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Abstract

We study the motion of regular bent rectangles driven by singular curvature flow with
a driving term. The curvature is being interpreted as a solution to a minimization prob-
lem. The evolution equation becomes in a local coordinate a system of Hamilton-Jacobi
equations with free boundaries, coupled to a system of ODE’s with nonlocal nonlinearities.
We establish local-in-time existence of variational solutions to the flow and uniqueness is
proved under additional regularity assumptions on the data.
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1 Introduction

Our goal is to establish the existence of a properly defined solution to the driven weighted
mean curvature (wmc) flow

βV = κγ + σ on Γ(t), (1.1)

whenκγ is a singular curvature,Γ(t) is from a suitable class of closed curves, correspond-
ing to the anisotropy functionγ andβ is quite general. We shall succeed, but only for
special closed curves, which we call bent rectangles, as initial data. Our motivation is to
study facets at the onset of their bending and after that. If the initial curveis a rectangle
close to the energy equilibrium shapei.e., the Wulff shape ofγ, which is given by (1.2),
then the presence of the forcing termσ in (1.1) leads to a ‘bent rectangle’ with exactly three
facets, see Fig. 1.

The first problem here is to give meaning to the curvature term, which is formally
defined as

κγ = −divS (∇ζγ(ζ)|ζ=n) ,

wheren is the outer normal toΓ andγ is a surface energy function. This definition makes
sense for smoothγ on smooth surfaces. But our goal is to study (1.1), when

γ(p) = γΛ|p1|+ γR|p2|, (1.2)

i.e., we deal with crystalline curvature. In Section 2, we recall the definition ofκγ , which
used earlier, see [22].

Our main objective is to study behavior of facets, flat parts ofΓ(t) with normal vectors
defined by the singular directions ofγ, i.e., the normal vectors to Wulff shape ofγ. The
presence of the forcing term will make facets bend, provided that they are long enough. A
study of facet stability in a different problem, where (1.1) is coupled to a diffusion equation
was performed in [21]. Here, we assume thatσ forces bending of an initially flat facet.

Here, we permit a generic drivingσ, conforming to the Berg’s effect (see [8], [28], [20]
and references therein),i.e.

xi
∂σ

∂xi
(t, x1, x2) > 0 for all xi 6= 0, i = 1, 2, t ≥ 0, (1.3)

and the symmetry conditions, for allt ≥ 0,

σ(t, x1, x2) = σ(t,−x1, x2), σ(t, x1, x2) = σ(t, x1,−x2) for all xi ∈ R, i = 1, 2.
(1.4)

We studied evolution by (1.1) of graphs with a single facet for rather general kinetic
coefficientβ, see [16]. In [22], we investigated evolution of bent rectangles by (1.1) for
a special choice ofβ. Here, we are interested in their motion with the same restrictions
on β as in [16]. Once we write (1.1) in a local coordinate system, which will be done in
Section 2, we will see that the resulting system may be interpreted as a coupledsystem of
two Hamilton-Jacobi equations with free boundaries. We may indicate the main difficulties
here using the language suitable for Hamilton-Jacobi equations. These are the rarefaction
regions associated to the corners ofΓ(t) and the free boundaries, the endpoint of the facets,
see Fig. 1. This will be explained in Section 3. We do not have tools to study them in the
full generality, yet. This is why we do not treat here the corner evolution problem explicitly,
but we define them as intersection of facets.
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Let us stress that our purpose is to construct solutions to (1.1) in relatively simple cases.
We mean by thisregular bent rectangles, (see Definition 2.1 at the end of Subsection 2.1),
that is we impose some smoothness assumptions on the curved parts ofΓ(t) as well as on
σ so that we may use the method of characteristics to solve the Hamilton-Jacobi equations.
Our main result is Theorem 3.5 in subsection 3.3 stating existence of variational solutions
to (1.1) for a number of possible types of behavior of the facet endpoints. The basic, generic
case corresponds to such data thatΓ(0) has kinks at the facet endpoints. Such a facet may
shrink or expand. On the other hand, ifΓ(0) is smooth in a neighborhood of the endpoints
of a facet, and this facet shrinks, then smoothness is preserved. Separately we consider the
case when the interfaces coalesce. This is treated in Theorem 3.6.
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A side effect of our work is to create supply of super- and subsolutions necessary for
the development of viscosity theory for equations like (1.1), see [15].

In [16], we discussed in detail the construction of the inner interfaces, calledl0, r0, also
when there is no corner at the junctions of facets with the curved parts. The curve was
constructed as a shock wave,i.e., the result of crashing of the characteristics of a Hamilton-
Jacobi equation on the central facet. This approach does not work for the outer interfaces,
calledl1, r1, because, loosely speaking, they are trying to escape from the characteristics
of a Hamilton-Jacobi equation governing the curved part. Thus, geometrically the behavior
of the interfaces is different.

We must stress that we assume that the corners of the bent rectangles evolve as inter-
sections of outer facets. This may not be suitable for general kinetic coefficients. A corner
may round off. Even ifσ is constant we need a condition forβ such that the corner never
rounds off as pointed out in [13] if the flow is to enjoy the comparison principle. In our
current setting it seems that a sufficient condition for the corner never toround off is that the
Wulff shapeW1/β is a rectangle, although we will not discuss this problem in this paper.
The construction of solutions is conducted here in a such way, that accommodating such a
rounding off will be easy.

We are able to prove uniqueness of our solutions only in special cases. They are related
to the behavior of the interfaces. If all the facets shrink andΓ(t) is smooth at the interfaces,
then we can guarantee uniqueness. If at least one facets expands, so thatΓ(t) is no longer
smooth at the interfaces, then our proof fails. The problem is, compared to[23, Theorem
4.1], that in the present case the generalβ destroys the gradient flow structure exploited
there. Here, we use tools typical for transport problems, see [1], [9].

We use methods based on the method of characteristics, because the viscosity theory,
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does not seem developed sufficiently to handle the case of closed curves for generalβ.
This approach was quite successful for graphs, see [16], [12], [15]. We expect that we
could approximate the left out cases by regular bent rectangles, but wepostpone it for
further studies, as this seems to require the viscosity methods which are beingdeveloped,
see [15]. Another difficulty associated to the application of the general viscosity theory for
the first order Hamilton-Jacobi equations is that the notion of the variationalsolution no
longer makes sense, a new notion has to be invented.

2 Setting up the problem

2.1 Definitions

Here, we recall the notions we used in [22]–[23]. We restrict our attention to evolution of a
subclass of bent rectangles. We shall call a Lipschitz closed curveΓ a bent rectangle(see
[23, §2]) if the following conditions are satisfied:

There exist even, Lipschitz continuous functionsdR, dΛ : R → R+, which are
non-decreasing for positive arguments and there are positive numbersL1, R1 such
that

dΛ(L1) = R1, dR(R1) = L1.

In additiondΛ is constant in a neighborhood of zero andL1 (respectively,dR is
constant in a neighborhood of zero andR1), furthermore

(BR) Γ = ∂{(x1, x2) : |x1| ≤ dΛ(x2) , |x2| ≤ dR(x1)}.

We shall calldR, dΛ a pair of admissible functions.
We shall call the points(±R1,±L1) vertexes ofΓ. Thus, after we set

S±
Λ = {(x1, x2) ∈ Γ : x1 = ±dΛ(x2), x2 ∈ [−L1, L1]},

S±
R = {(x1, x2) ∈ Γ : x2 = ±dR(x1), x1 ∈ [−R1, R1]},

we notice that the graphs of± dΛ
∣

∣

[−L1,L1]
, ±dR|[−R1,R1] make up the wholeΓ(t), i.e.

Γ = S−
R ∪ S+

R ∪ S−
Λ ∪ S+

Λ .

We will collectively write SR for S±
R andSΛ for S±

Λ . We will call themsidesof Γ(t).
Vertexes ofΓ are the intersectionsS±

R ∩ S±
Λ . Moreover, the sides meet at vertexes at the

right angle. However, a general kinetic coefficient may lead to roundingoff the corner.
This happens when the Wulff shapeW1/β has a round corner or not. Such phenomenon is
indicated by physics literature, seee.g., [10], [18] and studied in [13] whenσ is spatially
constant. We do not consider this here, but state the major theorems in such away, that they
can be easily adapted if the corresponding dynamics will become known.

We will denote byn the outer normal toΓ and in particular,

nΛ = (1, 0), (resp. nR = (0, 1))

are normals to the faceted regions ofSΛ, (resp.SR). A rigorous definition of the notion of
faceted regions is given later just before formula (2.7) in this section.
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The curvature,κγ , appearing in (1.1) is defined by

κγ = −divS (∇ζγ(ζ)|ζ=n) ,

wheren is the outer normal toΓ andγ is a surface energy function. In our case vectorn is
defined onlyH1-a.e. The physical examples, we have in mind, see [24], [19], give us the
motivation to consider

γ(p1, p2) = γΛ|p1|+ γR|p2|. (2.1)

We notice that the flat parts with normals belonging to the set of normals of the Wulff
shapeWγ are energetically preferred. We refer the reader to [24,§7.5] (see also [23,§2])
for the definition of the Wulff shape. In our case it is a rectangle.

Now, the fundamental problem is apparent:∇γ(n) is not defined on bent rectangles on
sets of positiveH1-measure. We resolved this issue by replacing∇γ by∂γ, which is always
well-defined, because of convexity ofγ. The subdifferential coincides with{∇γ(x0)}
whenγ is differentiable atx0.

Since in general∂γ is not a singleton, this leaves us with a necessity to select the proper
Cahn-Hoffman vector fieldξ(x) ∈ ∂γ(n(x)). We note that this task is obvious on curved
parts ofSΛ, SR, because∂γ is a singleton there, while it is not trivial on flat facets. Thus,
we have to find a proper selection of∇γ. For this purpose, we use a variational principle as
in [22], [23]. A similar approach was first introduced by [11] for graph-like solutions and
was developed in several ways by the authors of [2] – [7].

We impose quite natural constraints onξ, see [22],

divSξ ∈ L2(Si), i = R,Λ.

This implies thatξ · ν has a trace, whereν ∈ TxSi is a normal vector toSi, i = R, Λ. If
we combine it with

∂γ(nR) ∩ ∂γ(nΛ) = {p},

then we see thatξ satisfies a boundary condition

ξ|vertex = p.

The necessity of selectingξ implies that in order to define a solution to (1.1), we need to
specify not only a curveΓ(t) but alsoξ(t, ·). After [22], we recall the notion of solution.
Namely, bya solution to(1.1) we call a family of couples(Γ(t), ξ(t)), t ∈ [0, T ), such that
for someT > 0, the following conditions are satisfied:

(a) For eacht ∈ [0, T ) the curveΓ(t) is a bent rectangle anddΛ, dR are continuous
functions of its arguments, for eachx, dj(·, x), j = Λ, R are Lipschitz continuous and for
eacht ∈ [0, T ), the functionsdj(t, ·), j = Λ, R are admissible;

(b) ξ :
⋃

t∈[0,T ){t} × Γ(t) → R
2 is at each time instant a Cahn-Hoffman vector. If

M := supt∈[0,T )max{L1(t), R1(t)}+ 1, and if forj = Λ, R, we set

ξ̃R(t, x) ∈







{(−γ(nΛ), γ(nR))} x ∈ [−M,−R1(t)],
{ξ(t, (x, dR(t, x)))} x ∈ [−R1(t), R1(t)],
{(γ(nΛ), γ(nR))} x ∈ [R1(t),M ];

(2.2)

ξ̃Λ(t, x) ∈







{(−γ(nΛ),−γ(nR))} x ∈ [−M,−L1(t)],
{ξ(t, (dΛ(t, x), x))} x ∈ [−L1(t), L1(t)],
{(−γ(nΛ), γ(nR))} x ∈ [L1(t),M ];
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then we assume thatt 7→ ξ̃j(t, ·) ∈ L∞(0, T ;L2(−M,M)), j = Λ, R;
This extension is made for the sake of simplification, so that our problem becomes inde-

pendent of the parametrization ofΓ. It works because the corners evolve as the intersection
of facets.

(c) Equation (1.1) is satisfied in theL2 sense fora.e. t ≥ 0 after interpretingκγ as
−divSξ.

We note that on one hand condition (c) is quite broad, on the other hand it seems im-
proper for the viscosity solution outside of facets. However, if the data ofthe Hamilton-
Jacobi equations are sufficiently regular,i.e., Lipschitz continuous, then the viscosity so-
lution is Lipschitz continuous, hence a.e. differentiable. In fact, we will assume enough
regularity of the data, making this definition meaningful.

In principle, the Cahn-Hoffman vector depends upon timet andx = (x1, x2) ∈ Γ(t).
However, we shall frequently suppresst and writeξ(x), when the meaning of the spacial
argument is clear from the context,e.g.on the sides.

We also distinguished variational solutions based on a specific way to selectξ. In order
to define them, we introduce two convenient energy functionals,

Ej(ξ) =
1

2

∫

Sj

|σ − divSξ|
2 dH1, j = R,Λ. (2.3)

Their natural domains of definition are the sets of Cahn-Hoffman vectors,satisfying all the
above constraints,

DΛ = {ξ ∈ L∞(SΛ) : ξ(x) ∈ ∂γ(n(x)), divSξ ∈ L2(SΛ), (2.5) holds},
DR = {ξ ∈ L∞(SR) : ξ(x) ∈ ∂γ(n(x)), divSξ ∈ L2(SR), (2.5) holds}.

(2.4)

where
ξ(±R1,±L1) ∈ ∂γ(±nΛ) ∩ ∂γ(±nR). (2.5)

Strictly speakingn is defined onlyH1-a.e. but this has no influence on the above definition,
partly because∂γ(ξ) is a constant singleton on each connected component of the curved
part ofΓ.

We recall (see also [23] for a discussion of this notion) that{(Γ(t), ξ(t))}, t ∈ [0, T ),
a solution to (1.1), was called avariational solutionif in addition for eacht ∈ [0, T )
ξ|Sj

(t) ∈ L2(Sj) is a solution to

Ej(ξ) = min{Ej(ζ) : ζ ∈ Dj}, j = R,Λ. (2.6)

We also recall from [22] a number of auxiliary notions. Let us consider an open line
segmentI in the plane,i.e. I = (a, b) ≡ {x = at+ b(1− t), t ∈ (0, 1)}, wherea, b ∈ R

2.
We shall say thatI ⊂ Γ, having a normal equal tonΛ ornR, is a faceted regionof Γ if it is
maximal (with respect to inclusion) and it satisfies

(σ − divSξ)|I = const., (2.7)

whereξ is a solution to (2.6).
We keep in mind that,S±

Λ (t) andS±
R (t) are graphs,e.g. S+

R is the image of segment
[−R(t), R(t)] under the function

x 7→ (x, dR(t, x)) =: d̃R(t, x). (2.8)
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Frequently, it is more convenient to work with the inverse image of a faceted region I,
(α, β) = d̃−1(I). We stress that this definition permitsS±

j (t), j = R,Λ being a line
segment which has more than one faceted region.

Let us now introduce formally the class of bent rectangles we want to dealwith.

Definition 2.1 We shall say that a bentΓ is regular, provided that the admissisible func-
tionsdR, dΛ, restricted to the closure of the complement of the preimages of facets are of
classC2.

In order to make the presentation more clear, we propose to use the notion ofa curved
part of side to denote the (relative) interior of the subset ofΓ, where normaln is such
that∂γ(n) is a singleton. However, this definition is not quite precise in case of Lipschitz
curves, for the normal vector may not be everywhere defined, but nonetheless∂γ(n) is a
singleton. In particular, it may happen that a line segment ofΓ will be called a curved part
if its normal is different fromnR, nΛ.

At this point, we mention that there are other approaches to deal with the ill-defined
operator divS∇ζγ(n). The first is the viscosity method developed by the M.-H. Giga and
Y. Giga, [12]; see also [15] for graph-like functions whenσ is non-uniform. This approach
is applied for the evolution of closed curves [14] whenσ is spatially constant. However,
so far it is not yet adjusted to handle spatially inhomogeneousσ for curves. The second
approach is by anisotropic distance function with variational principles e.g.[3]. It applies
to higher dimensional problems but it does not allowσ. Another approach is the ‘operator
approach’, which is based on a proper interpretation of the composition ofmultivalued
operators, [25], [27]. However, we do not know whether this approach is applicable for
closed curves.

2.2 The reduction to the local coordinate system

We want to write (1.1) in the local coordinate system for variational solutions. We proceed
as in [22] without major changes while keeping in mind that we work with bent rectangles.
A very important part of this process is solving a double obstacle problem. An inherent
part of the solution is a free boundary,i.e., the coincidence set. Its boundary defines the
endpoints of the facets, and we pay special attention to the facets of our bent rectangles. It
is however, more convenient to work with the pre-images of faceted regions. We restrict
our attention to such variational solutions(Γ, ξ) of (1.1) that each facetSj has exactly three
faceted regions, whose pre-images are:

(−L1,−l1), (−l0, l0), (l1, L1), (−R1,−r1), (−r0, r0), (r1, R1).

Moreover, the functionsdΛ|[0,L1], d
R|[0,R1] are increasing.

We noticed in [22, Proposition 3.1]) that under our typical assumptions forσ, if dΛ,
dR are Lipschitz continuous with a finite number of non-differentiability points, then ξ is
constant over each component of the curved parts. As a result, equation (1.1) takes the form
of

βV = σ.

The curvature obviously vanishes.
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In the present context (1.1) becomes

σ(t, dΛ(t, x2), x2) = β(n)
dΛt (t,x2)

√

1+(dΛx2 (t,x2))2
on [l0(t), l1(t)],

σ(t, x1, d
R(t, x1)) = β(n)

dRt (t,x1)
√

1+(dRx1 (t,x1))2
on [r0(t), r1(t)],

(2.9)

wheren is the outer normal toΓ(t). Let us notice that

β(n) = β



−
dRx1

√

1 + (dRx1
)2
,

1
√

1 + (dRx1
)2



 =: β̃R(dRx1
) onS+

R ∩ {x1 > 0},

β(n) = β



−
1

√

1 + (dΛx2
)2
,−

dΛx2
√

1 + (dΛx2
)2



 =: β̃Λ(dΛx2
) onS+

Λ ∩ {x2 > 0}.

This is why (2.9) can be written as

dRt − σ(t, dR, x)mR(dRx ) = 0 and dΛt − σ(t, x, dΛ)mΛ(dΛx ) = 0 (2.10)

on respective intervals. Here,

mi(p) =

√

1 + p2

β̃i(p)
. (2.11)

We want to set minimal assumptions onmΛ, mR. They are:

1

βΛ
= mΛ(0) ≤ mΛ(p),

1

βR
= mR(0) ≤ mR(p), (2.12)

mi(p) = mi(−p), i = Λ, R, (2.13)

mi is Lipschitz continuous andmi ∈ C2(R \ {0}), i = Λ, R, (2.14)

mi is convex for|p| ≤ 1, i = Λ, R, (2.15)

mi(p) ≤ C(1 + |p|) i = Λ, R. (2.16)

Here, we use the shorthandsβR = β(nR), βΛ = β(nΛ).
In [3], the author considers the flow of (1.1) withβ = 1

γ . Our assumptions onβ reflect
our desire to consider a broad set of examples while giving us additional freedom. At the
same time we want that the Wulff shapes ofγ and 1

β be somehow close, but they need not
coincide.

We may now write equation (1.1) in the local coordinates. It is a good idea to recall the
conclusions of [23, Proposition 3.1]. Namely, what we showed in [23, (3.11)] amounts to
saying that for a variational solution, (1.1) takes the following form,

βRL̇0 =

∫ r0

0
− σ(t, s, L0) ds+

γ(nΛ)

r0
on [0, r0],

dRt = σ(t, x1, d
R)mR(dRx ) on [r0, r1],

βRL̇1 =

∫ R1

r1

− σ(t, s, L1) ds−
2γ(nΛ)

R1 − r1
on [r1, R1], (2.17)

βΛṘ0 =

∫ l0

0
− σ(t, R0, s) ds+

γ(nR)

l0
on [0, l0],

dΛt = σ(t, dΛ, x2)m
Λ(dΛx ) on [l0, l1],

βΛṘ1 =

∫ L1

l1

− σ(t, R1, s) ds−
2γ(nR)

L1 − l1
on [l1, L1],
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augmented with the following initial conditions,

l0(0) = l00, l1(0) = l10, r0(0) = r00, r1(0) = r10,

R0(0) = R00, R1(0) = R10, L0(0) = L00, L1(0) = L10, (2.18)

dR(0, x1) = dR0 (x1), dΛ(0, x2) = dΛ0 (x2).

We keep in force the simplifying symmetry assumptions. The notation is illustrated in
Figure 1.

An important observation is that in order to close this system we need information about
the evolution ofli(·), ri(·), i = 0, 1. These points are zero-dimensional free boundaries,
whose evolution is not determined by (2.17). As a result, we have a system of Hamilton-
Jacobi equations with free boundaries.

The definition of a variational solution requires that a Cahn-Hoffman vector field ξ is
presented along with the curveΓ(t). We shall do this later in Theorem 3.5.

2.3 The interfacial curves

We showed in [23] that the obstacle problem leads to two types of the interfacial curves
li, rj , i, j = 0, 1. Each of them may be: either tangency curve or matching curve. For
the sake of definiteness, we shall concentrate onr0. The variational problem (2.6) is of a
double obstacle type. It may happen that for anyt ≥ 0 the pointr0(t) is on the boundary
of the coincidence set. In this case the solutionξ satisfies ∂ξ

∂x1
(r0(t)) = 0, see [26], and we

say that thetangency conditionis satisfied atr0(t). If the tangency condition is satisfies at
r0(t) for all t ∈ [0, T ), then we call the curver0(·) a tangency curve. Equivalent and more
convenient versions of the tangency condition forr0 andr1 are (see [22, Proposition 2.1]
and [22, (3.10)]),

σ(t, r0(t), L0(t)) =

∫

−
r0(t)

0
σ(t, s, L0(t)) ds+

γ(nΛ)

r0(t)
, ξ1(ri(t)) = −γ(nΛ), i = 0, 1,

σ(t, r1(t), L1(t)) =

∫

−
R1(t)

r1(t)
σ(t, s, L1(t)) ds−

2γ(nΛ)

R1(t)− r1(t)
. (2.19)

We note that hereξ is a solution to (2.6). An obvious modification is required for curvesl0,
l1.

Let us notice that the definitions we adopted mean that the coordinate system(r, dR),
i.e., (x1, x2) is positively oriented, while the orientation of(l, dΛ) i.e., (x2, x1) is negative,
see Fig. 1. Thus, some care has to be exercised while replacingr1 (resp.r0) with l1 (resp.
l0) in the statements of theorems here.

The coincidence set may be empty. However, we always demand thatΓ(t) is a Lipschitz
curve, thus the solutions to (2.17) must satisfy

dR(t, ri(t)) = Li(t), dΛ(t, li(t)) = Ri(t), i = 0, 1. (2.20)

We call (2.20) thematching condition, becauseRi (resp.Li) must matchdΛ (resp.dR).
The tangency condition is not open. Thus, we expect in a typical case theinterfacial

curve will not satisfy it. On the other hand, (2.20) is more basic. Let us note
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Proposition 2.1 (cf. [23, Proposition 3.3]) Let us suppose thatσ ∈ C1([0, T∗) × R
2)

is given, it satisfies the Berg’s effect (1.3) and (1.4),(Γ(t), ξ(t))t∈[0,T ) is a variational so-
lution. We assume thatdR is such thatr0(t) < r1(t). Moreoverr0(·) andr1(·) areC1

curves. In additiondR(·, x) is a continuous piecewiseC1-function.
(a) If the tangency as well as matching conditions are satisfied atr0(t) for all t ∈ [0, ǫ),
thenr0(·) is decreasing.
(b) If the tangency as well as matching conditions are satisfied atr1(t) for all t ∈ [0, ǫ),
thenr1(·) is increasing.

We proved this in [23] for a specialβ renderingm identical to 1. However, the original
proof is valid, after modifications, also for a generalβ as long asd(·, x) (we suppress the
superscriptR or Λ) is a continuous piecewiseC1 function. We leave the details to the
interested reader. �

We would like to gather more information on the interfacial curves.

Proposition 2.2 Let us suppose that(Γ(t), ξ(t))t∈[0,T ) is a variational solution to (1.1),
σ ∈ C1([0, T ) × R

2). We also assume that for eacht, Γ(t) is a regular bent rectangle and
r0 is the interfacial curve emanating fromr00.
(a) If L̇0(0) − σ(0, r00, L0(0))m(d+0,x(r00)) 6= 0, the tangency condition (2.19) does not
hold att = 0 andd+0,x(r00) > 0, thenr0 is a matching curve and

ṙ0(t) =
1

d+x (t, r0(t))
(L̇0(t)− σ(t, r0(t), L0(t))m(d+x (t, r0(t))). (2.21)

In particular, sgṅr0 = sgn(L̇0(t) − σ(t, r0(t)), L0(t))m(d+x (t, r0(t)). Moreover, the tan-
gency condition (2.19) does not hold fort > 0.
(b) If the tangency condition (2.19) holds att = 0, dx(t, r0(t)) = 0 and

0 > ΣR
0 :=

∫

−
r00

0
σt(0, y, L00) dy − σt(0, R00, l00) (2.22)

+σ(0, r00, L00)

(∫

−
r00

0
σx2

(0, y, L00) dy − σx2
(0, r00, L00)

)

.

Then, the tangency condition holds for allt > 0 and

ṙ0(0) =
ΣR
0

σx1
(0, r00, L00)

< 0. (2.23)

Remark. In fact,ΣR
0 is a function of(t, r0, L0), here we are interested in the value of

ΣR
0 at (0, r00, L00). The notationΣR

0 was introduced in [22] and [23].
Proof. Our regularity assumptions permit us to take the time derivative of (2.20).

Sincedt = σm(dx), we conclude

dx(t, r0(t))ṙ0(t) = (L̇0(t)− σ(t, r0(t), L0(t))m(dx(t, r0(t)))). (2.24)

If d+x (t, r0(t)) > 0, then we obtain (2.21) as we claimed in (a).
Since(Γ(t), ξ(t))t∈[0,T ) is a variational solution, thenξ(t, x) ∈ ∂γ(n). Let us suppose

that for givent, L0 the tangency condition holds atrTC(t, L0). If r00 < rTC(0, L00), then
the central facet expands as much as possible, on[0, T ).
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If r00 > rTC , then[rTC , r00] is a subset of the coincidence set and the Hamilton-Jacobi
equation (2.172) is considered not on[r0, r1] but on its essential superset[rTC , r1]. If this
is so, we have just Lipschitz continuous data, contrary to the regularity assumption.

Let us suppose now that the tangency condition holds fort = 0, ṙ0(t) exists and for
all t, we havedx(t, r0(t)) = 0. Then, the LHS of (2.24) vanishes. Hence,L̇0 = σm(0),
i.e., the tangency condition holds for allt ≥ 0. Then, after differentiating the tangency
condition (2.191), we conclude that

ṙ0 =
ΣR
0

σx1

< 0,

because Berg’s effect impliesσx1
> 0 and we know thatΣR

0 < 0. �

Remark. If r00 = rTC , then the tangency condition is satisfied. This situation is not
generic and we do not consider it. However, ifdx(0, r00) > 0, then (2.21) implieṡr0(0) <
0.

We note thatΣR
0 was introduced in (see [23, eq. (3.14)]) for the purpose of studying the

sign of ṙ0, whend+x (0, r0(0)) = 0 and the character of the interfacial curve had to be
determined. Here, we considerd+x (0, r0(0)) = 0 only along the tangency condition.

The statement of the above proposition forl0 requires trivial change of notation. The
same type of analysis leads to a corresponding statement forr1 (hence, respectively forl1).
The proof is left to the interested reader.

Proposition 2.3 Let us suppose that(Γ(t), ξ(t))t∈[0,T ) is a variational solution to (1.1),
σ ∈ C1([0, T ) × R

2). We also assume that for eacht, Γ(t) is a regular bent rectangle and
r1 is the interfacial curve emanating fromr10.
(a) If L̇1(0) − σ(0, r1(0), L10)m(d−0,x(r10)) 6= 0, the tangency condition does not hold at
r10 andd−0,x(r10) > 0, thenr1 is a matching curve and

ṙ1(t) =
1

d−x (t, r1(t))
(L̇1(t)− σ(t, r1(t), L1(t))m(d−x (t, r1(t))). (2.25)

In particular sgṅr1 = sgn(L̇1(t) − σ(t, L1(t), r1(t))m(d−x (t, r1(t)). The tangency condi-
tion does not holdr1(t) for t > 0.
(b) If the tangency condition holds fort = 0 atr10, for all t ≥ 0, then we havedx(t, r1(t)) =
0 and

0 < ΣR
1 :=

∫

−
R1(0)

r10

σt(0, y, L10) dy − σt(0, r10, L10)

+σ(0, r10, L10)

(

∫

−
R1(0)

r10

σx2
(0, y, L10) dy − σx2

(0, r10, L10)

)

+
Ṙ1(0)

(R1(0)− r10)
(σ(t, R10, L1(0))− L̇1(0)),

where

L̇1(0) =

∫

−
R10

r10

σ(0, y, L10) dy−
2γ(nΛ)

R10 − r10
, Ṙ1(0) =

∫

−
L10

l10

σ(0, R10, y) dy−
2γ(nR)

L10 − l10
.

Then the tangency condition holds for allt > 0.

�
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2.4 Hamilton-Jacobi equations

The localized problem (2.17) for each of the sides is a coupled system of an ODE with a
nonlocal nonlinearity and a Hamilton-Jacobi equation in a non-cylindrical domain. Since
there are no tailor made existence results of viscosity solutions for such problems, we will
construct them with the help of the method of characteristics.

In order to streamline the statements of the theorems in this section, we will gather in
one place below the common hypotheses and we will call themthe standard set ofassump-
tions:

(S1) (conditions onσ) We assume thatσ is of classC2 and it satisfies the sym-
metry relation (1.4) and Berg’s effect (1.3);

(S2) (conditions onm i.e.,β) the mobility coefficientm satisfies the assumptions
(2.12–2.16);

(S3) (conditions on the initial curve) dΛ0 , dR0 is an admissible pair of functions,
which are of classC2 on the closure of complement of the preimages of the
facets.

We will collectively call (S1), (S2) and (S3) by (S). We also note that (S3) is a repetition
of Definition 2.1 of a regular bent rectangle from subsection 2.1.

Proposition 2.4 Let us suppose that the standard assumptions (S) hold andr00 ≤ ρ0 <
ρ1 ≤ r10. Then, there isT > 0 and a uniqueC2 solutiond to

dt − σ(t, x, d)m(dx) = 0 in G(ρ0, ρ1),
d(0, x) = d0(x) for x ∈ [ρ0, ρ1],

(2.26)

where
G(ρ0, ρ1) = {(t, x) ∈ (0, T )× R : x(t, ρ0) ≤ x ≤ x(t, ρ1)}

andx(t, ρi) is the projected characteristic curve starting at(0, ρi), i = 0, 1, (see (2.27)
below).

Moreover, if Lip(d0) =: p0 < 1, then:
(a) there is a positiveT0, such that for allt ∈ (0, T0], we have Lip(d(t, ·)) ≤ 1 and
Lip(d(·, x)) ≤ M := m(1) supσ in G(ρ0, ρ1);
(b) if infx∈(ρ0,ρ1) d

+
0,x(x) = δ > 0, then for all(t, x), (t, y) ∈ G(ρ0, ρ1), we haved(t, y)−

d(t, x) ≥ δ(y − x);
(c) Let us suppose thatd01, d02 are two pieces of initial data as above, satisfying(d01 −
d02)|[ρ0,ρ1] ≡ 0 andd1, d2 are the corresponding solutions to the characteristic system
(2.27), associated to (2.26). Then, for anyt < T0, such thatρ1 − µt > ρ0 we have

(d1 − d2)|[0,t]×[λ0,λ1−µt] ≡ 0,

whereµ = supσ · supmp.

Remark 2.1 The projected characteristicx depends not only on the initial positionζ, but
also onp0. It is understood thatx(·, ζ) meansx(·, ζ, d0,x(ζ)). If this is not the case we will
explicitly write x(·, ζ, p0).
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Proof. The existence ofC2 solutiond follows immediately from solving the charac-
teristics system,







ẋ = −σ(t, x, d)mp(p),
ṗ = (σx1

(t, x, d) + σx2
(t, x, d)p)m(p),

ḋ = σ(t, x, d) (m(p)−mp(p)p) ,

(2.27)

x(0, ζ) = ζ, d(0, ζ) = d0(ζ), p(0, ζ) = d0,x(ζ), ζ ∈ R. (2.28)

The uniqueness is the implied by the local Lipschitz continuity of the RHS of (2.27). For
the method of characteristics to work, the assumed high regularity is indispensable.

Parts (a) – (c) were proved for (2.26) in(0, T )×R instead ofG(ρ0, ρ1) in [16, Theorem
3.1], however the argument needs no changes.

�

In principle, existence of classical solutions to Hamilton-Jacobi equation in noncylin-
drical domains is not immediate. The question is not only whether or not the curve r0 is
non-characteristic, but rather if the characteristics emanate fromr0. Otherwise we cannot
specify data on it.

Both curvesr0(·) andx(·, r0(t0)), the characteristic from(t0, r0(t0)), are in the(t, x)
phase space. We notice thatx(·, r0(t0)) goes into{(t, x) ∈ [0, T ) × R : r0(t) ≤ x}, for
sufficiently smallt0 > 0, provided that

ṙ0(t) < ẋ(t, r00, 0) (2.29)

at t = 0. After restrictingT > 0, if necessary, by the continuity of both sides of (2.29),
this inequality will hold for allt ∈ [0, T ]. If r0 is a tangency curve, then by (2.23), we
haveṙ0 = ΣR/σx1

. The tangency condition implies that the vertical speeds ofL0(·) and
of d(·, r0(·)) are equal, provided thatdx(t, r0(t)) = 0. This is why, (2.27) implies that
ẋ(t, r0(t)) = −σ(t, r0(t), L0(t))mp(0) Thus, (2.29) is equivalent to

ΣR
0 (t, r0(t), L0(t)) +

1

2
σx1

(t, r0(t), L0(t))σ(t, r0(t), L0(t)) < 0 for t ∈ (0, T ).

(2.30)

Corollary 2.1 The interfacial curver0 is non-characteristic, provided that (2.30) holds.�

Proposition 2.5 Let us suppose that (S) is satisfied,r0 is a non-characteristic tangency
curve,i.e., (2.30) holds and

G(r0, x(ρ1)) = {(t, x) : r0(t) ≤ x ≤ x(ρ1)}.

We consider (2.26) inG(r0, x(ρ1)) augmented with the initial conditiond(0, x) = d0(x)
and a boundary datad(t, r0(t)) = L0(t), whereL0 is of classC2. Then, there existsd, a
uniqueC2 solution to (2.26) inG(r0, x(ρ1)). In particular,d+x (t, r0(t)) = 0.

Remark 2.2 In [16], we did not introduce (2.30), because after mollification ofm at all
points of the tangency curve the characteristics shoot vertically upward.However, this does
not hold in the limit. This aspect was overlooked in [16]. However, [16, Theorem 4.1 and
Theorem 4.2] are valid if (2.30) holds.

Proof. We use the method of characteristics,i.e., we will solve (2.27, 2.28). We im-
mediately obtain solution to the Hamilton-Jacobi equation inG(x(r00), x(ρ1)). In order
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to solve the Hamilton-Jacobi equation inG(r0, x(r00)), we have to specifyd and p on
(t, r0(t)). We setd(t, r0(t)) = L0(t) andp(t, r0(t)) = 0. We do so, because we want to
havedx(t, r0(t)) = 0.

The continuous dependence of solutions on initial data implies thatd is of classC2 in
G(r0, x(ρ1)). �

3 Evolution of bent rectangles

Let us highlight the aspects of the problem. In principle, at each interfacial curve we have
the following possibilities:
1) the sign of the interfacial velocity is either positive or negative;
2) the tangency condition either holds or is violated;
3) the one-sided derivative ofdR or dΛ at the interfacial curve is zero or positive.

In principle, we would have to study eight possibilities of behavior of each of the inter-
faces. However, we consider here the regular cases of shrinking orexpanding facets. These
are:
a) The one-sided derivative ofd at the end of the facet is positive, the facet shrinks or ex-
pands and the tangency condition is violated. This situation is typical, becauseit persists
under small perturbations.
b) The facet shrinks,dx and the tangency condition holds along the interfacial curve. In this
case, we also haved ∈ C2 in a neighborhood of the interface. This situation is not typical,
but it is important because it appears at the onset of facet bending.

The central facet expands, whenṙ0(t) > 0 for t ≥ 0, then the tangency does not hold at
t = 0, whendx(0, r00) > 0. On the other hand, when this facet shrinks, then the tangency
condition must hold for allt ≥ 0, provided thatdx(t, r0(t)) = 0. This is backed by our
uniqueness theorem. We studied these two situations in [16] forr0 (resp. l0). It may also
happen thatd+x (t, r0(t)) > 0, the facet shrinks or expands and the tangency condition does
not hold.

It turns out that geometrically the case ofr1 (resp. l1) is much different, see 3.2.2
below. We do not any have tool to treat it in full generality, yet. This is why,we restrict our
attention to regular cases.

.
.

0
0

00

<0
>0

two  types of matching curves

characteristics

00

tangency curve

r r

r
r

Fig. 2
We notice that, formally, system (2.17) decouples into three subsystems: two ‘central

facets’ (this is a shorthand for systems for (i)r0, L0 anddR, (2.171,2) (ii) a system for
l0, R0 anddΛ, (2.174,5)) and the ‘corner system’i.e., a system forR1, l1, L1, r1 anddΛ,
dR. Formally, this is obvious, because equation (2.172,3,5,6) does not contain any unknown
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from the remaining system, as long asr0(t) < r1(t) andl0(t) < l1(t). The last condition
is valid at least for some time provided that the interfacial curves are continuous.

When the central facet shrinks, then we have to solve the Hamilton-Jacobiequation
(2.172) in a non-cylindrical domain. In order to do so, we have to make sure that we can
specify the boundary data on the tangency curver0, this is whyṙ0 < ẋ or condition (2.30),
see the right picture on Fig. 2, is necessary. There is no such problem on r1 if ṙ1 > 0 and
it is a tangency curve. This is so, because we always haveẋ < 0, see the right picture on
Fig. 3.

The matching curves behave differently. If the central facet expands, then the character-
istics, which turn left impinge upon the facet, then we have a shock wave, see the left picture
on Fig. 2. In [16], we succeeded in showing uniqueness of the matching curves not only if
d+x (t, r0(t)) > 0, but also a unique selection of interfacial curves in cased+x (t, r0(t)) = 0.
This is outside of the scope of this paper.

The case of the expanding outer facet, whenṙ1 < 0 is more intriguing. The matching
condition will specify the position of a curve providedd is known in the region bounded by
r1. This happens iḟr1 < ẋ, see condition (3.5). Otherwise we there is a rarefaction wave
betweenx(r10), the characteristic emanating fromr10, andr1. We do not have right tools
to study these phenomena.

We stress that in our considerations, the corner is defined as the point ofintersection of
the outer facets. In principle, we should evolve it by (1.1). We might say that this situation is
similar to the rarefaction fan mentioned for the matching curve emanating fromr10. Under
certain conditions, we can however, show that the evolution taken here is correct, this will
be reported elsewhere.

The systems for central facets are first studied provided thatl00 < l10 andr00 < r10.
Systems (i) and (ii) above are similar, it is sufficient to study just one on them. If l00 = l10
or r00 = r10, then we are forced to make further consideration, see subsection 3.4.

We have already learned what are the component of these systems: Propositions 2.2
and 2.3 give us tools to detect the type of curve emanating from an interfacial point.

1 1

10

characteristics

1

1 (t)

(t)

matching curve tangency curve

10r

r

r

r

L

L

Fig. 3

3.1 The central facet system

Since both central facet systems have the same structure,it is sufficient to consider just one
of them. The point is to study possible behavior of the interfacial curves.

Let us now turn to the problem of existence of tangency curves. Their names come
from the fact that the tangency condition (2.19) holds along them. More importantly, the
structure of (2.19) suggests that the Implicit Function Theorem can be used to construct
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them. Simultaneously, we will solve the equation for the evolution of the central facet.
Only after that, we are in a position to constructd with initial data on the tangency curves.

Proposition 3.1 Let us assume thatΣR
0 < 0 and the tangency condition is satisfied at

t = 0, L0 = L00 andx = r00, i.e.,

1

r00

∫ r00

0
σ(0, s, L00) ds+

γ(nΛ)

r00
= σ(0, r00, L00),

holds, see (2.191). If (S) holds, then there exists(r0, L0) ∈ C2([0, T ];R2) a unique local
in time solution to the following problem,

1

r0(t)

∫ r0(t)

0
σ(t, s, L0(t)) ds+

γ(nΛ)

r0(t)
= σ(t, r0(t), L0(t)),

βRL̇0(t) =
1

r0(t)

∫ r0(t)

0
σ(t, s, L0(t)) ds+

γ(nΛ)

rl0(t)
,

L0(0) = L00, r0(0) = r00.

In addition,ṙ0 is given by (2.23),i.e.,

ṙ0(t) =
1

σx1
(t, r0(t), L0(t))

∫

−
r0

0
(σt(t, y, L0(t)) + σx2

(t, y, L0(t)))L̇0) dy

−
1

σx1
(t, r0(t), L0(t))

(σt(t, r0(t), L0(t)) + σx2
(t, r0(t), L0(t)))L̇0), (3.1)

where
L̇0 = σ(t, r0(t), L0(t))/βR.

Proof. We start with preparations for the Implicit Function Theorem. We define a map
F : R3

+ → R by the following formula

F(t, r0, L0) =

∫ r0

0
σ(t, s, L0) ds+ γ(nΛ)− r0σ(t, r0, L0).

We notice thatF(0, r00, L00) = 0 and

∂F

∂r0
(0, r00, L00) = −r00σx1

(0, r00, L00) < 0,

where the last inequality is implied by the Berg’s effect (1.3). Thus, we may apply the
Implicit Function Theorem. As a result, there existsU , a neighborhood of(0, L00), and a
functionr0 = r0(t, L0) such that

F(t, r0, L0(t, L0)) = 0 for (t, L0) ∈ U .

Moreover, we can rewrite the equation forL0 as an ODE

L̇0 = σ(t, r0(t, L0), L0), L0(0) = L00.

In order to prove existence and uniqueness of solutions, it is sufficientto check that the
right hand side of the above formula is Lipschitz continuous with respect toL0. Indeed, it
is easy to check that

∂r0
∂L0

=

∫ r0
0 σx2

(t, s, L0) ds− r0σx2
(t, r0, R0)

r0σx1
(t, R0, L0)

(3.2)
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is bounded. Thus, by the standard ODE theory, we conclude the proof of the present Propo-
sition. �

This result yields the interfacial curver0 as well as the position of the central facetL0.
Time regularity ofr0 andL0 correspond to the smoothness of the data.

We state the main results of this subsection.

Theorem 3.1 Let us suppose that the standard set of assumptions (S) is satisfied. Ifd0x(r00) =
0, the tangency condition (2.191) holds and the tangency curve is non-characteristic,i.e.,
(2.30) is satisfied, then there exists a unique solutionL0, d to problem (2.171)–(2.172).

Theorem 3.2 Let us suppose that standard set of assumptions (S) is satisfied. IfL̇0(0) −
σ(0, r00, L00)m(d0,x(r

+
00)) 6= 0, the tangency condition does not hold andd0,x(r

+
00) > 0,

then there exists a unique matching curver0 and a unique solutionL0, d to problem (2.171)–
(2.172).

Remarks.
Of course, a similar condition holds, after replacingr0(·) (resp. L0(·)) with l0(·) (resp.
R0(·)).

Condition (2.30) is stronger thanΣR
0 < 0. We will leave the gap between conditions

(2.30) andΣR
0 < 0 open.

Proof of Theorem 3.1.Since the tangency condition holds, then due to Proposition
3.1, we can construct a uniqueC2 tangency curver0(·). Condition (2.30) is open and it
will be satisfied for allt ∈ [0, T ), possibly after restrictingT > 0. This guarantees that
the characteristics will emanate fromr0(·). Hence, we may set initial conditions on this
curve for the Hamilton-Jacobi equation (2.172). We apply Proposition 2.5, note that theC2

regularity ofσ yieldsr0 of classC2. This is of course true, if we solve (2.27)–(2.28) with
p(0, ζ) = 0. By Proposition 2.5, we obtain a unique solution to (2.171,2) in G(r0, x(r10)).

Now, we will offer a proof of Theorem 3.2.Due to our smoothness assumption (S)
Proposition 2.4 yieldsd of classC2 in G(x(r00), x(r10)), we may apply the method of
characteristics to solve (2.171–2.172 )for d. We note that by Proposition 2.4 (a) we have
|dx| ≤ 1 anddx(t, x) > δ on [0, T0]. Once we constructedd we can invoke [16, Theorem
4.2] to conclude existence of a unique matching curver0. This is true when the facet
expands,i.e., L̇0−σm(dx) > 0, however, we have also the case of shrinking facet to handle.
In this situation, we have to check, if the interface is in the region filled with characteristics
of the Hamilton-Jacobi equation (2.172). This happens provided thatṙ0 < ẋ(r00) < 0.
This is equivalent to

σ(0, r0, L0)(m(dx)−mp(dx)dx) < L̇0. (3.3)

Convexity ofm for |p| ≤ 1 implies that

m(dx)−mp(dx)dx = dx

∫ 1

0
(mp(sdx)−mp(dx))ds < 0,

as long asmp 6= 0. On the other hanḋL0 > 0, hence (3.3) is trivially satisfied. The point
is, [16, Theorem 4.2] keeps holding also if the matching curver0 shrinks.

Hence, system (2.171–2.173) closes and we can uniquely solve forL0 on [0, T0]. �
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3.2 The corner system

We present a general existence result for regular data. We are left with just three basic
cases:
(α) two tangency curves emanate fromr10 andl10; (β) two matching curves emanate from
r10 andl10; (γ) a tangency curve (resp. a matching curve) emanates fromr10 and a match-
ing curve (resp. a tangency curve) emanates froml10. Analysis of these cases is the content
of the next theorem. Its proof is conducted so that it will be easy to use it when we study
the evolution of the corner itself.

Theorem 3.3 Let us suppose that (S) holds and the assumptions of Theorems 3.1 of 3.2
are fulfilled.
(a) If ΣΛ

1 > 0, ΣR
1 > 0 and the tangency conditions are satisfied atl10, r10 as well as

dΛ0,x(l10) = 0 = dR0,x(r10), then there are two tangency curvesl1(·), r1(·), and a unique
solution(dΛ, R1, L1, d

R) to the system (2.172,3,5,6).
(b) We assume thatΣR

1 > 0, the tangency condition is satisfied atr10, as well asdR0,x(r10) =

0. The tangency condition does not hold atl10, L̇1(0) − σ(0, R10, l10)m(dΛ,−0,x (l10)) 6= 0

andp0 := dΛ,−0,x (l10) > 0. In addition, we need that the following relation be satisfied,

m(p0)σ(t, d0, l10)−
m(0)

L10 − l10

(∫ L10

l10

σ(t, R10, s) ds− 2γ(nR)

)

< −p0mp(p0)σ(t, R10, l10) (3.4)

Then, there is a tangencyr1(·), and a matching curvel1(·), and a solution(dΛ, R1, L1, d
R)

to the system (2.172,3,5,6). A similar statements is valid if we change the roles ofr1 andl1.
(c) Let us suppose thatdR,−

0,x (r10),m(dΛ,−0,x (l10) > 0,

Ṙ1(0)−σ(0, r10, L10)m(dR,−
0,x (r10)) 6= 0 and L̇1(0)−σ(0, R10, l10)m(dΛ,−0,x (l10)) 6= 0,

the tangency conditions do not hold neither atl10 nor atr10. If in addition (3.5) and

m(p0)σ(t, r10, d0)−
m(0)

R10 − r10

(∫ R10

r10

σ(t, s, L10) ds− 2γ(nΛ)

)

< −p0mp(p0)σ(t, r10, L10). (3.5)

are satisfied, then there are two matching curvesl1(·), r1(·) and a solution(dΛ, R1, L1, d
R)

to the system (2.172)–(2.175).

The role of the strange looking conditions (3.5), (3.4) guaranteeing existence of the
matching curves will be explained in subsection 3.2.2

Having this result at hand, we can show.

Theorem 3.4 Let us suppose that, the standard set of assumptions (S) holds, in particular
the initial curveΓ0 is a regular bent rectangle andl00 < l10, r00 < r10. We assume that the
initial data fulfill conditions (a) and (b) below:
(a) One of the following conditions holds at the interfacer00:

(i) d0,x(r00) = 0,ΣR
0 < 0, the tangency condition holds atr00 and (2.30) is satisfied

or
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(ii) L̇0 − σ(0, r00, L00)m(d+0,x(r00)) 6= 0, the tangency condition is violated atr00
andd+0,x(r00) > 0.

Moreover, a respective version of (i) and (ii) holds forl00.
(b) One of the following conditions hold at the interfacer10:

(iii) d0,x(r10) = 0, ΣR
1 > 0, the tangency condition holds atr10 and a condition

corresponding to (2.30) forr10, i.e.,

or
(iv) L̇1 − σ(0, r10, L10)m(d−0,x(r10)) 6= 0, the tangency condition is violated atr10
andd−0,x(l10) > 0.

Moreover, a respective version of (iii) and (iv) holds forl10.
Then, there is a solution, i.e.(dΛ, dR, L0, L1, R0, R1) to the system (2.17). In addition,

if conditions (i) forl00 andr00, (iii) for l10 andr10 are satisfied, thendΛ, dR ∈ C2.

For the sake of clarity of the presentation the proof will be relegated to separated para-
graphs.

3.2.1 The case of two tangency curves

Proof of Theorem 3.3, part (a).We shall show more a general result. Namely, we allow the
right hand end of the facet to be governed by a given unspecified law.This will be useful
later, when we decide to study evolution of the corner itself,e.g., its rounding off.

Lemma 3.1 Let L2, R2 ∈ C1(R4;R) and we introduce a shorthand for their value at
(R10, L10, r10, l10), i.e.,L20 = L2(R10, L10, r10, l10) andR20 = R2(R10, L10, r10, l10).
Let us assume that the tangency conditions are satisfied atR10, r10, L10 andl10, i.e.,

σ(0, R10, l10) =
1

L20 − l10

∫ L20

l10

σ(0, R10, s) ds−
2γ(nR)

L20 − l10
,

σ(0, r10, L10) =
1

R20 − r10

∫ R20

r10

σ(0, s, L10) ds−
2γ(nΛ)

R20 − r10
.

In addition, we have

(σ(0, R10, l10)− σ(0, R10, L20))
∂L2

∂y3

∣

∣

∣

∣

y3=r10

(σ(0, r10, L10)− σ(0, R20, L10))
∂R2

∂y4

∣

∣

∣

∣

y4=l10

6=

(

(L20 − l10)σx2
(0, R10, L10) + (σ(0, R10, l10)− σ(0, R10, L20))

∂L2

∂y4

∣

∣

∣

∣

y4=l10

)

· (3.6)

(

(R20 − r10)σx1
(0, r10, l10) + (σ(0, r10, L10)− σ(0, R20, L10))

∂R2

∂y3

∣

∣

∣

∣

y3=r10

)

.
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Then, there exists a unique local in time solution to the problem:

Ṙ1 =
1

L2(R1, L1, r1, l1)− l1

(

∫ L2(R1,L1,r1,l1)

l1

σ(t, R1(t), s) ds− 2γ(nR)

)

,

σ(t, R1(t), l1(t)) =
1

L2(R1, L1, r1, l1)− l1

(

∫ L2(R1,L1,r1,l1)

l1

σ(t, R1(t), s) ds− 2γ(nR)

)

,

L̇1 =
1

R2(R1, L1, r1, l1)− r1

(

∫ R2(R1,L1,r1,l1)

r1

σ(t, s, L1(t)) ds− 2γ(nΛ)

)

, (3.7)

σ(t, r1(t), L1(t)) =
1

R2(R1, L1, r1, l1)− r1

(

∫ R2(R1,L1,r1,l1)

r1

σ(t, s, L1(t)) ds− 2γ(nΛ)

)

,

R1(0) = R10, L1(0) = L10, r1(0) = r10, l1(0) = l10.

Remark 3.1 If the position of the corners is determined by the intersection of the outer
facets, thenL2 = L1 andR2 = R1. Hence, condition (3.6) takes the following form

(L10 − l10)(R10 − r10)σx2
(0, R10, L10)σx1

(0, r10, l10) 6= 0.

It is always satisfied sinceL10 > l10 andR10 > r10.

Proof. We notice that (3.72,4) are functional, not differential equations. Thus, in order
to determiner1 andl1, we will use the Implicit Function Theorem. For that purpose, we
define the mapJ : R3 × R

2 → R
2 as follows:

J (t, R1, L1, r1, l1) =
(

σ(t, R1, l1)(L2(R1, L1, r1, l1)− l1)−
∫ L2(R1,L1,r1,l1)
l1

σ(t, R1, s) ds+ 2γ(nR)

σ(t, r1, L1)(R2(R1, L1, r1, l1)− r1)−
∫ R2(R1,L1,r1,l1)
r1

σ(t, s, L1) ds+ 2γ(nΛ)

)

.

By straightforward calculation, we obtain

Dr1,l1J (0, R10, L10, r10, l10) =

(

j11 j12
j21 j22

)

,

where

j11 = σ(0, R10, l10)− σ(0, R10, L20))
∂L2

∂y3

∣

∣

∣

∣

y3=r10

,

j12 = (L20 − l10)σz(0, R10, L10) + (σ(0, R10, l10)− σ(0, R10, L20))
∂L2

∂y4

∣

∣

∣

∣

y4=l10

,

j21 = (R20 − r10)σy(0, r10, l10) + (σ(0, r10, L10)− σ(0, R20, L10))
∂R2

∂y3

∣

∣

∣

∣

y3=r10

,

j22 = (σ(0, r10, L10)− σ(0, R20, L10))
∂R2

∂y4

∣

∣

∣

∣

y4=l10

.

By (3.6) the mapDr1,l1J (0, R10, L10, r10, l10) is an isomorphism and we can apply im-
plicit function theorem. Therefore, there exists a neighborhood of(0, R10, L10) and func-
tions

r1 = r1(t, R1, L1), l1 = l1(t, R1, L1)
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such that

J (t, R1, L1, r1, l1) = 0.

Moreover, we can rewrite the equation forR1 andL1, as follows

Ṙ1 = σ(t, R1, l1(t, R1, L1)), R1(0) = R10,

L̇1 = σ(t, r1(t, R1, L1), L1), L1(0) = L10.

The right hand side of the above equation is Lipschitz continuous with respect toR1 and
L1. �

Remark 3.2 Let us consider the flat initial data such thatl00 = l10 or r00 = r10. A scrutiny
of the proofs of Lemma 3.1 and Proposition 3.1 reveals that the two tangency curvesr0 and
r1 (respectively,l0 and l1) may be constructed by the Implicit Function Theorem. The
coalescencer00 = r10 does not interfere with its applicability.

We proceed with aproof of Theorem 3.3 (a). We use Lemma 3.1 whenL2 = L1,
R2 = R1. By Remark 3.1 condition (3.6) is satisfied, then we obtain two tangency curves
l1 andr1. By Proposition 2.4 we can solve (2.172) in G(l0, l1) (resp. inG(r0, r1) and the
solutiondΛ (resp.dR) is of classC2 there.

Moreover, Theorem 3.1 or Theorem 3.2 yield interfacial curvesl0 andr0. In addition,
if necessary, we invoke Proposition 2.5 to constructd over the tangency curvesr0 or l0. �

3.2.2 Analysis of a single interfacial curve starting atr10

When we study the outer facet, we take into account positions and behaviorof both of its
endpoints. It is not quite appropriate to talk about shrinking nor expanding solely upon the
position of the endpoints. What really matters is the vertical speed ofd to the left and right
of the interfacial pointr10, i.e., L̇1 anddt. We notice that ifdt > L̇1, then the curved part
collides with a slower outer facet, henceṙ1 < 0 and the facet slows down even more. On
the other hand, ifdt < L̇1, then the facet is rapidly advancing, it leaves the curved part
behind,i.e., ṙ1 > 0. The casedt = L̇1 corresponds to the tangency curve, provided that
dx(t, r1(t)) = 0.

These considerations give an interpretation to the following calculations, which are
rigorous, if we take into account the smoothness of solutions, we are interested in. Taking
the time derivative of the matching condition (2.20) yields

L̇1(t) = dt(t, r1(t)) + d−x (t, r1(t))ṙ1(t). (3.8)

Since the case of a tangency curve has already been studied, we subsequently assume that
d−x (t, r1(t)) > 0. We have two obvious situations to consider:

dt = m(d0,x)σ > L̇1 ⇔ ṙ1 < 0, (3.9)

dt = m(d0,x)σ < L̇1 ⇔ ṙ1 > 0. (3.10)

Let us look more closely at (3.10). We know how to proceed if the interfacer1 is a
tangency curve.

On the other hand, ifr1 is not a tangency curve, we notice that the characteristics,
always turn left,ẋ(t, p) < 0 see (2.27). Thus, a rarefaction region forms. This situation is
much similar to the problem of the corner evolution. It will be studied elsewhere.
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Whenṙ1 < 0, then can we expect only a matching curve. However, each curve emanat-
ing fromr10 (or from l10) are distinctively different from matching curver0 (or l0), see the
left pictures on Figures 2 and 3. The former one is the result of the collisionof the central
facet with the characteristics of the Hamilton-Jacobi equation (2.172). This is so, because
the characteristics run against the facet. This is no longer true for curves atr10, they turn
away from the outer facet and in principle a rarefaction region may form again. Indeed, if
ẋ(0, dx(0, r10)) < ṙ1(0) < 0, then a rarefaction region forms. We will not deal with it. If,

ẋ(t, dx(t, r10)) > ṙ1(t), (3.11)

at t = 0, then the interface collides with the slower characteristics. We notice that, if we
recall thatẋ(0, dx(0, r10)) = −mp(dx(0, r10))σ(0, r10, L10), then (3.11) is nothing but
(3.5).

Indeed, if (3.11) holds, then we can construct a matching curve.

Proposition 3.2 Let us suppose thatR1 is a given Lipschitz continuous function andd−0,x(r10) >
0. If (3.9) is satisfied, i.e.,

ṙ1(0) =
1

d−0,x(r10)
(m(d−0,x(r10))σ(0, r10, L10)− L̇1(0)) < 0

and (3.11) holds, then there is a unique solution to

ṙ1 = 1
dx

(

σm− m(0)
R1−r1

∫ R1

r1
σ ds− 2γ(nΛ)

R1−r1

)

=: f(r1, t),

r1(0) = r10.
(3.12)

Let us also observe that sincef depends in a Lipschitz continuous way uponR1, we con-
clude that,

Proposition 3.3 Let us suppose that Lipschitz continuousR1 andR2 are given, then there
existsΛ > 0 such that

‖r1(R1)− r1(R2)‖C0 ≤ Λ‖R1 −R2‖C0 .

Proof. This is an immediate consequence of the Lipschitz dependence of the fixed point
upon the parameter, provided thatF is Lipschitz with respect toR, which is indeed the
case. �

Now, we will present aproof of Proposition 3.2.Having assumed regular data, we can
invoke Proposition 2.4 to claim existence of solutions to (2.172) in G(x(r00), x(r10)). Due
to Proposition 2.4 (b), we know thatdx(t, x) > 0 there.

Due to continuity off there is a neighborhood of(r10, L1(0), d0,x(r10)) of the form

(r10 − η, r10 + η)× (L1(0)− η, L1(0) + η)× (d0,x(r10)− η, d0,x(r10) + η) =: U ,

and such thaṫr1 < ẋ holds inU .
We conclude that for anyK > 1 there ist0 > 0 such that the solutions to the charac-

teristic system (2.27) satisfies

|x(t)|, |d(t)|, |p(t)| ≤ K t ∈ [0, t0].

If this is so, then there is another0 < t1 ≤ t0 and such that

(x(t), d(t), p(t)) ∈ U t ∈ [0, t1].
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In other words, the functionf − ẋ restricted toU is negative.
If we restrict the behavior ofR1 by requiring thatR1 ≥ r10 + e, thensupU |f | =

M < ∞. Thus, there existst2 ∈ (0, t1) such that for any selection of arguments off , then
r1(t) ∈ B̄ ⊂ U for t ∈ (0, t2), whereB̄ is a closed ball centered atr10. At the same time
ṙ1 < ẋ in B̄.

Let us set for0 < T ≤ t2

XT = {r̃ ∈ C0[0, T ] : r̃(t) ∈ B̄}

This is a complete metric space with theC0 norm. We setF : XT → XT by formula

F (r̃) = r10 +

∫ t

0
f(r̃(s), s) ds.

Sincer̃ ∈ XT , then by the very definition of̄B.

d

dt
F (r̃)(t) = f(r̃(t), t) < ẋ(t).

As a result
F (r̃)(t) < x(t) and x(t) for t ∈ [0, t2].

This shows that indeed we can show the Banach contraction principle toF , after possibly
taking smallerT . However, we can further extend the solution to the interval[0, t2], this is
due to the abstract argument, based on the fact thatr1 stays in the set wherėr1 < ẋ, heref
is well-defined. �

3.2.3 The case of two matching curves

Also in this case, we admit that the dynamics of the corner is not defined as theintersection
of the outer facets. Thus, positions of the endpointsR2 andL2 is given. Existence of the
interfacial curve will be shown assuming continuity ofL2 andR2. The uniqueness of the
interfaces is guaranteed provided thatL2 andR2 are locally Lipschitz continuous.

Proof of Theorem 3.3, part (c).Let L2, R2 ∈ C(R4;R) and let us assume thatdΛ and
dR are solutions to the Hamilton-Jacobi equations (2.172) and (2.175).

If (dΛ0,x2
)−(l10) > 0, (dR0,x1

)−(r10) > 0 and l̇1(0) < ẋ(0, l10), ṙ1(0) < ẋ(0, r10),
wherex(0, l10) andx(0, r10) are the characteristics starting froml10 andr10 respectively,
then, there exists unique local in time solution to the problem:

Ṙ1 =
1

L2(R1, L1, r1, l1)− l1

(

∫ L2(R1,L1,r1,l1)

l1

σ(t, R1(t), s) ds− 2γ(nR)

)

,

R1 = dΛ(t, l1),

L̇1 =
1

R2(R1, L1, r1, l1)− r1

(

∫ R2(R1,L1,r1,l1)

r1

σ(t, L1(t), s) ds− 2γ(nΛ)

)

, (3.13)

L1 = dR(t, r1),

R1(0) = R10, L1(0) = L10, r1(0) = r10, l1(0) = l10.

SinceL2, R2 : R
4 → R are continuous then there existsδ1 such that if

max (|R−R10|, |L− L10|, |r − r10|, |l − l10|) ≤ δ1,
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then

max (|R2(R,L, r, l)−R20|, |L2(R,L, r, l)− L20|) ≤
1

4
min (L20 − l10, R20 − r10) .

If we differentiate (3.132) and (3.134) with respect tot, then we obtain the equivalent prob-
lem:

l̇1 = G1(R1, L1, r1, l1), R1 = dΛ(t, l1),

ṙ1 = G2(R1, L1, r1, l1), L1 = dR(t, r1),

R1(0) = R10, L1(0) = L10, r1(0) = r10, l1(0) = l10.

Here:

G1(R1, L1, r1, l1, t) =

1

dΛx (t, l1)

∫ L2(R1,L1,r1,l1)
l1

σ(t, R1(t), s) ds− 2γ(nR)

L2(R1, L1, r1, l1)− l1
−

m(dΛx (t, l1))σ(t, l1, d
Λ(t, l1))

dΛx (t, l1)
,

G2(R1, L1, r1, l1, t) =

1

dRx (t, r1)

∫ R2(R1,L1,r1,l1)
r1

σ(t, L1(t), s) ds− 2γ(nΛ)

R2(R1, L1, r1, l1)− r1
−

m(dRx (t, r1))σ(t, l1, d
R(t, r1))

dRx (t, r1)
.

SinceG2 andG1 are continuous, there existT2 andδ2 such thatG1 < ẋ(t, l10) andG2 <
ẋ(t, r10) on the setB ((R10, L10, r10, l10), δ2) × [0, T2]. Moreover, sincedRx anddΛx are
continuous anddRx (0, r10) > 0 dΛx (0, l10) > 0, there existT3, δ3, ǫ such that ift ∈ [0, T3],
max{|l1 − l10|, |r1 − r10|} ≤ δ3, thenmin(dΛx (t, l1), d

R
x (t, r1)) > ǫ.

Next, forT < min(T2, T3), δ̃ = min(δ1, δ2) andδ ≤ min
(

L20−l10
4 , R20−r10

4 , δ̃, δ3

)

,

we define the set

ỸT,δ = BC[0,T ](R10, δ̃)×BC[0,T ](L10, δ̃)×BC[0,T ](r10, δ)×BC[0,T ](l10, δ),

YT,δ = ỸT,δ ∩ {(R,L, r, l) ∈ C([0, T ];R4) : (R,L, r, l)(0) = (R10, L10, r10, l10, )}.

Subsequently, we define a mapZ : YT,δ → C([0, T ];R4),

Z(R,L, r, l) = (R̃, L̃, r̃, l̃),

as follows

l̃(t) = l10 +

∫ t

0
G1(R1, L1, r1, l1, z)dz,

R̃(t) = dΛ(t, l̃(t)),

r̃(t) = r10 +

∫ t

0
G2(R1, L1, r1, l1, t)dz,

L̃(t) = dR(t, r̃(t)).

Then for an appropriate choice ofδ andT , we establish thatZ : YT,δ → YT,δ. After
introducing the following shorthand

A(z) = L2(R(z), L(z), r(z), l(z))− l(z),
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we arrive at
∣

∣

∣
l̃(t)− l10

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ t

0

1

dΛx (z, l(z))A(z)

(

∫ L2(R(z),L(z),r(z),l(z))

l(z)
σ(z,R(z), s) ds− 2γ(nR)

)

dz

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∫ t

0

1

dΛx (z, l(z))
m(dΛx (z, l1))σ(t, l1, d

Λ(z, l1))dz

∣

∣

∣

∣

≤

T

ǫ

(

sup |L2(R(z), L(z), r(z), l(z))− l(s)| sup |σ|+ 2γ(nR)

inf |L2(R(z), L(z), r(z), l(z))− l(s)|
+ sup |σ| sup |m(dΛ)|

)

≤
T

ǫ

(

2

L20 − l10

(

3

2
|L20 − l10| sup |σ|+ 2γ(nR)

)

+ sup |σ| sup |m(dΛ)|

)

.

In the same manner one can show the inequality

|r̃(t)− r10| ≤
T

ǫ

(

2

R20 − r10

(

3

2
|R20 − r10| sup |σ|+ 2γ(nΛ)

)

+ sup |σ| sup |m(dR)|

)

.

Hence, after having takenT small enough, we obtain

max
(

‖r̃ − r10‖C([0,T ]), ‖l̃ − l10‖C([0,T ])

)

≤ δ.

Next,

|R̃(t)−R10| = |dΛ(t, l̃(t))−R10| ≤ sup
t∈[0,T ],|x−l10|≤δ

|dΛ(t, x)− l10|.

Since, the map(t, x) → dΛ(t, x)−R10 is continuous, we can chooseT andδ such that

‖R̃−R10‖C([0,T ]) ≤ δ̃.

Using a similar argument, we can show that

‖L̃− L10‖C([0,T ]) ≤ δ̃.

Now, we shall show that the mapZ is compact. For this purpose, we take a sequence
(Rn, Ln, rn, ln) ∈ YT,δ. Thus, the sequences̃rn and l̃n are bounded inC1-topology
(see [16] for similar considerations). Thanks to Arzela-Ascoli Theorem, we extract sub-
sequences̃rnk

of r̃n andl̃nk
of l̃n converging uniformly tõr andl̃ respectively. Hence, we

getR̃nk
→ R̃ andL̃nk

→ L̃ in C. This finishes the proof of compactness. In the same way
one can show that the mapZ is continuous. Finally, by Schauder Theorem, we conclude
that the mapZ has a fixed point.

Now, we assume thatL2 andR2 are locally Lipschitz continuous. We shall show
that the solution is unique. For this purpose, we shall assume that we have two solutions
(Ra, La, ra, la) and(Rb, Lb, rb, lb). Since

min
(

dΛy (t, y), dRy (t, y)
)

≥ η > 0,

we can write:

|Ra(t)−Rb(t)| =
∣

∣dΛ(t, la(t))− dΛ(t, lb(t))
∣

∣ ≥

∣

∣

∣

∣

∣

∫ la(t)

lb(t)
ηdy

∣

∣

∣

∣

∣

= η |la(t)− lb(t)| .
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Hence

‖la − lb‖C([0,T ]) ≤
1

η
‖Ra −Rb‖C([0,T ]),

‖ra − rb‖C([0,T ]) ≤
1

η
‖La − Lb‖C([0,T ]).

Subsequently, we introduce the notation

L2a(z) = L2(Ra(z), La(z), ra(z), la(z)),

R2a(z) = R2(Ra(z), La(z), ra(z), la(z)).

Let Ta = min (sup{t ∈ (0, T )|L2a(t) > la(t)}, sup{t ∈ (0, T )|R2a(t) > ra(t)}). In the
same fashion, we defineTb. Let us denotẽT = min(Ta, Tb). Then, for eachδ > 0, there ex-
ists ǫ(δ) such thatmin (L2a(t)− la(t), L2b(t)− lb(t), R2a(t)− ra(t), R2b(t)− rb(t)) >
ǫ(δ) on the set[0, T̃ − δ]. Now, we estimate

|Ra(t)−Rb(t)|

≤

∣

∣

∣

∣

∣

∫ t

0

(

1

L2a(z)− la(z)
−

1

L2b(z)− lb(z)

)

(

−2γ +

∫ L2a(z)

la(z)
σ(z,Ra(z), s) ds

)

dz

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t

0

1

L2b(z)− lb(z)

∫ L2a(z)

la(z)
(σ(z,Ra(z), s)− σ(z,Rb(z), s)) ds dz

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ t

0

(

1

L2b(z)− lb(z)

(

∫ L2a(z)

la(z)
σ(z,Rb(z), s)ds−

∫ L2b(z)

lb(z)
σ(z,Rb(z), s)ds

))

dz

∣

∣

∣

∣

∣

≤
C1

ǫ(δ)2

∫ t

0

(

‖la − lb‖C([0,z]) + ‖L2a − L2b‖C([0,z])

)

dz +

C2

ǫ(δ)

∫ t

0
‖Ra −Rb‖C([0,z])dz +

C3

ǫ(δ)

∫ t

0

(

‖la − lb‖C([0,z]) + ‖L2a − L2b‖C([0,z])

)

dz,

where

C1 = 2γ + sup |L2a − la| sup |σ|, C2 = sup |L2a − la| sup |σy|, C3 = sup |σ|.

In the same manner we obtain the estimate for|La(t)− Lb(t)|. SinceL2 andR2 are locally
Lipschitz continuous we obtain the estimate:

‖Ra −Rb‖C([0,t]) + ‖La − Lb‖C([0,t]) ≤

H(ǫ(δ))

∫ t

0

(

‖La − Lb‖C([0,z]) + ‖Ra −Rb‖C([0,z])

)

dz.

Hence, by Gronwall inequality we obtain that‖Ra−Rb‖C([0,t])+‖La−Lb‖C([0,t]) = 0 on

[0, T̃ − δ]. Since,δ is arbitrary, we obtain that‖Ra−Rb‖C([0,T̃ ))+ ‖La−Lb‖C([0,T̃ )) = 0.
This finishes the proof of the uniqueness. �

We notice that this construction yields a unique solution if(dΛ0,x2
)−(l10) > 0 and

(dR0,x1
)−(r10) > 0.

The point of using the Schauder theorem is to give existence for a giventime interval,
without necessity of shrinking it as it is in the case of Banach contraction principle.
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3.2.4 The case of a matching and a tangency curve

Proof of Theorem 3.3, part (b).We will proceed in several steps. Since the role ofl1 and
r1 is interchangeable in Theorem 3.3, part (c), for the sake of definiteness, we assume that
a tangency curve emanates fromr10 and matching curve froml10.

First, we notice that Proposition 2.4 yields existence ofdΛ in G(x(l00), x(l10)). Once
we have it, we will simultaneously construct the tangency curve emanating from r10, the
matching curve andR1(·), L1(·). After that, we will find remainingdR.

Now, we can present the main result of this paragraph.

Lemma 3.2 LetL2 ∈ C(R4;R) andR2 ∈ C1(R4;R) be given functions. We assume that
ΣR
1 > 0 initial conditions satisfy the tangency condition:

σ(0, r10, L10) =
1

R20 − r10

(∫ R20

r10

σ(0, s, L10)ds− 2γ(nΛ)

)

and

(r10 −R20)σx1
(0, r10, L10) 6= (σ(0, r10, L10)− σ(0, R20, L10))

∂R2

∂y3

∣

∣

∣

∣

y3=r00

. (3.14)

If (dΛx2
)−(l10) > 0 and condition (3.5) hold, i.e.,

1

dΛ0,x(l10)

(

σ(t, dΛ0 (l10), x)m(dΛ0,x(l10))−
m(0)

L1 − l1

∫ L1

l1

σ(t, s, dΛ0 (l10)) ds−
2γ(nR)

L1 − l1

)

< −mp(d
Λ
0,x(l10))σ(t, d

Λ
0 (l10), x),

then, there exists a local in time solution to the problem

Ṙ1 =
1

L2(R1, L1, r1, l1)− l1

∫ L2(R1,L1,r1,l1)

l1

σ(t, R1(t), s) ds−
2γ(nR)

L2(R1, L1, r1, l1)− l1
,

R1 = dΛ(t, l1),

L̇1 =
1

R2(R1, L1, r1, l1)− r1

∫ R2(R1,L1,r1,l1)

r1

σ(t, L1(t), s) ds−
2γ(nΛ)

R2(R1, L1, r1, l1)− r1
,

σ(t, r1(t), L1(t)) =
1

R2(R1, L1, r1, l1)− r1

(

∫ R2(R1,L1,r1,l1)

r1

σ(t, s, L1(t)) ds− 2γ(nΛ)

)

,

R1(0) = R10, L1(0) = L10, r1(0) = r10, l1(0) = l10.

Moreover, ifL2 is locally Lipschitz continuous, then the solution is unique.
Proof. Let us define the following mappingF : R4 × R → R,

F(t, R1, L1, r1, l1) =

(R2(R1, L1, r1, l1)− r1)σ(t, r1, L1)−

∫ R2(R1,L1,r1,l1)

r1

σ(t, s, L1) ds− 2γ(nΛ).

Since by(3.14)

∂F

∂r1
(0, R10, L10, r10, l10) =

(σ(0, r10, L10)− σ(0, R20, L10))
∂R2

∂y3

∣

∣

∣

∣

y3=r10

+ (R20 − r10)σx2
(0, r10, L10) 6= 0,
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we can apply the Implicit Function Theorem. Therefore, there exists a neighborhood of
(0, R10, L10, l10) and the mapr1 = r1(t, R1, L1, l1) such that

F(t, R1, r1, L1, l1) = 0 and r1(0, R10, L10, l10) = r10.

Now, we can rewrite our system as follows:

Ṙ1 =
1

L2(R1, L1, r1, l1)− l1

(

∫ L2(R1,L1,r1,l1)

l1

σ(t, R1(t), s) ds− 2γ(nR)

)

,

R1 = dΛ(t, l1), (3.15)

L̇1 = σ(t, r1, L1(t)),

R1(0) = R10, L1(0) = L10, l1(0) = l10.

Next, we differentiate equation (3.153) with respect tot and we obtain the following system:

l̇1 = G3, R1 = dΛ(t, l1), L̇1 = σ(t, r1, L1(t)),

R1(0) = R10, L1(0) = L10, l1(0) = l10,

where

G3(R1, L1, r1, l1, t) =

1

dΛ,−x (t, l1)

∫ L2(R1,L1,r1,l1)
l1

σ(t, R1(t), s) ds− 2γ(nR)

L2(R1, L1, r1, l1)− l1
−

m(dΛ,−x (t, l1))σ(t, l1, d
Λ(t, l1))

dΛ,−x (t, l1)
.

Subsequently, forT > 0, we consider the Banach spaceC([0, T ];R3) with the norm

‖(u1, u2, u3)‖C([0,T ];R3) = max
i=1,2,3

‖ui‖C([0,T ]).

SinceL2 : R
4 → R is continuous, there isδ1 such that if

max (|R−R10|, |L− L10|, |l − l10|, t) ≤ δ1,

then

|L2(R,L, r1(t, R, L, l), l)− L20| ≤
1

4
min (L20 − l10) .

Continuity ofG3 implies existenceT2 andδ2 such thatG3 > ẋa in the cylinder

B ((R10, L10, l10), δ2)× [0, T2].

Moreover, by Proposition 2.4 there existT3, δ3, ǫ such that ift ∈ [0, T3], |l1 − l10| ≤ δ3,
thendΛx (t, l1) > ǫ.

Next, forT < min(T2, δ1), andδ ≤ min
(

L20−l10
4 , δ1, δ2, δ̃

)

we define the set

ỸT,δ = BC[0,T ](R10, δ)×BC[0,T ](L10, δ)×BC[0,T ](l10, δ̃),

YT,δ = ỸT,δ ∩ {(R,L, l) ∈ C([0, T ];R3) : (R,L, l)(0) = (R10, L10, l10, )}.

Subsequently, we define the mappingZ : YT,δ → C([0, T ];R3),

Z(R,L, l) = (R̃, L̃, l̃),
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as follows

l̃(t) = l10 +

∫ t

0
G3(R1, L1, r1, l1, z)dz,

L̃(t) = L10 +

∫ t

0
σ(z, r1, L)dz,

R̃(t) = dΛ(t, l̃(t)),

wherer1 = r1(t, R, L, l).
In the similar way as in the proof performed in subsection 3.2.2, one can showthat

for δ andT small enough, we haveZ : YT,δ → YT,δ. Moreover, mapZ is compact and
continuous. As a result, we apply Schauder fixed point theorem. Finally, ifL2 is locally
Lipschitz continuous, then the Gronwall lemma yields uniqueness of a solution. �

3.3 Existence of variational solutions to (1.1)

We combine the information about the solutions.

Theorem 3.5 Let us suppose that all the assumptions of Theorem 3.4 hold, in particular
l00 < l10 andr00 < r10. Then, there exist corresponding variational solutions. In addition,
they are unique provided that all the interfacial curves are tangency curves.

Proof. In the previous section, we constructed the bent rectangles{Γ(t)}t∈[0,T1). Now, we
construct the corresponding Cahn-Hoffman vector fieldsξ onS±

Λ , S±
R . Actually, onS+

Λ we
use formula [22, eq. (2.28)] and [23, eq. 3.2] and [23, Proposition 3.2], ξ = (ξ1, γ(nR)),
where

ξ1(t, x) =







































x

(∫

−
x

0
σ(t, s, L0) ds−

∫ r0

0
− σ(t, s, L0) ds

)

−
x

r0
γ(nΛ) x ∈ [0, r0]

−γ(nΛ) x ∈ (r0, r1)

(R1 − x)

(∫ R1

r1

− σ(t, s, L1) ds−

∫ R1

x
− σ(t, s, L1) ds

)

+ γ(nΛ)

−2
R1 − x

R1 − r1
γ(nΛ) x ∈ [r1, R1].

(3.16)
We extend it by symmetry to the wholeS+

Λ ,

ξ1(t, x) = −ξ1(t,−x) x ∈ [−R1, 0]

and toS−
Λ . Namely, onS−

Λ we setξ(t, x) = (ξ1(t, x),−γ(nR)).
In an analogous manner we haveξ = (γ(nΛ), ξ2) onS+

R . The above formula may be
reused forξ2, if we keep in mind that we have to replace theL’s by theR’s (and vice versa)
and to changeγ(nΛ) to γ(nR).

The proof that thisξ is a minimizer ofE follows the lines of [23, Theorem 3.5 and
Theorem 3.6], since some changes are required we will present its sketch.

We notice that it is sufficient to restrict our attention toS+
Λ . We have to show that if

ξ + h ∈ DΛ, then
EΛ(ξ + h) ≥ EΛ(ξ).
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It is easy to see thatξ + h ∈ DΛ implies continuity ofh andh(±R1) = 0. Since±r0,
±r1 form the boundary of the coincidence set of the variational obstacle problem, then
h(±ri) = 0, i = 0, 1, too.

We notice that for allt > 0 Proposition 2.4 (b) implies that

dx(t, x) > 0 for all r0(t) < |x| < r1(t).

Hence,∂γ(n(x)) is a singleton and thenh ≡ 0 on [−r1,−r0] ∪ [r0, r1].
Once we checked thath1 is continuous and vanishes on[−r1(t),−r0(t)]∪ [r0(t), r1(t)]

it is easy to deduce, by the method of [23, Theorem 3.5 and Theorem 3.6] that

ER(ξ + h)− ER(ξ) =
∫ r0

−r0

[
1

2
(
∂h1
∂x1

)2 − βRL̇0
∂h1
∂x1

] dx+

(∫ −r1

−R1

+

∫ R1

r1

)

[
1

2
(
∂h1
∂x1

)2 − βRL̇1
∂h1
∂x1

] dx

≥ 0.

The method used in the above mentioned theorems yieldsr1 depending in a Lipschitz
continuous manner onR1 depending precisely on the endpoints of the outer facets. The
same conclusion holds, as in Lemma 3.2 above, when the position of one of the endpoints
is not determined by the corner, but differently. �

3.4 Evolution of rectangles

We know (see [23, Section 3.2]) that not all configurations are possibleif d0 ≡ L00. In fact,
the only viable option is that the tangency condition is satisfied atr00 = r10. In this case,
we have two tangency curves emanating fromr00. The problem is to construct the solution
to the Hamilton-Jacobi equations in the region above them,.

Theorem 3.6 Let us suppose that (S) holds. The initial data are such thatr00 = r10 and
(2.30) are satisfied. In addition, one of the hypotheses of Theorem 3.4 yielding uniquel0,
l1 holds. Then, there isT > 0 such a variational solution to (1.1) exists fort ∈ [0, T ).
Moreover, the interfacial curvesri(·), i = 0, 1, are the tangency curves andr0(t) < r1(t)
for t > 0.

Proof. We assume, that we have already decided what is the nature of the interface l1 and
we have determined its evolution as well as that ofR1. By Remark 3.1 Lemma 3.1 keeps
holding even ifr00 = r10, then we may use the results of Lemma 3.1 to conclude existence
of r0 andr1. As a result, theory developed for bent rectangles is applicable. In particular
we deduce thaṫr0 < 0 andṙ1 > 0 for t > 0. This permits us to construct the corresponding
Cahn-Hoffman vectorξ uniquely, see Theorem 3.5. �

Of course we know, that the only possibility is that two tangency curves begin at r00 =
r10. The conditions (2.30) are to make sure the data are correct and we can set up boundary
data for the Hamilton-Jacobi equation. We notice that the above Theorem is valid also in
l00 = l10, provided that the version of (2.30) holds for them.

3.5 Uniqueness of variational solutions

We will show uniqueness using the approach of the proof of [23, Theorem 4.1]. We will
do this only for special cases, when we can show thatd has bounded second derivative,
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otherwise the method breaks down. We note that we guarantee higher smoothness away
from the interfacial curves. By the very nature of the problemdx(t, ·) is discontinuous
across all matching curves, which are not tangency curves. This problem was absent in
[23], because there we could additionally use the gradient flow structureof our equations.
This is no longer true here.

Theorem 3.7 Let us assume (S) and consider a regular bent rectangleΓ0 as an initial con-
dition. If (Γi(t), ξi(t)), i = 1, 2, are two regular variational solutions to (1.1) with the
initial conditionΓ0, i.e., all interfacial curves are tangency curves, then(Γ1(t), ξ1(t)) =
(Γ2(t), ξ2(t)) for all t ≥ 0.

Proof. We will consider both solution in a common local coordinate system. Thus we
have two systems like (2.17) fordj,1, dj,2, j = Λ, R. One of the difficulties is thatdΛ,1 and
dΛ,2 (resp.dR,1 anddR,2) are defined on different domains. We will consider in detaildR,1

anddR,2. The analysis ofdΛ,1 anddΛ,2 goes along the same lines.
Let us set

ρR(t) = min{R1
1(t), R

2
1(t)} ρΛ(t) = min{L1

1(t), L
2
1(t)}.

We take the difference of systems (2.17x,x) for dR,1 anddR,2 over[−ρR(t), ρR(t)].
We note, that contrary to [23], we consider the difference of solutions ina time varying

domain.
Thus, we obtained the following equation forpR := d2 − d1 on [−ρ, ρ],

pRt = ApRx +BpR −

(

m2∂ξ
2

∂x
−m1∂ξ

1

∂x

)

, (3.17)

where

A(t, x) = σ2m(dR,2
x )−m(dR,1

x )

dR,2
x − dR,1

x

, B = m(dR,1
x )

σ2 − σ1

dR,2 − dR,1
. (3.18)

We notice that
A,B ∈ L∞(0, T ;L∞(−ρ, ρ)).

Multiplication of (3.17) byp an integration over[−ρ, ρ] yields

1

2

∫ ρ

−ρ
(pR)2t =

1

2

∫ ρ

−ρ
(A(pR)2x +B(pR)2 −

∫ ρ

−ρ

(

m2∂ξ
2

∂x
−m1∂ξ

1

∂x

)

p, (3.19)

We will estimate the second term using monotonicity of∂γ,

∫ ρ

−ρ
−

(

m2∂ξ
2

∂x
−m1∂ξ

1

∂x

)

p ≤ −

∫ ρR

−ρR
m2

(

∂ξ2

∂x
−

∂ξ1

∂x

)

p−

∫ ρ

−ρ
(m2 −m1)

∂ξ1

∂x
.

Monotonicity of∂γ implies the pointwise estimate

(
∂ξ2

∂x
−

∂ξ1

∂x
) · (d2x − d1x) ≥ 0,

thus

−

∫ ρR

−ρR
m2

(

∂ξ2

∂x
−

∂ξ1

∂x

)

p ≤ 0.

31



On the other hand, Lipschitz continuity ofm yields

∫ ρ

−ρ
−

(

m2∂ξ
2

∂x
−m1∂ξ

1

∂x

)

p ≤ M

∫ ρ

−ρ
p2.

Let us writeA as follows,

A(t, x) =

∫ 1

0
m′

p((d
R,2
x − dR,1

x )s+ dR,1
x ) ds.

Our assumption that all the interfaces are tangency curves implies thatdRx , dΛx are contin-
uous and differentiable. Regularity ofΓ(t) yields boundedness ofdRxx anddΛxx then we
immediately see thatAx ∈ L∞(−ρ, ρ). Thus, integration by part yields

∫ ρ

−ρ
A(pR)2x = −

∫ ρ

−ρ
Ax(p

R)2 +A(pR)2|x=ρR

x=−ρR
.

We notice, that the boundary term is easy to estimate,

(pR)2(ρR) = (L2
1 − L1

1)
2 =

min{R2
1, R

1
1} −max{r21, r

1
1}

min{R2
1, R

1
1} −max{r21, r

1
1}

(L2
1 − L1

1)
2 ≤ M

∫ ρ

−ρ
A(pR)2

Finally,
∫ ρR

−ρR
(pR)2t ≤

∫ ρR

−ρR
K(pR)2 +

∫ ρΛ

−ρΛ
K(pΛ)2.

So far, we have succeeded in showing the following inequality

∫ ρR(t)

−ρR(t)

d

dt
(dR,2 − dR,1)2 +

∫ ρΛ(t)

−ρΛ(t)

d

dt
(dΛ,2 − dΛ,1)2

≤ M

∫ ρR(t)

−ρR(t)
(dR,2 − dR,1)2 +M

∫ ρΛ(t)

−ρΛ(t)
(dΛ,2 − dΛ,1)2.

We notice that

d

dt

∫ ρR(t)

−ρR(t)
(dR,2 − dR,1)2 =

∫ ρR(t)

−ρR(t)

d

dt
(dR,2 − dR,1)2

+(dR,2 − dR,1)2(ρ(t))
d

dt
ρR(t) + (dR,2 − dR,1)2(−ρR(t))

d

dt
ρR(t)

=

∫ ρR(t)

−ρR(t)

d

dt
(dR,2 − dR,1)2

+(L2
1 − L1

1)(−ρR(t))
d

dt
ρR(t) + (L2

1 − L1
1)(ρ

R(t))
d

dt
ρR(t)

≤

∫ ρR(t)

−ρR(t)

d

dt
(dR,2 − dR,1)2

+M

∫ ρR(t)

−ρR(t)
(dR,2 − dR,1)2 +M

∫ ρΛ(t)

−ρΛ(t)
(dΛ,2 − dΛ,1)2.
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The same inequality is valid forddt
∫ ρR(t)

−ρR(t)
(dΛ,2 − dΛ,1)2. Hence, after summing them up

and introducing,

u(t) =

∫ ρR(t)

−ρR(t)
(dR,2 − dR,1)2 +M

∫ ρΛ(t)

−ρΛ(t)
(dΛ,2 − dΛ,1)2,

we will obtain the following estimate

d

dt
u ≤ Ku.

This inequality takes into account the fact thatd
dtρ

R(t) ∈ L∞(0, T ).
Sinceu(0) = 0, then Gronwall inequality implies thatu(t) ≡ 0, i.e. dR,2(t) = dR,1(t)

on interval[−ρR(t), ρR(t)] anddΛ,2 − dΛ,1 on interval[−ρΛ(t), ρΛ(t)]. �

Remarks.
We see that this argument can be adapted to solutions which possibly break the symmetry.

The problem of uniqueness of solutions to a system like

ut − b∇u+ cu = 0 in (0, T )× R
n

has been studied extensively, let us just mention [9] or [1]. Commonly, the authors need
there divb ∈ L1(0, T ;Lp

loc(R
n)), wherep ≤ ∞. We could hope for this only, when the

interfaces are tangency curves. If at least one of the interfacial curves is just a matching
curve, thendx is discontinuous at the endpoint of the facet set of arguments. Hence, if
the coefficientA in (3.18) will have jumps, soAx will be a measure. As a result, the
assumptions of [9] and [1] are violated.

In fact, the problem we study (3.17) is not exactly in the form indicated above, thus we
use here a simpler, direct method.
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