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ON THE LIOUVILLE THEOREM FOR THE STATIONARY
NAVIER-STOKES EQUATIONS IN A CRITICAL SPACE

DONGHO CHAE AND TSUYOSHI YONEDA

ABSTRACT. In this paper we prove Liouville type theorem for the stationary Navier-
Stokes equations on R3. More specifically, if a solution u € H'(R?) N L>®(R?) to the
stationary Navier-Stokes system satisfies additional conditions characterized by the de-
cays near infinity and by the oscillation, then we show that v = 0.
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1. INTRODUCTION

We consider the stationary problem of the Navier-Stokes equations on R3:

(u-Vyu=—-VP+Au, z€eR’
(SNS)< 5
divu=0, ze€R".

Let HY(R?) = {u € [H 1(R®)]3, divu = 0}. A weak solution of stationary Navier-Stokes
equations is u € H}(R?) N L>(R?) which satisfy (SNS) in the sense of distribution. More
precisely,

((u-V)u,¢) = —<P div ¢> - <Vu Vo)

for ¢ € L*(R?) N H'(R?), where (f,g) := [ps f(2)g(x)dz, and P = 37, .5 RiRjuu;
with R;, j = 1,2, 3, the Riesz transform. Usmg the relatlon

u=—(—A)"YVP+ (u-V)u)

and a bootstrapping argument, we can see u € C™(R?) if u € H:(R?) N L®(R?) (see also
1,3, 4, 5,9, 10]). Thus, throughout this paper, we may regard u € H:(R*) N L>®(R?) N
C>(R3).

n [4], Galdi showed that if v € LY2(R?) N L>°(R?), then v = 0. To prove this Liouville
theorem, he used the test function ¥ rv, where ¢p € C°, g = 0 for |z| > 2R, Yg(z) =1
for |z| < R and satisfying |Vir| < M/R for some positive constant M independent of
x € R3. In this paper we show another type of Liouville theorem, in particular, we treat
functions which have slower decay at space infinity than these functions which are in
LO2(R%) N L>=(R3). We note that there is no mutual implication between our result here
and Galdi’s result. Also our theorem is completely different from the recent results by
Koch, Nadirashvili, Seregin and Sverak([6]).

To prove our theorem we use the De Giorgi method, which is adapted to the Navier-
Stokes equations by Vasseur([11])(see also [2]). To show our Liouville theorem, we intro-

duce function classes defined by “decay-control functions”. We also consider the following
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model equation for the time-independent vector field u = (u1, u, uz) on R?,
1

(1) (u-V)u= —u divu + Au

and the vector Burgers equation

(2) (u-V)u = Au.

Equation (1) is of interest for various reasons (see [8]). It has the same scaling properties
and the same energy estimate as (SNS). Moreover (1) has a non-trivial solution u satisfying

(3) Ci(1+|z])3 < |u(z)| < Co(1+|z|)"F  for sufficiently large z € R?

and u € L™, where 0 < C; < (5. It means that the non-trivial solution w is in L3¢ for
any € > 0. Thus, to consider Lioiville type theorem of (1) in L>*(R?) N L%(R?) is more
attractive topic.

Now we define decay-control functions which has a key role in this paper.

Definition 1.1. (Decay-control functions.) We say that a monotone decreasing function
¢ :(0,00) — [0,00) is a “decay-control function” for A < L if the function ¢ satisfies the
following property with some 5 > 0,

Bp(A) < p(4X) for 0<A<L.
Note that this condition is related to “doubling condition” (see [7] for example).

Remark 1.2. A7 (0 < p < 00) for A < 0o, —log(\/2) for A < 1/4, and 2— X for A < 1/4,
are decay-control functions.

Definition 1.3. (Key function classes.) Let us define the function classes X and Y as
follows:

(4)
Y =Y, 0,00 = {u€ LR NL¥R?) : Crp(N) < [{z € R?: |u(z)] > A} < Cap(N)
with A < |Jul|oo/M}

for0<Cy <Cyand M > 1, and

(5) |
X = Xacycanr = {u € LR NH'(RY) : |[Vulls < Dul2), D = D(M, Co/(C1).

Note that the constant D is explicitly expressed (see (7) and (8)).

The definition of Y gives some control on the decay rate of u for sufficiently large x.
However this says nothing about Vu for the large part {z € R? : ||ulloo/M < |u] < |Jul|oo}-
That is why we need X to control large (some kind of highly oscillating) part. It means
that we cannot rule out highly oscillating function from our Liouville theorem.

Remark 1.4. We can easily find which functions belong to X. For all u € H}(R?) N
L%, then ugp = au(b:) € X if a << 1 or b >> 1. Actually, |Vuay|l2/||tasl|s® =

[\ Y
A direct calculation yields the following lemma (see [11] for example).

Lemma 1.5. For any given constants B, B > 1, then there exists some constant C§ such
that for any sequence {a}x>o satisfying 0 < ag < Cf and ax, < C’Bkaf_l, forany k > 1,
we have limy,_, ar, = 0.
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Proof. Just take Cj < C 2521 58 BT 2R Then we easily have a,, < CFB 7. 1
Now we state the main result.

Theorem 1.6. Assume that u € HY(R?) N L=(R?) be a weak solution to (SNS), or
u € HY(R3) N L>®(R?) be a weak solution to either (1) or (2). Ifu € X NY, then u =0
in R3.

2. PROOF OF THE MAIN THEOREM

Let b= ”ﬂw. For each £ > 0 we denote
b
v = (u| - ?)X{\u|>2%}’
2 b/2k Uk

dj, = WX{|u\>b/2k}|V|u||2 + —|Vul?,

Uk ::/ didx.
R3

Since |V]ul| < [Vul, |2] <1 and |22y, 5504] < 1, we have

Jul

Us < 2||Vul3.

For u € Y, we have the following property:
C _
(6) /RS Xm0y = [{Jul > b/2"}] < Cop(b/2%) < f@(b/Qk %)

= nCrp(b/2°72) < nl{lul > b/2"72} < 77/3 Xfu_i>bjory for k>1,
R

where n = (C2/(C18)). Note that the above inequality is different from Vasseur’s obser-
vation, since we concern Liouville type theorem not regularity criterion. In our case, vy
grows as k increases. This explains why the definition of Y is needed.

The following lemma is minor modification of the lemma described in [2]. However, for
the convenience of the readers, we give detailed computations.

Lemma 2.1. We have the following inequality:

{|Vvk] S dk,

V()| < 3.

Proof. First, we show that the inequalities
Uk,
|ul

X{usb2y VIl < d and  —|Vu| < di
hold. To justify the second inequality, we derive the definition of di. A direct calculation
yields
Uk Vg
&2 > | Vu? > {5Vl
P e S



Hence by taking square root, it follows at once that ‘%’C‘|Vu| < di. To justify the first
inequality, we recall that |Vu| > |V]u||. Hence, it follows from the definition of d; that
b/2k 1

d > WX{|u|Zb/2k}|v|u||2 + m{|u| — b/2" X (usby2y | VI ? = Xqusoyey | V [l

Since it is obvious to see that Vur = X{ju>p/28 V|u|, we also have the result |[Voi| < dy.
Next, we want to justify the inequality that [V(;ku)| < 3dy. So, we notice that, by
applying the product rule, we have

v u v v

u) = V(vp)— + —Vu — —=uV|ul.

Jul jul - fu Juf?

V(

However, since %\|V“| < dy, and ||:%uV|u|| < X{jujzb/2ty| V]ul| < di, we have the desired
estimate. i1

Now we return to prove the main theorem. By (6), we see that

/Ra X{vp>0p dr < U/RB X{vk71>2%}dx

25\ 25\
< (%) W <ac () 190l

2k ’ 6 2k ’ 3
00 (%) Il <ue () vt

IN

Thus we have

6
2kN\ ¢ 3
Iwnler < 00 (3 ) 0L,

Now let us construct a level set energy equality of (SNS). (The case of (1) and (2) are
similar. Thus we omit these cases.)
Multiplying u to (SNS), we obtain

o fuf? : 2 Alul _
div(u 5 ) + div(uP) + |Vul* — A 5 = 0.
Also, multiplying u(g — 1) to (SNS), we have
div(wE ) (% e P — (% - 1)Au=0
iv(u u(— — —u(— — 1)Au =
2 Jul Jul
Since
2 2
Vg v — |ul
u(m—l)Au— —A-E 5 +di — |Vul?,
we find that
2 — AC?) + div(Bu) + %o VP =0
— A(=zv v(Zu) + —u =
F 2 * 2 |ul

(See [11, Lemma 5].) The equality is valid for € R?, since we are always treating

smooth functions. Taking integral over R? the second and the third terms of left hand
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side vanish. Then we have the following estimate.

/ Pdiv ( ) dr
R? “Jul
1
= 3/ Xul> gy [Pl drde < 5/ d derO/ X(wo>0p | PI* do.
R3 - o

We note that since v € L™(R?) N HL(R?), and H}(R?) — L5(R3) we have u € LP(R?) for
all p € (6,00). Hence,

U, <

-VPdx| =
IU\

Uk
% = 0 [ xueolPPds < CIPE Ixesol,
2k (pp4) \ 3(p_a)
<we(3) " misu
21@ (p4) 24 4(p—6) 3(p—4)
< (%) il o
< o M) 3(p"4)
> 7N -1

for £ > 1. We can also obtain the same estimate for the cases of (1) and (2). Note that

2 2
/ Yk giv| — / Vog-w)| _ / or(Vog - 1)
RS 2 RB 2 RS

and

d
/uwu ( )‘ ‘ |u|vkdivu
R3
<

\2/<V|u| wol + |5 [ (Vo ulu

and we can estimate these terms as a pressure term in (SNS).
Since % > 1 for p > 6, we obtain Uy — 0 as k — oo by Lemma 1.5, if ||[Vu/||2 and
||u|| s satisfy the following inequality:

S/ X{uzopul*dy dz
R3

_|_

< / X203 [u|*di dz,
R3

24 _Hl(p)
() HVuIISS<n0(2M)”3(p)HVquHuHoﬁ) W) for 6, M1,

where

K1(p) = Zlio 1(3(p_

4))*]’6 > 0’
6(p 4)

ra(p) = oy k()T > 0,
r3(p) = % > 0.

Remark 2.2. The following inequality is the simplification of (7):
(8) IVulla < Corpnllul|©® for p>6,

where a(p) := 1/( ) —i—%). Since k1 (p) is a monotone decreasing function and k1 (12) = 1,

we have that a(p) < 1 for p > 6. We easily see that «(12) = 1/2. Thus we take p = 12

in our main theorem. However we can easily generalize the index p.
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