HOKKAIDO UNIVERSITY

Title On fundamental solutions for non-local diffusion equations with divergence free drift
Author (s) Maekawa, Yasunori; Hideyuki, Miura
Citation Hokkaido University Preprint Series in Mathematics, 1014, 1-46
Issue Date 2012-07-17
DOI https://doi.org/10.14943/84160
Doc URL https://hdl. handle.net/2115/69819
Type departmental bulletin paper
File Information re1014, pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




On fundamental solutions for non-local diffusion equations
with divergence free drift

Yasunori Maekawa
Department of Mathematics, Graduate School of Science, Kobe University

1-1 Nada-ku, Rokkodai, Kobe 657-8501, Japan
yasunori@math.kobe-u.ac. jp

Hideyuki Miura
Department of Mathematics, Graduate School of Science, Osaka University
1-1 Machikaneyama, Toyonaka, Osaka 560-0043, Japan
miura@math.sci.osaka-u.ac.jp

Abstract

We are concerned with non-local diffusion equations in the presence of a divergence free drift term.
By using the classical Nash approach we show the existence of fundamental solutions, together with the
continuity estimates, under weak regularity assumptions on the kernel of the diffusion term and the velocity
of the drift term. As an application, our result gives the alternative proof of the global regularity for the
two-dimensional dissipative quasi-geostrophic equations in the critical case.

Keywords: non-local diffusion equations; divergence free drift; fundamental solutions; Nash iteration; 2D
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1 Introduction
In this paper we consider the non-local diffusion equations in the presence of a drift term
00+ A(t)0+v-VO=0, t>0, zeR% (1.1)

where d > 2 and Ak (¢) is a linear operator formally defined by

(Ax(t)f)(z) = P.V. Rd(f(x) — fW)K(t,z,y)dy. (1.2)
Here K(t,z,y) is a positive function satisfying K (¢, x,y) = K(¢,y,x) and v(¢,z) = (v1(¢t, z), - - ,va(t, x)) is a
vector field in R? satisfying the divergence free condition, V- v(t) = 0. In particular, A (t) will be supposed
to possess a diffusion effect like (—A)*/? for some a € (0,2). Note that in the case Ax(t) = (—A)*/? with
a € (0,2) the kernel K is given by K (t,z,y) = Caulr —y| %2 for some positive constant Cy . The aim of
this paper is to prove the existence and the continuity of fundamental solutions for (1.1) under less regularity
assumptions on K and v.
When there is no drift term (i.e., v = 0) this problem appears in the theory of Dirichlet forms of jump
type. For the diffusion operator Ak (t) defined by (1.2) the associated Dirichlet form is

&0 =5 [ [ M@Kt dedy, [y = 1@ - ), (13)

and it has been investigated mainly from the probabilistic approach [6, 24, 25, 3, 1, 21, 2]. On the other
hand, in recent years the case with a drift term has also attracted much attention, especially in the field of
fluid mechanics, mathematical finance, biology, and so on. For example, many works have been done for
the two-dimensional dissipative quasi-geostrophic equations (QG), where Ak (t) = (—A)D‘/2 and the drift



term is a nonlinear term such that v is given in terms of § via the Riesz transform; [9]. For such nonlinear
problems it is crucial to obtain detailed informations of solutions under less regularity conditions on v.

In [4, 19] fundamental solutions were constructed when Ax (t) = (—A)*/? with a € (1,2) and v belongs
to a suitable Kato class without assuming the divergence free condition. In this case the diffusion term
is the leading term and they showed two-sided heat kernel estimates by using perturbation arguments.
However, despite of the increasing interest, there seems to be still few works on fundamental solutions for
a € (0,1]. In such cases the drift term formally becomes the leading term and is no longer regarded as
a simple perturbation of Ak (t), which causes difficulties in the study of (1.1). For example, so far little
seem to be known about the uniqueness of weak solutions for such cases and this makes even the semigroup
property of fundamental solutions nontrivial.

To state our main results we give the precise assumptions on the kernel K and the velocity v. We assume
that there are a € (0,2) and Coy > 0 such that

K(t,z,y) = K(,y,x) for a.e. (t,z,y) € (0,00) x R* x R%, (1.4)

ess.supt>0’z€Rd/ |z —yPK(t,z,y)dy < CoM> ™  foreach M € (0,00), (1.5)
lz—y|<M

Y

Cyt. (1.6)

ess.inf, o . ,erd |l — y|d+°‘K(t, z,y)

Following the conventions in (QG), we will call the case a € (1,2) subcritical, the case o = 1 critical,
and the case o € (0,1) supercritical. We note that if K satisfies

Cla —y|™""" < K(t,a,y) < Clo—y|~"7°, (L.7)

then (1.5) and (1.6) are satisfied. The condition (1.6) guarantees the diffusion effect like (—A)*/2. Taking
this in mind, we assume that v belongs to a class of functions which is invariant under the scaling

o(t,x) — v Y (et Y %2), > 0. (1.8)

This scaling is natural in the following sense: if 6(t,x) is a solution to (1.1) with Ag(t) = (—A)*/?
and v = v(t,z) then the rescaled function 6(rt,r'/“z) satisfies (1.1) with Ag(t) = (=A)*/? and v =
7,171/041}(%’ rl/"x), instead of v(t,x). Heuristically it is essential that v belongs to a function space which is
invariant with respect to (1.8), in order to ensure a smoothing effect by (—A)*/?; for example, see [29, 33, 30]
and references there in for second order parabolic equations and [5, 22, 32] for the fractional diffusion equa-
tions.

To describe the regularity assumption on v let us introduce the Campanato spaces; see [16].

AR = {7 € Lo ®) | Ifllenn =sup (R [ 1f@) = § 117 da)¥ < oo}, (1.9

Here the supremum is taken over all balls B = Bg(y) (the ball with radius R > 0 centered at y € R%), and
|B| is the volume of the ball B. We will sometimes write Br for Br(0) for simplicity of notations. The

value  ; f is defined by
1

Then it is easy to see that the continuous embedding

LOMNRY) — £VMRY)if u::5539-+d (1.11)
holds. Moreover, we have
pd
LEYRY < £PMRY) i 0<A<d, (1.12)
LPANRY = BMOR?Y) if A=d, (1.13)
LPARY = CTFTRY i d<A<d+op. (1.14)

Here LE (R?) is the weak LP space and C?(R?), 8 € (0, 1], is the homogeneous Holder space of the order 3,
ie.,

CERY = {f € CRY | [fllgs = sup L@ =IOy

z,y€R4 ‘:L, - y|,8



Next we introduce the Morrey type spaces of £P*-valued functions.

LP?(0,00; L2 (R)) = {f € Lf,.(0,00; £ (RY)) |

t 1
Hf”LP’/\l(O,oo;L‘L)Q(Rd)) = §1>110) os<ur<)t ((t - 5)7A1 / ||f(7-)||iq,/\2 dT) » < oo} (1.15)
For 1 < p,q < oo let LY (0,00; LY (R%)) be the class of functions defined by
L,.(0,00; LY,.(R")) = {f € Lioe((0,00) x RY) | || flla(o,riLr(mpy < oo forall R>0}. (1.16)

When K (t, z,y) satisfies (1.5) and (1.6) for some « € (0,2) the velocity v is assumed to satisfy the following
two conditions:

(C1) there are A € [2d/a — d,2d/a+ d] and 1 < ¢ < oo such that

v e LA (0,001 (LF A®D)Y) N L]

loc

(0, 00; (L7

loc

(RM)%), (1.17)
where py = 1if A € [2d/a — d,d] and px = co if X € (d,2d/a + d].
(C2) V-u(t) =0 for a.e. ¢t > 0 in the sense of distributions.

Remark 1.1 The space Lhata s (0, 005 C%‘A(Rd)) is invariant under the scaling (1.8). The condition v €

Ll’%'*%_ﬁ(o7 00; (ﬁ%’A(Rd))d) covers the following cases: v € L*(0, oo; (L% (R)4) for the subcritical
case; v € L*(0,00; (BMO(R?))?) for the critical case; v € L=(0, oo; (C*~%(R%))?) for the supercritical case.
One of the advantages to use the Campanato spaces (1.9) is that for some exponents (p,\) they contain
functions growing at spatial infinity. In particular, the case A = 2d/a + d in (C1) allows v to grow at most

linearly as || — co. We also note that the condition v € Ll’%+éfﬁ(07 o0; ( %‘)‘(Rd))d) includes the case

It — to| 212 u(t) € L(0, 00 (L5 MR for some to € [0,00). (1.18)

Under the divergence free condition (C2) the drift term becomes skew-symmetric with respect to the
usual L?(R?) inner product, and hence, the adjoint equation for (1.1) takes the same form as (1.1). This
additional structure is essentially used in constructing fundamental solutions under weak regularity condition
(C1). The divergence free condition sometimes plays important roles also in the second order parabolic
equations with singular drifts; [29, 33, 30].

For simplicity of notations we will introduce the seminorm

lvllx, = ”v”Ll,%-;-%—ﬁ(O’w;ﬁ%,,\md))- (1.19)

For T'> 0 and = € R? we also set

”UHY{ZQ = [[v|lLaco,m;LPx (By (2))) (1.20)
where py is as in (C1). The main result of this paper is the existence of fundamental solutions for (1.1).
The precise definition of fundamental solutions will be given in the next section.

Theorem 1.2 Suppose that (1.4) - (1.6) and (C1) - (C2) hold. Then there ezxists a fundamental solution
Pxw(t,x;8,y) for (1.1) satisfying the following properties.

P (t,x;s,y)dz = Pr(t,x;8,y)dy =1, (1.21)
Rd Rd
0 < Pro(t,a;s,y) < C(t—s) a, (1.22)
Pro(t,x;8,9) = / Pr (t,x;7,2) Pr,o(T, 2; 8,9) dz, t>1>52>0, (1.23)
Rd

C'(Jz1 — m2|” + |y1 — y2/?)

|PK,v(t,1‘1;S,y1)—PK,u(t,ﬂﬁg;S,yQN S (t—S)c ) (124)
and forT >t; > s, >0,i=1,2,
_ B’ _ B’
[Prc by, 5 51,) — Prcolta, s sa,y)| < Crxli = 2l + Crlor = 5o (1.25)

(min{t1 — 81, t2 — SQ})C/

Here the positive constant C' depends only on d, o, and Co, the positive constants C', ¢, 8 depend only on
d, a, Co, X, and ||v||x, , the positive constant Cr.. (or Cr,y) depends only on T, d, o, Co, A, q, ||v]x,, and
[vllyax (or |[vlly.ax), and the positive constants ¢, 5" depend only on d, a, Co, X, q, ||[v||x, -

T,z T,y



Remark 1.3 In the proof of Theorem 1.2 we will also show that

0(t,x) := P (t,x;8,9) f(y)dy € C([s, 00); LP(Rd)) if fe L"(R‘i)7 1<p< o0, (1.26)

Rd
and the energy inequality ,

1)z + 2[ 7 (0(r),6(r)) dr < ||f]z2, (1.27)
for t > s > 0 if f € L?(R%); see the proof in Section 4.2.

The estimates (1.24) and (1.25) show the Hélder continuity of the fundamental solution, where the Holder
exponents and the constant C’ are estimated uniformly in time and space, while the constants Cr, and
Cr,y can be larger as |z| and |y| increase, if v grows at |z| — oco. We note that for some class of (K,v)
and solutions the Holder continuity is obtained in [5, 22] for the critical case and also in [11, 32] for the
supercritical case. In [5, 22, 11] the case A (t) = (—A)*/2? and v € L>(0, oo; (£2¥/*24/@=d)d) was treated
under the condition (C2), and [32] dealt with the case (1.7) and v € (C*~*((0,00) x R%))? but without
(C2).

In order to prove Theorem 1.2 it is important to obtain the a priori estimates for fundamental solutions
of the approximate equations which are, roughly speaking, of the form 8t0+5(—A)&/29+A1~( ®)0+v-Vo=0
with 6 > 0. Here & € (1,2), and K and 7 are suitable mollifications of K and v. It is more or less well known
that the unique existence of fundamental solutions holds for such mollified equations due to the fact that the
leading term is the extra diffusion term. So our main step is to prove the a priori (equi-)continuity estimates
of the fundamental solutions. For the purpose we will use the Nash-type arguments by Komatsu [24, 25]
where he studied the non-local diffusion equations without the drift term. As in [28, 24, 25|, the arguments
consist of four steps; the moment bound, the relative entropy bound, the overlap estimate, and the iteration
estimate. However, due to the presence of the nonsmooth drift term, it seems to be difficult to obtain the
same estimates as in [24, 25]. For example, the moment of the fundamental solution is shifted by the drift,
and we have to take this effect into account. To this end we will use time-dependent coordinates along
the trajectory determined by a local average of v, instead of the usual coordinates R?. Although similar
coordinates were used in [5, 11, 22], we have to choose the appropriate trajectory in each step carefully.
We also note that, in fact, the arguments in [28, 24, 25] highly rely on the scaling property of (1.1), while
the above approximation does not preserve such property. As a result, for example, it is difficult to get the
equi-continuity estimates for solutions to the approximate equations, which causes another technicality in
taking the limit and showing the desired estimate rigorously.

Theorem 1.2 has an application for the global regularity of solutions to (QG) in the critical case, as
in [23, 5, 22]. Indeed, our result gives the alternative approach to this problem, based on the Nash-type
arguments for fundamental solutions. In particular, it should be noted that different from [5] we need not
study extension problems to use special property of the fractional Laplacian.

Before concluding the introduction we also state the spatial decay of fundamental solutions.

Theorem 1.4 Let Pk o (t, z;s,y) be the fundamental solution obtained by Theorem 1.2. Then there is ho > 0
such that for all Ro > 1, t € (0, ho], and v € (0,min{«, 2 — a}), if R > 1 is sufficiently large then
da

sup sup Pro(t+1zs+7y) < C’t_a+%R_%, (1.28)
|#|<Ro,0<T<Ro |y|>R, 0<s<Z%

R

_dia
sup sup Pio(t+T,2;5+7,y) <Ct aT2aR
|y|<R0,0<7<Ro |z|>R, 0<s<

(1.29)

i

Here C depends only on d, o, Co, v, A, ¢, Ro + ho, [|[v|lx,, and ||v]|q.x
Rg+hg,0

Remark 1.5 The smallness of ho is required only when A\ = 2d/a + d. In this case v might have a linear

growth at spatial infinity, and the smallness of ho cannot be removed in general. More detailed pointwise

estimates of fundamental solutions are studied in the forthcoming paper [26].

The rest of this paper is organized as follows. In Section 2 we give the precise definition of fundamental
solutions and establish some inequalities which are used throughout of this paper. We also introduce the
approximate equations for (1.1). Section 3 is the core of this paper, where we establish the a priori estimates
for fundamental solutions to the approximate equations. In Section 4 we prove Theorem 1.2 and Theorem
1.4 by taking the limit based on the estimates obtained in Section 3. In Section 5 the uniqueness of weak
solutions to (1.1) is discussed in the subcritical and critical cases for a specific class of K and v. In Section
6 is devoted to the application of Theorem 1.2 to (QG).



2 Preliminaries

In this section we give a definition of fundamental solutions of (1.1) and prepare several inequalities which
will be used in the proofs.

2.1 Definition of fundamental solutions

Let K(t,z,y) be a positive measurable function satisfying K (t,z,y) = K(t,y, ), and let v(t,z) = (vi(t, z),
-, v4(t,x)) be a vector field satisfying V - v(t) = 0. Then we formally define the bilinear forms &y (-, -)
and BY (-, ) by

Eoy(frg) = —<[fu@) Vg>= —/Rd f@)(t,z) - Vg(z) da, (2.1)
BR(f.9) = EQ(,9) +Ew(f,9), (2.2)

where 8;?(-, -) is the Dirichlet form associated with K defined by (1.3). Then we formally define weak
solutions and fundamental solutions to (1.1) as follows.

Let T > s > 0. A function 8 € L™ (s, T; L*(R%)) is said to be a weak solution to (1.1) for ¢ € [s, T") with
initial data 0, at t = s if 0 satisfies

/T EL(0(t),0(t)) dt < oo, (2.3)

s

and
- /T < O(t), dp(t) > dt + /T B (0(1), o(t)) dt =< b5, 0(s) >, Ve € C&([s,T) x R). (2.4)

Here C5°([s, T') x R%) is the set of compactly supported smooth functions on [s,T) x R
Then a measurable function Pk (¢, z;s,y) on {(t,s,z,y) | t > s >0, z,y € R} is said to be a fundamental
solution to (1.1) if for each T > s > 0 and f € L*(R%) the function

(Prof)(t,s,2) = [ Pro(t,z;s,y)f(y)dy, (2.5)

Rd

is a weak solution to (1.1) for ¢ € [s,T") with initial data f at t = s.

Remark 2.1 When K satisfies the condition (1.6) a weak solution in our definition belongs to L2 (s, T; H*/?(R%))

due to (2.3) and the coercive estimate
ess.inf =o€ (f, f) > Cll(=A) T f]|22. (2.6)

For K(t,z,y) and M € (0,00) we set

JI(K) = ess.suP;>q perd / |z — y|'K (t,z,v) dy, >0, (2.7)
> d
Kﬂf(t’xvy) = K(tvxvy)X{lzfy\SM}(xyy)a (28)
K\/,]\/I(tyzay) = K(taxay)x{lzfy\ZNI}(myy)~

Here x4 (z,y) is the characteristic function of the set A C R x R%. When K satisfies (1.5) we have

J«,I(KM) < CM™™*, if ">, (2.10)
Jp(Kym) < C'M?7 if v €[0,a), (2.11)

Indeed, by the monotone convergence theorem we have

o0
/ |z —y|" Ku(t,z,y)dy = Z/ |z —y| " K (t,2,y)dy
R — Jo—k-1M<|e—y|<2-FM

IN

CZ 27 M) 2/2 |z — y[*K(t,z,y) dy

—k-1M<|z—y|<2—FM

< CCOZ 27N M) (2R M) < CO M

if v1 > . This proves (2.10). The estimate (2.11) is obtained similarly and we omit the details.



For later use it will be convenient to define the “norm” of the kernel K:

1Ky = S K250 1o (Kon) + 3272 Jo(Ky on). (2.12)
k=1 k=1
From (2.10) and (2.11) it is easy to see that || K|y < oo if v < @ when K satisfies (1.5).
For t > s > 0 and r > 0 we define

(isf)(t,x) = f(t + s,7), (2.13)
(]tf)(&.l‘) :f(t_sax)a (214)
(R, f)(t, ) = f(rt,roz), (R K)(t,z,y) = K(rt,roz, ray). (2.15)

Note that (ji—sisf)(T,x) = (j:f)(7,z) holds. Let P ,(t,x;s,y),t> s > 0, z,y € R%, be the fundamental
solution to (1.1). Then the scaling, the translation, and the adjoint properties of (1.1) imply

PK,U(tMT;S?y) :PisK,is’U(t_Sam;O?y) = PjtfsisKv*jt—sis’U(t_Say;ovm)
= PjtK,—jtu(t - S,y;o,l'), (2.16)
rgPKm(rt,rix;rs,réy) = P (t,x; s,9). (2.17)

r1+gRrK,r1_%Rrv
Here, for example, Pj, k., j,o(T,y;72) (0 <r <7 <t y,z € R?) is a fundamental solution to the equation
67'0(7—7 y) + AjtK(T)e(T7 y) + (7]-{0) : V@(T, y) =0, 7€ (07 t]v JAS Rd7 (218)

and P.ita/ap, g ,1-1/a g, (3 8,y) is a fundamental solution to the equation

00+ A, 0 (00+ (r'""Rw)-VO=0, t>0, 2R (2.19)

2.2 Inequalities from real analysis
Lemma 2.2 Let f € Ll"‘(]Rd) for some € [0,d+1]. Let x1,2z2 € R¢ and R1 > Ro > 0. Then

Cll £l crwRE™ if 0<pu<d,
o= =] Clfles(oste+ Eo Bl s T i u=a (2.20)
Br, (#1) BR, (x2 e 4 2 )
Olfllcrn (Jzr = z2] = + RETT) if d<p<d+1.

Here C' depends only on d and p.
Proof. If 1 = x2 = x and 2=1R, < Ry < 2R, for some k € N, then (2.20) follows from

|f f—f S < Cllfll e RE™,
Bk gy (*) Bpr, (z)

and
k k
f f-f  nsyif i f F1 < Cllflonn RES gl
Bk gy (%) BR, (z) =1 Byip, (@) Byi-1p, (@) =1

We turn to the case R1 = Rz = R. We may assume that x2 = 0. Then (2.20) for the case y € (d,d + 1] is
trivial since the relation £'*(R?) = C*(R?) with 8 = u — d. The case u = d follows from the estimate for
functions in BMO(R?); for example, see [17]. As for the case u € [0,d), if |z1| < R then Br(z1) C Ba2r(0)

and hence
foos-f n<af - f awif p-f g
Bgr(z1) Bg(0) Bgr(z1) B3r(0) B3r(0) Br(0)

Cllfll gruw R~

If 2°7'R < |z1| < 28R for some k € N then Byi (1) C Bor+15(0), and thus from (2.20) with the case
r1 = x2 = x proved above,

T

Br(z1) Br(0)

foor— o asf - flvlf f-f
Br(z1) B,k g (z1) B, g (w1) B,k+1(0) B,k+1(0) B2r(0)

Ollfllrn R

IN

IA

IN

IN



Collecting these, we get (2.20). This completes the proof.

Next we consider the trajectory determined by an average of u:

d

7§u(tvx7R) = ][ u(t), 0<t <o,

dt Br(a+éu (tia,R) (2.21)
&.(0;2,R) = 0.

Here € R? and R > 0. The solutions of ODEs of the form (2.21) play important roles in the analysis of

(1.1). Set
Frlu|(to,z) = sup \/][ s)ds|. (2.22)
0<t<to BR(I)

Proposition 2.3 Assume that u € L'(0,to; LY*(R?)) for some p € [0,d+1]. Let £,(t;, R) be the solution
to (2.21). Then we have:

(i) [Gulto;z, R)|

CR"™[ull g1 (0,tg3c1.0) + Fr[u](to, ) if pel0d),
[ull 1 (0,40:21.0) 108 (€ + R™H[ull £1.0,105100)) + FR[U](tO»m)) it p=d,
(2.23)
‘|u|‘z1+10:)g1 ;L)"‘FR[U](tOvm)) if pe(dd+1),
Frlu](to, z) exp(CllullL1(0,t0;1:1)) if p=d+1.
Here C' depends only on d and p.
(ii) For x1,z2 € R? and R1 > Rs > 0 it follows that
|€u(to; 21, R1) — &u(to; 22, R2)|
Cllull 11 0,09:c1m) R~ if pelo,d),
ul| 1 oty + |1 —2 R .
P e T
< . 2 2 (2.24)
O(Hunzrgoj,;;;ﬁl,“) s 000 (171 —le“‘d+R‘f‘d)> it e (dd+1),
Ol 00500y (121 — 2] + Ra) exp(Cull 1 0 post.) ifop=d+ 1
Here C' depends only on d and p.
Proof. (i) By the definition of &, (¢; z, R) we have
t t
ewor) < [1f ue) = f s+ [ f uasl,
0 BRr(z+&u(s;z,R)) BRr(z) 0 Bg(z)
Then Lemma 2.2 yields
€u(t; z, R)|
CRA / Ju(s) 1. ds + \/ Foua it e 0,d),
RBR(I
< c/ u(s)]| . Tog(e + 812 T ds+|/ ][ u(s)ds| if p=d, (2.25)
R Br (=)
C/ lu(s)| g1 |&u(s; z, R)|MT dds+|/][ s)ds| if pe(d,d+1].

Then the case p € [0,d) is obvious. When p = d the above estimate implies that there is C>0 depending
only on C' such that

t
<l enn (1oa(e + B s enn) +loste+ B sy | [ f ey aap)
R(T

0<t<to
t
+ sup |/][ u(s)ds|.
0<t<tg Jo BRr(z)



When u € (d,d + 1) there is C > 0 depending only on C and p such that

1 t
~ Feme —d
ultosa, R)| < c(nu||zrgo;;:m,“)+|\u||L1(0,to;U,u>( w | [ [ uas)” )
' 0 0 J Br@

s
<t<to
t
+ sup |/][ u(s) ds|.
0<t<tg 0 Bpr(zx)

When p = d+ 1 the Gronwall inequality yields

t
€. (to; , R)| SeC”U’HLl(O‘tO:CL“) sup \/ ][ u(s)ds|.
0 Br(z)

0<t<to

Then it is not difficult to get (2.23). This completes the proof of (i).
(ii) We may assume that 28Ry < Ry < 2" R, for some k € NU {0}. Set @i(s) = &u(s; 4, R;). Again

from the ODEs, we have
to
|if u(s) -~ f u(s)] ds
0 Bry (z1+¢1(s)) Br, (z1+¢1(s))

¢
+/ |][ u(s) —][ u(s)|ds
0 J Bry(@1+e1(9) Bry (@a+92(s)

=: Il(to)+12(t).

IN

lp1(t) — p2(2)]

Then Lemma 2.2 yields similar estimate as in the right-hand side of (2.25). Hence as in the proof of (i) we
get

l¢1(to) — w2(to)l

CR‘zhd”u”Ll(o,to;ﬁlvur) + L1 (to) if pel0,d),
C llull Lr(0,t0;c1.1) log (6 + RQ_IHUHLl(O,tO;LlM))
1 — X2 .
< + l[wll L1 o.tgs210) log(e + |T‘) +h (t‘))) i p=d (2.26)

1
c ||u\|zl+50j;;;£1,u)+||u\|L1<o,tm£1.,u>|m—wzv‘*dm(to)) it pe(ddt),

C( Mull 2 (o,tgserm |1 — @2~ + 11(t0)> exp(Cllullpio,eg;c1)) i p=d+1.

Here C depends only on d and p. The term I1(to) is estimated from Lemma 2.2 and we get the desired
estimates. This proves the assertion (ii).

2.3 Approximation of kernel

To prove the existence of fundamental solutions satisfying the desired estimates rigorously, we have to
approximate the kernel K (t,x,y) suitably. For this purpose it will be useful to define the class of smooth
kernels K. Let Co be the number in (1.6). We say K(t,z,y) is a smooth kernel of the order o’ € (1,2) if
K(t,z,y) is of the form

K(ta xz, y) = |‘T - y‘idiak(t z, y) + 6‘% - y|7d70/7 (227)
where § > 0, o' > «, and k(t,z,9) is a function defined on R x R* x R? such that
_ 8 : —1
k(t,l‘,y) - k(tvyax)a sup Z |vt,x,yk(tvx7y)| < 0, lIlf k(tvwvy) Z CO . (228)
teR,z,y R4 1AI<1 teR,z,yERY

If K(¢,x,y) is a smooth kernel and v is smooth and bounded, then it is not difficult to prove that there
exists a unique and positive fundamental solution Pk ,(t,z;s,y) to (1.1). In particular, when f € C§°(R%)
the function (Pk,vf)(t, s, x) defined by (2.5) solves (1.1) for ¢ > s in the classical sense rather than the weak



sense. Moreover, under the assumption of V - v(t) = 0, Pk (¢, z; s, y) satisfies

/ P (t,x;8,y)dy = / Pr(t,x;s,y)de =1, (2.29)
Proltaisn) = [ ProltnimOPuu(résnde  t>7>520 (230)
Pro(t,z;5,y) < Ot —s) ", (2.31)
/ : |1 Prco (2, 5)1%, 5 At < C|I |72, (2.32)
1P 9llzr < 20 L<p< o (2.33)

Here C depends only on d, «, and Cp; as for (2.31), see [26]. Especially, C is independent of o’ and §. Let
Tn(o), N > 1 be a truncated function such that Ty (o) = o if 0 < N and Tn(0) = N if 0 > N. Then we
define the approximation of K (¢,z,y) satisfying (1.5) and (1.6) by

KOOt y) = o= g1~ (vs 5 ) (b2, y) + 0o — 7717, (234)
where
kn(t,z,y) = Tn(jz — y|*" T K (t,z,y)), t>0, En(t,z,y) =Cy ", t<0, (2.35)
which satisfies kn (t,z,y) > Cy* if N > Cy! from the definition and (1.6). Here vs* is a mollifier on (¢, z,y)
variables such as

(vs % o) (1, ) = / / vrs(t — $)vas( — E)vas(y — n)kn (s, &) dE dn ds, (2.36)
R JR2d

where vy, 5(2) = 0" "vn(2/0) and v, (z) is a smooth non-negative function on R" satisfying supp v, C {z €
R™ | |z < 2}, / vn(z)dz = 1. We note that the above mollification preserves the symmetry and the
Rfl

estimate such as

(vs xkn)(t,x,y) = (vs * kn)(t,y, ), (vs * kn)(t,z,y) > Cy . (2.37)
It is clear that K™% (t,x,y) is a smooth kernel of the order 14 a/2. If 85 < M then we have
Jo(KDY < C(8* N + M*™® 4+ 6M' ™ %), (2.38)
J(KYS)) < oM+ oM ), (2.39)
and if M < 86 then
Jo(K(D) < O8N + M%), (2.40)
J(KSSD) < M 48 “M TN + oM~ %), (2.41)

where C' depends only on d, a, and Cy. Indeed, from the definition of K N:9) we get

/d |z — gy K50 (¢, 2, y) dy
R

kn(t—6r, 0 — 66,y —6

< / /l/2d+1(7'7§a77) x | L d+a§—§ ) d¢dndrdy

lo—y|<M z —y|

+4 |z —y|' "2 % dy

|lz—y|<M
kn(t—6r, 2 — 66,y —6

< / /1/2d+1(T,§,T}) N(E =02 = 08, = ) e gy gy

85<|e—y|<M

[z — gl

kn(t — 67,2 — 66,y — a
+/ /ugdﬂ(r,&n) n(t—ore dﬂfj " de dpdr dy + CoM* 3
lo—y|<85 |z — yl

= L+L+CSM'™%,

Here we have set vaqy1(7,&,m) = v1(7)va(§)va(n) for simplicity of notations. As for Iy, since |z — §§ — (y —
o)l = |z —yl = o0(I¢| + Inl) = |z —yl — 46 > |z —y|/2 for £ + [n] < 4, we see

kN (t - 57—7 T — 557 Y- 677) 2—«
L < /ng 1(1,€&,m / dyd¢dndr < CM ,
i ) lo—se—(y—omy| <o |T — 0§ — (y — dn)|dte—2

by the definition of knx and (1.5). As for I, from ky < N it is easy to get Jo < C6*"*N. This completes
the proof of (2.38). The estimates (2.39), (2.40), and (2.41) are proved similarly and the details are omitted
here.



2.4 Approximation of velocity field

In order to prove the main theorems we need to approximate v by a smooth and bounded vector field
satisfying V - v(¢) = 0. To this end the next lemma is essential.

Lemma 2.4 Let A € [2d/a—d,2d/a+d] and set px =1 if A € [2d/a—d,d] and px = oo if A € (d,2d/a+d].
Let g1 € [1,00), g2 € [1,00], and p € [0,1]. Let v € L #(0,00; (L4 A (R?)*) N Lz, (0, 00; (L2 (RY)?) be a

given vector field satisfying V -v(t) = 0. Then there is a sequence of smooth and bounded vector fields {v(m}
satisfying V - v (£) = 0 and

(N) . < . 2.42
™l s S Gl s (242)
li]{]nsup HU(N)HL‘M(O,RULPX (Bry (2))) < Collv||pa2(0,2R: ;L2 (B2r, (2))) R, R2 >0, z € Rd, (2.43)
—00
and
o™ S v in (Le((0,00) x R (2.44)

Here Cy depends only on d, a, A, i, and q1, and C2 depends only on d and q2.
The proof of Lemma 2.4 will be given in the appendix.

3 A priori estimates for fundamental solutions

In this section we establish the a priori estimates on the regularity of Pk .(t,z;s,y).

3.1 Moment bound

We first consider the case that K(¢,z,y) and v are smooth. For R > 0 let xr(z), 0 < xr < 1, be a smooth
cut-off function such that ygr(z) = 1if |z] < R and xr(z) = 0 if |z| > 2R, and |Vxr(z)| < C/R. For
v € (0,2] we set
pr@) =lel?. pyr(@) = py(@)xn(a). (3.1)
Let K be a smooth kernel of the order @’ € (1,2). Then it is not difficult to see that if v < « then
IK||y < co. For A € [2d/a — d,2d/a + d] we set

t/
A 11
lullx,(s,c) = sup (t — )3 2/ Hu(T)HLE»\dT. (3.2)
s’ <

s<s/<t'<t

Note that ||j:ullx, 0,6—s) = ||u] x,(s,t) holds, where j; is defined by (2.14).

Proposition 3.1 Let K(t,y,z) be a smooth kernel of the order o’ € (1,2). Let X € [2d/a — d,2d/a + d]
and v € (0,min{a, 2 — a}). Assume that u is a smooth and bounded vector field satisfying V - u(t) = 0 in
(0,1) x RE. Let &,(r;2) € RY, 0 < 7 < 1 be the solution to the ODE (2.21) with R = 1. Then for any
7€ (0,1],

€y < mo(ria) = [

y Py (Y — & = &u(7;2)) Prc,u (7,330, 2) dy < Co(1 + [ K]5). (3-3)

Here Cy depends only on d, a, and ~y, and C depends only on d, o, v, A, and |lul|x, (0,1)-

Proof. Without loss of generality we may assume & = 0. For simplicity of notations we write P(7,y) and
&(1) for P .(1,9;0,0) and &, (7;0), respectively. Then set

mon(m) = [ purly = €)Pro)dy, 0<TL (3.4)
R
We first observe that 4 B
P(r,j) <Cr o = e’r o, (3.5)

where b depends only on d, «, and Cy. As in [28, 24, 25], we set

Q) = - [ P(r)los Plr.y) dy, (36)

R
d
77 = Q) ~ Lrogr 4, (37)
h(r) = / ED(P(r),log P(r))dr — glog T. (3.8)
1

10



Lemma 3.2 For any 0 <12 <711 <1, we have

Qn) — Q) > / £ (P(r). log P(r)) dr, (3.9)
f(r) = 3.10)
fm) = f(m) = h(n) — h(72). (3.11)

Proof of Lemma 3.2. For every € > 0 and n > 1 we have

~ [ )P or(P(r) + ) dy + [ 6)P(r2,) lor(P () + ) dy

,/ﬂ /Rd aTP(r,y)xn(y){log(P(r,y)+€)+%}dy
P(r)

_ / "D (P(r), xo (log(P(r) + ) + By dr

_ /7—1 /]Rd 'LL(T, y) . VXn(y)P(’f', y) log(P(r’ y) + E) dy dr.

From the boundedness of wu, it is not difficult to see that the last term in the right-hand side of the above
equality goes to zero as n — co. Thus we have

/ P(r1, ) log(P(r1,9) + ¢ dy+/ P(72,) log(P(72,y) + €) dy

P(r)

P+

— / ED(P(r),log(P(r) + €) +

\Y]

/ D (P(r), log(P(r) + ¢)) dr.

Letting € — 0, we get (3.9). The inequality (3.11) follows from (3.9). This completes the proof of Lemma
3.2.

Lemma 3.3 There is C > 0 depending only on d, a, and v such that
Meyoo(T) > Ce2a @), (3.12)

Proof of Lemma 3.8. The proof is the same as in [28]. We use the inequality T'log T + AT > —e~*~! which
holds for T, A > 0. By setting A = a1p,(y — £(7)) + a2 with a1, a2 > 0, we have

\Y]

Q)+ () b = [ P(og Pt aip, (s - €(r) + a2) dy
R
_/ =P (=)~ =1 g
RA
oo % _2d
= —Ce ™ / e P Tl dr = —Ce 2q, 7.
0
Hence by taking a1 = m;}m and az = 2dy~ ! log M+, 00, We obtain
2
-Q(r)+1+ 7dlog Moy, 00 > —C.

This completes the proof of Lemma 3.3.
Proof of Proposition 3.1(continued). From (3.7), (3.10), and Lemma 3.3, it is easy to obtain

Myoo(r) > Ci725, 7€ (0,1], (3.13)

where C7 depends only on d, a, Co, and «. This proves the lower bound in (3.3). Next we consider the
upper bound. Let R, M > 1. From the definition of m2 r(7) we have

Lman(r) = ), (o~ ), P()) ~ £5) | (pa.al- — £(r)), P(7))
+ [ () = o6 - Vopanly = €()P(r0) dy
= L+ 1+ Is.

11



(i) Estimate of I: The inequality (1 —6)? < —(1 — ) log for 6 € (0,1] yields

L

IA

/P( - )|[P2,R('*5(7)]\(1*P(T,Z)/P(T,y))P(T,y)KM(T,.%Z)dzdy

+/ lp2,r(- = &(T)]I(X = P(7,2)/ P(7,y)) P(7,y) Knm (7, y, 2) dzdy
P(r,y)<P(7,z)

Nj=

A

< / P20 — EONEP(r.y) K (r,y, =) dz dy)
P(r,y)>P(7,z)

Nl=

( / (1= P(r, 2)/P(r,))*P(r, y) Kna (7, y, =) d= dy)
P(7,y)>P(7,z)

Nl

+ (/ [[p2,r (- — £(T)}|2P(T,Z)KM(7',y,z) dzdy)
P(1,y)<P(7,2)

(/ (1= P(r,y)/P(r, Z))ZP(T, 2)Kn(T,y,2)dz dy)
P(t,y)<P(1,z)

< CUE(Kw)(ES (P(r),log P(r)) . (3.14)

Here we have also used |[p2,r(- — &(7)](y, 2)| < Cly — =|.

(ii) Estimate of I: Since p2 r, P, and Ky, v are nonnegative functions, we have

Bo= = [ Il = €PN 2) Ko as (. 2) dyds
< 2 prnly =€) P Ko ui(ry.2) dyds
< CRJ(Kya). (3.15)

(iii) Estimate of Is: We first consider the case A € [2d/a — d, d]. Then, since |Vyp2, r(y)| < C, we have

L < C fu(r,y) ][ w(r)[P(ry) dy
ly—&(T)I<2R B1(&(T))

< ¢ fu(r, ) - ][ w(r)|P(r,y)dy + O f u(r) - ][ u(r)|
ly—&(T)I<2R Bagr(£(7)) Bar(&(7)) B1(&(1))

a

Cllu(r)|| 2a , (772 R3T + log R)

IN

< Cllu(r)l| 22,7 *RH. (3.16)
In the second last line in (3.16), the term log R appears only when A = d. Next we consider the case
A € (d,2d/a 4 d]. In this case we have £2¥/**(R?) = CP(R?) with equivalent seminorms, where 8y =
aX/(2d) — a/2 € (0,1]. Hence it follows that

L < ¢ / fu(r, ) - ][ wu(r)[|V 2y — E())Ixaly — E()P(r,y) dy
R4 By (&(1))
u(r,y) — w(T) ||y — £V —&(7)|P(1,y)d
+/Rd|< v) ][BM)) (D)lly — €V xr(y — £ P(r.y) dy
< Clurless [, Io= &0 xaly - € P dy + Clutr)lean
+ Cllu(r) o / ly — £(r)|P> P(r,y) dy
R<|y—&(7)|<2R
< Cllu(r)] goy (1+m2,R(7)+RB*/ P(r,y) dy). (3.17)

R<|y—¢(7)|<2R
For the case A € [2d/a — d,d], (3.14) - (3.17) yield

d%( Tman(r) < Cr2aa(Kwm)? (S (P(r),log P(r) % + O Rio(Ky.a)

aX 1 _1
+ Cllu()l| 20 R + 577 2ma a(r). (3.18)

P

12



Regarding the case A € (d,2d/a + d], one gets

d — T w(s)]| - s = T i
(e CIT I eon S, o(r)) < Cla(Kr)? (EQ (P(7),log P(1)))? + CRJo(Kv,r)

+ Clumllean (1+ 8 [ P(ry)dy).  (3.19)
R<|y—¢&(7)|<2R

By the definition of h(7) we have
dh(7)

ED(P(r)log P(r)? < (= + D) <7 3(C+r 2.
This with (3.10) and (3.11) gives
/OTEI((S)(P(S),logP(s))%ds < /OT “5(C+ d’éis))d
< CTé—FT%h(T)—%/OTS_Eh(S)ds
~ ort +%/0Ts—%(h(7)—h(s))ds
< oy [Sho@-reas <o, e

Then for A € [2d/a — d,d], (3.18) and (3.20) yield
1 a T
Timar(r) < CrJZ(Km)(1+ f(r) + O Ro(Kv.a) + CR% / lu(s)] 2, ds
0 o
—&—1/ S_%mz,R(s) ds.
2 Jo
Thus from the Gronwall-type inequality we obtain
T%mgﬂ(T) < CTJ2(KM)(1 + f (1)) —|—C7'2RJ0(KV M) + OR%? / lu(s || 2d 5 ds

+CT%/ %(SJ2(KM)(1+f(S)) sZRJo(KvM +C'Rz‘l/ [[u(r)]| 2dxd7’>
0

[NE

A

< OJé(KM)<T(1+f(T))+T /OTS_%(I—i—f(s))ds)+C’T§RJ0(KV,M)
+

.
d

24 ||ull xy 0,1)- (3.21)

For A € (d,2d/a + d] (3.19) and (3.20) give

mar(r) < CefJo IM®lesy ds (JQ(KM)%T%(Hf(T)) + RJo(Ky )T

+/ l[u(s)]| 6 (1+RBA/ P(s,y)dy) ds). (3.22)
0 R<|y—€(s)|<2R
We choose v € (0,2) so that
SO (K250 Ly (Kp) + 275 Jo(Ky on) + 255 E) oo, i A€ [2d/a —d,d), (3.23)
k=0
and -
ST (k250D (o) + 2% Jo(K, o)) <00, if A€ (d,2d/a+d]. (3.24)

=~
Il

0
Note that v € (0, min{e, 2 — a}) always satisfies (3.23) and (3.24). Then for A € [2d/a — d,d], (3.7) and

13



Lemma 3.3 imply

Moy, 00(T)

- 2y) dy + —e(r)P(ry)d
/\y—g(r>\<1 v (y —&(7))P(r,y) dy Z/k 1§‘y%(ﬂ@km(y £()P(r,y) dy

jo
</ oy — € P(ry)dy + 3 2 DG D ()
ly—€(r)|<1 prt
T > 1 ad <
< 1+C<r%(1+f(r))+/ s‘%(1+f(s))ds> S 2rE g (KQk)+0722%JO(KV72k)
0 k=0 k=0
1 N B2 _1pa
+ Cr= 2d||uHX)\(0,1)22k{2 1+57
k=1
1 d 2d 2d [T _1 _
< 1—|—C<Té(1—alogT—&—Tlogm%w(T))—F?/ S ;logm% )ZQH 1)J (Kyr)
0
+07222 Jo(K\ i) + Cra ™ 34 [l x (o, 1)22“2*” at, (3.25)
k=1 k=1

Similarly, for A € (d,2d/a + d], we have

Maeo(r) < 14 CeCI5 1Mlen, ds{ L4 ) Y2 (1) +TZQQ Jo(K 21)
k=1

T [e o]
+/ HU(S)HC,BA(ZQM%*I)+Z2k(%fl+ﬁx)/
0 Pt —

2k <|y—g(r)| <2k T+

P(s,y)dy) ds}

IN

- > 1
1+ CeCJo 1Ml gy ds{ 21— d JlogT+ —d logms, o (1)) D 23V ()
k=1

—1—7;:12% Jo(K\ or) + /o lu(s) || 6 (1 + m%oo(s)) ds}. (3.26)

Here the constants C' in (3.25) and (3.26) depend only on d, «, Co, v, and A. Thus (3.25) - (3.26) and the
definition of | K ||y in (2.12) imply

Mey.00(T) < c<1+ (32 1>J2 Kyi) +ZQ = Jo(K. vak) ) <O+ |IK]-), (3.27)
k=1

where C' depends only on d, o, Co, v, A, and ||u||x, (0,1)- This completes the proof.

Proposition 3.4 Let K(7,y,z) be a kernel satisfying (1.5) and (1.6), and let K™ (1, y,x) is the approa-
imation of K given by Section 2.8. Fizt > s > 0. Let v(7,y) be a smooth and bounded vector field satisfying
V-u(r) =0 in (s,t) x RE. Let v € (0,min{a,2 — a}). Then for any x € R? there is & = £5(x,t,s) € R?
such that

ey
2

Cilt=% < [ oy €)Peons (i) dy
R

< Colt—s)% (1+0% % (t—s) e N +5(t—s)2 =), (3.28)

Here Cy depends only on d, a, Co, and v, and Ca depends only on d, a, Co, v, A, and ||v| x, (s,1)- Moreover,
it holds that

&0 (@, ¢, 5)

r . 2d

Ct— )= [ollx, (o) + F,_ i+l +s)]t=sa) it Ae [T —dd),
i .
Cl (= s)=|vllxy(s,6)log (€ + [[vllx,(s,6) + F ;[v(-Jrs)}(t—s,x)) if A=d,
(t—s) «
: L. sa—etoa _ 2 (3.29)
C((- 9 WITEST 4 F,_ s+ 9l - 50)) it ve @2+,
. 2d

F(t_s)i[v(-—ks)](t—s,x) exp(Clv||x, (s,1)) if A\=— +d

Here Fru|(t,x) is the function defined by (2.22), and C depends only on d, o, and .
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Proof. If we put
K(1,§,8) = (t = )" & (R i KN (1,5,8),  9(r,9) = (= 5)' "% (Re—sisv) (7, 9), (3.30)
then the scaling property implies

Prvsr o(tyis,@) = (t— ) % P o(1,(t — 5) 530, (t — 5) ) (3.31)

)

By the definition of KV'%) we have

1

= —d—a . 1i_1 o—d—1—2

K(r§,&) = |§ = &7 (Re—sis(vs * kn)) (7,5, 8) + 6(t —5)2 "= [§ — &7 5. (3.32)
Since (Ri—sis(vs * kn))(7,9,%) > Cgt, the function K(7,9,Z), 0 < 7 < 1, is a smooth kernel of the order
1+a/2 but with §(t—s)'/27/ instead of & in (2.27). Moreover, the equality H(tfs)l_é (Ri—sisv) (T )|| 2d

A1 AR
(t=s)2a 27w lv((t = $)7 + 5)|| 2a , implies [[]lx,0,1) = [[vllx,(s0)-
For any & € R? let &(;%) € RY, 7 € [0,1], be the solution to the ODE (2.21) with = 9. Then by
Proposition 3.1 we have for 7 € (0, 1],

€< [ 0055~ G(rsa) Pr o7, 5:0.8) 47 < Ca(1+ |,
R

From (2.38) - (2.41) we see

a

Jo(Kor) < C(28C7) 4 6279t — §) "2 N 4 6(t — 5)3 w2813, (3.33)
Jo (f( ) <C(27F 427Gt — )TN 4 5(t — 5)F w2 O+, (3.34)
This gives the estimate
~ 2 1 1
K|y <CA+6>(t—s)'"aN+6(t—s)2 o). (3.35)

Hence we have

Q=

Cr < / py(§ — & — &(738)) Py o (7, 5:0,8) A < CC2(1 4+ 6> (t—s) " a N +6(t—s)2"a).  (3.36)
Rd

This implies the desired estimate by taking & = (t — )~ Y%z and by setting & (x, ¢, s) = (t — )/ & (1; Z).

By the definition of || - || x, (s,+) and the embedding L2/ eNRY) s LYH(RY) with g = aX/(2d) +d — o2, we

have ||5]| 110,110y < Cl|9] x5 (0,1) = Cllv]lx, (s,1) for this p. Furthermore, we have the equality

1
REIL3) = (=) 5 F 3 [o(-+ )|t - 5,2)
Hence (2.23) yields (3.29) by the definition &% (z, ¢, s) = (t — s)Y/“£5(1;Z). This completes the proof.
The adjoint relation P (v.s) (¢ y;8,2) = jtK(N~5),—jw(t — 5,7;0,y) (see (2.14) for the definition of
j¢) and Proposition 3.4 yield the moment bound of the integral with respect to x as follows. Note that
ll7:v|l x5 0,t—s) = ||Vl x5 (s,¢) by the definitions of j; and || - || x, (s,¢)-

Proposition 3.5 Assume that the conditions in Proposition 8.4 hold. Then for any y € R? there is ) =
ns(y,t,s) € R such that

Ci(t—s)2a < /dpw(x—y—Uﬁ)PKW,é),v(t,y;S,m)dx
R

IN

Co(t—s)%a (146 “(t—s)' "o N +06(t—s)7 =). (3.37)

Here Cy depends only on d, a, Co, and v, and Ca depends only on d, a, Co, v, A, and ||v| x, (s,1). Moreover,
M5 (Y, t, s) satisfies the same estimate as &, (x,t,s) in Proposition 3.4 with v replaced by j:v.

3.2 Relative entropy bound

In this section we establish the estimate on the relative entropy of fundamental solutions. We set

E(z) = H(|z|) :C’(1+|m|)_d_a/log(e+|x|), y E(z)dz =1. (3.38)
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Proposition 3.6 Let € € (0,1] and v € (0,min{«,2 — a}). Let K(r,y,z) be a smooth kernel of the order
o' € (1,2). Assume that u is a smooth and bounded vector field satisfying V - u(t) = 0 in (0,1) x R?. For
z € RY let &,(T;x) and m~(7;2) be as in Proposition 3.1. Then there are Ci, Ca > 0, I € [0,1) such that

-, < - /d E(y —z—&u.(1;2)) log (PK,u(l,y; 0,z) + e) dy
R

IA

Collog > (1 + K], + L ; ) (3.39)
H(l + {SupTG[%,l] ma (75 m)}?)

Here Cy depends only on d, a and Co, and C2 depends only on d, o, Co, A, 7, and ||ul|x, 0,1). The number
Ix depends only on d, «, and X\, and especially, we can take Ix =0 if X\ € (d,2d/a + d].

Proof. As in the proof of Proposition 3.1, we may take x = 0. Then we consider

<r<l1. (3.40)

N =

g:(1) = — | E(n—7"%&.(r;0))log (7% P.u(r, 7% ;0,0) + €) dn,

Rd

Since / ra P (T, e 7;0,0)dn = 1 it is easy to see that g.(7) is bounded from below uniformly in 7 and
R4

€ by the Jensen inequality. For simplicity of notations, we set

P(r,n) = 7'%P1r<,u(7',7'é77;0,0)7
_1
(1) = 1 2&u(r;0),
E(r,n) = E(n-¢&(1))).
Since p )
d 1
TP ) =—P ) - P ) o TP u 3 o 3 U, ;
9-P(r,n) = ——P(r,n) + —n - VyP(7,1) + 7 (8- Px.u)(7,721;0,0)
we have
d d P(1,n) d
q_Ye = - E ) d —Je
T3 9¢(7) o | (r n)P(T,n) e At ge(7)

L1 / (=€) - (VE)(n - €() log(P(r.m) + ) dn

«

Tl+g E(T, )
+T /Rd[P(T, ~)][m}(n,z)(R7K)(17n’ z)dndz

_7‘1_i /]Rd (u(T, Tén) - %gu(ﬂ 0), V) E(r,m) log (P(T’ ) + 6) dn

A
|
S
S
Jr
2
=
_l’_

(i) Estimate of I;: From the definition of E and log(P(1,7n) + €) < C where C depends only on d, «, and
Coy, it is not difficult to see
I <Cgc(r)+C, (3.41)

where C' depends only on d, o, and Co
(ii) Estimate of I: Although I is estimated in the same manner as in [24], we give the proof for convenience
to the reader. Set

24(7]7 Z) = [IOg E(Tv )](7]7 Z)7
2w(n, z) = [log(P(7,) + €)](n, 2).

We use the inequality

sinh(f — w) sinhw < (6 — w)wsinehey (3.42)
which was proved in [24, Lemma 3.1]). Then we have
Pl e an2) = 2(B(rn) + E(r,2)sinh(C - w)sinh(w)/ cosh(()
< (B + B ) B () - o,2).
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Hence we get

tanh ((n, 2)
¢(n,2)

Let 7 € [1/2,1]. The estimate |{(n, z)| < C'log(1 + |n — z|) < C|n — z| yields

[, B+ ) 2 COE sy k1,0, 2) s

CMEl?Of,OO) (L2[(Rr K)ar] 4+ J5[(Rr K)v,])
C inf : (Jz[KM] + JW[K\/,M]) < CK|y < oo.

Me(0,00

Ro< [ (B4 B

IN

IN

By using the inequalities

tanh ¢(n, z)

> C(logle+|n—2z)"", (R-K)(1,n,2) > C -1-% — |74,
) 2 (log(e + [n — z[)) (R-K)(1,n,2) 2 Cot In — 2|

we have

I

IA

C+ClIK]ly

= [ B+ B2 ) (0ae+ I = 20) 7 (Re K (1, 2) do

IA

CHOIK —ecst [ B e ) Bl — ) dnds

IA

C+C|K]y - C / B(r, 2)0 (1, 2) E(r, 1) d =
Rd xR

IA

C+ ||, ’C/Rd E(r, 77)(/]R 200(, 2) E(r, 2) dz)? dn

d

= C+CIK|,=C [ B(rn) (0a(P(r.) + )+ g:(7)” do,

(*(m, 2) — w’(n,2))(R-K)(1,7,2) dndz.

(3.43)

for 7 € [1/2,1], where C > 0 depending only on d, «, and Cy. Let lc(a,b), a > 0, b € R be the function

defined by
1
le(a,b) = g(log(a +€) 4+ b)*.

3

(3.44)

Fix x1 > 0 which is to be determined later. Since I.(-,b) is decreasing on [£57° 00), if gc(7) > 3 — log k1

then we have

[ ) (lor(P(r.n) + ) + g.(7)) dn

E(r,n)P(1,m)le(P(T,1m), ge(1)) dn

RrRd

le(max P(ron),gc(0) [ By r)P(rn) dy

P(1,n)>K1

H(B)L(max P(r.0).9.() [ P(r,u)dn

P(t,m)2k1, In—&(T)I<R

(Y

A\

A\

H(R)L(max P(r.n).90(r) [

P(r,n)dn — k1 / dn).
In—¢&(T)|I<R

In—&(nI<R

Thus from Proposition 3.1 with a fixed v € (0, min{«, 2 — a}) we get

/ P(r,m)dn = 1—/ P(r,n)dn
In—€(r)I<R In—€(r)|>R
> et p (11— E(r)) Py ) iy
In—£(r)|>R
2 1_p’Y(R)_l/d p’Y(LE(T))PK,u(Ta"L(LO)dn
R T

~

= 1 py(R) 7 By (ri0) >

>
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if 7 € [1/2,1] and R > 1 is sufficiently large so that

22t35 sup m4(r;0) < R?. (3.45)
T€[5,1]
By setting 4x; = |Br(0)|"* and by using the bound
P(7,n) = 7% Prcu(r, 751;0,0) < €',
where C’ depends only on d, a, and Cp, we finally get
[ B (oa(Prn) + )+ (r) dn > FHRILC g()
= CH(R)(log(C" +€) + ge(n))”
> H(R)(cg(r) - C),
with ¢ depending only on d, a, and Co, which holds for 7 € [1/2,1] as long as
ge(1) >3 —logk1 = C + dlogR. (3.46)

Here the constant C' in (3.46) depends only on d and 7. Collecting these, under the conditions of (3.45) and
(3.46) we get

L < C+C|K|, - Cra /Rd E(r,m) (1og(P(r,m) +€) + g.(r))*
— c(1 = k2) H(R)g? (7). (3.47)

for every ko € [0,1) and 7 € [1/2,1], where the above constants C' and ¢ depend only on d, «, v, and Co.
(iii) Estimate of I3: Let A € [2d/a — d,d]. As in the proof of Proposition 3.4, we set

Dy = {zeR*||z—¢&(r;0)] <1},
Dy = {zeR? |2 ' <|z—¢.(m;0)| < 27}, keN.

Since [V, E(n)| < C(1+ [n)) " E(n) < C(1+ )~ FD/2E(n)'/2 we have

|13
TT%X* T%l *Ti%ET d%
S(AJM» ") f&mmgU|<+m £(r))™ < B(r,n) d)
X (/ E(T,n)llog(P(T,n)+6)‘2dz‘—iTx d’?) 2=
Rd
4 (& 2d |z — &u(T50)| 24 2z — &u(T) >2O§1
S C 2a s — o 1_’_71 o B 2= sl d
T <kZ_O/Dk lu(r, 2) ][Bl(.gu(ﬂ)u(ﬂ' ( - ) ( - )dz

2d—a

x (/Rd E(r,m)|log(P(r,n) + )| 5 dy) 77" .

From (2.20) we get

/|mna—f ) F 4 E2 B O] 2 p 2 = Gl 0) o,

Dy, B (&u (7)) T« T

< C’27<275+d+%)k/ lu(T, 2) —][ u(T)| e dz
B, (§u(730)) B, (§u(T))

_ 2dk 2d
er wf um—f u(r) %
By (6u (7)) B1(6u (7))

< o2 E D ) )

for 7 € [1/2,1]. Then from the interpolation inequality and the estimate

1
/ E(T,ﬂ)’lOg(P(T,n)+6)‘dT] < —ClogT+ ge(r) < C + ge(T) for 76[5,1],
Rd
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we have

2d—a
2d

Bl < Clumlzen ([ B@wosPa) + 0] )

IA

2(d—a) 3@d—a)
Clu(m)ll a5 (C + gu(r) 35 (/ E(r,m)|log(P(r,n) + O dn) (3.48)

if 7 € [1/2,1]. In particular, from |log(P(7,n) + €)| < C|log €| we have
15| < Cliog el u(r)] 2.1 (3.49)

Next we consider the case A\ € (d,2d/a + d]. In this case we have £*¥/**(R?) = CPX(R?) with B\ =
a(X —d)/(2d), and hence,

1 _
< cf jurrin- ][ W)L+ 7 — E@)) " E(r, n)| log(P(r,n) + &)] dn
R4 B (&u (7))
_d z—&u(T;0)|, z z
= ot IU(T,Z)*][ w1+ E=S O e 2 og (P, 2y 4 o) dz
Rd B1(§u(7')) T« T« T o
< OrEu(l / 1+l 5““”') 0 B, ) log(P(r, ) + ¢)] dz
e Ta T o
< Ol 2, / (7. log(P(r,7) + &)| dz
< Ol 200 (1 + (7). (3.50)
From (3.41), (3.47), and (3.49), we observe for A € [2d/a — d, d] that
d
“Lg(r) < O+ OIK], + Cllogel llu(r)| 20 » — cH(R)GE(r), (3.51)

if 7 €[1/2,1], (3.45), and (3.46). As for the case X € (d,2d/a + d], from (3.41), (3.47), and (3.50) we have

%ge(T) < CH+ Iy + Cllu(r)]| 20 5 (1+ ge(7)) — cH(R)g (), (3.52)

Here the constants C' and ¢ in (3.51) - (3.52) depend only on d, «, Co, A, and v. These differential inequalities
imply the bound of g.(1). We give a proof only for the case A € [2d/a — d,d], since the other cases are
proved in the same manner. Est. (3.51) implies that

T

Le(ri) = 0u(r) = C [ (41, + og el (o)l 3. s+ cHOR) [ g.(o)" s

70

is non-increasing for 7 € [7o, 1], where 70 € [1/2,1) is fixed. Set

C'(1+ 1K [l + [l x,0) | 2 3ad +2d — a) 1
M = A= =€ (5,1 3.53
( cH(R) ) ’ 32adt2d—an < 2V (3.53)
where C’ is a large constant depending only on d, a, Co, A, and . Let us take 70 = 1 — |loge|~*~1),
Recalling the general bound supg_, <, |9¢(7)| < C|loge|, we claim that there is 71 € [ro, 1] such that
ge(1) < M|loge['. (3.54)

Indeed, otherwise it follows from L(1;70) < Le(70;70) = ge(70) that
1.1
ge(1) < C{lloge|+ (1 —70)|| K]l + [loge|(1 —70) 2+ & 24 ||ufl x, 0.1)} — cH(R)M?*(1 — 70)| log e *
< (C= )1+ Kl + lullxy o)l loge <0,

if C’ is taken so that C" > C, which is a contradiction. Hence there is 71 € [79,1] such that (3.54) holds,
and then L¢(1;71) < Le(m1;71) = ge(71) obtain

1A
6e(1) < Mllogel +C{llogel " VK] + [log e~ @D G+3=30) ), 1)}
< (M + lullxyo + K]l og el (3.55)

This proves the case A € [2d/a — d, d]. For the case A € (d,2d/a + d] we have the bound of g(1) uniformly
in € € (0, 1], thanks to (3.52). The details are omitted. The proof of Proposition 3.6 is now complete.
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Remark 3.7 By using (3.41), (3.47), and (3.48), it is possible to take Iy = 0 in Proposition 3.6 even when
X € [2d/a — d,d], if u belongs to LP' P37 (0, 00; (L4 X (R))?) with p = 2(2d — @) /(4d — 3a), which
is slightly stronger than (C1).

As in Proposition 3.4, we will derive the relative entropy bound of PK(N’5>,v(t7 x; $,y) by using the scaling
property.
Proposition 3.8 Let K(7,y,x) be a kernel satisfying (1.5) and (1.6), and let K™% (1,y, x) be the approz-
imation of K given by Section 2.5. Fizt > s > 0. Let v(7,y) be a smooth and bounded vector field satisfying
V-u(t) =0 in (s,t) x RY. Assume that N > 1,0 < 8§ < N~YE=) gpnq

t—s>uns:=0"N2a, (3.56)

Fiz any z,y € R? and let & = € (x,t,s), m; = ni(y,t,5) € R be the vectors in Propositions 3.4, 3.5.
Let 1y € [0,1) be the number in Proposition 3.6. Then
B 4 , N
Ci<—(t—s) = E(=———>%)log ((t —8)e PK(N,a)’v(t,y, s, 1) + e) dy < Co|loge|™, (3.57)

R (t—s)é

C1<—(t- 5)7% E(%)log ((t— s)gPK(N,g)w(t,y;s,x) +€) dz < Co loge|". (3.58)
R —8)a

Here Cy depends only on d, a, and Co, and C2 depends only on d, o, Co, A, and ||[v]|x, (s,)-
Proof. 1t suffices to show (3.57). The proof is similar to Proposition 3.4. Noticing the scaling relation (3.31)
and (3.30), we apply Proposition 3.6 to Pg ;(7,#;0,%). Then we have

C1

IN

— | E(@f—2%—&(1;8))log (Pg 5(1,50,%) +¢) dj

Rd

. ~ 1
Cs|log (1 +llxa o + IRl +

H(1+ {sup, ez ’ﬁ’L’Y(T)}?f)>7

IN

(3.59)

where C1 depends only on d, o, and Co, and C> depends only on d, a, Co, A, v, and ||7]|x, (0,1)- Here
(1) = [ 925 7 = 66(ri ) Py o7, 5:0.8) 4
R

By (3.36) and 20/(2—a) < @, if § € (0,1) and N > 1 satisfy 6*N*/(2~%) < t—s then SUp,¢(1/2,1 M~ (1) < C,
where C' depends only on d, o, Co, A, 7, and ||#||x, . Moreover, (3.35) implies || K|, < C, where C' depends

only on d, a, Co, and . Finally, we observe the relation ||%| x, (0,1) = |||/ x, (s,+)- This completes the proof.

We have the following estimates for &;(z,t, s) and 1} (z, ¢, s), which will be used later.

Proposition 3.9 Let T >t > s> 0 and x,xz1,x2 € R%. Let £ (x,t,5),n5(x,t,s) be the vectors in Proposi-
tion 3.4, 3.5. Then

& (@, t, 8)| + |y (2,8, 5)]
CHTHOD L 1)t — )% + Calt — 5)'F o] o it Ae [%‘l —d,d),
T,z
C1(t—s)%(1+|10g(t—s)\)+C2(t—s)17%||vHY¥,A if A=d,

IN

2d

Cit — 8)& + Cot — 5)" "4 o if Ae(d T +d|,

a, X
Yrie
and

|f:(l‘1,t,8) - fz(m%t? 8)| + |17:(5171,t,8) - 77:(902,15, 3)|

1 . 2d
Csl[v]|x, 5,0t — s)= it Ae[Z—d.d),
1 r1 — T .
< | Gt ¥ og(e+ =) it A=
1 r1 — Ta|, eX_a . 2d
C’3H1)||Xx(s’t)(t—s)a(1+(%) 2d 2) if e (d,— +d].
(t—s)a a

Here Cy and Cs depend only on d, a, X\, and ||v||x,, and C2 depends only on d and q.
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Proof. In order to estimate &, (x,t,s), by Proposition 3.4 it suffices to give the estimate for Fi_g1/a [v(-+
$)](t — s,x). Let A € (2d/a — d,d). For every r € (0,t — s] we have

|/][ v(r+s)dr| < /\][ u(T +5) — ][ U(T+S)|d7’+/|][ v(T + s)|dr
1 (x) 1 (x) By (x) 0 Bi(x)

(t—s) @ (t—s) @

= 11+ 1>

Since it is easy to get Io < C(t — 5)171/q||v||yq,x, it suffices to consider Ii, but Proposition 2.3 with
T,z
u=aM/(2d) — a/2 + d implies

_ t—s
11§C(1+(tfs)#Td)/ o(r + 8)|crwdr < C(1+ (t—s5)3073)(t — )3T 34 |lo]|x, (o)
0

IA

11— =
C(T21" @ + 1) (t — 5) [v]| x, (s.0)-

The case A € [d,2d/a + d] is obtained similarly and the details are omitted here. In order to estimate
|€5 (x1,t,8) — & (x2,t,8)| we recall that £ (z,t,s) is given by &;(z,t,s) = (t — s)l/"‘&(l;é), where z =
(t —s)"Y%%z and &;(r; %) is the solution to (2.21) with u = & = (¢t — s)'"Y*R,_i,v, x = %, and R = 1.
Hence, from Proposition 2.3 and [|%||.1(0,1;21.0) < Cllvlxy(s,0) for pp = aX/(2d) — /2 + d it is easy to get
the desired estimates. The estimates for n; (z,t, s) are obtained similarly. This completes the proof.

Remark 3.10 By the triangle inequality |&} (z,t, s)| < [&5(x, t, 5) —&5(0, ¢, s)|+ €5 (0, ¢, s)|, applying Propo-
sition 3.9, we also have the estimates

&0 (@, 1, 8) + [no (@, £, )]

cl(T%<1f%> F1(E= )%+ Calt =)' ol g it Ae [%d —d,d),
Ci(t—s)= (|10g(t—s)|+log( +|m|))—|—02(t—s) 7%||v||yq,x if A=d,
S 1 141 2 ad_a oo
Cr((t = 8) + [[vllx, (s (t — 8) = T2~ %0 |2| 50~ %)
1 2d
+ Ot — )" ollyn if A€ (d = +d.
T,0

Here C depends only on d, a, A, and ||v||x,, and C2 depends only on d and g.

3.3 Overlap estimates

In this section we will show the overlap estimates based on Proposition 3.8.

Proposition 3.11 Let K(7,y, ) be a kernel satisfying (1.5) and (1.6), and let K™% be the approzimation
of K given by Section 2.3. Assume that N > 1 and § < N~ =% Then there exists a positive decreasing
function ¢ = ¢(r) such that

|z1 — 22|
(t—s)o
for x1, x2 € R t>s5>0 satisfying t — s > pun,s and |x1 — x2| < 2(t — s)l/o‘. Here pn,s is the number in
Proposition 3.8, and ¢ is taken depending only on d, a, Co, A, and ||v|x, .

Proof. Let &;(x:) = &, (xi,t,s) be the vector in Proposition 3.8. We follow the arguments in [28]. The
inequality a1b1 + a2b2 < maxa; maxb; + min a; min b; and Proposition 3.8 yields that for ¢t —s > uns,
7 J K3 J

/d Prwv.s) o(t Y5 8,71) A Prensy o (8, Y5 8, 22) dy > ¢( ), (3.60)
R

y—xi — & (@)

(t—s)"% [ minE( ") minlog ((t — )& Py o (6 8,:0) + €) dy

Rl ? (t —8)a
_ - §v( ) _ % . .
> (t—s) Z 7t 1 )log ((t — 8)= Pvo (43 8,:) + ) dy
—s
-4 y—x; — &y (xq) 4
—(t—s)" @ max E( - )max log ((t — 8)a Pr(n.sy o, (ty; 8, 5) + e) dy
Rd 7 (t—s)a ’
> —20,|loge| —2C, (3.61)

21



where C and [, € [0, 1) are the constants in Proposition 3.8 and C'is the constant such that Prwv.s , (t,y;s,2) <
C(t — s)~¥*. On the other hand, we have

L.H.S of (3.61)
(lfﬂl + & (w1) —x2 — 53(332)|)

< loge-w

(t—s)a

d
-z — &, ] t—s)aP, )6 ta 7S, T4
+ (t—S)f% minE(L&I(ml))minlog(l—k( ) Prevs) o (6 Y ))dy
Rd (t—s)E t €

< IOgE"w(lxl +§v(1(‘1)_‘;‘?_§v($2)|)+0 miDP;((N,S)U(t,y;SﬂEi)) dy. (362)

t—s)o € Jra i ’

Here w(o) is the function on R4 defined by

w(|z1 — 22|) = /]Rd min E(z — z;) dz. (3.63)

Note that, by the radial symmetry and the positivity of E, w is positive decreasing. Estimates (3.61) and
(3.62) yield
min Py (n.s) , (t,y;8,2:)) dy > i( —loge-w( 21 + & (1) = w? — & ($2)|) — 20| log e — 2C). (3.64)
rd ' c (t—s)a
By Proposition 3.9 it is not difficult to see that for each case of A € [2d/a — d, 2d/a + d],
|€5 (1, t, 8) — &5 (m2,t,8)| < C’((t — s)é + |71 — x2|), (3.65)

where C' depends only on d, o, A, and ||v||x, . Then, since w is positive decreasing, from (3.64) and 5 € [0,1)
we have

min Prec,oy o (613 5,2)) dy > (22— 22]) (3.66)
rd 1 (t—s)=

for a positive deceasing function ¢, by taking e > 0 sufficiently small. This completes the proof.

3.4 Continuity estimates by the Nash iteration
In this section we establish continuity estimates for fundamental solutions by using the Nash iteration
argument.

Proposition 3.12 Let K(t,z,y) be a function in Section 2.1 and let K<N’5>(t,m, y) be the approzimation of
K in Section 2.3. Fiz N> 1 and let 6> “N < 1. Let un,s be the number in Proposition 3.8. Then

1
_ _ _ _ _ . _ad \561—562|+/Aa,5 B
|Prvsy (8 2135,9) — Prevsy ,(F, 25 5,9)| S C(F —5) = ((t__5)1N> ) (3.67)
for allt >35> 0 and z1, x2, y € R? satisfying
1
T — T2+ Uy
M <. (3.68)

(f-75)=
Here C, B, and C" depend only on d, a, Co, A, and ||v]|x, .

Proof. Without loss of generality we may assume that 5 = 0. Fix £ > 0. Let ¢ be a positive decreasing
function in Proposition 3.11. Then we set

?(2) T1 4 T2
w 4 € (0,1), To 7
o(r,x) = —jeu(r,z) = —v(t — 7, 2), K(Tmy) K<N’6>(ff7',x,y), 0<7<H,

/ ][ (s, + 2n(s)ds, >0, nmeNU{0},
Brn(xo)

Cn(T) = 2n(T) = Zn—1(7), n €N,

On (T, 2) = (7,2 + 20(7)) —][ (7, - + 2n (7)), 0< 1<,

Brn (zo)

Kn(r,x,y) = K(T,m + 20 (7),y + 2n(7)).

Here {rn»}nZg is a sequence of positive numbers such that r, < rny1 for all n, which will be determined
later. Note that z,(7) is a solution to (2.21) with u = ¥, x = zo, R = r,. The following lemma is important.
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Lemma 3.13 Let ¢ (7) be the vector defined as above, and let £ (x,7,s) be the vector in Proposition 3.4.
Then there is a positive constant C depending only on d, o, A, and ||v||x, such that

Cr¥ta-30,5% re 2 g,
N «
[Cn(T)] < Cra (1 +log(e + TTa ) + log TT" ), A=d, (3.69)
n—1 n—1
Clra +1), e (d, %d + dJ,
&5, (@, 7, 5)]
1 1,1 2 ad o . 2d
C((r—8)o + (1 —s)2ta"2ap2d " 2) if Ae[;—d,d),
< C(r — 5)= (log(e + Jz =20l x01| )+ llog — ")), if A=d, (3.70)
(7‘—5 o (T*S)E
2
C((T—s)%+|x—xo|+rn), if )\E(d,gd—i—d}7
and .
|€$n (CC77-7 8) - ggn(mo77—’ 5)' < C((T - S)E + |x - CL‘Ol) (3‘71)

Proof of Lemma 8.18. The estimate (3.69) follows from (2.24) and |[v|[11(0,r;c1.) < C’T%JréfﬁﬂvﬂxX if
uw = ar/(2d) — a/2 + d. The estimate (3.70) follows from (3.29) and Lemma 2.2. The estimate (3.71) is
already proved in (3.65). This completes the proof of Lemma 3.13.

In the sequel we will freely use the relation

Pyvis) (G zist — 7,y + 20(7))
= PK,{;(Tay+2n(T);O7:Ci)

- /]Rd Pf(’f’(T’y + zn(7); Svg)PK',{;(s?g;Oami)dg

_ /W P o (78,6 — Ca(8)) Pi o (5, € + 20-1(s); 0, 3) dé. (3.72)
Set

Py o(1,y+ 2n(7);0,22)] VO,
Pg (1,y+ 2n(7);0,21)] VO.

,U

P+,n(T7 y) = [PR',f;(Tvy + Zn(T);Oaxl) -
[P (T4 + 2n(7); 0, 22) —

&
5
BN
n
S

I

Then we have
P+,n(7—7 y) + P—yn(7—7 y) = |PK,6(T7y + Z"(T);Oy:rl) - PK,{;(Tvy + z"(T);O7:E2)|7
Pien(m,y) = Pon(7,y) = P o(T,y + 2n(7);0,21) — Py (7,9 + 2n(7); 0, 2).
We define F(7) by
F@) = [ Patady= [ P
Rd ]Rd
1
-1 /d |Pic o7,y + 20(7);0,01) — Pi o (7,9 + 2a(7); 0, 22) | dy
R
1
= */ |Pg (T,9;0,21) — Pg (7, y;0,22)| dy
2 Jpa ’ ’
= 1= [ Povo JEaif - g A P (fani - 70) d.
Rd

In particular, F(7) does not depend either on n € N or on the choice of {r,}s,, which is the key in the
following arguments. Set

W”(Ta 57 77) = P‘H"’l (7—7 g)P*»n(Tv n)/F(T) (373)
For any t > 7 > s > 0 we observe from (3.72) that

Pg o (1,9 + 2n(7);0,21) — P 5 (7,y + 2n(7); 0, 22)

= [ Ph (6= G — P, (s = G Waa (s, &) dg . (374)
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This implies

F(T)S/de2’ P o, (T 538,€ = Cu(s)) = P, o, (T,y58,1 = Ga(8))[Wa—1(s, €, m) d€ dn dy. (3.75)

Since / ’Pf(n o (T4 5,6 = Cn(8)) — Py 5 (Tyy58,1 — Cals |dy < 2, we always have
Rd »Yn ns»v¥n

F(r) < F(s), t>7>s>0. (3.76)

Let ¢, < /2 be the time such that F(¢,) = w™ if it exists. Then F(to) = 1 which implies that to = 0
since Pg o (T,9;8,& — (n(s)) is strictly positive. Again we note that each t,,, does not depend on the choice

of {rn}nlo. We set ) =t + (m—1)pn,s if m > 1 and téé) = 0. Let v € (0, min{e, 2 — a}) and set

Min(s) = /d p+(y — @0) P n(s,y) dy,
R
Mn(s) = Myn(s) VM- n(s),
M, = M,t), it t <7/

In particular, we have My = My(0) = 277/2@1 — m2|"’/2. We also set
P;n(s,f) = Pin(s,8) if py(§—z0) < 21”’(155{5))71Mn7 Pliyn(s,@ =0 otherwise,
Wn(3>§a"7) = F(t516))7lp+,n(s7g)Pﬂn(Sv77)‘

Note that W, (t(a) &n) > W;(tg{”, ,n) holds. Hence when tD <1< t/2 we have from (3.75),

FE) < [ Wl 0) = Wo e, m) dedn

1 ,
+§ /34 |Pf<n+1,ﬁn+1 (1,9 tv('f)ag - Cn(tg))) - Pknﬂ,ﬁnﬂ (1,9 tif), n— Cn(t,(16>))|Wn(t£f),§,17) dédndy
R

Since W, (£, ¢, 1) > 0 only when |{ — zo| < (QF(tsf))*an)W”Y and |n — zo| < (2F(7§516))71Mn)2/”’7 we have
|€ —n| <2(2F(¢ 55)) 'M,)?/7 in this case. Now we take

7 =70 =t + max{(2F ()" M,.))**'", un 5} (3.77)
Then [§ = (n(s) = (1 = Cals))| = € = n| < 2(mn — t,(f))l/a and 7, — t{) > un,s. Thus, by Proposition 3.11, if
Tn < t/2 then
) < [ W 6 = Woe)6.m) dedy
R

[ Ww,em - ¢('5%(Z>‘)i)) de dn

R2d (Tn —ln

L, Wt en) = Wo 69, €m) dean + (1= 6(2) [ Wa (e, €m) gy

R2

IA

W Emdedn— o) [ Wo8P. e de

R2d

Hence from the estimate

/ Py (189, 6)de F(tﬁf))—/ , Prn(t)€)de
le—wo|=(2F (5 M) 7
> F(t)) - M) F(tD) / P& z0)Pen (), €) dé
R
Lo
2 7F(tn )’

we have

7= F(HD)(1 ~ 16(2)) < Flta)w =™,
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That is, tn4+1 < 7, which gives the estimate

'Ei)kl = tn+1 + nNUN,s S Tn + NUN,s
< 9 4 (n+ Dpws + QFED) M) (3.78)

Next we estimate M,. The equality (3.74) leads to the inequality

Perr(raa) < [ Pi s (10 = G (9) Pr(s.0) d,

hence, we have

My (7)< / = TP, (7 055,8 = G (5) P (5,0) da dy
< [ frem w0 G = € - Gn(9).70)
0y (y = €y (@ = Gusa(),728) = 2+ Capa ()
(€ 00— Grn (517 8) = G ()}
XPin(s,2)Pg o (T,458,2 = Cuya(s)) dedy
< Men®)+ [ o= G0 79) = €00 = Gua(0).m0) | P a) do

FEG) 5w [ 20— €6, (0708 = 2 Gt (D) Pg, i, (o0 0) dy
z JR

+F(5)€5,,4, (T0 — Cnt1(8), 7, 8) — Cat1(s)] 2.

From Proposition 3.4 and Lemma 3.13, if 7 — s > un 5 then we have the estimate of M4 ,1(7) such as

wp

(3.79)

ol
2

M i1 (r) < CMan(s) + (cw L e (0 — G (), ) F 4 2 ()] F )F(s>. (3.80)
From tgll — ) > un,s and (3.80) we have

M1 < CMy + F(i) (cuifll —t9) 2 €5 L (@0 — G (8), 10, 6] 3 + 2|<n+1(t£f>>|%). (3.81)

Let us take 719 = 71 = (t(lé))l/o‘ and r, = (tﬁf))l/a for n > 2. Then (i1(to) = ¢1(0) = 0 and Lemma 3.13
yields

1 1
Cnr (B < (D), — D) + (1)), (3.82)
and also S S . )
€501 (@0 = Gt (B0), 01 8D)] < C (80, — )= + (¢) ). (3.83)

Hence we finally get
a
2a

Myy1 < CLMy + CoF (D) (0], — )
as long as tgH)_l = tnt1 +nun,s < /2. From (3.78), (3.84), and F(t(‘s)

t9)za), (3.84)

+(
) < F(tn) = w™, we have

Mnin < CiMy+ CoF(E) > (1), — t)2s
k=0
" 7
< CiMn+ CoF(E) Y ((k: + Do + (2FED) 7 My, )T)
k=0
n N
< C1M, +202 Y My + Copdig(n+ 1) 25 w”
k=0
n ey
< CiM, 4205y " My + Capy. (3.85)
k=0

Here we used the inequality (n + 1)1+%w” < C for all n > 0. Then we have

M, < C§ (Mo + p2%),  Ca=max{3C1, 1+ 6Cs,3Cs}. (3.86)
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Indeed, (3.86) is valid for n = 0. Assuming that (3.86) holds up to n, we have from (3.85),

n el e n k e
Moy < CilOF (Mo + pRs) + 202 (Mo + pi7s) Z Ci + Cspys
k=0
20,071 20,07

< (Cuof+ )Mo + (C1L.CE + + Cs) 3.

Cy—1 Cy—1

This proves (3.86) for n + 1 due to the choice of Cs. Then by (3.78) and (3.86), if 7, < t/2, we have

n n 20
£, =30t < S (b s+ RFED) )
k=0 k=0
< (n+1)2uns+ ( 2 )5 M
- e RER)
2 2a 2 2a n 2ka
< (n+1)’uns + (F(f/2)) (Mo + pZ) 7 > Cy”
k=0
_ _ 2a ~ X 2«
< CETYF(E/2)7 7 (o1 — aa|? + pd)
2a
- ot a i 3.87
h
where 1 — 2] 2 P
o= (——F")2 + (522) 2. (3.88)

—1
to t
Here we used the estimates F(£/2) < F(t") and My = 27722y — xo|/2. If F(/2) > o'/? then (3.87)
implies that .

tO < cront. (3.89)
Hence we can take n = n(o) as

(%

1 < - +1
ogo < n(o) < 2’ylogC5+’

o
ErTen (3.90)

which satisfies both n(c) — oo as ¢ — 0 and C;L(U>O'%
o < (2C5)72"/* then tif()a) < /2 and so

Cs0®/?") 5 0 as o — 0. In particular, if

IN

t
() < F(S)

n(o)

alogw

) < Fltnio)) = w™(®) = en@108w < 5= 3516565

Thus we have F(#/2) < ¢” with 8 = min{1/2, —alogw/(2ylog Cs)}. This estimate yields

|Prn.5) o0 (215 0,y) — Prenv.s) o6 (8, 22;0,9)| = [Pg (8, 4;0,21) — Pk o (£, 930, 22)|

- 7 7

< / PR,@(t’y;§7£)|PI§',{;(§7£;07I1)_Pf(,ﬁ(§7§;0"r2)|d§

R4
< crirdy<ort (('“j z2ly3 (’“}’5)2&) :
to
if
—_ o e
(o 2lyd g (s d < (o) e, (3.91)

Here C, 8, and C5 depend only on d, a, Co, A, and ||v||x,. This completes the proof.
Corollary 3.14 Under the assumptions of Proposition 3.12 it follows that

1
x1— x2| + Y1 — yo| + 1R 5 \°
c (‘ I R i “N,é), (3.92)

|Prcv.6) o (t @15 8,91) — Prevoy (8, 25 8,y2)| < a -3k
R

(t—s)a

for all zi, y; € R and t > s > 0 such that t — s > C'uns. Here C, 3, and C' depend only on d, o, Co, X,
and |Jol|x, -
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Proof. It suffices to consider the case y1 = y2 = y, for the continuity estimate with respect to y follows from
the adjoint relation. Let C’ be the constant in Proposition 3.12. Assume that pxs < (271C")*(t —s). Then
if |21 — 22| < 2710 (t—s)'/* the estimate (3.92) follows from Proposition 3.12. If [z1 —z2| > 271C" (t—s)'/*
then

(t—5)= |21 — s

|z1 — 22| (t — 5)a

Q

=C(t—s)" 5 ( )

[Prnv.o) (2158, y) — Prevesy o, (B 2258,9)] < Ct—s)”

_d |$1—3}2|5
Ct—s) o (—)".
((t—s)E

IN

This completes the proof.

Corollary 3.15 Under the assumptions of Proposition 3.12 it follows that

|Prenv.sy o (t1, @381, y) — Prevas L, (L2, 5 82, Y)

C ’
: (min{¢t t2 — 52} e {Cralti — 2" +Cry
min{t; — s1,t2 — s2}) @

s1—sa|” + g5} (3.93)

forallz, y € R and T > t; > s; > 0 such that min{t; — ta, 51 — $2,t1 — 81,t2 — sa} > C'un.s. Here C, c,
and C" depend only on d, a, Co, A, and ||v||x,. The constant 8’ > 0 depends only on d, a, Co, A, q, and
llvllxy - The constant Cr (or Cr,y) depends only on T, d, a, A, q, ||[vllx,, and [[v]ly.qax (or [v]ly.qax ).

T,z Ty

Proof. Tt suffices to consider the case s1 = s2 = s. Let R > 0. By the semigroup property of fundamental
solutions, we have

|Prev.o) o (T, @38, Y) — Prev,s) L, (t2, 235, 9)

IN

/d Pyv.6) o (t1, @5 t2, 2)| | Prevs) o (t2, 25 8,9) — Prenvosy (b2, 758, 9) | dz

R

= / Prw.o) (1, 5 t2, 2)|| Prevsy o (t2, 23 8,9) — Prvisy o, (t2, 758, y)| dz
lo—zI<R

+/ PK(N15),y(t17'T;t27Z)HPK(N=5),v(t27Z;S’y) - PK(N-,‘S),'U(to‘T;Say)le
lo—z|>R
= L+l (3.94)
B
Applying Corollary 3.14 to I yields I} < C(ty — )~ (@+8/ (RS 4 BRg) if to — s> C'uns. As for I, we
use the moment bound in Proposition 3.5 and then there is 7, = n;(x, t1,t2) such that

C
L < W/\ ‘ Prn.s) o (t1,25t2,2) py (2 — 2) dz
2 —8)alr? z—z|>R

C * *1
S (a—s5)2R3 /]RdPK<N,6>,v(t17~T;t2,Z)(pw(z—w—nu)+|m|2)dz
2_ (e
C o 2o PR -
< 0 )iRl{(tl—t2)21(1+(t1—t2)1 SOPTON 40t — 1)) + il )
2 —8)aR2
C o N b
< {(t —t2)%% + i (2, tr,12)[2 }, (3.95)

if t1 —ta > C'un,s. By Proposition 3.9 the vector nj(z,t1,t2) satisfies the estimate
N 1 _1
7 (, t1, t2)| < O((b — t2) @ (14 | log(tr — t2)[) + (t1 — t2)' "), (3.96)

where C' depends only on T, d, a, A, ||v][x,, and [[v]|y.4.5. Collecting (3.94)-(3.96) and taking R of the form
T,z

(t1 — t2)" for suitable v depending only on « and g, we get (3.93). This completes the proof.
4 Existence of fundamental solutions

In this section we complete the proof of Theorems 1.2 and 1.4. We first take the limit § — 0 of Pr(v.5) v (¢, 75 8, Y)
and next we consider the limit N — oo.
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4.1 Limit 6 -0

Set D = {(t,s) €R?* |t >5>0}, Dy = {(t,s) € D |t >s+1/m} withm >1, Q= D x R x R¢, and
Qm = Dm x R? x R Fix N > 1. First we assume that v is smooth and bounded. As a function on Q, by
(2.31) Pgv.s (¢, m; 5, y) satisfies the following estimates:
d
Pyvsy (L xss,y) SC(t—s) =, (4.1)

where C' depends only on d, «, and Cy. So there is a sequence {d,}n=; with §, — 0 as n — oo such
that Py(v.sn) (& 2;8,y) =" Prwvy (¢, 758,9) as n — 0o in L™(Qy,) for each m > 1 for some nonnegative
function Py (w) (¢, 2;8,y) € Lis.(2), that is,

nl;n;o ; PK(N,én)m(tﬁU% s,y)e(t, s, z,y)dedydtds = /QPK(N)m(t,ac; s,y)e(t, s, z,y) de dy dt ds, (4.2)
for every ¢ € L'(Q) supported in Q,, for some m > 1. Taking ¢(t,s,,y) of the form ¢(t,s,x)f(y) in
(4.2), by the duality argument we see that (Pgv) ,f)(t,s,7) = / Py o (t, @5 5,y) f(y) dy belongs to
L% (D; LP(RY)) for all p € [1,00] and satisfies “

[ Prevy p flloe (psey < [ fllze- (4.3)
By taking o(t, s, z,y) of the form (t — s)¥“p(t,s,z,y) in (4.2) we also have

Preon (6, 738,y) < Clt = 5)7%, (44)

where C' depends only on d, a, and Cy.
(i) Moment bound. Next we prove the moment bound

ey
2a

Cult— )75 < /Rd Py — 3 — €52, 1,8)) P o (673 5,9) dy < Ca(t — 5) (4.5)

where & (z,t,s) is the vector given by Proposition 3.4, v € [0, min{«, 2 — a}), and C1, C2 depend only on
d, a, Co, 7, and ||jv ||xA To prove the upper bound, we take o(t, s, x,y) of the form (t — )™/ C¥p (y —z —
& (z,t,8))p(t, s,z,y) in (4.2). Then we have from Proposition 3.4,

/ / Py o( v (t,z;s,y)(t — s)f%pv(y —z— & (x,t,5))p(t, s,z,y) dydrdtds
Rr2d

lim / / Pretvion o (L@ s,9)(t — )25 py(y — @ — €5 (2,1, 8))p(t, 5,2, y) dy dz dt ds
RQ

n— 00

IN

Co lim / (8, 8) |1 ez rayy (14 (L4 (6 — 8)1 7 8)862 7N 4 8, (t — 5)3 "« ) de ds
n—o00 D x? Y
< C2\|<P|\L1(Dng;Lw(mg))~

This proves the upper bound of (4.5). Regarding the lower bound, for all ¢ € C§°(D x R%) with ¢ > 0,
~" € (y,min{a, 2 — a}), and R > 1, we have

| [ ettso [ o=z = €@t )P (b5, dydudtas
Rd Rd ’
= [ [ ettsa [ oy — 7 — E5(5,1,5)) Precy o (6,33 5,y) dy da dt ds

Rd ly—z—&x(2,t,5)| <R ’

[ etso [ po(y — @ — E5(2,6,5)) Py o (15 5,) dy da di ds

D JRrd ly—z—&5(z,t,8)|>R

> lim // w(t,s,w)/ py(y — 2 — & (2, ,8)) Pre(visn) o (t, @38, y) dy de dt ds
R4 ly—z—¢&% (z,t,s)|[<R ’

n— oo z,t,8)|<
= / / oty s,z)(t — 5)2lu dzdtds
D Jrd

> 02// @(t,s,x)(t—s)%dmdtds
D JR4
—timsnp [ [ etts) [ ol — & — €51, ) Precvaimy o (123 5,) dy dar i ds
n—oo Jp Jrd ly—z—€%(x,t,5) | > R ’
= // gp(ts,x)(t—s);?d:cdtds
R4
>

/ / tsx)(t—s)h dzdtds — CR™ 2 / / (t,s,x) t—s)é%dxdtds.
Rd Rd
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By taking R — co we get
| [etsa) [ prw—o—i@t)Poon, (tass ) dydodeds
R
> C’g// (t,s,2)( t—s)m dx dt ds.

Since ¢ € C5°(D x R?) is an arbitrary nonnegative function, we get the desired lower bound. This completes
the proof of (4.5). The same argument leads to

Cut =53 < [ pulo =y =iyt P (6::5.9) do < Calt = ). (4.6)
Ra

By Remark 3.10 the vectors &;(z,t,s) and n,(x,t,s) in (4.5) and (4.6) satisfy for all R > 0,

sup &0 (@, t,8)[+  sup s (y,t, )] < Cr < o0. (4.7)
2| <R,0<s<t<R |y <RO<s<t<R

(ii) Mass conservation. Next we show

/ PK(N)v(t,x;s,y)dyZ/ PK(N)U(t7I;Svy)dx:1' (48)
Rd ’ Rd '

Since P (n) ,(t, 25 8,y) is nonnegative we already know that

/ PK(N) u(t7x;syy)dy§17 / PK(N) v(t,x,s,y)deI
R4 ’ Rd ’

for a.e. by (4.3). So it suffices to prove the lower bound. For any o(t,s,z) € C§°(D x R?) with ¢ > 0, we
have from the moment bounds for PK(N),,U(t7 z;s,y) and PK(NT(s,,,)‘v(t, z;8,Y),

// (t,s,x) / Py (8, @5 8,y) dydz dtds
Rd
= / / (t,s x)/ Py ,(t, @5 5,y) dy dz dtds
R4 ly—x—£% (x,t,8)|<R
—|—/ / go(ts,x)/ Py ,(t, x5 s,y) dydz dtds
D Jrd ly—a—&y(a.t,9)| >R ’

lim// tp(t,s,m)/ Py (n.sn) o(tx;s,y) dyde dtds
n—=o Jp Jrd ly—z—&5(2,t,5)|<R 7

—CzR7%/ /d p(t,s,z)dzdtds
D Jr

// gp(t,s,x)dxdtds—CR_%// o(t, s,z) dz dtds.
D JRra D JRrd

Here v € (0, min{a, 2 — a}). Taking R — co we get

// np(t,s,x)/ PK(N)U(t,x;s,y)dyd:rdtds2// w(t,s,z) dzdtds,
D Jrd Rd ’ D Jrd

for all ¢ € Co(D x R?) with ¢ > 0, which proves / Pyny ot 25 8,y)dy > 1 for ae. (¢, s,2). The same
R4 ’

\Y

Y

argument is applied for / Py vy (¢, z;8,y) dz. This proves (4.8).
4 ,

R
(iii) Continuity. Next we prove the Holder continuity of P () , (¢, %;s,y). To this end we set Y, (¢, s, h, k) =
(t — )~ @B/ 2(|h] + |k| + pu)?, 0 < u < 1, where 3 is the constant in Corollary 3.14. Then from (4.2) we
have for every ¢ € C5°(Q),

|/ K(N)utxsy) PK(N)U(t7x+h;57y+k)

p(t,s,z,y)dzdydt ds}

Do, 5, k)
PK(N‘én) v(t,w,s,y) - PK(N:fsn) U(t,l’ + ha 5y + k)
= 1 J d t dzxdydtd
’nL“;o/ﬂ Yolt, 5,1 k) #lir0,7,9) do dy dida
t,s,h, k
< Climsup M|@(t,s,x,y)\dxdydtds|

n—oo Q wo(ta S, h’ k)
C”@HLl(Q)v
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by Proposition 3.14. This implies
|Prciw (£33 8,9) = Preow o (62 + hi s,y + k)| < Ctbo(t, 5, h, k) = C(t — )" (o] + k)%, (4.9)

where C' and 8 depend only on d, a, Co, and [[v||x,. Thus Pgw) ,(t,7;s,y) may be regarded as a Holder
continuous function with respect to the spatial variables. As for the time regularity, we set 1;“(1‘/, $,T) =
(t — s)~(d+e)/e (Tﬁ/(t — 8 4+ u*), 0 < p < 1, 7 €[0,1), where ¢ and B’ are the constants in Corollary
3.15. Then by the same arguments as in (4.9) we obtain from Corollary 3.15,

Cr.m (t—s)?

|PK(N),U(t7$§57y) - PK(N>,U(t+T(t —s),z;8,y)| <C (t — s)(dte)/a

(4.10)

This proves the Holder continuity with respect to ¢, since 7 € [0, 1) is arbitrary. The continuity with respect
to s is shown similarly. Collecting these above, we obtain the Holder continuity with respect to (¢, s, z,y)
for Py (¢, ;s,y). Moreover, the estimates (4.3), (4.5), and (4.10) imply

Py o f(8) € C([s,00); LP), if f € LP(R?), 1< p < co. (4.11)

For (4.11) we will check the continuity at ¢ = s only. By the interpolation and the density arguments based
on (4.3) it suffices to consider the case p = 1. Let f € C§°(R%) and let supp f C Bg, (0) for some Ry > 0.
Take any Ry > {R1,Cr, }, where C is the constant defined in (4.7). Then from |f(z)— f(y)| < Clz—y|"/?,

|(Prewy o £) (5 8) = fllpr

< [ P b)) - f@)]dyde
|z|<2Ry JRA
+ / Precwr (.7 5,9) £ (y) — f(2)| dy do
|z|>2Ro JRY
* * 2
< CRS(sup/ Py (Y —x — &5 (2,9, 8)) Py o (L 58,y) dy + sup  [€5(x, 8, 5)[2)
zeRrRd JRd |z|<2R9
4 / / Py (t3.5,9) £ ()] dy da
|z|>2R2 J|y|<Ry
< CRg((t—s)%—i— sup |§$(m,t,s)|%)

|z|<2Ro
_ *
R, / / po — 4 — 7 9)) Procan o (£ 25 5,) Az f ()] ly
ly|[<R1 J]z—y—n}(y,t,s)|>R2

< C’Rg((t—s)%—i— sup |£;(x,t,5)|%)+C’R2 (lt—s)2l
|z|<2R2

Hence, from the estimate of §;(x,, s) in Proposition 3.9 we have lim;— [[(Pg vy, f)(t,8) — fllpr = 0 if

f € C§°(R?). The density arguments and (4.3) give lim— || (Pg () )&, 8) = fllpr =0 forall fe L*(RY).
This completes the proof of (4.11). Similarly, we also have

Py f € C(D;L7), if feLP(RY), 1< p< co. (4.12)

The details are omitted here.
(iv) Energy inequality. We next show that the energy inequality

I(Prxy of) ()72 +2 / ED (Precwy w1 (1,8), (Preiy o f)(7,9)) dr < [|fI32, (4.13)

holds for all f € L*(R?) and all t > s > 0. Let {f;}{°; c L*(R%) N L*°(R?) be a countable and dense
subset of L?(R%). Then by taking a subsequence of {d,} if necessary, due to the diagonal arguments, we
may assume that (Py(v,sn) ,f1)(+8) =" (P ,f1)(-;8) as n — oo in L§° (s, 00; L*(R%)) for each [ € N and
s€Q. Fixe>0,leN, sEQ,andset 7

G e ()5 5) = [(Prccmaomy o J1) (b )] (2 ) {0, b (b2 y)}z oy XA @),
1 dto
Gl )2, 3:8) = [(Precwr o f)(E 9@ )k (62 )2y~ 55 x b o (1),
where [f](x,y) = f(z)—f(y). Then it is not difficult to see that G5, (fi)(t,z,y; s) is bounded in L (s, oo; L*(R%) x
L*(R%)) uniformly in n. Since (Prwv.sn) o f1)(558) =" (P o f)(;8) in L>(s,00; L*(RY)) and vs, *
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k (t,z,y) — kn(t,x,y) strongly in L] ((s,00) X R? x RY) for 1 < p < oo, we have Gs, (fi)(t,z,y;5) —
G (f)(t, z,y;s) in L2 (s, 00; L2(R?)x L?(R?)). By the lower semicontinuity of the seminorms in L?, (s, co; L2 (R%)x
L*(R%)) implies that for any o(t) € Co(s, o0) with ¢ > 0,

[ G i mime®dt < [ lmind [Gs, (0l r a0 e
S S

< timint [ [Gs0 (0 canaan (O
< liminf / (1il122 = [(Precwany o fi) (s 8)|22) 0(t) di
< / (11122 = 1(Prccws o f1) (1 ) [122) 0(8) .

Here we have used the energy inequality for (P (wv.s,) ,, 1) (¢, 8) and the lower semicontinuity in L, (s, 00; L2(RY)).
This yields

(P o )t 8) 122 + 1Ge ()22 022 x22) < Iillz2, (4.14)
for a.e. t € (s,00) and s € Q. But the fact Prv) ,fi € C(D; L*(R%)) implies that (4.14) holds for all
t > s > 0. Then by the density arguments using (4.3) we conclude that

I(Prxy o )& )Z2 + G220 sp2 w2y < NFIZ2s (4.15)

forall t > s > 0 and f € L*(R?). By tending € to 0 in (4.15) and by using the monotone convergence
theorem, we obtain (4.13).
(v) Semigroup property. Next we check the semigroup property

PK(M,U(t,w;s,y):/ PK(N>’U(t,l’;T,Z)PK(N)’U(T,Z;S,y)dZ, (4.16)
RrRd

fort >7>s>0,z, y € R It suffices to consider the case s > 0; then the case s = 0 follows from the
continuity with respect to s. Assume that ¢t > s+ 1/m, m € N. Let ¢ € C5°(Qm) and let € > 0. We take
7> 0sothat t —1/(2m) > 7 > s+ 1/(2m) for all (¢,s) € Uz ysupp ¢(, -, x,y). Then there is R > 0 such
that

/ / Py (6,257, 2) Py L, (7, 258, 9)0(t, 5, 2, y) dzde dy dt ds < e. (4.17)
>R

For sufficiently large [ € N we set

PézN) (t,z;s,y) = / Vly%(t — t')ul!% (s — S/)I/dy%(.l‘ - :c')l/dy%(y - y')PK(NM(t',:E'; s,y )dx’ dy' dt’ ds’,
Q

(4.18)
and
Pllas , (tass,y) = / via(t=t) 1 (s =81 (e =2 v 1 (y —y) Provs (258", y") da’ dy' dt’ ds”.
Q
o (4.19)
From the uniform continuity of P~ ,(t,%;5,9) on Qy, we have for [ > 1,
1 1
sup (1P (00i72) = Pl (52 4 P (7 55500) = Pl (755501 ) <
(2,t,8,2,y) ERY Xsupp ¢ ’ ’
(4.20)
Furthermore, Corollaries 3.14 and 3.15 imply
sup (1P i) = Pl (b7, 2)
(2,t,s,2,y) ER? Xsupp ¢
l
P o7 5550) = Pl (rss)l) < (421)

for all sufficiently small 6 > 0. On the other hand, for [ satisfying (4.20) we have

(t,z;7,2) = P")

@
hm P KN o

1
K(N.8n) o (t, 257, 2), hm P;((N 5n) U(T: 2 8,y) = PI((EN)W(T? 2;8,9), (4.22)

for every (z,t,s,2,y) € R? x supp ¢, and we also have the uniform bound

sup sup (P}((ZEN n) v (tvx; T, Z) PI((ZEN n) v (7—7 Z; 8, y)) S Cm (423)

neN (z,t,s,@,y) ER? Xsupp ¢
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So the Lebesgue convergence theorem yields for each R > 0,
/ /H Lp(t,s,:c,y)PI(((N) (t, z; T, z)PI({lzN) U(T,z;s,y) dzdxdydtds
z|<R ’
= le / /| ‘ w(t, s, z, y)P;(lzN’én) ST, z)P;(lzNﬁén) (T z38,y) dzdz dy dtds. (4.24)
n—ree z|[<R ’ ’

Let 0 < e < 1. From the moment bound of P (~.s,) , (t,z;s,y) in Proposition 3.4 we can take R > 0 large
enough but independent of n > 1 so that

/ PK(N=5n),u(t7 5T, Z)PK(N»Jn);U(/D z5 8, y) dz S Ce.
|2|>R
Then from (4.21) we have

! !
/ ‘ PI(&N 5n) o (t,z; T, z)Pﬁ(%N,én) U(T, z;8,y)dz
<R ’

/ Pvsn) (6237, 2) Prev.sn) (75238, y) dz + O(€)
|z|<R

= Prwin ot T58,y) — / Prv.sn) o (6,337, 2) P60y o, (T, 25 8,9) dz + O(e)
|z|>R

Pyn.sn) ot 258,9) + O(e).

Here O(e) satisfies |O(¢€)| < Ce with C independent of n and (¢, s,x,y) € supp ¢. Hence from (4.17), (4.20),
and (4.24), it is not difficult to see

[ ] Prcow (o357, 20 Py (7,25, 5,,3) do o dyde s

Q Jrd ’ ’

/PK(N)w(t,m;s,y)cp(t,s,m,y)dxdydtds+O(6). (4.25)
Q

Since € > 0 and ¢ € Cy(y) is arbitrary, we get (4.16) for ¢ —1/(2m) > 7 > s+ 1/(2m). Then since m € N
is arbitrary, we have (4.16) for ¢ > 7 > s > 0. This completes the proof of (4.16).
(vi) End of the proof. Finally we show that Py ,(¢,;s,y) is a fundamental solution to (1.1) with

K(t,z,y) = KN (t,2,y) = [z — y| " “kn(t,2,y).

For f € C§°(R?), the function (Prenvy o f)(t, 5, ) satisfies

/ < (P o F)(E8), gt 5) > dtds
D

= lim < (PK(N,5n>,uf)(t75)78t€0(ta5) > dtds

n—oo |

= tim [ 8 (Prevm o6 5), (1 9) + a0 (Precnon o)1), {8, 5)) di s,
(4.26)

for all ¢ € C§°(D x RY). For any € > 0 we decompose the first term in the right hand side as

/ ED) s (Prccosnr o F)(E ), (2, 5)) dt ds
_ / / K(Nﬁn),vf(tv S)](CL‘7 Z)[Sp(t7 S)](QZ, Z)
le—z|<e

o= 2t (vs,, x kn)(t,x,z) dedzdtds

P Proven f(6 )] (@ 2)p(t, )]Gz, 2)
+/ /Iac z|>€ (vs, *kn)(t,x,z) dedzdtds

|z — z|d+e

s / /2d Prewim of ()@, Aot )@ 2)

| ‘d+1+2

= I.+1I.+1II
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Let R, T > 0 be such that supp ¢ C {(t,s,z) € D xR? |0< s <t <T, || < R}. Then we have

[e(t, )] (x, 2) 3
€ < s . —_— 2
el < NL'lpK(Nwén),vf(t S)HHQ(/lz d<e |z — z]dte dxdz) dtds
T o(t, )] (z, 2) 3
< N|f 2/ / / [ dxdzdt)? ds
” ||L o ( ) o—z|<e |x_z|d+a )
d _3 2—a
< NR2T2||f|p2¢ % .

For I1. we have

11,

/ / [Prev.on) o f (80 (t, 8)](2,€) (vs. » k)(t. . £) do de dt ds
|z—g|>e

|z — g]*te

/ / Prciviom o (& il (@, ) (vs, * kn — kn)(t, z, &) dz de dt ds
o] >e

|z — g]*te

/ / Pyv.sn of (t8)[p(t, 9)](2, €) kn(t, 2, €) de dé dt ds
|lz—&|>e€

|z — g|*te

= IIe,l+IIe,27

and

=

[IIa] < 2N%H.f||L2/ // |I Z|§faz)| L #kn — kn|(t,z,2) dedzdt) ? ds
|lz—z|>e€ -
0 a

— S n — oo,

by the Lebesgue convergence theorem, since (vs,, * kn)(t, x,£) converges to kn(t, z,€) for a.e. (t,z,8). As
for Il. > we claim that

Iz — /oo /m/ Preen .o /(8 el 9z, €) ke (t, 7, €) da d€ dt ds, (4.27)
0 lo—g|2e

o — €l

as n — o0o. Indeed, first we observe that

- t,s,z)p(t, s,z
/ / v im) ol o )kN(t,m,z)dmdzdtds
|[z—¢[>e

| — z|d+e

kn(t,x, 2z
[ [ st swpetsn [ PG azayasars
D JR rx—z|>€

kn(t
- / / Py ,(t 3 S7y)f(y)50(t,s,a:)/ Lﬁ’f) dzdydxzdtds,
D JRr2d ' |lz—z|>e |$_Z| «
] kN(t,Q]‘,Z) 1
as m — 0o, since @(t, s, ) PR dzf(y) € L () for some m > 1. Next we see
|[z—z|>e I ™
) v t,s,x)p(t,s, z
/ / Pretv.om o S (;+)4p( )kN(t,x,z)dxdzdtds
|lz—¢&|>e€ |:I: - g‘ «

/ Pretwn o(6,:5,9)f () / oo 2wl 2:2) 4 4y azatas
R2d |x—z|>e ‘x - ‘£|

— / / Py (¢, 5 8, y)f(y)/ olt, s, 2)kn (1,2, 2) dz dy dz dtds,
R2d lze—z|>e€

|x — z|dte

‘P(t» S, Z)kN(t> T, Z)
oo

d¢ € Ll(Qm) for some m > 1. Collecting these two, we get

as n — oo, for f(y)/

lv—z|>e

(4.27). Next we consider the term III. We rewrite it as

III:Cdn/ / (Ppe(N.6m) vf)(t,s,x)((—Az)1+%¢)(t,s,x) dzx dt ds,
D JRd ’

and hence,

T T
| < C’én||f||L2/0 / lp(t, )l yieg dtds =0, as n— oo
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On the other hand, it is not difficult to see

lim 5v(t>((PK<N,<sn>,vf)(t7S)NP(t,8))dtd8:/D5u(t)((PK(N>,vf)(ta8)780(7575))dtd5~

n— oo

Collecting these above, by taking n — oo first then € — 0 in (4.26) we obtain
[ < P D) 0p(t5) > e
D
= / Ee) (Piecn) o 1)(t:5),0(t8)) + Euiy (Prcny , F(E, 8), (¢, 5)) dt ds. (4.28)
D

We take o(t,s,x) of the form @(t, 2)dm(t, s)Y(s) in (4.28), where p € C§°([0,00) x RY), o € C§([0, 00)),
and ¢, € C5°(D), ¢ > 0, is such that

B 1 for t>s+2/m,

bm(t,s) = { 0 for t<s4l/m. (4.29)

for m > 1. Then setting pm (L, s,2) = p(t, z)pm (¢, s), we have

o - | w<s>( [ P o D05, 0100(8,5) > =€ (P D) (E,5), or(85)
0 0
= Eu (P )88 ) ) s,
which implies for a.e. s € [0, 00),
[ < P D900 (05) > a

= 7 (0 (P 08009 + o (P D09 () )t (430)

But since each term in (4.30) is continuous with respect to s, (4.30) is valid for all s € [0,00). Then by
standard arguments we can take the limit m — oo to get

/ T < (P o) (b 5), Buplt) > dit < fpls) >

= [ (B (P D09, 00) + Eu (P D)), (0 ) (431)

For a general initial data f € L*(R?) it suffices to approximate f by {fn}22, C C§°(R%). Then (Py(n) L)
is shown to satisfy (4.31) by using (4.3) and (4.13). Hence Py (n) (¢, 7;8,y) is a fundamental solution to

(1.1) with K (t,z,y) = K™ (t, z,v).

4.2 Limit N — oo

Let {U(N)} be the approximation of v obtained by Lemma 2.4. In this section we take the limit N — oo of
Py v (t, x5 8,y) and complete the proof of Theorems 1.2 and 1.4. From the continuity estimates (4.9)-
(4.10), by taking a subsequence if necessary, Py (x) ,v) (¢, T; s, y) converges to a function Pk . (t,; s, y) uni-
formly on each compact subset of @ = D x R? x R?. From (4.3) and (4.4) we easily see that (Pk . f)(t,s,2) =

/ Px(t,z; s,y) f(y) dy satisfies
R4

1Pr,ofllLoepiry < Ifllee, 1< p<oo, (4.32)
_d
Pro(t,wss,y) < Ct—s)" =, (4.33)
and by the interpolation, we also have
1(Pren )t 9)llr < C(t— )" G D flla, 1<q<p< oo (4.34)

Note that C in (4.33) and (4.34) is taken depending only on d, «, and Cy. Next we show the moment bound,
i.e., for any x € RY, ¢t > s > 0 there is & (z,t,8) € R? such that

Ci(t—s)7= g/

R

N‘Q

p’Y(y - €*(1"7t7 3))PK,U(t,1’;S,y) dy S CQ(t - S) ) (435)
d
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where v € (0,min{«,2 — a}). Here C; and C> are the constants in (4.5) depending only on d, «, Co,
7, and |lv]|x,. Indeed, by Proposition 3.9 and Lemma 2.4 the vector £ (z,t,5) € R? in (4.5) satisfies
SUD |, < Ry, 0<s<t<Ro S0 (@, 8, 8)] < Cgr, for each Ro > 0, where Cg, is independent of N. Hence for
any (z,t,s) there is £*(x,t,s) € R such that £* Ty (@t 8) = £5(x,t,8) as N’ = o for a subsequence
{N"} C {N }. Then the upper bound of (4.35) follows from (4.5) and the Fatou lemma. The lower bound is
obtained from the same (or simpler) arguments as in the proof of (4.5), so we omit the details here. From
(4.6) we also have for any (y,t,s) there is n*(y,t, s) € R? satisfying

Cl(t—s)% < /]Rd ov(x—y—n"(y,t,8)) Pro(t, z;s,y)de < Cg(t—s)zi (4.36)

where v € (0, min{«, 2 — a}). From the above proof and by Lemma 2.4 and Remark 3.10 we observe that
& (z,t,s) and n*(x,t,s) in (4.35) and (4.36) satisfy

€7 (2, 9) + " (=, 1, 5)]|

cl(Tz<1“>+1)(t—s) + ot — 8)'H ol g it xe 24 a),
T,0 «
Ci(t—s)a (|log(tfs)|+log(e+|x\))+C'2(tfs)l_7|\'u|| if A=d, (437)
B Cr((t = 8) + [|ollxy 10 (t — 8) 7 T2 730 || 307 F)
1 2
+ Ot — )" é||u|\yg,3 if Ae(d 2 +d).

Here T' >t > s > 0, and C1 depends only on d, «, A, and |[v||x,, and C2 depends only on d and . The
similar argument as in the proof of (4.8) leads to

P (t,x;s,y)dy = / Pr(t,x;s,y)de =1, (4.38)
d

R4 R

and the details are omitted. The semigroup property
Pr o (t, 25 8,y) = Pxo(t,x;7,2) P (T, 25 8,y) dz forall t>7>5>0, z,y € RY, (4.39)
RrRd
is obtained by dividing the integral
PK»U(tvx;T7Z)PK7”(T7Z;57y) dz = / PKW(twr;Tv z)PKW(T’Z§S7y) dz
Rd |z|<R
+/ PK,v(t,ZC;T,Z)PK,U(T,Z;S,y)dZ,
|2|>R

and then by using the moment bounds (4.5) - (4.6) and (4.35) - (4.36), the convergence of Py (n) v (¢, 7, 5,Y)
to Pk (t,x;s,y), and the semigroup property (4.16). Moreover, by arguing as in (4.11) we can show

(Pr.of)(,s) € C(D; LP) if fe LP(RY), 1<p< occ. (4.40)

The details are left to the reader and omitted here.
Next we show that Px ,(t,;s,y) is a fundamental solution to (1.1). For all f € C§°(R%) we have from
(4.31),

/ T < (P aon (6 5), Bup(t) > did < fp(s) >
-/ (sgma 0o F)(15), (0 + Evir iy (Precr o ) s>,so<t>>) ar. (4.41)

for all p € C5°([s,00) x R?). From the fact that Py vy (t, 25 8,y) converges to Pk, (t, x; s,y) uniformly
in each compact subset of © and the uniform bound (4.3), it is easy to see that

/ < (P ) F)(E,8), 0cp(t) > dt —>/ (Prwf)(t,s),0cp(t) > dt, N — oo.
Similarly, since v™) — v in L},.((0,00) x R?) we have

/ .09 (P o0 N9 0(0)dt = [ o (Prea§t5) o)t N = oo,
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Next we consider the first term of the right-hand side of (4.41). For any € > 0, we have

/°° Exetm) ((PK(N> o) f)(t58), (1)) dt
/ / Prewy o0 £t 9)][e(®)] (2, v)
|z—y|<e

| I k<N)(t,m,y) dz dy dt
xr — [e3

|m_y|d+a (t,l’,y) dz dydt

/ / Py 0 e O 9) | ()
|lz—y|>e

= I.+1l..

Let supp ¢ C [0,T) x Bg(0). From (4.13), |z — y|~* k™) (¢, z,y) < K(t,z,y), and (1.5), we have

NI

Il < ( / E\tl ((Prcim yom D)(6:), (Preowr o £)(2,9)) dt) / SR OREGIED

S

< N2 ( / / ()" (iz)k(m(t,my)dxdydt)%
le—yl<e, al+lyl<2r [T =Yl
1
< b Al swp [ o=yl Koo )

t>0,2€RT J R
1 d
< CT2R2%|f| 2.
On the other hand, since

[(PK(N)’U(T;f_)(yt[ﬂ[“o(t”(x’y)k(N)ozx,y) — [(Pr.w ) (& 9)|[e®)] (@, y) K (£, 1),

for a.e. (t,x,y) € (s,00) x R x R?, and

[(PK(N),U(N)f)(tf 5)“@(75)]('1‘7 y) k(N)
o — e

| @tz y)| < 2/ flle (I, @) + [0t y) DK, z, y),

where the right-hand side is integrable over {(t,x,y) € [s,00) x R* x R? | |z — y| > ¢} due to (2.11), by the
Lebesgue convergence theorem we have

11, - Prof)(t,s t)](x,y)K(t,x,y)dxdydt.
= [ PR e K 42y dedy
The Fatou lemma and (4.13) imply

/ EL (P (1, 8), (Preof) (1))

t,s)|"(x,
— / /2’i Jim Py o0 F)(t,9))% (2, ) KN (4, 2, y) da dy dt
R oo

PR
o w0 o0 )t ) (2,y)
<
< lmlgof/ /de o — e EY(t x,y)dedy dt
< hmlnf(”fHLQ — [(Pgy ) (T, 8)|72)
< flZe = 1(Prwf)(T, )72 < oo (4.42)

In particular, the integral of the left-hand side of (4.42) converges absolutely. By taking ¢ — 0 after the
limit N — oo, we finally obtain

[ e (Prvwr s £)(8.5),0) dt — [ 0 (P f) (1,9, (1)
as N — co. Collecting these above, we conclude that (Prx . f)(t,s,z), f € C§°(R?), satisfies
[ < Pra)(t.9),0000) > at+ < frp() >

- [ (5§§> (Prwf)(t ), (D) + Exiey (Pren ) (1, 5), ¢<t>)) a, (4.43)
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for all ¢ € C§°([s,00) x RY). By the density arguments using (4.32) and (4.42), the equation (4.43) holds
also for all f € L?>(R%). This proves that Pk ,(t,z;s,y) is a fundamental solution to (1.1). We note that the
following energy inequality also holds from (4.42):

| (Px,o f)(t,8)|32 + 2/ ED ((Pr,of)(7,8), (Pr,of)(7,8)) dr < [|f[|32, forall ¢>s>0. (4.44)

E]

Now Theorem 1.2 has been proved. Finally we prove Theorem 1.4 by using the moment bound and the
semigroup property. Let n*(y) = n*(y,t/2+7,s+7) and £*(z) = {*(x,t+7,¢/2+ 7) be the vectors in (4.36)
and (4.35), respectively. From the semigroup property we have for |z| + 7 < Ry and s € [0,¢/4],

t t
PK7U(t+T7x;S+7—7y) = PK,U(t-I—T,l‘;E+T,Z)PK,U(§+T,Z;S+T,y)dZ
Rd

t t
= / Pro(t+71,2;- +7,2)Pro(z + 7,258+ 7,y)dz
lz—y—n*()|< B 2 2

t t
+/ Pro(t+7,2;- +7,2)Pro(= + 7,258+ 7,y)dz
le—y—n*()|> § 2 2
= L+l (4.45)
By (4.37) there is ho > 0 such that when |y| > R > Ro > 1 and hg > ¢t > s > 0 then |y + " (y)| >
lyl — [n*(y)| > R/2. The number hg has to be taken small enough only when A = 2d/a + d; in this case
(4.37) implies
|77* (y)‘ = ‘n*(yvt/2 + T,S + T)' S C(Cl + ||vHL1(s+7,t/2+T;Lip)R) for ¢ +7 S RU + hOa

where C depends only on d, a, A, and ||v]x,, and C’ depends only on Ry + ho, d, «, A, g, ||v|x,, and
lvlly-q. . Note that supy<, < gy 1Vl L1 (sr,t/24751ip) K 110 <5 <t < ho < 1. From the moment bound
Ro+hg,0 =T=

(4.35) we have

L < / PK,v(t—i—T,m;E+T,z)PK,v(E+T7z;s+T,y)dz
1> & 2 2

< C(Efs)fg/ PK,v(tJrT,at;erT,z)dz
2 =124 2
_4d t
< Ct e P o(t+7,2;, - +7,2)dz
|z—a—g* @2 2
< thng%/ pv(z—m—g*(x))PK,u(t—i—T,m;z—|—7',z)dz
Cp_g* R 2
2z ()| > B
< CtatEmRT. (4.46)

Here R is taken large enough depending on Ry, ho, |[v]/x,, and [[v]|,.q. , but not on s € [0,¢/4]. The
Rg+hg,0
term I in (4.45) is similarly estimated by the moment bound (4.36) as

_x

_d « t
I, < Ct7°R 2/ pr(z =y =& Y)Prw(z, 5 + 755+ 7,y) dz
lz—y—n*()|> &

~

< Ct et RT3, (4.47)

if s € [0,t/4]. The estimates (4.46) and (4.47) imply (1.28). The estimate (1.29) is proved in the same way.
This completes the proof.

5 Uniqueness of weak solutions for subcritical and critical
cases

In this section we study the uniqueness of weak solutions to (1.1) in the case o € [1,2). The argument below

is just based on the energy inequality, and it might be difficult to adapt it for the supercritical case. For
simplicity we consider the special case of (C1) only; see Theorem 5.5.
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5.1 Uniqueness for L?(R?) initial data

We first prove the energy equality of weak solutions when the initial time s is positive.

Theorem 5.1 Let a € [1,2) and T > s > 0. Assume that v € L™ (s, T; (L*°(R%))?) and V - v(t) = 0. Let
0 € L>=(s,T; L*>(R%)) be a weak solution to (1.1) for t € [s,T) with the initial data f € L*(R?) at the initial
time t = s. Assume in addition that there are C,c > 0 satisfying

ess.sup, <K (6,2 + h,y +h) <CK(t,z,y) forae te(s,7T), [r—yl<c (5.1)
Then .
16(t)1I7> +2/ E(0(r),0(r)) dr = || f|Zz, (5.2)

for a.e. t € (s,T).

Remark 5.2 For example, (5.1) is satisfied in the following two cases.
(i) C e -y~ < K(t,2,y) < Clz —y| 777,
(ii) K(t,z,y) is of the form K (¢, x —y).
In the appendix we give an example of K which satisfies (ii) but not (i).

Remark 5.3 The energy equality (5.2) actually holds for all ¢ € (s,T") by the uniqueness of weak solutions
obtained from Theorem 5.1 (see Corollary 5.4) and the continuity (4.40).

Proof. By setting 6(7) = f for 7 < s we first extend 0(7) to the time 7 € (—o00,T). Fix to € (s,T) and for
0<e<glandt<T —tg+ 4e we set

T
bou(tiz) = / vret - 7) / Vo (z — 4)0(r, ) dy dr,
Rd

—o0

07n,e,e’ (tv ZE) = (1 - Qbm (t7 to))gﬁﬁl (t7 (l?)

Here ¢, is the function defined by (4.29) and m > 1. Note that if 0 < e < 1 and m > 1 then the function
(1 = @m(t,t0))v1,e(t — T)va,er (x — y) is taken as a test function with variables (7,y) in (2.4). Thus we get

O t0) = (1= bm(tt0)) [ 1t = r)(E (00, v — ) ar
—(1 = ¢m(t, o)) /ST Vit = 7)Euty (0(7), Varer (& = ))) AT — B (t, t0)0e os (1, ).
This equality yields
/oo 02, (t,2)0:(1 = P (t,10))* At + O, s (5, )
= 2/:0(1 — m(t,t0))0m,c.er (@) /:o vi,e(t — VEL(0(7), va,e(z — ) drdt
+2 /:0(1 = &m(t,0))0m,c.er (T, 2) /:o Vet — 7)Eue) (0(7), va,er (x — -))) dr dt.

Hence by integrating over R? and then taking the limit € — 0 and m — oo, we have for a.e. to € (s, T),

to to
—vaer * 0122 + lvaer * £(5)][22 2 / EP(0(7), va,er % 0(r)) dr +2 / Euty (0(7), va,er  6(7))) dr

2 /t0 EL(0(7),0(r)) dr +2 /to EL(O(7),va,e  0(1) — 0(1)) dr
+2 / " €0y (0(r) — v # 0(r), v +6(r))) dr. (5.3)

Here we have used &, (1) (Va,er * 0(7), va,er % 6(7))) = 0 due to V- v(t) = 0. Clearly, the left-hand side of (5.3)
converges to ||0(to)||22 — ||f(s)]|32 as € — 0. As for the second term of the right-hand side of (5.3), let us
prove that

im [ EL (vaer ¥ 0(1) = O(T), v, ¥ 0(T) — O(7)) dT = 0. (5.4)

’
e'—=0 Jg
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We divide the integral as

T
/ EL (Vayer % (1) — O(1), v * () — 6(7)) dr

5T
[ ] oo - 60 @)K (r,2,) dedy dr

|r—y|<o
T
w0 e 0) 00 K () dady (5.5)
|z—y[>d

It is easy to see that for a fixed § > 0 the second tern of the right-hand side of (5.5) goes to zero as ¢ — 0
by using (2.11). As for the first term of the right-hand side of (5.5), since

Wa,er % 0(r) = 6(1))*(z,y) < C/Rd [0, — €'2) = 6(7, )]z, y)va(=) dz
< C | [0(r, = €2)(x,y)valz) dz + CO(T)* (x,y),
we have from (5.1),

/ /‘ |<6[Vd,e’ *0(1) — 0(7)]2(1;’ y)K(r,z,y)dedydr

: C/S /way\<5 /]Rd [O(D)]" (2, y)va(z) K(1,2 + €2,y + € z) dzdz dy dr
+C’/ /Ir y‘<6[9(7-)] (z,y)K(1,z,y)dedy dr
< C/ /Ix y\<5 (M) (x,y)K(1,2,y) de dy dr. (5.6)

T
The right-hand side of (5.6) tends to 0 as  — 0 due to the condition / £ (8(1),6(r)) dr < oco. Hence

we get (5.4), which implies the second term in the right-hand side of (5.3) goes to zero as € — 0. As for the
third term of the right-hand side of (5.3), we first observe that

10(T) — va,er * 0(7’)”%2 < / va(y / |0(T, ) — O(T, 2 — €'y \ dx dy

= / I/d / |6' _ i yf‘g(ﬂg” ¢ dy

RA

1 eicveE
< C(e’M)Q/ I/d(y)/ |%|2|0(7—:€)‘2d§dy
lyl<2 lel<m €'y €
@ 1— e idve .
+CEI / v, y/ '70‘50497_75 ngdy
ly|<2 d( ) \£|2M| i€’y - € | | | | ( )|

<

Mo+ ¢ [ lan ) de,
[§1>M
for all M > 0. Hence we have

/ ’ |Eu(t) (9(7’) — Vg, *0(T),Va,e * 9(7‘)))|d7‘

s

T
< Mol [ 106) = var 5 072 Vv 022 dr
T 9 ; 1
< Cllollee ( / 10(7) — v # 0(r)|2 dr) / / (€210a(¢ ©)216(r, €)? dE dr)
, T 2 1 g 1
< c”v”%(ew/ 10(r) 22 dr)® + // €18 € d5d7)2)
s |€|>M
15 -1 T 2 1
xe 2 (/ H9(7')||H%d7')2
a 1 1
< Cllolly ||e\|L2H%(e’2MT2|\e||LmL2+e //| €160, ) dde)2)
|&|>M
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Noting « € [1,2), by taking ¢ — 0 first and then by taking M — oo, we conclude that the third term of the
right-hand side of (5.3) goes to zero as € — 0. This completes the proof of (5.2).
As an immediate consequence of Theorem 5.1, we have the following uniqueness result.

Corollary 5.4 Let the assumptions in Theorem 5.1 hold with f = 0. Then 0(t,z) = 0 for all (t,z) €
(5,T) x R

Next we prove the uniqueness of weak solutions under the following condition on v instead of (C1):
(C1°) v(t) € L*=(e, e 15 (L°(R%))?) for each € > 0, and (C1) with A\ = d holds, i.e.,

ve LYt a T2 (0, 00 (BMORY)Y) N LL (0,T; (Lhe(RM)Y) for some 1< g < oo.

loc
Theorem 5.5 Let o € [1,2). Assume that (C1°) and (C2) hold. Let § € L*(0,T;L*(R?%)) be a weak
solution to (1.1) for t € [0, T) with the initial data f € L*(R?) at the initial time t = 0. Assume in addition
that (5.1) holds for a.e. s € (0,T). Then 6(t,z) = (Pxf)(t,0,z) for all (t,z) € (0,T) x R

Proof. Tt suffices to consider the case ¢t € (0, ho] by the uniqueness result in Corollary 5.4, where hg is the
number in Theorem 1.4. Let us take the test function of the form (1 — ¢ (¢,%0))¢(x) in (2.4) with s = 0,
where ¢ (t,t0) is as in (4.29) with to € (0,7) and ¢ € C§°(R?). Then by tending m — oo we have for a.e.
to € (0,7),

— < O(to), o>+ < frp >= /Oto <8§§>((6’(t),g0) + Eur) (G(t),ap)) dt. (5.7)

The equality (5.7) implies that there is {tn}nen C (0,7), tn — 0 as n — oo, such that 0(¢,) converges to f
in the sense of distributions. Then from the density argument 0(t,) converges to f weakly in L2 (Rd). The
uniqueness result in Corollary 5.4 enables us to write

o(t,z) = RdPK,v(mw;tmyW(tn,y)dy

= [ Peattaom e+ [

(PK,u(t,.’B§ tn7y) - PKW(t7x; an))e(tmy) dy
R4 R4

+ /L Preo(t,2;0,9) (0(tn, y) — fy)) dy

Preo(t,2;0,9) f(y) dy + 1 + L. (5.8)

Rd

From the weak convergence of 8(t,) to f in L*(R%), I goes to 0 as n — co. As for I1, we have

(L] < |Pxo(t,5tn, ) — Prw(t,;0,:) [ 22(10(En)]| 2
< sup [|0(s)ll o2l Pro(t @5 tn, o) — Prcw(t, 230,-)[ 12
s€(0,T)
_d 1
< Ot 2« sup ||0(s)lp2|Pro(t, @5tn, ) — Pro(t, 250, 0)[| 71
s€(0,T)

Then for R > 1,
HPKW(t,m§tn, ) - PK,U(t7$;07 ')HLl

< / ‘PK,U(LJJ;tnvy)_PK,U(tvx;Ovy)‘dy'i'Z sup / PK,v(tHL’;&y)dy:IQ,I+]2,2-
lyI<R s€[0,517/ |[y[=R

For each R > 1 by the continuity of the fundamental solution I 1 converges to 0 as n — 0. Then by taking
R — oo the term I 2 goes to zero by (1.28). This completes the proof.

5.2 Uniqueness for finite measure initial data

The advantage of the approach using fundamental solutions will be that once they are constructed, there
is a flexibility on the choice of the class of initial data. For example, we can easily extend Theorem 5.5 to
the case when the initial data is a finite Radon measure on R?. The class of finite Radon measures on R? is
denoted by M(R?), and the total variation of a finite Radon measure on R? is defined by

[l e = Sup{/dwdu | ¢ € Co(RY), |lplle <1} (5.9)
R
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For u € M(R?) we say that § € L>(0,T; L'(R%)) is a weak solution to (1.1) for ¢ € [0,7T") with the initial
data g at the initial time ¢t = 0 if 6 belongs to L>(s, T; L*(R%)) for each s € (0,T) and is a weak solution
o (1.1) for t € [s,T) with the initial data 6(s) at the initial time ¢t = s, and 6(¢t) — p as ¢ — 0 in the sense
of measures.
For pu € M(R?) we set
(Preop)(t,0,2) = | Preo(t, ;0,y)u(dy). (5.10)
R

The right hand side of (5.10) is well-defined, since Pk .(t,x;0,y) is continuous and integrable with respect
to y.

Theorem 5.6 Let a € [1,2). Assume that (C1’) and (C2) hold. Let u be a finite Radon measure on
RE. Let 6 € L>(0,T; L*(RY)) be a weak solution to (1.1) for t € [0,T) with the initial data v at the initial
time t = 0. Assume in addition that (5.1) holds for a.e. s € (0,T). Then 0(t,z) = (Pkvp)(t,0,z) for all
(t,x) € (0,T) x R

Proof. The strategy is the same as in the proof of Theorem 5.5. It suffices to show 0(t, z) = (Pg,.u)(t,0,x)
for all 0 < ¢t < ho and = € R%. The uniqueness result in Corollary 5.4 yields that for a.e. s € (0,t) and
R>1,

o(t,z) = y Preo(t,;5,9)0(s,y) dy
= | Prolt;z;0,y)p(dy) + /d (Piw(t, m35,y) — Pro(t,2;0,9))Xr(Y)0(s, y) dy
R R
1 Pr o (t, x5 8,9) (1 — xr(y))0(s,y) dy — /d Pro(t,7;0,9)(1 — xr(y))p(dy)
R R

+ /Rd Prc,o(t,7;0,y)xr(y) (0(s,y) dy — p(dy))

Pro(t,2;0,9)pu(dy) + Iy + Lz + I21 + I22. (5.11)

Rd
Since Pk (t,z;s,y) is continuous,

[I1,1] < CHGHLW(O,T;Ll(Rd)) | S|1<1¥2)R |Prc,o(t, @5 8,y) — Pro(t,2;0,y)| — 0
yI<

as s — 0 for each R > 1. Moreover, the convergence of 6(s) to p at s — 0 in the sense of measures implies
I>1 — 0 as s — 0 for each R > 1. Hence it suffices to show that we can make |I1,2 + I 2| arbitrary small by
taking R large enough, uniformly in s with 0 < s < t/4. But this assertion follows from (1.28), for it gives
the estimate

2+ 22| < (10lp 0101 way) + 6l array) sup | Preo(t, z; 7, 9)|
yI>R, T€(0,4]

A

_d_ o e
= C(H9||L°°(0,T;L1(Rd))+||UHM(R4))t « 2aRTZ,

for 0 < s < %. This completes the proof.

t
1

6 Applications to two-dimensional critical dissipative
quasi-geostrophic equations

In this section we discuss the two-dimensional critical dissipative quasi-geostrophic equations

00+ (—~A)20+v-VO=0, 0<t<T, z€R>
v=(—R20,R10), 0<t<T, z€cR? (6.1)
0]t=o0 = bo, z € R,

Here R; = 81-(—A)_1/ 2 is the Riesz transform. There are already many works on (6.1); for example, see
[9, 8, 7, 12, 27, 18, 20, 23, 34, 10, 11, 13, 14, 5, 22, 31]. In particular, the global regularity of solutions
were established by [23, 5, 22]. In [23] the a priori Holder continuity for smooth periodic solutions was
proved by constructing the modulus of continuity which is preserved by (6.1). In [5, 22], which are more
related with our approach, the linear problem (1.1) is discussed for Ax(t) = (—A)*? and for a given v
satisfying V - v(t) = 0. The key step of the proof in [5] is to establish the local Holder continuity of 6
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when v € L§5,(0,00; (BMO(RY)%) N L7,.(0, 00; (L7, (RY))?) and 6 satisfies the level set energy inequality.
They used the harmonic extension of the equation to (0,00) x R and regarded (—A)Y? as the normal
derivative on the boundary. This enables to derive localized level set energy inequalities and to apply the
De Giorgi argument. In [22] the a priori Holder continuity for smooth periodic solutions was obtained in
terms of the norm of v in L°°(0, 00; (BMO(T%))?), where they studied the adjoint problem and used a
predual characterization of the Holder spaces. We note that the moment bound for solutions as in Section
3.1 is important also in their argument. Theorem 1.2 gives the alternative proof for the global regularity of
solutions to (6.1).

Theorem 6.1 Let 6 € L>(0,T; L*(R?)) be a weak solution to (6.1). Assume thatv € L™ (t1,t2; (L (R?))?)
for some 0 < t1 < toa < T. Then there is 8 € (0,1) such that & € CP([to,t2] x R?) for all to € (t1,t2). Here
the exponent B is taken depending only on ([v|[Lec(ty,t5800), and [|0]|cs (1,10 xr2) 15 estimated depending
only on to € (t1,12) and ||v][roc 1y 1 Br0ML2) -

Remark 6.2 In the proof of Theorem 6.1 the assumption of v € L (t1,t2; (L™ (R?))?), rather than v be-
longing to L (t1, t2; (BMO(R?))?), is used only to ensure the uniqueness of weak solutions; see Theorem 5.5.
Note that the norm [[0[|¢s (4, 1, xr2) itself can be estimated independently with respect to the norm of v(t)
in L°°(R?). For (6.1) it is well known that under some regularity conditions on initial data smooth solutions
uniquely exist at least locally in time, together with the global a priori bound of v in L (0, co; (BMO(R?))?);
for example, see [8]. Hence Theorem 6.1 gives the global regularity of solutions to (6.1) at least for smooth
initial data.

Proof. Without loss of generality, we may assume that ¢; = 0 and to = 7. Then there is a fundamental
solution P, (t,x;s,y) defined on {(t,s,z,y) | 0 < s <t < T, ,y € R?} which satisfies
|Py(t,z;8,y) — P,(t', x; $,y)| < C(min{t — st — s})_c(|:c -2 |+ |t— t/|)ﬁl (6.2)

for all 0 < s < t,t' < T, z,2’,y € R®. Here positive constants ¢ and ' depend only on ||v|| e (0,7;BM0)

and C depends only on ||v|| ec(0,7;5m0nL2)- By the uniqueness of weak solutions obtained by Theorem 5.5

for a given v we have the representation 6(t,z) = / P, (t,z;0,y)00(y) dy. Hence 6 is Hélder continuous
2

R
uniformly on each [to,T] x R?, to € (0,7T), due to the Holder continuity and the semigroup property of

Py (t,x;s,y) obtained by Theorem 1.2. This completes the proof.

7 Appendix

7.1 Example of K

Here we give an example of K which satisfies (1.5) and (1.6), but not (1.7). Let H € L*(R?) be such that
H(z) >0, H(z) = H(—z), and supp H C B(0)\B1(0). Set

Hy(z) = H(3"2), L(z) = Hx(2). (7.1)

Then supp Hx Nsupp H; = 0 if k # 1 and / L(z)dz = CZ 37% < 0. Moreover, for each M € (0, 00) it
R k=0
follows that

/ L(z)dz < CM*. (7.2)
l21<M

Indeed, if 3770~ < M < 37%0 for some ko € NU {0} then / Hi(z)dz =0 if k < ko, and hence,

2l <M

/ L(z)dz = Z / Hy(z)dz< C Z 37k = g37Rd < oM,
|2l <M

k=ko+1 |z|<M k=ko+1

If M > 1 then we have /

lzl<M

L(z)dz < / L(z)dz < C < CM*®. This proves (7.2). Now we set

Rd

K(t,z,y) = g(t)lz —y|~ " (1 + Lz — v)), (7.3)
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for some a € (0,2) and g € L°°(0, 00) such that C~! < g(t) < C with a constant C' > 0. Then clearly K
satisfies (1.6), but not (1.7) in general, for H (and so L) is just in L'(R?). Furthermore, we have from (7.2),

€SS.5UD; 5 ¢ peprd / |z — y|" T K (t,z,y) dy < CM* for each M € (0, 00). (7.4)
lz—y|<M

Just as in the proof of (2.10), we can derive (1.5) from (7.4) for some Cy > 0.

7.2 Proof of Lemma 2.4

In order to prove Lemma 2.4 we first prove the following
Lemma 7.1 Let v € (L*¥*NR)), X € [2d/a — d,2d/a + d] be a vector field satisfying V -v = 0. Set
pr =1 XN€[2d/a—d,d] and px =0 if A € (d,2d/a+ d]. Let R > 1. Then there is a sequence of smooth
and bounded vector fields {vn} satisfying V - vy =0 and

lonll 2a < Cullvll 2a 5, (7.5)
[onlleraBroy < Collvlleea(sypo) +ern(l[vll 2e 5 +vllLraByr0), (7.6)
lim vy = w in Li,.(RY). (7.7)

N—oo

Here Cy depends only on d, o, and A, Cy depends only on d, and cr,n depends only on d, o, A\, R, N, and
satisfies imy 00 cr,N = 0 for each R > 1.

Proof of Lemma 7.1. Let xy € C§°(R?), 0 < xn < 1, be a cut-off function such that yn(z) =1 if |z| < N
and xn(z) =0 if |z| > 2N. Set

wy = U*][ v, (7.8)
By (0)

UN = WNXN Jr][ v—(Cn *][ (n), (7.9)
Ban (0) B1(0)

UN = Vd,% *UN, (710)

where ¢y € (L*(R%))? is a solution to
div (N = wn - Vxn, supp (v C Ban(0), (7.11)

which satisfies

IVCnllLa(Ban 0)) < Cllwn - VXN IlLa(Byn o)), 1< g < o0 (7.12)
It is easy to see that ||vn|| 2d/00 < Cllun]z2a/ax and |Jon]ze(Bg0)) < Cllun||Lr(Byg0)) if N > 1. Since
(7.7) holds if imn 00 uny — v in L}OC(Rd), it suffices to prove (7.5)-(7.7) for uny with N > 1, instead of vn.

However, since it is not difficult to prove similar estimates as (7.5)-(7.7) for wnx~ + v, it suffices
Ban (0)
to show
lcvll s < Crlloll 2 . (713)
[ —][ CnlleeaBroy < cerN(vlLea (Byg(0)) (7.14)
B1(0)

(i) The case A € [2d/a — d, d]: First we note that the following inequality holds:

d a  a
< I R .
vl 20 < CIVGNTLre s S =145 - 2 (7.15)
Then since p* defined in (7.15) satisfies p* < 2d/a in the present case, we have from (7.12),

Il 20 < ClIVCn I < ON' 3| VCn || 20 < ON'" 3y - Vx|l 20 < Cllol 2. (7.16)
Thus we get (7.13). As for (7.14), from the Holder inequality and the Poincaré inequality we have

(7.17)

_ aX
ll<w —][ (Nl (BR0)) < CrIIVEN]| 24 < CrIIVCN | 2a < CrN™2|v]| 24.
B1(0) L o (Bg La(

r(0)) a (Bagr(0)) Lo

Here Cr is independent of N and v. This completes the proof for the case A € [2d/a — d, d].
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(ii) The case A € (d,2d/a + d): The estimate (7.13) follows from (7.16). As for (7.14), we have for
B €(0,1) and d/ps =1 -5,

lov = f ¥l B0y < OR*[Gxlles < OR°IVGx s < OR*fhux - Vs
B1(0
_ d jaXN_ o
< CRONTTTRTETE o)

By taking § near 1, we get (7.14).
(iii) The case A = 2d/a + d: In this case, instead of (7.9), we set un as

UN = WNXN + ][BzN(O)’U — (CN — ][BI<O)CN — ][BI(O){(x — ) . VCN}) (718)

Note that div ][ {(z =) -Vin} = ][ div {y = ][ {wn - Vxn} = 0, and hence div uy = 0.
B1(0) B1(0) B1(0)
From the representation formula of {n given in the proof of [15, Lemma III-3-1], we have
IV*¢xllze < C(IIV(wy - Vxn)llLo + N7 lwn - Vx||za).- (7.19)

By the Gagliardo-Nirenberg inequality

1 1

o -0 1
IV¢n e < CIIVACNIIZo VN e U(I; — ) tl=0)- =0 pe(doo], rell oo

we have from (7.12) and (7.19),

IVCn|le < C(HV(wN -Vxn)|ler + N71||7.UN . VXNHLP)UHU)N . VXNHi?U
< CO(NT'S (NF (1=0)
< ORIl aa ) (N F ol 2 )
= CHv”ﬁ%,w
which gives
lov@ = f v f (o= VO] s < Clol e, (7.20)
B1(0) B1(0) Lo Lo

Next we observe that

1 1
inla) - fBl(chf ][BI(O){W‘)-V@V} = B0 Lo Y / (Vi) o+ (1—0)y) — Vi ()} do dy,

and hence, for R > 1, 8 € (0,1), and d/pg =1 — 8,

ICn (@) — f v — ][ (@) VexHlwmne < CR™P|Veinllen
B1(0) B1(0)
< CR"™|VZCy || rs
< CR™P(IV(wn - Vx)llrs + N7 Hlwn - Vx| pes )
_ d_
< CR'WAN s ol 22 s = CR™N"P o] 2 ..

This gives (7.14) for {n(x) 7][ (N 7][ {(z —-) - V{n} instead of {n(x) 7][ ¢n. The proof of
B1(0) B1(0)

Lemma 7.1 is now complete.
Proof of Lemma 2.4. We first extend v(t) by 0 for ¢ < 0 and set
oM (1) = / vy, 1 (¢ = s)un(s) ds, (7.21)
R
where vy (t) is the approximation of v(t) obtained by Lemma 7.1. Then from |jv™¥) () H£E , < C/ vi,1/n (t—
o’ R

s)llvw ()]
and (2.43

24 ds and ||v(N)(t)HLm(BR(O)) < C/Rl’l,l/N(t — 5)|lun ()]l Lea (BR(0y) ds, it is easy to get (2.42)

‘L
). Moreover, we have
0™ () = vl (B (o)) < /lel,%(t—S)llvN(S)—U(S)||L1(3R<o>>d5+/RV1,%(t—S)HU(S) — ()1 (BR(0) s,
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which yields

2R R
-
HU(N) —vllLr0,RiL1(BR(0)) < C/O low (s) = v(s)llL1(Bg o) ds + C /0 ot = N) ~ 0Ol By dtdr.

[T1<2

Hence v'™¥) — v in LY ((0,00) x R?). This completes the proof.
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