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Abstract

We investigate some non-local diffusion equations in the presence of a divergence free
drift term. We derive pointwise upper bounds for fundamental solutions under low regularity
assumptions for the velocity of the drift term.

Keywords: non-local diffusion; divergence free drift; fundamental solutions; pointwise up-
per bound.

1 Introduction

We consider the following non-local diffusion equations in the presence of a given divergence
free drift term:

OO+ (-A)20+v-VO=0, V-v=0 t>0 xecR? (1.1)

where d > 2 is the dimension, a € (0,2) is a constant, and (—A)*/? is the fractional Laplacian
formally defined by
fl@) = 1)

—A)% =CyqPV.
(=A)2 f(x) d o o= glate

(1.2)

When there is no drift term (i.e., v = 0) this equation appears in the theory of Dirichlet
forms of jump type as a special case, and it has been investigated mainly from the prob-
abilistic viewpoint; see [1, 3, 4, 5, 9] and the references therein. Although these equations
are expected to enjoy similar diffusion effects as usual diffusion equations, due to the non-
local character of the fractional Laplacian, it is not always straightforward to obtain analytic
properties such as regularity, asymptotic behavior of solutions. On the other hand in re-
cent years the case with the drift term has also attracted much attention especially in the
field of fluid mechanics, mathematical finance, biology, and so on. Among of them, the
2-dimensional dissipative surface quasi-geostrophic equations (QG) for the active scalar in
the geophysical fluid introduced by [13] are extensively studied in the last decade; see, e.g.,
[7, 10, 11, 12, 16, 19, 20]. The equations (QG) are nonlinear equations of the form (1.1)



where the velocity in the drift term is related by v = (—R20, R16) via the Riesz transform
R;.

In [21], motivated by the equations (QG) we studied the existence and the continuity
properties of fundamental solutions of (1.1) under weak regularity assumptions for the drift
term. The purpose of the present paper is to derive pointwise upper bounds for the fun-
damental solutions. In [6, 18] they considered fundamental solutions when a € (1,2) and
v belongs to a suitable Kato class without assuming the divergence free condition. They
proved the existence of fundamental solutions and showed pointwise estimates. However,
there seems to be still few works on fundamental solutions for a € (0,1]. In such cases the
drift term formally becomes the leading term and is no longer regarded as a simple perturba-
tion of the diffusion term. Moreover, for applications to nonlinear problems it is important
to study the linear problem of the form (1.1) under weak assumption for v beyond the Kato
class. In such situations the interplay between the diffusion term and the drift term makes
problems more subtle and the divergence free structure for the velocity plays a crucial role.

To state our main result let us describe the regularity assumptions for v. For the purpose
we recall the definition of the Campanato spaces:

A/mpd d = su —A xT) — x % . .
LPARY = {£ € Lo (R | £ coaany = sup (R /Blf() ][Bfl”d) <ol (13)

Here the supremum is taken over all balls B = Bg(z) (the ball with radius R > 0 centered at
z € RY), the value f , f is the average in B defined by f , f = |B|™* [ f(z)dz, and | - || or
becomes a seminorm. It is easy to see that the continuous embedding

LPANRY) — YR if p>1 and p= A—d +d (1.4)
p

holds. In the case of A < d, the function in £P is uniformly locally integrable, and £P-* is
identified by the Morrey space LP* modulo constant. Moreover, it is known that

LIFRY) < PARY) i 0<A<d,
LPAMRY) = BMORY) if A=d,
LPAMRY) = CFRY i d<A<d+p,

hold: See, e.g., [17, 23]. Here L (R?) is the weak L? space and C#(R%), 8 € (0,1], is the
homogeneous Holder space of the order g, i.e.,

[f(z) = f(y)|

CPRY) ={f € CRY) | |[fllge = sup 2 —y]?

z,y€R4

< oo} (1.5)

Next we introduce the Morrey type spaces of £P-*-valued functions:

LP21(0,00; L2722 (RY)) = {f € Lf,.(0,00; L7**(RY)) |

1
||fHLP’\1(Ooo£q A2 (Rd)) = Sup Sup t*S / 1 f(r ||Lq A2 )p < oo}.(1.6)
t>0 O<S<t

For o € (0,2) we impose the following conditions on v:
(C) There are \ € [2d/a —d,2d/a + d) and ¢ € (1, 0] such that

{ v e L2571 (0,00; (LHARY)Y) N LY (0,00; (LL,(RE))?) when X € [2 — d,d],

7 )
v e Lhita—3a(0,00; (L4 AR N LE (0,005 (LE,(RT)Y)  when A € (d, 2 + d).

For simplicity of notations we set

when A € [2¢ — d, d],
when A € (d, 2¢ + d].

HU”X)\ _ HU||L2’%_%(O oo’[,%"\)

1ol e 224 (0005220



We now state our main result on the upper bound for the fundamental solutions denoted
by Pa.(t,x;s,y). The precise definition of the fundamental solutions will be given in the
next section.

Theorem 1.1 Assume that (C) holds. Then there exists a fundamental solution Py ,(t, z;s,y)
to (1.1) such that for allt > s >0 and x, y € R,

Pou(t,zs,y) < Ci(t—s)7a, (1.8)
—d—a
Pastaisy) < @(t—sri(w(x‘y"gﬂ“g(f’s’x’y”*) )
— )=
where
Fv](t,s,z,y) := sup /][ (r)dr|. (1.10)
s<r<t Bj,— y‘(aj)

Here Cy depend only on d and «, C2 depends only on d, o, and ||v||x,, and C > 1 is some
absolute constant.

Remark 1.2 The norm || - ||x, is invariant under the scaling
oa(z,t) = X" Lo\, Ax). (1.11)

This scaling is natural in the following sense: If §(¢, z) is a solution to (1.1) then the rescaled
function (\*t, Az) satisfies (1.1) with the velocity vy, instead of v. Heuristically, in order to
ensure a smoothing effect by the diffusion term it is essential to assume that v belongs to a
scale-invariant function space; see, e.g., [8, 7, 19, 22, 24]. The space X, covers the following
classes as special cases: L>(0,00; (BMO(R%))9) for a = 1; L>®(0,00; (C*~%(R%))9) for
o € (0,1). Moreover it also allows a singularity at some to > 0:|t — to|2i T2z aw(t) €
L>(0,00; (L5 *(R?))%). One of the advantages to use the Campanato spaces (1.3) is that
they contain certain homogeneous functions. This fact is important for the study of the
self-similar solutions in some nonlinear problems. Another advantage is that in the case of
A > d they contain growing functions at spatial infinity. Except some special cases, e.g., the
fractional Ornstein-Uhlenbeck operators, such velocity fields seem not to be studied.
We note that the assumption v € L (0,00; (L}, .(R%))%) or L (0,o00; (L5S.(R?))?) in

(C) is used only to guarantee the existence of the fundamental solution in [21]. Tt is weaker
than the assumption v € X in view of the scaling.

Remark 1.3 Est. (1.9) shows that P, ,(t,z;s,y) is bounded by the modification of C(t —
s)" (1 4+ |z — y|(t — 5)71/*)74=* which means that P, ,(,;s,y) possesses the similar
decay estimate for the fractional heat equations

00+ (-A)20=0, t>0, zcR% (1.12)

F[v] in (1.9) represents the transport effect by the drift term. Since L£P** includes some
growing functions, the term F'[v] is not necessarily bounded in space variables. More pre-
cisely, from our assumption (C) one can see that F[v] grows no faster than linearly, thus
(1.9) shows that the fundamental solution decays with order —d — o when |z — y| is large.
On the other hand, in the case of a € [1,2) if we assume v € LY/%(0, 00; (L°°(R%))9), then
it is easy to see from Theorem 1.1 that P, ,(t, z;s,y) is bounded by a constant multiple of
the fundamental solution to (1.12). Instead, if we impose in addition to (C) that

(c”) v e LYa (0,005 (LY, (RH))D),

where L, (RY) = {f € L} (R?) | 1fllzr, = supgepa [[fllzi (B () < oo}, then we get the
following:



Corollary 1.4 Let o € [1,2). Assume that (C) and (C’) hold. Then
(i) if A € [2d/a — d,d) we have

Paslt,as8,y) < Ot = )74 (1 4 2=V ymames (1.13)
(t—s)a
(ii) if A = d we have
C(t—s)=&(1+|log(t — s)) " (1 + H)‘“ﬂ
_&):
Pyt ;s y) < when (t—s)a <|z—y| <1, (1.14)

Clt—s)~a(1+ (ltx_?;l)_d_a, otherwise,
—S8)a

Qla

(i) if A € (d,2d/a + d) we have

Ot — )4 -(@ra)a-1 (1 4 JZ =Y y-d=e

(t—s)a
Py o(t, x;8,y) < when (t—s)a < |z —y| <1, (1.15)
C(t— 5)*% (1 + |:Zci_y‘)ﬂiﬂl, otherwise.

(t=s)=
Here C depends only on d, «, ||v|[x,, and |[v][Lr1/a(000:22, )-
The above corollary shows that P, , is bounded by the fundamental solution of (1.12) for
the case A < d, while we need the additional modification factor when (t—s)Y/® < |z —y| < 1
for the case A > d.

Remark 1.5 For the endpoint case A\ = 2d/a + d in (C), the estimate (1.9) holds if
[Vl Xp0/0sq OF [t — s| is sufficiently small; see Theorem 3.2 and Remark 3.3. We note that

L2d/e:2d/e+d(Rd) coincides with Lip(R?), the space of all Lipschitz functions.

After the pioneering work of [2], there are a lot of results on the pointwise upper bounds
for the fundamental solutions of the second order parabolic equations. In particular, for the
drift diffusion equation (1.1) with oo = 2, the Gaussian upper bounds are obtained in [22, §]
under the scale-invariant assumptions; see also [25] for recent related works. In contrast with
the case a = 2, the fundamental solution for o < 2 is expected to decay only with polynomial
order: In the case v = 0 it is not difficult to see the fundamental solution satisfies the estimate
(1.13) via the Fourier transform. If v is regarded as a simple perturbation of the diffusion
term, it is possible to obtain the same upper bound as well. However, under our assumptions
for v (and «), the perturbation argument is no longer applicable to handle with our problem.
To overcome the difficulty we will develop the idea of Carlen-Kusuoka-Stroock [9], where they
derived pointwise upper bounds for the fundamental solution for certain non-local diffusion
equations without the drift term based on Davies’ method [15]. In our proof, the L' — L*>
estimate for a certain weighted semigroup plays an important role as in [9, 15], and we
have to choose an appropriate weight function to reflect the behavior of the fundamental
solutions. The key idea to take the drift term into account for the choice of the weight
function is the introduction of a trajectory determined by a local average of v. This idea
is motivated by the work of [7, 19] where the authors studied the regularity of the weak
solution of the equation (QG). Another ingredient of the proof is the use of the logarithmic
Sobolev inequality of the fractional order recently proved in [14], which plays a crucial role
to estimate the diffusion term. We note that our proof can be applied also for more general
non-local diffusion equations associated with nonsmooth integral kernels as in [9]. We will
formulate the class of the non-local diffusion in the next section, and the pointwise estimates
in Theorem 1.1 will be proved for this class of equations.

Rest of this paper is organized as follows. In the next section, we will define notions
related to the non-local diffusion equations and collect some fundamental estimates. Section
3 is devoted to the proof of our results.



2 Preliminaries

In this section we give a definition of fundamental solutions for non-local diffusion equations
including (1.1) as a special case. We also prepare several inequalities which will be used in
the proof of our results.

2.1 Definition of fundamental solutions

Let K(t,z,y) be a positive measurable function in (0,00) x R? x R?. We assume that the
function K satisfies

K(t,z,y) = K(t,y,x), Cgl\q:—yrd_a < K(t,x,y) §Co|m—y\_d_o‘. (2.1)
Then the Dirichlet forms £x and &, are defined by

&) = 3 [ bk ay)dedy,  [fl) = f@) = 1), (22
Eanlfig) = = < fol0) Vo= [ f@p(t.a) Vo) (23

for some positive constant Cy > 0. The non-local diffusion operator Ag(t) associated with
the Dirichlet form S}? is then formally given by

(AK(t)f)(x):P-V-/ [f](x, y)K(t,z,y) dy = lim [z, y) K(t,z,y)dy.  (2.4)
Rd 40 Jjz—y|>e

which makes sense at least when f is smooth and bounded.
We also set

B(1.9) = £ (£.9) + v (f.9) (2:5)
Let T > s > 0. A function 0(t,x) is said to be a weak solution to the non-local diffusion

equation
00+ Ag(t)0+v-V8=0, V-v=0 (2.6)

for t € (s,T) with initial data 6, at t = s if § € L>(s,T; L%(R%)), and
T
/ B (0(¢), 6(1)) dt < oo
and 6 satisfies

- /T < 0(t),0,0(t) > dt+/T B (0(t), o(t)) dt =< 0(s), o(s) >, Ve € C°([s, T) x RY).

(2.7)
Then a measurable function P ,(t,7;s,y) on {(¢,s,z,y) | t > s >0, z,y € R?} is said to
be a fundamental solution of (2.6) if for each T'> s > 0 and f € L?(R?) the function

0it.0) = [ Preottais ) )y 23)

is a weak solution of (2.6) for ¢ € (s,T") with initial data f at ¢t = s.
For M > 0, we set Ky = Kpy(t,x,y), Kpre = Kppe(t, x,y) as

KM(t,%y) = K(t7$7y)X{|m—y\<M}(%y)7 KMC(taxay) = K(ta%y)X{\z—sz}(x,y),

where x4 is the characteristic function of the set A C R<. 51(2\4 is defined by

1
&0, (he) = 5 [ Al Kty dedy, (2.9
SI(QWC, Ax,, (1), Ak e (t), B%i\l, Pr,y o(t,z;8,y) - -+ . are defined in the same manner. It is

clear that Sg)(f, g) = Sgil(ﬁ g) + 5}310 (f,g) for each M > 0.



Remark 2.1 In our previous work [21], more general class of the kernel K than (2.1) is
treated. More precisely, in [21] the kernel K is assumed to satisfy

K(t,z,y) = Kty ),
€88.5UD4~ 0 yeRd flm*y\<M |z —y]PK(t,z,y)dy < CoM?*~*  for each M € (0,00)(2.10)
ess'inft>0,x,y6]1§d|x - y|d+aK(t7 €z, y) > C(0_1

In fact, it is possible to deal with the kernels of the class (2.10), but the obtained result
becomes weaker than in the case (2.1). So we focus on the class of K stated as (2.1) in this
paper, and the result for the class (2.10) will be stated in Remark 3.4 without proofs.

2.2 Logarithmic Sobolev Inequality and Estimates for the Trajec-
tory

We first recall the logarithmic Sobolev inequality with fractional order proved in [14].
Lemma 2.2 ([14]) Let f be a function in H*(R?) and 8 > 0 be any positive number. Then

ol'(5)
L(55)

2 d a
([ 1108 do (@ 1065 2+ rogs)l 1) < -2

1£113-
holds.

Next we state a couple of lemmas for the estimate of the drift term. The following lemma
is useful to estimate local averages.

Lemma 2.3 ([21, Lemma 2.2]) Let f € LY#(RY) for some p € [0,d+1]. Let x1,29 € R?
and Ry > Ry > 0. Then

C|Ifll g Ry~ if 0<pu<d,
T —T R .
IJ[ f —][ <9 Cllfllern (logle + M) +log 1) it u=d,
BR] (1‘1) BR2 x R2 —d R2
Clfllgrn (|z1 — zo* =%+ RYT) if d<p<d+1.
(2.11)

Here C depends only on d and p.

We now consider the trajectory generated by the local average of the vector field w:

d

— &z, R) = ][ u(t), 0 <t <ty,
dt Br(a+€. (tia,R)) (2.12)
§U(07 z, R) = 07

where z € R? and R > 0. The next lemma plays a fundamental role for the estimate of the
drift term:

Lemma 2.4 Let &,(t;x, R) be the solution to (2.12). Assume that u satisfies (C) for A €
[d,2d/o+ d). Let R > t)/®. Then

€u(to: 2, R)| < C(Rlullx, + sup \/][ Ndr)  Asd, (2.13)
0<t<to BR
€ultor 2. )] < C(Rllulx, 1+ Jog [ullx,) + sup | / fooumarl)  a=d 2
0<t<to BR(ac)

Here C' depends only on d, «, p. Moreover the same estimate (2.13) also holds for the case
A =2d/a+ d provided ||ul| x, is sufficiently small.



Proof. By the definition of &,(¢; z, R) we have

|5u(th|</|][ u(s)—][ |ds+\/][ 5)ds|.
Br(z+&u(s;x,R)) BR(w) Br(x

Set = a(A —d)/(2d) + d, where X is the number in (C). Applying Lemma 2.3, we have

|u(t; 2, R)]
€u(s; 2, R)|

t
C/ [lu(s)||z1.a log(e + =——""—=)ds+ sup / ][ 7)d7]| if pu=d,
R 0<t<to BR(z)

C/ lw(s)|| crw|€u(s;z, R)#~4ds + sup |/][ 7)dr| if p>d.
Br(x

0<t<to

IN

From these estimates it is easy to see (2.13) since L2/ s £Li Thus we only prove
(2.14). Let

to to
9= swp |u(t;e R)|/R, g1 = CR™ / lu(s)llcrnds, g2 =R~ sup | / ]1 u(s)dsl,
0<t<to 0 0<t<tg Bg(x)

then the above estimate yields

etg
)) + g2 < g1(1+loggl) +91(€+ ?) + g2

< Cgi(1+1ogCh) + g/2 + g,

< log 2 I
g < g1(log2g1 + Og(2C’

1
which implies g < C(g1(1 4 logg1) + g2). Since R > té/a, we have g1 < CR71§ ||ullx, <
Cl|u||x,. This completes the proof. O

2.3 Approximation of the equation

The existence of fundamental solutions for (2.6) is not trivial under the weak regularity
condition (C) on v. In [21] the fundamental solution is constructed by introducing the ap-
proximating equation, and we will use this approximation also in this paper. For convenience
to the reader, in this section we will briefly describe this approximation procedure.

We first state the approximation of the kernel K used in [21]. Especially, this approxi-
mation is applicable for the class of the kernel (2.10) which is more general than (2.1). Let
Cy be the number in (2.10). Following [21], we say K (¢, z,y) is a smooth kernel of the order
o € (1,2) if K(t,x,y) is of the form

K(t,,y) = o =yl "k(t,2,y) + ol —y| =, (2.15)

where § > 0, o’ > «, and k(t,x,7) is a function defined on R x R? x R? such that
k(t,z,y) = k(t,y, ), sup v/ t,x,y)| < oo, inf  k(t,z,y) > C;t.
( ) ( ) teER,z,yER? Iﬁlz<1 | ey ( >| teR,z,y€R? ( ) 0

(2.16)

If K(t,z,y) is a smooth kernel and v is smooth and bounded, then it is not difficult to

prove that there exists a unique and positive fundamental solution Pk ,(t,z;s,y) to (2.6).

In particular, when f € C§°(RY) the function (Px ., f)(t,s,x) defined by (2.8) solves (2.6)

for t > s in the classical sense rather than the weak sense. Moreover, under the assumption
of V-u(t) =0, Pk (t,z;s,y) satisfies

/ PK,v(t,x;s,y)dy=/ Py o(t,z;s,y)de =1,

R4 Rd

Prco(t,:5,y) = / Pro(t,ai 7€) Pra(. 6 5,y) A 157> 8> 0,
Rd

T
| 1Pcas @9l at <l

7



Here C depends only on d, o, and Cy. Especially, C is independent of o’ and §. Let T (o),
N > 1 be a truncated function such that Ty(c) = o if 0 < N and Tx(c) = N if 0 > N.
Then we define the approximation of K (¢, z,y) satisfying (2.10) by

KMt 2,y) = o =y~ (s * k) (6, 2,9) + dla —y =717 F,
where
kn(t,z,y) = Tn(|lx — y\d+aK(t,x7y)), t>0, kn(t,z,y) = 0617 t <0,

which satisfies ky (¢, z,y) > C&l if N > C’Jl from the definition and (2.10). Here vgs* is a
mollifier on (¢, x,y) variables such as

s+ kw)(tg) = [ [ st = sl = rasty = miw (5.6 ) dgdnds,

where vy, 5(2) = § "vp(2/d) and v, (2) is a smooth non-negative function on R™ satisfying

supp v, C {z € R" | |z] < 2}, / vp(z)dz = 1. We note that the above mollification

Rn

preserves the symmetry and the estimate such as

(vs xkn)(t,z,y) = (Vs * kn) (¢, y, ), (vs * kn)(t, z,y) > Oyt

We next recall the lemma for the approximation of v.

Lemma 2.5 ([21, Lemma 2.4]) Let A € [2d/a — d,2d/a + d] and set py = 1 if X €
[2d/a —d,d] and py = 0o if XA € (d,2d/a + d]. Let ¢1 € [1,0), ¢2 € [1,00], and p € [0,1].
Let v € L9#(0, 00; (L5 A (R4)4) N L2 (0, 00; (L. (RY)4) be a given vector field satisfying

V -v(t) = 0. Then there is a sequence of smooth and bounded vector fields {vN)} satisfying
V-oWN(t) =0 and

(N)
SIItPHU ||Lq1""(0,00;£%’)\(Rd)) < Cl||U||Lq1_,“(0700;[:%&(]1{{1))a (2.17)
liJ{THSUP HU(N)HLQ2(O,R1;LP/\(BRz(x))) < Col[v|| L9z (0,2Ry ;77 (Bar, (2))) Ry, Ry >0, z € RY,
— 00
(2.18)
and
o™ o in (L,,((0,00) x RY))4. (2.19)

Here Cy depends only on d, a, A, i, and q1, and Cy depends only on d and qs.

3 Pointwise upper bounds

In this section we will prove our main result. By using the formulation in the previous section
our result is stated as follows.

Theorem 3.1 Assume that (2.1) and (C) hold. Then there exists a fundamental solution
Pro(t,x;8,y) to (2.6) such that for allt > s >0 and z, y € RY,
Pro(tassy) < Cilt—s)7%, (3.1)

(l(E _y‘ — CF[’U](t, S,x,y))+ e
r: ) . (3.2)

Pro(t,x;s,y) < Caot— s)_g (1 +
Here Cy depends only on d, a, and Cy, Cy depends only on d, «, Cy, and ||v||x,, and C > 1
is some absolute constant.

In the condition (C) the endpoint case A = 2d/«a + d is excluded. In this case, we have
the following auxiliary result:



Theorem 3.2 Assume that (2.1) holds. Then there exists small constant 6o > 0 such that
if

(C”) v € L'(0,00; (Lip(RY) )L, (0,005 (LR, [[vllx2s 4+ = V]l L3 0,00iLip(ray) < d0

for some 1 < g < 00, then there exists a fundamental solution Pk ,(t,z;s,y) to (2.6) such
that for allt > s >0 and x, y € RY,
Pro(t,x;s,y) < Ci(t— s)_g, (3.3)

(Jz =yl = CF](t,5,2,9)+ | *°
(=)t ) . (3.4)

PK,v(t7$;$7y) S 02(75_5)*5 <1+

Here Cy depends only on d and Co, Cz depends only on d, Co, and [|v||x,,,,,., and C >1
is some absolute constant.

Remark 3.3 In fact, the smallness condition in (C”) is not needed for the existence of
fundamental solution; see [21]. Furthermore, it is easy to show that (3.4) is valid whenever
|t — s] < 1 without the smallness condition. Indeed, by the local smallness of the Xg124/q,
the proof is reduced to that of Theorem 3.2. We will prove Theorem 3.2 in the end of this
section.

Remark 3.4 As stated in Remark 2.1, we can deal with the kernels of the class (2.10) with
minor modifications of the proofs. But in this case we can only obtain the weaker pointwise
estimate:

(lz — y| = CF[v](¢, Sawyy))+>da

PK,v(t,$§3»y) < Cz(t—s)_i<1+ §
(t — 5)5

_a |z —y| \-a
+ C3(t — ) (1+7(t_8)%) , (3.5)

where C3 depends only on d, «, and Cy. That is, the additional term, which decays with the
power —« as |z — y| — oo, is required. This term appears when we estimate the Duhamel
term of the right-hand side of (3.33) under the condition of (2.10). Since the modifications
are not difficult we will skip the details.

For the proof of Theorem 3.1, it is difficult to estimate the solution of (2.6) directly as
explained in the previous section. So we will derive uniform estimates of the fundamental
solutions to the approximating equation. Let K(N:9(¢,z,y) with N > 1 and 0 < § < 1 be
the approximation of K (¢, z,y) in Section 2.3 and consider the equation:

00+ Agivsy ()0 +0P . VoO=0, t>0, zeR? (3.6)

where v(%)(t, ) is a smooth and bounded solenoidal vector field and A (v.s)(t) is a linear
operator defined in (2.4) with K = K™%, Then for each M € (0, 0] the function Kj(év’é),
the bilinear forms Eﬁg\?,é), Bg)ﬁ\,,é), and the fundamental solution Pszjv,a) (t,x;s,y) are defined

)

in the similar ways as in Section 2.1. From the definition of KJ(\fIV’é there exists a unique

fundamental solution P (v.s) (t,7;s,y) to (2.6) with K replaced by Kl(\flv’é). In particular,
M

P v.s (t,z;s,y) gives the classical solutions rather than weak solutions.
M

Let Lipo(R?) be the class of compactly-supported Lipschitz functions. For ¥ € Lip([0, 00) x
R?) with U(¢,-) € Lipy(R?), we set

T @) (tz) = e 22T (e V) (t, z), (3.7)
N5 N5 N,§
AT = max{|T7 ()|, T (—0)l|zs ), (3.8)



where Fg\y,s)( f,g) is the function defined by
L)) = [ e KD ) du (39)

For simplicity of notations we will write K, Ay, Tag, @ for KJ(\fIV’é), Ag\ifv’é), I‘S\ffv’é), v,

We now recall a coercive-type estimate for the Dirichlet form 5}?.

Lemma 3.5 ([9, Theorem 3.9]) Let ¥ € Lip([0,00) x RY) with W(t,-) € Lipy(R?). For
r € [1,00) it follows that

t) [ W pr—1 —W L.t
& 4(6 f , € f)Z;gf(

5 V(55 = CrAn (D) fllT, VS € CE(RY), f 2 0. (3.10)

M
Here C is a numerical constant (which is also independent of M ).

In fact, [9] considered the case when the kernel K and ¥ are independent of ¢. The
dependence on t however does not change any arguments to obtain (3.10). So we omit the
details here.

On the other hand, the divergence free condition for v with the integral by parts imme-
diately yields the following identity for the Dirichlet form &y ).

Lemma 3.6 Let ¢ € Lipy(RY). Forr € [1,00) it follows that

55(t)(e¢fr_1,e_¢f) = /Rd f(x) o(t, ) - Vip(x) de. (3.11)

Fix L >0, R >0, to > 0, and g, yo € R% Let 1 be the function defined by
(@) = L(R — & - zo]) . (3.12)

Set £(t; 2o, R) € RY be the solution to (2.12) with R > 0 and u(t, ) = 0(to —t,7), 0 < t < to.
If we put £(t;z0) = £(to — t; @0, R) then &(¢;zo) solves the ODE

d
FrIGED) :—][ o),  0<t<ty,
dt B (so+¢(ta0)) (3.13)
&(to;xo) = 0.
We also set
U(t,x) =(x—E(tx0), 0=t <to. (3.14)
Then it is easy to see
Lip(¥(t)) < L,  supp ¥(t) = Br(zo +£(t;20)). (3.15)

Moreover we also have the following estimate for Ay (¥):

Lemma 3.7 Let U be the function defined by (3.14). Then

Ay (W) = AV (W) < CL22EM (527N + 6M'% + M), (3.16)

Here C depends only on d, a, and Cy.
Proof. From (e! — 1)? < 22! and (3.15) we have

6’“’“’1)/ "2 (@, y) Ky (t,2,y)dy = /(G‘P(t’””)’q’(t’y)*1)21~<M(t,x,y)dy
R4 Rd

IN

2 [ o=y Rus(t,n,y) dy
R
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Then (3.16) follows from the definition of Ky = K ](\?7’5) and the direct calculation of [ |z—
Rd

y|2I~{M(t, z,y) dy. This completes the proof. a

We next state a weighted estimate for the fundamental solution Py (t,x; s,y) which is
the core of the proof of Theorem 3.1. Without loss of generality we may take s = 0.

Proposition 3.8 Assume that (2.1) and (C) (or (C”) for the case A = 2d/a + d) hold.
Let U be the function defined by (3.14).

1. Ifxe (2d/a—d,d),

P-

Kar,o

(t,2;0,y) < Ct ™= exp (—\Il(t,:v)+\ll(0, y>+c(AM(W)HM—QHH@H;L%?t3—3)>

(3.17)
holds for all t > 0, x, y € R%,

2. If A e (d,2d/a +d],

+

£
ol

Pg., 5t 2:0,y) < Ct™« exp (\I/(t,x)+\11(0, y)+0([\M(\If)t+M*at+||@||XALR‘5*3*%té*
(3.18)

)

holds for allt > 0, x, y € R%.

Here the positive constant C' depends only on d, a, and Cy.

Proof. Set

On(t,x) =¥ [ Pe (t2;0,y)e YOV f(y)dy,  feCFRY), f>0, (3.19)

v
R M,

and let 7 : [0,t9) — [1,00) be a continuously differentiable function to be specified later. By
direct calculation, we have

d r/ -Tr T 9 " -Tr rT—
sl (0o = S0l [0l tog o do + ol [ 057 0u0as
dt r [Cavaiy
Then we have from Lemma 3.5, Lemma 3.6, and (2.1),
/egglateM da
= [ 030,90 dat < eVt 0i(eV0n) >
Rd

== &g ("0 eV 0n) — Esy ("0 eV ON) + | 03,0 da
]Rd

2 r r ~
<= Zeg, (051, 030) + Crhn (W) [0 +/ 0" (90 — b - V) da
Rd
2¢o ang 2 M= A r r ~
<= 20 a5 + O b Rl + [ 05,00 — 5 VW) dr. (320)
Rd

Here ¢ is a constant depending only on d, a, and Cj.
We now divide the proof by the value of A in the assumption (C) and first consider the
case A < d. By using (3.13)-(3.15) and the Gagliardo-Nirenberg inequality, we have

/ 0% (00 —0-V¥)dx = / GZTV[(][ @—f))-V\I/d:B
R Br(zo+&(tiwo)) Br(zo+£(t;wo))

T - ~2d
< LGP o (] - f 3% da)?
Br(zo+£(t;z0)) Br(zo+£(tz0))

o

al

aX a Lz L i~
< CLRE||(=2)303 2 [10ar £ 7] 20,
C a Lz aXx . r
< -R) RO 5e + CrLAR T o] ] (320)

11



Plugging this in (3.20) we have

a L Mﬁa
/ 017 0 Ao < —2J|(—2) T 05, |2 + C(

+ A ()]0
T T

e+ TR0 20 )00

o
ComZT
7,/

Then we apply Lemma 2.2 with 8 =

to get

d
Elog||9M(t)\ L)

(log"— +log =) + O (™M~ + Ay (¥) + L'RF 5] 20 ,)-
Set s(t) = 1/r(t). Then we have
d d s C, 4 = ad
0810 @) 1 < ' (Caa+ “log(=23)) + — (M7 + Apr(0) + L2RE[5]% 20, ).

Integrating from 0 to ty, we get

to d d [to
L < / §'(Cg,0 + —logs)dt — —/ s'log(—s") dt
( 0 a aJo

log||6as (to) [

I~ Togll6a:(0)
to C T al
+ [T R0+ 2R ol )
0 -
Choosing s(t) = (1 — ¢/to)? so that s(tg) = 0, s(0) = 1 with g € (0,2/a — A\/d), we have

to
/ ' (Caa + glogs) dt = [Cyas(t) — %s(t)(logs(t) ~ D]y = —Caa-
0

Moreover the other integrals are estimated as follows:

S

fo dt fo fo rdt
<112 at _ ~112 ar
R A CY LU
to to to
[ o [T [T arde
0 0 t

g L2
Clollx, t¢ *

fo fo dt
7/ s'log(—s")dt < —log to + C, / — = Cty,
0 0

IN

Summing up these estimates and replacing ty by ¢, we obtain

d e (3
o]0 ()| —log][0r (0) ]|+ < ——log t + C(1+ Apr(0)t + Mt + ||o||%, L2R T 12~ %),
(3.22)
which proves the desired estimate .
~ We next consider the case d < A < 2d/a + d. By using the characterization L2 oA =
CoN@d)=a/2 the last term in (3.20) can be estimated as the follows

07, (09 —5-V¥)dzr = / eyv,(/ 934(][ o —19)-V¥de
R4 Br(zo+£(t20)) Br(zo+£(t;20)) Br(zo+£(t;20))

@ =Wl 1,17,

S R%_% Sup e o3
zyeRd |z —y|2d 72
< ||’EHL%,>\RC2%_%LH9MH2T' (3.23)

12



Thus arguing as the preceding case we get

d . or s
log[0ar ()|~ —logl|far (0)|| .+ < ——log t4C (L+-Rar (V)4 M~ t47]|x, LRE S g2+ 21,

(3.
This completes the proof. O

[N}
~—

Since C' in Proposition 3.8 does not depend on ||9||x,, by taking L = 0 and letting
M — oo, we obtain (3.1) in Theorem 3.1 as follows.

Corollary 3.9 For allt >0, z, y € R? it follows that
P 4 (t,2;0,y) < Ot 5. (3.25)
Here C depends only on d, «, and Cy.

Proposition 3.10 Assume that (2.1) and (C) hold. Assume that 0 < § < 1 and §'~*/2 <
(t —s)Y/*N=1/2. Then for all x, y € R? it follows that

~ —d—a
Pgo(tass,y) < Clt—s)™8 (1 4 eyl _(ili[z])(z’s’x’y»*) . (3.26)

where C' depends only on d, o, Cp, and |9 x, -

Proof. We give the proof only for the case A € (d,2d/a + d); the other case is shown
similarly. Without loss of generality, we may assume s = 0. Fix zq, yo € R%, to > 0, and let
§1=a/2 < /O N-1/2 Let us take R = |zg — yo|, M = nR in Proposition 3.8 with 5 € (0,1)
to be determined later. First we consider the case M < C*toa, where C, > 1 will be specified
later. In this case we have from Corollary 3.9,

_a _a L—1 4 4 deaa—d IR
Py 5(to, 203 0,40) < Cty = < Cty = (n+C Mg * M)~ < OO~ = (144, * R) 4.
(3.27)
1
Next we consider the case M > C,t§. We may assume that R > 2F[0](to, 0, zo, Yo), otherwise
(3.26) always holds by Corollary 3.9. Take L = M ~!log(M®/ty). Then Lemma 3.7 and the

smallness of § imply 3

AM(\If)to + M™%y < C, (328)
where C' depends only on d, «, 7, and Cy. Hence Applying Proposition 3.8 and then taking
M =nR with n € (0,1) and ¥(0,yo) = 0, we have

_d o o L_2X 1
Py (o, z0:0,y0) < Cty ™ exp(—¥(to, mo) + C||0]|x, LR3 55 2 72),

MU
Taking C, sufficient large depending on d, o and A, we can estimate

MOL

LR%*%té_ﬁJr% = n*%Jr%(A?a)i*ﬁ*% log(?) < Cn*%Jr%.
for M > C*t(l)/a. Thus, by the definition of ¥, we get
_d
Py 5(to, 203 0,50) < Cty ™ exp (= L(R — [€(to; w0)])+)- (3.29)

Now we will prove

—(R—[&(tos o))+ < — (3.30)

=~
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when R > C*td% and R > 2F[0](to,0, zo, yo). From the definition of (ty; zo), we have

— (R = [§(to; wo) )+ < — (R — [€(to; o))

to
:7R+|/ ][ 0(s)ds|
BR a:0+§(s:v0))
to tO
-1 a1 [ we-f () ds
0 Br(zo) 0 Br(zo) Br(zo+£(s;x0))

=I+1I

IA

Since R > 2F[0](to,0, 0, yo), the first term is estimated as follows:

to
I=|["f  as)ds - R < Flal(to.0.0,00) - R < -5
0 Br(zo

On the other hand, For u = $5(\ — d) 4 d, Lemma 2.3, Lemma 2.4 and (1.4) yield
to
< c/ )l (1€05, z0)[*~ + RP4) ds

< c/ )l erwds{(RI|]|x. + F[](to, 0, z0, yo))" + RF—4}

a(A—d)

< 15 ol {(R(I] x, + 1) "3 + F[i](t0. 0,70, 90) 5 }

a(A—d) _a(rA—d)
2d

1_a-d -
<Oty ol A+ [[ollx) > R

+C/|| HXA a(A d)tO + 4F[ }(t0707$07y0)~

2d4a(A—d) N
If we take C, > C max (|[5]| 3 "7, |01 5 es ¥) with some absolute constant C' > 0, the
right hand side is bounded by R/4. Here we have also used the condition A € (d,2d/a+ d)
in the first term and R > 2F[0](to, 0, zg, yo) in the third term.

Thus, summing up these estimates, we get the desired estimate (3.30). Taking n = ﬁ’
o
we get
—4 LR
PRM’{)(tO;xO;O)yO) < Cty  exp ( — L(R — |&(to; x0)|)+ ) <Ct, © exp( T)
1 M«
=Ct, ° exp( o log ?)

= CtoR™ 4@

Here C' depends only on d, «, Cy, and [|7]|x,. Let Ag _(¢) be the self-adjoint operator in
L*(R?) associated with the symmetric Dirichlet form 5}? . Then (3.6) is written as
ME€

00+ Ag, (D0 +75-V0=—Az (10,  t>0. (3.31)

We define the evolution operator Pg (t,s) as

(Pe, ot 9)1) () = / Pre., ot 5,9) 1 (9) dy. (3.32)

Rd

Then by the Duhamel principle, (3.31) leads to the formula
P 5(to, 030, 90)

to
N / (Pa, (0 5) Az (5)Pg (5,70, 50)) (o) ds. (3.33)
0

14



From the definitions of Az (s) and Kre(t,z,y) we have

/ 0 (PKM v(to’ )Af(Mc (S)Pf{,f;(sv E O,yo))(xo) ds

N /to/ 2ar.0(10, 703 8, )][Pi (5,750, 90)](2, ) Kre (s, 2, 2) dz dZ ds
to Rgd ]
< / /RM Far o (205203 8, 2) P 5(8, 20, y0) Knre (s, 2, 2) dz dZ ds
< 20(CoM ™ 4 5M TR, (3.34)

where we have used the definition of K M (t,x,y) and the properties

/RdPKMU(txsz)dzf/RdPKMU(tzsy)d =1.

Collecting (3.27), (3.33), and (3.34), we obtain the desired estimates in Proposition 3.10. O

Proof of Theorem 3.1. Set D = {(t,s) € R? |t > s > 0} and Q = D x R? x R%. Then
fundamental solutions are regarded as functions in 2. In [21] a fundamental solution P,
to (2.6) is constructed as a limit of PK(N,5)7U<N) at 0 = 0 and N — oo in weak-* topology
of Li (Q). Since v) converges to v strongly in (L}, (0,00) x R%))? by Lemma 2.5, it is
standard that the limit function Py, satisfies the estimates (3.1)-(3.2) thanks to Corollary
3.9 and Proposition 3.10. The details are omitted here. This completes the proof. (Il
Proof of Theorem 3.2. As in Proposition 3.10, it suffices to consider the fundamental solution
Pg 5(to, 0;0,y0) when R = [zg — yol satifies R > Cty/™ and R > 2F[5](to, 0; zo, yo)-

By using Proposition 3.8 and the definition of ¥, we have

—4
PRMj(to,ajo;O,yo) < Cto [ eXp(—‘I’(to,.’EQ) + CH’TJHXEHLR)
_4d ~
< Cty ~ exp ( — L(R — [£(to;z0)]) + C||v\|xﬁ+dLR)

If [|9]| x,y,0,4 is sufficiently small, we can apply Lemma 2.4 to get

(to,fvo, 0, yo) < Cto exp ( — LR+ L(RH{)”X@_M + F[’ﬁ](tmo,ﬁmyo)) + C||@||XE+dLR)

<Ct,° exp(— %)

K]M v

Taking L=M"1 log(Ma/tO), M = nR and n= Oé/{4(d—|— Oé)}, we have
Pi 5(to,w0;0,50) < CtogR™47,

The other arguments in the proof is same as those of Proposition 3.10 and Theorem 3.1. So
we omit the detail. (]

Proof of Corollary 1.4. When |z — y| < (t — 5)'/* we have from (1.8),

_a |z =yl \d+a |z —yl \~d—a _a |z —y
P, ,(t,z;8,y) < C(t—s) « (1+—F 1+—— < C(t—s) = —_—
5 ( y) ( ) ( (t—s)é) ( (t_s)é) ( ) ( (t—S)O‘)
(3.35)
This estimate holds all cases of \ if |z — y| < (t — s)1/®, so from now on we always consider

the case |z —y| > (t — s)'/®. To prove (1.13) we observe that if A\ € [2d/a — d,d) and

15
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|z —y| <1 then Lemma 2.3 yields

Fl(t, s, z,y) < /St mem(I),U(T) - ][BI(E)U(T) dr + /: |][Bl(x)v(7')| dr

t t
2d ()
< 0 [ 1)l e drie =l 00 4 [ ooy, o
< Clt—s)atz sufg—y| S OD L O — 5)
< -t + Y (3.36)

Hence if |z —y| > C'(t — 5)//* and C’ > 0 is large enough then

|z -y
2 9

(|x—y| —F[U](t,S,ZE,y))+ > (337)

which implies (1.13) by (1.9) in this case. When |z — y| < C’(t — s)*/® we get (1.13) by the
same argument in (3.35). If |z — y| > 1 then (C’) implies that

Q=

t
Fll(t.s29) <C [ o)y, dr < Clela gy (69

0,00 Ly,
Hence, if |z —y| > C” (t—s)'/* with large C" > 0 then (lz—y|—F[v](t,s,z,y))+ > |[z—yl/2,
ie., we get from (1.9) that Pn (¢ 2;5,y) < C(t —s)~¥*(1+ |z — y|(t — s)*l/o‘)fdfa, as
desired. When |z — y| < C" (t — s)'/* we have (1.13) by the same argument as (3.35). This
completes the proof of (1.13).

Next we consider (1.14). In view of the proof of (1.13), it suffices to give the proof only
for the case (t — s)%/® < |z — y| < 1. In this case we have from Lemma 2.3,

Fl(t,s,z,y) < /St ][Bgc_m(!I?)U(T) - ][BI(I)U(T) dr + /: |][Bl(z)v(7)| dr

t t
c-togle—y) [ lo@lesdr+C [ o, ar

C(1+ |log(t — s)|)(t — s)=. (3.38)

IA

IA

Hence, if |z —y| > C'(1 + |log(t — s)|)(t — s)/* for C" > 0 large enough, then (|z —y| —
CF)(t,s,2,y))+ > |z —y|/2. which leads from (1.9) to Py (t,2;5,y) < C(t —s)" & (1+

|z —y|(t — s)_l/o‘)_d_a. On the other hand, if |z — y| < C'(1 + |log(t — s)|)(t — s)'/* then
we have from (1.8),

Panltia,sy) < Clt—s) & (14 L2 Yydreqy 720l yame
(t—s)a (t—s)a

Ct— 5)*% (1+|log(t — 5)|)d+°‘(1 + M)*dfoz'

IN

This completes the proof of (1.14).
Est.(1.15) is proved similarly. Indeed, the only difference is that when A € (d,2d/a + d)
the estimate (3.38) is replaced by

£

Flo)(t,s,2,y) < C(t —s)at3 24, (3.39)

for (t — s)2/* < |z —y| < 1. Hence by considering two cases | —y| > C'(t — s)a+2~ 21 and
|z —y| < C'(t — s)i“'%_ﬁ with sufficiently large C’ > 0, we get the desired result when
(t — )Y/ < |z — y| < 1. The other cases |z — y| < (t — 5)"/* and |z — y| > 1 are proved
also in the same way as in the proof of (1.13) and (1.14), so we skip the details. The proof
of Corollary 1.4 is now complete. O
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