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Slant geometry on spacelike submanifolds of codimension
two in Lorentz-Minkowski space

Shyuichi Izumiya and Handan Yildirim

March 29, 2012

Abstract

In this paper, we construct one-parameter families of new extrinsic differential geome-
tries on spacelike submanifolds of codimension two in Lorentz-Minkowski space.

1 Introduction

Analysis of extrinsic differential geometries of the submanifolds in Lorentz-Minkowski space has
great interest in the relativity theory. Consequently, recently, singularity theory techniques have
been used to study extrinsic differential geometries of the submanifolds in the pseudo-spheres
in Lorentz-Minkowski space (see [2], [7]-[11], [13]-[25]).

For this purpose, extrinsic differential geometries of spacelike hypersurfaces in Hyperbolic
space and de Sitter space were given in [16] and [24], respectively. On the other hand, Leg-
endrian dualities between pseudo-spheres in Lorentz-Minkowski space were shown in [8]. As
an application of these Legendrian dualities, an extrinsic differential geometry of spacelike hy-
persurfaces in the lightcone was constructed in [8]. Moreover, these Legendrian dualities were
extended in [12] for one-parameter families depending on a parameter ¢ € [0,7/2] of pseudo-
spheres in Lorentz-Minkowski space. As applications of these extended Legendrian dualities,
one-parameter families depending on ¢ of extrinsic differential geometries on spacelike hyper-
surfaces in Hyperbolic space, de Sitter space and the lightcone were established in [2, 12, 13].
And it was obtained that the results in [16] and [24] and the results in [8] are respectively
special cases of the results in [2] and [13]. We call the geometries depending on the parameter
¢ of spacelike submanifolds in Lorentz-Minkowski space slant geometry.

Here, we explain our original motivation for the study of slant geometry. Recently, the first
author and his collaborators have constructed a new geometry which is called a horospherical
geometry in Hyperbolic space (see [9], [16], [17], [19], [20], [23]). Traditionally, there is another
geometry which is non-Euclidean geometry of Gauss-Bolyai-Lobachevski (i.e., Hyperbolic ge-
ometry) in Hyperbolic space. We explain both of the geometries when the dimension is two
(i.e., Hyperbolic plane). We consider Poincaré disk model D? of Hyperbolic plane which is an
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open unit disk in the (x,y) plane with Riemannian metric : ds* = 4(dz?* + dy?) /(1 — 2? — y*)2.
It is conformally equivalent to Euclidean plane, so that a circle in Poincaré disk is also a circle
in Euclidean plane. A geodesic in Poincaré disk is an Euclidean circle perpendicular to the
ideal boundary (i.e., unit circle). If we adopt geodesics as lines in Poincaré disk, we have the
model of Hyperbolic geometry. We have another class of curves in Poincaré disk which has an
analogous property with lines in Euclidean plane. A horocycle is an Euclidean circle which is
tangent to the ideal boundary. We remark that a line in Fuclidean plane can be considered
as a limit of circles when the radii tends to infinity. A horocycle is also a curve as a limit
of circles when the radii tends to infinity in Poincaré disk. Therefore, horocycles are also an
analogous notion of lines. If we adopt horocycles as lines, what kind of geometry do we obtain?
We say that two horocycles are parallel if they have common tangent point at ideal bound-
ary. Under this definition, the axiom of parallel is satisfied. However, for any two points in
the disk, there are always two horocycles passing through the points, so that the axiom 1 of
Euclidean Geometry is not satisfied. In the case of general dimensions, we call this geometry
a horospherical geometry. However, we have another kind of curves with the properties similar
to those of Euclidean lines. A curve in Poincaré disk is called an equidistant curve if it is a
circle whose intersection with the ideal boundary consists of two points. Generally, the angle
between an equidistant curve and ideal boundary is ¢ € (0, 7/2]. A geodesic is a special case of
the equidistant curves with ¢ = /2. A horocycle is not an equidistant curve, but it is a circle
with ¢ = 0. In [2], one-parameter families depending on ¢ of the extrinsic differential geome-
tries on spacelike hypersurfaces in Hyperbolic space and de Sitter space were investigated. We
call them slant geometry of spacelike hypersurfaces in Hyperbolic space and de Sitter space.
Moreover, slant geometry of spacelike hypersurfaces in the lightcone was considered in [13].

In this paper, we study some local properties of slant geometry on spacelike submanifolds
of codimension two in Lorentz-Minkowski space. Thus, the results which were given in [2], [12]
and [13] are special cases of our results. On the other hand, we generalize some of the results
which were obtained in [10].

2 Basic notions

In this section, we give some basic notions related with Lorentz-Minkowski space. Let R"*! =
{(zo,x1,...,2,) | x; € R, 4 =0,1,...,n} be an (n + 1)-dimensional real vector space. For
any vectors « = (1g,x1,...,%,) and Yy = (Yo, Y1, . .-, Yn) in R"L the pseudo scalar product of
x and y is defined by (x,y) = —zoyo + D, x:y;. The space (R™™,(,)) is called Lorentz-
Minkowski (n + 1)-space and denoted by R/, A vector & € Ryt \ {0} is spacelike, lightlike
or timelike if (x,x) > 0,= 0 or < 0, respectively. The norm of a vector x € R} is defined
by ||z]| = \/[{z,x)], (cf. [27]). Given v € R}™\ {0} and ¢ € R, a hyperplane HP(v,c) with
pseudo normal v is defined as

HP(v,c) = {x e R"™ | (x,v) =c }.

It is said to be spacelike, timelike or lightlike provided v is timelike, spacelike or lightlike,
respectively. In R}t there are three kinds of pseudo-spheres which are called Hyperbolic n-
space with center a and radius r, de Sitter n-space with center a and radius r and the lightcone
with center a and radius 0 and defined by

HH(CL?T) = {$ € R?+1| <$ —a,r— a’> = _TQ}v
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S'(a,r) ={x € R""| (x —a,x — a) = r*}

and
LCq = {x e R (z —a,z — a) = 0},

respectively, where r € R\ {0}. If the center a is 0, then we denote these pseudo-spheres by
Hn(_r2) = {iB € R?+l| <3371,'> = _T2}7

Si(r") = {= e R{"'|(w,a) =1 }

and

LC" ={z e R}" \ {0}|(z,z) =0 },

respectively. Instead of S7(1), we usually write S*. For ¢ € [0,7/2], we call H"(—sin®¢)
(respectively, ST (sin®¢)) ¢-hyperbolic space (respectively, ¢-de Sitter space) (see [2, 12, 13]).
We remark that H"(—sin?0) \ {0} = S7(sin?0) \ {0} = LC*. Throughout our paper, if ¢ = 0,
we will deal with LC*, that is we will not consider the vector 0 € R},

Now, we construct the basic tools for the study of slant geometry on spacelike submani-
folds of codimension two in R?™. We consider the orientation of R}t by the volume form
o ANl A--- A, where {lg,1y,...,1,} is the dual basis of the canonical basis {eg, ey, ..., e,}.
And also we give R7™ a timelike orientation by choosing ey = (1,0, ...,0) as a future timelike
vector field.

Let X : U — R}™! be a spacelike embedding for an open subset U C R*~'. We identify
M with U through the embedding X and write M = X (U). Since X is a spacelike embedding,
for any point p = X (u) € M, the tangent space T,,M of M at p is a spacelike subspace. In this
case, it follows that the normal space N,M is a timelike plane, (see [27]). So, we can choose a
future directed timelike unit normal vector n” (u) € N,M. We say that n” (u) is future directed
if (n”(u),ep) < 0. Now, we define a spacelike unit normal vector n¥(u) € N,M by

nS(u) _ nT(u) A Xy (u) A A Xy (u)
I (u) A Xy (u) Ao A Xy, (w)]]
Here, (nT(u),n”(u)) = —1, (nT(u),n%(u)) = 0 and (n°(u),n°(u)) = 1. We remark that

n? +n" are lightlike and the directions of n” ==n° are independent of the choice of n” (cf.[10]).
We could also choose —mn°(u) as a spacelike unit normal vector with the above properties. But
throughout our paper, we fix the direction of n®(u). Then {n?,n°} is called a future directed
normal frame along M = X (U), [10]. Taking into account these, the lightlike geometry on
spacelike submanifolds of codimension two in Lorentz-Minkowski space was constructed in [10].
This geometry is an extrinsic geometry such that the lightlike vector fields n” +n® play a sim-
ilar role as the Gauss map of a hypersurface in Euclidean space. If we choose n (respectively,
+n7) as the Gauss map, we can construct an extrinsic geometry according to n? (respectively,
+n®) which is analogous to Euclidean case [26]. In this paper, we construct one-parameter
families of extrinsic geometries between the lightlike geometry depending on n” + n® and the
geometry according to n® (respectively, nT).

Since { X, (u), ..., X, ,(u)} is a basis of T,M, {n”(u),n®(u), X, (v),..., X, ,(u)} is
a basis of TR},



3 Spacelike slant geometry on spacelike submanifolds of
codimension two

In this section, we construct spacelike slant geometry on spacelike submanifolds of codimension
two in Lorentz-Minkowski space.

Let take cos ¢pn’ (u) £ n(u) € SP(sin® ¢) for ¢ € [0,7/2]. For ¢ € (0,7/2] (respectively,
¢ =0), cospnT (u) & n°(u) (respectively, n” (u) &= n(u)) are spacelike (respectively, lightlike)
normal vectors, where u € U. We choose cos ¢pn’ + n® (respectively, n” + n”) as a spacelike
(respectively, lightlike) normal vector field along M for ¢ € (0,7/2] (respectively, ¢ = 0). We
call cos pn” + n® ¢-de Sitter Gauss map of M.

At each point p = X (u) € M, we consider the following linear mapping
dy(cospn” +n®) : T,M — T,Ry* = T,M & N,M
and the following orthogonal projections
' T,M & N,M — T,M, 7" : T,M & N,M — N,M.

We define
dy(cos pn’ +n®)" = 7" o d,(cos pn” + n”)

and
dy(cos pn” + n®)" = 7" o d,(cos pn’ + n”).

The linear transformations S¢¢](n”,n®)(p) = —d,(cos¢n’ + n®)" and d,(cos pn’ + n)"
of T,M are called respectively ¢-de Sitter (n”,n®)-shape operator and ¢-de Sitter normal
connection of M at p. Moreover, unit normal vector field n” is said to be parallel at p if

dpy(nT)" = 7" o d,(nT) = 0. Furthermore, n” is called parallel if it is parallel at all points of
M.

The eigen values which are denoted by x¢[¢](n?,n®) (p) (i = 1,...,n — 1) of S¢¢](n', n°)(p)
are called ¢-de Sitter principal curvatures according to (n?,n” ) at p. And also ¢-de Sitter
Gauss-Kronecker curvature with respect to (n?,n®) at p is defined as

K¢)(n",n”) (p) = det S“[¢](n", n)(p).

A point p is called ¢-de Sitter (n”, n®)-umbilic it S4[¢](n”,n%)(p) = r%[¢](n”, n®) (p) idr, M
for a function k[¢]. M is called totally ¢-de Sitter (n”,nS)-umbilic if all points of M are
¢-de Sitter (nT,n%)-umbilic. Moreover, a point p is called ¢-de Sitter (n,n®)-parabolic if
K¢](nT,n%) (p) = 0. Furthermore, p is called ¢-de Sitter (n®,n®)-flat if it is ¢-de Sitter
(nT, n%)-umbilic and K9[¢](n” ,ns)( ) = 0.

Since X is a spacelike embedding, the induced Riemannian metric (the first fundamental

form) on M is given by ds? Z gijdu;du;, where g;; (u <Xu1 Xu](u)> for any u € U.
i,j=1
Moreover, ¢-de Sitter second fundamental invariant with respect to (n”,n®) is defined by

h[¢li;(nT,n%) (u) = (—(cos gn” + n),, (u), X, (u)) for any u € U.
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Proposition 3.1 Under the above notations, we have the following:
n—1 .
(1) (cosgpn” +n%) = (nl n%) (n" +cos¢n®) — 3 hig]!(n",n") X, (¢-de Sitter Wein-
K3 j:l
garten formula),

(2) o (cos pn® + n),, = — nill hgl (n",n%) X,
Here, (hd[qb]g(nT,nS)) = (h[¢]u(n”,n%)) (¢*7) and (¢*7) = (gkj)_l.

) n—1
Proof. There exist real numbers A, u, I} such that (cos gn” +n%),, = An” +un®+ 3 IV X, .
j=1
From the equations (n”,n”) = —1 and (n®,n®) = 1, it follows that (n! ,n”) = 0 and
(n3 ,m®) =0, respectively. On the other hand, we have (n”,n%) = (n”, X,,) = (n% X,,) =

0. Therefore, we obtain A = — <n§z, nT> and p = cos ¢ <nfz, n® > Moreover, it is found from

the equation (n”, n®) = 0 that (n; ,n”) = — (nl,n”). Furthermore, (An” + n® X, ) =0
and so

n—1 n—1
) = ST (X X o) = 3 T
a=1 a=1
Thus, we get
. n—l n—1n-1 A
—hgll (n”,nS) = = 3 hglis(n” n%)g% = 33 Tegasg™ =TI,
p=1 B=1 a=1

This completes the proof of the formula (1). The formula (2) follows from the formula (1). O

We remark that this proposition is a generalization of Proposition 3.2 in [10]. Moreover, as
a corollary of this proposition, we have the following explicit expression of ¢-de Sitter Gauss-
Kronecker curvature with respect to (n?, ) by means of Riemannian metric and ¢-de Sitter
second fundamental invariant.

Corollary 3.2 Under the same notations as in the above proposition, ¢-de Sitter Gauss-
Kronecker curvature with respect to (n™,n®) is given by

Kol m?) = S ))

Proof. In terms of the formula (2) in the previous proposition, the representation matrix of
¢-de Sitter shape operator with respect to the basis {Xul, ey XU,H} is (hd[gb]f(nT, nS)). It is
clear from this fact that

Kd[¢] (nTa nS) = det Sd[¢] (nTa nS) = det (hd[(b]g(nT’ nS))

= et (Wdhs(n” ) (57)) = (hdﬁ?;;)m )

O

Since (—(cos gn” +n%)(u), X, (u)) = 0, we obtain that h*[¢];;(n”, n%)(u) = ((cos pn” +
n®)(u), Xy, (u)). Hence, ¢-de Sitter second fundamental invariant at a point p = X (u) € M
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depends only on the values cos ¢gn (u) +n°(u) and X, (u) of the vector fields cos pn’ +n®
and X . And also ¢-de Sitter Gauss-Kronecker curvature with respect to (n,n®) at p
depends only on the vectors cos gn’ (u) + n®(u), X, (u) and X ., (u).

Now, we define a ¢-de Sitter height function on M = X (U) by

H : UxSp(sin®¢) — R
(u,v) — (X (u),v).

Besides, we denote the Hessian matrix of ¢-de Sitter height function h$, (u) = HY (u,vo) at
ug by Hess (hg ) (uo).

Proposition 3.3 Let H} : UxS7(sin” ¢) — R be a ¢-de Sitter height function on M = X (U).
Then we have the following:
(1) OHG/Oui(ug,ve) = 0 (i =1,...,n —1) if and only if vo = I (ug) + pn®(ug) such that
—\2 4 p? = sin? ¢.

Assume that py = X (ug) and v = (cos pn’ + n)(uy).
(2) po is a ¢-de Sitter (n”,n)-parabolic point if and only if det Hess (h . ) (ug) = 0.
(3) po is a ¢-de Sitter (n”,n)-flat point if and only if rank Hess (h ,, ) (ug) = 0.

Proof. (1) As {n" (ug),n%(uo), X u, (u0), - - -, Xu,_, (o)} is a basis of T,,, R} for py = X (uy),
there exist real numbers A, u, & (j =1,..,n—1) such that vo = In”(ug) + un’(uy) +

n—-1 n—1
> & X, (ug). Since aHg/(?ui(uo,vo) = (X, (up), vo), we deduce that (X, (up), vo) = Y &;9:;(uo).
=1 =1

As g;; is positive definite, it is obvious that {; = 0 (j = 1,...,n —1). Moreover, since vg €
S1(sin? @), it follows that —\2 + p? = sin? ¢. Thus, the proof of the first assertion is completed.
(2) From the definition, we have hS , (uo) = (X (ug) ,vo). Using this equation and Proposition
3.1, we obtain

9?hg
8ui8uj

<u0) = <Xuluj (u0>7 U0>

- — <Xu¢ (uo), (cos gn” + ns)uj (U0)>

= <Xuz-(uo)a _ hd[ﬁb]?(nT(Uo),ns(uo))Xuk(Uo)>

= h%[¢]i;(n" (uo), n®(uo)).

This means that Hess (k4 ) (uo) = (h%[¢];;(n” (uo),n" (uo))). Consequently, we have

?,v0

arre sy det (6l (n” () n¥(uo))  det Hess (ki ) (uo)
Ke[él(n" (uo), 1" (uo)) = det ((gas) (u0)) = et (gap) (u0))

So, the second assertion follows from these formulas.

(3) By means of ¢-de Sitter Weingarten formula, py = X (ug) is a ¢-de Sitter (n?, n®) umbilic
point if and only if there exists an orthogonal matrix A such that A" (h4[¢]%(n” (uo), n%(uo))) A =
k@] (ug)I. Therefore, we get

(R[017 (" (uo), n*(u0))) = Ar[¢](uo) A" = £'[0])(uo) 1,
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so that

Hess (h,,) (uo) = (Al (" (ug), n%(uo)))
= (W (" (o). 5 (u0))) (o) ()
= w&1¢)(uo) ((935) (o))
Thus, py is a ¢-de Sitter (n?, n®)-flat point (i.e., k%[¢](uo) = 0) if and only if
rank Hess (h . ) (ug) = 0. O

Theorem 3.4 For a spacelike embedding X : U — R} where U is an open subset of R"!,
the following conditions are equivalent:

(1) M = X (U) is totally ¢-de Sitter flat, where n' is a parallel vector field.

(2) ¢-de Sitter Gauss map cos pn’ +n® is constant, where n” is a parallel vector field.

(3) There exists a vector v € SH(sin®¢) such that M is a subset of a timelike (respectively,
lightlike) hyperplane HP(v,c) for ¢ € (0,7/2] (respectively, ¢ =0).

Proof. Suppose that M = X (U) is totally ¢-de Sitter flat. In this case, h%[¢]! (n”, n%)(u) = 0
(i,j = 1,....,n — 1) at any point u € U for any future directed normal frame {n”, n°} along M.
As a result, from Proposition 3.1 (1), it is clear that

(cosgn™ + ns)ui (u) = (n. (u),n"(w)) (n" + cos ¢n®)(u).

Moreover, as n' is a parallel vector field, it follows that (cos on’ +n’ )u (u) = 0. This means

that ¢-de Sitter Gauss map cos ¢n’ + n® is constant. Thus, condition (1) implies condition
(2). By Proposition 3.1, condition (2) implies condition (1).

Now, we assume that ¢-de Sitter Gauss map cos ¢on’ + n® is constant. Then we write
(cos pnT +n)(u) = v and consider the following function

F :U — R
u — (X (u),v).

Hence, we have
OF/Ou;(u) = (X, (w), (cos gn” +n”)(u)) =0

for (i =1,...,n—1). Consequently, F(u) = (X (u),v) is constant. If we denote it by ¢, since
v € SP(sin® ), M is a subset of a timelike (respectively, lightlike) hyperplane HP(v,c) for
¢ € (0,7/2] (respectively, ¢ = 0). This completes the proof that condition (2) implies condition
(3). Now, we suppose that M is a subset of a timelike (respectively, lightlike) hyperplane
HP(v,c) for ¢ € (0,7/2] (respectively, ¢ = 0), where v € SP'(sin®®). So, we can write
(X (u),v) = cfor any u € U. As (X, (u),v) = 0, from Proposition 3.3 (1), it follows that
v = InT(u) + un(u) such that —\? + % = sin® ¢. Since the vector v doesn’t depend on the
choices of A and p, we can take A = cos ¢ and p = 1. This means that (Cos pnt + ns)ui (u) = 0.

Therefore, we obtain 0 = <(Cos ¢on’ +nf) (u),nT(u)> = (n (u),n"(u)). On the other

hand, we have (nl (u),n”(u)) = 0 and (nl (u),n%(u)) = — (n”(u),nf (u)). As a result, n”

is a parallel vector field. Thus, we prove that condition (3) implies condition (2). O



Theorem 3.5 Suppose that M = X (U) is non-flat totally umbilical, n™ is a parallel vector
field and ¢ € [0,7/2] is fired. Then k[¢](n”,n®)(p) is non-zero constant x%[¢] and M is

located in ST (a,r), where a = Iid;mc and r — |%|

Proof. From the definition, we get S¢¢](nT,n)(X,,) = —d(cos pnT + n®){(X,,). Since nT
is a parallel vector field, from ¢-de Sitter Weingarten formula, we deduce that

n—1
(cos on? + ns>u¢ = — Z hd[¢]?(nT7 nS>XUj'
j=1

Hence, we can write that
$g)(n”, n®)(X.,) = —(cos¢n’ +n%),, = r[¢] X,
for (i =1,...,n —1). Consequently, it follows that
—(cos pn” + 1)y, = (K0])u, Xuy + £40) X uyu, -
On the other hand, we have
Sel(n”, ns)(Xuj) = —(cospn’ + ns)uj = Hd[¢]Xuj
for (j =1,...,n — 1). Therefore, we get
~(cos gn” + 1)y, = (1610, X, + K01 X 0
As (cos on” +n),,., = (coson’ +n®), ., and £%[¢] X 0, = K] X ,u,, We obtain
(5[], X s = (K[0])u, X u;-
Since {X wrs ey X un_l} is linearly independent, x%[¢] is constant. Moreover, from the equation

d(cos pn® +n®) = —k4[¢]d X, it is obvious that d(cos pn’ + n® + k¥[¢] X ) = 0. So, there is a
constant vector ¢ such that

c = cos ¢pn” (u) + n(u) + &P X (u).

From this equation, we have

1 1
X (u) — /{d[¢]c = ~ 0] (cos pn™ (1) + n®(u))
Hence, it is found that
1 1 in® ¢
(%60~ e X0 = ) = e
This completes the proof. O

Remark 3.6 We remark that if ¢ = 0 in the above theorem, then M is located in LC,.



4 Spacelike slant geometry from the viewpoint of La-
grangian singularity theory

In this section, we interpret the results of Proposition 3.3 from the viewpoint of Lagrangian
singularity theory. We consider the relation between the contact of submanifolds with foliations
and the R*-classification of functions. Let X; (i = 1,2) be submanifolds of R” with dim X; =
dim Xy and let ¢; : (X;,7Z;) — (R", ;) be immersion germs and f; : (R",7;) — (R,0) be
submersion germs. For a submersion germ f : (R”,0) — (R, 0), we define the regular foliation
Fr by Fr={f"c)|c € (R,0)}. We say that the contact of Xy with Fy, at g is of the same
type as the contact of Xy with Fy, at g if there is a diffeomorphism germ @ : (R", 1) — (R", 92)
such that ®(X;) = X, and ®(Y;(c)) = Ya(c), where Yj(c) = f; ! (c) for each ¢ € (R,0). In this
case, we write K (Xq, Fp;01) = K(Xa, Fpp;92). It is clear that in the definition, R™ could be
replaced by any manifold. We apply Goryunov’s method [6] for Rt-equivalences of function
germs.

Proposition 4.1 ([6]) Let X; (i = 1,2) be submanifolds of R™ with dim X; = dim Xs =n — 1
(i.e., hypersurfaces), g; = (X;,z;) = (R",y;) be immersion germs and f; : (R",y;) — (R,0)
be submersion germs. Then K(Xi,Fp ;1) = K(Xa, Fpp;92) if and only if fr o g1 and fr o go
are R*-equivalent (i.e., there exists a diffeomorphism germ ¢ : (X1,%1) — (X2, Z2) such that

(f2092)0¢:f1091)-

Now, we denote the set of function germs (X,0) — R by C§°(X). Let Jy be the Jacobian
ideal in C3°(X) (ie., Jr = (9f/0x1,...,0f/0Tn)cee(x)). Let Ri(f) = Cg°(X)/Jf and f be
the image of f in this local ring. Here, J]’f denotes the kth power of the Jacobian ideal Jy.
We say that f satisfies the Milnor condition if dimgR,(f) < oo (cf.[5]). Thus, we have the
following algebraic characterization which was given by Golubitsky and Guillemin in [5] for the
Rt-equivalence of function germs.

Proposition 4.2 ([5]) Let f and g be germs of functions at 0 in X satisfying the Milnor
condition with df (0) = dg(0) = 0. Then f and g are RT-equivalent if and only if
(1) The ranks and signatures of Hess(f)(0) and Hess(g)(0) are equal.

(2) There is an isomorphism v : Ra(f) = Ra(g) such that v(f) = g.

Now, we consider a function

d . +1
hqb,vo . RY — R
€T ; <iB, 'UO>,

where vg = An” (ug) +pn® (ug) such that —A?+p* = sin® ¢. In this case, we have h? , o X (u) =
H{(u,vo). Therefore, from Proposition 3.3, we get

d d

Mo X\ OH

= (UQ,'UQ) =0

8Ui (Uo 8u,

for (i = 1,...,n—1). This means that for ¢ € (0,7 /2] (respectively, » = 0), the timelike (respec-
tively, lightlike) hyperplane bdvvo_l(c) = HP(vy,c) is tangent to M = X (U) at py = X (up),



where ¢ = (X (ug),vo). So, we call HP(vg,c) a tangent timelike (respectively, lightlike) hy-
perplane with the pseudo-normal v for ¢ € (0, 7/2] (respectively, ¢ = 0). As we have space-
like (respectively, lightlike) directions cos ¢n” (u) + n(u) (respectively, n” (u) + n°(u)) and
cos pn” (u) — n(u) (respectively, n”(u) — n°(u)) in the normal plane, we have two tangent
timelike (respectively, lightlike) hyperplanes at the point py depending on the direction of v,
for ¢ € (0,7/2] (respectively, ¢ = 0). Here, we choose only one of them. Let € be a sufficiently
small positive real number. For any t € I. = (¢ — €,¢ + €), we have a timelike (respectively,
lightlike) hyperplane H P(vg,t) = hgmo_l(t). In this case, ]-'h%% is a family of parallel time-
like (respectively, lightlike) hyperplanes around py such that b?ﬁ’vofl(c) is the tangent timelike
(respectively, lightlike) hyperplane of M at py. Let X, : (U,u;) — (RY™, X(w;)) (i = 1,2)
be spacelike embedding germs with codimension two. Then we have h;, (u) = bs, o X;(u).

Hence, we obtain the following proposition as a corollary of Proposition 4.1 and Proposition
4.2.

Proposition 4.3 Let X; : (U,u;) — (RY™, X,(u;)) (i = 1,2) be spacelike embedding germs of
codimension two such that h?ﬁi/l’i satisfy the Milnor condition, where v; = cos pn’ (U;) + ns(ﬂz)
(respectively, v; = n'(4;) + n°(4;)) are pseudo-normals of the tangent timelike (respectively,
lightlike) hyperplanes of X; for ¢ € (0,7/2] (respectively, ¢ = 0). Then the following conditions
are equivalent:

(1) K(X1<U)’}—bi,vl5X1(a1)) = K(XQ(U),fhg’UQ;XQ(az)).

(2) 41, and his., are R*-equivalent.

3) (a) The ranks and signatures of Hess hey o) (1) and Hess(hly ) (o) are equal.
¢l,v1 2,02
(b) There is an isomorphism 7 : Ra(h$1,6,) = Ra(h2.v,) such that ’Y(Esz) = (Eig,m).

Now, we can interpret the meaning of the above proposition from the viewpoint of La-
grangian singularity theory. We consider v = (vg, vy, ..., v,) € S7(sin®¢) \ {0}. Then we have
(v1,...,0,) # (0,...,0). Without the loss of generality, we assume that v; > 0. We choose the
local coordinate neighbourhood system (V!, U, ¢), where

V!={veSisin®¢) | vy >0}, U ={(z1,...,2,) ER" | 23 —Zm?—f—sin%ﬁ >0}
=2
and ¢ : V! — U" is induced by the canonical projection.

Proposition 4.4 The ¢-de Sitter height function Hg U x S7(sin? ¢) — R is a Morse family
of hypersurfaces.

Proof. We consider the local coordinate neighborhood Vj. For any v = (vg,v1,...,0,) € Vj,

it is obvious that v; = \/ v3 — >, v+ sin® ¢, so that

H(u,v) = —xo(u)vy + 21 (u) | v — Z v2 4 sin® ¢ + To(u)vg + - -+ + 2, (U) Uy,
i=2
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where X (u) = (2o(u), ..., zn(u)). We define a mapping AHY = (9HY/Ous, ..., 0HY/Ou,_1).
We have to prove that AH{ is non-singular at any point in (AH$)~'(0). If (u,v) € AHg_l(O),
then from Proposition 3.3, we have v = An” (u) + un®(u) such that —\? + p? = sin® . On the
other hand, the Jacobian matrix of AHY at (u,v) € AHg_l(O) is given as follows:

(X () v) o (Xuyu,_, (u),v)
<Xun71u1 <u>7v> T <XU7L71U7L71(,U’)7/U>
where
0 v Up
—Tou, (u) + _Oxlm (u) __Qxlul (u) + Tau, (u) T — =1y (W) + Ty, ()
A U1 U1 U1
g () + T (1) = () T (W) —wn, (0) + T, (1)
'Ul Ul ,01
Now, we consider the following matrix
=g (w) + - nf (u) OB () B { DR
g () + o (0)  — g () Ea (0) e =, () + T, (0)
B = U1 U1 U1
() + () =, () T () =, () + T, (1)
/Ul 'Ul Ul
and use the following notations
ng (u) ni (u) ny, (u)
Tou, (U L1y (U Loy (U
. o.() by — 1_() b= '()
Tou,_, (1) T1u,_, (1) Ty (U)
Then we get
Vo (%1 Un
det B= —det(b; ... b,) — —det(a by ...b,)—---— —det(b; ... b,_1 a).
On the other hand, we have
n? (WAX (WA -AX,, , (u) = (=det (by ... b,), —det (aby ...by,),...,—det (by ... b,_1 a)).

Consequently, we obtain

det B = <<@U—”) ;nt(u) A Xy, (u) /\---/\Xunl(u)>

U1 U1

— Uil<(vo, ) (WA X (W) A A X, (0)

— Ull <)\nT(u) + /A2 +sin? ¢on® (u), n” (u) A Xy, (W) A--- A Xunl(U)>

L VXSO ) (1) A Ko () A A Ko (1))

U1

VNSO N X () A A X ] £0.

U1
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As a result, the rank of the matrix A is n — 1.

If we adopt the other local coordinates, we get the similar calculations to the above. This
completes the proof. O

Now, taking into account the method of constructing a Lagrangian immersion germ from a
Morse family of functions (see [1] for the details), we can give the following corollary:

Corollary 4.5 There exists a Lagrangian immersion L(H}) : C(HY) — T*Sp(sin® ¢) such
that ¢-de Sitter height function Hg U x SP(sin? ) — R of M = X (U) is a generating family
of L(HY).

Here, C(HY) = (AHY)7'(0) = {An" (u) + pn®(u)| — N> 4 p? = sin’¢}.

Thus, it follows that Lagrangian map of L(HY) is ¢-de Sitter Gauss map of M = X (U).
We call L(HY) Lagrangian lift of ¢-de Sitter Gauss map of M. Using this, we can interpret
Proposition 4.3 from the viewpoint of Lagrangian singularity theory.

Theorem 4.6 Let X, : (U u;) — (Ry, X,(@;)) (i = 1,2) be spacelike embedding germs of
codimension two such that Lagrangian lift germs L(HY;) - (C(HYs), (;,v;)) = (T*S7(sin® ¢), ;)
of ¢-de Sitter Gauss map germs (cos ¢pn® +n®); are Lagrangian stable, where v; = (cos ¢n’ +
n®);(u;). Then the following conditions are equivalent:

(1) K(X0(U), Fyg s Xa(w)) = K(X2(U), Fyg 5 Xo(t2)).

(2) h‘élﬂ,l and higmz are Rt -equivalent.

(3) Hgl and Hz2 are stably P-R*-equivalent.

(4) E(Hzl) and ,C(Hgg) are Lagrangian equivalent.

(5) (a) The ranks and signatures of Hess(hil,m)(al) and Hess(hig,vz)(ﬁg) are equal.

(b) There is an isomorphism = : Rg(hilml) — Rg(higm) such that V(Eilm) = (Eigm).

Proof. Since the germs E(Hgi) are Lagrangian stable, the generating families H9; are R*-versal
unfoldings of h¢,,, for (i = 1,2), respectively, (cf. Appendix). As a result, it is obtained that
hfém (i = 1,2) satisfy the Milnor condition, [1,3]. It is given in Proposition 4.3 that conditions
(1) and (2) are equivalent. Moreover, from Theorem A.1, the condition (3) is equivalent to the
condition (4). Furthermore, in terms of Corollary A.2, the condition (2) is equivalent to the
condition (4). If we use Proposition 4.3, it follows that the condition (2) is equivalent to the
condition (5). O

5 Timelike slant geometry on spacelike submanifolds of
codimension two
In this section, we construct timelike slant geometry on spacelike submanifolds of codimension

two in Lorentz-Minkowski space. Since most of the proofs are similar to those of the section 3,
we omit them.
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Let take n”'(u) £ cos gn®(u) € H"(—sin? ¢) for ¢ € [0,7/2]. For ¢ € (0,7/2] (respectively,
¢ = 0), nT(u) & cos pn®(u) (respectively, n”(u) £ n°(u)) are timelike (respectively, lightlike)
normal vectors, where u € U. We choose n” + cos ¢n® (respectively, n” + n®) as a timelike
(respectively, lightlike) normal vector field along M for ¢ € (0,7/2] (respectively, ¢ = 0). We
call n” + cos pn® ¢-hyperbolic Gauss map of M.

At each point p = X (u) € M, we consider the following linear mapping

dy(n" + cos pn®) : T,M — T,RY™ = T,M & N, M.

We define
dy(n” + cos pn®)" = 7' o d,(n” + cos pn®)
and
dy(n” + cos pn®)" = 7" o d,(n” + cos pn”).
The linear transformations S"(¢](n”, n”)(p) = —d,(n” + cos ¢n°)" and d,(n” + cos pn®)" of

T,M are called respectively ¢- hyperbolzc (nT, nS )-shape operator and ¢-hyperbolic normal con-
nection of M at p.

The eigen values which are denoted by [¢](nT,n®) (p) (i = 1,...,n — 1) of S"[¢](nT, n%)(p)

are called ¢-hyperbolic principal curvatures according to (n?,n ) at p. And also ¢-hyperbolic

Gauss-Kronecker curvature with respect to (n?,n®) at p is defined as
K"[¢)(n",n%) (p) = det S"[¢](n",n")(p).

A point p is called ¢-hyperbolic (n”', n®)-umbilic if S"[¢](n”,n®)(p) = K"[¢](n”, n®) (p) idr, m
for a function x"[¢]. M is called totally ¢-hyperbolic (n™,n%)-umbilic if all points of M are
¢-hyperbolic (n”, n®)-umbilic. Moreover, a point p is called ¢-hyperbolic (n”, n®)-parabolic if
K"¢l(nT,n®) (p) = 0. Furthermore, p is called ¢-hyperbolic (nT,n®)-flat if it is ¢-hyperbolic
(nT, n%)-umbilic and K"[¢](nT,n") (p) = 0.

On the other hand, ¢-hyperbolic second fundamental invariant with respect to (n,n®) is
defined by h"[¢];;(n”, n%) (u) = (—(n” + cos gn®),, (u), X, (uv)) for any u € U.
Proposition 5.1 Under the above notations, we hcwe the following:
(1) (n” + cos qﬁns)ui = (nl ,n%) (cospn” +n®) — Z Wl (nT, n%) X, (¢-hyperbolic Wein-
garten formula),
(2) 7t o (nT + cos pn®),, = — Til W)l (nT,n%)X,,.

Here, (h"[g]}(n", n")) = (hh[fb] (n”,n%)) (¢") and (97) = (gx;) "

We remark that this proposition is a generalization of Proposition 3.2 in [10]. Moreover, as
a corollary of this proposition, we have the following explicit expression of ¢-hyperbolic Gauss-
Kronecker curvature with respect to (n?, n) by means of Riemannian metric and ¢-hyperbolic
second fundamental invariant.
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Corollary 5.2 Under the same notations as in the above proposition, ¢-hyperbolic Gauss-
Kronecker curvature with respect to (n™,n®) is given by

K"gl(n", n%) = det (hdﬁ]?;;)’n ),

As (—(nT+cos %) (u), X, (u)) = 0, we get A (] (nT, %) (u) = (nT-+c0s 6n) (u), Xy, (1),
Hence, ¢-hyperbolic second fundamental invariant at a point p = X (u) depends only on the
values n” (u) + cos ¢n”(u) and X, (u) of the vector fields n” + cos¢n® and X,,,,. And
also ¢-hyperbolic Gauss-Kronecker curvature with respect to (n”,n%) at p depends only on
the vectors n” (u) + cos ¢n(u), X, (u) and X, (u).

Now, we define a ¢-hyperbolic height function on M = X (U) by

HY + UxH"(—sin’¢) — I(R
(u,v) — (X (u),v).

Besides, we denote Hessian matrix of ¢-hyperbolic height function A}, (u) = H} (u,vo) at ug
by Hess (h% ) (uo).

Proposition 5.3 Let Héf : U x H"(—sin? ) — R be a ¢-hyperbolic height function on M =
X (U). Then, we have the following:
(1) 0H} /Oui(ug,vo) = 0 (i=1,...,n — 1) if and only if vo = M (ug) + pn(ug) such that
—A2 4 p? = —sin® ¢.

Suppose that py = X (up) and veg = (nT + cos pn®)(ug).
(2) po is a ¢-hyperbolic (n™',n>)-parabolic point if and only if det Hess (h?ﬁ,vo) (up) = 0.
(3) po is a ¢-hyperbolic (n™,n®)-flat point if and only if rank Hess (h% ) (u) = 0.

Theorem 5.4 For a spacelike embedding X : U — R} where U is an open subset of R"7!,
the following conditions are equivalent:

(1) M = X (U) is totally ¢-hyperbolic flat, where n' is a parallel vector field.

(2) ¢-hyperbolic Gauss map n' + cos ¢n® is constant, where n' is a parallel vector field.

(3) There exists a vector v € H™(—sin? ¢) such that M is a subset of a spacelike (respectively,
lightlike) hyperplane HP(v,c) for ¢ € (0,7/2] (respectively, ¢ =0).

Theorem 5.5 Assume that M = X (U) is non-flat totally umbilical, n' is a parallel vector

field and ¢ € [0,7/2] is fired. Then x"[¢](n",n)(p) is non-zero constant r"[¢] and M is
located in H™(a,r), where a = #Mc and r = |:}Ln[;5] .

Remark 5.6 We remark that if =0 in the above theorem, then M is located in LC,.

6 Timelike slant geometry from the viewpoint of La-
grangian singularity theory

In this section, we interpret the results of Proposition 5.3 from the viewpoint of Lagrangian
singularity theory. We consider a function

b, : RITT — R
x — (x, v),
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where vo = AnT (ug) + pun®(ug) such that —\? + 2 = —sin?¢. In this case, we can write
b’ o, © X (u) = H)(u,v,). From Proposition 5.3, we obtain

bl ,, 0 X OH)
ou; (uo) = ou;

(UO, ’Uo) = 0

for (i = 1,...,n — 1). This means that for ¢ € (0,7/2] (respectively, ¢ = 0), spacelike
(respectively, lightlike) hyperplane hgyvofl(c) = HP(vg,c) is tangent to M = X (U) at py =
X (ug), where ¢ = (X (ug),vo). Hence, we call HP(vg,c) a tangent spacelike (respectively,
lightlike) hyperplane with the pseudo-normal vg for ¢ € (0, 7/2] (respectively, ¢ = 0). Since we
have timelike (respectively, lightlike) directions n” (u)+cos ¢n®(u) (respectively, n” (u)+n”(u))
and n” (u) — cos pn®(u) (respectively, n” (u) —n®(u)) in the normal plane, we have two tangent
spacelike (respectively, lightlike) hyperplanes at the point py depending on the direction of vy
for ¢ € (0,7/2] (respectively, » = 0). Here, we choose only one of them. Let € be a sufficiently
small positive real number. For any ¢t € I. = (¢ — ¢,¢ + €), we have a spacelike (respectively,
lightlike) hyperplane H P(vy,t) = hgmo_l(t). In this case, .th v is a family of parallel spacelike
(respectively, lightlike) hyperplanes around py such that hgjvo_l(c) is the tangent spacelike
(respectively, lightlike) hyperplane of M at py. Let X, : (U ;) — (RYT Xi(w,)) (i = 1,2)
be spacelike embedding germs with codimension two. Then we have hl; ., (u) = bl , o X;(u).

Therefore, we get the following proposition as a corollary of Proposition 4.1 and Proposition
4.2.

Proposition 6.1 Let X, : (U,u;) — (R} X () (i = 1,2) be spacelike embedding germs of
codimension two such that hl}; ., satisfy the Milnor condition, where v; = n' (u;) + cos ¢n®(u;)
(respectively, v; = nT (u;) + n(4;)) are pseudo-normals of the tangent spacelike (respectively,
lightlike) hyperplanes of X; for ¢ € (0,7/2] (respectively, ¢ = 0). Then the following conditions
are equivalent:

(1) K(Xl(U%}—hf;,vl?Xl(al)) = K(XQ(U),.F%%;XZ(@Q)).
(2) hliw, and hls., are RY-equivalent.
(3) (a) The ranks and signatures of Hess(hl}1.,) (1) and Hess(hls,)(t2) are equal,
(b) There is an isomorphism -y : Rg(hglﬂ,l) — Rg(hggm) such that v(ﬁzl,m) = (E(};Qﬂ,?).

Now, we can interpret the meaning of the above proposition from the viewpoint of La-
grangian singularity. We consider v = (vg, vy, ...,v,) € H"(—sin?¢) \ {0}. Without the loss
of generality, we assume that vy > 0. Thus, we adopt the coordinate system (v, ..., v,).

Proposition 6.2 The ¢-hyperbolic height function H(;‘ : U x H"(—sin” ¢) — R is a Morse
family of hypersurfaces.

Proof. For any v = (vg,v1,...,v,) € H"(—sin?¢) \ {0}, we have vy = \/ZLI v? + sin? @, so
that

HY (u,w) = —ao(u) | S 02 4+ sin 6+ 21 (o + -+ + 20 (w0,
=1
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where X (u) = (zo(u),...,zn(u)). We define a mapping AH}} = (9H) /Ouy, ..., 0H)/Ou,_1).
We have to prove that AH} is non-singular at any point in (AH})~(0). If (u,v) € AHg_l(O),
then from Proposition 5.3, we have v = An” (u) + un®(u) such that —\? + %2 = —sin®¢. On
the other hand, the Jacobian matrix of AH)} at (u,v) € AH(;L_I(O) is given as follows:

( Xy (W), v) o (Xuyu, (1), v)
<Xun71u1 <u>7 ’U> e <XU7L71U7L71 (u)7 U)
where
v v Up
__lxoul (u) + L1y (u) __onm (u) + Tou, (u) e ——ZLouy (u) + Tnuy (u>
A Vo Vo Vo
gy () + Ty (1) = (1) T (1) e =g, (1) + T, (1)
Vg (o Vo
Now, we take into account the following matrix
V1 V2 Un
RO R OO BT S ORR A ()
oo W)+ () = () () =g () 4 T, (1)
B = Vo Vo Vo
= (W) Ty () = (1) F T (1) =g, (1) + T, (1)
Vo Vo Vo
and use the following notations
ng (u) ny (u) ny (u)
Tou, (U 1y, (U Ty (U
. o.() by — 1.() b= '()
Tou, () T1u, (1) ()
Therefore, we obtain
Vo (%1 Un
det B= —det(b; ... b,) — —det(a by ...b,) —---— —det(b; ... b,_1 a).
Vo Vo Vo
On the other hand, we have
nS(u)AX , (WA -AX,,  (u) = (=det (b, ... b,),—det(aby ...b,),...,—det(b; ... b,_; a)).
Consequently, we get
det B = <(@, ,U—"),ns(u)/\Xul(u)/\ /\Xunl(u)>
Vo Vo
1
— U—<(v0, ), () A Xy (u) A A Xy, (w))
0
1
= (s o () ) 0) A Ko (1) A X 1)
Vo
u? +sin? ¢
= = ” (n' (w), [|n®(u) A X oy (w) A== A X, (w) [0 (1))
u? +sin? ¢
= ¥ ” [ () A Xy () A+ A Xy, (w)]] # 0.



So, the rank of the matrix A is n — 1. This completes the proof. O

Now, by means of the method of constructing a Lagrangian immersion germ from a Morse
family of functions (see [1] for the details), we can give the following corollary:

Corollary 6.3 There exists a Lagrangian immersion L(H}) : C(H)) — T*H"(—sin” ¢) such
that ¢-hyperbolic height function H(Z U x H*(—sin?¢) — R of M = X (U) is a generating
family of L(H}).

Here, C(H}) = (AH})™'(0) = {An" (u) + pn®(u)| — N> 4+ p? = —sin’¢}.

Thus, it follows that Lagrangian map of L£(H, (Z) is ¢-hyperbolic Gauss map of M = X (U).
We call L(H (;‘) Lagrangian lift of ¢-hyperbolic Gauss map of M. By using this terminology, we
can interpret Proposition 6.1 from the viewpoint of Lagrangian singularity theory.

Theorem 6.4 Let X, : (U u;) — (Ry, X,(@;)) (i = 1,2) be spacelike embedding germs of
codimension two such that Lagrangian lift germs L(H};) - (C(HL), (45, v;)) = (T*H"(—sin® ¢), %)
of ¢-hyperbolic Gauss map germs (nT + cos ¢n®); are Lagrangian stable, where v; = (n? +
cos pn®);(u;). Then the following conditions are equivalent:

(1) K(X1<U), th,vl ; Xl(l_tl)) = K(XQ(U), fhg,’% X XQ(I_LQ))
(2) hglﬂ,l and hggm are R*-equivalent.

(3) Hgl and H(’;g are stably P-R*-equivalent.

(4)

()

5

E(Hf;l) and £<H£2) are Lagrangian equivalent.
(a) The ranks and signatures of Hess(hglm)(ﬂl) and Hess(hggm)(ag) are equal.
(b) There is an isomorphism = : Rg(hglm) — Rg(hgg,’lm) such that ’y(EZLvl) = (Eggm).

The proof is given by exactly same way as the proof of Theorem 4.6.

7 Spacial Cases

In this section, we give some special cases of our results.

The following four Legendrian double fibrations for the pseudo-spheres in Lorentz-Minkowski
space were defined in [8]:

(1) (a) H"(—1) x 57 D Ay ={(v,w) | (v,w) =0},
(b) T - Al — Hn(—1)7 T2 : Al — Sfb,
(c) 611 = (dv,w)|Aq, O12 = (v, dw)|A;.

(2) (a) H™"(—1) x LC* D Ay = {(v,w) | (v,w) = -1},
(b) w1 1 Ay — H™(—1), a2 : Ay —> LC*,
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(€) a1 = (dv, w)|Ag, b = (v, dw)|As.

(3) (a) LC™ x S 5 Az = {(v,w) | (v,w) = +1 },
(b) w31 : Az — LC*, w35 : Ay — ST,
(c) O31 = (dv, w)|As, O35 = (v, dw)|As.

(4) (a) LC* x LC* 5 Ay = {(v,w) | (v,w) = —2 }.
(b) w1 : Ay —> LC*, my0 : Ay — LC*,

(c) 041 = (dv,w)|Ay, 040 = (v, dw)|Ay.

Here, m;1 (v, w) = v and mp(v, w) = w (i=1,2,3,4). Moreover, (dv, w) = —wodvy + Y, w;dv;
and (v, dw) = —vodwy + Y1, v;dw; are one-forms on R x R+, We remark that 6;; ' (0)
and 65(0)) define the same tangent hyperplane field denoted by K; over A; (i=1,2,3,4).

In terms of these Legendrian dualities, the following duality theorem was given in [8]:

Theorem 7.1 Under the above notations, (A;, K;) (i = 1,2,3,4) are contact manifolds such
that m; and m;; (j = 1,2) are Legendrian fibrations. Moreover, these contact manifolds are
contact diffeomorphic to each other.

On the other hand, above Legendrian dualities were generalized into the pseudo-spheres
in general semi-Euclidean space in [4]. And then, in [12], they have been extended for one-
parameter families depending on the parameter ¢ € [0,7/2] of pseudo-spheres in Lorentz-
Minkowski space as follows:

(1) (a) H"(=1) x Sp(sin*¢) D A3 (¢) = {(v,w) | (v,w) =*cos¢ },
(b) 76T, - Ak (8) — H™(=1), 7lgl,, : Ak (6) — Sy (s 6),
(C) 0[@5]?;1)1 = <dv7w>|A§tl(¢)v 0[¢]E§1)2 = <’U7dw>|A§:1(¢>

(2) (a) H"(=sin’¢) x P 5 A(¢) = {(v,w) | (v,w) = £cosd },
(b) 78Ty, : A (6) —> H(—sin? 6), m{olE,, - Ak(9) — ST,
(c) 9[¢](i31)1 = (dv, w)|A5(9), ‘9[¢]é1)2 = (v, dw)| A5 ().

(3) (a) H"(—sin¢) x Sp(sin®¢) O Aji(¢) = {(v,w) | (v, w) = £2cos¢ },
(b) {8l - AR(8) — H™(—sin® §), {6l - AR (6) — Sp(sin® ),
(c) 8[91’](%11)1 = (dv, w)|A}; (), 0[¢]?E41)2 = (v, dw)|A%; (¢)-

(4) (a) H"(=sin®¢) x SP(cos? ¢) D Aj(d) = {(v,w) | (v,w) = £(cos¢ +sing) },
(b) 0l : Ad(6) — H"(—sin® 6), 7l6]E,, : A () — Sp(cos? o),
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(¢) 0[¢]50, = (dv, w)|A5(0), 0[¢] 50, = (v, dw)|A%(6).

(5) (a) H"(—sin®¢) x LC* D Aj(¢) = {(v,w) | (v,w) = +(cos ¢ + 1) },
(b) 7T[¢] (42)1 - : Al (¢) — H™(—sin ¢), 7T[¢]iz)2 : Al(¢) — LC™,
(¢) 0[8]fha = (dv, w)|AL(0), 0[0] (1), = (v, dw)|A%(9).

(6) (a) LC* x St(sin® ¢) D Ajz(¢) = {(v,w) | (v,w) = £(cosp +1) },
(b) 7T[¢] (43)1 Aflt:i((b) — LC™, 7T[¢] (43)2 AZLES(Qb) — S{L(Sinz b),

() 810] = (dv, w) A% (), 6], = (v, dw)|A(6).

-1
;; over AG(¢) by K[oli; = 0ol (0) =
0[¢] ij){l(O). Using these Legendrian dualities, the following duality theorem was obtained in
[12].

Here, we define the tangent hyperplane field K[¢]3

Theorem 7.2 Under the same notations as those of the previous paragraphes, (Aq, K1) and
(Ai(qﬁ) K[¢olF) ((1,7) = (1,2),(1,3),(1,4),(2,3),(2,4), (3,4)) are contact manifolds such that

ij
T and ﬂ[gb]i (k = 1,2) are Legendrian fibrations. Moreover, these contact manifolds are

contact dzﬁeomorphzc to each other.

Let
Liylel « U — A;‘; (¢)
u = (Ll(U), L2<U))

be a Legendrian embedding. Then L;(u) and Lo(u) are called A;S(gb)-dual. Especially, Ls(u)
(respectively, Li(u)) is said to be ¢-de Sitter dual (respectively, ¢-hyperbolic dual) of Li(u)
(respectively, Lo(u)) if Ly(u) and Lo(u) are Ay (¢)-dual (respectively, A (¢)-dual).

The above two duality theorems are fundamental tools for the study of spacelike hyper-
surfaces in the pseudo-spheres in Lorentz-Minkowski space from the viewpoint of Legendrian
singularity theory. As a result,taking into account these duality theorems, we have recently in-
vestigated slant geometry of spacelike hypersurfaces in the pseudo-spheres in Lorentz-Minkowski
space in [2, 12, 13].

On the other hand, it is known that a hypersurface in the pseudo-spheres in Lorentz-
Minkowski space is a hypersurface of codimension two in Lorentz-Minkowski space. Conse-
quently, we can mention about our previous results in [2, 12, 13] as special cases of this paper
in the following subsections.

7.1 Hypersurface case in Hyperbolic space

Let X" : U — H"(—1) be an embedding, where U € R"! is an open subset, M = X"(U)
Xh/\Xh A /\Xh
and HX AXu1A X" is a unit normal vector field along t was shown 1n [ , ]

g
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that ¢-de Sitter dual N%[¢](u) = cos X" (u) £ X%(u) can be taken as a normal vector of M
at the point p = X" (u), where

£21[¢] : U
u

is a Legendrian embedding for ¢ € [0,7/2]. We remark that NL[0](u) = X"(u) £ X%(u)
(respectively, N4 [r/2](u) = £X%(u)) is the hyperbolic Gauss indicatrix (respectively, de Sitter
Gauss indicatrix) introduced in [15]. If we write X", X% X Z and MY instead of (respectively,
n” n® X, and M), we obtain the results given in [2, 12] as special cases of some of our results
in this paper.

7.2 Spacelike hypersurface case in de Sitter space

Let X?: U — S7 be an embedding, where U € R""! is an open subset, MP = X%(U) and
XAXE An X
h NX A

Un—1

= d d d
X AXG Aen X,

that ¢-hyperbolic dual N%[¢](u) = £X"(u) + cos X *(u) can be taken as a normal vector of
MP at the point p = X%(u), where

£31[¢] : U
u

is a unit normal vector field along MP. It has been shown in [2, 12]

— Az(9)
— (NL[¢](u), X(u))

is a Legendrian embedding for ¢ € [0,7/2]. We remark that N2 [0](u) = X%(u) + X" (u) was
investigated in [24]. And it is clear that N [7/2](u) = £ X"(u). If we write X", X*, Xgi and
MP instead of (respectively, n?, n® X, and M), we get the results given in [2, 12] as special
cases of some of our results in this paper.

7.3 Spacelike hypersurface case in the lightcone
For an open subset U C R*7! let

£4 U — A4
uo— (XY (u), X (u)

be a Legendrian embedding and Xﬂ : U — LC™ be a spacelike embedding. By means of
Legendrian embedding £4, X* (u) was defined in [8] as a lightlike normal vector which is called

lightcone normal vector of the spacelike hypersurface Mt = X ﬂ(U ) at the point p = X i(u)
In terms of these two vectors X (u) and X" (u), also the following two vectors

X (u) + X (u)
2

X () - X (w)
2

X"(u) = and X %(u)

were defined in [8]. Here, it is obvious that X"(u) € H"(—1) and X%(u) € S}. Moreover, it
was shown in [12, 13] that ¢-de Sitter dual N¢[¢](u) = 2((cos ¢ — 1) X (u) + (cos ¢+ 1) X (u))
can be taken as a normal vector of M f at p, where

Lyle] + U — Ap(e)
u o (X (), N{[0)(u))
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is a Legendrian embedding for ¢ € [0,7/2]. Here, it is clear that N¢[0](v) = X* (u) and
NY[m/2](u) = X% u). If we write X", X% X%, and ML instead of (respectively, n”, n®
X, and M), we get the results given in [12, 13] as special cases of some of our results in this
paper.

Let X* : U — LC* be a spacelike embedding for an open subset U ¢ R""!. In this case,
X" (u) can be defined as a lightlike normal vector which is called lightcone normal vector of
the spacelike hypersurface M* = X" (U) at the point p = X* (u). It was shown in [12, 13]
that ¢-hyperbolic dual N[¢](u) = 2((1 + cos ¢) X, (u) + (1 — cos ¢) X" (u)) can be taken as a
normal vector of M¥ at p, where

Lilgl = U — Ap(9)
u o (Ny[g](u), X (u))

is a Legendrian embedding for ¢ € [0,7/2]. Here, it is obvious that N?[0](u) = X" (u) and
N7 /2)(u) = X" (u). If we write X", X4 X*, and M" instead of (respectively, n”, n¥, X,
and M), we get the results given in [12, 13] as special cases of some of our results in this paper.

A The theory of Lagrangian singularities

In this appendix, we give a brief review on the theory of Lagrangian singularities in [1]. We
consider the cotangent bundle 7w : T*R" — R" over R". Let (u,p) = (u1,..., 4, p1,...,p;) be
the canonical coordinates on T*R". Then the canonical symplectic structure on T*R" is given
by the canonical two formw = >";_ dp; Ndu;. Let i : L — T*R" be an immersion. We say that
1 is a Lagrangian immersion if dim L = r and 7*w = 0. In this case, the critical value set of woi
is called the caustic of i : L — T*R" and it is denoted by ;. The main result in the theory
of Lagrangian singularities is the description of Lagrangian immersion germs by means of the
families of function germs. Let F': (R™ x R",(0,0)) — (R, 0) be an r-parameter unfolding of
function germs. We call
oF or

O(F) = {(x,u) € (B X R(0,0)| 7 (wu) = - = Z(eu) = o}

the catastrophe set of F' and

, . O*F
Br = {u € R ,O)‘ there exsist (z,u) € C(F) such that rank (m(x,u)) < n}

the bifurcation set of F.
Let 7, : (R" xR",0) — (R",0) be the canonical projection. Then the bifurcation set of F'is
the critical value set of m,|c(py. We say that F' is a Morse family of functions if the map germ

OF OF
AF =—,...,— | : (R" xR",0 R",0

<8u1’ ’6ur> (R" xR, 0) = (R",0)
is non-singular, where (z,u) = (z1,..., 2y, uy,...,u,) € (R" x R",0). In this case, we have a
smooth submanifold germ C'(F) C (R™ x R",0) and a map germ L(F') : (C(F),0) — T*R"
defined by

OF OF
F = — ., .
L(E) (&, u) (u’ ouy” 8u,,>
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We can show that £(F) is a Lagrangian immersion. It is known that all Lagrangian submanifold
germs in T*R" can be constructed by the above method (cf.,[1]). We call F' a generating family
of L(F).

We define an equivalence relation among Lagrangian immersion germs. Let ¢ : (L,z) —
(T*R",p) and ' : (L', 2") — (T*R",p’) be Lagrangian immersion germs. Then i and ¢’ are said to
be Lagrangian equivalent if there exist a diffeomorphism germ o : (L,z) — (L, 2'), a symplectic
diffeomorphism germ 7 : (T*R",p) — (T*R",p’) and a diffeomorphism germ 7 : (R", 7(p)) —
(R",m(p')) such that Toi =400 and ToT = Tom, where 7 : (T*R", p) — (R", 7(p)) denotes the
canonical projection and a symplectic diffeomorphism germ means a diffeomorphism germ which
preserves the symplectic structure on 7*R". In this case, the caustic C, is diffeomorphic to the
caustic C'y through the diffeomorphism germ 7. We can interpret this equivalence relation by
means of the generating families. Denote by &, the local ring of function germs (R™,0) — R
with the unique maximal ideal M, = {h € &,|h(0) = 0}. Let F,G : (R" x R",0) — (R,0)
be function germs. We say that F' and G are P-R™"-equivalent if there exists a diffeomorphism
germ ¢ : (R*xR",0) — (R™ xR",0) of the form ®(x,u) = (P1(x,u), ¢(u)) and a function germ
h:(R",0) — R such that G(z,u) = F(®(x,u)) + h(u). Given F; € M, . and F, € M,,, we
say that Fy, F, are stably P-R"-equivalent if they become P-RT-equivalent after the addition
of some new arguments y; to the arguments x; and of some nondegenerate quadratic forms Q);
in the new arguments y; to the functions F; (i.e., F1 + @ and F; + Q2 are P-RT-equivalent).
Let F: (R" x R",0) — (R,0) be a function germ. We say that F' is an R -versal unfolding of

f - F|Rn><{0} lf

oF oF
Sn—Jf—|—<a—u1\]R < {0}, 5o [R ><{O}>R—|—(1>R,

T

of of
=Sl SN
8[)31 (%n &n
We say that the Lagrangian immersion germ L(F') is Lagrangian stable if the generating

family F' is R*-versal unfolding of f = F|gnyjoy. Actually, this definition is an infinitesimal
version of the Lagrangian stablity [1]. However, we only need the above definition.

where

Theorem A.1 ([1]) Let Fy € M, and Fy € M4, be Morse families of functions. Then
L(Fy) and L(Fy) are Lagrangian equivalent if and only if Fy and Fy are stably P-R " -equivalent.

We have the following corollary.

Corollary A.2 Let Fy € M., and F5 € M1, be Morse families of functions. Suppose that
L(Fy) and L(Fy) are Lagrangian stable. Then L(Fy) and L(F,) are Lagrangian equivalent if
and only if fi = Filgnxioy and fo = Falrnxioy are RT-equivalent.

Here we say that fi and fy are R -equivalent if there exists a diffeomorphism germ ¢ :
(R™,0) — (R™,0) such that fi o ¢ = fo.

Proof. Suppose that fi = Filgnx{oy and fo = Fy|rnxo) are RT-equivalent. By the uniqueness
theorem of the R*-versal unfolding [1, 3], F} and F, are stably P-R"-equivalent. Thus, from
Theorem A.1, L(Fy) and L(F3,) are Lagrangian equivalent. The converse assertion is trivial by
definition. O
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