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GRADIENT ESTIMATES AND EXISTENCE OF MEAN CURVATURE
FLOW WITH TRANSPORT TERM

KEISUKE TAKASAO

ABSTRACT. In this paper we consider a hypersurface of the graph of the mean curvature
flow with transport term. The existence of the mean curvature flow with transport term
was proved by Liu, Sato and Tonegawa by using geometric measure theory techniques. We
give a proof of the gradient estimates and the short time existence for the mean curvature
flow with transport term by applying the backward heat kernel.

1. INTRODUCTION

A family of hypersurfaces {I'(t) }o<t<oo in R™ moves by mean curvature if the velocity of
{L(t) Yostaoo 1
Vo = Hv on  I'(t), t>0.

Here v is the unit normal vector, H is the mean curvature of I'(¢).

Brakke proved the existence of the generalized evolution {I'(¢)}o<i<eo by using varifold
methods from geometric measure theory [1]. Ecker and Huisken studied the interior esti-
mates for the mean curvature flow [4, 5, 6]. In [2] and [8], they proved the existence of
the viscosity solutions of mean curvature flow by using the level set method. Colding and
Minicozzi proved the sharp estimates of the interior gradient and the area for the graph of
the mean curvature flow [3].

In this paper we consider the family of hypersurfaces {I'(¢) }o<i<oo in R™ whose velocity is
(1.1) Vo= (F-v)v+ Hv on I'(t), t>0.

Here F' is the transport term. In this paper we assume that v -e, > 0 on I'(¢) for ¢ > 0.
From the assumption there exists u = u(z,t) such that I'(t) = {(z,u(z,t)) |z € R"1} for
t > 0.

Let Q = (R/Z)"!. The first main result of the present paper is that there exists C, T > 0
depending only on n, ||F||p<, ||[DF||r=~ and | Du(-,0)||z~ such that |Du(t)| < C, for any
(z,t) € Qx (0,T) and the second main result is that there exist the family of hypersurfaces
{I'(t) }o<t<r (see Theorem 2.1 and Theorem 2.2 for the precise statement).

The main results are related to the pioneering work by Liu, Sato and Tonegawa [14].
They proved the existence of the generalized evolution {I'(f)}¢p<t<oo in dimension n = 2,3
by using geometric measure theory techniques by Brakke [1].

The purpose of this paper is to give a new, simple proof of the gradient estimate of u
to prove the short time existence of the graph I'(¢) for any dimension. We remark that by
using the level set method we may prove the existence of (1.1) but we can not prove the
regularity of the surface on the condition of this paper.
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2 K. TAKASAO

The mean curvature flow is related to the prescribed mean curvature equation:

_ Du B
(1.2) div (W) =H,

here H is given. Trudinger [16, 17] and Korevaar [12] proved the interior gradient estimate
for (1.2). They used the height of the graph to estimate the interior gradient.
In [10] to estimate the gradient of u they used the following:

1
< d n—1
w(y) SNy = /G Rw HL 4
1

B (n— 1w, Sr

here R > 0, w = log\/1+ |Dul?, r = r(x) = |z|, ¥(r) = fTRT(T_n—H — R™dr > 0,
Wp_1 is the volume of unit ball in R"™', A is Laplace-Beltrami operator of the surface
S = {(z,u(z))} and Spg is the intersection of & and the ball of radius R centered at
(y,u(y)). In this paper we adapt the inequality for (1.1).

/ wH?r?(r~"t — ) ay !
Sr

Wn—1

(r)Aw dH"

The organization of the paper is as follows. In Section 2 of this paper we set out the basic
definitions and explain the main theorems. In Section 3 we prove the main theorems. The
proof of the first main result is based on the techniques of the backward heat kernel [11]
and by a standard argument we obtain the short time existence of I'(¢).

2. PRELIMINARIES AND MAIN RESULTS
Letn>2 Q= (R/Z)" 1~ [0,1)"and F: Q x R x [0,00) = R" be a C"! vector valued
function. We consider the mean curvature flow with transport term:
atu

(2.1) S HFF@ut) v, (2,8 € Qx (0,00),

u(z,0) = ug(x), x €,
here H = div (@) Ldu = (Og,u, Oy, ..., 0y, ), v = (1+|dul?)z and v = (1,02, .., V") =
v

—du, 1
w. We remark that we may obtain this PDE from (1.1). Let G = sup (|F*+
v (z,y)€QXR,t€[0,1]
|DF|) and vy = maéw(x,()), here DF = (dF,0,,F). We denote Qr = Q x (0,7) and
re

Q5 = Q x (¢,T). The first main result is the following:

Theorem 2.1. We assume that u € C([0,1]; C*(2))NC((0,1); C(Q)) is a solution of (2.1),
FeC' QxR x[0,1;R") and G < co. Then there exists T > 0 such that

(2.2) v(x,t) < 207, (z,t) € Qr,

C
here T' = min {G_vg’ 1

By Theorem 2.1 we obtain the second main result:

} and C > 0 is a constant depending only on n.

Theorem 2.2. Fiz « € (0,1). We assume that

K = maX{l|DFHL°°(QT)7 ”atFHLOO(QT)aSlel]g ”F(-,C, ) )} < +00

”Ca’%(QT
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and ug is a Lipschitz function, namely there exists L > 0 such that |ug(z) —uo(y)| < L]z —1y|
for any x,y € Q. Then there exists a unique solution u € C?**1%7%2(Qr) N C(Qr) of (2.1).
Furthermore there exists C > 0 depending only on n,a, L, K and € > 0 such that

(23) ||u||02+a’1+%(Q%) < C.

Throughout this paper, 6 and Ap() are the induced covariant derivative and laplacian of
['(t). Namely, for g = g(x1, 22, ..., 2,),

69 - (519752.97 s 7571,9) - Dg - (V ' Dg)V, Af(t)g - 267,6197
i=1

here Dg = (dg, 0, g). Next we define the backward heat kernel.

Definition 2.3. Fors,t >0 (s > t) and X,Y € R" we define p = pry,s)(X,t) by

(X, 1) = 1 _lxovp?

p s 7t — e A(s—t) |

i (4r(s — )5

We remark that for continuous function g and x,y € R we have

(2.4) lim [ g(u( 1), 0)pauys.0 (5 ul 1), 8) AR = gy, uly, ), ).
t/‘s F(t)

We provide the lemmas for the proof of Theorem 2.1 and Theorem 2.2. The next lemma
is a derivation of Huisken’s monotonicity formula [11].

Lemma 2.4. Assume that u satisfies (2.1) and I'(t) is the surface of (2.1) extended peri-
odically to all of x € R"™'. Let g = g(x,t),(x,t) € R"! x [0,00) be a non-negative C*?
function. Then we have

d _ o
— [ gpdH" ' < / pOg — pArg + p(dg - 7)—
(2.5) dt Jr () v
1 _
+ 90 f (W) M,
here 7 = —2 and fu) = F(z,u(x,t),t) - v.

Proof. First we will show the following:

d
(2.6) dt Jr

o
gpdH" ! = / Qegp + 9o + p(dg - 7)—
ING) v

g(Dp-v)(H + f(u) = gpH(H + f(u)) dH" .
We compute that

4 gpdH" :i/ g(x, t)p(x,u(x,t),t)v(x,t)de
2 7) dt T t) dt Rn—1
(2 du - doyu

o
= / Orgpv + gOpv + g0y, p (—t ) v’ + gp———— dx,
Rnfl v v
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du - doyu

here 0,v = ———— is used. From integration by parts we obtain
v
/ gpM dr = —/ div (gpd—u) Opu dx
Rn—1 v Rn—1 v
d d d
(2.8) =— / { (dg : _u) p+ g(dp + 0y, pdu) - L gpdiv (_u) } Oyu dx
Rn—1 v v v
=/ {p(dgﬂ)%Jrg%(der@xnde) ~7—ng%}vd:c,
Rn—1 v v v
here H = div (d_u) and 7 = —_du We also compute that
v v

G0z, p (%) v+ g%(dp + Oy, pdu) - T

(2.9) :g%{dp T+ 0y, plv+du-7)} = g%(dp U+ Oy, pv")
Oru
=g=—(Dp-v) = g(Dp-v)(H + f(u)),
1 @tu

here v = v~" and e H + f(u) are used. From (2.7), (2.8),(2.9) we obtain (2.6). Next

we prove (2.5). We compute that
Dp- s \? (Dp-v)?
p2

9(Dp-v)H — gpH* = —g <

Hence by Young’s inequality we have
9(Dp-v)(H + f(u)) — gpH(H + f(u))

— g (Dp'” —p%H)2 +gw — (Do) H + g (w)(Dp-v — pH)

<—gpf*(u) + 9% —g(Dp-v)H.

(2.10)

We denote S = (6;; — v'v7) and div ppyh = tr(SDh) for h € C'(R™;R"). By the divergence
theorem [7] we have

/ —gH(Dp - v)dH™! :/ div r)(9Dp) dH*
I(t) I'(t)
:/ tr(SD?p + S(95,90:,p)) dH™
(2.11) o
:/ g{Ap — v(D?*p)"Y 4+ 6g - 6pdH"
()

_ / 9{Ap — (D>} — AygpdH™!
T(#)

here Ap = Z 0z, 05,p and D?p = (9;;p).

i=1
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By using (2.6), (2.10), (2.11) and

(Dp-v)?

Op + +Ap —v(D*p)v" =0,

we obtain (2.5) (See [11]). O

We use (2.5) with ¢ = v in this paper. To estimate the right side of (2.5) we use the
following:

Lemma 2.5. Assume that u € C*'(Qr) satisfies (2.1). Then we have

(2.12) 0w — Apgyv + (7 - dv)% = —|A]*v — 207 Hov]* + du - d(f(u)),

here A is the second fundamental form of T'(t).
Proof. We remark that by the assumption we have v € C*!(Q7). From [5] we obtain
(2.13) —Arpv + [AlPv + 207 6v* + v*(6H - e,) = 0.

By H = G _ f(u) we have
v
v (6H - e,) = v?0,H = v*(0,,H — (DH - v)V")

=00~ (dH - D)) =du-d (% - f(u))

(2.14) . _
_du j@tu B 8tu(ci}12 dv) du - d( f(u)
=0w+ (V- dv)% —du - d(f(u)).
From (2.13) and (2.14) we obtain (2.12). O

To use Schauder estimates we provide the following:
Lemma 2.6. We assume that u € C**(Qr) N C(Qr) is a solution of (2.1). Then

(2.15) lullz@r) < sup[IEC e )llei@n T + [luo ]l <@

Proof. We denote w(x,t) = sup.eg || F (-, ¢, )|l o@mt + |to]| L= (). We remark that
dyw > /1 + |dw|div (d_w) + F(z,w,t) - (—dw,1).
NiERr
By the maximum principle [9] we obtain that
w > u, (x,t) € Qr.
Similarly to the above argument, we have
u > —w, (x,t) € Qr.

Hence we obtain (2.15). O
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3. PROOF OF MAIN RESULTS
1. We assume that u € C*Y(Qr) N C(Qr) for the time being. First we estimate

d
7 vpdH" . By the Lemma 2.4 and Lemma 2.5 we obtain that
L'(t)

d _ 1 _ n—
(3.1) E/F()vpd’;'-[” I < /F()vafZ(u)— |AlPvp — 200w |*p + du - d(f (u))pdH" .
t t

We denote vo = sup wv(z,t) and T > 0 is a arbitrary number to be selected later. We
remark that therex eeifsifé = C(n) > 0 such that

(3.2) H? < C|A]%

The direct computations show that

(3.3) du-d(f(u)) =du-d(F(u)-v)=du-d(F(u)) -v+du-dv-F(u).

By using (1 + |du|) < 2v, we have

(3.4) (du - d(F(w)) - v| < |du] |dF (u) + (9, F)(u)du] < Cv2|DF],

here DF = (dF,0,,F) and C' = C(n) > 0. We compute that
SVt =0, V' — (DV' - )" =0 — (dv' - D)™t = —dv' - (—du)v™?

=v 2du - d', 1=1,2,...,n.
Therefore
du - dv - F(u) = v*6,v - F(u).
Hence
(3.5) |du - dv - F(u)| < ZUQ|(5n1/’\ |F(u)] < §|A\2v + CvE | F(u)|?,
i=1

here (3.2) and |A|* = Z(éiyj)Q are used. Therefore by (3.3), (3.4) and (3.5) we obtain

4,j=1

(3.6) |du - d(f(u)p| < Cv3|DF|p + [Alvp + Col |F (u)*p.
We choose (y,s) € Q x [0, T] such that v, = v(y, s). From (3.1) and (3.6) we obtain
d
(3.7) — Voo dH" ! < 0/ V2 |F|? poo + V2| DF|poo dH™ 1,
dt Jr r()

here pes = P(yu(ys)s)- We remark that we may obtain (3.7) for u € C*1(Qr) N C(Qr).
2. Next we prove Theorem 2.1. We denote X = (z,u(z,t)) and Y = (y,u(y,s)). We
have that

1 1 _Ix-y)?
Poo AH" ™ = — e G ydx
I (t) (Ar(s—t))z Jro—r

< Yoo / _‘f(iylj dr = Vs
e 160 dr = V.
~(4r(s — 1) Jrer

Therefore from (3.7) and (3.8) we obtain
d

— Vpoo dH" ! < CGUﬁO,

(3.8)
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here C'= C(n) > 0. We have
(3.9) / VP dH™ ! < / Poo(,0)05 dz < 03,
I(t) =0 Rn—t

here vy = max v(z,0) and dH"! = v dz. Hence by (2.4) and (3.9) we obtain
re

*d
Voo — V2 < / — </ Voo dH"_l) dt.
0= )y dt T(t)
Therefore

(3.10) CoGsvt, — veo + 5 > 0,
here Cy = Cy(n) > 0. We consider the function f(r) = CoGsr* —r + v2. We remark that

1 1
vo > 1, f(0) = v3 and f(vy) > 0. Furthermore f'(r) < —3 for any r € (O —)

" 2(CoGls)s
Hence if 207 < ;1 then
0Gs)3
fr) <5
for any r € (0,203). Therefore there exists a € (vg, 2v3) such that
(3.11) f(a) < 0.

Let T := . We have s <T. We assume

26CyGv§
Voo > 203,
Then there exist s’ € (0,s) and 3’ € Q such that

= t)=v(y,s) = a.
01 xegr}lgoys,]v(x,) vy, s') = a

By (3.11) we have
CoGs'v} — vy +v2 < 0.
But by (3.10) we have
CoGs'v} — vy + v > 0.
This is a contradiction. Hence
Voo < 21}8.

Thus Theorem 2.1 is proved.
Remark 3.1. If u is a global solution of (2.1) and F = 0 then we obtain T = occ.

3. Finally we prove Theorem 2.2. We assume that ug € C**(Q) for the time being. We
denote

X ={ue C®(Qn)] lulx = lull pog o, + ldull pog (g, < 20}
We consider the following linear parabolic type equation:

n—1
ou = Z a3 (W) Dy, 0y, u + F(2,w,1) - (du, 1), in Qp,

1,j=1

(3.12)

U = U, on €2,
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here w € X and a;;(w) = (5-- - M)
Y Y1+ | dw|?
Remark 3.2.
(i) If u = w then (2.1) and (3.12) are the same PDE.
(ii) The least eigenvalue of (a;j(w)) is w2. Hence if |w| pe(qm) < 00 then (a;;j(w)) is
uniformly elliptic in Qr.

We have
(313) HalJ(w)HCO‘%(QT) < C, w € X,

here C' = C(n, ||w||x) > 0. By the assumption, there exists C' = C(K, |Jw||x) > 0 (K as in
Theorem 2.2) such that

(314) HF(’w’ ')HCQ»%(QT) < C’

for any w € X. Hence, there exists unique solution u, € C***'+2(Qr) C X of (3.12) such
that

(315) ||Uw||02+a,1+%(QT) S C,

here C' = C(n, a, K, ||w| x, |uol|c2+a(qr)) > 0 (See Theorem 4.5.1 of [13]). We define A :
X — X by Aw = u,,. We remark that A is compact.
We will show that

S ={u|u=ocAu, for some o € [0,1]}
is bounded in X. If w € S then

n—1
dpu = Z aij(1) 0y, 0p,u + F(z,u,t) - (du, o), in Qr,
(3.16) Pt
u = ouy, on ().

By the Theorem 2.1 we have

(3.17) [ Dul| = (@r) < Ch,
here Cy = C (|| Duo|| (0)) > 0. Then we obtain that
(318) ||Du||cﬂv%(QT) S 027
here Cy = Cy(M, C4, ||U0||CQ(Q)) > 0 and
M= max = max|ay, F,0n,aij, 0F, 0utij; 00ti; O, ijs 0o, ) g Oul’ O, F,

(See Theorem 6.2.3 of [13]). We remark that M depends only on C) and K. Hence Cy =
Co(K, ||uol|c2(a)) > 0. By the similar argument we obtain

(3.19) ullx < Cs,

here C3 = C3(K, |lug|lc2()) > 0. Thus S is bounded in X. By Schaefer’s Fixed point

theorem there exists the solution u € C****3(Qr) N C(Qr) of (2.1) (See [15]).
We recur to the assumption that ug is a Lipschitz function. We choose smooth functions
ug converging uniformly to uy on Q. Then there exists C = C(K, L, &, ||u|| = (gs)) > 0 such

that
k
sgp ||du ||Ca,§(Q8T) < C,
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here u* is the solution of (2.1) with u*(x,0) = uf(z) in Q (See Theorem 3.11.1 [13]). We
remark that by (2.15), ||u||r~(q,) is estimated from above by K, T and ||ug|| (). Therefore
Schauder estimates imply that

k
Sllip l|lu ||Cg+a,1+%(Q€T) < 00,

for any e > 0. Hence there exists a solution u € C****2(Q7)NC(Qr) and we obtain (2.3).
The maximum principle implies the uniqueness of u [9]. Thus Theorem 2.2 is proved.
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