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MULTI-SPECIALIZATION AND
MULTI-ASYMPTOTIC EXPANSIONS

Naofumi Honda  Luca Prelli

Abstract

In this paper we extend the notion of specialization functor to the
case of several closed submanifolds satisfying some suitable conditions.
Applying this functor to the sheaf of Whitney holomorphic functions
we construct different kinds of sheaves of multi-asymptotically devel-
opable functions, whose definitions are natural extensions of the defi-
nition of strongly asymptotically developable functions introduced by
Majima.
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Introduction

Asymptotically developable expansions of holomorphic functions on a sector
are an important tool to study ordinary differential equations with irregular
singularities. When we study, in higher dimension, a completely integrable
connection with irregular singularities along a normal crossing divisor H =
HyU---UH, C X, it is known that these asymptotic expansions are too
weak for this purpose. Hence H. Majima, in [15], introduced the notion
of strongly asymptotically developable expansion along H for a holomorphic
function defined on a poly-sector S, and the one of consistent family of
coefficients to which f is strongly asymptotically developable.

We can understand these notions from a view point of a locally defined
multi-action. For each smooth submanifold Hy (k = 1,2,...,¢), we can
locally identify X with the normal bundle Ty, X of Hj near Hj. A conic
action on Ty, X by RT induces a local action pug on X near Hg. Then a
poly-sector S on which f is defined can be regarded as a multi-cone with
respect to a multi-action pg, ..., puy in the sense that it is an intersection
of open sets Vi (k = 1,2,...,¢) where each V} is a (locally) conic subset
with respect to the action pi and its edge is contained in Hj. A strongly
asymptotically developable expansion of f is, roughly speaking, a formal
Taylor expansion with respect to an orbit generated by these actions pq,

ey Mg

Hence, from this point of view, one can expect that strongly asymptoti-
cally developability extends to that along a more general H. As a matter
of fact, we have succeeded to construct the sheaves of multi-asymptotically
developable functions along several kinds of H by the aid of a multi-action,
whose definitions are natural extensions of the one introduced by H. Majima
in [15]. These sheaves contain, as important cases, not only that of strongly
asymptotically developable functions but also that associated with a multi-
cone which appears in a bi-normal deformation introduced by P. Schapira
and K. Takeuchi in [21].

Now an important problem is to establish relations between these sheaves
on different spaces along different kinds of H, to be more precise, we need
to construct operations such as inverse images including restrictions and
direct images for these sheaves. For that purpose, we need a uniform ma-
chinery allowing us to treat geometries associated with these multi-actions.
Namely, we need the notion of multi-normal deformation and the one of
multi-specialization introduced in this paper, which are our main subjects.

Let us briefly explain these new notions.

Let X be a n-dimensional real analytic manifold with dim X = n, and let



X = {Mi,..., M} be a family of connected closed submanifolds satisfying
some suitable conditions. The multi-normal deformation of X with respect
to x is constructed as follows. We first construct the normal deformation
X, of X along M defined by M. Kashiwara and P. Schapira in [10]. Then,
taking the pull-back of Mj in X M,, we can obtain the normal deformation
Xon v, of Xy, along the pull-back of My. Then we can define recursively

the normal deformation along x as X = X My, .M, ‘= (X M., M, 1) . This

manifold is of dimension n + ¢, it is locally isomorphic to X x R and in the
zero section X x {0} it is isomorphic to

X,1§j§ZTMjL(Mj) = TMlL(Ml) ;<( TMQL(MQ) ))2 s )>§ TMZL(M[),
where ¢(M;) denotes the intersection of the M}’s strictly containing M;
(or X if M; is maximal). There is also an action of (R*)‘ on X, which
is obtained as a natural extension of the Rt-action of the normal defor-
mation with respect to one submanifold. Its restriction to the zero section
will be crucial for the definition of multi-asymptotic functions. There are
also natural notions of multi-cone and multi-normal cone extending the one
of P. Schapira and K. Takeuchi, which will be the key to understand the
geometry of the sections of the multi-specialization functor. Given a mor-
phism of real analytic manifolds f : X — Y, we are also able to extend
f to a morphism f X — Y. This is done by repeatedly employing the
the usual construction of a morphism between normal deformations, i.e. we
extend f to f1 XM1 — YNl, then we extend f1 to f1 9 XM1 My, — YN1 No-
Then we can define recursively f X Y by extending the morphism
fl, =1 )(]\417,_7]\/[1&_1 — Yn,,..,N,_, to the normal deformations with re-
spect to MZ and Ny respectively. This morphism enable us to make a link
between different kinds of multi-normal deformations. As a kind of exam-
ple, desingularization map makes a link between the normal deformation
with respect to a normal crossing divisor and the binormal deformation of
P. Schapira and K. Takeuchi.

Once we have constructed the multi-normal deformation, we are able to
extend the definition of the specialization functor to the case of several
submanifolds. Roughly speaking, it is a functor associating to a subanalytic

sheaf on X a subanalytic sheaf on  x Ty t(M;). We perform all this
X,1<5<¢t

constructions in the subanalytic setting in order to treat sheaves of functions
with growth conditions. Given a morphism of real analytic manifolds f :
X — Y we give conditions for the commutation of the direct and inverse
images with respect to the multi-specialization functor.



When we apply the multi-specialization functor to the subanalytic sheaf of
Whitney holomorphic functions we obtain the sheaf of multi-asymptotically
developable functions along x and, outside the zero section in the normal
crossing case, the sheaf of strongly asymptotically developable functions of
H. Majima. When we apply the multi-specialization functor to the suban-
alytic sheaf of Whitney holomorphic functions vanishing up to infinity on
M; U ---U M, (resp. Whitney holomorphic functions on M; U --- U My)
we obtain the sheaf of flat multi-asymptotically developable functions (resp.
consistent families of coefficients) along x. The vanishing of the H' of flat
multi-asymptotically developable functions allows us to prove a Borel-Ritt
exact sequence for multi-asymptotic functions.

The paper is organized in the following way. In Section 1 we introduce the
notion of multi-normal deformation. In Section 2 we define the multi-action
of (R*)? on the zero section of X. In Sections 3 and 4 we give the definitions
of multi-cone and multi-normal cone which are essential to understand the
sections of the multi-specialization. Morphisms between multi-normal de-
formations and their restriction to the zero sections are studied in Section 5.
The functorial construction is performed in Section 6 with the definition of
the multi-specialization functor and its relations with the functors of direct
and inverse image. In Section 7 we define the sheaves of multi-asymptotically
developable functions along x whose functorial nature is proved in Section
8, where we apply the multi-specialization functor to the subanalytic sheaf
of holomorphic functions with Whitney growth conditions.

We end this work with an Appendix in which we introduce the category
of multi-conic sheaves. Using o-minimal geometry we construct suitable
coverings of subanalytic open subsets which are helpful in order to study
the sections of multi-conic sheaves.

1 Multi-normal deformation

Let X be areal analytic manifold with dim X = n, and let x = {M;,..., M}
be a family of closed submanifolds in X (¢ > 1). We set, for N € y and
peN,

NR,(N):={M; € x;p€ M;j, N ¢ M; and M; ¢ N}.
Let us consider the following conditions for y.

H1 Each M; € x is connected and the submanifolds are mutually distinct,
le. M; # Mj for j # j'.



H2 For any N € y and p € N with NR,(V) # 0, we have

(1.1) (| M, | +T,N=T,X.
M;ENR,(N)

Note that, if x satisfies the condition H2, the configuration of two subman-
ifolds must be either 1. or 2. below.

1. Both submanifolds intersect transversely.

2. One of them contains the other.

We set, for N € ¥,

X There exists no M; € x with N & M;,
ty(N) =
) N M; Otherwise.
NGM,

When there is no risk of confusion, we write for short ¢(NV) instead of ¢, (N).
Since T)y;¢(Mj;) is contained in the zero section T'x X if M; satisfies M; =
t(M;), we assume the condition H3 below for simplicity.

H3 M; # «(Mj) for any j € {1,2,...,¢}.
Example 1.1 Let X = R3 with coordinates (x1, 2, 3).

(i) Let x = {My, Mo, M3} with M; = {x; =0}, i =1,2,3. Then clearly x
satisfies H1. We have «(M;) = X, i =1,2,3 and ToM; +ToM; = T X,
i,7 €{1,2,3}, i # j. Hence x satisfies H2,HS3.

(ZZ) Let X = {Ml,MQ,Mg} with M1 == {0}, MQ == {CL’Q = I3 — 0}, M3 =
{x3 =0}. Then clearly x satisfies H1. We have «(M1) = Ma, 1(Msy) =
Ms, «(M3) = X and NRo(M;) = 0 for i =1,2,3. Hence x satisfies
H2,H3.

(ZZZ) Let X = {Ml,MQ,Mg} with M1 = {0}, M2 = {1'1 = 0}, M3 = {.1‘2 =
0}. Then clearly x satisfies HI. We have NRy(My) =0 and ToM; +
ToMs =Ty X. We have L(Ml) = MsN My 2 My and L(MQ) = L(Mg) =
X. Hence x satisfies H2,H3.

(z'v) Let X = {Ml,MQ,Mg,} with M1 = {0}, MQ = {xl = T = 0}, M3 =
{xs = 0}. Then clearly x satisfies Hl. We have NRo(M;) = ) and
ToMy + ToMs = ToX. We have o(Mz) = «(Ms3) = X and (M) =
Mo N M3 = My. Hence x satisfies H2 but not HS.



(’U) Let X = {Ml,MQ} with M1 = {.7,'1 = X9 = 0}, M2 = {.7}2 = I3 = 0}.
Then clearly x satisfies H1. We have ToMy + ToMy & ToX. Then x
does not satisfy H2.

(’Ui) Let X = {Ml,MQ,Mg} with M1 = {x1 = xQ}, M2 = {xl = O}, M3 =
{ze = 0}. Then clearly x satisfies H1. We have ToM; + ﬂ#j ToM; =
ToM; G ToX fori=1,2,3. Then x does not satisfy H2.

(Uii) Let X = {Ml,MQ,Mg} with M1 = {1'1 = l‘%}, M2 = {xl = 0},
Ms = {x9 = 0}. Then clearly x satisfies Hl. We have ToM; +
M1 ToM; = ToM G ToX. Then x does not satisfy H2 (even if
ﬂ3¢j T()Mj + ToMs = T()X).

Proposition 1.2 The following conditions are equivalent.
1. The family x satisfies the condition H2.

2. For any p € X, there exist a neighborhood V of p in X, a system of
local coordinates (x1,...,xy,) in'V and a family of subsets {Ij}gzl of
the set {1,2,...,n} for which the following conditions hold.

(a) Either I, C I, I; C I, or Iy N I; =0 holds (k,j € {1,2,...,4}).
(b) A submanifold M; € x withp € M; (j =1,2,...,¢) is defined by
{.%'Z' =051 € Ij} m V.

Proof. Clearly 2. implies 1. We will show the converse implication. We
may assume, by taking V' sufficiently small, p € M; for any j. We set, for
N ey,

d(N) = max{k; ]\[:.2\43‘1 g Mj2 g g Mjk)’ Mjl?"’ijk GX},

and
d(x) := max{d(N); N € x}.

We show the proposition by induction with respect to d(x). Clearly the
equivalence holds for a family x with d(x) = 1. Let us consider x with
d(x) = k > 1, and suppose that 1. = 2. were true for any y with d(x) < k.

Let Ly, ..., L,, denote the least elements in x with respect to the partial
order C of sets.
For each k = 1,2,...,m, we will determine defining functions f3 1, ...,

f#,i, of the submanifold Ly in the following way. Set, for any N € x;,

xv={Lex; N& L}



Since we have d(xz,) < k (k = 1,2,...,m), and since the family xr, also
satisfies the condition 1. of the proposition, by the induction hypothe-

sis, there exist local coordinate functions (¢ 1, ..., ¢rn) that satisfies the
condition 2. for the family xr,. Then, for £ = 1,2,...,m, we take defin-
ing functions {fx.1,..., fk,.} of Ly so that they contain all the coordinate

functions ¢y, ; which vanish on Lj.
As Lj € NRy(Lj) holds for 1 < j # j° < m, it follows from the condition
(1.1) that we have

A dfi: #0 near p.

1<k<m, 1<i<i i 7 p
Therefore the family of these functions { fi;} can be extended to a system of
local coordinates near p, for which we can easily verify 2. of the proposition.
This completes the proof. a

Let X be a n-dimensional real analytic manifold and let x = {My, ..., My}
be a family of closed smooth submanifolds of X satisfying H2. First recall the
construction of the normal deformation of X along M;. We denote it by X M,
and we denote by ¢; € R the deformation parameter. Let Qy, = {t; > 0}
and let us identify s~1(0) with Ths, X. We have the commutative diagram

SM ~ i
(1.2) Tan X —= Xy, L Qg
lTMl lpﬂ%
. le
Z]Wl
M X.

Set g, = {(x,t1) ; t; # 0} and define

My = (PM1|5~1MI)_1M2'

Then Mg is a closed smooth submanifold of X A, - Now we can define the
normal deformation along My, Ms as

Xon vy = (XM1)TM2'

Then we can define recursively the normal deformation along y as

X =Xy, M, o= (XM1,---7M£—1);~/[Z'



Set S = {t1,...,tp =0}, M = (\_, M; and Q = {t1,...,t; > 0}. Then we
have the commutative diagram

- g

(1.3) S—s <0

e

M—X.

In local coordinate let Iy,...1, C {1,...,n} such that M; = {xx, =0; k €
Ii}- Set
Ji={ke{l,....4}; i€ I}, tJi:Htk7
ked;

where t1,...,ty € R and t;, = 1 if J; = 0. Thenp:)?—»X is defined by
(T1y .y Tpyt1, .oy te) = (tr 21, . ot X))
We are interested in the bundle structure of the zero section
Si={t1j=...=t;,=0} C X.

Let us consider the canonical map TMjL(Mj) — M; — X, j=1,...,{, we
write for short

X Ty o(M;
xi<jcd (85)

instead of
TMlL(Ml) ))é TMQL(MQ) ; s ;<( TMZL(Mg).

Proposition 1.3 Assume that x satisfies the conditions H1, H2 and HS3.
Then we have
(1.4) S~ X’éjSETMjL(M]).
Proof. Let X be a copy of X, and p : X — X a local coordinate trans-
formation near p € X. We set M; = p(M;). We may assume that X = R”
(resp. X = R") with coordinates (z1,...,2z,) (resp. (Z1,...,2,)), and @
is given by #; = ¢i(x1,...,2,) (i = 1,2,...,n). Moreover, by Proposition
1.2, we may also suppose that there exist a family of subsets {I j}le of
{1,2,...,n} that satisfies 2. (a) and 2. (b) of Proposition 1.2 for the both
coordinate systems.

Let Jp C {1,2,...,¢} (k=1,2,...,n) denote the set

(1.5) {7e{1,2,....0}; ke I;}.



For a subset J of {1,2,...,¢}, we set t; := [[t; if J is non-empty and
jeJ
ty:=1if J=0.
Then, outside of t1ty...t, = 0, the coordinate transformation between
multi-normal deformations

(T1,y ey tiy ey ty) = (B, 0oy Bty ooy tp)
is given by
f]k.if?k = gok(tjlxl, tJ2.%'2, ey tJnIEn) (k‘ = 1,2,...,n),
t; =t; (j=1,2,...,0).

For any k€ |J I;, we set

1<j<t
I(k):== (L= ()1

kel =
As the condition 2. (a) of Proposition 1.2 is equivalently saying that
Ijﬁ[j/ 75®:>Ij CIj/ or Ij/ CIj,

the set {I;; k € I;} is totally ordered with respect to “C*, and I(k) is its

minimal element. Hence, for any k € |J I, there exists j(k) € {1,2,...,¢}
1<5<¢
such that I(k) = I4). By expanding ¢ (21, ..., 7y) along the submanifold

M), we obtain

3}
Or(T1, .. ) = Z ﬂ

Ti | M,

1 ok
vl ¥ e

LTii Lo+ ..
8952-18952-2 12 ’

M)

€Lk i1,82€1(k)

as x|, = 0 holds. Then we get

. ok
b= D Gy

1 a2tpk
T DL

ty ty @y, Tin+....
833‘i1833‘i2 Jiy 04 e

i1 Jig
Mj (k)

J(k) i1,i261j(k)

We can easily see Ji C J; for any ¢ € Ij3). Indeed, this follows from the
facts
jE€Jrandi€ Ly =>keljandic I(k)= ()Is
k‘EIﬁ
—i1elj=jeJ.



Therefore, by letting ¢t — 0, we have

we X

iEIj(k), Jp=J;

7.

M

where M := (] M;. Now we claim, for k € |J I;,
1<5< 1<j<¢

{i € Ly Jr=Ji} ={ie{1,2,...,n}; j(k) = j(i)},

which is proved in the following way: We first prove the implication (<).
Assume that i satisfies j(k) = j(i), which implies i € I;;) = I;). We have
already proved the fact Ji C J; for i € I4,). Therefore it suffices to show
Ji C Ji. Let B € J;. Then, as i € Iz, we have k € Iy = I C Ig, from
which g € Ji follows.

The converse implication comes from

Lay=[V1s= (15 = Ly
BeJk BEJ;
We divide the set |J I; C {1,2,...,n} into equivalent classes {B,} by
1<5<e
the equivalence relation “i ~ k <= j(i) = j(k)”. Then, for an equivalent
class B, we obtain

. i .
wizzakaxk for i € B.

keB

We denote by Ep the vector bundle over M defined by the above equations
where its fiber coordinates are given by xx’s (k € B). Then, by the above
observation, S is a direct sum of bundles Eg’s over M. Note that, since
each equivalent class can be written in the form

L\ U Lo|=Lwm\| U L
Liy&liw) L&)
for some j(k) € {1,2,...,1} with k € |J I, the bundle Ep is isomorphic
1<5<¢
to TMj(k)L(Mj(k)) ))?_ M.

For any j € {1,2,...,¢}, the set

ij:Ij\ Ulk

I

10



is not empty by the condition H3, and it gives an equivalent classof J I/ ~.
1<5<¢
Further it follows from the condition H1 and H2 that we get

U Ij:fll_l---l_lfl.
1<y<e

Hence we have obtained that S is a direct sum of bundles Ty, ¢(M;) x M
X

(j =1,2,....0). This completes the proof. O

Example 1.4 Let us see three typical examples of multi-normal deforma-
tions.

1. (Magima) Let X = C? (~ R* as a real manifold) with coordinates
(21,22) and let x = {My, Ma} with M; = {z1 = 0} and My = {23 =
0}. Then x satisfies H1, H2 and H3. We have I) = {1}, I, = {2},
J1= {1}, Jo = {2} (in R*, if 21 = (x1,72) and 2o = (w3, 24) we have
I =1{1,2}, I = {3,4}, 1 = Jo = {1}, J;3 = Jy = {2}). The map
p: X — X is defined by

(21, 22, t1,t2) — (t121,t222).

We have (M) = (M) = X and then the zero section S of X is
isomorphic to Thy, X X Th, X.
X

2. (Takeuchi) Let X = R3 with coordinates (r1,x9,x3) and let x =
{Ml,MQ,Mg} with M1 = {0}, M2 = {132 = I3 = 0} and M3 =
{xs = 0}. Then x satisfies Hl, H2 and H3. We have I, = {1,2,3},
IQ = {2,3}, 13 = {3}, Jl = {1}, Jg = {1,2}, Jg = {1,2,3}. The map
p: X — X is defined by

(21,22, @3, t1, t2, t3) — (t121, titawe, titataxs).

We have «(My) = Mz, 1«(Mz) = M3, «(M3) = X and then the zero
section S of X is isomorphic to Ty, Mo X Thr, Mg < Ty, X.
X X

3. (Mized) Let X = R with coordinates (v1,x2, x3) and let x = { My, M, M3}
with My = {0}, My = {zo = 0} and M3 = {x3 = 0}. Then x satisfies
H1, H2 and H3. We have I) = {1,2,3}, I = {2}, Is = {3}, J;1 = {1},

Jy ={1,2}, Js = {1,3}. The map p: X — X is defined by

(21,2, 23,1, t2, t3) — (t121, titawe, titzxs).

11



We have t(My) = My N Ms, «(My) = «(Ms) = X and then the zero
section S is isomorphic to T, (Ma N Ms) X Tpp, X X Tar, X .
X X

2 Multi-actions

Let X be a real analytic manifold and let x = {M;, Ma, ..., My} be closed
submanifolds. In what follows, we always assume that y satisfies the condi-
tions H1, H2 and H3. Consider the diagram (1.3). There is a (R*)* action

p: X x (R — X

which is described in local coordinate system by

t t
(1, .oy pyte, .oy te), (C1y .o ycp)) — <cJ1:):1,...,an:rn,CI,...,ce).

More precisely, the j-th component of the action is given by

Myt ((a:l,...,xn,tl,...,tg),cj) — (cljxl,...,cnjxn,tl,...,,...,tg),

where ¢;; = ¢; if ¢ € I; and ¢;; = 1 otherwise.
First we consider the actions on X which are compatible with those on
X TMa[,(Ma). Set

X,1<a</t

Jou, ={a € {1,2,...,0}; My 2 Mj, there is no 3 with My, 2 Mg 2 M; }

=

Jom; i={a € {1,2,...,0}; My C Mj, there is no 8 with M, C Mg C M; }

Note that, by the conditions, the set Jcy, either is empty or consists of
only 1 index. B B
Using the actions pu; for j = 1,2,..., ¢, we define the action 75(\) : X — X
by
Tj()‘) = /’Lj()‘) H M/B()‘il) (J=12,...,0).
BeIom;

On the zero section X  Thr t(Mg) of X, the action 7; () coincides with
X,1<a<t

Tar (M) 25 Topo(M,) (a = 7)

(M, war) = : .
J Thig t(Ma) { ldTMaL(Ma) (o # §).

12



Conversely, we can recover the original actions {s;} by {7;} in the follow-
ing way.

N = J[ )  G=12...,0.

Mj gMa
Hence both multi-actions on X associated with { i} and {7;} are equivalent.

Example 2.1 Let us see some example of multi-actions.

1. (Magjima) Let X = C? with coordinates (21, z2) and let My = {z = 0}
and My = {z2 = 0}. Then

W (21, 22,t1,t2) — (clzl,@zz, t—l, t2>
Cc1 C2
Tl : (2’1, 29,11, tg) — ()\Zl, 22, )\71151, tg)
Ty : (2’1, 29,11, tg) — (2:1, Az, 11, )\71752).
2. (Takeuchi) Let X = R3 with coordinates (w1, 2, x3) and let My = {0},
My = {zg = 23 = 0} and Mz = {x3 = 0}. Then

t1 to t3
p(x1, x0, 23,1, t2,t3) — | c11, 1222, Cr1Ca03T3, —, —, —
c1 e c3
t3) —  (Av1, a9, 33, A1, Mo, t3)
o 1 (01, T2, 23, t1, Lo, 13) > (w1, AT2, 23,11, A, M3)
) —

(21,22, A3, t1, 2, A" 13).

71 ¢ (21, 22, 23,11, 12, 3

73 1 (21, 22, T3, 11,12, 13

3. (Mized) Let X = R3 with coordinates (x1,x2,23) and let My = {0},
My = {z2 = 0} and M3 = {x3 = 0}. Then
u: (Il,xg,l‘g,tl,tg,tg) — <Clx1,61621’276103$3,2,2,2)
71 : (21, T2, T3, t1, L2, t3) +— ()\$1,JJ2,$3,Afltl,)\tg,/\tg)
Ty : ($1,$2,$3,t1,t2,t3) — (xl,)\wg,xg,tl,)\fltg,tg)
73 : (1‘1,1‘2,%3,t1,t2,t3) = (wl,wg,)\xg,tl,tQ,)\iltg).

3 Multi-cones

Let ¢ € () M; and p; = (g; &) be a point in Ty, (M) (j = 1,2,...,£).
1<5<e
We set



and p; = (¢; éj) € Ty, X designates the image of the point p; by the
canonical embedding Tyy;¢(M;) — Ta;; X. We denote by Coney j(p) (j =

~ RnfdimMj

1,2,...,0) the set of open conic cones in (T, X), that contain

the point &; € (T, X) g =~ Rr—dimM;
Definition 3.1 We say that an open set G C (T'X)q is a multi-cone along
x with direction to p € < X eTMjL(Mj)) if G is written in the form

<<
X,1<5< q

G = ﬂ e (en) G; € Cone, j(p)

5 4q
1<j<t

where 7 4« (TX)q — (Ty; X)q is the canonical projection. We denote by

Coney (p) the set of multi-cones along x with direction to p.

Example 3.2 We now give three typical examples of multi-cones.

1. (Magima) Let X = C? with coordinates (z1,22) and let My = {z1 = 0}
and My = {2 = 0}. Then Coney(p) for p = (0,0; 1,1) is nothing but
the set of multi sectors along Zy U Zy with their direction to (1,1).

2. (Takeuchi) Let X = R3 with coordinates (w1, 2, x3) and let My = {0},
My = {x9 = 3 = 0} and M3 = {x3 = 0}. For p =(0,0,0; 1,1,1) €
T, Mo x T, M3 x Ty, X, it is easy to see that a cofinal set of Coney (p)

X X

is, for example, given by the family of the sets
{(61,82:83); [&2] + €3] < €1, (€3] < €€2, &3 > O}eso-

3. (Mized) Let X = R3 with coordinates (x1,x2,73) and let My = {0},
My = {x9 = 0} and M3 = {z3 = 0}. Forp = (0,0,0;1,1,1) €
Tar, (Mo 0 M3) x T, X X T, X, a cofinal set of Coney(p) is, for

X X

example, given by the family of the sets

{(€1,62,83); |2] + (&3] < €61, €2 > 0, &3 > O} cso.

4 Multi-normal cones

Definition 4.1 Let Z be a subset of X. The multi-normal cone to Z along

X is the set
Cy(Z2)=p 1 (Z)NS.
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For any ¢ € X, there exists an isomorphism
v X S (TX),

near ¢ which satisfies 1(¢) = (¢; 0) and ¥(M;) = (T'M;), for any j =
1,..., 4. The existence of such a v is guaranteed by Proposition 1.2.

Lemma 4.2 Let Z be a subset of X. We have the following equivalence:
p & C\(2) if and only if there exist an open subset (q) € U C (T'X )4 and
a multi-cone G € Coney(p) such that

Y(Z)NGNU =0
holds.

Proof. The problem is local. Hence we identify X ~ (T'X), ~ R" by 1,
and we consider, in what follows, Cone, (p) as the set of cones defined in X.
We may assume ¢ = 0. Recall that I; C {1,2,...,n} is defined as

L=\ &L

Ik GI;
The equivalent class I ;j corresponds to T’ MjL(Mj) for j € {1,...,¢}, and set
B:= U L= U ILc{12...,n} It suffices to show the following

1<j<e 1<j<e
claim

p€ Cy(Z) <= Forany p e U and G € Coney(p), Y(Z)NGNU # 0.

First we will show (=-): Assume that

p= (¢ {&i}ieB) = M C\(2)

where p; is a point in T, ¢(M;). By the definition, we have a sequence
p™ = @™,z A Ay ep (2 c X m=1,2,...

satisfying that :L‘Em) — & for i € B, azgm) — 0 for j ¢ B, and tg-m) — 0 for

any j. For j € {1,2,...,¢}, let us consider the commutative diagram
X TMQL(MQ) — TMjX
X,1<a<t
I |
p: X - Xu;
N
X
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where the top horizontal arrow is given by the composition of morphisms

X TMQL(MQ) — TMjL(Mj) X M — TMjX
X,1<a<t X

and @ : (x1,...,%p; t1,... t0) = (&1,...,2n; 1) is defined by

t = 11 ts

MBCMJ‘
T; = tji.'L'i (Z §é Ij)7

T, = ( H tﬁ) Z; (Z S I])

{BeJs;M; Mg}

Here the definitions of J;, etc. were given in the proof of Proposition 1.2.
Then go(p(m)) converges to p; € Ty, X where p; is the image of p; by
the canonical embedding T, ¢(Mj) < Th; X. This implies p; € Cp,(Z).
Therefore it follows from the definition of a usual normal cone that, for
any cone G; € Cone, ;(p), we have ﬁM].(cp(pW))) € W;é(Gj) for any suffi-
ciently large m. This entails that, for any multi-cone G € Cone, (p), we have
p(p™) € G for any sufficiently large m, in particular, we have ZNGNU # )
for any U.

Let us show converse («<): Set, for a subset I C {1,2,...,n},
2l = 3 Jail.
el

Note that, if I is empty, we set |z|; = 1. Let

= (q; = X € X T o(M;
p=(a¢) xaci<d? S xpci< vy (M)

where p; = (q; §;) € Tpr;¢(M;). By the conic actions 7;(-), we may assume
either |¢;| = \§|fj =1lor || = \§|fj =0for1<j</.

Let {G;m)}m:1’27.,, be a cofinal set of Cone, ;(p) and {U(m)}m:1’27._, a set
of fundamental neighborhoods of q. We set

G .= ﬂ W;(ll(Gg-m)) m=1,2,....
1<5<¢

Choose points in X as

@™ eznG™nu™cx  m=1,2,...,
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and define a sequence in X by p™) = (q(m); 1,...,1). Clearly we have
p(p™) e ZNG™ NU™). For each 1 < j </, by taking a subsequence of
{¢"™}, we may assume either |q(m)|fj # 0 for every m or |q(m)|jj = 0 for all
m. We divide the set {1,2,...,¢} into two sets J' and J” as follows:

J={ie 2. ahlgl =y, £ 0},
I = {120 0 T

Note that |q(m)|fj #0 (m =1,2,...) holds for j € J'. Let us determine a

sequence k(™) = (mgm), el mém)) of positive real numbers that satisfies the

following conditions.

g™ ;.
1. kM -0, Egm) = |¢™)]; for j € J" and ( )IJ — 0 for j € J".
J Hjm
()
2. For any pair «, § € {1,2,...,¢} with M, C Mgz, we have ?m) — 0.
K

(e

Set, for j € {1,2,...,¢},

dj ;= max{k‘;Mj = M;, & Mj, & --- & My, Mj,,..., M, EX}

and
Jp=Ju{je " dj <k}

Now we construct a sequence (™ by induction with respect to k. For this
purpose, we introduce the following condition Hypo(j, k).

(m)

1 Ky = 0.
o
2. For ' € J;, with with Mg C Mj, we have zm) —0
K
(m)],
lq ’IB

3. For g € {1,2,...,¢} with M; C Mg, we have COR 0. Further

K

J

"™
L L oifje .

AT

we also have
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Assume k = —1,ie., J | = J. Weset Ii( m) = |q(™ ’I} for j € J'. It is easy
to see that the hypothesis Hypo(yj, k) is satlsﬁed for any j € J' ;. Indeed,

as § # 0 and ¢ e ™ (G; )) hold, there exists a sequence €™ — 0

such that |¢(™ ]f < e(m \q m)\ for 8 with M; C Mg. This implies 3. of
s
Hypo(j, k). By the same reason as 3 € J', 2. of Hypo(j, k) also holds.
Assume that we have constructed /’i;m) for j € J; and Hypo(j, k) holds

for any j € J;. Let j € J” with dj = k4 1. Then we can determine /ﬁ?§~m)

so that the hypothesis Hypo(j, k) is satisfied in the following way. First
note that x* = {Mg € x; #' € Ji,, Mg C M;} is a totally ordered set with
respect to “C”, in particular, we have the maximal submanifold M;- € x*.

. (m) e "fg'm) "fg'm)
If we can determine x; ’ satisfying —— — 0, then —— — 0 also holds for
J M) k)
any Mg € x* by induction hypothesis. It follows from induction hypothesis
la™|;
again that for any 8 € {1,2,...,¢} with M;» C Mg, we have (m)lﬁ
K
J
(m) lq™)]
(m) Ry Is
Therefore we can find — 0 for B €
J M) (M)
J* J

{1,2,...,¢} with M; C Mg (note that this contains the case 3 = j).

By repeating the same procedure, we obtain H( ™) for any j € J” with
dj=k+1. As I;NI; = { for j and j' with d; = djx, we can conclude that

Hypo(j, k + 1) holds for any j € J;_ ;. Hence we have obtained H§m) for all
je{l,2,...,0}. N
Let us define points in X by

—(m) . 1 m
= I 7 <W> )
je{1,2,....0} 7

Note that p(p(™) € Z still holds. Then the value of j-th coordinate t; of
(™) is given by that of

o (oh) T ()

je{1,2..., Z} § ﬁEJDM

which is equal to that of

() mmon () T

J€I2 Mg R BeJc
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Note that Jcpy, consists of at most 1 element. If Jcyy, is empty, then the j-

th component is H§-m) which clearly tends to 0 when m — oo. If Jop, = {5}

(m)

for some [, then it is given by Zm) which also tends to 0 by the construction
K
B
of k™). As a result, we have p{"™ — p. This completes the proof. O

Given the family x = {M, ..., M,} and a sub-family xj := {M;,,..., M;,}
of x, we have the natural maps

X Tty (Mj) X Tht(M;) ) X M — X Tao by, (M),
xa<jed M (M) (X,lgigk M, “>> Si<k My, b (M)

where M = ﬂ§:1 M;. We set for short

X T (M) = X Tyt (M;) ] X M.
Mi<i<k MJiLX( i) <X71<i<k M]iLX( Jz)) o
Corollary 4.3 Let k < ¢ and {j1,...,jx} be a subset of {1,2,...,0}. Set
Xk = {Mj,,....,M;,}. Let Z be a subset of X. Then we have

CX(Z) N X kTM',-LX(Mji) = CXk(Z) N X TMj,-[’X(Mji)'

Proof. Let us prove C. Suppose that p € X Ty, ty(Mj;) does not
M<i<k =7t

belong to Cy,(Z). By Lemma 4.2 there exists an open subset 9 (q) €
U C (TM)y and a multi-cone G’ € Cone,,(p) such that ¢(Z) N G' N
U = 0 holds. For a ¢ {j1,...,Jk}, set Go = (Tm,X)y. Hence G :=

< N 71 Ga) | NG = G € Coney(p) and »(Z)NGNU = 0. By
a¢{j1,-Jk}

Lemma 4.2 we obtain p ¢ C\(Z).

Let us prove 2. Suppose that p €  x Ty, 1,(M;;) does not belong
Mi<i<k =

to Cy(Z). By Lemma 4.2 there exists an open subset 9(q) € U C (T'M),
and a multi-cone G € Cone,(p) such that )(Z) NG NU = 0 holds. For
a¢{l,...,k}, pj, = (¢;0) and we have Cone, ;, (p) = {(Tn,; X)q}. Hence
G’ := G can be regarded as an element of Cone,, (p) and ¢(Z)NG'NU = 0.
By Lemma 4.2 we obtain p ¢ C,,(Z2). 0
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Definition 4.4 Denote by Op(X) the category of open subsets of X, and
let Z be a subset of X.
(i) We set RN Z = 1(Z,R"). If U € Op(X), then RTU € Op(X) since i;
is open for each j =1,... L.
(ii) Let J = {j1,...,Jx} C{1,...,L}. We set
R5Z =RY, - REZ = iy, (- i (Z,RY), ..., RY).

k

We set (RY)'Z = Ry, 2 =z, (RY)Y). If U € Op(X), then RIU €
Op(X) since pj is open for each j € {1,...,¢}.
(i4i) We say that Z is (R*)*-conic (£-conic for short) if Z = (R*)*Z. In

other words, Z is invariant by the action of pj, j=1,...,¢.

Definition 4.5 (i) We say that a subset Z of X is R} -connected if ZNR x
s connected for each x € Z.
(ii) We say that a subset Z of X is (RT)‘-connected if there exists a
permutation o : {1,...,0} — {1,..., ¢} such that
7 is R;(l)
]R;r(l)Z is ]R;(Q)-connected,

-connected,

R;(l) h 'R;(Ll)Z i8 R;(g)—connected.

The proof of the following is almost the same of that of Proposition 4.1.3
of [10], and we shall not repeat it.

Proposition 4.6 Let V be a (R*) -conic open subset of the zero section S.

(i) Let W be an open neighborhood of V in X, and let U = p(W N Q).
Then VN CyW(X\U) = 0.

(ii) Let U be an open subset of X such that V N Cy(X \U) = 0. Then
p Y U)UV is an open neighborhood of V in Q.

Proposition 4.7 Let V be a (R*)‘-conic subanalytic open subset of S.
Then any subanalytic neighborhood W of V in X contains W open and
subanalytic in Xsq such that:

(4.1) (i) WNQ is (RY) -connected,
' (it) RY - -RZ(V{N/ NQ) =p L HW NQ)) is subanalytic in X.
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Proof. Let x; = {M,...,M;_1,M;y1,..., M} and let X; be the normal
deformation of X with respect to x;. Define p; : X — X; and p; : X N {t; >
0} — X; asin (1.2). Let V be a conic subanalytic open subset of S.

(i) We first prove that any subanalytic neighborhood W of V' in X contains
W € Op,,(X) such that:

(4.2) (i) the fibers of p; : W N {t; > 0} — X; are connected,
' (i) §s (W N {t; > 0}) is subanalytic in X;.

Let W be an open subanalytic neighborhood of V' in X sa- Up to shrink W
we may suppose V = W N {t; = 0}. Set X' = X \ (M; xR), Z = X'/R".
Then o : X’ — Z is an R*-bundle and ¢ : Z — X, is proper. Consider
a continuous subanalytic section of {t;, = 0} — {t; = 0}/R" (the i-th
component of the action), extend it to a continuous subanalytic section
o of X' — Z and set

W= |J win{t> o}
zea(W)

where W/ denotes the connected component of a~!(x) "W containing o (z).
By construction, the fibers of W/ — Z are connected and W’ is an open
neighborhood of V'\ M;. Let

w'= | wIn{t>o}
zeM;NW

where W/ denotes the connected component of ({x} x R) N W intersecting
M. Up to shrink W”, W = W/UW"U(W\{t; > 0}) is an open neighborhood
of V' and satisfies (4.2)(i).

Let us see that W is subanalytic and satisfies (4.2) (ii). We may reduce to
the case X = R", M; = {0} x R*™ € X, X = R™1, {t; = 0} = R"x {0} C
X, {t; >0} = R™ x R* C X. So that (&/,2",t) - ¢ — (ca’,a”,c™'t) is the
action of R* on X and p: {t; > 0} — X is the map (2/,2”,t) — (t/, 2").
In this situation X’ = R*"T1\ (M; x R) ~ S™~! x R* x R"~™ x R. Moreover
X' /Rt ~ Sm~1 x R*™™ x R, indeed

X'=8 xR" = {(ci(¥),2",sc7), (0,2",5) € S, c € R*},

where i : S™~! < R™ denotes the embedding. The section o : Z = Z x
{1} C X' is a globally subanalytic subset of X’. Let us consider the globally
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subanalytic (even semialgebraic) homeomorphism ¢ : {¢; > 0} — {t; > 0}
defined by ¢ (2, 2" t) = (ta',2",t~1). Then mot) = p;, where 7 : R x R* —
R™ is the projection. The set ¥ (WN{t; > 0}) is still subanalytic. Let p € R™.
Then 7=1(p) N (W N X' N {t; > 0}) is a disjoint union of intervals. Let us
consider the interval (m(p), M(p)), m(p) < M(p) € RU{zxoo} intersecting
Y(e N Q). Then p(W') = {(p,7) € (W N X' NQ); m(p) <r < M(p)}.
The set ¥ (W') is open subanalytic (it is a consequence of Proposition 1.2,
Chapter 6 of [23]). Moreover, up to shrink W we may suppose that p;(W') =
pi(c N W N{t; > 0}) which is subanalytic. Indeed, since we are working in
a local chart, we may assume that W N o is globally subanalytic. Then
R+ (W) = p; ' (p;(W")) is subanalytic. Let 2" € R*~™. Then ({0} x {z"} x
R) N W” is a disjoint union of (bounded, up to shrink W) intervals. Let
us consider the interval (m(z"), M (z")), m(z") < M(2") € R containing
0. Then W” = {(0,7) € W N (M; x R); m(z") < r < M(z")}. The
set W is subanalytic (it is a consequence of Proposition 1.2, Chapter 6 of
[23]). Moreover (up to shrink W) p;(W" N Q) = W" N (M; x {0}), which is
subanalytic.

(i) Let us find W satisfying (4.1). Let us argue by induction on £. The
case ¢ = 1 follows from (i). Let us treat the general case. Set Sy = {ty =
0}, Q = {t1,...,t;—1 > 0}. By the induction hypothesis we can find a
subanalytic neighborhood W of V which is (R*)*~!-connected and such that
Ry ---R; (W' NQy) is subanalytic. Let us apply (i) with R} --- R} (W'N
S¢N Q) instead of V and Ry ---Rj_; (W' N§Qy) instead of W. Then we find
W subanalytic (R*)*~!-conic and R} -connected satisfying (4.2). The set

W =W nW") U (W \Q) is an open neighborhood of V' and satisfies (4.1).
]

5 Morphisms between multi-normal deformations

Let X and Y be real analytic manifolds of dimension n and m respectively
and let M = {Mj}gzl, XY = {N; §=1 be families of smooth closed subman-
ifolds of X and Y respectively which satisfy H1, H2 and H3. Let f: X — Y
be a morphism of real analytic manifolds such that f(M;) C N;,j=1,... ¢

We want to extend f to a morphism ]? : X — Y. This is done by
repeatedly employing the the usual construction of a morphism between
normal deformations, i.e. we extend f to fi : X M, — ?Nw then we extend
fl to J?LQ : XMI’MQ — ?N17N2‘ Then we can define recursively f: XY by
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extending the morphism ]?17”.1_1 : XMl,...,Mg_l — }7]\/17“_71\;2_1 to the normal
deformations with respect to M, and N, respectively.
In a local coordinate system set

f(l'lw"?xn) = (fl(xla'"7xn)7"'afm(xl7'"axn))-

We define the IM as in 2. of Proposition 1.2 and JM as in (1.5) (and
similarly for I N and J; N ). Then, outside of tita...t; = 0, we can define a
morphism f X —Y

~ ~

(5517--‘7-7377,; tla"'utf) I (yla"'uym; t17"‘7t€)
by setting

tAJ]ivyk = fk(tJ{wxl,...,tJywn) (k: 1,2,...,m),
t;=tj (j=1,2,...,0).

In order to understand the restriction of fto tity - - -ty = 0, we follow the

notations of the proof of Proposition 1.3. For any k =1,2,...,m, we set
=N=N1"
keIl jeIN

Let ke U IN, and let j(k) € {1,2,...,¢} such that IV (k) = I]\(fk)
1<j<e

for any j € J¥, we get f(M ;) € Njx) because of f(M;) C Nj C Njyy. We

set
I=J 0" M=) M
jeJy jeJy

Then,

By expanding fy(z1,...,zy) along the submanifold M7, we obtain

0 0
Y} 7 IS DO

ox
i€l v zl,zze

xilmiQ +...,

as fr|a; = 0 holds due to f(My) C Nj). Then we get, on t; ...t # 0,

afi| tom 0 fi Loty
(5.1) ykzza‘ it Z FT Ty
el Li My JN 11,126 Liy Oip My Jé\’
Let 41,...,1, be a sequence (i1,...,ip € I).
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(i) If there exists j € J such that {i,...,i,} N IJM =0, as felp; =0

and derivatives , ..., 7=— are tangent to M;, we have
Tiq al'ip
O fi

— = 0.
a.’Eil e aﬂfip

My

(ii) Suppose that {i1,...,i,}) IJM # () holds for each j € JN. This implies
that I JM contains some i, in {iy,...,7,}, which is equivalent to saying
that j € JZ{\f. Therefore any j € J,ﬁv belongs to JZ{\Z/[ with some ¢ €
{1,...,p}, from which we obtain

Ty cIgMu-ugM

ip

Now we have two cases.

(a) If some pair of sz\f, ..., JM is not disjoint or if JY S JM e
P

JM, then tJM tJ_MtJN — 0 when t — 0.
(b) If Jk = JM .-y JM holds, then the term with its indices
i1,...,0p in (5 1) becomes by letting ¢ to 0,

1 P fi

e w DRI x .
p! Oz, -+~ Oy, |, " »
From these observations, the morphism fvis described by, ont; = --- =t, =
0,
1 8pfk N
w= Y L b ke I
b: al‘u”'ax’bp M b 1<j<¢

JMy-ugM=gN
1 'p

Here M := M; N ---N M,. Note that if there is no {i1,...,i,} with J =
J% LI---UJZ-]Z\)/[, then we set yp, := 0.

Let us study the condition J,iv = J; Mo J M For this purpose, we
introduce two definitions. Let k € | I N and set
1<5<¢e

sup CJ,f;V = {j € J,iv; M; is a maximal submanifold in {Mﬁ}ﬁe}é\’}
and
infCJ,iV = {j € J,ﬁv; M; is a minimal submanifold in {Mﬁ}BeJ,iV} .

Note that # infc J,ﬁv < F#supc J,ﬁv holds.
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Example 5.1 Let us consider closed submanifolds { My, Ma, M3} in X =
R™ and {Ny, N3, N3} in Y =R™. Let f: X — Y be a morphism satisfying
f(M;) C Nj (5 =1,2,3). We assume that N3 C No C Ny, Mg C My,
M3 C My, My and My intersect transversely. For k € I}V, J,iv ={1,2,3},
sup c ¥ = {1,2} and inf cJN = {3}. Fork e Iy = IN\IN, JN = {2,3},
sup c JV = {2} andinf c JY = {3}. Fork e I}V = IN\(INuIy), JV = {3},
sup CJ,iV = infCJéV = {3}.

Lemma 5.2 Let k € | IJN and {i1,...,i,} a subset of | IJM. Then

1<5< 1<j<t

JN = J% u---u JiJLJ holds if and only if the conditions (a) and (b) below
are satisfied.

(a) k satisfies the following condition (1)

(5.2) #inf Jp = #sup Iy,

(5.3) Mgc M; (jeJN, Be{l,2,....0) = peJp.

(b) p = #sup CJéV and the indices i1, ..., 1, satisfy

(54)  da € I}y = I0{)\ U 7 (e {1,2,...,p})
IJA{;I:{Q)

for some bijection o : {1,2...,p} — supc JY.

Proof. We first show the claim that if # inf- J,ﬁv < #supc J,ﬁv, then there
exists no {i1,...,ip} with J)V = JM ... U JZ-JZ[. Assume that there exists
{i1, ... ip} with JY = JZ-];/[ u---u Ji];\,/[- Then it follows from # infc JY <
#sup. JI' that we can find indices j, j/, 7/ in JV satisfying I]]-\,/'[ C IJM,
Ij]\,/;[ C IJM and Ijj\,/[ N Ij]\,/,[ = (). By the assumption, there exist o/ and o in
{1,2,...,p} such that j' € J% and 7" € Jz']:[/,- As Ij\,/[ ﬂI]].\,/{ = (), we have
o/ # o”. On the other hand, IJM C IJM and I]]-\,/,[ C IJM implies j € J,L»]Z[, and
Jj e J%" which contradicts that J% and J%, are disjoint. Hence we have
obtained the claim.

In what follows, we assume

#infCJ,fzv = #sup CJ,iV.
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Suppose that {i1,...,i,} satisfies the condition J{' = Ji]l/[ e Jlfl\:[.

Let j € JY and 3 € {1,2,...,¢} with Mg C M;. Then we can find i,
such that j € J%. Mg C M; implies 8 € Jijg C J,iv. Therefore we have
(5.3).

Let j € supCJ,iv. Then some sz(\f (¢ € {1,2,...,p}) contains j, which
implies ¢4 € IJM. Further we can show that ¢, belongs to f]M Ifig € I]M\fy,
then there exists j' with i, € Ij]\,/[ and M; & Mj by the definition of ij,
from which we have j’ € JZ{\]/[ C J,ﬁv . This contradicts j € sup CJ,f:V . Hence
iq € fJM and we have obtained that the set {i1,...,4,} contains at least one
index that belongs to I jM for any j € sup CJ,iV . Further two or more indices
in ij cannot belong to {i1,...,i,} at the same time because any pair of
M Ji]]‘f is disjoint.

Now we show that {i1,...,iy} consists of only these indices. Let ¢ be
an element in {i1,...,4,}. Choosing j' € JM, we can find j € supcJY
with M; C Mj;. Then, by the above argument, there exists i, € fJ]\/[ which
belongs to {i1,...,ip}. Asig € IJM C IjM, we have j' € JZ{\;[, which implies
JZ-JY N JiM # (). Since each pair is disjoint, we have ¢ = 4.

Therefore we can find a bijection o : {1,2,...,p} — supc J,ﬁv such that
io € I8,y and I C ¥ (a € {1,2,...,p}).

Conversely if such a o exists, then J,iv = J% Le---u Ji]}\:[ easily follows from
#inf CJ,iV = #sup CJ,ﬁV and J% C Jév . The last inclusion can be obtained
by the following argument. Let 3 € J%. Then, as i, € fa(a) and i, € Ig
hold, we have I,(,) C Ig, from which we have Mg C M, (the inclusion D
cannot hold because of the maximality of M;(,)). Hence we obtain 8 € J,ﬁv
by the condition (f)g. O

Example 5.3 Let us consider closed submanifolds {My, My, M3} in X =
R? and {N1, No, N3} in Y =R™. Let f : X — Y be a morphism satisfying
f(M;) C N; (j=1,2,3). We consider these three cases:

1. M; ={z; =0}, i=1,2,3 (Majima),
2. My = {0}, My = {x1 = x2 =0}, M3 = {x1 =0} (Takeuchi),
3. M1 = {:L'l = 0}, M2 = {:L‘Q = 0}, M3 = {0} (Mz’xed).

Let us see some examples of conditions (a), (b) of Lemma 5.2.
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(i) Suppose that JY = {1,2,3}.
In 1. supcJy = inf cJY = {1,2,3} and condition (f); is clearly
satisfied. Moreover iy = o(1),iy = 0(2),13 = 0(3) satisfy (5.4) for any
permutation o of {1,2,3}.
In 2. supcJ = {3}, inf cJ) = {1} and condition (1), is clearly
satisfied. Moreover i1 = 1 satisfies (5.4).
In 3. supcJ = {1,2} and inf JY = {3}. Then condition (5.2) is
not satisfied.

(ii) Suppose that JY = {2,3}.
In 1. sup cJY =inf cJYN = {2,3} and (1) is satisfied. It is easy to
check that the indices iy = 2, ia = 3 (or iy = 3, ia = 2) satisfy (5.4).
In 2. supcJY = {3} and inf cJY = {2}. Then condition (5.2) is
satisfied but My, M3y D My and 1 ¢ supcJY, hence (5.3) does not
hold.
In 3. sup cJYN = {2}, inf c JY = {3} and (1) is satisfied. Moreover
the index iy = 2 satisfies (5.4).

(iii) Suppose that JY = {1,2}.
In 1. sup cJY =inf cJYN = {1,2} and (1) is satisfied. It is easy to
check that the indices iy = 1, ia = 2 (or iy =2, is = 1) satisfy (5.4).
In 2. sup cJP = {2} and inf - J) = {1}. In this case condition (5.2)
is satisfied and (5.3) holds too. Moreover the index iy = 2 satisfies
(5.4).
In 3. supcJ =infcJY = {1,2}. Then condition (5.2) is satisfied
but My, My D Ms and 3 ¢ sup CJ,iV, hence (5.3) does not hold.

As an immediate consequence of Lemma 5.2, we have the following.

Corollary 5.4 Forke |J IJN, yr of the morphism fon t1=:--=1t=0
1<j<t
s given by
P
Z afka Ty - T, ((1)x holds),

S O 0 |y,
(5.5) yp =< "L el

0 (otherwise).

Here p = #sup CJ,éV, {71,..-,Jp} = sup CJ,iV and the condition (1) for k
was given tn Lemma 5.2.
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Let j € {1,2,...,1}. Then, for any k and £’ in ij’ as J¥ = J}J holds,
we have inf CJéV = inf CJ,?[ and sup CJ,f:V = sup CJ,?,[. This implies that the
sets infCJ,iV and sup CJ,éV do not depend on a choice of k € f]]V We denote
them by J(j) and J(j) respectively for short. As the submanifolds in x*
and xV are connected, the sets J(j) and J(j) are independent of the choice
of a local coordinates system. We also say that j satsifies the condtion (7)

if the condtion (1), holds for some k € I ]N . Note that this definition is

independent of a choice of k € I JN by the above observation.
For j € {1,2,...,1} that satisfies (), by taking Corollary 5.4 into account,
we have the map

@5 X Tayt(Mpg) XM—)(T]\pL(N')XN)XM
’ (X,BEJ(J‘) 0 X Ty )y

where N = Ny N---N Np. Although ¢; is not a morphism of vector bundles
over M, we still have

&5 (X ) - TEOGIP) = 7 i X,)85(0)

where {j1,...,j,} = J(j) and TBX and Tg denote the action 73 on each

spaces X and Y respectively. Hence ¢; gives a multi-linear map between

the fibers of vector bundles. This implies, in particular, that the image of a

multi-conic set is conic and the inverse image of a conic set is multi-conic.
Summing up, we have

Corollary 5.5 The restriction of f to {t1 = -+ =ty = 0} is equal to the
map

X . ..X@p: X Ty.e(Mg) — x Tn,t(Ng).
Ly ¥ X,1<8<¢ vy (M) Y, 1<8<0 N U(Np)

Here each map

ox Tyau(M Ty .o(N:) x N i =1,2,....¢
it Ko Myt(Mg) — T g)Y (j )

1s defined by the composition

BN #j
X Ta. (M X Ty t(M, X M = Tn.t(N:) x N
1S pe Mo (Mpg) (X’ﬁej(j) Mt ﬂ)) o N;L(N) X

if 7 satisfies the condition (1), and by the map which sends a point to the
zero section of Tn;t(Nj) x N for other j.
Y
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Example 5.6 SetY = (CQ, let X = {(Zl, 22,51,52) € C2 X ]P)(lc, £2Z1 = §122}
and let

X — C?

(21,22,61,82) —  (21,22)

My = {& = 0}. Locally on X, for example on Uy := {& # 0}, set A = ¢

be the desingularization map. Let Ny = {0}, Ny = {29 = 0}, M; = 7 1(0),
2
&1

Then z9 = 5—221 and we have an homeomorphism
1

v:C* 5 U

(AN z1) = (21, 21,1, A).
We have ¢~Y(My) = {21 = 0} and =1 (M3) = {\ = 0}. We still denote
them by M1,~M2. The map f = m|y, o9 is given by (A, z1) — (Az1,21). Let
us consider f. On the zero section, let (w1, wa) be the coordinates of C? ~ 9,
the zero section of Y. We have J¥ = JM = {1}, JN = {1,2} = JM U JM,
hence

of

wy = 67z1(0’ 0)z1 = 21
82f
wy = 8)\821 (O, 0))\21 = )\Zl

which is a conic map with respect to the (R*)?-actions on S and S'.

One can ask when the morphism thus obtained becomes that of vector
bundles.

Proposition 5.7 Suppose the conditions 1. and 2. below.
1. f(Mj;) C Nj forany1 < j </.
2. My C Mj if and only if Njy C Nj for 1 < j,5' <.

Then the map

X ... X : X Th.t(Mg) — X Thn.t(N, x M
P TP 1 Zee w5 (M) (Y,lgfslz Nyl m)Y

s a morphism of vector bundles over M.
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Proof. For any k € {1,2,...,m}, we have #inf - J)Y = #supJ) = 1.
Therefore, by (5.5), the map ¢; becomes a bundle map and the result follows.
O

Remark 5.8 More generally, the morphism exists for the case #x <
#xM.

Let f: X — Y and xM = {My,...,M;} in X and x¥ = {N1,..., Ny} in
Y fort </.

Then the situation decomposes into the following:
(X5 My,..., M) 2% (X My, ... Mp) -1 (v Ny, Ny

For the second arrow, we have already constructed the morphism. We will
construct the morphism for the first arrow. In what follows, we assume that
Y =X, f:Id,£>€/ ande :Mj.

Locally the morphism between multi-normal deformations

(@1, s by ey te) — (2, e )

s given by:
t;' - t"‘XMny(j) (1<j<t),
ac; :t‘]xMxN iwi (1§2§n)

Here ki (v is the map from {1,2,...,0'} to subsets of {1,2,..., L} defined
by

I"u'X]\/I7XN(j) =< pe{l,2,..., 0} U Ny | € f(Mg) C N;
N, CN;
and, for1 <i<n,
T v =T\ | kyr v ()
jeJy
with JM == {j € {1,2,...,0};i € IM}y and JY = {j € {1,2,...,0'};i €

N
Y.
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For example, if ¢/ = 2 and My C My_1 € --- C My are satisfied, as
HXM’XN(l) = {1}, HXAI7XN(2) = {2,..., 0}, JX]M7XN,7; = JiM (i ¢ Iéw) and
JyM N ;= 0 (i € IM), the local morphism is given by

t’lztl, t/2:t2...tg,
.%'; = tJiM.’BZ' (’L ¢ [5\4)’ x; =x; (Z S 15\4)

We can certainly glue these locally defined morphisms (by the definition
of a multi-normal deformation) and obtain the morphism between multi-
normal deformed manifolds (say X and 17) globally. Moreover, as JZ-M =
'GJN/‘{XAI»(N (j) is satisfied by definition, the following diagram commutes.
JeJdy;

X — Y
N\ !
X=Y
Since 1(M;) C o(Nj) holds (j =1,...,¢'), we have the canonical injection
TMjL(Mj) - TNJL(Nj) (< 5/)

These injections and the zero map on Ty, L(M;) for j > 0 induce the bundle

map over M := (| M;
1<j<e

: X Ty o(M:) — M % X Tn.t(N;
7 xagi<e M () Y (Y,lgjse' N1l ])>

In this case, on the zero section {t = 0}, the morphism from X toY
coincides with .

6 Multi-specialization

Let X be a real analytic manifold with dim X = n, and let x = {M, ..., M}
be a family of closed submanifolds satisfying H1, H2 and H3. Let X be the
multi-normal deformation of X with respect to the family x and consider
the diagram (1.3).

Denote by Op(Xs,) (resp. Op®(Xs,)) the category of open (resp. open
relatively compact) subanalytic subsets of X. One endows Op(Xg,) with
the following topology: S C Op(Xs,) is a covering of U € Op(X,,) if
for any compact K of X there exists a finite subset Sy C S such that
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Kn UVeSO V =KnU. We will call X, the subanalytic site and denote
by p: X — X, the natural morphism of sites associated to the inclusion
Op(Xsa) = Op(X). Let Mod(ky,,) (resp. D’(ky,,) denote the category
of sheaves on X, (resp. bounded derived category of sheaves on Xg).
Reference for classical sheaf theory are made to [10], for subanalytic sheaves
we refer to [14] and [19]. For an exposition on (R*)*-conic sheaves see the
Appendix.

Lemma 6.1 Let F € D%(kx,,). There is a natural isomorphism
sTIRTop 'F ~ s'(p~ 1 F)q.

Proof. We prove the assertion in several step. For I,J C {1,...,¢},
INJ=0,set S;={t; =0,i€ I} and Q;={t; >0, j € J}.

(i) We show that if §.J < ¢, then (RT'q,(p'F)q)|s = 0. We may reduce to
F € Modg..(kx). It follows because for any (R*)‘-connected neighborhood
V' (for example a ball of radius ¢ > 0) of p € S and for any W C V
(R*)*-connected containing V' \ Q

RO(VNQy;p 'F)~ RT(WNQ;p 1 F)
since p~!'F is (R*)%-conic. This implies
(RFQJ(pilF)QJ\Q)’S = (RPQinlF)’S-

(ii) We show that if §(1U.J) < ¢, then (RL's,nq,(p™1F)q)|s = 0. We argue
by induction on #1. If 7 = 0 then it follows by (i) that (Rlq,(p™ F)q)|s =
0. Suppose that it is true for §I < £ — 2. Let i9 € I. We have the distin-
guished triangle

(RT's;n0, (0" ' F)a)ls — (RTs;, 1309, (0 F)a)ls = (RUs, (309,00, @ Fo)ls 5.

The second and the third terms of the triangle are zero since (I \ {ip}) <
£ — 2. Then the first one is zero.

(iii) We show that if JUJ = ¢ then (RFSIQQJ (pilF)Q”S ~ (RFS(pilF)Q)‘S[ﬁJ].
We argue by induction on fJ. Let jo € J. We have the distinguished triangle

- - . +
(RTS;,0501090 oy @ F)o)ls = (BTsyna, (0, @ Fa)ls — (RUs;nq, (0 'F)o)ls =

where the second term is zero by (ii). If §J = 1 the result follows immedi-
ately. Suppose that it is true for §J < £—1. Then (RFSIU{jO}mQJ\{jO}(p_lF) )s[1] ~
s[4

(RFSIHQJ (pilF)QNS by (ii) and (RFSIU{jO}mQJ\{jO}(pilF)Q)’S ~ (RTs(p~ ) )
1] by the induction hypothesis.
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(iv) By (iii) we obtain s'(p~'F)q[f] ~ s ' R[qp~'F. It remains to show
that (p~'F)a[f] ~ (p'F)qo. We may reduce to the case F ~ limp, F; with

)

F; € Modg..(kx). In this case we have
H*" (p7'F)o ~ limp.H" (p'F)q
i
limp, H*(p'F o
i

~ H*(p'F)g

12

where the second isomorphism follows since p~![{] ~ 7' in Mod(kx). O

Definition 6.2 The (multi-)specialization along x is the functor
vyt D(kx,,) — DP(ks..)
F — s 'RIgp 'F.
Theorem 6.3 Let F € D(ky,,).
(i) v*F € D?Rﬂe(k:gm) (see Definition B.7).

(i) Let V be a (R*)¢-conic subanalytic open subset of S. Then:

HI(V;v3°F) ~ limH’ (U; F),
U

where U ranges through the family of Op(Xsa) such that C\ (X \U)N
V=40.

Proof. (i) We may reduce to the case I € Mod(kx,,). Hence F' = limp. F;

7
with F; € Modg.(kx,,) for each i. We have p_lliigp*Fi ~ h_H)lp*p_lFi
i i
and p~!F; is R-constructible and (R*)‘-conic for each i. Hence p~'F is

(R*)%-conic. Since the functors RI'g and s~! send (R*)‘-conic sheaves to
(R*)*-conic sheaves we obtain s 'RI'gp~'F = n'F € D€R+)e(kssa)'

(ii) Let U € Op(Xsq) such that VN C, (X \U) = 0. We have the chain of
morphisms

RI(U; F) RT(p~ ' (U);p~'F)
RT(p~ " (U)NQ;p~'F)
RI(p Y (U)UV;RLqp 'F)
R

i
DV F)

A
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where the third arrow exists since p~*(U) UV is a neighborhood of V in Q
by Lemma 4.6 (ii). Let us show that it is an isomorphism. Let V' be a conic
open subanalytic subset of S. We have
HMV;v3°F) ~ limH*(W;RTqp ' F)
w
~ h_n)lHk(W NQ;p tF),
w
where W ranges through the family of subanalytic open neighborhoods of

V in X. By Lemma 4.7 we may assume that W satisfies (4.1). Since p~'F
is (R*)‘-conic, we have

HYWnQp 'F) ~ Hp ' (p(WnQ);p'F)
H¥(p(W N Q) x {(1)¢};p” ' F)
H*(p(W N Q); F),

12

where (1), = (1,...,1) € RY. The second isomorphism follows since every
subanalytic neighborhood of p(W NQ) x {(1),} contains an (R*)*-connected
subanalytic neighborhood (the proof is similar to that of Lemma 4.7). By
Lemma 4.6 (i) we have that p(W N Q) ranges through the family of suban-
alytic open subsets U of X such that V' N Cy (X \U) = 0 and we obtain the
result. O

Remember that a sheaf ' € Mod(kx,,) is said to be quasi-injective if
the restriction morphism I'(U; F') — I'(V; F) is surjective for each U,V €
Op®(Xsq) With U D V.

Corollary 6.4 Let F' € Mod(kx,,) be quasi-injective. Then F is vy®-
acyclic.

Proof. The result follows from Theorem 6.3 and the fact that quasi-injective
sheaves are I'(U; -)-acyclic for each U € Op(Xsq)- 0

Corollary 6.5 Let F € D’(ky,,) and let p= (q;€) € S. Then

(o~ H/V3*F), ~ limH? (W N Bg; F),
W.e

where W ranges through the family Cone x(p) and B, ranges through the
family of open balls of radius € > 0 containing q. Here we locally identify X
with a vector space as in Section 4.
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Proof. The result follows since for any subanalytic conic neighborhood V'
of p, any U € Op(Xsq) such that C\ (X \ U) NV = 0 contains W N B,
q € Be, € >0, W € Coney/(p). a

Remember that

X Tty (M) = X Tar iy (M) | X M.
Mi<i<k Mgi‘x( i) <X,1§i§k M;,.Lx( h)) X
Corollary 6.6 Let F € Db(ky,,). Letk <{ and {j1,...,j,} be a subset of
{1,2,...,¢}. Set xp, = {Mj,,...,M;,}. Then we have

sa sa
(vy F)’M,éingMfi i (M;,) (VXkF)’M,éingMh i (M;,)-

Proof. Set Z =  x Ty, 1, (Mj,). On Z the multi-actions induced
M<i<k =7t

by {p1,. .., pe} and {j,, ..., p; } coincide. Let V be a (R*)’-conic globally
subanalytic open subset of Z. Let U € Op(Xsq) such that VNC, (X \U) = 0.
Let W be the complement of C,(X \ U). Then W is a (R*)-conic open
subanalytic neighborhood of V' such that C\ (X \ U) N W = (. Then for
jez

5

HI(V;v3°F) ~ lLmH (W;v"F)

=]

imH"*(U; F)

R
=lF

mH"(U'; F),

!/

2
E

-

where W ranges through the family of (R*+)’-conic open subanalytic neigh-
borhoods of V, U € Op(Xsq) is such that C\,(X \U)NW =0 and U’ €
Op(Xsq) is such that C (X \U')NV = (). Remark that the first isomorphism
is a consequence of the fact that v3*F is conic and the fact that by Lemma
B.11 every open subanalytic neighborhood of V contains a (R*)%-connected
one. In the same way we see that

H/(V;uF) ~ limH*(U'; F),
U/

where U’ € Op(Xs,) is such that Cy, (X \ U') NV = 0. To show the result
it is enough to see that

CUX\T)NV =0 < C\ (X\U)NV =0.
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This follows from Corollary 4.3, which says that
Cy(X\U)NZ=Cy (X\U)NZ.
Hence we have the isomorphism

HI(V;v3°F) ~ H (V; 5 F)
for each (R*)*-conic globally subanalytic open subset of Z. By Lemma B.10
and the fact that both v3*F and v3¢ I are multi-conic we obtain (v3*F)|z =~

X
(30 F)|z. O

Let f : X — Y be a morphism of real analytic manifolds, x™ = {M, ..., My},
XN = {Ny,..., Ny} two families of closed analytic submanifolds of X and
Y respectively satisfying the hypothesis H1, H2 and H3. Suppose that
f(M;) C© Ny i=1,...,0. We call T\, f the induced map on the zero section.
Let J C {1,...,¢} and set x; = {M;,,...,M;,}, jp € J. The map T, f
denotes the restriction of f to {t;, =0, jr € J}. In the following we will
denote with the same symbol C,,(Z) the normal cone with respect to xs

and its inverse image via the map X — Xy,

iy e My

Proposition 6.7 Let F € D*(kx,,).
(i) There exists a commutative diagram of canonical morphisms

R(T\ f)uviss F ——= vy RfuF

| |

R(Txf)*V;(JIMF -~ V;%Rf*F-

(i) Moreover if f : suppF — Y and T, f : Cy,(suppF) — {t;; = --- =
t;, = 0} for each J = {ju, ..., jx} are proper, and if suppFNf~1(N;) C
M;, j e {1,...,4}, then the above morphisms are isomorphisms.

Proof. (i) The existence of the arrows is done as in [10] Proposition 4.2.4.

(ii) If p—!(suppF) is proper over X, then all the morphisms are isomor-
phisms. We have to prove that for a closed subset Z of X, the restriction of
f to p~1(Z) is proper, if Z — Y and Cy,(suppF) — {t;, = --- =t;, =0}
for k < ¢ are proper, and if ZN f~1(N;) C M;, j € {1,...,¢}. We argue by
induction on fy. If #x = 1 this is Proposition 4.2.4 of Sheaves on Manifolds.
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Suppose it is true for §x < ¢ — 1. It follows from the hypothesis that the
fibers of f restricted to p—1(Z) are compact (if tjy =---=1tj =0thisis a
consequence of the fact that CMjl“‘Mjk (suppF) — {tj, =--- =1t;, =0} is
proper). Then it remains to prove that it is a closed map. Let {uy}ren be a
sequence in p~1(Z) and suppose that {f(un)}nen converges. We shall find a
convergent subsequence of {uy}neny. We may also assume that {p(uy)}nen
converges. The map p~(Z)\{t1 = =t;=0} > Y\ {t1 =--- =t; = 0}
is proper. Indeed, let K be a compact subset of Y\ {t; = --- = t, = 0}, and
reduce to the case that K is contained in {¢ < t; < d} C 17, c,d > 0,
j € {1,...,¢}. Suppose without loss of generality that j = 1. Then
K; := pn,(K) is a compact subset of ?szNz' Let us identify K7 with
ﬁ]_v}(Kl) N{t; = 1}. Then f~1(K)) is compact by the induction hypothesis.
Hence f~Y(K) C pu(f~1(K1), e d]) is compact since it is closed and con-
tained in a compact subset. We may assume that {fN(un)}neN converges to
a point of {t; = -+ = t; = 0}. Then {p(uy)}nen converges to a point of

ZOf YN N---NNy) C M0 M,

Taking local coordinates systems of X and Y, let up, = (Z1ny - -+, Tony tiny - - - Lon)s
tin > 0,5 =1,...,0. Then t;, — 0, 5 = 1,...,¢ and t;m,xin — O,
i = 1,...,m. It is enough to show that {|ziy|}nen is bounded for each
i =1,...,m. We argue by contradiction. Suppose without loss of gen-

erality that |z1,| — +oo and that {z1,/|Tn|}nen is not infinitesimal. Set
B Z (P 1) (8)

Ugy , where z; ’ = t;n3%:, With ti,g = tgy, if ¢ € Ig and i3 =1
if ¢ ¢ Ig, and where tgffl) =t if j # B and tgﬁn) = 1. Then u, belongs to
pH2)\{t1 ==t =0} and {f(uglﬁ))}neN converges. Since f is proper

onp H(Z)\ {t; =+ =ty =0}, then {|x%ﬁ)|}neN is bounded.

(a) Suppose that there exists 8 € {1,...,¢} such that 1 ¢ Iéw. The
sequence {|x7(f )’}neN is bounded. In particular {|z1,|}nen is bounded which
is a contradiction.

(b) Suppose that 1 € IJM for j = 1,...,¢. Suppose without loss of
generality that I} is the biggest IJM containing 1. Set U, = (Tn,tn)
where Z;, = xin/|vs| if i € M and Ty, = x4, otherwise and where tin =
tin|Tnl, %vjn = tj, if j # 1. Remark that |[ti1,2n| = |tin@in||zn|/|T1n] is
bounded since the sequences {\HTSL)\}neN and {|z,|/Z1n}nen are bounded.
By extracting a subsequence {uy,}nen converges to a non-zero vector v
and 1, belongs to p~1(Z). On the other hand f(u,) converges and hence
fk(tjynxln, e ,tJ%nxmn)/tJévn|xn| converges to 0 for each k such that k €
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IV. Moreover for each k € IN\I{¥ by (5.1) the sequence Te(tipnTin, - . ,tJ%nfUmn)/tJévn

converges to 0. Hence f(u2(v,A)) = f(v) for each A € R* which contradicts

the fact that the fibers of p~1(Z) — Y are compact. O

Proposition 6.8 Let F € D%(ky.,).

(i) There exists a commutative diagram of canonical morphisms

WSy /Sy @ (Txf)_lV;?vF —— Vi (Wsy /sy © f7LF)

i |

T f'vis v f'F.

(i1) The above morphisms are isomorphisms on the open sets where T}, f
is smooth for each J C{1,...,¢}.

Proof. (i) The existence of the arrows is done as in [10] Proposition 4.2.5.

When (ii) is satisfied the function fis smooth at any point of the boundary
of Q and all the above morphisms become isomorphisms. O

7 Multi-asymptotic expansions

Let X be the n-dimensional complex vector space C" with coordinates

(21,22,...,2n) and x = {Z1,...,Z;} a family of ¢-complex submanifolds
defined by

Zi={2€X;2;,="= Zijm, = 0}
where I; = {ij1,...,ijm,;} is a subset of {1,2,...,n} and {I;};=12 ¢ sat-

isfies conditions given in Proposition 1.2 (the conditions H1 and H2), that
is,
Ijﬁ[j/#@é[jC[j/ or [j C I; (j,jIE{l,Q,...,E}).

We set, for 1 < j </,

ij:Ij\ UIk

1, CI;
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We also assume fj # () for j =1,2,...,¢ (the condition H3). Then we have
Tz,u(Z;) ~ Z;j x C*1i and the equality

U Ij:j1Uf2U-‘-ujg,
1<5<e

which follows from conditions H1, H2 and H3. For a subset I = {i1,42,...,%m}
of {1,2,...,n}, we denote by z; the coordinates (2;,, zi,, . . ., 2,,) and by C’
the complex space C#! with coordinates z;. The map 77 designates the
projection from X to CI. Let p;(2,A) : X xR — X (j =1,2,...,£) be an
action defined by

,uj(zl, ey Zmy )\) = (/\jlzl, ey )\jnzn)

where \j; = A if i € I; and \j; = 1 otherwise. Let U be an open subset in
X. We say that U is a p-star shape if U is non-empty and p;(zo, [0,1]) C U
holds for any zg € U and 1 < j < ¢. An open ball with its center being the
origin is, for example, a p-star shape.

Let U be an open convex set in X which is a p-star shape, and let G
(j = 1,2,...,¢) be an open proper convex cone in Cl. In what follows,
we only consider a proper cone, which means that we work outside the zero
section of the tangent bundle.

We define an open proper convex multi-cone S(U,{G;},€) (¢ > 0) in X
as follows. We first set

Vj = {z e U; zj, € Gy, |z1j\fj| < 6|ij|} cX (j=1,2,...,0).

Here if I; \ fj = (), then we set |sz\I~j\ = 0, i.e., no conditions. Then we
define
S(U,{Gj},e) =Vin¥hn.---NnV, C X.

By convention, the case with no submanifold Z; is allowed. In this case, we
set S(U,{G;},€) := U. Note that S := S(U,{G}},e€) is non-empty and

SN UZj =0

1<j<t

follows from the conditions H1, H2 and H3. For example, S gives just a poly-

sector when |J Z; forms a normal-crossing divisor. The multi-cone S plays
1<y<t
the same geometrical role as that of a sector in an asymptotic expansion.
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Let Z, denote the set of integers {1, 2, ..., ¢} and 75(Zg) be the set of all the
subsets of Z, except for the empty set. For a J = {j1,j2,...,im} € P(Zy)
and a proper convex multi-cone S := S(U,{G;},¢€), we define

Zy=ZyNZN0---NZj.,
I;=1;,Ul;,,U---Ulj_,
Sy = IntZJ (?ﬂ ZJ)

where A is the closure of a set A in X and Intz,(B) denotes the interior of
a set B in Z;. We often write S; by S; if J = {j} from now on. We give
some fundamental properties of a multi-cone which are needed later.

Lemma 7.1 For S := S(U,{G,},¢) and J € P(Zy), we have the followings.

1. Sy is also a non-empty open proper convex multi-cone in Zj for sub-
manifolds {Z; N Zy}je+. To be more precise, we have in Z;

(7.1) Sy=8UNZ5,{G;}jere€)

where J* = {j € Z¢; Zy € Zj} and IF = I;\ 1 (j € J*) which
defines submanifold Z; N Zj. Note that {Z; N Zj}jcy+ also satisfies
the conditions H1, H2 and HS in Z;.

2. EzngJ andZJ/ﬁSJ:@fOT’JIGYS(Zg) wichJSZZJ"

3. {SJ}JEﬁ(Z ) covers the edge Snl U Zj|nU of S, i.e.,
‘ 1<j<e

(7.2) SN U Zj NU = U Sy.

1<j<e JEP(Zy)

Proof. Note that Z; ¢ Z; is equivalent to saying that I;NI; = {) under the
conditions H1 and H2. We also note an elementary fact that AN B = ANB
if A and B are open convex sets with AN B # ().

We first show 1. of the lemma. As each V} is open convex and Vi N---NV,
is not empty, we have S =V N ---NV,. Therefore we have

SJ:IHtZJ(Vlm"'ngmZJ) ZIntZJ(VlﬂZJ)ﬂ---ﬂIntZJ(VgﬂZJ)

and .
_ Vinz Ini; =0,

ntz,(V;NnZ)=4 ' 7 s g 9)

UNZy (otherwise),

40



from which we have
Sr= (] V;inzy).
fjﬂ[JZ@
Hence S is the multi-cone S(U N Z;,{G;}jc+,€) in Z;.

Next we show 2. of the lemma. As V;NZ; =UNZ, iffjﬂIJ # 0, we
have

S;= (Y vinz;= () Vinz,= (\VinZ,=58n2%,.
L;n1;=0 I;n1;=0 1<5<¢

For Z; ¢ Zj, we can find j € J' satisfying Z; ¢ Z;. Then j belongs to J*
by definition, from which (Z; N Z;) NSy = 0 because Sy is an open proper
convex multi-cone in Z; by 1. of the lemma.

Noticing that S; = SN Z; and Sy is still a multi-cone, 3. of the lemma
can be shown by induction. O

The following properties of S := S(U,{G;},€) are easily verified.

1. For any j and z € S, we have p;(z,(0,1]) C S.

2. For any Z € S; (1 < j < (), there exists a point z € S satisfying
pj(z,0) = z.
For a J = {j1,j2,.-,Jm} € 75(25), we set
1 (2 Agis Ajas oo Njon ) = ga (i (- 3 (25 A )5 -3 Agn )5 A )-
Then the above properties (1) and (2) also hold for these multi-actions.
Lemma 7.2 Let J € P(Z;) and S := S(U,{G,},¢).
1. For any z € S, we have pj(z,(0,1],...,(0,1]) C S.
2. For any zZ € Sy, there exists z € S with pj(z,0,...,0) = Z.

Proof. The claim 1. is easy. We prove 2. by induction with respect to the
number of elements of J. Assume #J > 1 and fix an element k& € J. The
set Sy is the multi-cone S(U N Zy, {G}}jes+,€) in Z;. Here J* was given in
(7.1). Noticing that Z;, C Z; if I; 0 I # 0, we have

Sy = (Sk)jnJ-

Then, by induction hypothesis, we can find zg € Sj satisfying
Z = pyeny(20,0,...,0)
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where /iy ; is the multi action in Zy defined by {I;};e;+. We can also find
z1 € S with pg(z1,0) = z0. As the restriction of pj+ns to Zy coincides with
Wyeq s, We have

z= /j,(]*mj)u{k}(zl, 0, oo ,O)
Since pj(z,0) (j € J) is the identity map on Z;, we finally obtained Z =
py(z1,0,...,0), which completes the proof. O

Thanks to the lemma, we have

Corollary 7.3 Let J € P(Z) and S := S(U, {G;},€). Wehaven;(S)=5,
where wy : X — Zj is the canonical projection defined by (z) — (2153) (1§
is the complement set of 1).

Proof. As m;(z) = pj(2,0,...,0) holds, the inclusion Sy C 7;(S) comes
from 2. of Lemma 7.2. Let us show a converse inclusion. Let Z € 7 ;(S) with
zZ=m;(2") (¢ €8). Then 2} := ps(z,\,A,...,A) (0 < A < 1) is contained
in S, and

lim 2} = Z,0,...,0) =7ms(2) = 2.

Jim 2y = g ( ) =ms(¥)

Moreover, as pj(z,0,...,0) is an open map, an open neighborhood of 2z’ con-
tained in S is mapped to an open neighborhood of Z in Z; by . ;(z,0,...,0).
This implies zZ € S;. O

Let J = {j1,..-,Jm} € 75(Zg), and let A = (\q,...,\p) be variables of
parameters for the multi-action p:= pig19 ¢ in X. We denote by Zéo the
subset of Zézo consisting of 5 = (081, B2,...,0¢) € Zéoﬁwith Bi=0ifj¢ J.

I : #J s._ 0 ¢
Note that Z%, is isomorphic to ZZ,. We set oy = B for 5 € Z,,. When
0 belongs to Zém we sometimes denote it by 85 s to emphasize the fact that
[ is an element of Zé’o.

For g € Zéo, we introduce the polynomial of the variables z;, with con-
stant coefficients by

1
(7.3) T} (21,) = — exp(—p(z,\)dY s exp(p(z, )
. )\:e>\7,]
Here ey ; € C is the point (A1,...,\¢) with \; =0 (j € J) and \; =1 (j ¢
J) and the exponential function exp on C" is defined by exp(z1,...,2,) :=
e*l...e"* as usual.
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Then, for N = (n1,n2,...,ny) € ZEZO, we define a polynomial of z;, with
constant coefficients by

(7.4) T5N(er) = Y. TP
B< N, ﬁGZéO

where § <; N if and only if 8 < ny for any k € J. Note that if there exists
no index 8 <; N, then we set 75" (27,) := 0 as usual convention.

We now give a concrete form of the polynomial TJ<N (21,). Let I =
{i1,...,im} be a subset of {1,2,...,n}. We denote by ZL, the subset of
7Y%, whose element is (ay,...,a,) with a; = 0if i ¢ I. For a € lem a
monomial z® designates z{" ...z%". If a belongs to ZL,, we also write it by
z¢. We set N

loalr = agy + -+ + .

Lemma 7.4 We have

1 (0%
(7.5) TJ<N(Z[J): Z o “L
a€A(N)

where the indices set A(N) is given by
A(N) :={a € Zé’o; lalr; < mny for any j € J}.

Proof. Let i€ Iyand 3= (B1,...,0n) € ZLy (B = 0if j ¢ J). We first
assume 3; > 1 for any j € J. Then we have
)\_EA,J>

0 0 1
T = ( exp(— (2 X)) exp(p(z V)

0!
1
= g exp(=n(z N, | [T explutz )
) jGJi A=
=€enx,J
1 ﬁ—eJ. ,8—6].
= 7QXP(_M(27)\))8)\ J exp(pu(z, A)) = TJ ‘
(ﬁ - eJi)! AZC)\’J
where ey, = (ej,.1,...,€5,1) € leo is determined by e;, ; = 1 for j € J;

and ey, ; = 0 otherwise. This formula also holds for any 3 € leo if we set

T (z1,) =0 for 8= (B1,...,0) € Z’ with some 3; < 0 (j € J). Hence we
obtained, for N = (nqy,...,ny) € lem

0 N <N-—ey,
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We prove the lemma by induction with n = nqy +---+ny. If n =0, as
both sides of the equation (7.5) are zero by definition, the lemma is true.

Now we prove the lemma for a general n > 0. Let us consider the system
of partial differential equations of an unknown function u(zs,) defined by

8 <N—€JZ. .
(76) 872;1“ = TJ (2 € IJ)
Then, by induction hypothesis, the right hand side of the above equation is
1 1
. _ <N —
given by E az}’f}. Clearly both v = T7" (27,) and u = E azﬁ

a€A(N—ey;) a€A(N)
satisfy the same equation (7.6). The solution of (7.6) is uniquely determined
if the initial values at z;, = 0 is given. It is easy to see that 77 (0) = 1 if
A(N) # 0 and T57V(0) = 0 if A(N) = (. Hence we have obtained (7.5) for
N. This completes the proof. O

Definition 7.5 Let S := (U,{G;},¢€) be a multi-cone in X. We say that
F = {FJ}Je.ﬁ(Z[) is a total family of coefficients of multi-asymptotic ex-

pansion along |J Z; on S if each Fj consists of a family of holomorphic
1<j<t

functions {f]7a(219)}a€ZIJ defined on Sy. Here IJC 15 the complement set of
( >0
I; (note that z1¢ are the coordinates of the submanifold Zy).
Let F' be a total family of coefficients defined in the above definition.
We introduce a map 7p,; from polynomials of the variables zr, to those

with coefficients in holomorphic functions on Sy in the following way. Let
p(zr,) = anz?f, be a polynomial of the variable z;, with constant coef-

(0%
ficients. Then we define 7p s(p)(2) by replacing a monomial 2§ in p(zr,)
with fJ,a(zch:)z?J where f;, is given in Fy = {f; .}, that is,
(7.7) 77,7 (p)(2) == anfJ,a(Zzg)Z?J-
(0%

Note that 7#.7(p)(2) is a holomorphic function on 7;'(Sy), in particular, it
is defined on S C 7, '(S,) by Corollary 7.3. We set

T} (F; 2) = m0(T5),

(7.8) TEN(F; )= Y T(F; 2),
B<, N
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and

App<N(F;2) := Z (—1)(#J+1)TJ<N(F; z).

(7.9) 4
JEP(Zy)

It follows from Lemma 7.4 that, if |J Z; forms a normal crossing divisor,
1<j<¢

App<N(F; 2) coincides with one defined by Majima in [15].

Let us recall the definitions of the sets Joz; and Jcz; for j € Zy.

Joz; =1k € Zy; Zx 2 Zj, there is no m with Zy 2 Z,, 2 Z; }
Jez; = 1{k € Zy; Zx S Zj, there is no m with Zy C Z,, C Z; }.

Then the function wj : Zfzo —Z (j=1,2,...,¢) is defined by

(7.10) wi(N)=n; — > ny

]CEJ;Zj

for N = (n1,n9,...,np) € Zéo. Note that w; takes not only positive values
but also negative ones. -

Let S" be another open proper convex multi-cone S(U’,{G’},¢€'). We say
that S’ is properly contained in S if € < €, U’ is relatively compact in U
and G; (j=1,2,...,¢) is properly contained in G; as a conic cone.

Definition 7.6 Let f be a holomorphic function on S = S(U,{G,},€). We

say that f is multi-asymptotically developable along |J Z; on S if there
1<5<¢
exists a total family F of coefficients of multi-asymptotic expansion along

U Z; on S that satisfies the following condition.
1<j<t

For any open proper convexr multi-cone S" = S(U',{G’;},€') properly con-
tained in S and for any N = (ny,...,ng) € Zezm there exists a constant
Cgs.n > 0 for which we have an estimate

(7.11)  |f(2) = App=N(F;2)| < Cy v ] dist(z, Z)) ™M) (z€ 9.

1<j<t
Let us see some typical examples.

Example 7.7 Let X = C" with the coordinates (21, 22, - .., 2n) = (21, 22, 2")
and Z; (j = 1,2) submanifolds defined by {z; = 0} (i.e. I; = {j}). Let G;
(j = 1,2) be a proper open sector in C and Ug := Bk x Bk x B;{Q where
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B]]f% designates an open ball in C* with its radius R > 0 and center 0. Note
that U is a p-star shape. In this case, the multi-cone S = S(Ug, {G1,G2},€)
is nothing but a poly-sector (G1 x G x C"~2)NUg and we have

S =(Gan B]l%) X B}n%_2, So=(G1 N B]l%) X Bg_z, 5{172} = B%_z.
Let F be a total family of coefficients of multi-asymptotic expansion, that is,
F= (F{1}7F{2}7F{1,2})

= <{f{1}7k(2272/)}k20’ {Ffiepn(e, )} s {f{va}:a(Z/)}an2>0>

where fry (resp. frovn and f23a) 48 a holomorphic function on S
(resp. S2 and Sgy9y). For N = (ni,n2) € Zzzm an asymptotic expansion
App<N(F; z) is given by

k
z
T{<1§V(F; z) = Z f{1},k(22,2/)k*1!,

k<ni

k
z
T{<2§V(F7 Z) = Z f{Z},k(zlaz/)ﬁa

k<nsg

T{<1]\2[}( z) = Z f{1,2},a()

a1<ny,az<n2
N/ . N N N (.
App=(F; 2) = {<1} (F; z) + T{<2} (£ 2) — {<1,2}(Fa z).
As wj(N) = nj and dist(z, Z;) = |z;| (j = 1,2), a holomorphic function f
is multi-asymptotically developable to F if, for any poly-sector S’ properly
contained in S and for any N = (n1,ng) € ZQZO, there exists a positive
constant Cs y such that

a1 Qo
21 %9

al!ozgl

|£(2) = App=N(F; 2)| < Csr vl z2|™ (2 € 5).

Hence our definition coincides with that of strongly asymptotic developability
established by Magima in [15]. We give some examples of asymptotics:

N=(0,0) [|f()|<Csn,

N =(1,0) [f(2) = fryolz2, 2)| < Csr 2],

N=(0,1) [f(2) = fray0(21,2)| < Csr 22l

N=(1,1)  |f(2) = frayo(z2,2") = fraro(z1,2') + fri23,00)(2)] < Csr vl |22].
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Example 7.8 Let X = C" with the coordinates (21, 22, . . ., zn) = (21, 22, 2'),
and let Zy = {z1 = 0} and Zy = {z1 = z9 = 0}. In this case, Iy and Is are
given by {1} and {1,2} respectively, and we have I, = {1}, I = {2}. Let
G1 and Go be proper open sectors in C. We set Ug := B%z X BE‘Q, which is
a p-star shape. The multi-cone S = S(Ug,{G1,G2},€) is defined by

{(21,22,2) € (G1 x G x CI72) N U; |21] < €| 2]}
Then we have
S1=(GaN B}%) X B]n%727 So = 8{172} = 3%72.

Let F be a total family of coefficients of multi-asymptotic expansion, which
consists of

F = (Fpy, Fray, Friay)
= ({f{l},k(z27zl)}k207 {f{z},a(zl)}ae@oy {f{1,2},a(zl)}aezz>0>

where fiy 1 (resp. fia),a and f12y,4) 45 a holomorphic function on Sy (resp.
Sy = S{1,2y).- Then we have, for N = (n1,n2) € Z;O,

k
z
T{<1§V(F ) - Z f{l},k(z%zl)kil!a

k<ni
T<N F _ ZaleQ
B Fa = > fee) g
ajtaz<ng
<N 225"
Ty (Fs2) = > frayalz) - 52

!042!
a1<ny, a1t+az2<ng

App<N(F; 2) = TR (F; 2) + Ty (F; 2) = T, (F; 2).
It follows from the definition that we have
w1 (N) =n1 and wa(N) =ng —ny
and
dist(z, Z1) = |21| and dist(z, Z2) ~ |z1| + |22].

Hence a holomorphic function f is multi-asymptotically developable to F if,
for any proper conver multi-cone S’ properly contained in S and for any
N = (nq,n9) € 22207 there exists a positive constant Cs n such that

|f(z) - APP<N(F§ Z)} < Cgr nlz1|" (|z1] + |z2])™ 7™ (z€9).
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We give some examples of asymptotics:

N=(0,0) [f(2)| <Csn,

N=(0) 17~ fnpolea )| < O I

N=(0,1) |f(2) = fro3.0(2)| < Cor n(|21] + |22]),

N=(1,1) |f(2) = frayo(z2, %) = f21.0(2) + fri,21,00,0)(2)] < Csr n] 2.

One of important features of multi-asymptoticity is stability for differen-
tiations.

Proposition 7.9 Let S := (U,{G;},€) be a proper convex multi-cone in
X and f a holomorphic function on S. If f(z) is multi-asymptotically

developable along |J Z; on S, then any derivative of f is also multi-
1<j<t
asymptotically developable along |J Z; on S.
1<5<e

Proof. It suffices to show that, for an i € {1,2,...,n}, g—f is also multi-
.

7
asymptotically developable. We need the lemma below. Let F' := {F);} JEP(Z4)
be a total family of coefficients of multi-asymptotic expansion with Fjy =

{fJ,Oc}aezlzJO .

Lemma 7.10 Let N = (ny,ng,...,ng) € Zéo- Then we have

az App="*(F; 2) = App="(F"; 2).

Here Ny = (n,...,ny) is determined by n’; = n; + 1 for j with i € I; and

nj; = n; otherwise. The total family F' = {F}} is given by
/. ! _ afJ,a ~ . .
Fy = {fJ,a} =\ 92 (for J € P(Zy) with i ¢ Iy)
and

Fff = {fl/],oa} = {fJ,OH‘Ei} (fO’f' J e ﬁ(Zﬁ) with i € IJ)

where e; € L% is the unit vector whose i-th element is equal to 1.

Proof. Let J = (j1,J2,-.,jm) € P(Z¢). For J with i ¢ I, as the poly-
nomial TJ<N does not contain the variable z; and n; =n; for j € J, we
have

0 0
anNJF (F; 2) = 5, TR (TJ<N+> = Tpr j (TJ<N+) =T7N(F'; 2).
(2 (2
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Assume that J satisfies ¢ € I ;. Then, by the proof of Lemma 7.4, we have

0, <N
As
O (2
azi TRJ\P) = TF' J 82’@'

holds for a polynomial p(zr,) of the variables z7,, we have obtained

0% J 07 0z;
=1,y (T7N) = TFN(F'; 2).

O pens (F; 2) = iTF,J(TjM) = Tp g (8TJ<N+>

O

We continue the proof of the proposition. It suffices to consider the case
for i € Ity 5, - By the lemma, we have
af 0

~J _ <N (. _
o2, App~" (F'; 2) o7

(f(z) — App=N+(F; 2))|.

Let jo be a unique integer with i € I, and S’ := S(U',{G}},€) (resp.
S" = S(U",{G7},€")) a proper convex multi-cone properly contained in S
(resp. S’). Then, as dist(z, Zj,) < €"dist(z, Z;) (z € S”) holds for Z; C Z;,,
there exists a positive constant x > 0 such that for any point z* € S”
(7.12) 2" +{2€C™ 2, =0(k # 1), || < kmin{1, dist(z*, Z;))}} € S".
Assume that z € S”. Set
. K.
D ={(Gry- G Ga = 2a @ #1), G = =l = 5 dlist (2, Z) }

(Here we may assume x < 1). D is a circle in the z;-plane and the other
coordinates are fixed. By (7.12), D is contained in S’.
Now remark the following fact. Let j € {1,2,...,¢}. Then

(7.13) dist(z, Z;) ~ > _ |zl

iEfj

(note that sum is taken over indices in I ; and not in I;) as long as z € ',
which comes from the fact that each cone G is proper. Hence, for j # jo,
we may assume

diSt(Z, Z]) = diSt(C, ZJ) (C S D)
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because 1 ; does not contain the index 7 and D is a circle in the z;-plane (the
other coordinates are fixed). Further, for j = jy, we have

(1 - g) dist(z, Z;) < dist(¢, Z;) < (1 + g) dist(z, Z;) (¢ € D)

(note that both inequalities are needed in the estimation (7.14) below, which
depends on the sign of wj, (V).

Since f(z) is multi-asymptotically developable, there exists a constant
Csr N, satisfying

|n(2) = f(2) — App=N+(F; 2)| < Corn, [] dist(z, 2)™ ) (z€9).
1<5<¢

Therefore we obtain

(7.14)  [R(Crye s Ginee G < Ci [ dist(z, 2) N (¢ e D)

1<j<t

for some positive constant Cy,. By the Cauchy integral formula, we have

% _ h(zl,...,Ci,...,Zn) ‘
0z (=) = /8D (G — 2:)? 4

where the path of the integration is the projection of D to the z;-plane.
Putting the estimation of h(z) and the above estimations into the formula,

we get
dist(z, Z;)witN+)
‘ah(z) 1553 (= 7))

0z |~ dist(z, Zjo)
for a constant C' > 0. As wj,(N) = wj,(N4) — 1 and w;(N) = w;(N4) for
j # jo, we finally obtain

(€ 8"

‘gf — AppN(F; 2)| < C [] dist(z, Z))"™)  (z€8").
B 1<y<e
This completes the proof. -

By this proposition and integration by parts, we can obtain the following
theorem.

Theorem 7.11 Let S := S(U,{G;},€) be a proper convex multi-cone and f
a holomorphic function on S. Then the following conditions are equivalent.
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1. f is multi-asymptotically developable along |J Zj on S.
1<5<¢

2. For any open proper conver multi-cone S’ := S(U',{G.},€") properly
[6%

—| s bounded on S'.
024

contained in S and for any o € Z%,

3. For any open proper conver multi-cone S’ := S(U',{G’},€") properly
contained in S, the holomorphic function f|g on S’ can be extended to
a C*°-function on Xg (Xr denotes the underlying real analytic mani-

fold of X).

Proof. We first show 1. implies 2. By (7.11) with N = (0,...,0), we obtain
that f is bounded on S’. Since each higher derivative of f is still multi-

(67

0
asymptotically developable thanks to Proposition 7.9, a—i: is also bounded
z
for any a € Z% OonS

a
As S’ is convex and as f is holomorphic (i.e. ff = 0), the claim 3. follows

zZo
from 2. by the result of Whitney in [25]. Clearly 3. implies 2. Hence the
claim 2. and 3. are equivalent.

Now we will show 3. implies 1. Assume that f satisfies 3. In particular,
any derivative of f extends to S’ and is bounded on S’. It follows from
Lemma 7.2 that for z € S’ and 0 < \; <1 (j =1,2,...,¢), we get u(z,\) €
S’. Therefore, for N = (ny,...,n) € Z%,,

ON f(u
/ / (9)\N H Knj—l 1 - )d)\l AV

1<5<¢
where
5t (n=-1),
K,(t) := m
por] (n=>0)

is well-defined on S’. Here ¢ denotes the Dirac delta function and ¢4 =t if
t>0,ty =0if t < 0. We define e; = (ej1,...,e5¢) € Z* by eyj = 0if
Jj € J and e;; = 1 otherwise. Then, by integration by parts, we have

on(fiz)=fz) = Y (=

JEP(Zy) BEZT < N

ﬁ,afjf< )|
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Hence it suffices to show that ¢n(f;2) has an estimation which appears in
a multi-asymptotic expansion. Let us consider coordinates transformation

of Xas \j =vj(2)A\; (j =1,2,...,¢) where v;(z) is given by

1
— ez, =0),
vj(z) = ]
lZ) ¢ |21, | (k€ Jeg).
’ZIj‘ =

Note that Jg Z; consists of at most one element. Then we have

0N f(n(z,)) LAY (RS o
N = nj NNf >\J17"'77)\Jn :
O\ H v; (z) OX ’ZIJ-(D‘ ‘ijm)’
1<j<¢

Here, for k € {1,2,...,n}, we denote by j(k) the integer j that satisfies
k€ fj and we set J, = {j € Z¢; k € I;}. Since is bounded on 9, S\j

vj(2)
is also bounded when 0 < A; < 1. Hence we get
oN A C
Sup f(#(]\'? ))‘ < o (Z c S/)
A€[0,1]¢ oA I1 v; (2)
1<5<e

for some constant C' > 0. By noticing
1

=[] dist(z, 2;)" ™),
Il v’ e
1<5<¢ =I=
we have obtained a multi-asymptotic expansion of f with desired estimation.
The proof has been completed. O

Let S := S(U,{G,}, €) be a proper convex multi-cone and f a holomorphic

function that is multi-asymptotically developable along |J Z; on S. Let
1<j<t

Sk = s(Uk), {GZ(»k)},e(k)) (k =1,2,3,...) be a family of proper convex

multi-cones properly contained in .S, which satisfies

SO 8@ 8B - . and US(k) =S,

E>1
. o“f . . . k
Let J € P(Zy). Then 970 has a unique Whitney extension o) on
27 | g(k)
S(*) by the above theorem. As | J Sgk) = S, afamily {Lp(k) |S(k)} determines
E>1 J
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o f

0z% s,

as Sy is a multi-cone in Z; for a family of submanifolds xj := {Z;NZ;};c =

where J* is given by {j € Z¢; Z; € Z;}, it follows again from the theorem
(6%

a function on Sz, which is holomorphic. We denote it by . Note that,

that the holomorphic function is multi-asymptotically developable

9z |g,
along |J (Z;NZy) on Sy.
jeJ*

Proposition 7.12 Let S := S(U,{G;},€) be a proper convexr multi-cone
and f a holomorphic function on S. Assume that f is multi-asymptotically
developable to a family F := {FJ}JGﬁ(Z[) of coefficients of multi-asymptotic
expansion with Fy = {vaa}anIJ . Then we have

>0

o> f
0z s,

(7.15) = fra  (J€P(Z), a € ZL).

In particular, coefficients of multi-asymptotic expansion are unique and they
are multi-asymptotically developable functions themselves.

Proof. It suffices to show the proposition for a proper convex multi-cone
S":= S(U',{G'},€) that is properly contained in S. Moreover, by Proposi-
tion 7.9 and Lemma 7.10, it enough to show (7.15) with a = 0. We prove
the lemma by induction with respect to the number of elements in J. We
use the same symbol f for a unique continuous extension of f on S’ in what
follows.

Let J = {j}. By taking N = (n1,ng,...,n) with n; =1 and n; = 0
(k # j), we have

dist(z, Z;)
d;(2)

where 0;(z) = 1if Jcz, is an empty set and 0;(z) = dist(z, Zy) if Jcz, = {k}.
Note that the set Jcz; consists of at most one element. For z* € S’ by
Lemma 7.2, we can find a point z* € S” with p;(2*,0) = z*. Then there
exists > 0 such that dist(s;(2*,[0,1]), Z) > 0 for k with Z;, C Z; because
of 2* ¢ Zy (2. of Lemma 7.1). Hence, by putting z = p(z*,\) into (7.16)
and letting A\ — 01, we get f(2*) = fs0(2*). This shows (7.15) with a = 0.

Let J € P(Zy) with #J > 1, and let J* be a subset of J consisting of
j € J such that Z; is a minimal submanifold in {Z} }1c; with respect to the

(7.16) 1f(z) = frolzr)| < C
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order C. Set N = (n1,na,...,ny) withn; = 1if j € J and n; = 0 otherwise.
Then, by noticing dist(z, Zy) < € dist(z, Z;) if Z; C Z, we have

F&O+ Y O fro(an,) + (D)* fro(a,)
(7.17) JG T

<C H dlSt(‘Z, Z;)

jeJg* 5] (Z)

By induction hypothesis, for J C J, the coefficient fj  also has a unique

. . ; e B . /
continuous extension on S}, satisfying f o = f ]Sfﬂ Hence, noticing S, C

Sif],ﬂ Zj due to 2. of Lemma 7.1, we have

fO+ Y ) frole,) = (0)* () ze S

J'CJ,J'#0

Let Z € S and 2z* a point in S with p(0,...,0;2*) = Z. Then, by putting
z = py(z*, N, ..., ) into (7.17) and letting A — 07, as the right hand
side of (7.17) tends to 0 by the same reason as that for #J = 1, we have
f70(2) = f(2). This completes the proof. O

Let us extend the notion of a consistent family of coefficients of strongly
asymptotic expansion defined by Majima in [15] to our case. Let S :=
S(U,{G;},¢€) be a proper convex multi-cone and F' := {FJ}JEﬁ(ZZ) a family
of coefficients of multi-asymptotic expansion with Fy = {f J}a}anI(,. For

>0
a proper convex cone S’ := S(U’,{G}},€) properly contained in S, we can
consider the natural restriction F|g of F' to S’. Moreover we can also define
the restriction of F' to a submanifold. Let J € P(Z;) and « € ZQO. Then
the restriction F|j, of F' to Zy is defined as follows.

Let J* :={j € Ze;Z; € Zj} and IF = I; \ I (j € J*). We assume
J* # () and denote by S* the proper convex multi-cone S; in Z;. Then for
K e P(J*)\0, a family Fj , = {fkant Sk of holomorphic functions on

Y€ >0
St C Zyj is defined by
f;(,a,'y = fJUK,(a,'y)’ZJ

I; . .
where (a,7) € ZIZJO X L3 can be considered as an element in ZIZJOUK by the
identification Z!7 x Zk = 7Z1/ux Then the restriction F|jq of F is defined

by a family {FI*(@}KGP(J*)\@'
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The restriction F|j, gives a family of coefficients of multi-asymptotic
expansion along submanifolds {Z; N Z;},cs+ in Z; on the proper convex
multi-cone S* = S(UNZ;,{G;}jes €) C Z;.

Definition 7.13 Let S := S(U,{G;},€) be a proper convex multi-cone and
F:= {FJ}JG,IS(ZE) a family of coefficients of multi-asymptotic expansion with
Fy; = {fj,a}aezzJ. We say that F is a consistent family of coefficients of
>0
multi-asymptotic expansion along |J Z; on S if the following conditions
1<j<t
are satisfied.

1. For any J € P(Zy) with J* := {j € Zp; Z; ¢ Z;} # 0 and for any
a € Zé’o, a holomorphic function fjn on S is multi-asymptotically
developable to the family F|jo along {Z; N Zj}jes- on Sy.

2. For any J and J € 75(Zg) with S5 = Sy, we have Fy = Fy.
Example 7.14 Let us see some typical examples of consistent families.

1. (Majima) Let us consider the Example 7.7. The consistent families
F = (Fpy, Froy, Fiu2y) are those satisfying
- F(yy is asymptotic to F(y 9y when z3 — 0,
- Fy9y 1s asymptotic to Fy(y 9y when 21 — 0.

2. (Takeuchi) Let us consider the Example 7.8. The consistent families
F = (Fpy, Fiay, F1,2y) are those satisfying
- F(yy s asymptotic to F(y 9y when zo — 0,

- oy =Fazy-
Therefore the case N = (1,1) in Ezample 7.8 is equivalent to

|f(2) = fryo(ze, 2)| < Csr wlz1).

The following corollary immediately follows from Theorem 7.11 and Propo-
sition 7.12.

Corollary 7.15 Let S := S(U,{G;},€) be a proper convex multi-cone and

F a family of coefficients of multi-asymptotic expansion along |J Z; on
1<5<e
S. If some holomorphic function on S is multi-asymptotically developable

to F, then F is a consistent family of multi-asymptotic expansion.
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Let S" := S(U',{G}}, €') be a proper convex multi-cone properly contained
in S, and let F':= {F}} be a consistent family on S with F; = {fla}anzJ .
>0

By Theorem 7.11, each F; can be regarded as a C>°-Whitney jet on Sit’] (see
[16] for Malgrange’s definition of a C*°-Whitney jet). As S, NS, =S5
holds (J, J' € 75(Zg)), Whitney jets defined by F; and Fj: coincide on the

set S, by Proposition 7.12.

Therefore, as  |J 5’7"] =5nN ( U Zj> holds by Lemma 7.1, it follows
JEP(Ze) 1<5<e -
from Theorem 5.5 of [16] that we obtain the Whitney jet defined on S’ N

< U Z; | whose restriction to 5’71’] is equal to the one defined by F;. Hence
1<j<t
we have obtained the following proposition.

Proposition 7.16 Let S := S(U,{G;},¢€) be a proper convex multi-cone
and F :={F;} a family of coefficients of multi-asymptotic expansion along

U Z; on S with Fj = {fja} _,1,. Then the following conditions are
1<j<¢ a€Zyy
equivalent.

1. F is consistent.

2. For any proper convex cone S’ := S(U',{G;},€) properly contained in
S, the restriction F|g: of F to S" can be extended to a C*°-function on
XR, that is, there exists a C*°-function ¢(z) on Xg such that for any

J € 75(24) and o € ZQO we have fj = g f
- V4 Sl
J

for z € 5.

8 Multi-specialization and asymptotic expansions

Let X be a real analytic manifold. We consider a slight generalization of
the sheaf of Whitney C*°-functions of [14]. As usual, given F € D’(Cx) we
set D'F = RHom(F,Cx). Remember that an open subset U of X is locally
cohomologically trivial (l.c.t. for short) if D'Cy ~ Cy.

Definition 8.1 Let F € Modr.«(Cx) and let U € Op(Xs,). We define the

presheafC?"}v as follows:

U T(X; H'D'Cy @ F & C).
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Let U,V € Op(Xs,), and consider the exact sequence
0— Cynv — Cy ®Cy — Cyuv — 0,
applying the functor Hom(-,Cx) = H°D'(-) we obtain
0— H°D'Cyuy — HD'Cy @ H°D'Cy — H°D'Cyny,
applying the exact functors -® F, (VEEC‘)’(O and taking global sections we obtain
0— C;’fl’;v(U uv) — C%X(U) > C)O(Ol’g(V) — C;’?l’;v(U nv).

This implies that C;C"’;,V is a sheaf on X,,. Moreover if U € Op(Xy,) is l.c.t.,
the morphism I‘(X;C)O(OI’;,V) — I‘(U;C;’f"}v) is surjective and RI‘(U;C?"}V) is
concentrated in degree zero. Let 0 — F — G — H — 0 be an exact
sequence in Modg_.(Cx), we obtain an exact sequence in Mod(Cx,,)

(8.1) 0— C;.?l’g — C;O"g — C;(Ol’;;/ — 0.

o

We can easily extend the sheaf C5 | to the case of F € D} (Cx), taking
a finite resolution of F' consisting of locally finite sums ®Cy with V l.c.t. in
Op(Xsq)- In fact, the sheaves C;gcv form a complex quasi-isomorphic to
C;O‘}V consisting of acyclic objects with respect to I'(U;-), where U is l.c.t.
in Op®(Xsa)-

As in the case of Whitney C*°-functions one can prove that, if G €
D% (Cx) one has

P~ RHom(G,Cy) ~ D'G® F & C¥.
Example 8.2 Setting F = Cx we obtain the sheaf of Whitney C*°-functions.

Let Z be a closed subanalytic subset of X. Then Csfong\z is the sheaf of

Whitney C*°-functions vanishing on Z with all their derivatives.

Notations 8.3 Let S be a locally closed subanalytic subset of X. We set
for short C(;a’;v instead of C_(;(Olgs.

Let x = {Mi,..., My} be a family of closed analytic submanifolds of X
satisfying H1, H2 and H3, set M = Ule M; and consider X. Consider the
diagram (1.3).

Set F'=Cx\nr, G = Cx, H =Cy in (8.1). The exact sequence

00, W 00,W 00,W
0— CX|X\M —Cx" = CX|M —0
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induces an exact sequence

sa H00,W sa 100w $a H00,W
(8.2) 0 — vy CX|X\M_>VX Cx — vy CX‘M—>O,

in fact let V be a l.c.t. conic subanalytic subset of the zero section of X
and U € Op(X,q) such that Cy (X \ U) NV = (), then we can find a l.c.t.
U’ C U satisfying the same property. Applying the functor p~! to the exact
sequence (8.2) we obtain the exact sequence

00,W

0o, W —1, ,sa 00w
vy Cx xm — 0

0— p_IV;aCX|X\M -P - p_l’/;ac

where the surjective arrow is the map which associates to a function its
asymptotic expansion.

Let X be a complex manifold and let Xr denote the underlying real ana-
lytic manifold of X. Let x = {Z1,..., Zy} be a family of complex submani-
folds of X satisfying H1, H2 and H3 and set Z = Ule Z;. Let F € D]%_C(CX).
We denote by (’)}V(| 7~ the sheaf defined as follows:

OXp = RHomyp (pOx, C)O(ORT;,)

Let 0 = F — G — H — 0 be an exact sequence in Modg..(Cx). Then the
exact sequence (8.1) gives rise to the distiguished triangle

W W W +
(8.3) OX|F - OX\G - OX\H -

Setting ' = Cx\z, G = Cx, H = Cz in (8.3) and applying the functor
of specialization, we have the distinguished triangle

(8.4) p 0% x g — 0 VPOY — 1 OY, =+
The sheaf p_lz/;a(’)§ is concentrated in degree zero. This follows from the

following result of [4, 5]: if U € Op(Xs,) is convex, then RI'(X; (CU% Ox)
is concentrated in degree zero.

Proposition 8.4 Outside the zero section of  x Tz 1(Zy), the flat spe-
X, 1<k<t

cralization along Z == Z1U---U Zy

-1 samyw
Py OX|X\Z

s concentrated in degree zero.

o8



Proof. Set
Li={ij, v igm} (G=12,...,0).

Moreover, by a rotation of the coordinates, we may assume that

L= {iju, . vijm )} (m) < my).

We can identify Cli with (T'z;0(Z5))o- Let pj = (1,0,...,0) € (Tz;e(Z;))o-
Under the above identification, p; is the point in ClL with z ;1 = 1 and

zi,, =0 (1 <k< mg) Let G be a closed proper convex cone in Ch with

direction pj;, which is defined by
{(z10,- - 25mr) € CI5 2| <6, Jarg(zi0)] < e |zia] < elzjal, k> 2}
for 0 < e < . Let us define G as the product
G2:G1XG2X'~XG4><B€,

where B, is a closed ball of radius € and center at the origin in X’ :=
£

C"25=1™5 | Set

T = {2€C" 2,,=0}U---U{z€C" z,, =0}
= {2€C% 2z, 2,, =0}

As A
G] N {(Zij,p B Zij,mg.) S Clj; Zij, = O} = {O}

holds, we have
G\T = (G1\{0}) x -+ x (G, \ {0}) x Be.

Therefore, by Proposition 5.4 of [12] RT'(X, Co\r %) Ox) is quasi-isomorphic
to

RI(CH; Cgp oy ® O)R- - - RRT(CY; C\ 1oy ® O)RRT(X'; Cp,  O),

where X denotes the topological tensor product of [7].

Each RF(CiJ;CGj\{O} (% 0), j = 1,...,¢, is concentrated in degree zero
by the following lemma whose proof will be given later.

Lemma 8.5 (Propostion 6.1.1 [13]) For the closed set

Gi={(z1,.-.,2) € C% |z1] <S¢, Jarg(z1)| <€ |z] < ez, k=2,

we have H*(C™; Cenfoy %7) Ocrn) =0 for k #0.
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Hence we have obtained
Hk(XaCG’\T%OX) =0,  (k#0).

Let us consider the the holomorphic map f: X — X

e, 20) = (fi(2),. 00, fu(2) = Hzij,l Zlyeees Hzi]’,1 Zn | s

= GE€In
where, for k € {1,2,...,n},
Je=1{j€{1,2,....4}; keI k¢ L}

Clearly f|g is a proper map (G is compact). We can also prove that f
induces an isomorphism on X \ 7. Moreover we have

peEGNT <= f(p) € F(G)N(Z1U---U Zy).
Therefore we get

RfCe\r = Cronzu-vz)-
It follows from Theorem 5.7 of [12] that we have

RT'(X; RHomp, (DXLX’ (Cg\T ® Ox) ~ RI'(X; Cf(G)\(ZlLJ---UZg) ® Ox).

Set ¢ := 2, ,2iy, -+ 2iy,- Let Ox, denote the sheaf of meromorphic func-

tions whose poles are contained in {¢ = 0} (i.e. Ox,, = Ox [z;lll, cee zzzll])

and we set Dx, = Ox,, ® Dx. As Cg\T (VXV> Ox is a Dx ,-module and
Ox

DX i x is left quasi-coherent over Dx, we have
w w
RHOTTLDX (DXLX’ Cg\T & Ox) ~ RHomDX’(P (DX,<,0 2;8}){ ,DXLX’ CG\T & Ox).

We also have
DX,cp % DXLX ~ DX,Lp-
As a matter of fact, DX £y is given by

Dxxx

D 3 p—
XEX T Dxx(wi — fi(2), ooy wn — fa(2), 01y .., On)
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where (wy, ..., wy,) is a system of coordinates of the second X and the vector
field 0y (K =1,2,...,n) is defined by

0 R0fi 0

We denote by Jy the Jacobian of f. Since f gives an isomorphism outside T',
we have Jy # 0 outside T', which implies J; = zﬁll .. ziﬁélh for some B >0
j =1,...,4 and for some h with h(0) # 0. Hence, as Jy has an inverse in
Ox,,, we conclude that Dx % DX Sy is a free Dx , module of rank 1.

-

Hence we have obtained

RI(X;Ce\r ® Ox) ~ RT(X; Cyap\ (z10--uz,) © Ox)-

This implies that RI'(X; Cf(G)\(Zlumng)%OX) is also concentrated in degree
zero. Since f(G) contains S for some multi-cone S, and since , for a given
multi-cone S, there exists a G such that S contains f(G), we have the
required result. a

To complete the proof of Proposition 8.4, we give the proof of Lemma 8.5.

Proof of Lemma 8.5. Let us consider the holomorphic map f : C* — C"
defined by

f(z1,22,. .., 2n) = (21,2122, . . ., 212n).

Then, by Proposition 5.4 and Theorem 5.7 of [12] and applying the same
argument as that in the proof of Propostion 8.4 to f, we have

RT(C™, (Cg\{o}@(')(cn) ~ RI(C; (C(KmBel)\{o}(X)O(c)@Rr(Cn_l; (CBgz—l ®0Ocn-1)

where K is a closed conic cone defined by {z € C;|arg(z)| < €} and B is
a closed ball in CF of radius € and center at the origin. Therefore it suffices
to show w

H'(C; Cignpi oy ® Oc) = 0.

We have the commutative diagram

T(P'; Cloy ® Opt) —  H'(P'; Ciey () ® Op1)
|
[(C; Cy @ Oc) — HY(C; Cignpryoy @ Oc) — 0
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Here the second row is exact because of H'(C; Ciknny) ® Oc) = 0 since
K N B! is convex (see [4, 5]) and K denotes the closure of K in P'. By
applying Propostion 6.1.1 of [13] to the case V' = C and employing the
coordinate transformation which exchanges the origin and the infinity, we
get H'(P'; Cy () ® Op1) = 0. Then H'(C; Cxerp) o ® Oc) = 0 follows
from the exactness of the second row. O

Proposition 8.6 The distinguished triangle (8.4) induces an exact sequence
outside the zero section of  x Tz (Z)
X, 1<k<e

(85) 0— p_lHOI/;“OXVﬂX\Z — p_IHOV;“OEV( — p_lHOV;“O}lz — 0.

—1.,sayw -1, ,sayw —1,,samw
All the complezes p~ vy (’)X‘X\Z, p— it O% and p~ vy \|z are concen-

trated in degree zero outside the zero section.

Proof. The exactness of the sequence (8.5) follows from Proposition 8.4 and
the fact that outside the zero section p*1V§“ Y is concentrated in degree
zero. This also proves the vanishing of the cohomology of degree > 1 of the

three terms. O

We give a functorial construction of multi-asymptotically developable
functions using Whitney holomorphic functions. Let U be an open l.c.t.

subanalytic subset in X. Then I'(U; C}oﬂéw) ~ I'(X; (Cﬁé C%,) is nothing but

the set of C>°-Whitney jets on U. Further H*(U; O%) ~ H°(X;Cy ® Ox)
consists of C*°-Whitney jets on U that satisfy the Cauchy-Riemann system.
Therefore, if a proper convex multi-cone S := S(U,{G,}, €) is subanalytic,
the set of holomorphic functions on S that are multi-asymptotically devel-
opable along Z is equal to

Iim I'(X; Cq7 ® Ox)
S/

where S’ runs through the family of open subanalytic proper convex multi-
cones S(U’, {G’}, €) properly contained in S. Moreover, by Proposition
7.16, the set of consistent families of coefficients of multi-asymptotic expan-
sion is given by
w
@F(X, C?ﬂZ & OX)
S/

62



Let W be an open convex subset in Z1 N ---MN Z; and G; an open proper
convex cone in Cli (j =1,2,...,¢). Using these W and {G}}, we define an

R*+)-coni bset VWGV in  x  Tyi(Z)b
(R*)*-conic open subset V(W,{G,}) in il 7;ix(Z5) by

WxGyx-xGoc (7)) xChx .. Cl ERCANCA

Note that a family of open sets of type V (W, {G;}) forms a basis of topol-

ogy for (R*)conic sheaves on  x Tz,1(Z;). We define the presheaves
X,1<5<0

JZ;O, -’Zx and .ZQF on x Tyzu(Z;). For an (R*)%-conic open set V :=

X,1<5<0
V(W,{G;}), we set

F(V;.Zl;o) = lim {f € O(S(U, {G,},€)); f is multi-asymptotically
U,e>0
developable to zero along Z on S(U, {G,},¢€)},

I‘(V;.ZX) = lim {f € O(S(U, {Gj},¢)); f is multi-asymptotically
U,e>0

developable along Z on S(U, {Gj},€)},
INQS ng )= lim {F; F is a consistent family of coefficients of
U, e>0
multi-asymptotic expansion along Z on S(U, {G,},¢€)},
where U ranges through the family open convex neighborhoods of W which

are a pu-star shape. Let us consider the multi-specialization of Whitney
holomorphic functions. We have

L(V;p 'yt O% x\z) = im iml(U”; OY x 2),
V/ U/
D(V3p~ oy OX) = lim iml(U'; O%),
VU
D(V; p~1570%,7) = lim imI'(U'; O, ),
VU
where V' ranges through the family of subanalytic open cones such that

V’'\ Z C V, U’ ranges through the family of Op(Xs,) such that C, (X \
uynv’ =4.
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The identity morphism induces morphisms of presheaves

1<0 —1. samyw
AT = Oxix 2

-1 samyw
'AX - P Z/X X

ACF -1
AX — p V;QOEVQZ.
The above morphisms are isomorphisms in the stalks (i.e. in the limit of

[¢]
multi-cones containing a given direction p €  x Tz, (Z;)). Let A;O
X,1<5<4

(resp. Ay, resp. AgF ) be the sheaves associated to .Z;O (resp. -’Zw resp.
AgF ). We get

<0 —1. samyw
AD — p g OX|X\Z’
—1. samw
Ay P Uy Ux,
CF -~ —1. samyw
A p vy 0%z

12

!

By Proposition 8.6 outside the zero section we have the exact sequence of
sheaves

(8.6) 0— A = A, — ATF — 0.

When Z forms a normal crossing divisor, these sheaves are nothing but
sheaves of strongly asymptotically developable functions defined by Majima
in [15].

Remark 8.7 The exact sequence (8.6) is nothing but a Borel-Ritt exact
sequence for multi-asymptotically developable functions. This was already
proven for formal specialization in the single divisor case in [2] and for
Majima’s asymptotic in [6, 8]. Both results are based on the Borel-Ritt
theorem in dimension one (for a proof, see [24]). Thanks to Proposition 8.4
we obtained a purely cohomological proof of the Borel-Ritt exact sequence.

Appendix

A Conic sheaves

Let k be a field. Let X be a real analytic manifold endowed with a subana-
lytic action p of R*. In other words we have a subanalytic map

p: X xRY — X,
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which satisfies, for each t1,to € R*:

M(xatth) = M(M(xatl)atQ)a
u(w,1) = .

Note that p is open, in fact let U € Op(X) and (¢1,t2) € Op(R*). Then

n(U, (t1,t2)) = Ure@y 1) #(U, 1), and p(-,t) : X — X is a homeomorphism

(with inverse u(-,t~1)). We have a diagram

j 2
X$X><R+p:X,

where j(z) = (z,1) and p denotes the projection. We have poj = poj =id.

Definition A.1 (i) Let S be a subset of X. We set RTS = u(S,R"). If
U € Op(X), then RTU € Op(X) since p is open.

(ii) Let S be a subset of X. We say that S is conic if S = RTS. In other
words, S is invariant by the action of .

(iii) An orbit of p is the set Rtz with x € X.

We assume that the orbits of u are contractible. For each z € X there
are two possibilities: either Rtz = x or R*ax ~ R.

Definition A.2 We say that a subset S of X is RT-connected if S N Rz
s connected for each x € S.

Lemma A.3 Let 51,52 C X and suppose that Sa is conic. Then R* (S N
Sy) = R*S1 NSy, (i) If S1 and So are RT-connected, then S1 N Sy is
R*-connected.

Proof. (i) The inclusion C is true since R*(S; N Sz) € R*S;, i = 1,2.
Let us prove D. Let x € R*S; N S,. Then there exists a € RT such that
p(x,a) € Sy. Since S is conic u(x,a) € Sy and the result follows.

(ii) Let 21,22 € S1NSy. Then x; = p(x, a;) for some z € X and some a; €
R*, 4 =1,2. Suppose a1 < ag. Since S, S are R*-connected, ¢ = 1,2 and
the orbits of 1 are either points or isomorphic to R, we have u(zx, [a1,as]) C
S;, 1 = 1,2 and the result follows. O

Let X, Y topological spaces endowed with an action (ux and py respec-
tively) of R*.

Definition A.4 A continuous function f : X — Y is said to be conic if for
each x € X, a € R we have f(ux(z,a)) = py(f(z),a).
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Lemma A.5 Let f : X — Y be a conic map. (i) Suppose that S C'Y is
R*-connected (resp. conic). Then f~1(S) is R*-connected (resp. comic).
(ii) Suppose that Z C X is conic. Then f(Z) is conic.

Proof. (i) Let x1,22 € f~!(S) and suppose that there exists 2 € X such
that z1,29 € px(z,R"), ie. z; = px(z,a;), a; € RY, i = 1,2. Since f
is conic we have f(x;) = uy (f(x),a:i) € py(f(x),RT) NS = f(u(x,RT)N
f~Y(S)). Suppose a; < az. Since S is Rf-connected u(f(x),[a1,as]) C
5, e oo, ) © 706 o, 0a) = 1) o o) ©
F7(9).

If S is conic then f(ux (f~1(8),R¥)) = py (f(f71(5)),R*) = py (S, R*) =
S, hence p(f~1(9),R*) = f~1(9).

(ii) We have iy (f(2),BY) = f((Z,R*)) = £(2). 0

Definition A.6 A sheaf of k-modules F' on X, is conic if the restriction
morphism T'(RTU; F) — T'(U; F) is an isomorphism for each R* -connected
U € Op“(Xsq) with RTU € Op(Xsq)-

(i) We denote by Modg+(kx,,) the subcategory of Mod(kx,,) consisting
of conic sheaves.

(ii) We denote by D%, (kx,,), the subcategory of D°(kx,,) consisting of
objects F such that H’(F) belongs to Modg+ (kx,,) for all j € Z.

Assume the hypothesis below:

(i) for any U € Op%,(X) we have R*U € Op(Xs,),
(A1) (ii) for any = € X the set R*z is contractible,
(iii) there exists a covering {V, }nen of X5, such that
V, is Rt-connected and V;, CC V41 for each n.
The following result was proven in [20].

Proposition A.7 Assume (A.1). Let U € Op(Xsq) be RT-connected and
such that R*U € Op(Xsq,). Let F € D[%+(sza)- Then

RI(RTU; F) = RU(U; F).
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B  Multi-conic sheaves

Let X be a topological space with £ actions {p; }¢_; of R* such that u;(p;(z,t;),t;) =
pi(pi(x, ti),t;). We have a map
p:X x (RYY — X
(xatla”'vte) = Ml("'/’te(matf)vn-ytl)-
Definition B.1 (i) Let S be a subset of X. We set RfS = p;(S,R*). If

U € Op(X), then RU € Op(X) since y; is open for eachi=1,...,¢.
(ii) Let S be a subset of X. Let J = {i1,... i}y C{1,...,0}. We set

R5S =R - RES = 3, (- 13, (S, RY), ..., RY), it,...0p € J.

We set (RT)'S = R?LM’Z}S = pu(S,(R*)Y). If U € Op(X), then RGU €
Op(X) since u; is open for each i € {1,...,¢}.
(iii) Let S be a subset of X. We say that S is (R*)’-conic if S = (R*)*S.

In other words, S is invariant by the action of u;, i =1,..., L.

Definition B.2 (i) We say that a subset S of X is R} -connected if SNR} x
is connected for each x € S.

(ii) We say that a subset S of X is (RT)!-connected if there exists a
permutation o : {1,...,0} — {1,...,£} such that

S s R;’(l) -connected,

(B.1) ]R:;(I)S is R;@)—connected,

R;(l) . -R;(e_l)S is R;(@—connected.
The following results follow from the case £ = 1.
Lemma B.3 (i) S1,5, C X and suppose that Sy is (R*)*-conic. Then
(R)4(S1 N S) = (RT)!S1 N Sy. (i) If moreover Sy is (RT)-connected then

S1 NSy s (R*)Z—connected.

Remark B.4 In (ii) of Lemma B.3 we have to assume that Sy is (RT)‘-
conic. Indeed it is not true that the intersection of two (R*)*-connected is
(R*)¢-connected in general.

Let X,Y topological spaces endowed with ¢ actions {ux;}% 1, {uyi}io,
of R*.
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Definition B.5 A continuous function f : X — Y is said to be (R*)¢-conic
if for each v € X, a € RT we have f(uxi(z,a)) = pyi(f(x),a), i=1,... L.

Lemma B.6 Let f: X — Y be a (R)%-conic map. (i) Suppose that S C' Y

s (RT)!-connected (resp. (R*)-conic). Then f~1(S) is (R*)‘-connected
(resp. (R*)*-conic. (ii) Suppose that Z C X is (R*)*-conic. Then f(Z) is
(R*)¢-conic.

Definition B.7 A sheaf of k-modules F on X, is (R*) -conic if it is conic
with respect to each p;.

(i) We denote by Mod g+y(kx,,) the subcategory of Mod(kx,,) consisting

of (R*)!-conic sheaves.

(ii) We denote by D?]Rﬂ@(sza)’ the subcategory of D*(kx,,) consisting of
objects F such that HI(F) belongs to Mod g +ye(kx,,) for all j € Z.

Let us assume the following hypothesis

(i) every U € Op$,(X) has a finite covering consisting
of (R*)-connected subanalytic open subsets,
(ii) we have RYU € Op(X,,) for any U € OpS,(X)
(B.2) and any J C {1,...,/0},
(iii) RSz is contractible for any z € X and any i =1,...,¢,
(iv) there exists a covering {V;, }nen of Xsq such that
V;, is (R*)%connected and V;,, CC V41 for each n.

In this situation the orbits of u;, ¢ = 1,..., £ are either Rtx ~ R or Rtx = «.

Proposition B.8 Let U € Op(Xs,) be (RY) -connected. Let F € D?R+)Z(kxsa)'
Then
RT((RY)‘U; F) = RU(U; F).

Proof. Suppose that U satisfies (B.1). By Proposition A.7 we have

RT'(U; F) ~ RF(R;(I)U; F)~.. . ~ RF(R;(I) - -R;(Z)U; F)
and R}, - R}, U = (R)U. O
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If X satisfies (B.2) (i)-(iv), then it follows from Proposition B.8 that for
(R*)%-conic subanalytic sheaves it is enough to study the cohomology of the
sections on (R*)‘-conic open subsets.

Let {u;}f_;, £ < n be actions of R* on R" defined by

Wi (x1, ..., &, ¢5) — (c1jx1, . . ., Cnjn),

where ¢;; = 1if i ¢ I, ¢;;j = ¢; € Rt if i € I;. We assume the following
hypothesis

(B.3) Either I, C I;, I; C I or ; N I; = () holds (i, =1,2,...,0).

(B.4) L2 | L fori=12... L
[jg[i
Definition B.9 Leti,j =1,...,¢. When I; NI; =0 the actions p; and ji;

are said to be orthogonal and we write ju; Lji;.

Lemma B.10 Each globally subanalytic U € Op(RZ,) has a finite covering
consisting of globally subanalytic (R*)¢-connected open subsets.

Proof. We may assume that U is connected. We will prove the assertion in
several steps. In the rest of the proof we write for short subanalytic instead
of globally subanalytic.

(i) First of all, as in [20], let us prove the case £ = 1, i.e. there exists a
finite open covering {U,} of U with U, subanalytic and R*-connected. Let
us consider an action

wi:R™ xR xRT — R”
(T1y ey Ty Tt Ly -+ o5 Ty A) = (AZ1, ooy Ay Ty« - -5 Ty -
Let us consider the morphism of manifolds

@:STIXRXxR"™ — R?
(W, r,z) — (ri(9),2),

where i : S™71 < R™ denotes the embedding. The map ¢ is proper and
subanalytic. The subset ¢~ 1(U) is subanalytic in S™7! x R x R*~™. Set
Z ={0} x R»—™,
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(in) Let us consider a cylindrical cell decomposition of =1 (U \ Z) (for
the definition see [3]) with respect to the fibers of the projection 7 :
S x R x R™M~" — Sm~1 x R™~", Each cell D is defined by (f, g) :=
{(z,y); f(x) < y < g(y)}, where f,g : D' — R are subanalytic
functions and D’ is a cell of 7(¢ ' (U \ Z)). Consider h : D' — R,
f < h < g, for example h = %. Extend the graph of h to h on
an open subanalytic neighborhood U’ of D’ such that the graph of
h is contained in ¢~ 1(U \ Z). For p € U’ let (m(p), M(p)) be the
connected component of 7~1(p) N Y (U \ Z) containing h(p). The
functions m, M : U’ — R are subanalytic and the open set Up =
{(p,y); p € U, m(p) <y < M(p)} has the required properties. In
this way we obtain a finite covering {W;};es of ¢~ (U \ Z) consisting
of R*-connected subanalytic open subsets.

(ip) Let p € m(¢~1(U N Z)). Then 7= 1(p) N p~1(U) is a disjoint union of
intervals. Let us consider the interval (m(p), M(p)), m(p) < M(p) € R
containing 0. Set Wz = {(p,r) € U; m(p) <r < M(p)}. The set W
is open subanalytic, contains ¢ ~'(U N Z) and its intersections with
the fibers of 7 are connected. Then ¢(Wy) is an open R*-connected
subanalytic neighborhood of U N Z and it is contained in U.

By (ia) there exists a finite covering {¢(W;)}jes of U\ Z consisting of R*-
connected subanalytic open subsets, and (Wz) U U,;c; (W) =U.

(ii) Suppose that I; N I; = 0 for each 4,5 € {1,...,¢}, i.e. all the actions
are orthogonal. Let U be R{-connected and such that Ry ---Rf ,U is R}~
connected for each j =2,...,/—1. We are going to find a finite cover {U,}
with U, Ry-connected and such that Ry ---RI ;U is R}-connected for each
j=2....0

For any subset J = {i1,... 4} of {1,...,¢ — 1} let us consider

Spi=qreRY Y af=1|| (ke ), a;=0( €L, k¢ J)

i€},

By construction Sy is invariant under p,. Let us consider Ry ---R; U N
Sy. By (i) it admits a finite covering {Vj,} consisting of R} -connected
subanalytic open subsets of S ;. For each 3; consider Ug, := R} (Vg, x R"/),
where n; = n — ;s i (hence R™ is represented by the coordinates wy,
k ¢ UcsIi). We want to show that U N Ug, has the desired properties.
First remark that by Lemma B.3 (i) R} --- R (UNUg,) =Ry ---RIUNUg,
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for each j = 1,...,¢ — 1 since Ug, is conic with respect to p1,...,us—1 by
construction. In particular by Lemma B.3 it is ]R]*-—connected for each j =
1,...,¢ —1. Moreover Ry ---Rj U NUp, = Ug, which is R -connected by
construction. Then UNUg, has the desired properties and the result follows.
Remark that this proof does not depend on the choice of the permutation o
in (B.1).

(iii) Let us consider the general case. We argue by decreasing induction
on fJ, where

J=qief{l,.... ¢y, ;0L =0},

1#]
i.e. §J denotes the number of y; such that u; Lu; for each j # 4. If §J = ¢
the result follows by (ii). Suppose that the result is true for §J = 1,...,¢,
we shall prove it for §fJ = 0, i.e. there are no actions which are orthogonal
to all the other ones. Thanks to (B.3) and (B.4), there exists i € {1,...,¢}
such that I; \ Uj# I; # 0. Up to take a permutation of {1,...,¢} we may
assume i = £. Let U be R{-connected and such that Rj - ~R;-’71U is R;’—
connected for each j = 1,...,/—1. We are going to find a finite cover {U,}
with Uy Ry -connected and such that Ry ---RY_; U, is Rf-connected for each
j=1,...,L

(ilia) Givenig € Ip\U, ., I; let us consider U" := UN{x;, # 0} and consider
the subanalytic homeomorphism v of {z;, # 0} given by

(@)=L kel CIpj £l

Tig
Y(x)g =z otherwise.

Set pj, = pig © (¥ X idg+ye). By construction we have pj Ly for each
j # £, hence by the induction hypothesis we may find a finite cover
{V4} of 9(U’) with the required properties. Then {1~1(V,,)} is a finite
cover of U’ consisting of (R*)-connected open subanalytic subsets.

(iiip) By (B.3) Uljg[ﬁ I; is a disjoint union I;; U --- U Iy, {i1,...,ik} C
{1,.... =1} Set o = (2), 1 € \U; 21, y = (x5), j € L, U- UL,
z = (zx), k ¢ Iy Assume that Iy \ U;,,I; = {1,...,m}. Set Sp :=
{z = 0}, and consider Vj := U N Sy. It is an open subanalytic subset
of Sp, it is Ry -connected and such that Ry - - -R;f_l% is R}—connected
foreach j =1,...,¢. Indeed on Sy iy is generated by 1, ..., ue—1 and
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hence RY ---R; ,Vj is conic with respect to . Let us consider the
morphism of manifolds

(Wry,2) — (ri(d),y,2),

where i : S™~! < R™ denotes the embedding. Endow S™~! x R x
R*™™ with the actions p} = pj, j = 1,...,0 = 1, (9, 7r,y,2,A) =
(9, A\r, Ay, z). Then ¢ is a conic map.

Denote by 7 : 7 I x RxR*™™ — S™~1 x R~ the projection. Up to
shrink U, we may suppose that ¢~ 1(U) = oY (U) N7~ (7w (o 1 (V0))).
Let p € o YR ---R} Vo). Then 7 '(p) N '(Rf ---R;_,U) is a
disjoint union of intervals. Let us consider the interval (m(p), M (p)),
m(p) < M(p) € R containing 0. Set

Uo=o{(pr); pee 'Ry ---R;_ Vo), m(p) <r < M(p)}).

The set Uy is open subanalytic, contains U N Sy and if (x,y, z) € Uy,
then (0,y,2) € Uy. Moreover by Lemma B.6 (ii) Uy is conic with
respect to pq, ..., e—1. We want to show that U N Uy has the desired
properties. First remark that by Lemma B.3 (i) R{ ---RI(U N Up) =
Ry ---RIUNU for each j =1,...,¢—1 since Up is conic with respect
to p1,. .., pe—1. In particular by Lemma B.3 (ii) it is R;-—connected for
each j =1,...,/ — 1. We prove that Ry ---Rj_,UNUy = Uy is R -
connected. Suppose that (x,y, 2), (Az, Ay, 2) € Uy for some A\ € R*.
By construction (0,y, 2), (0, Ay, z) € Uy. We may assume without loss
of generality A > 1. We argue by contradiction. Suppose that there
exists 1 < n < X such that (nz,ny,z) ¢ Up. Since Up is conic with
respect to L, ..., fi,, for each ¢ € RT we have (nz,tny,z) ¢ Uy. Set
t = A/n. Then (nz, Ay, z) ¢ Uy which leads to a contradiction since by
construction (nz, Ay, z) € Uy for each n € (0, A).

Hence we have found coverings of U N {;, # 0} for each ix € I; \ U;4; I;
and a neighborhood of U NSy with the required properties. Then the result
follows. =

Lemma B.11 Let Z be a globally subanalytic (R*)¢-conic subset, and let V
be a globally subanalytic (R*)-conic open subset of Z. Then each subanalytic
neighborhood W of V' in R™ contains W € Op(RZ,) such that:

{(l) W is (R*)!-connected,

(B.5) g ~ ‘
(ii) R - - Ry W is subanalytic.

72



Proof. We argue by induction on the number ¢ of actions. Up to shrink
W we may suppose that WNZ =1V.

(i) Let us consider the case ¢ = 1. Let us consider an action

p:R” xR xRt — R"

(T1y ey Ty Tt Ly -+ o5 Ty A) = (AZ1, oo, A, Ty - - -5 T«

There are two possibilities:

{oa) V Z {0} x R*™,
(ip) V C {0} x R*=™,

Let us consider the morphism of manifolds

@:S"IXxRXxR™™ — R®
(W, r,z) — (ri(¥),2),

where i : S?~! < R™ denotes the embedding. Denote by 7 : S™~! x R x
R?»=m — §m=L »x R™"™™ the projection.

(i) Let p € o !(W) N {r = 1}. Up to shrink W, we may suppose that
@ L (W)N{r = 1} is globally subanalytic. Then 7~ 1(p) Ny~ 1 (W) is a
disjoint union of intervals. Let us consider the interval (m(p), M (p)),
m(p) < M(p) € R containing 1. Set W' = {(p,r) € o~ {(W); m(p) <
r < M(p)}. Remark that in the case p € p=1(V), if 0 € (m(p), M (p)),
then (m(p), M(p)) = R since V is conic. The set W' is open subana-
lytic, contains ¢~ (V) and its intersections with the fibers of 7 are con-
nected. Then ¢(W') is an open RT-connected subanalytic neighbor-
hood of V and it is contained in W. Moreover, since ¢~ (W)N{r = 1}
is globally subanalytic, then R*p(W') = p(RTW') = o(R* (W' N{r =
1})) is globally subanalytic.

(ip) Let p € o= 1(V) C {r = 0}. Then 7~ 1(p) N~ 1(W) is a disjoint union
of intervals. Let us consider the interval (m(p), M (p)), m(p) < M(p) €
R containing 0. Set W' = {(p,r) € U; m(p) < r < M(p)}. The set
W' is open subanalytic, contains ¢ ~!(V) and its intersections with
the fibers of 7 are connected. Then ¢(W’) is an open RT-connected
subanalytic neighborhood of V' and it is contained in W. Moreover,
R (W) = p(RAW) = o((W' 1 {r = 0}) x R) = p(n~L(r(¢~(V)))
is globally subanalytic.
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(ii) Suppose that I; N I; = 0 (i.e. p;Lp;) for each i,j € {1,...,¢}. Let W
be a subanalytic neighborhood of V' which is Rj-connected and such that
RY -- -R;T_]LW is R;-connected for j =2,...,£— 1. Suppose that

e : R xR xRt — R”

(T1y oo Ty Tl -+ s Ty A) = (AZL, oy Ay Tt 15+ -+ T
and consider the morphism of manifolds

@: ST xRxR*™ — R"
(O,r,z) — (ri(9),z),

where i : S™! < R™ denotes the embedding. Following the construc-
tion of (i), Rf ---R;_,;W contains a neighborhood W' of V' which is R}-
connected and conic with respect to pq,...,ur—1. By Lemma B.3 (i) we
have Rij(W nNwW') = R?--R}Wﬁ W', 5 =1,...,£ — 1, hence by
Lemma B.3 (ii) the set W N W’ has the desired properties.

(iii) Let us consider the general case. We argue by decreasing induction
on fiJ, where

J=Sie{l,....0}, Ln|JIL=0y,
i#]

i.e. J denotes the number of y; such that p; Ly, for each j # i. If J = ¢
the result follows by (ii). Suppose that the result is true for §J = 1,...,4,
we shall prove it for §J = 0, i.e. there are no actions which are orthogonal
to all the other ones. Thanks to (B.3) and (B.4), there exists i € {1,...,¢}
such that I; \ U;,; I; # 0. Up to take a permutation of {1,...,¢} we
may assume ¢ = £. By (B.3) U[jg[[ I; is a disjoint union I;; U --- U I,
{iv, oy} CH{L .. 0= 1} Set @ = (2), i € I\ Ujz L), v = (z)),
j €Ly UL, 2= (x4), k ¢ Ui, Ii. Assume that I\, [; = {1,...,m}.
Let us consider the morphism of manifolds

@: ST RXxR"™™ — R
W1y, 2) = (ri(?9),y, 2),

where i : S™1 < R™ denotes the embedding. Let W be a subanalytic
neighborhood of V' which is Rj-connected and such that Ry ---Ri ;W
is R;F—connected for j = 2,...,¢ — 1. Following the construction of (i),
R} ---R;_ ;W contains a neighborhood W’ of V' which is R} -connected and
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conic with respect to p1,...,py—1. Then, arguing as in Lemma B.10 (iii),
W N W' has the desired properties. O

Theorem B.12 Let {1;}i_,, £ < n be actions of RT on R" defined by
Wi (T1,..., &0, ¢5) = (c1jz1, ..., Cnjn),

where ¢;j = 1 or ¢;j = ¢j € RT satisfying (B.3) and (B.4). Then R™ satisfies
(B.2) (i)-(iv).

Proof. (B.2) (i) follows from Lemma B.10, (B.2) (ii) follows from the fact
that p; is a globally subanalytic map for ¢ = 1,...,¢, hence if U is globally
subanalytic p; (U, R") is still globally subanalytic, (iii) and (iv) are trivial.
O
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