(—p) Hf;(l — t(—p) 2L XY 1) (1 + t(—p) 2l X 1Y ) '
where S(X,Y,t) is a polynomial in ¢ of degree at most 4n. Then by
Theorem 5.2.8, we have

HQn(dOa X7 Y7 t)
_ [ (1 = (=p) ') S(X, Yy )
Gon(—p) [Ty (1 = t(=p) =21 XY )1 + t(—p) 21X 1Y 1)
1
X :
H?zl(l — 2pint2i-2 X2Y2)(] — 2p—An+2i-2 X -2Y2)

Recall that we have the following functional equation

HQn(d07 X7 Yﬁla t) = HQn(d0> Xa _Ya t)
Hence the reduced denominator of the rational function Ho, (do, X, Y ™1, 1)
in ¢ is at most

[T = )2 XY ) (14 tp) 2 XY )

X (14 H(—=p) XY (1~ t(—p) XY,
and therefore we have

2n Con—is2
2N (] (—
Hon(do, X, Y, t) = cl[iZ, (1= (=p) ")

¢2n(_p)
y 1
L%, (1 = ¢(=p) XY ) (1 (=) 2 X1y )
1

X
[T (14 t(=p) 2+ XY ) (1 — #(—p) 2+ X 1Y)
with some constant c. We easily see that we have ¢ = 1. This proves the
assertion (1). Similarly the assertions (2) and (3)can be proved. [
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Corollary. Let m = 2n be even. Assume that K, is ramified over Q,.
Then we have

Hon(d, X, Y,0) = S(HE (X, Y,8) + i, (-1 d) HE) (X, Y, 1),

where on i
. ” 1 o —2n— zt
HY (X, Y, t) = " I I )
dn(p~2)
" 1
H?:l(l_ —2n+2i— lXYt)( —2n+21—1X 1Y lt)
and

) n 1— 72n72it2
HO(x, V1) = prioLlimL = 27 )
Gn(p~2)

1
T (0 —p 72X V) (1—p 22XV 1)

Similarly to Theorem 5.5.3, we have

Theorem 5.5.3. (1) Assume that K, is unramified over Q,. Then
[0 = (p) i)

H2n+1(d07 X7 K t) =

¢2n+1 (_p_l)
o 1
[ (L (—p) 22XV ) (L4 (—p) 2+ XY 1)
1

>< .
[T (1 + (=p) 22X Y ) (14 (—p) 22X 1Y 1)
(2) Assume that K, = Q, ® Q. Then

1 2n+1 72n i— 1t2
Hypyi(do, X, Y1) = It . )
2 ¢2n+1(p )
1
X Tyentl —2n+i—2 —2n+i—2 -1
[[ET (1 —p2nFi2XYt)(1 — p~2nHi-2XY ~1t)
1
X Ten —2n+i—2 Y —1 —2n+i—2 YV -1y —14)
[[Z (1 —p 22 XY (1 — p2nti2 X 1Y 1)
(3) Assume that K, is ramified over Q,. Then
n+1 —2n—2i42
, T (1-p %)
Hopir(do, X, Y, t) = t(nHDintoz Iz (
2 +1< 0 ) ¢n(p_2>
1
X —2n+2i—3 p—2nt2i=3 1V -1
[ (1=p XYt)(1 - XY 1t)
1
X

(1 _ p72n+2i73X71Yt>(1 _ p72n+2i73XY71t) ’
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6. PROOF OF THE MAIN THEOREM

Theorem 6.1. Let k and n be positive integers. Let f be a primitive
form in &g 1(Lo(D), x). For a subset Q of Qp and a positive integer
1 put

M(S) fv Ad) Xl_lv XQ)

= {[J 1 =eix(0)'xo@)p*)(1—a, *x(0)' xa@)p ) 1=X"" (D) xo(P)p~*)’
PEQ

x T - ax)p)(1 — ap*x () o) (1 = X )"}

Then, we have
R(s, on(f)) = D?(s=20)+2nk=n(2n41)/2-1/29-2n

on 2n—1
p—(s—2k—=2n) H K(Z, XZ) H L(23 — 4k — 1, Xi)—l
i=2 =0

2n
x > xo((=D)") T M(s = 2k = 20+, £, Ad, X'~ xq)}-
QeQDp i=1

Proof. For a while A\,(d) = A\, p(d, ap, @p). Then by Theorem 4.4, we
have
R(s, Ion(f)) = p2nk.p Z H Ap(d)d =22t
d p

Then by (1) and (2) of Theorem 5.5.2, \,(d) depends only on p°rd(@ if

p1 D. Hence we write \,(d) as Xp( °rd»(@) On the other hand, if p | D,
by Corollary to Theorem 5.5.2, A\,(d) can be expressed as

M(d) = AP(d) + X, (=1)"dp " D)AD(d),

where A\ (d) is a rational number depending only on p*4@ for { = 0, 1.
Hence we write )\(l)(d) as )\(l)( ordp(d)) We note that we have

a f d Z H )\ ordp )H XK, <p0rdp(d)

QeQDp pld,ptD q€Q

< T 300 T, @) T M@ @), (-1)")
pld,p| D,p¢Q q€Q qld,qeQ
for a positive integer d. We also note that for a subset @) of Qp we have

m) = H Xr, (m

qeqQ
for an integer m coprime to any ¢ € (). Hence we have

R(s, Ion(f)) = pank.p Z H Z A pi)pl-s+2ke2n)i

QCQp ptD =0
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« H Z )\ 'L —s+2k+2n) z H Z )\ s+2k+2n)z.

p|D,pgQ =0 peEQ =0
= Hanp,p2 #@P) Z xe(( HHan (1, o, O, X (p)p 25 H2")
QCQp ptD
X H Hé;),p(alh a_lh XQ (p)p_s+2k+2n) H Hég)p(apv a_lh p—s+2k+2'rZ).
p|D,pgQ peEQ
Now for [ = 0, 1 write HQ(np(X Y,t) as
Hy) (X, Y ) = " Hy)) (X, Y, t),

where i, = 0 or 1 according as 4||D or not. Hence we have

R(s, Ion(f)) = pan 02 #OP) H pl stk Z Xa((=1)")

PeEQ] QCQp
x ] Hanp(1, 0. 5 x(p)p~*252")
ptD
X H Hén p(alh Oép7 XQ _S+2k+2n H Hég N Oép7 Oép7 s+2k+2n)7
p|D,pgQ PEQ

where @, = Qp\{2} or Qp according as 4||D or not. Note that
9cpn(—s+2k+2n) HpeQ’D plost2ht2mn. — p(=s+2k+2n)n - Thyg the assertion
follows from Theorem 5.5.2. g

Theorem 6.2. Let k and n be positive integers. Given a primitive

form [ € & (SLy(Z)). Then, we have
R(S, ]2n+1 (f)) — D(2n—|—1)(5—2k+1)+(2k—1)n—(2n+1)(n+1)/2—1/22—2n—1

2n+1 on
s D~ (1) (s—2k—2n) H /NX(Z', Xi) H L(2s — 4k —i, Xi)_l
=2 i=1
2n+1
x [ L(2s — 2k — 2n + i, f,Ad, x'™")L(2s — 2k — 2n + i, x' ).
=1

Proof. The assertion follows directly from Theorems 4.4 and 5.5.3. [

Lemma 6.3. Let f be a primitive form in o1 (Io(D), x). Suppose
that fo = f for Q@ C Qp. Then for a positive integer ¢ we have

M(s, f,Ad, X" xq) = L(s, f,Ad, x' ") L(s, X" ).

Proof. For a prime number p let M,(s) and L,(s) be the p-Euler fac-
tor of M(s, f,Ad, X" !, xo) and L(s, f, Ad, x* ') L(s, X'~ !), respectively.
Then by definition, M,(s) = L,(s) if p € Q. Moreover, M,(s) = L,(s)
if p ¢ @ and xo(p) = 1. By the assumption we have

Xq(p)cr(p) = cs(p).
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Since f is a primitive form, we have c;(p) # 0 for p|D. Hence we have
M,(s) = L,(s) if p & Q and p|D. Suppose p{ D and xqo(p) = —1. Then
¢¢(p) = 0 and hence oy, + x(p)o, ' = 0. Then by a simple computation
we have

My(s) = (1 —p) 7%
Similarly we have

Ly(s) = (1 —p )"
This completes the assertion. Il

Proposition 6.4. (1) Let f be a primitive form in Sapy1(Lo(D), x),
and Q) be a subset of Qp. Then for a positive integer i > 2 the Fu-
ler product M (s, f,Ad, x'™*, xq) is holomorphic at s = i. Moreover
M(s, f,Ad, 1, xq) has a simple pole at s =1 if and only if f = fo. In
this case the residue of M(s, f,Ad,1,xq) at s =1 is L(1, f, Ad).

(2) Let f be a primitive form in So(SLa(Z)) and x be a primi-
tive quadratic odd character. Then for a positive integer v > 2 the
FEuler product L(s, f, Ad, x'" V) L(s, x*"') is holomorphic at s = i, and
L(s, f,Ad, 1)L(s, 1) has a simple pole at s = 1 with the residue L(1, f, Ad).

Proof. The assertion can be proved by Theorem 2 of [Sh75].
U

Proof of Theorem 2.3.
(1) By Theorem 6.1 and Lemma 6.3, we have

2n—1

R(s, I,(f)) = H AGi, XY H L(2s — 4k — i, x") ™"

2n

X{Nm (f) H L(s —2k —2n+i, f,Ad, x" ) L(s — 2k — 2n + i, x" ")

=1

+ > xel(=1)") HM(S — 2k —2n+1i, f,Ad, X!, xo) }-

QeQp
FQ#f
By (1) of Lemma 6.4, the term
2n—1 2n
I Z2s — 4k — i, x) 7 [ [ M(2s — 2k +4, £, Ad, X", xo)
i=0 i=1

is holomorphic at s = 2k 4 2n if fg # f. On the other hand, the term
2n—1 2n
H L(2s—4k—i,x")~" H L(s—2k—2n+i, f, Ad, x' ') L(s—2k—2n+4, X' ')
i=0 i=1
has a simple pole at s = 2k + 2n with the residue

2n—1

2n 2n
[T cen =i T LG £ Ad XD T LG X ).
=0 i=1 =2



54

HIDENORI KATSURADA

Hence R(s, I,,,(f)) has a simple at s = 2k + 2n with the residue

2n 2n—1 2n 2n
TTAGX) T Lan—ix) [T LG, £ Ad X ] LG X,
=2 i=0 i=1 =2

Thus the assertion can be proved by comparing the above result with
Proposition 3.1.

(2) The assertion holds if m = 1. In the case m > 3, the assertion
can be proved by Theorem 6.2, (2) of Lemma 6.4, and Proposition 3.1
in the same manner as above.
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