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Abstract

We study the motion of regular bent rectangles driven by singular cuevéiaw with
a driving term. The curvature is being interpreted as a solution to a minimizatidni pr
lem. The evolution equation becomes in a local coordinate a system of HanaltobiJ
equations with free boundaries, coupled to a system of ODE'’s with ndmooéinearities.
We establish local-in-time existence of variational solutions to the flow and enasgs is
proved under additional regularity assumptions on the data.
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1 Introduction

Our goal is to establish the existence of a properly defined solution to thendsieighted
mean curvature (wmc) flow
BV =ky+o0 onI(t), (1.2)

whenk,, is a singular curvaturd;(¢) is from a suitable class of closed curves, correspond-
ing to the anisotropy functiory and 3 is quite general. We shall succeed, but only for
special closed curves, which we call bent rectangles, as initial datamOtivation is to
study facets at the onset of their bending and after that. If the initial deraeectangle
close to the energy equilibrium shape., the Wulff shape ofy, which is given by (1.2),
then the presence of the forcing tesnin (1.1) leads to a ‘bent rectangle’ with exactly three
facets, see Fig. 1.

The first problem here is to give meaning to the curvature term, which is fiyrma
defined as

ty = —=divs (Vey(()le=n) »

wheren is the outer normal té' and+y is a surface energy function. This definition makes
sense for smootk on smooth surfaces. But our goal is to study (1.1), when

v(p) = yalp1| + YrIP2(, (1.2)

i.e., we deal with crystalline curvature. In Section 2, we recall the definition,ofvhich
used earlier, see [22].

Our main objective is to study behavior of facets, flat parts(@j with normal vectors
defined by the singular directions ¢f i.e., the normal vectors to Wulff shape of The
presence of the forcing term will make facets bend, provided that tleelpag enough. A
study of facet stability in a different problem, where (1.1) is coupled tofasidn equation
was performed in [21]. Here, we assume thdbrces bending of an initially flat facet.

Here, we permit a generic driving conforming to the Berg’s effect (see [8], [28], [20]
and references therein)e.

do .
xia—xi(t,xl,xg) >0 forallz; #0, i=1,2, >0, (1.3)

and the symmetry conditions, for alt> 0,

O'(t, X1, .732) = O'(t, —I, xz), O'(t, X1, .TQ) = U(t, X, —xz) forallz; e R, i =1,2.
(1.4)

We studied evolution by (1.1) of graphs with a single facet for rather rg¢h@eetic
coefficients, see [16]. In [22], we investigated evolution of bent rectangles by) fbrl
a special choice ofi. Here, we are interested in their motion with the same restrictions
on 5 as in [16]. Once we write (1.1) in a local coordinate system, which will beedon
Section 2, we will see that the resulting system may be interpreted as a caypteth of
two Hamilton-Jacobi equations with free boundaries. We may indicate the mbdauiidi€s
here using the language suitable for Hamilton-Jacobi equations. Theteeaiarefaction
regions associated to the cornerg'¢f) and the free boundaries, the endpoint of the facets,
see Fig. 1. This will be explained in Section 3. We do not have tools to study ithéhe
full generality, yet. This is why we do not treat here the corner evolutioblpm explicitly,
but we define them as intersection of facets.



Let us stress that our purpose is to construct solutions to (1.1) in réyadiveple cases.
We mean by thisegular bent rectanglegsee Definition 2.1 at the end of Subsection 2.1),
that is we impose some smoothness assumptions on the curved paft$ aé well as on
o so that we may use the method of characteristics to solve the Hamilton-Jaoalibeg.
Our main result is Theorem 3.5 in subsection 3.3 stating existence of varia@otons
to (1.1) for a number of possible types of behavior of the facet endpdihtsbasic, generic
case corresponds to such data th@t) has kinks at the facet endpoints. Such a facet may
shrink or expand. On the other handl'if0) is smooth in a neighborhood of the endpoints
of a facet, and this facet shrinks, then smoothness is preservedatdpae consider the
case when the interfaces coalesce. This is treated in Theorem 3.6.

sk, %edtx)

Fig. 1

A side effect of our work is to create supply of super- and subsolutiensssary for
the development of viscosity theory for equations like (1.1), see [15].

In [16], we discussed in detail the construction of the inner interfaediedi,, o, also
when there is no corner at the junctions of facets with the curved parts.clitve was
constructed as a shock wave,, the result of crashing of the characteristics of a Hamilton-
Jacobi equation on the central facet. This approach does not wotthefouter interfaces,
calledly, r1, because, loosely speaking, they are trying to escape from the tdrégtics
of a Hamilton-Jacobi equation governing the curved part. Thus, geoaitiice behavior
of the interfaces is different.

We must stress that we assume that the corners of the bent rectandiesaes/mter-
sections of outer facets. This may not be suitable for general kinetiticierfs. A corner
may round off. Even it is constant we need a condition férsuch that the corner never
rounds off as pointed out in [13] if the flow is to enjoy the comparison priecin our
current setting it seems that a sufficient condition for the corner neveutal off is that the
Wulff shapeW, ;5 is a rectangle, although we will not discuss this problem in this paper.
The construction of solutions is conducted here in a such way, that acatetimpsuch a
rounding off will be easy.

We are able to prove uniqueness of our solutions only in special caseg afe related
to the behavior of the interfaces. If all the facets shrink B is smooth at the interfaces,
then we can guarantee uniqueness. If at least one facets expauaist[y¢) is no longer
smooth at the interfaces, then our proof fails. The problem is, compaf@8tdheorem
4.1], that in the present case the gengtalestroys the gradient flow structure exploited
there. Here, we use tools typical for transport problems, see [1], [9]

We use methods based on the method of characteristics, because thiwibeosy,



does not seem developed sufficiently to handle the case of closeds dorvgenerals.
This approach was quite successful for graphs, see [16], [18], [We expect that we
could approximate the left out cases by regular bent rectangles, bpbostpone it for
further studies, as this seems to require the viscosity methods which aredesilgped,
see [15]. Another difficulty associated to the application of the generedsity theory for
the first order Hamilton-Jacobi equations is that the notion of the variatawiation no
longer makes sense, a new notion has to be invented.

2 Setting up the problem

2.1 Definitions

Here, we recall the notions we used in [22]-[23]. We restrict our attemdi@volution of a
subclass of bent rectangles. We shall call a Lipschitz closed duatent rectangldsee
[23, §2]) if the following conditions are satisfied:

There exist even, Lipschitz continuous functiaffs, ¢ : R — R, which are
non-decreasing for positive arguments and there are positive nuhbeRs such
that

dMLy) =Ry,  d¥(R)) =1L,

In additiond” is constant in a neighborhood of zero ahg (respectively,d” is
constant in a neighborhood of zero aRd), furthermore

(BR) T = 0f(x1,22) ¢ |w1| < dM(wa) 2| < d¥(x1)}.

We shall calld®, d* a pair of admissible functions
We shall call the pointé+ R, +L;) vertexes ofl". Thus, after we set

S/j\E ={(x1,m2) €T : 21 = :tdA(mg), ry € [~L1, L1]},
Si ={(z1,22) €T : 2y = £d(a1), 21 € [-R1, Re},

we notice that the graphs ef dA][_LhLl], +d"|(_p, r,) Make up the whol&(t), i.e.
I'=S,UStUS, UST.

We will collectively write S for Sﬂi and S, for S¥. We will call themsidesof T'(¢).
Vertexes ofl" are the intersectionSz; N S3. Moreover, the sides meet at vertexes at the
right angle. However, a general kinetic coefficient may lead to roundfhthe corner.
This happens when the Wulff shapé, ;3 has a round corner or not. Such phenomenon is
indicated by physics literature, seqy, [10], [18] and studied in [13] when is spatially
constant. We do not consider this here, but state the major theorems inwaghthat they
can be easily adapted if the corresponding dynamics will become known.

We will denote byn the outer normal t@' and in particular,

ny = (1,0), (resp. ng =(0,1))

are normals to the faceted regionsSyf, (resp.Sg). A rigorous definition of the notion of
faceted regions is given later just before formula (2.7) in this section.



The curvatures.,, appearing in (1.1) is defined by

tiy = —divg (Vev(Q)le=n) ,

wheren is the outer normal td’ and~y is a surface energy function. In our case veetds
defined only#'-a.e. The physical examples, we have in mind, see [24], [19], giveaus th
motivation to consider

Y¥(p1,p2) = YAlp1] + YrIP2|- (2.1)

We notice that the flat parts with normals belonging to the set of normals of tié Wu
shapelV, are energetically preferred. We refer the reader to §24] (see also [232])
for the definition of the Wulff shape. In our case it is a rectangle.

Now, the fundamental problem is appare¥ty(n) is not defined on bent rectangles on
sets of positivé{! -measure. We resolved this issue by repladingby 0+, which is always
well-defined, because of convexity f The subdifferential coincides withV~y(z¢)}
when- is differentiable at:.

Since in generaly is not a singleton, this leaves us with a necessity to select the proper
Cahn-Hoffman vector field(z) € dv(n(z)). We note that this task is obvious on curved
parts ofSA, S&, becausé~ is a singleton there, while it is not trivial on flat facets. Thus,
we have to find a proper selectiongfy. For this purpose, we use a variational principle as
in [22], [23]. A similar approach was first introduced by [11] for gndjke solutions and
was developed in several ways by the authors of [2] — [7].

We impose quite natural constraints grsee [22],

divsé € L%(S;), i=R,A.

This implies that - v has a trace, where € T..S; is a normal vector t&;, i = R, A. If
we combine it with

dv(ng) N Oy(na) = {p},
then we see thdt satisfies a boundary condition

é‘vertea: =D

The necessity of selectinggimplies that in order to define a solution to (1.1), we need to
specify not only a curvé'(¢) but also(t, -). After [22], we recall the notion of solution.
Namely, bya solution to(1.1) we call a family of coupled'(¢),£(t)), t € [0,T), such that
for someT" > 0, the following conditions are satisfied:

(a) For eacht € [0,7) the curvel'(t) is a bent rectangle and, d® are continuous
functions of its arguments, for eaghd’(-,z), j = A, R are Lipschitz continuous and for
eacht € [0, T), the functions# (¢, -), j = A, R are admissible;

(0) € : Urep.r) it} x T(t) — R? is at each time instant a Cahn-Hoffman vector. If
M = supycpopy max{L1(t), R1(t)} + 1, and if forj = A, R, we set

i {(=y(na),7(nR))} = €[-M,—Ri(t)],
¢i(t,x) e {¢ t,x)) )

(2.2)

i {(
Nta) € { {&(t, (@Mt ), 2)
{( )



then we assume that— &/ (t,-) € L>®(0,T; L>(—=M, M)), j = A, R;

This extension is made for the sake of simplification, so that our problenmizEimde-
pendent of the parametrizationof It works because the corners evolve as the intersection
of facets.

(c) Equation (1.1) is satisfied in the* sense fora.e. t > 0 after interpretings., as
—diVSg.

We note that on one hand condition (c) is quite broad, on the other hanehiissen-
proper for the viscosity solution outside of facets. However, if the dataeHamilton-
Jacobi equations are sulfficiently regulieg,, Lipschitz continuous, then the viscosity so-
lution is Lipschitz continuous, hence a.e. differentiable. In fact, we willisgsenough
regularity of the data, making this definition meaningful.

In principle, the Cahn-Hoffman vector depends upon tinaedx = (x1,x2) € I'(¢).
However, we shall frequently suppresand write¢(x), when the meaning of the spacial
argument is clear from the contegtg.on the sides.

We also distinguished variational solutions based on a specific way to éelaairder
to define them, we introduce two convenient energy functionals,

1 . .
§(© =3 [ lo—dvsePant, j=R.A. (2.3)

Their natural domains of definition are the sets of Cahn-Hoffman vedatisfying all the
above constraints,

Dy = {€ € L®(Sy) : &(x) € Oy(n(x)), divsé € L2(Sy), (2.5) holds},

Dp = {€ € I®(Sk) : £(x) € Dv(n(x)), divsé € L2(Sk), (25) holdg. &Y

where
E(£R1,£L1) € y(£n,) N Oy (£np). (2.5)

Strictly speaking is defined onlyH!-a.e. but this has no influence on the above definition,
partly becausé(¢) is a constant singleton on each connected component of the curved
part of T.

We recall (see also [23] for a discussion of this notion) §@&t(¢),£(¢))}, t € [0,T),
a solution to (1.1), was called aariational solutionif in addition for eacht € [0,T")
&|s, (t) € L*(S;) is a solution to

g](f) = mln{g](C) : Q€ Dj}a J=R,A. (2.6)

We also recall from [22] a number of auxiliary notions. Let us consiteoen line
segment in the planej.e. I = (a,b) = {x = at +b(1 —t), t € (0,1)}, wherea, b € R2.
We shall say that C I', having a normal equal ta, or ng, is a faceted regiowf I if it is
maximal (with respect to inclusion) and it satisfies

(o —divs€)|r = const, (2.7)

where¢ is a solution to (2.6).
We keep in mind thatsf(t) andS}jg(t) are graphse.g. Sg is the image of segment
[—R(t), R(t)] under the function

z— (z,d%(t,x)) = d(t, ). (2.8)



Frequently, it is more convenient to work with the inverse image of a facetgion I,
(o, ) = d~Y(I). We stress that this definition permifgi(t), j = R,A being a line
segment which has more than one faceted region.

Let us now introduce formally the class of bent rectangles we want todéal

Definition 2.1 We shall say that a bet is regular, provided that the admissisible func-
tionsd”®, d*, restricted to the closure of the complement of the preimages of facets are of
classC?.

In order to make the presentation more clear, we propose to use the notienmved
part of side to denote the (relative) interior of the subsel’pfwhere normah is such
thatodvy(n) is a singleton. However, this definition is not quite precise in case of Lipschitz
curves, for the normal vector may not be everywhere defined, métheles$~(n) is a
singleton. In particular, it may happen that a line segmeit wfll be called a curved part
if its normal is different fromnpg, n,.

At this point, we mention that there are other approaches to deal with the iledefi
operator diyV¢v(n). The first is the viscosity method developed by the M.-H. Giga and
Y. Giga, [12]; see also [15] for graph-like functions wheins non-uniform. This approach
is applied for the evolution of closed curves [14] whetlis spatially constant. However,
so far it is not yet adjusted to handle spatially inhomogeneofw curves. The second
approach is by anisotropic distance function with variational principles[8]glt applies
to higher dimensional problems but it does not allewAnother approach is the ‘operator
approach’, which is based on a proper interpretation of the compositiomutiivalued
operators, [25], [27]. However, we do not know whether this apphas applicable for
closed curves.

2.2 The reduction to the local coordinate system

We want to write (1.1) in the local coordinate system for variational solutidfesproceed

as in [22] without major changes while keeping in mind that we work with berangles.

A very important part of this process is solving a double obstacle probleminiAerent
part of the solution is a free boundaryg., the coincidence set. Its boundary defines the
endpoints of the facets, and we pay special attention to the facets ofriLnelbbeangles. It

is however, more convenient to work with the pre-images of faceted rege restrict
our attention to such variational solutiofls, £) of (1.1) that each facef; has exactly three
faceted regions, whose pre-images are:

(—Ll,—ll), (—lo,lo), (ll,Ll), (—Rl,—’l“l), (—7‘0,’/“0), (’I“l,Rl).

Moreover, the functiondA|[07Lﬂ, dR|[O,R1] are increasing.

We noticed in [22, Proposition 3.1]) that under our typical assumptions fdir d*,
d® are Lipschitz continuous with a finite number of non-differentiability pointsp thés
constant over each component of the curved parts. As a result, eag(ftiptakes the form
of

BV =o.

The curvature obviously vanishes.



In the present context (1.1) becomes

o(t, dM(t, 29), 22) = 5@)% onflo(t), i (1)),
R 2.9
olt, w1, d%(t,21)) = B(n) =Ll on [rg(t), (1)), 9

LH(dF, (ta1))?

wheren is the outer normal td'(¢). Let us notice that

di 1
ﬁ(n):ﬁ - - )
( 1+ @R (/14 (@)

A
B(n) =p ( ! ,— 2 ) =: BMd) onS{n{xz >0}
Y1+ 1 ()2

This is why (2.9) can be written as

) =: (d) onS} N {1 > 0},

df —o(t,d®, x)mBd®) =0 and d* —o(t,z,d)m™(d>) =0 (2.10)
on respective intervals. Here,
; V14 p?

m'(p) = B (2.11)

We want to set minimal assumptions ort*, m*. They are:
=m0 <mip), o = m0) < m" (), (2.12)
m'(p) = m'(-p), i=A,R, (2.13)
m' is Lipschitz continuous anck’ € C*(R\ {0}), i=A,R, (2.14)
m'is convex forlp| <1, i=A,R, (2.15)
mi(p) <C(1+|p]) i=AR. (2.16)

Here, we use the shorthands = f(ngr), A = B(ny).

In [3], the author considers the flow of (1.1) with= L. Our assumptions ofi reflect
our desire to consider a broad set of examples while giving us additimeddm. At the
same time we want that the Wulff shapesmind% be somehow close, but they need not
coincide.

We may now write equation (1.1) in the local coordinates. It is a good ide@#di the
conclusions of [23, Proposition 3.1]. Namely, what we showed in [23,1§3 amounts to
saying that for a variational solution, (1.1) takes the following form,

. To
BrLo = /[ o(t,s, Lo)ds + 7(na) on [0, 7],
0 To

df =o(t,x1, dR)mR(df) on [ro,ri),

. Ry 2
Brii = ][ o(ts, L) ds — 2B on Ry, (2.17)
- Ry —m

. ZO
BrRo = ][ o(t, R, s) ds + V(ZR) on [0,l],
0

dd = o(t,d, z)m™(dd)  on [l 1],

. Ly 92
BaRy = ][U(t, Ry,s)ds — Hnr) on [y, L],
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augmented with the following initial conditions,

10(0) =loo, 1(0) =lio, 70(0) =roo, 71(0)=r10,
Ro(0) = Roo, Ra(0) = Rio,  Lo(0) = Loo, L1(0) = Luo. (2.18)
dR(Opl’l) = d(]]%(l'l), dA(O7J,‘2) = d{}(ng)

We keep in force the simplifying symmetry assumptions. The notation is illustrated in
Figure 1.

An important observation is that in order to close this system we need informadiamut
the evolution ofl;(-), ;(-), @ = 0,1. These points are zero-dimensional free boundaries,
whose evolution is not determined by (2.17). As a result, we have a sys$telanalton-
Jacobi equations with free boundaries.

The definition of a variational solution requires that a Cahn-Hoffman vdigld ¢ is
presented along with the cur¥gt). We shall do this later in Theorem 3.5.

2.3 The interfacial curves

We showed in [23] that the obstacle problem leads to two types of the intdréarves

l;, rj, 1,7 = 0,1. Each of them may be: either tangency curve or matching curve. For
the sake of definiteness, we shall concentrateqorirhe variational problem (2.6) is of a
double obstacle type. It may happen that for any 0 the pointry(¢) is on the boundary

of the coincidence set. In this case the soluﬁmatisfiesa%(ro(t)) = 0, see [26], and we
say that theangency conditioms satisfied at(t). If the tangency condition is satisfies at
ro(t) forall t € [0,T"), then we call the curvey(-) atangency curveEquivalent and more
convenient versions of the tangency condition/fgiandr, are (see [22, Proposition 2.1]

and [22, (3.10)]),

T‘Q(t) n
a(t,ro(t), Lo(t)) = ][0 o(t,s,Lo(t)) ds + Wri)(é\))’ &i(ri(t)) = —v(na), i=0,1,
_ [ 2y(ny)
o(t, (1), Li(t)) = ][Mt) 5,1y (1) ds = et B (2.19)

We note that heré is a solution to (2.6). An obvious modification is required for curies
ly.

Let us notice that the definitions we adopted mean that the coordinate siysiéf),
i.e, (z1,x2) is positively oriented, while the orientation Of dA) i.e, (z9,x1) IS negative,
see Fig. 1. Thus, some care has to be exercised while replac{ngsp.rq) with /1 (resp.
lp) in the statements of theorems here.

The coincidence set may be empty. However, we always demanid(thas a Lipschitz
curve, thus the solutions to (2.17) must satisfy

di(t,ri(t)) = Li(t),  dMt,Li(t) = Ri(t), i=0,1. (2.20)

We call (2.20) thematching conditionbecauseR; (resp.L;) must matchi® (resp.d®).
The tangency condition is not open. Thus, we expect in a typical cadatéréacial
curve will not satisfy it. On the other hand, (2.20) is more basic. Let us note



Proposition 2.1 (cf. [23, Proposition 3.3]) Let us suppose that ¢ C'([0,T,) x R?)
is given, it satisfies the Berg’s effect (1.3) and (1{)t),{(t))icpo,1) IS @ variational so-
lution. We assume that” is such that(t) < r1(t). Moreoverry(-) andr(-) areC*
curves. In additiom”(-, z) is a continuous piecewigg' -function.

(a) If the tangency as well as matching conditions are satisfieg{ 8t for all t € [0,¢),
thenry(-) is decreasing.

(b) If the tangency as well as matching conditions are satisfied(&t for all t € [0,¢),
thenri(-) is increasing.

We proved this in [23] for a specia renderingm identical to 1. However, the original

proof is valid, after modifications, also for a genepahs long asi(-, x) (we suppress the

superscriptR or A) is a continuous piecewis€! function. We leave the details to the

interested reader. 0
We would like to gather more information on the interfacial curves.

Proposition 2.2 Let us suppose thal'(t),(t))e(o,) IS @ variational solution to (1.1),
o € CL([0,T) x R?). We also assume that for eagh (t) is a regular bent rectangle and
ro IS the interfacial curve emanating frotg,.

(@) If Ly(0) — o(0, oo, Lo(O))m(dafx(roo)) # 0, the tangency condition (2.19) does not
hold att = 0 anddaf .(ro0) > 0, thenrq is a matching curve and

1

= oy B — o ltro®). Lo@)m(d @) @20)

7o(t)
In particular, sgnty = sgn(Lo(t) — o(t,ro(t)), Lo(t))m(d} (t,7o(t)). Moreover, the tan-

gency condition (2.19) does not hold for- 0.
(b) If the tangency condition (2.19) holdstat 0, d,.(t,ro(t)) = 0 and

700
0> 2(])% = ][ at(O,y, Loo) dy — O‘t(O,Roo,loo) (222)
0

700
+0(0, 700, Loo) (][ 025 (0,y, Loo) dy — 02, (0, 00, L00)> .
0

Then, the tangency condition holds foratt 0 and

=

) D0
*o(0) 02,(0,700, Loo)

< 0. (2.23)
Remark. In fact, 2% is a function of(t, 7o, Lo), here we are interested in the value of
> at (0,0, Loo). The notatior:-Z* was introduced in [22] and [23].

Proof. Our regularity assumptions permit us to take the time derivative of (2.20).
Sinced; = om(d,), we conclude

dy (t,70(8))70(t) = (Lo(t) — o (¢, r0(t), Lo(t))m(d (¢, 70(t)))). (2.24)

If df(t,70(t)) > 0, then we obtain (2.21) as we claimed in (a).

Since(I'(t), £(t))iepo,) is a variational solution, thef(t, z) € 9vy(n). Let us suppose
that for givent, L, the tangency condition holds &t (¢, Lg). If roo < r7c(0, Loo), then
the central facet expands as much as possiblé),dan).

10



If 700 > r7rc, then[rpe, roo] is @ subset of the coincidence set and the Hamilton-Jacobi
equation (2.17) is considered not ofr, r1] but on its essential supergetc, r1]. If this
is so, we have just Lipschitz continuous data, contrary to the regularityrgtson.

Let us suppose now that the tangency condition holds fer 0, 7(¢) exists and for
all t, we haved,(t,r(t)) = 0. Then, the LHS of (2.24) vanishes. Hendg, = om(0),
i.e, the tangency condition holds for all> 0. Then, after differentiating the tangency
condition (2.19), we conclude that

ER
7"0 =0 < 0,
Oy
because Berg’s effect implies, > 0 and we know thakE{* < 0. d

Remark. If roo = rpc, then the tangency condition is satisfied. This situation is not
generic and we do not consider it. Howevei/jf0, ro9) > 0, then (2.21) implieg,(0) <
0.

We note thato was introduced in (see [23, eq. (3.14)]) for the purpose of studyieg th
sign of 7o, whend; (0,79(0)) = 0 and the character of the interfacial curve had to be
determined. Here, we considéf (0, r,(0)) = 0 only along the tangency condition.

The statement of the above proposition fgrequires trivial change of notation. The
same type of analysis leads to a corresponding statement foence, respectively fdx).
The proof is left to the interested reader.

Proposition 2.3 Let us suppose that'(t),(t))ejo,) IS @ variational solution to (1.1),
o € CL([0,T) x R%). We also assume that for eagh (t) is a regular bent rectangle and
r1 s the interfacial curve emanating fromy.

(@) If L1(0) — o(0,71(0), L1o)m(dy ,(110)) # 0, the tangency condition does not hold at
710 andd& .(r10) > 0, thenry is a matching curve and

v
dy (t, (1))
In particular sgriy = sgn(Li(t) — o(t, L (t), 71 (t))m(d; (t,r1(t)). The tangency condi-
tion does not holat (t) fort > 0.

(b) If the tangency condition holds for= 0 atrg, for allt > 0, then we havé,(t,r1(t)) =
0 and

1 (t) = (L (t) — o(t,m1(t), Li(t))m(dy (t,71(1))). (2.25)

R R1(0)
0<Xy = ][ a¢(0,y, L1o) dy — 04(0, 10, L10)

T10

Rl(O)
+0(0,710, L10) (][ 025(0,y, L1o) dy — 04,(0,710, L10)>

710

R1(0) :
+-——T—"——(0(t, R10, L1(0)) — L1(0)),
0] = roy (8 R0, L1(0)) = £4(0)
where
. Rio 2~(n . L1o 27(n
Ll(o) :][ U(O,%Llo)dy—M, Rl(O) 2][ U(O,Rlo,y)dy—M.
0 R10 — 710 lio LlO - llO
Then the tangency condition holds for &alt 0.
O
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2.4 Hamilton-Jacobi equations

The localized problem (2.17) for each of the sides is a coupled system©Dé& with a
nonlocal nonlinearity and a Hamilton-Jacobi equation in a non-cylindrigalain. Since
there are no tailor made existence results of viscosity solutions for subleprs, we will
construct them with the help of the method of characteristics.

In order to streamline the statements of the theorems in this section, we will gather in
one place below the common hypotheses and we will call tiivenstandard set gissump-
tions

(S1) (conditions onr) We assume that is of classC? and it satisfies the sym-
metry relation (1.4) and Berg'’s effect (1.3);

(S2) (conditions onn i.e., 8) the mobility coefficientn satisfies the assumptions
(2.12-2.16);

(S;) (conditions on the initial cunjedly, df is an admissible pair of functions,
which are of clas§'? on the closure of complement of the preimages of the
facets.

We will collectively call (S), (S;) and (S) by (S). We also note that {Fpis a repetition
of Definition 2.1 of a regular bent rectangle from subsection 2.1.

Proposition 2.4 Let us suppose that the standard assumptions (S) holdygnd py <
p1 < rip. Then, there i§" > 0 and a uniqu&? solutiond to

di —o(t,x,d)m(dz) =0 inG(po,p1),

d(0, 2) = do(z) for z € [po, pil, (2.26)

where
Glpo, p1) = {(t,2) € (0,T) x R+ a(t, po) <z < a(t, p1)}

andzx(t, p;) is the projected characteristic curve startind@®t;), i = 0,1, (see (2.27)
below).

Moreover, if Lip(dy) =: po < 1, then:
(a) there is a positivdy, such that for allt € (0,Ty], we have Ligd(t,-)) < 1 and
Lip(d(-,z)) < M :=m(1)supo in G(po, p1);
(b) if inf 4 g, py) di () = & > 0, then for all(t, z), (t,y) € G(po, p1), we havel(t,y) —
d(t,z) > o(y — x);
(c) Let us suppose thdt, dye are two pieces of initial data as above, satisfyjfigi —
d02)|[p0,pﬂ = 0 andd,, d» are the corresponding solutions to the characteristic system
(2.27), associated to (2.26). Then, for any Ty, such thap, — ut > po we have

(d1 = d2)]j0,41x 2o Aa—put) = 0,
wherep = sup o - sup m,.

Remark 2.1 The projected characteristicdepends not only on the initial positi@n but
also onpy. Itis understood that(-, () meansz(-, ¢, do . (¢)). If this is not the case we will
explicitly write z(-, ¢, po).

12



Proof. The existence of’? solutiond follows immediately from solving the charac-

teristics system,
jj = _U(t7 x, d)mp(p)7
p = (02, (t,x,d) + 0ay(t, 2, d)p) m(p), (2.27)

d= U(ta €T, d) (m(p> - mp(ﬁ)]?) >
CC(O, C) = C? d(07 C) = dO(C)? p(07 C) = dO,x(C)7 C € R. (228)

The uniqueness is the implied by the local Lipschitz continuity of the RHS of 2R
the method of characteristics to work, the assumed high regularity is indagens

Parts (a) — (c) were proved for (2.26)(ii, 7') x R instead ofG(py, p1) in [16, Theorem
3.1], however the argument needs no changes.

]

In principle, existence of classical solutions to Hamilton-Jacobi equatioorigyhin-
drical domains is not immediate. The question is not only whether or not the eyliis
non-characteristic, but rather if the characteristics emanatefso®therwise we cannot
specify data on it.

Both curvesry(-) andz(-, ro(to)), the characteristic frong, ro(¢)), are in the(t, x)
phase space. We notice that, ro(to)) goes into{(¢,z) € [0,T) x R : ro(t) < x}, for
sufficiently smallty > 0, provided that

f"o(t) < :ﬁ(t,?"oo,()) (229)

att = 0. After restrictingT > 0, if necessary, by the continuity of both sides of (2.29),
this inequality will hold for allt € [0,T]. If o is a tangency curve, then by (2.23), we
haver, = %f/0,,. The tangency condition implies that the vertical speedsggf) and

of d(-,ro(-)) are equal, provided that,(¢,ro(¢)) = 0. This is why, (2.27) implies that
&(t,ro(t)) = —o(t,ro(t), Lo(t))my(0) Thus, (2.29) is equivalent to

1
»&(t, ro(t), Lo(t)) + §am1(t,r0(t),Lo(t))a(t,ro(t), Lo(t)) <0 fort € (0,7).
(2.30)
Corollary 2.1 The interfacial curve is non-characteristic, provided that (2.30) holds.

Proposition 2.5 Let us suppose that (S) is satisfied, is a non-characteristic tangency
curve,i.e. (2.30) holds and

G(ro,z(p1)) = {(t,2) = ro(t) < < x(p1)}.

We consider (2.26) il (o, x(p1)) augmented with the initial conditiof(0, z) = do(x)
and a boundary dat&t,ry(t)) = Lo(t), whereLy is of classC?. Then, there exists, a
uniqueC? solution to (2.26) irG(ro, z(p1)). In particulard; (t,ro(t)) = 0.

Remark 2.2 In [16], we did not introduce (2.30), because after mollificatiomot all
points of the tangency curve the characteristics shoot vertically upWassiever, this does
not hold in the limit. This aspect was overlooked in [16]. However, [1&drem 4.1 and
Theorem 4.2] are valid if (2.30) holds.

Proof. We use the method of characteristics,, we will solve (2.27, 2.28). We im-
mediately obtain solution to the Hamilton-Jacobi equatiolz{x:(ro), z(p1)). In order
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to solve the Hamilton-Jacobi equation @Yo, z(ro0)), we have to specifyl andp on
(t,ro(t)). We setd(t,ro(t)) = Lo(t) andp(t,ro(t)) = 0. We do so, because we want to
haved, (t,ro(t)) = 0.

The continuous dependence of solutions on initial data impliesitisaof classC? in
G(ro, z(p1))- O

3 Evolution of bent rectangles

Let us highlight the aspects of the problem. In principle, at each inteHaaiae we have
the following possibilities:

1) the sign of the interfacial velocity is either positive or negative;

2) the tangency condition either holds or is violated;

3) the one-sided derivative df* or ¢* at the interfacial curve is zero or positive.

In principle, we would have to study eight possibilities of behavior of ed¢hedinter-
faces. However, we consider here the regular cases of shrinkiéganding facets. These
are:

a) The one-sided derivative dfat the end of the facet is positive, the facet shrinks or ex-
pands and the tangency condition is violated. This situation is typical, bettapessists
under small perturbations.

b) The facet shrinksi, and the tangency condition holds along the interfacial curve. In this
case, we also havéc C? in a neighborhood of the interface. This situation is not typical,
but it is important because it appears at the onset of facet bending.

The central facet expands, whayit) > 0 for ¢ > 0, then the tangency does not hold at
t = 0, whend,(0,r99) > 0. On the other hand, when this facet shrinks, then the tangency
condition must hold for alt > 0, provided that, (¢, ro(¢t)) = 0. This is backed by our
uniqueness theorem. We studied these two situations in [16},fresp.ly). It may also
happen that (¢,ro(t)) > 0, the facet shrinks or expands and the tangency condition does
not hold.

It turns out that geometrically the case «f (resp. /1) is much different, see 3.2.2
below. We do not any have tool to treat it in full generality, yet. This is wigyrestrict our
attention to regular cases.

"o <0

/. 19>0 /_/

characteristics

/

two types of matching curves tangency curve

r

r

00 00

Fig. 2
We notice that, formally, system (2.17) decouples into three subsystemscewivdl
facets’ (this is a shorthand for systems fori) Lo andd®, (2.17 ») (i) a system for
lo, Ro andd®, (2.17,5)) and the ‘corner systeni’e, a system forRy, Iy, L1, 1 andd®,
df. Formally, this is obvious, because equation (2:17s) does not contain any unknown
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from the remaining system, as longagt) < r1(t) andiy(t) < l;(¢). The last condition
is valid at least for some time provided that the interfacial curves are cantinu

When the central facet shrinks, then we have to solve the Hamilton-Jaqahktion
(2.1%) in a non-cylindrical domain. In order to do so, we have to make sure taatan
specify the boundary data on the tangency curgyehis is whyry < & or condition (2.30),
see the right picture on Fig. 2, is necessary. There is no such problemifor; > 0 and
it is a tangency curve. This is so, because we always haxe0, see the right picture on
Fig. 3.

The matching curves behave differently. If the central facet expainels the character-
istics, which turn left impinge upon the facet, then we have a shock wawéhedeft picture
on Fig. 2. In [16], we succeeded in showing uniqueness of the matchimgsoot only if
dt(t,ro(t)) > 0, but also a unique selection of interfacial curves in afis@, 7o(t)) = 0.
This is outside of the scope of this paper.

The case of the expanding outer facet, whier< 0 is more intriguing. The matching
condition will specify the position of a curve provideds known in the region bounded by
r1. This happens iy < &, see condition (3.5). Otherwise we there is a rarefaction wave
betweenz(r1), the characteristic emanating frany, andr;. We do not have right tools
to study these phenomena.

We stress that in our considerations, the corner is defined as the paitgrsiction of
the outer facets. In principle, we should evolve it by (1.1). We might sayhissituation is
similar to the rarefaction fan mentioned for the matching curve emanatingfraniynder
certain conditions, we can however, show that the evolution taken heveréxt; this will
be reported elsewhere.

The systems for central facets are first studied providedighat 119 andrgy < r10.
Systems (i) and (ii) above are similar, it is sufficient to study just one on thiefgy + 1
orrop = r1p, then we are forced to make further consideration, see subsection 3.4.

We have already learned what are the component of these systemssikons 2.2
and 2.3 give us tools to detect the type of curve emanating from an intéfaaia

characteristics = ~_»~

S

L,

I’l r]_
L (®)
10 "o
matching curve tangency curve
Fig. 3

3.1 The central facet system

Since both central facet systems have the same structure,it is sufficiemsioer just one
of them. The point is to study possible behavior of the interfacial curves.

Let us now turn to the problem of existence of tangency curves. Theiesaome
from the fact that the tangency condition (2.19) holds along them. More tapity, the
structure of (2.19) suggests that the Implicit Function Theorem can letassnstruct
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them. Simultaneously, we will solve the equation for the evolution of the ceracat.f
Only after that, we are in a position to constrdawith initial data on the tangency curves.

Proposition 3.1 Let us assume thatf < 0 and the tangency condition is satisfied at
t =0, Lo = Loy andx = rog, i.e.,
1 fre 7(ny)

— U(O,S,Loo) ds +
T00 Jo T00

= 0(0, 700, Loo),

holds, see (2.19. If (S) holds, then there existsy, Lo) € C?([0,T];R?) a unique local
in time solution to the following problem,

Lo y(na)
m /0 O-(t7 % Lo(t)) ds + To(t) - O-(t’ TU(t)a LO(t))’
oty = [ 7(ny)
BrLo(t) = 7”0(75)/0 o(t, s, Lo(t)) ds + o

Lo(O) = Loo, ’I“()(O) = T00-
In addition,r is given by (2.23)i.e.,

) 1 70 .
) = ez O L) + @ty Lo(0) o) dy
1 .
7O-x1 (t, To(t), Lo(t)) (O-t(tv ’I“o(t), Lo(t)) + O,y (t’ To(t), Lo(t)))Lo), (31)

where ‘
Lo = o(t,ro(t), Lo(t))/Br-

Proof. We start with preparations for the Implicit Function Theorem. We define a map
F : R3 — R by the following formula

0
F(t,ro, Lo) = / o(t,s, Lo)ds +~v(np) —roo(t, o, Lo).
0

We notice thatF (0, 70, Loo) = 0 and

oF
%(O,TOO,LOO) = —1000, (0,700, Loo) < 0,

where the last inequality is implied by the Berg’s effect (1.3). Thus, we npgyyahe
Implicit Function Theorem. As a result, there exi&tsa neighborhood of0, Lyy), and a
functionry = 7 (¢, Lo) such that

F(t,ro,Lo(t, Ly)) =0 for (t, L) € U.

Moreover, we can rewrite the equation fog as an ODE

In order to prove existence and uniqueness of solutions, it is suffitbectteck that the
right hand side of the above formula is Lipschitz continuous with respeg.tdndeed, it
is easy to check that

org 0 0y (t, 8, Lo) ds — 1oy, (t, 70, Ro)

= 3.2
0Ly 1004, (t, Ro, Lo) (3-2)
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is bounded. Thus, by the standard ODE theory, we conclude the grthaf present Propo-
sition. O
This result yields the interfacial curvg as well as the position of the central fadet
Time regularity ofro and Ly correspond to the smoothness of the data.
We state the main results of this subsection.

Theorem 3.1 Let us suppose that the standard set of assumptions (S) is satisfigdréf) =
0, the tangency condition (2.1Pholds and the tangency curve is non-characteriség,
(2.30) is satisfied, then there exists a unique soluigni to problem (2.17)—(2.1%).

Theorem 3.2 Let us suppose that standard set of assumptions (S) is satisflbd.olf—
(0,700, Loo)m(do . (rdy)) # 0, the tangency condition does not hold ahd.(r{,) > 0,
then there exists a unique matching curyand a unique solutiohy, d to problem (2.17)—
(2.1%).

Remarks.
Of course, a similar condition holds, after replacing-) (resp. Lo(-)) with y(-) (resp.
Ro(+))-

Condition (2.30) is stronger thaX)OR < 0. We will leave the gap between conditions
(2.30) and-f < 0 open.

Proof of Theorem 3.1.Since the tangency condition holds, then due to Proposition
3.1, we can construct a uniqd&’ tangency curveq(-). Condition (2.30) is open and it
will be satisfied for allt € [0,T"), possibly after restricting” > 0. This guarantees that
the characteristics will emanate frorg(-). Hence, we may set initial conditions on this
curve for the Hamilton-Jacobi equation (2;1.7We apply Proposition 2.5, note that t6&
regularity ofo yieldsr of classC?. This is of course true, if we solve (2.27)—(2.28) with
p(0,¢) = 0. By Proposition 2.5, we obtain a unique solution to (2.4)4n G(ro, z(r10)).

Now, we will offer aproof of Theorem 3.2Due to our smoothness assumption (S)
Proposition 2.4 yields! of classC? in G(z(re), z(r10)), we may apply the method of
characteristics to solve (2.142.1% )for d. We note that by Proposition 2.4 (a) we have
|d;| < 1andd,(t,z) > d on[0,Tp]. Once we constructedwe can invoke [16, Theorem
4.2] to conclude existence of a unique matching cufye This is true when the facet
expandsi.e., L'o—am(dx) > 0, however, we have also the case of shrinking facet to handle.
In this situation, we have to check, if the interface is in the region filled withagttaristics
of the Hamilton-Jacobi equation (24)7 This happens provided thay < &(rgp) < O.
This is equivalent to

(0,79, Lo) (m(ds) — my(dy)ds) < Lo. (3.3)

Convexity ofm for |p| < 1 implies that
1
m(dy) — mp(dy)dy = dI/ (myp(sdy) —mp(ds))ds < 0,
0

as long asn,, # 0. On the other hand, > 0, hence (3.3) is trivially satisfied. The point
is, [16, Theorem 4.2] keeps holding also if the matching cutpvghrinks.
Hence, system (2.1#2.1%) closes and we can uniquely solve fog on[0,7p]. O
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3.2 The corner system

We present a general existence result for regular data. We areithfjust three basic
cases:

(«) two tangency curves emanate fremg andlyg; (5) two matching curves emanate from
r1p andlyg; (7y) a tangency curve (resp. a matching curve) emanates+#frgeind a match-
ing curve (resp. a tangency curve) emanates figmAnalysis of these cases is the content
of the next theorem. Its proof is conducted so that it will be easy to usedhwie study
the evolution of the corner itself.

Theorem 3.3 Let us suppose that (S) holds and the assumptions of Theorems 3.1 of 3.2
are fulfilled.

(@) If £ > 0, ©F > 0 and the tangency conditions are satisfiedh@trio as well as
d{im(ho) =0= d(’fx(ﬁo), then there are two tangency cunige§), r1(-), and a unique
solution(d®, Ry, Ly, d") to the system (2.3% 5 ).

(b) We assume that? > 0, the tangency condition is satisfied-a, as well aslgfx(rm) =

0. The tangency condition does not hold &t L1(0) — o(0, Ry, llo)m(dé’;(llo)) # 0

andpg := dé{g(llo) > 0. In addition, we need that the following relation be satisfied,

m(0 Lo
m(po)o(t,do,lip) — L10(—)l10 (/l o(t, Ry, s)ds — 27(n3)>
10

< —pomyp(po)o(t, Rio, l10) (3.4)

Then, there is a tangeney(-), and a matching curve(-), and a solutiorid®, Ry, L1, d?)
to the system (2.14 56). A similar statements is valid if we change the rolesoéndl; .
(c) Let us suppose thal", (ri), m(dy’; (110) > 0,

Rl (0)—0‘(0, 710, Llo)m(dé?t;; (7‘10)) 75 0 and Ll (0) —0'(0, R, llo)m(doj\”;(llo)) 75 0,

the tangency conditions do not hold neithekatnor atryq. If in addition (3.5) and

Rio
m(po)a(t,Tlo,do) — ﬂ (/ O’(t,S,Llo) ds — 2’7(1’11\))

Rio —r10 \Jryy
< —pomy(po)o(t,rio0, Lio)- (3.5)

are satisfied, then there are two matching cuhvey, 1 (-) and a solutiorid®, Ry, Ly, d%)
to the system (2.1J—(2.1%).

The role of the strange looking conditions (3.5), (3.4) guaranteeing egistef the
matching curves will be explained in subsection 3.2.2
Having this result at hand, we can show.

Theorem 3.4 Let us suppose that, the standard set of assumptions (S) holds, in |jaarticu
the initial curvel'y is a regular bent rectangle ahd < 119, rop < 110. We assume that the
initial data fulfill conditions (a) and (b) below:
(a) One of the following conditions holds at the interfage:

(i) do.=(r00) = 0, =& < 0, the tangency condition holdswat and (2.30) is satisfied

or
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(i) Lo — a(0,7go, Loo)m(daf .(r00)) # 0, the tangency condition is violatedaf
anddg,(roo) > 0.
Moreover, a respective version of (i) and (ii) holds fgy.
(b) One of the following conditions hold at the interfage:
(i) do(r10) = 0, F > 0, the tangency condition holds at, and a condition
corresponding to (2.30) fot, i.e.,
or ‘
(iv) Ly — o(0,710, L10)m(dy . (10)) # O, the tangency condition is violatedrat
andd&z(llo) > 0.
Moreover, a respective version of (iii) and (iv) holds Fay.
Then, there is a solution, i.&d™, d”, Ly, L1, Ry, R;) to the system (2.17). In addition,
if conditions (i) forloy andrqg, (iii) for 1o andryo are satisfied, thed, d'* ¢ C2.

For the sake of clarity of the presentation the proof will be relegated toaipkbpara-
graphs.

3.2.1 The case of two tangency curves

Proof of Theorem 3.3, part (a)Me shall show more a general result. Namely, we allow the
right hand end of the facet to be governed by a given unspecifiedTlhis. will be useful
later, when we decide to study evolution of the corner it®ed, its rounding off.

Lemma 3.1 Let Ly, Ry € C'(R*;R) and we introduce a shorthand for their value at
(R10, L10, 710, l10), 1-€., Lag = La(R10, L10, 710, l10) and Reg = Ra(Ri0, L1o, 10, l10)-
Let us assume that the tangency conditions are satisfiéd@atr1o, L1 andiy, i.e.,

1 Fz0 2y(ng)
(0, Ryg, 1 :/ 0(0, Ryp,s)ds — ————,
(0, B1o, o) Loo — 110 Jiy, (0, Fro, 5) Lao — l1o
1 R0 2v(ny)
(0,710, L :/ 0(0,8,L1g)ds — ————.
(0,710, Lno) Roo — 110 Jry ( 10) Rop — 110

In addition, we have

oL OR
(0(0, R10, lio) — (0, Rio, Lao)) N 2 (0(0,710, L1o) — (0, Rao, L10)) R 2
Y3 lyz=r10 Y4 lyy=l1o
0Lo
(Lo — 110)04,(0, R19, L10) + (0(0, R10,110) — o(0, R10, L2g)) N : (3.6)
Ya ya=l1o
ORs
(R20 — 710) 02, (0,710, l10) + (7(0, 710, L10) — (0, Rao, L10)) s -
Y3=rio
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Then, there exists a unique local in time solution to the problem:

- ]_ L2(R1,L1,T‘1,l1)
R = / o(t,Ri(t),s)ds — 2v(n ,
"7 LRi L) - 0\ Uy (t Ri(t), ) ds — 2y(np)

1 La(R1,L1,71,l1)
o Ri0.00) = T /l o(t, Ru(t), s)ds — 2y(ng) |
) s Il 1

. 1 Ra(R1,L1,r1,01)
- / olt,s, Li(t) ds — 2y(ny) | (3.7)

RQ(R1>L].5T17Z1)_T1 r1

B RQ(R]_,L],T]_,Z:[)_T]_ r1
R1(0) = Rig, Li(0) = Lig, 71(0) =710, 11(0) = lyo.

Ra(R1,L1,r1,l1)
ot (t), L1(1)) ! (/ ot s, Li(t)) ds — 27(nA)> ,

Remark 3.1 If the position of the corners is determined by the intersection of the outer
facets, therl, = L; andR; = R;. Hence, condition (3.6) takes the following form

(L1o — lio)(R10 — 710) 022 (0, R10, L10) 04, (0,710, l10) # 0.
It is always satisfied sincByg > 119 and R1g > r10.

Proof. We notice that (3.74) are functional, not differential equations. Thus, in order
to determiner; andly, we will use the Implicit Function Theorem. For that purpose, we
define the mayy : R? x R? — R? as follows:

J(t, Ry, Ly, L) =

o(t, Ry, 1) (La(Ry, Ly, r1, ) — 1) — [P0 00 (4 Ry ) ds + 2y(ng)
o(t,r1, L1)(Ra(Ry, Ly, 1, 1) — 1) — [P0 ot s Ly)ds +2y(na) )

By straightforward calculation, we obtain

Dy, 1, J(0, Ry, L1, 710, l10) = < S 12 > ,

Jo1 Jo2
where
. oL
Jjit = (0, Rio,l10) — (0, R1g, L2o)) 872 )
Y3 Y3=T10

. OLo
Ji2 = (L2o — l0)o-(0, Rio, L1o) + (0(0, Rio, li0) — 0(0, Ri0, L2o)) Do ,

Ya ya=l1o
. OR»
Jo1 = (Ra20 —110) 0y(0,710,l10) + (0(0, 710, L1o) — 0 (0, Rao, L10)) Don ,

Y3 lys=r1o
) OR
jooa = (0(0,7r10, L1o) — 0(0, Rao, L1¢)) TQ

Y4 lys=i10

By (3.6) the mapD,, ;, 7 (0, Rig, L1, 710, l10) IS an isomorphism and we can apply im-
plicit function theorem. Therefore, there exists a neighborhodd,aR;o, L1p) and func-
tions

r1=nr1(t,Ri,L1), L =U(t R, L)
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such that
j(t> R17 Llarlv ll) =0.
Moreover, we can rewrite the equation 8y and L4, as follows

Ry = o(t, Ry, 11 (t, Ry, 1)), R1(0) = R0,
L1 = 0‘(75,’/‘1(25, Rl,Ll),Ll), Ll(O) = LlO-

The right hand side of the above equation is Lipschitz continuous with cesp&; and
L. O

Remark 3.2 Let us consider the flat initial data such that= 1o or rqg = r19. A scrutiny

of the proofs of Lemma 3.1 and Proposition 3.1 reveals that the two tangen®@se, and

r1 (respectively,ly andl;) may be constructed by the Implicit Function Theorem. The
coalescenceyy = r1¢ does not interfere with its applicability.

We proceed with groof of Theorem 3.3 (a) We use Lemma 3.1 wheh, = L,
Ry = R;. By Remark 3.1 condition (3.6) is satisfied, then we obtain two tangencyurve
l; andr;. By Proposition 2.4 we can solve (2204n G(ly, 1) (resp. inG(rg,r1) and the
solutiond? (resp.d”) is of classC? there.

Moreover, Theorem 3.1 or Theorem 3.2 yield interfacial cuiyeendry. In addition,
if necessary, we invoke Proposition 2.5 to consteliover the tangency curves or ly. [

3.2.2 Analysis of a single interfacial curve starting at

When we study the outer facet, we take into account positions and belo&tioth of its
endpoints. It is not quite appropriate to talk about shrinking nor expgretitely upon the
position of the endpoints. What really matters is the vertical speddmthe left and right
of the interfacial point, i.e., Ly andd;. We notice that if; > L, then the curved part
collides with a slower outer facet, hente < 0 and the facet slows down even more. On
the other hand, ifl, < L, then the facet is rapidly advancing, it leaves the curved part
behind,i.e, 71 > 0. The casel, = L, corresponds to the tangency curve, provided that
d.(t,r1(t)) = 0.

These considerations give an interpretation to the following calculationshvére
rigorous, if we take into account the smoothness of solutions, we arestadri@. Taking
the time derivative of the matching condition (2.20) yields

La(t) = de(t,m1(8)) + dy (8,71 (£))71(2). (3.8)

Since the case of a tangency curve has already been studied, wquseritbeassume that
d; (t,m1(t)) > 0. We have two obvious situations to consider:

di = m(doz)o > Ly < 71 <0, (3.9)

dy = m(doz)o < Ly & 71 > 0. (3.10)

Let us look more closely at (3.10). We know how to proceed if the interfade a
tangency curve.

On the other hand, if; is not a tangency curve, we notice that the characteristics,
always turn leftz (¢, p) < 0 see (2.27). Thus, a rarefaction region forms. This situation is
much similar to the problem of the corner evolution. It will be studied elsewhere

21



Whenr; < 0, then can we expect only a matching curve. However, each curve émana
ing fromryo (or from/,o) are distinctively different from matching curvg (or [y), see the
left pictures on Figures 2 and 3. The former one is the result of the colligitdme central
facet with the characteristics of the Hamilton-Jacobi equation {2.This is so, because
the characteristics run against the facet. This is no longer true forsatvey, they turn
away from the outer facet and in principle a rarefaction region may fgamna Indeed, if
%(0,dx(0,710)) < 71(0) < 0, then a rarefaction region forms. We will not deal with it. If,

jg(tvdx(t7r10)) > Tl(t)7 (311)

att = 0, then the interface collides with the slower characteristics. We notice that, if we
recall thatz(0, d,.(0,710)) = —mp(dx(0,710))o (0,710, L19), then (3.11) is nothing but
(3.5).

Indeed, if (3.11) holds, then we can construct a matching curve.

Proposition 3.2 Let us suppose thd; is a given Lipschitz continuous function ali@j(no) >
0. If (3.9) is satisfied, i.e.,
1

1 (0) = %(m(do_?x(Tlo))O'(O, 10, LIO) - L1(0)) <0
dO,x(Tlo)

and (3.11) holds, then there is a unique solution to
. m(0 R 27v(n
i = (om— g [ o ds — ) = f(r ), (3.12)
T1 (O) = T10-

Let us also observe that singedepends in a Lipschitz continuous way up8n, we con-
clude that,

Proposition 3.3 Let us suppose that Lipschitz continudisand R» are given, then there
existsA > 0 such that

[r1(R1) — r1(R2)[|co < Al|R1 — Ral|co.

Proof. This is an immediate consequence of the Lipschitz dependence of the fikgd po
upon the parameter, provided thatis Lipschitz with respect ta?, which is indeed the
case. O
Now, we will present groof of Proposition 3.2Having assumed regular data, we can
invoke Proposition 2.4 to claim existence of solutions to (2017 G (x(rgo), z(r10)). Due
to Proposition 2.4 (b), we know thd}, (¢, z) > 0 there.
Due to continuity off there is a neighborhood 6f1o, L1(0), do ..(10)) of the form

(110 — 1,710 + 1) X (L1(0) =1, L1(0) +n) % (do.+(r10) — 1, do,e(r10) + 1) =: U,

and such that; < 2 holds ini/.
We conclude that for an)’ > 1 there ist; > 0 such that the solutions to the charac-
teristic system (2.27) satisfies

[z(t)], 1d@)], [p(H)] < Kt €0,20].
If this is so, then there is another< t; < to and such that

(z(t),d(t),pt) €U t € [0,t].
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In other words, the functiori — & restricted td/{ is negative.

If we restrict the behavior oR; by requiring thatk; > rio + e, thensupy, |f| =
M < oo. Thus, there exists, € (0, ¢1) such that for any selection of argumentsfothen
ri(t) € B c Ufort € (0,t2), whereB is a closed ball centered afy. At the same time
71 < & in B.

Letussetfol) < T <ty

Xr={feC’0,T]: #(t) € B}

This is a complete metric space with t6€ norm. We sef : X7 — X7 by formula

F(F) = 10 + /0 F(#(s), 5) ds.

Sincer € X7, then by the very definition aB.

d

E (0 = f(7(t), 1) < i(t).

As a result
F(7)(t) <z(t) and z(t) fort e [0,ts].

This shows that indeed we can show the Banach contraction principledéier possibly
taking smallefl’. However, we can further extend the solution to the intejak], this is
due to the abstract argument, based on the factt{hstays in the set wherg < i, heref
is well-defined. O

3.2.3 The case of two matching curves

Also in this case, we admit that the dynamics of the corner is not defined edersection
of the outer facets. Thus, positions of the endpoiRfsand L, is given. Existence of the
interfacial curve will be shown assuming continuity of and R». The uniqueness of the
interfaces is guaranteed provided tthatand R, are locally Lipschitz continuous.

Proof of Theorem 3.3, part (clet Lo, R, € C(R*;R) and let us assume that and
d™ are solutions to the Hamilton-Jacobi equations (2. &nd (2.1%).

If (df:,,)~ (L) > 0, (df,,)~(r10) > 0 andiy(0) < &(0,110), #1(0) < &(0,r10),
wherez(0,l19) andz(0, 1) are the characteristics starting frdgp andry respectively,
then, there exists unique local in time solution to the problem:

: 1 Lo(Ra,L1,r1,l1)
= / o(t,R1(t),s)ds — 2vy(n ,
YT Lo(Ry, Ly ) =\ g (¢, Ra(t), 5) v(ng)

Rl - dA(t, ll),
; 1 Ra(R1,L1,r1,01)
L= t,Li(t),s) ds — 2 3.13
' RQ(Rlel’Tlall) - /7'1 U( ) 1( )75) S V(HA) ) ( )
Ly = dR(t, Tl)v

R1(0) = Ri9, L1(0) = L1o, 71(0) =110, 11(0) = l1o.
SinceLs, Ry : R* — R are continuous then there exigissuch that if

max (| R — Riol,|L — Liol, |7 — 0], |l = l10]) < 61,
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then
1
max (|Ra(R, L,7,1) — Rao|, |L2(R, L,7,1) — Lag|) < 7 min (L2o — l10, R20 — 710) -

If we differentiate (3.13) and (3.13) with respect ta, then we obtain the equivalent prob-
lem:

Iy = Gi(Ry, L1,7m1, 1), Ry =d>t, 1),
7'“1 = GQ(Rl,Ll,Tl,ll), L1 = dR(t,’l"l),
Ri(0) = Rig, L1(0) = Lig, r1(0) =710, 11(0) = lyo.

Here:

Gi1(Ry,Ly,7m1,0,t) =

1 SRR o4 Ry(8),s)ds — 29(nR)  m(dM 1))o(t, b, dME 1))

dx(t,1h) Lo(Ra, L, r1,l) — I dA(t, 1) ’

GQ(Rl,Ll,T‘l,ll,t):
Ra(R1,L1,r1,l1) I . R R
1S, o(t,Li(t),s)ds —2y(np)  m(dB(t,r))o(t, b, dB(t, 1))

dg(t,?"]_) RQ(Rlel)rlull) — T dg(t,T]_)

SinceGs andGy are continuous, there exigs andd, such thatz; < @(t, l0) andGs <
@(t,r10) on the setB ((Ryo, L1o, 710, 110), 92) x [0,T%]. Moreover, sincel’ andd? are
continuous and*(0,710) > 0 d2(0,110) > 0, there existl3, d3, € such that ift € [0, T3],
max{]ll — 110|, ’7’1 — 7"10|} < (53, thenmin(du{,}(t, ll), df(tﬂj)) > €.

Next, for T < min(T3,T3), § = min(d;,d,) andd < min (Lzof—lw Bario §, 53),
we define the set

Yrs = Ber(Ri0,6) % Bojr(L1o,0) x Bego.ry(r10,6) % Bejory(lio, 6),
Yrs = YpsN{(R,L,r1) € C(0,T;R") : (R, L,r,1)(0) = (Rio, L1010, 110, ) }-
Subsequently, we define a ma&p: Yr s — C([0, T];R?),

Z(R,L,r1) = (R, L,7#1),

as follows

I(t) :110+/OtG1(R1,L1,r1,l1,z)dz,
R(t) = d™(t, (1)),
#t) = r10+/0t Go(Ri, Ly, 1, 11, £)dz,

L(t) = d®(t, 7(t)).

Then for an appropriate choice 6fandT’, we establish thag : Yrs — Yrs. After
introducing the following shorthand

A(Z) = LQ(R(Z)v L(Z)7T(Z>v l(z)) - Z(Z)a
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we arrive at

/t 1 /L2<R<z>,L<z>,r<z>,z<zz> R(2), 8)ds — 2y(ns) | &
= T o(z,t(z),s)ds — 2v(n Z
o d(z,1(2))A(2) \ i) f

/t @)t dN e )| <
o d3(2,1(2))
T <SUP|L2(R(Z),L(Z)J’( 2),1(z)) = U(s)

|sup || + 27(ng)
p inf [La(R(2), L(2),7(2),1(2)) — I(s)|

T 2
< = < < |Lag — lip| sup |o| + 27(nR)> + sup |o| sup |m(dA)|> .
Log — 110 \ 2

+ sup |o] sup rm<dA>r)

In the same manner one can show the inequality

. T 2 3
‘T(t) — 7'10’ < — <,RQ()—7’0 (2 ‘RQO - rlO‘ sup ’U’ + 2’7(11/\)> + sup ’U‘ sup ‘m(dR)’> .

Hence, after having takefi small enough, we obtain

max <||f = 110lle(om); ||l~— llOHC([O,T})) <4
Next,

‘R(t) — RIO‘ = ‘dA(t, i(t)) — R10’ S sup ‘dA(t, x) — ll()’.
tE[O,T},|CC*l1Q‘§(5

Since, the mayt, z) — d*(t,2) — Ry is continuous, we can choogeands such that
IR = Riollco.ry) < 90

Using a similar argument, we can show that

IZ — Liolloqo.m) < 9.

Now, we shall show that the map is compact. For this purpose, we take a sequence
(Rn, Lyn,7n,1ln) € Yrs. Thus, the sequences, and I,, are bounded inC!-topology
(see [16] for similar considerations). Thanks to Arzela-Ascoli Theprere extract sub-
sequences,, of 7 T andlnk of I, converging uniformly ta® and/ respectively. Hence, we
getR,, — R andLnk — Lin C. This finishes the proof of compactness. In the same way
one can show that the map is continuous. Finally, by Schauder Theorem, we conclude
that the mapZ has a fixed point.

Now, we assume thak, and R, are locally Lipschitz continuous. We shall show
that the solution is unique. For this purpose, we shall assume that we hagolwtions
(Ra, La,7a, 1) @and(Ry, Ly, 1y, lp). Since

min (d;\(t, Y), df(t,y)) >n>0,

la(t)
/ ndy
Iy(t)

we can write:

[Ra(t) = Ro(t)] = [d*(t,1a(t)) — d™(, 1(2))] = =1 la(t) = b()] .
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Hence
1
lla = Wllcgor) < EHR& — Rylle(o,m)
1
I7a = 7ollc(o,m) < EHLQ — Lylle(o,m)-

Subsequently, we introduce the notation

L2a(z) = LQ(Ra(Z)v La(z)’ Ta(z)v la(z)),
R2a(z) = R2(Ra(z)7 La(z)a Ta(Z), la(Z)).

Let 7, = min (sup{t € (0,T")|Lag(t) > la(t)},sup{t € (0,T)|Raq(t) > ra(t)}). In the
same fashion, we defif. Let us denotd’ = min(7,, T}). Then, for each > 0, there ex-
ists €(0) such thatmin (Lag(t) — la(t), Lap(t) — lp(t), R2a(t) — 7a(t), Rap(t) — (1)) >

€(8) on the sef0, T — 4]. Now, we estimate

’Ra (t) - Rb(t)‘

/Ot <L2a(z)1— lo(z) L%(Z)l_ lb(z)> (—27+ /laL(:(Z)a(z,Ra(z),s) ds> dz

¢ Log(2)
/0 L%(z)l/l (0(2z,Ra(2),8) — o(z, Ry(2),s))ds dz

_|_

—(2) Ji,2)
/t 1 /Lza(Z) ( R( ) )d Laop(2) ( R( ) )d d
+ — o(z, Ry(2),s s—/ o(z,Rp(z),s)ds z
o \ Lav(2) = b(2) \ Ji,(2) Iy(2)
C: [!
< el (lla = lle o,y + 1L2a — Lavlleo,y) dz +
Cg ¢ 03 !
6(5)/0 |1 Ra — Rollcqpo,2dz + 6(5)/0 (e = blleqo, + 1 L2a = Laslleqo,2) dz;

where
C1 =2y +sup|La, — la|sup|o|, Co =sup|Lag —l4|sup|oy|, C3=sup]|o|.

In the same manner we obtain the estimate g t) — L, (¢)|. SinceL, andRs are locally
Lipschitz continuous we obtain the estimate:

| Ra — Rollcqo,g) + 1 La — Lollcqon) <

t
H(€(5))/O (IILa — Lelle(o,2)) + I1Ra — Rolle(o,z)) dz-

Hence, by Gronwall inequality we obtain tHeR, — Ry ||c((o,q) + [ La — Lellc(jo,) = 0 0N
[0, T — ). Since d is arbitrary, we obtain thatR, — Rs |l (o 7y) + [1La = Loll 0.7y = 0
This finishes the proof of the uniqueness.

We notice that this construction yields a unique solutiomdﬁm)_(lm) > 0 and
(dﬁxl)_(rlo) > 0.

The point of using the Schauder theorem is to give existence for a giwerinterval,
without necessity of shrinking it as it is in the case of Banach contractioniple.
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3.2.4 The case of a matching and a tangency curve

Proof of Theorem 3.3, part (b)Ve will proceed in several steps. Since the rolé;cdnd
r1 is interchangeable in Theorem 3.3, part (c), for the sake of defingdenesassume that
a tangency curve emanates fregg and matching curve froryg.

First, we notice that Proposition 2.4 yields existencébin G(x(ly), z(l19)). Once
we have it, we will simultaneously construct the tangency curve emanatingrfrg the
matching curve andk; (-), L1 (-). After that, we will find remainingi”.

Now, we can present the main result of this paragraph.

Lemma 3.2 Let Ly € C(R*;R) and Ry € C*(R*; R) be given functions. We assume that
»1t > (initial conditions satisfy the tangency condition:

1 Rao
o(0,7r10, L1g) = ——— </ 0(0,s,Lig)ds — 27(nA)>

Rao — 110 \Jryp
and

OR
(r10 — Ra0)oe, (0,710, L1o) # (/(0, 710, L1o) — (0, Rag, L1o)) a—y;’ . (3.14)
Y3=r00

If (d2,)~(l10) > 0 and condition (3.5) hold, i.e.,

m L n
(O‘(t, dg(llo), l’)m(da$(l10)) — Ll (—O)ll /l O'(t, S, d(/]\(llo)) ds — i’?f_?f)

1
dg. »(110)
< —myp(diy, (ho))a (t, dj (o), @),
then, there exists a local in time solution to the problem

. 1 La(Ry,Ly,r1,l1) 2v(nRg)
R = / g taR t 78 dS - ’
. LB L)l A (t, Ri(t), s) Ly(Ry,Ly,r1,0) — U

Ry = dMt,1y),

. 1 Ra(R1,L1,r1,01) 2v(ny)
L= o(t,L1(t),s)ds — ,
YT Ro(Ry, Luy 1) — 11 /7«1 (8, La(®), 5) Ry(Ry1, Ly,71,l1) — 71

1 Ra(R1,L1,r1,l1)
o0 2a) = o | o(t, 5, L1(H) ds — 2y(m) )

1

R(0) = Rig, Li(0) = Lig, r1(0) =710, 11(0) = lyo.

Moreover, if Ly is locally Lipschitz continuous, then the solution is unique.
Proof. Let us define the following mapping : R* x R — R,

F(t,Ri,Li,7m1,0L) =

Ro(R1,L1,m1,l1)
(Ro(Ry, Ly,71,00) — 1) o(t,r, Ly) — / o(t,s,L1)ds —2y(ny).

T1

Since by(3.14)

OF
87“(07 Ry0, L19, 710, l10) =
ORy
(0(0,710, L1o) — o (0, Ra0, L10)) B + (Raoo — 710)0 2, (0,710, L10) # 0,
Y3=T10
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we can apply the Implicit Function Theorem. Therefore, there exists a lbailgbod of
(0, R107 Llo, llO) and the map; =7r1 (t, Rl, Ll, ll) such that

‘F(t7R17T17L1,l1) =0 and 7“1(0, RlOaLlOalIO) =T10.

Now, we can rewrite our system as follows:

. 1 Lo(R1,L1,m1,0)

B A0 A </11 o(t, Ru(t), s) ds — 27(nR)> :
Ry = dt,), (3.15)
L, = o(t,ry, L1(t)),

R1(0) = R, L1(0)= Lo, 1(0)=1lio.
Next, we differentiate equation (3.4)8with respect ta and we obtain the following system:
il = G3, R1 = dA(t, ll), Ll = a(t,rl,Ll(t)),
R1(0) = Rio, Li1(0) = Lo, 11(0) = o,
where
G3(R1, L1,71,11,t) =
1 [T o4 Ry (t),8) ds — 2v(nR)  m(d (¢ 1))o(t, b, dM(E )

1 —_—

Ay (1) Ly(Ry, L1, r1,h) — dy (1)

Subsequently, fof’ > 0, we consider the Banach spac¢|0, T]; R?) with the norm
| (w1, w2, us) |l ogo,mirs) = [nax, |uillcgo,m)-
SincelL, : R* — R is continuous, there i& such that if
max (|R — Ryo|, |L — Liol, |l — l10|,t) < 01,
then
|Lo(R, L,r1(t, R, L, 1), 1) — Loo| < imin (Lao — Iho)
Continuity of G5 implies existenc@’, andd, such thatz; > i, in the cylinder
B ((R10, L0, 110), 62) x [0, T3].

Moreover, by Proposition 2.4 there exigf, d3, e such that ift € [0, 73], |l1 — l10] < I3,
thend (t,1;) > e.
Next, forT < min(T, 8;), ands < min (L%;llo,él, 5o, 5) we define the set

Y75 = Bepor)(R0,6) x Bejory(Lio, ) x Bejory(hos,0),
Yrs = YrsN{(R,L,1)€C(0,T;;R?) : (R, L,1)(0) = (Rio0, L10,10,)}-
Subsequently, we define the mappifig Y75 — C([0, T]; R?),

Z(R,L,1) = (R, L,1),
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as follows
t

ity = llo+/ G3(Ry, L1,71, 11, 2)dz,
0

E(t) = Llo—i-/OtO'(Z,?“l,L)dZ,
(t)

R(t) = d*t,1(t)),

wherer; = r1(t, R, L, 1).

In the similar way as in the proof performed in subsection 3.2.2, one can stadw
for § andT" small enough, we havg : Yr s — Y7 ;. Moreover, mapZ is compact and
continuous. As a result, we apply Schauder fixed point theorem. Finally, i$ locally
Lipschitz continuous, then the Gronwall lemma yields uniqueness of a solution. [

3.3 Existence of variational solutions to (1.1)

We combine the information about the solutions.

Theorem 3.5 Let us suppose that all the assumptions of Theorem 3.4 hold, in particular
loo < 19 @andrgg < r19. Then, there exist corresponding variational solutions. In addition,
they are unique provided that all the interfacial curves are tangemegs.u

Proof. Inthe previous section, we constructed the bent rectad@les},c(o, ;). Now, we
construct the corresponding Cahn-Hoffman vector figlds S, S5. Actually, onSy we
use formula [22, eq. (2.28)] and [23, eq. 3.2] and [23, Propositioh 8.2 (¢1,v(ngr)),
where

x (%:U(t, s, Lo)ds — jgrg(t, s, Lo) ds) — f—o v(nyp) x € [0, 70
(o) —7(n4a) . . x € (ro,m1)
1t,x) = 1 1
’ (R — x) ( o(tys,L1)ds — { o(t,s, L) ds) + v(nyp)
2 Rl]éx ]é R
{ - Rl — TIV(HA) HAS [7"1, 1]'
(3.16)

We extend it by symmetry to the whok[,
51(t,x) = —fl(t, —.SC) T € [—Rl,O]

and toS, . Namely, onS, we sets(t,z) = (&i(t, z), —y(nR)).

In an analogous manner we haye= (y(na),&2) on S%. The above formula may be
reused foks, if we keep in mind that we have to replace this by the R’s (and vice versa)
and to change(ny ) to y(ng).

The proof that thi is a minimizer of€ follows the lines of [23, Theorem 3.5 and
Theorem 3.6], since some changes are required we will present ithisketc

We notice that it is sufficient to restrict our attention4g. We have to show that if
&+ h € Dy, then

EN(E+h) > En(E).
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It is easy to see that + h € D, implies continuity ofh andh(+R;) = 0. Since+ry,
+r; form the boundary of the coincidence set of the variational obstaclegm then
h(£r;) = 0,7 = 0,1, too.

We notice that for alt > 0 Proposition 2.4 (b) implies that

dg(t,x) >0 forallrg(t) < |z| < ri(t).

Hence,0vy(n(x)) is a singleton and thelh= 0 on[—ry, —ro] U [ro, 1]
Once we checked thaf is continuous and vanishes par; (t), —ro(t)]U[ro(t), r1(t)]
it is easy to deduce, by the method of [23, Theorem 3.5 and Theorem 8t6] th

Er(E+h) —ER(S) =
| 8h1 Ohy - B 1 8h1 Oh
/ [5(87:“) BRLO& | dx + </ / ) — BrL: 1]

—To

> 0.

The method used in the above mentioned theorems yigldiepending in a Lipschitz
continuous manner oR; depending precisely on the endpoints of the outer facets. The
same conclusion holds, as in Lemma 3.2 above, when the position of one oftpeis

is not determined by the corner, but differently. d

3.4 Evolution of rectangles

We know (see [23, Section 3.2]) that not all configurations are possitile= L. In fact,
the only viable option is that the tangency condition is satisfieg@at r19. In this case,
we have two tangency curves emanating frgim The problem is to construct the solution
to the Hamilton-Jacobi equations in the region above them,.

Theorem 3.6  Let us suppose that (S) holds. The initial data are such-ghat r1o and
(2.30) are satisfied. In addition, one of the hypotheses of Theorenie3ding uniquél,
Iy holds. Then, there i > 0 such a variational solution to (1.1) exists foe [0,T).
Moreover, the interfacial curves(-), i = 0, 1, are the tangency curves andt) < ri(t)
fort > 0.

Proof. We assume, that we have already decided what is the nature of the iefgrdac
we have determined its evolution as well as thaRef By Remark 3.1 Lemma 3.1 keeps
holding even ifrgy = r19, then we may use the results of Lemma 3.1 to conclude existence
of ro andr;. As a result, theory developed for bent rectangles is applicable. ticylar
we deduce thaty < 0 andr; > 0fort¢ > 0. This permits us to construct the corresponding
Cahn-Hoffman vecto¢ uniquely, see Theorem 3.5. d

Of course we know, that the only possibility is that two tangency curves laggy, =
r19. The conditions (2.30) are to make sure the data are correct and wetegntsoundary
data for the Hamilton-Jacobi equation. We notice that the above Theoreatidsalso in
loo = l10, provided that the version of (2.30) holds for them.

3.5 Uniqueness of variational solutions

We will show unigueness using the approach of the proof of [23, Hmat.1]. We will
do this only for special cases, when we can show ¢haas bounded second derivative,
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otherwise the method breaks down. We note that we guarantee higher sgsstway
from the interfacial curves. By the very nature of the probléni,-) is discontinuous
across all matching curves, which are not tangency curves. Thidepnobas absent in
[23], because there we could additionally use the gradient flow strucfurer equations.
This is no longer true here.

Theorem 3.7 Let us assume (S) and consider a regular bent rect&ggds an initial con-
dition. If (T(t),£%(t)), i = 1,2, are two regular variational solutions to (1.1) with the
initial conditionTy, i.e., all interfacial curves are tangency curves, thBh(t),£(t)) =
(T2(t),&%(t)) forallt > 0.

Proof. We will consider both solution in a common local coordinate system. Thus we
have two systems like (2.17) fdé-!, @72, j = A, R. One of the difficulties is that' and
d™? (resp.d™! andd’?) are defined on different domains. We will consider in det&il
andd’2. The analysis ofi™! andd"? goes along the same lines.

Let us set

p(t) = min{R{(t), Ri (1)} p"(t) = min{L](t), L}()}.

We take the difference of systems (2,1] for ! andd®? over[—p%(t), pf(t)].

We note, that contrary to [23], we consider the difference of solutioagiime varying
domain.

Thus, we obtained the following equation fof := d> — d' on[—p, p],

€2 ot
pf = Apf + Bpft — (mQ;x — ml(fm) , (3.17)
where - .
Qm(daf, )_m(dQ?’ ) R,1 0'2—0'1
A(t, x) =0 dR)Q _ dR71 y B = m(dx )W (318)

We notice that
A, B e L®(0,T; L%(~p, p)).

Multiplication of (3.17) byp an integration ovef—p, p] yields
L [P go 1 [° R\2 R\2 RS L 0¢!
- ==/ (A B - = = 1
2/_(p)t 2/((p)x+ (p™) /_pm(%max p.  (3.19)
We will estimate the second term using monotonicityef

o208 08! (08 og * m? — ) 26
/_p—(max—m&c>p§—/_Rm <8:c_8x>p_/_(m —m)%

P P
Monotonicity of 9y implies the pointwise estimate

o¢2 oet

A S A
(G = 5o (d2—db) =0,

thus

pR 852 851
_ 25 5 <
/pRm <8x 8x>p_0'
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On the other hand, Lipschitz continuity of yields

P o0&? og! P
o 206 10§ < 2
/_p (m oz m oz P> M/_pp
Let us writeA as follows,

1
Alt,z) = /0 mi((d? — dih)s + db) ds.

Our assumption that all the interfaces are tangency curves impliegthdf* are contin-
uous and differentiable. Regularity 8¢) yields boundedness af?, andd2, then we
immediately see that, € L>(—p, p). Thus, integration by part yields

/p Ap™); = - /p A ()2 + AR

r=—ph"
-pP -pP
We notice, that the boundary term is easy to estimate,

min{R}, R} — max{rl,rl}( <M/ Alp
min{R%,R%} max{rl,rl}

/ o< [ K2+ [ K(p)?

So far, we have succeeded in showing the following inequality

PR g ) g
dR2 dR,l 2 / dA2 dA,l 2
/R(t) dt( P @t )

(p™)*(p™) = (L1 = L)* =

Finally,

A(t
< M/ (dR’Q _ dR’1)2 + M/ (dA,Q _ dA’l)Q.
,pR 7p/\ t

We notice that

B¢

R
d [’ (t) (@F2_ gh1y — /p ® q

(dR ,2 dR’1)2
At J—pr (o) w(e) dt

(a2 — del)Q(p(t))jt pl(t) + (2 — a2 (=p"(1)) —p

R
_ /p (t) d (dR2 dR’1)2
- Ry dt

+(L — L) (—p" (t))jt p() + (LE — L) (p" (1)) = p" (1)

R
/p © ;zt (@R g1y

P (t)
+M/ dR,Q o dR’1)2 + M/ (dA,Z _ dA’l)Q.
A(t
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The same inequality is valid fof: ffl;gt()t

and introducing,

)(dAv2 — d™1)2. Hence, after summing them up

pR(t) P (1)
u(t) = / (dR,Q o dR’1)2 + M/ (dA’2 o dA’1)2,
-pfi(t) —pA(t)

we will obtain the following estimate

d
This inequality takes into account the fact tlf@,bR(t) € L>(0,T).
Sinceu(0) = 0, then Gronwall inequality implies thai(t) = 0, i.e. d®2(t) = d®1(¢)
on interval[—p’i(t), p%(t)] andd™®? — d™! on interval[—p™(t), p™ (t)]. O

Remarks.
We see that this argument can be adapted to solutions which possibly beeskrimetry.
The problem of uniqueness of solutions to a system like

ug —bVu+cu=0 in (0,7) x R"

has been studied extensively, let us just mention [9] or [1]. Commonly,uti®e need
there divv € L'(0,7; LY (R™)), wherep < oo. We could hope for this only, when the
interfaces are tangency curves. If at least one of the interfaciaésus just a matching
curve, thend, is discontinuous at the endpoint of the facet set of arguments. Hence, if
the coefficient4 in (3.18) will have jumps, s, will be a measure. As a result, the
assumptions of [9] and [1] are violated.

In fact, the problem we study (3.17) is not exactly in the form indicated elttws we

use here a simpler, direct method.
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