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ABSTRACT. We investigate large time existence of solutions of the Navier-Stokes-Boussinesq
equations with spatially almost periodic large data when the density stratification is suffi-
ciently large. In 1996, Kimura and Herring [16] examined numerical simulations to show a
stabilizing effect due to the stratification. They observed scattered two-dimensional pancake-
shaped vortex patches lying almost in the horizontal plane. Our result is a mathematical
justification of the presence of such two-dimensional pancakes. To show the existence of
solutions for large times, we use ¢!-norm of amplitudes. Existence for large times is then
proven using techniques of fast singular oscillating limits and bootstrapping argument from
a global-in-time unique solution of the system of limit equations.

1. INTRODUCTION

Large-scale fluids such as atmosphere and ocean are parts of geophysical fluids, and the
Coriolis force due to the earth rotation plays a significant role in the large scale flows con-
sidered in meteorology and geophysics.

Mathematically, it was first investigated by Poincaré [19]. Later on, the problem of strong
Coriolis force was extensively studied. Babin, Mahalov and Nicolaenko (BMN) [1, 2] stud-
ied the incompressible rotating Navier-Stokes and Euler equations in the periodic case while
Chemin, Desjardins, Gallagher and Grenier [8] analyzed the case of decaying data and more
recently, the second author [20] considered the almost periodic case. Gallagher in [10] studied
a more abstract parabolic system. We also refer to Paicu [18] for anisotropic viscous fluids,
Benameur, Ibrahim and Majdoub [5] for rotating Magneto-Hydro-Dynamic system and to
Gallagher and Saint-Raymond [11] for inhomogeheous rotating fluid equations.

Moreover on the one hand, the case when fluids are governed by both a strong Coriolis force
and vertical stratification effects was investigated by BMN in [3] in the periodic setting and
Charve in [6] for decaying data. However, their studies do not cover the case when fluid
equations are governed by the only effect of stratification. It is known that a strong Coriolis
force has a stabilizing effect (see [1]). However, in BMN [4, Section 9.2] the authors observed
that for ideal fluids (i.e., with zero viscosity), the only effect of stratification leads to un-
balanced dynamics. Moreover, the case of both strong Coriolis and stratification forces in
the almost periodic setting seems to remain open. Finally, note that for the almost periodic
case, energy type estimates cannot be used, and instead Fujita-Kato’s approach has to be
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2 SLIM IBRAHIM AND TSUYOSHI YONEDA

used. On the other hand, Kimura and Herring [16] examined numerical simulations to show
a stabilizing effect due to the effect of stratification for viscous fluid. They observed scattered
two-dimensional pancake-shaped vortex patches lying almost in the horizontal plane. Our
result can be seen as a mathematical justification of the presence of such two-dimensional pan-
cakes. More precisely, we study long-time solvability for Navier-Stokes-Boussinesq equation
with stratification effects. The Navier-Stokes-Boussinesq equations with stratification effects
are governed by the following equations.

ou—vAu+ (u-V)u+Vp=gpes z€R3 t>0
Op — kAp+ (u-V)p=—N?us3 reR3, t>0
V-u=0 zeR? t>0

U|t=0 =g , P|t:0 = Po

(1.1)

where the unknown functions v = wu(z,t) = (u1,uz,us), p = p(x,t) and p = p(x,t) are the
fluid velocity, the thermal disturbances and the pressure, respectively. The parameters v > 0,
Kk > 0 and g > 0 are the viscosity, the thermal diffusivity and the gravity force, respectively.
The parameter N' > 0 is Brunt-Viisild frequency (stratification-parameter). Recall that
A= (02 + 02 + 02)I3, V := (01,02,03) and e3 := (0,0, 1).

Our method follows the ideas based on BMN. For the limit equations, we show that it
is equivalent to the 2D-Navier-Stokes equations!, which is known to have, in the almost
periodic setting, a unique global solution, see for example [15]. Then, we show that the
global existence for the remainder equations in the limit equations. Since we handle not only
periodic functions, we have to introduce a new analytic functional setting, which is more
suitable for the almost periodic situation as the second author did for the rotating fluid case
in [20]. More precisely, a straightforward application of an energy inequality is impossible if
the initial data is almost periodic. To overcome this difficulty, we use ¢!-norm of amplitudes
with sum closed frequency set. We recall the analytic functional setting (see [20]) as follows:

Definition 1.1. (Countable sum closed frequency set.) A countable set A in R3 is called a
sum closed frequency set if it satisfies the following properties:

A={a+b:a,be A} and —A=A.

Remark 1.2. If {ej}?-:l is the standard orthogonal basis in R3, then the sets Z3, {me; +

V2maea+mges : my, -+ ,mg € Z} and {mie1+ma(e1+e2v/2)+ms(ez+e3v/3) 1 my, ma, mg €
7} are examples of such countable sum closed frequency sets. Clearly, the case Z? corresponds
to the periodic. Each of the other two cases are dense in R3 and therefore they correspond
to “purely” almost periodic setting.

Definition 1.3. (An £'-type function space) Let BUC be the space of all bounded uniformly
continuous functions defined in R® equipped with the L>-norm. For a countable sum closed
frequency set A C R3, let

XAR?) = {u= Z Upe™® € BUC(R®) :u_p, = u} for neA, ||ul = Z |un| < 0o},
neA neA
where w) s the complex conjugate coefficient of uy,.

The second condition in Definition 1.1 is needed to include real-valued almost periodic
functions in XA.

Remark 1.4. Note that functions in ¢! do not necessarily decay as & — oo. Also, this
almost periodic setting is in general, different from the periodic case since the frequency set
may have accumulation points. The almost periodic setting is somehow between the periodic
and the full non-decaying cases.

Lin the sense that there is a one to one correspondence between solutions of the two equations
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Now, we define anisotropic dilation of the frequency set as follows.
Definition 1.5. For v = (v1,72) € (0,00)2, let
(1.2) A(7) = {(m1n1,72n2,n3) € R? : (n1,m2,n3) € A},

Now, we specify the following Quasi-Geostrophic equation (a part of limiting system), and
assume (for the moment) that it has a scalar global solution 6 = 6(t) = 0(t, z1, z2, z3),

N0 — Ag0 + (—A) V2 [(w - V) ((—A4)Y20))] =0,
(1.3) W = (—0y (—AR) Y20, 05, (—Ay)~1/20)
0(t)|t=o0 = bo,

where Aj, := 92 + 92, and Ag := 92 +02, +92,. We will show that the initial value problem
for the QG equation admits a global-in-time unique solution in C([0,00) : X*) with the
initial data 6y = —812(—Ah)_1/2u0,1 + 8;,31(—Ah)—1/2u072.

More precisely, we give an explicit one-to-one correspondence between the QG and a 2D
type Navier-Stokes equations (for the existence of the unique global solution to 2D-Navier-
Stokes equation with almost periodic initial data, see [15]). Now we state our main result.

Theorem 1.6. Let A be a sum closed frequency set. There exists a set of frequencies dilation
factors T(A) C (0,00)? such that*:

for any v € T, for any zero-mean value and divergence free initial vector field ug € X2,
wnatial thermal disturbance py € XAy >0,k >0 and T > 0, there exists Ny > g
depending only on v, Kk, ug, po such that if [N| > Ny, then there exists a mild solution to
the equation (1.1), u(t) € C([0,T] : X M) with zero-mean value and divergence free, and
p(t) € C([0,T] : XAy

Remark 1.7. For the periodic case, we do not need to restrict the frequency set to I i.e.
we can take I'(A) = (0, 00)2. However, the computation in this case is more complicated and
needs a‘“restricted convolution” type result in the spirit of [2].

2. PRELIMINARIES

Before going any further, we first recall the following few facts about the space X*:

e (XA || - | is a Banach space, and any almost periodic function u € XA can be
decomposed u(x) = Xpeatine™*, where each “Fourier coefficient” 4, is uniquely
determined by

1 .
~ — 1 wrn d
“ = 55 1B /BU(x)e o

and B stands for a ball in R? (see for example [7]).

e XA s closed subspace of FM, the Fourier preimage of the space of all finite Radon
measures proposed by Giga, Inui, Mahalov and Matsui in 2005 (see [12, 13, 14]).

e Leray projection on almost periodic functions P = {Pj;}; =123 is defined as

Pji =01+ RjR, (1<j,k<3)
with d;; is Kronecker’s delta and R; is the Riesz transform defined by

0

a—xj(—A)—% for j=1,2,3.

R; =

2the complement set I'C is at most countable.
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The symbol o(R;) of R; is in;/|n|, where i = v/—1 (see [7]). Let P be the extended
Leray projection with Fourier-multiplier P, = {P,;}i j=1,2,3.4 given by

n, T .
Y dij (otherwise).

e Helmotz-Leray decomposition is defined on almost periodic functions in the same way
as in the periodic case. Namely, u is uniquely decomposed as

u=w+Vr,

where 7 = —(—A)~!div 4 and w = Pu.
Now we rewrite the system (1.1) in a more abstract way. Set N := N,/g and v =

(v1,v2,v3,v4) = (u1, ug, us, %p). Then v solves

0w —vAv+ NJv+ Vsp = —(v- V3)v
(2.1) vlt=0 = o
Vs-v =0,

with 7 = diag(v, v, v, k), the initial data vo = (uo,1, uo,2, U0 3, ﬁpo), V3 := (01,02, 03,0),

000 O
000 O
J_OOO—l’
001 O

and (’U . Vg) = (1)1(91 + v909 + 11363).

Observe that under the condition N > g we have N > /g and therefore ||vg 4 = || ﬁ poll <
lpol]. We will assume this condition throughout the paper.

Applying the extended Leray projection P to (2.1), we obtain

(22) {dv/dt-l—(—z?A—l—NS)U: —P(v-V3)v,

v|¢=0 = Pvy = vy,

with S := PJP. Recall that for |n|, # 0, the matrix Sy, := P,JP, has the following Craya-
Herring orthonormal eigen basis {q., ¢, %, ¢%, ¢%"} (see [3, 9]) associated to the eigenvalues

{iwn, —iwy, 0,0} with
n|p
on = Tl = 413

and

G = (@10: 20> B> G1.0) ::W(iwnnmg,iwnnzns, —in|Fwn, [nl7) = g, *
h
1
-1 ._ /-1 -1 -1 —1y._
4, = (ql,naqznaq:g’n,q[l’n) —\/§|n|2
h

(—iwpning, —iwpnang, i\nﬁwn, |n|%) = q,ll*

1
0 0 0 0 0 0
ay = (ql,m 42.n> 930> q4,n) ::m(_n% n17070) = qn*

) . . ) . 1
div .__ div _div _div _divy .__
4n = (QI,n7QQ7n)q3,n7q4,n) - (n1)n27n330))

]
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* is the conjugate of ¢}. The case when |n|, = 0 and n3 # 0, we define

g =(1/2,1/2,0,1/v2)
gt =(~1/2,-1/2,0,1/v/2)
@ :=(-1/v2,1/V/2,0,0)

¢% :=(0,0,1,0).

In fact, for |n|p = 0 and n3 # 0, we have S,, = P,,JP, = 0. However, the above choice of the

basis is uniquely determined by the conditions (7g; - ¢1*) = (X3%), (7g, ' - ¢, ™) = (¥££) and

(7¢°-q%*) = v for (2.6). Moreover, the divergence-free condition requires that (2, (t)-¢%*) = 0,
giving ¢%* := (0,0,1,0).
Using Craya-Herring basis, one obtains an explicit representation of the solution to the

linear version of (2.2). For n € A and 0, := (0,1, Un,2, Un,3, Un,4) such that 0, -7 = 0, we have

where g;" = (q,)

etNS”f)n _ 2 : al® etNango — E ago e’LUOUJnthgO,
o0€{-1,0,1} o0€{-1,0,1}
with 71 .= (7’L, 0) = (n17n27 7’L3,0),
A 00,01 00 .— (5 o0*
Un = E ano an and ano T (Un ) qTLO )
006{717071}

Similarly, write a solution v of (2.2) as
v(t,x) = ba(t)e™".
nen
From (2.2), we derive for n € A,
(2.3) Oyin(t) = —2|nfon(t) = Spbn(t) —iPy Y (0k(t) - M)0m(t) with (7i-6,(t)) = 0.
n=k+m

In the sequel, we do not distinguish between 77 and n unless a confusion occurs. For n € A
we have

etNS"@n (t) _ Z a%o (t)etNS" qgo _ Z ago (t)ei"ﬂ“’”th;‘LO,
ooe{-1,0,1} ooe{—1,0,1}
where aZ°(t) := (0,(t) - ¢2°*). From equation (2.3), we get for o9 = —1,0, 1,
Do) = —aZ(t)((nf25 + NS0 - g2)

n
— > e (g7t - m)(Pagl? - q5°%).
n=k+m, 01’026{_170’1}
Note that P, is self adjoint and P, q%°* = ¢7°*. Setting cJ0(t) := e~ "No0wnq90(t) leads to the
following equation

B (t) = = (t)|nf* (9g7° - ¢7°%)
— i > e Nt 7102 (g7t - m) (g2 - g3°).
n=k+m, o1,020€{—1,0,1}

where, w7, = (—oowp + 01wk + 02wy ). Now we split the nonlinear part into the “resonant”

(independent of V) and non “resonant” two parts defined by

B b = =i D (el m e g ey

— [
n=k+m, wnlwn_o

and

BZO (Nt, g%, ho?) := —i Z (g7t -m)(qn? - 47" ) gy ho? exp(iwy,, Nt),
n=k+m, w?, #0

* nkm
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respectively. In addition, observe that we have the following estimates:

— ¢1/2

— 2t o
le= 1" By (g1, h72) || < Ellg™ 1R

(2.4)

{He""”'QthO(Nt,g”l,h”)H < e llg™l1ho|

(for o9 = —1,0,1) obtained by estimating the first derivative of the heat kernel as follows

Cy
t1/2°

oo ok <
neA

The constant C), > 0 is independent of N.

Then we have the following equations:
(2.5)

0l (t) = —v|n|?0(t) + 2(01,02)6{71,0,1}2 (Bg(cm,cﬁz) + Bg(Nt, CUI’CO'Q))

8tcg0 (t) = — (#) |n|201010 (t) + 2(01,02)6{—1,0,1}2 (BgO (001’002) + BZO (Nt, 001,002)) ,

for 09 = £1. From the condition w?, = 0, we easily see that the terms BY(c!,c!),

BY(c7t e, BY(, e*), BY(c*t, %), BEY (T c0), BEY(, ¢l and B (<, %) disappear.
Now, we define the “limit equations” by

drep (t) = —vinf?e) (t) + Bp(c, ) + By(c' e ™h) + BR(e™t, ¢,
(2.6)

B2 (t) = — (455) [P0 (8) + X (51 om)e—1,0.132\p B (€74, ¢7), o9 = %1,

where D := {(0,0),(—1,0),(0,-1)} for o9 = 1 and D := {(0,0), (1,0),(0,1)} for o9 = —1.
Formally, we can get (2.6) from (2.5) when N — oco. We will justify this convergence in
Lemma 3.2. Now we show that there is more non trivial cancellation in the limit equations.
More precisely,

Lemma 2.1. We have
Bo(c', e + BY(c7h et = 0.
Proof. To prove the lemma, it suffices to show
2.7) (g -m) (g -an) + (@' k) (g -¢") =0 forany n=Fk+m with wy=cwn.
First we show that wi = wy, if and only if
k,m € {n€Z3: |n|z = n3} for some X > 0.

(«=): This direction is clear. Thus we omit it.
(=): Rewrite the identity wy = w, as F(X) = F(Y), where X := |k|? /k3, Y = |m|3/m3
and F'(X) := X/(X +1). Since the function F' is monotone increasing, we see X =Y. This
means that
f — 1Kl _
3 =1+—— and m3z==+

VA

We only consider the case k3 = % and ms =

Im|p
s

m . . .
[l since the other cases are similar. A

VA

direct calculation shows that

_ 1 kp -m ms|k| >
1 1. 0 h M 3
-m)(q,, - qy, — —mak1 + miks),
(@ - m) (- d) N mIE ( 3 Tz ) (Tmekt k)
B 1 kp, -m ks|m| )
1 1. 0 h M 3
ok q,) = — —komy + kima).
(a )4 - an) \/§>\|m|k||n|h< 3 Y (—koma + kima)
By ks = ML and mg = "2 we have (2.7). O

VA VA
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Now we show that the function ¢ in the limit equations satisfies a quasi geostrophic (QG)
equation type and that this QG equation is equivalent to the 2D type Navier-Stokes equation.
By the following lemma, we can see that the function ¢ satisfies the QG equation (1.3).

Lemma 2.2. Let|n|, = \/n? +n3. The resonant part BY(c",®) can be expressed as follows:

B, =— 3 i(k x m”m'hcgc%
2 T Tkfulnln
Proof. Since ¢° := ﬁ( na,n1,0,0) and ¢ = %(|k¢|hqk + |m|ngl,) for n =k + m, we have
Bo(&, ) = = Y deplal-im)(ap, - apn’)
n=k+m
? * *
= - > ]k\h\n\h(k2m1 — kima) (ap, - ([klagd™ + Imlagpy)) e,
n=k+m
1|m
= Z —|k; ’nh’ (k2m1 —klmg)cgcgn
n=k+m hi™1h
- > m“ﬁml — kima) (g, - @)l
n=k+m
Since k x m = —(m x k), we see that
2. "l ——(kami — kima)(ap, - 4 ) e, = 0,
n=k+m h
which leads to the desired formula. (]

Now we show that there is a one-to-one correspondence between the QG and a 2D type
Navier-Stokes equations.

Lemma 2.3. Let A, = 02, + 02, and

w = (w1 (a1, x2,x3,1), w2(x1, T2, X3,1)) := (Z wl,n(t)ein'm, Z wgm(t)em'x)

nen neA
and define 6 = 0(t, x1, x2,x3) = (—Ap)~Y2rotyw, with roty is the 2 dimensional curl given

by
T’Otg’w == 82?1}1 - 81’[02.

Then, w solves the following 2D type Navier-Stokes equation

(2.8) {@w — Aw+ (w - V)w + Vap =0,

Vo -w =0, wl=o = wo
if and only if 0 solves (1.3).

Proof. Recall that —A, = —(92, + 02,). First observe that for § = (=Ap)~Yrotow =
Y oneA 0,(t)e™* we have by Vy - w = 0,

ng A A .
e, e ) = (9o(—Ap)0, —01(—AR)H).
Z ‘n‘h Z| |h ) ( 2( h) ) 1( h) )
neA

Then, apply rote to (2.8), we get

(2.9) Orotow — Arotow + (w - Va)rotew = 0,
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here, we used the fact that
(2.10) (w - Va)rotaw = rote[(w - Va)w].

Finally, apply (—Aj)~1/2 to both sides of (2.9), we see that § = (—Aj)~?rotw satisfies
the desired QG equation (1.3). Conversely, applying L := (—(—Ap) '0u,, (—Ap)"10s,)
(which commutes with A) to (2.9), and by (2.10) we can see that Lroty is nothing but the
two dimensional Leray projection. Therefore, this implies (2.8) as desired. U

Remark 2.4. We refer to [15] for the existence of the unique global solution to 2D type
Navier-Stokes equation (2.8) with almost periodic initial data.

In what follows and in order to show the main theorem, we need the following lemma
(which is needed only for the almost periodic case) on the dilation of the frequency set
(1.2). This kind of restrictions is technical. However we do not know whether or not such
constraints are removable. This means that the general almost periodic setting seems to
remain open.

Lemma 2.5. For n,k,m € A and v = (m1,72) € (0,00)2, define i = (y1n1,v2n2,n3),
k= (’ylkl,’ygkg,kg) and m = (71m1,72m2,m3). Let
Pogn(v) =[PP R [T wips
oe{-1,1}3

Given a frequency set A, there is ' := T'(A) C (0,00)? s.t. for any v € T, Pupm(y) # 0 for
any n, k, m € A such that (np, ky, mp) # (0,0,0).

Remark 2.6. If ny,, kj,, my = 0, then B (¢!, ¢t) = 0.

Proof. Define I' by
[:={y€(0,00)%: Pum(y) #0 for all n,k,me A with |n|p, |k, |m|s #0}.

Nothe that if v € I', then w 75 0. We show that I" cannot be empty. By a direct
calculation, we have

Pum(y) = |3 k[*|m[®
(i + wi + wa) (—wi + wj, + win) (Wi — wj, + win) (Wi + wj, — wm))Z
8178~ 2 2
= ]n\8|k\8|m\8 ( — (wy + wm)Q) ((w% — (wy, — wm)2)
- 2
= (AR (@2 - wf - wh)? - dwd)

- 2
= a3 k®m <w,~1 + wfg + wh — 2w%w,2ﬁ — 2w w2 — 2w%w%>

= [afplk[*ml* + | kG + (7] E ]
2= 1210121512 15 A ols 12151215145 2] 5 S TI21 512 15 125
—2!n!2|nlﬁlk!2|k!i!ml — 2@l [k ml*mli — 207 k2 [kl w7
= k1m171 Qk’%m%’Yg
3n1k:1m27172 3n1k2m17172 3n2k1m1717§
—3n2k2m2A 2 — 3n2k2m2~2aA — 3n2k2m2a2ad o .
NoKaM17172 NoR1M27Y172 N1RM2Y1 72
Since |n|p, |k|n, |m|n # 0, then the highest order terms never dlsappear. This means that
{7+ Un ey Prkm () = 0} = 0.

Thus the complement set of I' is countable (which means that I' is a non-empty set). (]

Now we show that the limit equations have a global solution. In the almost periodic case,
the non-resonant part B! (¢!, ¢*!) disappears just by restricting the frequencies set to A(7).
However, the periodic case is more subtle as we need a lemma on restricted convolution (see

[2])-
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Lemma 2.7. Let A be a sum closed frequency set. If A = Z3, take v € (0,00)%, otherwise
we restrict it to v € T'(A). Then for o9 = %1 there exists a global-in-time unique solution
90(t) to equations (2.6) such that c°(t) € C([0,00) : £1(A(%))) with (c2°(t) - n) = 0 for all
n € A(y) and cg°(t) = 0.

Proof. Recall that 7 = (y1n1, y2n2,n3), k= (v1k1, y2ke, k3) and m = (yymq, yame, mg). First
we consider the almost periodic case. By restricting v € I', we can eliminate the worst non-
linear term using Lemma 2.5. More precisely, for all n € A and o = (01, 09,03) € {—1,1}3,
the term
By (e ) = Y (qft i) (af a5 )ef e disappears.
n k+m

w?. =0
akm

Then we have two coupled linear equations for {c,'}, and {c.},. In this case, the global
existence will immediately follow from estimates (2.4).

However, the periodic case requires more details. For @ > 0 and p > 1, define the weighted
¢, norm as

1/p
elleg == (Z\n\pa\cn!”> :

neA

The main step is to show an d-priori bound on ¢*! in £1. Since the 3D type Navier-Stokes
equation (2.6) is subcritical in the space ¢5 with s > 1/2, then a bootstrap argument (using
the dissipation, see [17, Proposition 15.1] for example) enables us to conclude that

(1) € L35, (10,00)  £3) N LS ((0,00) : ) for 1<s<2,

whenever the initial data ct'(0) € 1. More precisely, by (2.6) we write the following mild
formulation:

(211) (1) = T I (1) /
to

(0'1,0'2 E{ 1,0 1}2\D

I Bao (71 ¢72)dr

for 0 < tg < t. We have a good estimate for the heat kernel with fractional Laplacian,

C, C
n se—|n\2t _ t—s/? t1/2n se—\t1/2n|2 < t—s/2 € < $—5/2—¢/2 €
‘ | ’ ‘ — 1+’t1/2n‘1/6 - 1+’n’1/5

for 0 <t <1 and e > 0. Then by Holder’s and Young’s inequality for the discrete case, we
have the following estimate from (2.11):

t
ROl < o[l @y + [ €7t 5
to

> (IOl Ol + 1 Ollgler )l

(01702)6{717071}2

If 1 < s <2, then [|c7(t)||¢ is finite since the right hand side of (2.12) is finite. This means
that ¢7 € L7 ((0,00) : £3) for 1 < s < 2. Then, thanks to Bernstein’s lemma (which can be
applied only for the periodic case), ), |ca| < |lc[leg for a > 3/2, we get an d@-priori bound
of the ¢!-norm. Now we show an a-priori bound of ¢! in ¢, Multiply equation (2.6) by
In|2(c2°)* and summing, we obtain

a(lnleo®)? + (L2 (jnf2e (1))?
er{zll}ngZ:g’[ ( 2 > :|
= > > > B20(c7", ¢72)|n| 20 ().

nezd ooe{—1,1} (01,02)€{~1.0,1}2\D
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Notice that

()" = [(on-gg)e N0 = (3 - ggo)eitVone
= (i (qp) e N C I = o,

Moreover, from one hand, a direct calculation using Hoélder’s then young’s inequalities
shows that

+ + + +
< cncﬂn@g (||c g ley + lle 1||e;||00\|eg) < ¥ E+C (nc P+ e el )

for sufficiently small € > 0. On the other hand, we show that

(2.14) S BE(EL ) nf2cFY

+ +
<Y D ImlletIklle nlleT -

n —n=k+m

Using identities a x (a x 3) = —|a|?8 and (a - (8 x 7)) = ((a x B) - ), we see that
DB AN, = 30 Y (me g (g - (nx in x g) el

n n —n=k+m

= Z Z im - qitt) (gt x in) - (in x ¢ih)) ¢ et et

n —n=k+m

— —Z Z m - qk qml X ik)(in x Qn ) ?1 i1c¢1

n —n=k+m

—Z Z im - ) (g5 x im)(in x ¢ et eE et

n —n=k+m
By the skew-symmetry, namely,

Z Z im - ) (g5 x im)(in x ¢FHef ettt =

n —n=k+m

—Z Z in - g (ght x im)(in x g ettt =

n —n=k+m

—Z Z in - gt (gEr x im)(in x ¢ t)ei b,

m —m=k+n

the second term disappears which obviously leads to (2.14). Now to have the a priori bound
of ¢*! in £}, we apply a smoothing via time averaging effect due to [2].

Proposition 2.8. Restricted convolution|2, Theorem 3.1 and Lemma 3.1] Assume that the
following holds for |n|p # 0

(2.15) sup Z x(n, k,m)|k| =t < C2°
" kik+m+n=0keS;

for every i =1,2,---, where

| , L if Pum(1) =0
N, = {/{ L2l < |k| < 22+1}’ X(n,k,m) = {0 Z; P: Eli # 0.
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Then we have

(2.16)

IN

+ +
Clie g lle 17

SO B, e
n

IN

Ol iy + elle* 1

+

Now, combining (2.13) and (2.16), we obtain the following estimate on ¢! in £}, namely,

t
(2.17) IO < I O + € [ (11l + 16 @ 1) 1) ds

Moreover we have the following energy inequality:

V+K t
oty + (255 [ ey

10l + 1Ol + [ ((555) 1@l + 1)1 ) o

=1 0) 1% + 1)

IN

(2.18)

IN

In fact, multiply the first equation of (2.6) by c¢**(¢) and the second one by ct'*(t), we
have (2.18). Since all convection terms disappear due to the skew-symmetry, for example,

Y (B et = iy > (k- ) (G~ G )ehOmCr "
n N —n=k+m, —wh+wi+wh =0
= i) 2 (ak - m) (a7 - g ke ey
n —n=k+m, —wh+wi+wh =0

= iy, > (gt - n) (@' - an )epem ey’

m m=k+n, w,fler}wa;Ll:O

— _Z (B;Ll(cljcfl) . cfl*) )

To apply Gronwall’s inequality, we need the following definition. Let C' be the positive
constant appearing in (2.17). Then define h as

T+h' 1
h = inf{h' € [0,00) : / Hcﬂ(s)Héds < 30 for any 7 > 0}.

T

Note that h is independent of N and can be chosen positive thaks to (2.18). From (2.17)
and an absorbing argument, we see that

t
sup |4 (s) [, < 2¢O +20 [ sup [ OGS tor b <
0<s<t 2 2 0 0<s’<s! 2 1
Then by Gronwall’s inequality,
t

sup ||ci1(s)H?1 < 2Hci1(0)||31 exp <20/ |CO(S)||§1dS) for t < h.

0<s<t 2 2 0 !
Iterating the same argument, one more time, we obtain

t
sup ||ci1(s)||§1 < 2||ci1(h)||§1 exp <2C/ HCO(S)HgldS) for h<t<2h.
0<s<t 2 2 h !

Note that fot HCO(S)HE ds is always finite for any fixed ¢ > 0, since there is a global solution

to the 2D Navier-Stokes equations in /-type function spaces. Fixing 7' > 0 and repeating
this argument finitely many times, we have an & priori bound of ¢! in £ over t € [0,T].
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Finally, to use Proposition 2.8 on the restricted convolution, we need to verify that (2.15)
holds. Observe that

Pogen-i(1) = [nfalE|*n+ K"+ [n|*[klaIn + EI* + [n[*[k]*|n + K[}
—2[n*|nli kP |k[5|n + k[* = 2in?nf; k|0 + k%[0 + K[}
—2[n|* |k |k[7|n + k[*|n + K7
= |n[ikS + Lot

where [.0.t. stands for lower order terms. Thus, it follows that P, ; —,—x(1) is a polynomial
of degree eight in k3 with a nonzero leading coefficient whenever |n;| + |n2| # 0. Then for
fixed k1, ko and n, there are at most eight ks satisfying x(n,k, —n — k) = 1. Thus,

Z k| tx(n, k,—n — k) < Z \k|glx(n,k, —n—k)

21 < |k|<2i+1 0<|k|,<2*1 k3eR
7 i
< 8 > k[t <8) 220t < 02
7=123<|k[, <20+ j=1

3. PROOF OF THE MAIN THEOREM

Before proving the main theorem, we first mention the local existence result. Using esti-
mate (2.4), we obtain a local-in-time unique solution to (2.5) in C([0, 7] : £}(A)) as stated in
the following lemma.

Lemma 3.1. Assume that ¢(0) := {¢5°(0)}nen,ooe{-1,01} € £'(A) and ¢{°(0) = 0 for g €
{—1,0,1}. Then there is a local-in-time unique solution c(t) € C([0,Ty] : £*(A)) and ¢°(t) =
0 for og € {—1,0,1} satisfying

C
3.1 T 2 ——5, sup ||c(t)] < 10]|c(0)||,
(3.1) S FOIE 0<t<TLH ()]l [le(0)]]

where C' is a positive constant independent of N.

Proof. First we recall the mild formulation of (2.5):

Sy = e o)

+ Z / —v(t—s)|n|? BO( o1 0'2) —i—Bg(Nt, 0017602)) ds

(01,02)€{—1,0,1}2

— L5 |]?

o) = e tUO(O)

n Z / — Y (t—s)|n|? <Bgo( o1 o )—I—BGO(Nt &, )) ds.
(01,02)€{—1,0,1}2
By (2.4), we have the estimates
lep ()] < [|,0) + Cut'/? > < sup {7 (s)[| sup ||C”2(8)H)
(01,02)E{—1,0,1}2 0<s<t 0<s<t
and

@l < o)
ot X (s [l s [

(01,02)€{—1,0,1}2 0<s<t 0<s<t
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These d-priori estimates of sup, ||c°(¢)|| and sup, ||c°°(¢)| give us through a standard fixed
point argument the existence of a local-in-time unique solution (for the detailed computation,
see [12] for example). O

Let b7°(t) be the solution to the limit equations (2.6) and ¢?°(¢) be the solution to the
original equation (2.5). The point is to control, in the £!-norm, the remainder term 73°(t) :=
c20(t) — b20(t) (09 = —1,0,1) by the large parameter N. More precisely, 70 and r°° satisfy

om(t) = —vinfri®+ > (BRT )+ BT 1) + BY(NE o))
(01,02)€{—1,0,1}2
and
o) = (U5 InPrne)
Y (BT R + BN )

(01,02)€{—1,0,1}2

respectively. Once we control the remainder term in the ¢!'-norm, we easily have the main
result by a usual bootstrapping argument (see [20] for example). Now we show the following
lemma concerning the smallness of the reminder term. Let b(t) := {b7° ()} e, 00e{-1,0,1} and

r(t) == {r3° () bnencoef-1.0,1}-

Lemma 3.2. For all € > 0, there is Ng > 0 such that ||rp(t)|| < e for 0 < t < Tr, and
|N| > Ny, where Ty, is the local existence time (see Lemma 3.1).

Proof. To simplify the remainder equation, we introduce the following notation. Let

R (ryeb) = S (BRETLe) + BRET 7)),
(01,02)€{—1,0,1}2
RI(Nt,c): = Z Boo(Nt, 1, ¢%2).

(01702)6{_170)1}2

We rewrite the remainder equations as follows:

(3.2) O (t) = —v|n|*rS(t) + RO(r, ¢, b) + RY(Nt, c)
’ Oroo(t) = — (#) \n|27‘go(t) + RZO(T, ¢, b) + RZO(NIS,C) for o9 =-1,1.

To control 7, the key is to control R?(Nt,¢) and R7°(Nt,c) in (3.2). To do so, we need to
analyze the following oscillatory integral of the non-resonant part as follows:

R0 o o 1 i o . o o0* o
BIONtg™ )= Y, re— MR (gl - im) (g7 - 47N g Ry
n=k+mw?, #0 nkm
and
(3.3) RO (Nt,¢) := > B70(c71, ¢72).

(01,02)€{-1,0,1}2
Note that we have the following relation between B and B (R and R):
O (B (Nt.g™ 1)) = BE(Nt, g™ A7) + B (Nt g™ ,h)
+B50 (Nt, g7, 0;h?)
and

) (7@;’10(]\715,0)) —  RIO(Nt,¢) + RO(Nt, dhe).
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To control r, we split (3.2) into two parts: finitely many terms and small (in ¢!(A))
remainder terms, respectively (cf. [1, Theorem 6.3]). Forn =1,2,---, we choose {s; };";1 CN
(s1 < 82 < ---)in order to satisfy ||(I —Py)r|| =0 (n — oc), where

Pyr = {rnl,rm,--- i Tng,

nlv'”7nSnEA:nk#nf(k7é€))|nj|§n for all j:]‘7.”7877}'

The choice of ny -+ ng, is not uniquely determined, however this does not matter. Then
we can divide r into two parts: finitely many terms r,,,--- , 7y ) and small remainder terms

{(I = Py)rntnen.
Remark 3.3. We have the following estimates:

30 Bn
P82 Py Pyl < 2 (1 4 2) V2 Py
1P, B (P B < (L4 02) 2Pyl + 1)
and
I[Pyl < (L4 7) [Pyl

for 0 <t < Tr, (Tr is a local existence time, see (3.1)), where
B(n) = max{\wgkmrl ck=ki,- ks, n=mn1,---,ng, m=n—kj}.

Note that 8(n) is always finite, since it only have finite combinations for the choice of n, k
and m. We can also have the same type estimate for ||0;P,c|| using (2.6).

We use a change of variables to control R® and R°. Let us set y as

yg(t) = rg(t) - 7%%(]\775,77,,0) and  yo0(t) :=r20(t) — 7@%0 (Nt, Pyc).
From (3.2), we see that

o (W +RS) = —vinlPl +RY) + R0 + R e, b)
+R2(Nt, Pye) + RA(Nt, (I — Py)e),
oo +RY) = - ( > ) [n* (470 + R5?) + R (47 + R, c.b)

+R3(Nt, Pye) + RIO(Nt, (I —Py)e).
Now we control P,y° and P,y?° for fixed n. By (3.3),

(34) atpnyg(t) = _V‘n|27)77y2 + P’]R?L(Pﬁyu C, b) + Egu
o) = = (U5 ) PP + Py (Prg.cib) + B
where
EY: = —P RNt P,dic) + PR (P RE(N, Pye), ¢, b)
*V‘”‘Qpnffég(Nta 73,70) + PnRQ(Nt, (I - 737,)0)
and

ES: = —P,R3(Nt,P,dic) + PyRI (PRI (N, Pyc), ¢, b)

_ <V 2 KJ) [n[PyR3 (N, Poc) + Pyl (Nt, (I = Py)e).
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Note that (3.4) are linear heat type equations with external force EY and E?°. Thus the
point is to control E° and E°°. By Remark 3.3, we can see that for any ¢ > 0, there is 7
and Ny (depending on 79) such that if N > Ny and n > 1o, then ||[E?°|| < € and ||[E?°| < e.
Thus we have from (3.4),

1Pl < A(@ﬂ+ﬁﬂ%ﬁ@n

+(L+12) 2Py ()| le() | + [[6(s)]) + 6) ds
and

t
Pl < [ Qa41+%mpwwww

L+ 02 IPyy () (le(s) | + b)) + 6) ds.

By Gronwall’s inequality, we have that for any e > 0, there is 79 and Ny (depending on
no) such that if n > ny and N > Ny, then ||P,3°|| < € and ||P,y°| < € for 0 < t < T,
Clearly, we can also control (I — P,)y with sufficiently large 1 (independent of N), and

Pnfzgo (Nt,Pyc) with sufficiently large N for fixed 7. Thus we can control r for sufficiently
large n and N.
O
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