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CONTACT GEOMETRY OF SECOND ORDER II
KEIZO YAMAGUCHI

ABSTRACT. This is the continuation of our previous paper “Contact Geometry of Second Or-
der I” | where we have formulated the contact equivalence of systems of second order partial
differential equations for a scalar function as the geometry of PD manifolds of second order. In
this paper, we will discuss the Two Step Reduction procedure in Contact Geometry of Second
Order. In fact we establish the Second Reduction Theorem for PD manifolds (R; D', D?) of
second order admitting the first order covariant systems N. Utilizing the covariant system
N, we construct the intermediate object (W;C", N), called the IG manifold of corank r, as a
submanifold of the Involutive Grassmann bundle I"(J) over the contact manifold (J, C), where
J = R/Ch (D). We will seek the condition when the equivalence of (R; D', D?) is reducible
to that of (W;C*, N). Moreover, when Ch (N) is non-trivial, the equivalence of (W;C* , N) is
further reducible to that of (Y; D%, Dy ), where Y = W/Ch (). This theorem gives a sufficient
condition for the existence of higher dimensional characteristics of (R; D', D?). By analyzing
the construction parts of the Two Step Reduction procedure, we will show several examples of
Parabolic Geometries, which are, through the Second Reduction Theorem, associated with the
geometry of PD manifolds of second order.

1. INTRODUCTION

This manuscript is the sequel to Contact Geometry of Second Order I [27], and will discuss
the Second Reduction Theorem in Contact Geometry of Second Order. In [27], we have
formulated the contact equivalence problem of systems of second order partial differential equa-
tions for a scalar function as the geometry of PD (partial differential) manifolds (R; D', D?)
of second order, where R is a manifold equipped with a pair of differential systems D! and
D? satisfying the appropriate conditions (see §4 [27]). We have also established the First Re-
duction Theorem for PD manifolds (R; D', D?) admitting non-trivial Cauchy characteristic
systems Ch (D?), which reduces the equivalence of (R; D!, D?) to the geometry of (X, D), where
X = R/Ch (D?) is the leaf space of the foliation Ch (D?) on R and D is the differential system
on X such that D?* = p;}(D) and p : R — X is the projection. Moreover we have exhibitted
several examples of Parabolic Geometries which are, directly or through the First Reduction
Theorem, associated with the geometry of PD manifolds of second order.

In this manuscript, we will establish the Second Reduction Theorem for PD manifolds
(R; D', D?) admitting the first order covariant systems N such that D! > N > D?. Here N is
called covariant if each isomorphism ¢ of (R; D', D?) preserves N, i.e., p,(N) = N. At each
point v € R, for every integral element V of (R; D', D?) at v, i.e., V is an integral element of
(R, D?) such that s_;(v) = D*(v) = V @ Ch (D")(v), N(v) defines the r-dimensional subspace
E of V through the symbol algebra identification; s_3(v) = T,(R)/D'(v) & R, 5 5(v) =
D(v)/D*(v) = V*, Ch(D?)(v) = § C S*(V*) so that N(v)/D?*(v) C s_5(v) corresponds to
E+ C V*, where s(v) = 5_3(v) ®5_5(v) Ds_1(v) is the symbol algebra of (R; D', D?) at v and r
is the codimension of N in D' (see §3.1 and §1 [27]). Moreover the first order covariant system
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N defines the map 1 : R — I"(J) by
n(v) = p.(N(v)) € I"(J) for vER,

where p: R — J = R/Ch (D") is the projection onto the contact manifold (J, C') of dimension
2n + 1 such that D' = p;1(C). Here I"(J) is the Involutive Grassmann Bundle over
(J,C) consisting of involutive (coisotropic) subspaces w of codimension r in the symplectic
vector space (C(u),dw), i.e., wt C w, where @ is a local contact form on J around u € J
and wt = {X € C(u) | dw(X,Y) = 0 for VY € w} (see §2.1). We will consider the
image W = Im(n) of this map n : R — I"(J). Under a mild regularity condition, W is a
submanifold of I"(J) such that W carries two differential systems C* and N, where C* is the
lift of C' and N is the restriction to W of the canonical differential system N on I"(.J) defined by
the grassmannian construction (see §2.2). (W;C*, N) is called the IG (involutive grassmann)
manifold of corank r associated with (R; D', D% N) (see §3.2). A submanifold W of I"(J)

defines a subvariety R(WW) of the Lagrange Grassmann bundle L(.J) over (J,C) by
RW)={veLlJ)|vcC3IweW}
Technically we construct the Lagrange Grassmann bundle R(W) over (W;C*, N) by
RW)= |J Ry,  Ry={d CN(w)|d& |[;=0, ¥ is maximal},

weW
where C* = {& = 0} around w € W. Then we have a map ¢ : R(W) — L(J) defined by ((v) =
q«(0), where g : W — J is the projection and R(W) = ((R(W)). Here ((R,) = L(w/w?) is
the Lagrange Grassmann manifold of the symplectic vector space w/w" of dimension 2(n — r)
(see §4.1). Moreover R(W) carries three differential systems Di,, D%, and Ny, where Dj
and Ny, are lifts of C* and N respectively and D%, is the canonical system defined by the
grassmmannian construction (see §4.2). Furthermore we have a map r; : R — R(W) defined
by
ki(v) = (D*(v) € Ry, w=1(v).

k1 is actually an immersion by the Realization Lemma and preserves D!, D? and N, i.e.,
(k)71 (DY) = DY, (k1) ' (D%) = D? and (k)7 (Nw) = N (see §5.1). We will seek the
condition for x; : (R; D, D*) — (R(W); Dy, D¥,) to be a local isomorphism, which gives us
the first part of the Second Reduction Theorem. For this purpose, we consider the following
covariant systems f(E) and C(E) of (R; D', D?): As a regularity condition for (R; D', D?), we
assume the constancy of symbol algebras, i.e., the symbol algebra s(v) of (R; D!, D?) at each
v € R is isomorphic to a fixed subalgebra s of ¢*(n), where s =5 3@ s_5 ®5_; is defined by

$_3— R, 5_9 = V*, 5_1 = V& f, f C SQ(V*)
Under this regurality condition, (R; D', D?) is called regular of type s. In this case, the first
covariant system N of (R; D', D?) corresponds to the Gg(s)-invariant subspace £ C V', where
Go(s) = {0 € G(s) | (V) =V} and G(s) is the group of graded Lie algebra automorphisms of
s (see §3.1). We define subspaces fg and ¢g of f and s_; by
fe=fNS2(EY)Cf, < x=E®fzCs_1=Vaf
where £ = {v € E|v® E C f+} and §* is the annihilator of f in S%(V) = (S2(V*))*. Then,
by the Gy(s)-invariance of £, we can define covariant systems f(£) and C(E) by
f(E)(v) = ¢ fg) C C(E)(v) = ¢ cg) C D*(v) =s5_1(v) for v€ER,

where ¢ is a graded Lie algebra isomorphism of s(v) onto 5. By a symbol algebra calculation, we
have Ch (N) C C(E) (see §5.2). In fact we will obtain the first part of Second Reduction
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Theorem for PD manifolds of second order admitting the first order covariant systems as
follows.

Theorem 5.1. Let (R; D', D?) be a PD manifold of second order, which is reqular of type s.
Assume that there exists Go(s)-invariant subspace E of V' of dimension r such that f+ C E®gV .

(1) In case 7 < n — 1, if §(E) is completely integrable, then f(E) = Ch(D') N Ch(N) and
k1 : (R; DY, D?) — (R(W); Dy, D¥,) is a local isomorphism.

(2) In case v < n — 1, if C(E) is completely integrable, then C(E) = Ch(N) and &, :
(R; D', D?) — (R(W); D}, D%,) is a local isomorphism.

(3) In case r = n—1, further assume that rank Ch(D?) < dim E, if C(E) is completely inte-
grable, then C(E) = Ch(N) and ky : (R; D', D*) — (R(W); D}y, D2,) is a local isomorphism.

When k; : (R; D', D?) — (R(W); D};;, D%,) is a local isomorphism, the (local) integration
problem of (R; D', D?) is reduced to that of (W;C*, N) (see §5.1). Moreover, for every integral
element V of (R; D', D?) at v € R, N(v) defines the r-dimentional subspace E of V. Then
the condition * C E ®g V implies that E is a Monge element (Definition 7.9 [20], see also
Proposition 7.4, Lemmas 7.6 [20]). In this case, C(E) does not necessarily coincide with the
Monge characteristic system corresponding to E in the sence of §7.3 [20] (see §6, Remark 6.2
(1))-

A little generally the submanifold theory of I"(J) will be formulated as the geometry of IG
manifolds (W;C*, N) of corank r in §2.2. Moreover we will describe the condition, when
(R(W); D}, D%,) becomes a PD manifold, in terms of covariant systems of (W;C*, N) in §4.2.

Furthermore, in the above Theorem, when E # {0}, we have the second step reduction pro-
cedure for (W;C*, N), similarly as in the case of the First Reduction Theorem for (R; D', D?)
admitting non-trivial Cauchy characteristic system Ch (D?), as follows (see §5.3): Assume that
C(E) = Ch(N). When E # {0}, since N = 1;*(N), N has non-trivial Cauchy characteristic
system Ch (N) on W such that rank Ch (N) = dim £ = s > 0. Here assume that W is regular
with respect to Ch (IV), i.e., the space Y = W/Ch (N) of leaves of this foliation is a manifold
such that each fibre of the projection g : W — Y is connected and [ is a submersion. We fur-
ther assume that C(E) C Ch (N*), where N* is the first order covariant system of (R; D', D?)
corresponding to . Then Ch (N) C Ch(N*) C N on W, where N* is a covariant system of
(W;C*,N) such that n;*(N*) = N* (see §2.3). Hence there exist differential systems D3 and
Dy on Y of codimension s+ 1 and r + 1 respectively such that N* = 371(D%), N = 5;*(Dy),
Dy D Ch(D}y) and Ch (Dy) is trivial. In this situation, from (Y; D}, Dx), we can reconstruct
the IG manifold (W;C* N), at least locally, as follows. First let us consider the collection
W (Y) of hyperplanes w in each tangent space T,(Y) at y € Y which contains the fibre D} (y)
of Dy .

W) =W, W,={weGr(T,(Y),m—1)|w> Dyy)} = P(T,(Y)/Dy(y) =P,

yey

where m = dimY and s = dim F. Moreover (5 is the canonical system obtained by the
grassmannian construction and Ny, Ny are the lifts of D}, Dy. Then we have a map xo of W
into W(Y') given by

ka(w) = B.(C*(w)) C Ty (Y),
for each w € W and y = f(w). In fact ky : (W;C*, N) — (W(Y); Cs, Ny) is a local isomor-
phism (see §5.3). Thus (W;C*, N) is reconstructed from (Y; D}, Dy), at least locally, as a
part of (W (Y); Cs, Ny).



Now the main theorem of this manuscript (Two Step Reduction Theorem for PD man-
ifolds of second order) can be stated as follows.

Theorem 5.2. Let (R; D', D?) and (}?i, ﬁl, DQ) be PD manifolds of second order, which are
reqular of type s. Assume that there exists a Go(s)-invariant subspace E of V' of dimension r
satisfying = C E ®gV and dim E = s > 0. Moreover assume the following two conditions for
the covariant sytems of each PD manifold,

(i) C(E) and C(E) are completely integrable (when r = n—1, assume further rank Ch(D?) <
s and rank Ch(D?) < s ).

(i) C(E) C Ch(N*) and C(E) C Ch(N*).

Let (W;C*,N) and (W, C, N) be the associated IG manifolds of corank r of (R; D', D*) and
(R; D', D?) respectively. Assume that W and W are regular with respect to Ch(N) and Ch(N)
respectively. Let (Y; Dy, Dy) and (Y,D}/,DN) be the leaf spaces, where Y = W/Ch(N) and
Y = W/Ch(N). Let us fix points v, € R and 0, € R and put w, = 1(v,), Yo = [(w,) and
Wy = (Do), Go = B(0o). Then a local isomorphism 1 : (R; D', D?) — (R; D', D?) such that
W(vy) = 1, induces a local isomorphism ¢ : (W;C*, N) — (W,C*,N) such that p(w,) = 1,
and . (k1(v,)) = R1(0,), and vice versa. Furthermore a local isomorphism ¢ : (W;C*,N) —
(W,C*,N) such that p(w,) = W, induces a local isomorphism ¢ : (Y; D%, Dy) — (V; D%, Dg)
such that ¢(y,) = Jo and ¢.(k2(w,)) = Ro(W,), and vice versa.

Here we remark that, when E coincides with E, i.e., when s = r, we have N* = N and
D% = Dpy. Hence, in this case, the condition (i7) is automatically satisfied under the condition
() and the equivalence of (R; D', D?) is reducible to that of (Y, Dy).

In Theorem 5.2, every (local) solution of (W; C*, N) is foliated by Ch (N) so that every (local)
solution of (R; D', D?) is foliated by s-dimensional integral manifolds of C(E) = Ch (N). Thus
(R; D', D?), satisfying the conditions in Theorem 5.2, admits s-dimensional characteristics. In
fact, in [6], for involutive systems of second order partial differential equations for a scalar
function with 3 independent variables, E.Cartan first classified involutive subspaces f C S?(V*)
when dim V' = 3, and immediately wrote the Structure Equation for each involutive system.
Then he argued about the existence of 1 or 2-dimensional characteristics for such systems. As
for the existemce of characteristics, Theorem 5.2 covers many of his arguments (see §8.1).

In [23], we have exhibitted typical examples of involutive symbols § = f'(r), {2(r) or f(r) in
S%(V*), which are the only invariants of the involutive systems of second order of type s, where
s_; =V @§. Namely we have exhibitted that, for a PD manifold (R; D!, D?) of second order,
which is regular of type s , where f is f'(r), f*(r) or {*(r), R can be transformed to the model
linear equation by a contact transformation, similarly as in the case of the system of first order
partial differential equation for a scalar function (see Theorem in [23]). We will explain these
phenomena for f2(r) and ' (r) in terms of the Second Reduction Theorem in §6 (the explanation
for {3(r) has been given in terms of the First Reduction Theorem in §6.1 [27]).

In §7, we will discuss the construction parts of the Two Step Reduction procedure of Theorem
5.2, depending on whether D}, = Dy or not. Finally in §8, as examples of Second Reduction
Theorem, we first review the arguments in [6] and, in the rest of this section, we will show
several examples of Parabolic Geometries, which are, through the Second Reduction Theorem,
associated with the geometry of PD manifolds of second order.

Throughout this manuscript we always assume the differentiability of class C*°, though the
argument goes through in real or complex analytic category with suitable modifications.
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2. INVOLUTIVE GRASSMANN BUNDLE OVER A CONTACT MANIFOLD (J,C)

2.1. Involutive Grassmann Bundle ["(J). Let (J,C) be a contact manifold of dimension
2n + 1, i.e.; J is a manifold of dimension 2n + 1 and C' is a subbundle of the tangent bundle
T(J) of J of corank 1 such that the Cauchy characteristic system Ch (C') of C' is trivial. We will
consider the Involutive Grassmann Bundle " (J) of (J,C) of codimension r (1 < r < n);

I"(J) = U I, — J, I, = {involutive subspaces w of (C(u),dw) of codimension r},
ueJ

i.e., w is a subspace of the symplectic vector space (C(u), dw) of codimension 7 such that wt C
w, where C' = {w = 0} around v and w' = {X € C(u) | dw(X,Y) =0 for VY € w}. Let us
fix a reference point w, of I"(J) and put u, = 7(w,), where 7 : I"(.J) — J is the projection. Take
a canonical coordinate system (z1,...,T,, 2, p1,...,pn) of (J,C) defined on a neighborhood
U’ with origin u, such that w, = {X € T,,(J) | w(X) = dp(X) = --- = dp,(X) = 0},
where w = dz — " pidx;. We can introduce coordinate system (z;, Zo, 2, Dis Das a5, b, Si5)
(1<i<j<rr+1=<a=<n)of I"(J) on the following neighborhood U of w,;

U={wer ' (U)|dpyi,...,dp,,dxy,..., dr, are linearly independent on w}.



By expressing dp; |, as a linear combination of dp, |, dz; |, and dz, |,, we see that w is

defined by
w={XeT,(J)|w(X)=m(X) =" ==(X) =0},

where v = m(w) and

w=dz — ipadxa, w; =dp; — i aldp, — z”: bidzr, — i(sij - z": ;b5 )dx;
a=1 a=r+1 a=r+1 j=1 a=r+1

for 1 <4 < r. We calculate

dw:idxi/\dpi—k i dxe N dpg

i=1 a=r+1
= idwi N w; + i dxe N dpe, +Zaqui A dpqg
=1 a=r+1
+ Z b da; A dma + Z syda; Aday; = albSda; A da;,

7]a

:dez/\w + Z w N\ W) +Zs”dxz/\dxj

a=r+1 2,j=1

Z WA @l + Z sijdxr; A dz; (mod w,w],...,w,)

-
a=r+1 ,5=1
where we put

r

w® = dma+Zaf‘d:c¢, wr = dps — Zb?dxj (r+1= a<n).

i=1 j=1

Here w is involutive if and only if dw |,, is of rank 2(n—r), which implies s;; = s;; (1 < 4,5 < 7).
Moreover we calculate

dw:‘ = Z dpa N dCL + Z dxe N dba + Z dx] A dsz] Z d'rj adb;‘y + b?da;l)

a=r+1 a=r+1
= Zw A dai + Zw /\dbo‘—i—de]/\wU
a=r+1 a=r-+1



where w;; = dsi; — Y 0, (afdb§ + a§db) (1 <4,j = ). Hence, for these 1-forms, we have

a=r+1
.
dw = Zdazz/\w + Z w A\,
a=r+1
Z w,, A da + Z w® /\dbaqLde]/\ww
a=r+1 a=r—+1
(2.1) dew? = Z dz; A db®

i=1

dw® = Z dai N\ dz;
i=1
dwij = Y (dbf Ada§ + db§ A daf)

\ a=r+1

We have several differential systems naturally defined on I7(J) as follows: C' = 7, *(C) is the
lift of C' and canonical systems N, N+ are defined by

Nt (w) = 77 (wh) € N(w) = 77 w) € T,(I"(J)) == T,(J) at each w € I"(J).
By the above calculation, we have, on a neighborhood U, C' = {w = 0} and
N={w=wj==w'=0}, Nt={w=o=w=w=001Z<i<rr+1<Za<n)}.
For the Cauchy characteristic systems of these systems, we see Ch (N) = Ch (N+) = {0} and
Ch(O)={w=w=w.=dr;=w*"=0 (1Zi<rr+1Za<n)}

The dual frame of the coframe {w, @}, @}, w®, dv;, db§, daf,wj(1 S i = j<rr+1<a=n)}
on U consists of the following vector fields;

o 9 A& 0 .0 A& D .0
=, = =—+j2a~— = +pc@+zbj—,

0z Op;’ dpa  Opa — T0p;7 dx, Oz, p;
d* g W N dF
dxz axz - pl + Z SZ] az'r’;—l b —z: d_ - a;—l “ d$a7
d* o 0 0 0
db’ 8b°‘ Z a Chen’ dad sy

Hence, by calculating brackets of the above vector fields, or by (2.1), we obtain
ON+=C, ON=TU"(J)),
where 0D denotes the derived system of D. Moreover, putting
A(C) = {X € Ch(C) | my(X) =0 (1 <ij<n)),

we have 9(A(C)) = Ch(C). Here we note that A(C) corresponds to the standard diffrential
system of each fibre (the Involutive Grassmann manifold of codimension r ) of the projection
7 1"(J) — J, which is an R-space of type (Cy,—1, {a,}) (cf. §4 in [24]).



2.2. IG manifold (W;C* N) of corank r. Let W be a submanifold of I"(.J) satisfying the
following condition:
(W.0) q:W — J: submersion,
where ¢ = 7 | and 7 : I"(J) — J is the projection. From the two differential systems C' and
N on I"(J), we obtain the differential systems C* and N on W by restricting C' and N to W.
At each point w € W, we define the bilinear map v, : N(w) x N(w) — t_3z(w) = T,,(W)/C*(w)
as follows; For vectors X and Y in N(w), let X € T(N) and Y € I'(N) be vectorfields such
that X = (X), and Y = (Y),,, where I'(V) denotes the space of sections of N. Then 7, is
defined by o
’Yw(Xa Y) = 7T—3([X7 Y]w)v
where m_3; T,(W) — t_3(w) = T,(W)/C*(w) is the projection. Let w, be an arbitrary point
of W. We will introduce a coordinate system (x;, To, 2, i, Pa, a5, b5, 8:5) (1 =i S g Sror+1S
a < n) of I"(J) on a neighborhood U of w, as in §2.1. Then, by the condition (W.0), 1-forms
{w, !, wt,w* de;(1 i < ryr+ 1< a < n)} remain linearly independent at each point of
W N U, when restricted to the submanifold 1. Hence we have
C* ={w =0}, N={w=w]=-=w =0},
where we denote the restricted 1-forms on W by the same symbols as those on U. The contact
form @ fixes the basis Z of t_s(w) by Z = n_3(Z), Z € T,,(W) such that w(Z) = 1, Then we
have
Tu(X,Y) = w([vai/]w) Z=—-dw(X,)Y)- Z,
which shows that 7, (X,Y) is well-defined for X,Y € N(w) (cf. §3.1 [27]). Moreover, from
(2.1), we have

I8 n n

(2.2) dw =) dz;Nw;+ Y w*Aw,= Y w'Aw, (mod w,@f,... @)
=1 a=r+1 a=r+1

Hence we have

Ch(C={w=w=w,=w=dr;=0 1Zi<rr+1Za<n)}
={dz=dpy=---=dp, =dry =--- =dx, =0} = Kerp,
and

Kervy, ={X € N(w) | 7,(X,Y)=0 for VY € N(w)}
={w=w,=w,=w*=0 1Zi<rr+1Zasn)}

Thus N+ = Kery = Uwew Ker v, is a subbundle of N which coincides with the restriction to
W of N+ on I"(J). Summarizing, (W;C*, N) satisfies the following conditions:

(W.1) C* and N are differential systems of codimension 1 and r + 1 respectively such that

N cC.

(W.2)  Ch(C*) is a subbundle of N of codimension 2n — r.
(W.3) rank-~, =2(n—r) at each w € W.
(W4)  Ch(C*)(w) N Ch(N)(w) ={0} at each w € W.

In fact the last condition (W.4) follows from the Realization Lemma for (W, N, q, J) (see §4.1
[27]). The condition (W.3) is equivalent to the following condition:

(W.3") N+ =Kerv is a subbundle of N of codimension 2(n —r).
Conversely these four conditions, at least locally, characterize submanifolds in I"(J) satisfying
(W.0) as in the following.



We call the triplet (WW;C*, N) of a manifold and two differential systems on it an IG (
Involutive Grassmann) manifold of corank r if these satisfy the above four conditions
(W.1) to (W.4). We have the (local) Realization Theorem for /G manifolds as follows: From
conditions (W.1) and (W.2), the codimension of the foliation defined by Ch (C*) is 2n + 1.
Assume that W is regular with respect to Ch(C*), i.e., the space J = W/Ch (C*) of leaves
of this foliation is a manifold of dimension 2n + 1 such that each fibre of the projection ¢ :
W — J =W/Ch(C*) is connected and ¢ is a submersion. Then C* drops down to J. Namely
there exists a differential system C' on J of codimension 1 such that C* = ¢;!(C). From
Ch (C) = {0}, (J,C) becomes a contact manifold of dimension 2n + 1. Conditions (W.2) and
(W.3) imply that the image of the following map ¢ is an involutive subspace of codimension r
in the symplectic vector space (C(u),dw):

Yw) = ¢.(N(w)) € Cuw),  u=qg(w).

Namely ¢ is a map from W into I"(.J), which is an immersion by the Realization Lemma for
(W,N,q,J) and (W.4). Moreover, similarly as in Theorem 4.1 [27], we obtain

Theorem 2.1. Let (W;C* N) and (W;C*, N) be IG manifolds of corank r. Assume that W
and W are reqular with respect to Ch(C*) and Ch(C*) respectively. Let (J,C) and (J,C) be
the associated contact manifolds. Then an isomorphism ® : (W;C* N) — (W, C’*, N) induces
a contact diffeomorphism ¢ : (J,C) — (J,C) such that the following commutes;

W —— I"(J)

0| |+
W —s I(J).
By this theorem, the submanifold theory for I"(J) is reformulated as the geometry of IG
manifolds of corank 7 .

2.3. Covariant systems of (W;C*, N). Let (WW;C*, N) be an IG manifold of corank r. In
this subsection, we will consider several covariant systems of (W;C*, N).

(1) Covariant system N-=.

N+ is defined by Nt(w) = Ker~, at each w € W. Hence, by (W.3), Nt is a subbundle
of N of codimension 2(n — r) and contains Ch (C*) as a subbundle of codimension r. In fact,
utilizing the local Realization Theorem for (W;C*, N) and canonical coordinate system as in
§2.1, we have

N={w=owi=-=w'=0}), Nt={w=w=o=w'=0 (1Zi<rr+1<a<n)}.

Hence we see, from (2.2), Ch (N)(w) C N*(w) at each w € W. Moreover we see, from (2.1),
Ch (C*)(w) N Ch (N+)(w) = {0} at each w € W,
(2) Covariant system N* = 9N+ + N and the weak symbol algebra t(w) of (W;C* N).

N* is defined by N*(w) = ON*(w) + N(w) at each w € W, where 9N+ denotes the derived
system of Nt. From dw = 0 (mod w,w?,..., @), it follows that ON+t C C*. In the
following, we will assume that N* is a subbundle of T(W), hence of C*, which contains N.
Here N+ and C* are subbundles of T(W) such that 9N+ C C*. Hence subbundles N+, C*
and T(W) define a filtration on W. Namely, putting 7! = N+, T=2 = C*, TP = T(W) for
p < =3, we have

[TP. T C TP for p,q <0,



where 77 = I'(T?). We can form the weak symbol algebra t(w) of (W;C*, N) at w € W as
follows: Put t_3(w) = T,,(W)/C*(w), t_s(w) = C*(w)/N+(w) and t_;(w) = N*(w). Then as
in the symbol algebra of PD manifolds, we can introduce the Lie brackets in

t(w) = ts(w) © to(w) ® ta(w),

as follows; For X € t,(w) and Y € t,(w), let us take X € 77 and Y € 79 such that X =
Tp((X)w) and Y = 7,((Y)y), where m, : TP(w) — t,(w) is the projection. Then the bracket
product is defined by

X Y] = Mg ([X, Y]w) € tyag(w).

Now N defines a subspace ty(w) = N(w)/Nt(w) of t o(w). Then 7, induces the non-
degenerate paing 7, : ty(w) X ty(w) — t_3(w). Moreover, in Lie brackets of t(w), we have

[t (w), ty (w)] =0,

which is equivalent to [['(N1),['(N)] € T'(C*). Namely ty(w) is an abelian ideal of t(w). Thus
we can form the quotient Lie algebra

t(w) = t(w)/ty(w) = ts(w) & ta(w) & to(w),

where t_o(w) = C*(w)/N(w). Conversely, for Y € t_o(w), [Y,t-1(w)] = 0 implies Y € ty(w),
which can be checked as follows; Take a vector field Y € I'(C*) such that 7 o(YV)w) =Y.
Then, from (2.2), we see that [Y,T'(N1)] c T'(C*) iff

dw':—Zw Jdz; =0 (mod N*) <= w;‘(f/):o for i=1,...,r,

which implies Y € T'(N). Thus, in the Lie algebra {(w), we have

(a.1) TY €t o(w)and [Y,t ;(w)] =0, then Y = 0.

(a2)  Ch(C*)(w)={X €t (w)|[X,to(w)] =0}

Here (a.2) can be checked as follows; Take a vector field X € I'(N1) such that (X), =
X € t_4(w) = N*(w). Then [X,1_5(w)] = 0 iff [X,T(C*)] c I'(C*), which is equivalent to
X € T(Ch(C*)). By (a.1) and (a.2), the Lie bracket in t(w) induces the non-degenerate paring

Fw : B(w) x to(w) — t_g(w),
where E(w) = t_;(w)/Ch (C*)(w). Thus t_»(w) = t_3(w) ® E(w)*.
(3)  Covariant systems H(N) and S(N).
Here we define, at each w € W,

H(N)(w) = {X € N*(w) | [X,t4(w)] = 0 in t(w)} = {X € N*(w) | [X,[(N1)] CT(N)},
and

(2.3) S(N)(w) = H(N)(w) N Ch (C*)(w) = {X € Ch(C*)(w) | [X,T(N*')] C T(N)}.

Utilizing the canonical coordinate system as in §2.2, we have, for X € Ch (C*)(w),
X|dw =0, doo; ——Zwm )dz; (mod NY)

Hence we have

S(IN)(w)={w=w, =w, =w=dr;=w;; =0 (1=i<j<rr+1Zasn)}l
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Now, for a vector f of Ch (C*)(w), we have a map & : Ch (C*)(w) — t_z(w) ® S*(E(w)*) by
taking brackets in t(w)
’{(f)(X’Y> = Hf7 X]7Y] = [[f’ Y]7 X] S t—3(w)’
for X,Y € t_y(w) such that X = 7_1(X),Y = 7_4(Y), where [f,[X,Y]] = 0 and 7_; :
t_1(w) — E(w) is the projection. Then x induces the injective map
i o Ch (C™)(w)/S(N)(w) — tog(w) @ S*(E(w)").

Moreover, when S(N) forms a subbundle, we have an injective map

(2.4) Yo : S(N)(w) — ty(w) @ E(w)*
as follows; For vectors X € S(N)(w) and Y € N*(w), we take X eI(S(N)) and Y € T(NY)
such that X = X, and Y = Y,,. Then [X,Y] € I'(N) and [X,Y] € T'(Ch(C*)) when Y €

D(Ch(C*)). From [£X,g¥] = f9lX, V] + F(X(0))Y — g(V ()X, we sce
3e(X,Y) = 7n([X, Y]w) € ty(w) = N(w)/N*(w)

depends only on X and Y and 4.(X,Y) = 0if Y € Ch(C*)(w), where mx : N(w) — ty(w)
is the projection. Thus 4. induces the map 7. : S(N)(w) — ty(w) ® E(w)*. Assume that
7(X) = 0. This implies that 9.(X,Y) = 7x([X,Y],) = 0 for any Y € Nt(w). Hence we
have [X,T(N1)] € T'(N1), ie., X € Ch(N*)(w). Thus X = 0 follows from Ch (C*)(w) N
Ch (N*)(w) = {0} at each w € W, which shows that -, is injective.

Now we prepare the following proposition for the later use in §7.2. We assume the following
compatibility condition for (W;C* N);
(C") There exists, at each w € W, an n-dimensional integral element E of (W, N) such that

ENCh(C*)(w) ={0}.

Then, my(FE) is an isotropic subspace of the symplectic vector space (ty(w),yw ), where my :
N(w) — ty(w) = N(w)/N+(w) is the projection. Hence E' = E'N N+t(w) is an r-dimensional
subspace such that
(2.5) t1(w)=N*t(w)=E @&Ch(C*)(w) and [E,E]=0 in t(w).
We have (cf. [27] Proposition 4.1)

Proposition 2.1. Let (W;C*, N) be an IG manifold of corank r satisfying the condition (C*)
above. Then dim C*(w)/N*(w) = dim H(N)(w)/S(N)(w) at each w € W.

Proof. We utilize the above decomposition of Nt(w) = E' @ Ch (C*)(w). For X € H(w), we
decompose X = vy + Ax, where vy € E' and Ay € Ch(C*)(w). From [X,t_;(w)] = 0, we
have [X,v] = [Ax,v] =0 for Vo € E' and [X, A] = [vx, A] = 0 for VA € Ch (C*)(w). Hence
Ax € S(N)(w) and we get

H(N)(w) = E" & S(N)(w),
where B = E'NH(N)(w) ={v € E' | [v, A] =0 for YA € Ch (C*)(w)}.

On the other hand, N*(w) defines the subspace n*(w) = 7_o(N*(w)) C t_s(w) = C*(w)/N(w).
In fact n*(w) = [t_;(w), t_y(w)] in t(w). This subspace n*(w) defines the subspace F of E(w)*
via the non-degenerate paring 7,,. Identifying £’ with F(w) = Nt (w)/Ch (C*)(w), let F+ C F’
be the annihilator of F. Then we get [v,n*(w)] = 0 for v € F* and we calculate

[v,[0,A]] = [0,[v,A]] =0  for Vi€ E' VA€ Ch(C*)(w).

Hence, by (a.1) and (a.2), we obtain [v, A] = 0 for VA € Ch (C*)(w), which shows F+ = E".
This completes the proof of Proposition. Il
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3. IG MANIFOLDS INDUCED FROM PD MANIFOLDS OF SECOND ORDER

3.1. Covariant Systems associated with a PD manifold of second order. Let (R; D', D?)
be a PD manifold of second order. We will assume the regularity of (R; D', D?) in terms of
the symbol algebras as follows; Let ¢*(n) = ¢_3 ® ¢_5 @ ¢_; be the symbol algebra of (L(J), E)
given by

C_3 = R, C_o9 = V*, 1 = Vo SQ<V*),
where dim V' = n and dim J = 2n +1 (cf. §2.5 [27]). Let { be a fixed subspace of S*(V*) and s
be a subalgebra of ¢?(n), which is defined by

5—3:R7 5—2:‘/*7 5_1:V@f, fCSQ(V*>a
(R; D', D?) is called regular of type s iff the symbol algebra s(v) of (R; D!, D?) at each v € R is
isomorphic to s (cf. [20],[23], §1 [27]). We note here that R satisfies the compatibility condition
(©):
) pW:RY — R s onto.
where R is the first prolongation of (R; D', D?) (cf. §4.2 [27]).

Here we first recall, from §3 in [20], the structure of the group G(¢*(n)) of graded Lie algebra
automorphisms of ¢?(n) . Let k: ¢ — V., = ¢ 1/F, § = S*(V*) C ¢_y, be the projection.
Then ky = K |y is a linear isomorphism of V' onto V.. Since § = {X € ¢_; | [X,c_o] = 0}, it
follows that ¢(F) = § for ¢ € G(¢*(n)). Hence ¢ induces the linear isomorphism ¢ : V., — V.
such that ¢ - k = K - ¢. We define the closed normal subgroup N(c?(n)) of G(¢*(n)) by setting

N(e(n) = {6 € G(*(n)) | ¢ [c y=ide, and ¢ =idy, }.
We define the homomorphism x : GL(V) x GL(R) — G(c*(n)), for a € GL(V) and b €
GL(R) = R*, by putting
x(a,b) [y=a, x(a,b)|c_,=b-idc,, x(a,b)|v-=0-(a")"" and x(a,b) |s2qrr)=b-®*(a®) 7,
where a* is the adjoint linear map of a. We put Gy(¢*(n)) = x(GL(V) x GL(R)). Moreover,

let S(c2(n)) be the set of abelian subalgebras V of ¢2(n) such that ¢_; = V & § (direct sum).
Then we have (Proposition 3.7 [20])

(1) N(¢*(n)) is canonically isomorphic to the vector group S*(V*). Furthermore N(¢*(n))
acts simply transitively on S(¢*(n)).
(2) Go(*(n)) = {¢ € G(*(n)) | ¢(V) =V } and G(¢*(n)) = Go(c*(n)) - N(¢*(n)) is the
semi-direct product.
The action of N(¢?(n)) can be explicitly described as follows: First we identify

SV ={p:V = SHV7) | v p(vz) = va]p(v1) }.
Then, for p € S*(V*), we define the element A, € N(c*(n)) by

Ap |c73: Z.dcig, Ap V= Z.dv*, Ap |g: ng and Ap |V: Zdv + P

Let G(s) be the group of graded Lie algebra automorphisms of s. Then G(s) is a subgroup
of G(¢*(n)). In fact, we have (Corollary 5.8 [20])

G(s)={oc € G(3*(n))|o(s)=5}={0e€G(*n)]|o(s_.1) =51 Cc_1 }.
Thus G(s) is a semi-direct product Go(s) - N(s), where

Go(s) = {0 € G(s) | o(V) =V} = {0 € Go(’(n)) | o(f) = C § = S*(V") },

N(s) = {0 € N(*(n)) | o(s-1) =51 } = {4, € N(¢*(n)) | p(V) C f} = 0.
Here {(!) denotes the prolongation of § (see §5 [20] for the detail).
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Now, starting from an invariant subspace £ C V of Gy(s), we will construct the first order
covariant system N = N(FE) of (R; D', D?) as in the following; Let EX C V* be the annihilator
subspace of E. Then E* is an G(s)-invariant subspace of s 5 = V*. Let v be any point of R
and let s(v) be the symbol algebra at v € R. Take a graded Lie algebra isomorphism ¢ of s(v)
onto 5. Let n(E)(v) denote the linear subspace of s_5(v) defined by

n(E)(v) = ¢~ (E).
Then, since E* is G(s)-invariant, it follows that n(E)(v) is well-defined. We define the linear
subspace N(E)(v) of D'(v) by setting

N(E)(v) = (1-2)"' (n(E)(v)),
where 75 : D'(v) — s.(v) = D'(v)/D?*(v) is the projection. Then it follows that the

assignment v — N(E)(v) defines a subbundle N = N(E) of D', which contains D?.
Moreover we will define the covariant systems N = N**(E) and N* = N*(E) of (R; D*, D?)
as follows; Take a graded Lie algebra isomorphism ¢ of s(v) onto 5. Let N*(FE)(v) denote the

linear subspace of D?(v) = s_;(v) defined by
NHE)(w) = ¢~ (E@f) C D*(v),

Then, since E @ f is G(s)-invariant, it follows that N*(E)(v) is well-defined. Thus the assign-
ment v — N1 (E)(v) defines a subbundle N* = N(E) of D2.

Then N* = N*(E) is defined by N*(E)(v) = ONY(E)(v) + N(E)(v) at each v € R, where
ONL(E) denotes the derived system of N*(E). From N*(E) ¢ D* ¢ N(E) and dD* C D',
it follows that ON-(F) C D' and D> ¢ N*(E) C D'. In terms of the symbol algebra, we
calculate [E®§, E®f] = E|f. Hence N*(E) corresponds to the subspace E |f+ E* of s_y = V*.
We put

E=En(E[f)ff ={veE|veECf}.

Then N*(E) coincides with the first order covariant system corresponding to the Gy (s)-invariant

subspace E. Namely take a graded Lie algebra isomorphism ¢ of s(v) onto s. Let n*(E)(v)
denote the linear subspace of §_5(v) defined by

n*(E)(v) = ¢ ((E)Y).
Then we have
N*(E)(v) = (m-2) "' (n*(E)(v)).
In particular N* = N*(E) is a subbundle under our regularity condition for (R; D', D?).

3.2. IG manifold (W;C*, N) associated with (R; D', D> N(E)). Let (R; D', D?) be a PD
manifold of second order, which is regular of type s. Moreover we assume that R is regular
with respect to Ch (D?), i.e., the space J = R/Ch (D') of leaves of this foliation is a manifold
of dimension 2n + 1 such that each fibre of the projection p : R — J is connected and p is a
submersion. Then we have a differential system C on J of codimension 1 such that D' = p;}(C)
and (J, C') becomes a contact manifold.

Now assume that there exists a Go(s)-invariant subspace E of V' of dimension r. Then
we have the first order covariant system N = N(E) of (R; D', D?). N contains D? and is a
subbundle of D! of codimension r. For a point v € R, we see that p,(D'(v)) = C(u), u = p(v)
and t(v) = p.(D?*(v)) is a legendrian subspace of (J,C), where + : R — L(J) is the canonical
immersion (cf. §4.1 [27]). Thus w = p,(N(v)) € C(u) is an involutive subspace of (C(u), dw)
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of codimension r such that wt C t(v) C w. Let I"(J) be the Involutive Grassmann bundle of
(J,C) of codimension 7. Utilizing N, we will consider the map 7 : R — I"(J) defined by

n(v) = p(N(v)) € I"(J) for veR.

By Realization Lemma for (R, N,p,J), we have Kern, = Ch (D')NCh (N). Thus, if Ch (D')N
Ch (N) is a subbundle, 7 is a map of constant rank so that the image W = Im(n) of 7 is, at
least locally, a submanifold of I"(J) such that ¢ : W — J is a submersion, where ¢ = 7 | and
7 I"(J) — J is the projection. i

In the rest of this subsection, we assume that Ch (D) N Ch(N) is a subbundle so that
W = Im(n) is a submanifold of I"(J) and will consider the relations of several covariant
systems on R and W. As a submanifold of I"(.J) satisfying the condition (W.0), W carries two
differential systems C* and N such that C* = ¢;'(C). (W;C*, N) is an IG manifold of corank
r. (W;C*, N) is called the IG manifold of corank r associated with (R; D', D*, N(E)). Then,
by the definition of the canonical systems C', N of I"(J) and the map n, we have

n.H(C*) = D! and n ' (N)=N.

Moreover, putting ;' (S(N)(w)) = S(N)(v) € Ch (D")(v) for w = n(v), we have
Lemma 3.1. (1) 7, '(N*) = Nt

(2) (V) =N

(3) Ch(N)(v) C Nt(v) C D?*(v) forv € R.

(4)  For a graded Lie algebra isomorphism ¢ of s(v) onto s,

S(S(N)(v)) =N (E* @5 V") C S*(V7).

Proof. (1) Put N = n,Y(N+). For a point v € R, from p = ¢ -7, we have p,(N(v)) =
¢ (N+(w)) = wt C ¢(v), where w = n(v), which implies N € D2. From Ker ¢, = Ch (C*) ¢ N+
and Kerp, = Ch(D') = n;'(Ch (C*)), we have Ch(D') ¢ N ¢ D?. On the other hand, we
haveN'(v) = {X € D*(v) = s_1(v) | [X,n(E)] = 0} in terms of the symbol algebra s(v).
Moreover, from [['(N1), ['(N)] € [(C*), we have [[(N),T(N)] c T(D"). This implies N C N*.
Then, comparing the ranks of both sides, we obtain N =N+

(2) follows immediately from (1) and (3) follows from Ch (N)(w) C N*(w) at each w € W
(see §2.3 (1)).

(4) From §2.3 (3), we have S(N)(w) = {X € Ch(C*)(w) | [X,T(N+)] € I'(N)}. Thus, in
terms of the symbol algebra, we get

S(S(N)(v)) ={f €T|[.ElC B}y ={f €f|[[.E,E| =0} =fn(E* @5 V") C S*(V7).
O

In particular, by Lemma 3.1 (4), S(IV) becomes a subbundle of Ch (C*) under our regularity
condition for (R; D', D* N(E)).

4. LAGRANGE GRASSMANN BUNDLE R(W) OVER AN IG MANIFOLD (W;C* N)

4.1. Lagrange Grassmann Bundle R(W). Let (W;C*, N) be an IG manifold of corank r.
We wil construct the Lagrange Grassmann bundle R(W) over (W; C*, N) and will examine the
conditions when R(W) becomes a PD manifold of second order.

We assume that W is regular with respect to Ch (C*), i.e., the space J = W/Ch (C*) of
leaves of this foliation Ch (C*) is a manifold of dimension 2n + 1 such that (J, C') is a contact
manifold, where C* = ¢;}(C) and q : W — J is a submersion. For a point w € W, we
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will consider maximal isotropic subspaces of (N(w),7,). Namely, we consider the Lagrange

Grassmann bundle R(W) over (W;C*, N):
RW)=|J R,  Ru={0CNw)|vls=0, o is maximal}.
weWw
R(W) is a submanifold of the Grassmann bundle J(W,n +t) over W, where ¢ = rank Ch (C*).
Moreover v = ¢,(?) is a legendrian subspace of (J,C') such that v C «(w) = q.(N(w)), where
t: W — I"(J) is the canonical immersion (see Theorem 2.1). Thus we define a map ( :
R(W) — L(J) by ((v) = ¢.(0). Then we have
C(Ry)={veLlJ)|vcwcCu)} = Lw/v") =2 U —r)/On —71),
where v = q(w), w = t(w) and L(w/w') denotes the Lagrange Grassmann manifold of the
symplectic vector space w/w" of dimension 2(n — r). Hence R(W) is a manifold of dimension
1
k+ §(n —r)(n—r+1), where k = dim W and ((R(W)) is the collection of legendrian subspaces

v such that v C w for w € (W) C I"(J).

Now we will describe the map ¢ : R(W) — L(J) in suitable coordinates. Let us fix a
reference point v, € R(W) and put w, = 7(0,), where 7 : R(W) — W is the projection.
Moreover put u, = q(w,) € J. v, = ((0,) is a legendrian subspace of (C(u,),dw) such that
Vo C t(w,) = q«(N(w,)) € I"(J). Take a canonical coordinate system (xy,...,Z,, 2,01, -, Pn)
of (J,C) defined on a neiborhood U’ with origin wu, such that

v = {X €T, (J) | @(X) = dps(X) = -~ = dp,(X) = 0} C

vwo) ={X € T,(J) | @(X) = dpy(X) = - - = dp,(X) = 0},
where @w = dz—) " | p;dz;. Then we can introduce coordinate system (z;, T, 2, Di, Pa, a3, b3, ;)
(1sisjsrr+l<a=sn)ofI"(J)aroud ¢(w,) with origin ¢(w,) asin §2.1. Since g : W — J
is a submersion, let us take a coordinate system (1, ..., T, 2,P1, -, Pn, A1,---, ) of W on a
neiborhood U* C ¢~ }(U’) of w,. Here (x1,...,%,,2,p1,...,Ppyn) are pullbacks to U* of coordinate
functions on U’. Then, on U*, we have, from §2.2 and §2.3, C* = {w = 0},

N={w=w==w'=0}, Nt={w=o/=w=w'=0 (1Zilrr+1<a<n)},

where
n n

w; = dp; — Z aldpe, — z”: bYdx, — zr:(sij — Z a?b?)d%' (1=isr),

a=r—+1 a=r—+1 7j=1 a=r-+1

wh = dp, — Zb?‘dxj and w® =dz, + Za?dzi (r+1<a<n).
—1 i=1
Here we note that af :j (af), by = (b)) and s;; = ¢*(s;;) are functions of (x1,..., 2y, 2,
DPly- -y Pns Ay, Ar) on U, Moreover we have, from §2.2 and §2.3,
Ch(C={w=w; =w,=w=dr;=0 1Zi<rr+1Za<n)},

and
41) SIN)(w)={w=w, =w,=w*=dr;=w;; =0 1ZiZj<rr+1Zan)}
where @;; = dsi; — > o_, 1 (afdb§ + adby).

On U*, 1-forms {w, @}, dps, dx;,dre,dNy (1 S i< rr+1<a<n 1< a<t)) forma
coframe. By our choice of the coordinate system, we have

b= 4 (00) = {X € T, (W) | ®(X) = @}(X) = dpa(X) =0 (1<i<rr+1<a<n),

7 =
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Hence we will work on the following neiborhood Uofd,in J (W,n+t):
U= {6 € 77 YU*) | dxy,...,dxn,dN, ..., dN\, are linearly independent on 9},

where 7 : J(W,n +t) — W is the projection. For a point © € R(W) N U, from & C N(w), we
have
wli=w! ;=0 (i=1,...,7).
Thus, by expressing dp, |; as a linear combination of dx; |3, dx, |; and d\, |5, we see that v is
defined by
0 ={X € TL,(W) | w(X) = @;(X) = m(9)(X) = 0},

(2

= Zpon dxl Z paﬁ d(l,’,g - Zpa

B=r+1
Here (xi,a:'a,z,pi,pa,)\a,pm,paﬂ,pa)(l <i<rr+1=< a0 n,l < a < t) constitute a
K

where

coordinate system on U of the submanifold J(W,n +t; N) = {0 € J(W,n +t) N(w)} of
J(W,n +t). On this coordinate system, 7, |;= 0 is equivalent to dw |;= 0, i.e.

dw =0 (mod w,w,...,wy, T 1(0),..., 7 (0)).
Hence, from 7} = @’ — Zg:rﬂ pzﬁwﬁ — > (pr, — b — ZZZTH pzﬁaf)d:v,- — Za L Padg, we
calculate

dw = Z wr A wh (mod w,w],..., @)
a=r+1
n n T
= Z { Z pzﬁwa/\wﬁ —|—Z(pzi—ba Z paﬁa w /\da:z—l—Zp w* A dA.}
a=r+1 [B=r+1 i=1 B=r+1
(mod w,wl,...,wr,wrﬂ,...,ﬂ:;).

Thus we see that R(W) is defined in this coordinate system by

n
Dag = DPhar Pha = U+ D Phsal, ph=0 (r+1Za,f<n1<isr1<ast)
B=r+1
In this way, we obtain a coordinate system (z1,...,%n, 2,1, Py A1, -+, A, Dhg) (r+ 1 =

a < <n)of R(W) on UNR(W). On the other hand, we have a canonical coordinate system
(X1, Ty 2,015+ Py D) (LS kS 1S n), pr = pik, of (L(J), E), which is subordinate to
U's(x1,...,%n,2,P1,--,Pn), defined on a neiborhood U with origin v, = ((0,) such that

EFE={w=w; = =w, =0},

where @y, = dp, — > pwdy; (1 Sk <n),U={ver(U)]|dxs A ANdx, |,# 0} and
7 : L(J) — J is the projection. By the definition of the canonical system E on L(J), we have
E(v) = m;(v). Hence, from 7-( = q- 7 and v = ¢,(0), we have

(4.2) GHEW) = (r-¢) 7 (v) = (¢- 7). (v) = 7.1(0).
Thus, on R(W) N U, we obtain

(Cm=Cmm = o= O = {w = = =l =y = e =, = O},
We have

~—

C'w=w, (‘wp=dp— Zf*pm dyy, (1=k<n

=1
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and
n T n
T =w — Z Phgw’ = dpo — szidxi — Z popdrs (r+1=a=n).
B=r+1 i=1 B=r+1
Moreover we calculate

n n

w; = dp; — Z agdps — i bdr, — i(sij — Z a;'b5)dx;

a=r+1 a=r+1 j=1 a=r+1
n r n n r n
= dp; — Z a?(Zijdxj + Z Phsdrs) — Z b dx, — Z(sij — Z a;'b)dz;
a=r+1 J=1 B=r+1 a=r+1 J=1 a=r+1
r n
= dp; — prjda:j - Z Pridre (mod i, ...,7).
7=1 a=r+1

X oo n * o, B 3
where pj; = sij + > -4 1 Phpasa;. Hence we obtain

n n n
(4.3) C"Pap = P:;ga CPai = b + Z pZﬁaiﬁv Cpij = 545 + Z Z pzﬂaf‘af,
B=r+1 a=r+1 f=r+1

which describe the map ¢ : R(W) — L(J) in the above coordinate systems.

4.2. Differential Systems on R(W). We have several differential systems naturally defined
on R(W). First, Df, = 7.1(C*), Ny = 7,1 (N) and Nij; = 7,7 1(N1) are the lifts of C*, N and
N+ respectively and the canonical system D%, is defined by

D, (0) = 771(0) € Ty(R(W)) == T,(W)  at each © € R(W).
Then, on R(W) N U, we have
Dyy={w=0}, Ch(D}y)={w=w=w'=w"=dr;=0 (1Zi<rr+1Za<n)},
Ny ={w=w=001Zisn)}, Np={ow=w=w,=w"=01Zi<rr+1Za<n)},

n
Dy ={m=wj=wi— > p’=0 (1SiSrr+12a<n)}
B=r+1

For these systems, we have

Lemma 4.1. (1) (7 Y(E) = D%, and ('(OF) = Djy.
(2) Diy and D%, are differential systems of codimension 1 and n + 1 respectively.
(3) 9D% C D}y,
(4) Ch(Djy) is a subbundle of D%, of codimension n.
(5)  Nw is a subbundle of Dy, of codimension r, which contains D,
such that Ch(Nyw)(0) C D%, (9) at each © € R(W).
(6) Ch(Djy) N Ch(Ny) = Kerr,.
(7)  Ch(D}y)(0) N Ch(D%)(0) = Ker (. (0) at each © € R(W).
(8) Kerm. NnKer(, ={0}.

Proof. (1) follows from (4.2) and (*w = w. (2) and (4) are obvious from the above and
(3) follows from dw = 0 (mod @, @}, ..., @), 7y, ..., mh), where 7}, = @), — Y25 Phsw’
(r+1 < a £ n). The first half of (5) is obvious from the above and Ch (Ny)(¢) C D%, ()
follows from Ni, C D%, and Ch (N)(w) C N+ (w), where w = 7(9). (6) follows from Ch (C*)

Ch (N) = {0}. By Ker(q - 7). = 77 (Ch(C*)) = Ch(Dyy) and ((2) = ¢.(0) = q.(7(D5i (),
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(7) follows from the Realization Lemma for (R(W), D%, q - 7,J). Finally (8) follows from
Ker(. C{dpi;=0(r+1=a=p=n)}and

Kerr, ={dz=dpy=---=dp,=dzy =+ =dx, =d\ =--- =d\ = 0}.
O
Thus, by (2),(3),(4) and (7) of Lemma 4.1, we see that (R(W); Dy, D%) is a PD manifold

of second order iff ¢ : R(W) — L(J) is an immersion. We will describe this condition in terms
of invariants of (W;C* N). For a point v € R(W), put

A(0) = 7.(Ch (Dy)(9) N Ch(Dyy)(9)) € Ch (C7)(w) = 7.(Ch (Dy)(9)),  w =7(0).

By Lemma 4.1 (8), A(9) = {0} iff Ker(,.(0) = {0}, i.e., ¢ is an immersion around ¢. On the
neiborhood R(W) N U, we have

= dw,, — 2”: pzﬁdwﬁ + z": WP A dpis

B=r+1 B=r+1
= Z:d:cZ A (dbs + Z pagda Z WP A dps-
B=r+1 B=r+1

Hence, from (2.1), we get

((dw =0
dej/\wm—i- Z w* Ao (mod w, @y, ..., @y, Trq,...,T)
(44) a=r+1
dm,, = Zdwi A Toi + Z B N dpys-
\ =1 B=r+1

for1<i<r, r+1= a<n, where 7, = db$ + ZZ:TH pzﬁdaf. From
Ch(Dy) ={w=w/=w,=w=dr;=0 (1ZiZrr+1Za<n)},

we obtain

Ch (Dyy)(0) N Ch (D )(0) =

{X € Ch (D) (d) | @i(X) = 7ai(X) = dprg(X)=0(1sizjSrr+1sasp=n)}
Thus, by (4.1), we get
(45)  A(D) = {X € SV(w) | (@ + 3 pipdad)(X) =0 (1<iSrr+1Sasn),

B=r+1

on RW)NU and ¢ = {w = w? =W, =Y e Do’ =0 (120 Srr+1=a<n)} We
will describe this subspace of S(N)(w) in terms of invariants of (W;C*, N).

For a point v € R(W), © is a maximal isotropic subspace in N(w), w = 7(v), which contains
Nt (w). We put E4(6) = N(w) /0 (2 Ny (9)/D?%(9)). Then we get the projection 7y : ty(w) =
N(w)/N*(w) — E*+(d) = N(w)/, which induces, from (2.3), the following map:

Ye(0) : S(N)(w) — E*(0) ® E(w)"

by 7e(0) = (75 ® idg(w)~) - Ve We can describe A(0) as follows;
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Lemma 4.2. (1) A(v) = Ker~,.(0)
(2) A@W)={XeS\N)(w) | X|de=X]|dw!=---=X]|dw=0 (mod (0))},
where N ={w =w] =---=w; =0}

w
Proof. By (4.4), for a vector X € S(N)(w), we have
X|dw=0, X|dw;=0 (mod w,w/,w,,w*(1<r<rr+1=asn))

Xldmy == (dbf + > phydal)(X) da;.
=1 B=r+1

Hence we have
A(D) = {X € S(N)(w) | [X,[(N*)] C 9}.

On the other hand, for X € S(N)(w) and Y € N*(w), we take X €T(S(N)) and Y € T(N?)
such that X = X, and Y =Y,,. Then, from (2.3), 7. : S(N)(w) — ty(w) ® E*(w) is defined
by 4(X,Y) = 7n([X, Y]w) € ty(w) = N(w)/N*+(w). Thus v.(9) is defined by

e(0)(X,Y) = 7([X, Y].) € EH(0) = N(w)/0,

where #; : N(w) — FEL(d) is the projection. Hence [X,Y], € ¢ for VY € Nt(w) iff
4.(0)(X,Y) = 0 for VY € N+(w), i.e., 7.(9)(X) = 0, which implies A(0) = Ker~.(0).
Moreover, by (4.4), for a vector X € S(N)(w), we have

J— * * * *
X|dw =0 (mod w,wi,..., @, Tryq,...,T,)

X|dw! = — Z Toi (X )w® 7)

a=r+1

N
A
A

Here 7% = w’ — Zg:erZﬁwﬁ and m,; = db$ + Zgzrﬂpzﬁdaf 1<isrr+1<asn).
Hence, from (4.5), we get

A(D) ={X € S(N)(w) | X|dw = X|dw} =---= X]|dw' =0 (mod (0)*")}
={X e S(N)(w)|[X,Y] € Nw) for VY €}
O

Finally we will indicate the relation between the symbol algebra () of (R(W); D};,, DZ,) at
v € R(W) and the invariants of (W;C*, N) at w = 7(0), when Ker (, is trivial. In the rest of
this subsection, we assume that ¢ : R(W) — L(J) is an immersion. Hence (R(W); D, D¥/)
is a PD manifold of second order. Moreover we assume that R(W) satisfies the following
condition (C):

) pW: RW)Y — R(W) is onto.
where R(W)W is the first prolongation of (R(W); D}, DZ,), i.e., there exists an n-dimensional
integral element V = V(9) of (R(W), D%,) at each © € R(W) such that D%, (0) = V & §(9),
where f(0) = Ker(q - 7).(0) = Ch (D}})(0) = 7,1 (Ch (C*)(w)) and w = 7(0).

Let s(0) = s_3(0) ®s_o(0) Ds_1(0) be the symbol algebra of (R(W); Dy, D¥,) at © € R(W),
where s_3(0) = T3(R(W))/D}y(0), s_2(9) = Dy, (0)/Dg,(0) and s_1(0) = D% (0). Fixing a
basis of s_3(v), we have (see §3.1 [27])
5 =

LO) 2R sL@) 2V, sa@)=Vefd) md ) C SV,
From Nit(9) D Ch(DY)(9) = §(9), we obtain the subspace E(©) of V(%) of dimension r
by E(0) = V(0) N Ni(6). Then Ny (0)/D%(0) C s_9(0) = D (9)/D%(9) corresponds to
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E(0)t € V(9)* in the identification s _o(d) = V(9)*. Moreover 7, : To(R(W)) — T, (W)
induces the identifications:

5.3(0) = ts(w) =R, E(0) = B(w) = N*(w)/Ch (C*)(w),  Nw(0)/Djy(0) = N(w)/o.
In particular, 7, : f(0) — Ch (C*)(w) induces the identification:

f(0)/5(Nw)(0) = Ch (C7)(w)/S(N)(w),
where S(Ny)(0) = 7,1 (S(N)(w)). By Lemma 3.1 (4), we have
S(Nw)(0) = (o) N (B(0)" ®s V(0)*) C S*(V(2)").

Let us take a complimentary subspace H of V such that V = E® H. Then V* = E+ @ H*+

and H* is naturally identified with V*/E+, hence with E*. Then we have
S2HV*) = E+*@sV* @ S*(HY) and E*+®@g¢V*=S*EY) e E-osH.

Now the inclusion map ¢ : E — V induces * : V* — E* and i : S*(V*) — S?(E*) such that
Ker:* = E+ and Keri = E+ ®g V*.

Furthermore, under the identification: s_3(0) = t_3(w) = R by fixing a basis of s_3(0), we
have the following commutative diagram:

o)  —— S*V(0)")

T*l ll(f})
Ch(C)(w) —— S*(E(w)").
where € : f(0) — S%(V(0)*) is given by €(f)(vi,v2) = [[f,v1],vs] in s(0) for f € f(v) and
vy € VD), (6) = (7)) - i(6), i(5) = S(V(0)) — SAE()]) and 7 : S(E(w)) —
S?(E(0)*) is induced by the linear isomorphism 7 : E(9) — E(w). Hence /{(Ch (C*)(w)) =
R(Ch(C*)(w)/S(N)(w)) € S*(E(w)*) is sent, by 7*, to the image i(0)(f(d)) C S?*(E(0)*).
Thus #(Ch (C*)(w)/S(N)(w)) describes the image (0 )(f(@)) f(0)/S(Nw)(0) of f(v) by the
projection i(d) : S2(V(0)*) — S*(E(0)*).
On the other hand, we have the following commutative diagram:

S(Nw)(0) —— E(%)* @ B()*

T*l J/Zd@(i'*)71

S(N)(w) 2L B(9)* @ E(w)*.

where ¢ : S(Nw)(0) — E(0)* ® E(0)* is given by €(f)(v) = [f,v] € E(0)* CV(0)* =5 5(0) in
5(0) for f € S(Nw)(0) = f(8) N (E(0)* @5V (0)*) C S*(V(0)*) and v € E(0) C 5-1(0) (see the
proof of Lemma 3.1 (4)). Here we note that Keré = S%(E(9)*) = Ker 7.. Thus 7.(0)(S(N)(w))
describes the structure of S(Nw )(0) = f(v) N Ker i(v).

5. SECOND REDUCTION THEOREM

5.1. Equivalence of (R; D', D?) and (W;C*.N). Asin §3.1, let (R; D', D?) be a P.D manifold
of second order, which is regular of type s, where s =5 3@ s _» @ s is a subalgebra of ¢?(n),
which is defined by

s 3=R, s,=V" s_,=Va&f fcS*HV).
We assume that R is regular with respect to Ch (D') and let p: R — J = R/Ch (D') be the

projection.
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Now we assume that there exists a G(s)-invariant subspace E of V' of dimension 7. Then,
as in §3.1, we have the first order covariant system N(E) and covariant systems N+ (E) and
N*(E). Moreover, as in §3.2, let (W;C*, N) be the IG manifold of corank r associated with
(R; D', D?* N(E)). Namely we consider the map 7 : R — I"(.J) defined by

1) = p(N@) € I'(J)  for veER
where I"(J) is the Involutive Grassmann bundle of (J,C) of codimension r. We assume that
Kern, = Ch (D')NCh (N) is a subbundle such that W = I'm(n) is a submanifold of I"(.J). Let
R(W) be the Lagrange Grassmann bundle over (W;C* N). Then we have the map x; : R —
R(W) defined by
k1(v) = 0:(D*(v)) € Ry, w =1(v).

In fact © = n,(D?*(v)) is a subspace of N(w) C T,,(W) of dimension n+t such that y [;= 0, which
follows from D?(v) € N(v), Ch(D") is a subbundle of D? of codimension n and dD? C D'.
Moreover, by Realization Lemma for (R, D?,n,W), we have Ker(x1), = Ch(D?) N Kern, C
Ch (D') N Ch (D?) = {0}, which implies Ker(x1), is trivial, i.e., k1 is an immersion such that
n =Tk, where 7 : R(W) — W is the projection. Thus, by the definitions of Dj;, and D%, on
R(W), we obtain

Proposition 5.1. x; : (R; D', D?) — (R(W); DY, D%,) is a local isomorphism if and only if
~ 1
rank Ch(D') N Ch(N) = é(n —r)(n—r+1).

When k; : (R; D', D?) — (R(W); Dy, D¥,) is a local isomorphism, by the construction of
(R(W); D}, D%,) from (W;C*, N), we see that the local equivalence of (R; D', D?) is reducible
to that of (W;C*, N) as in the following: Let (R; D', D?) and (R; D', D?) be PD manifolds
of second order, which are regular of type s, and let (W;C*, N) and (W, C’*,N) be the as-
sociated IG manifolds of (R; D*, D%, N(E)) and (R; D', D?, N(E)) respectively. Moreover let
(R(W); Dy, D2,) and (R(W); Dy, D% ) be the Lagrange Grassmann bundle over (W;C*, N)
and (W; C*, N) respectively. For points v, € R and 9, € R, put w, = 1(v,) and i, = 7(2,). We
assume that y : (R; D', D?) — (R(W); Dy,, D) and #1; (R; D', D?) — (R(W); Dy, D%) are
local isomorphisms around v, and 9, respectively. Then a local isomorphism ¢ : (R; D', D?) —
(R, D', D?) such that 1 (v,) = 0, induces a local isomorphism ¢ : (W;C* N) — (W;C*, N)
such that ¢(w,) = W, and . (k1(v,)) = k1(0,), and vice versa.

Moreover, when r; : (R; D', D*) — (R(W); D};;, D%,) is a local isomorphism, we observe here
the correspondence of local integral manifolds of (R; D', D?) and (W; C*, N) as in the following:
First we observe, by the uniqueness of the map in the Realization Lemma for (R, D? p,J), that
the map & = (- k1 : R — L(J) coincides with the canonical immersion ¢ : R — L(J), from
T-kR=q-7T -k =q-n=pand ki, Y(F) = (k1);Y(D%) = D? where 7 : L(J) — J is the
projection.

Let A be an integral manifold of (R; D', D?) passing through v,, i.e., A is an n-dimensional
integral manifold of (R, D?) such that T,(A) N Ch(D')(v) = {0} for v € A. Then we have
T,(A) N Kern.(v) = {o}. Hence, from N D> D? A = n(A) is, at least locally, an n-
dimensional integral manifold of (W;C*, N) passing through w, = n(v,) such that x(v) =
Tw(A') & Ch (C*)(w) for v € A and w = n(v). Conversely let A’ be an n-dimensional integral
manifold of (W;C*, N) passing through w, = n(v,) such that T,, (A") & Ch (C*)(w,) = K1(v,),
i.e., A’ is an n-dimensional integral manifold of (W, N) such that T,,(A’) N Ch (C*)(w) = {0}
for w € A" and T, (A') & Ch(C*)(w,) = K1(v,). Then, from N C C*, A° = ¢(/A') is, at
least locally, a legendrian submanifold of (J,C'). Hence we have the lift o(A°) C L(J) of A°
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by o(u) = T,(A°) € L(J) for u € A°. Moreover we have a map A : A’ — R(W) defined
by Mw) = T,,(A") & Ch(C*)(w) € R(W). Then, from 7- A = idy and by the definition of
¢ : R(W) — L(J), we see that A is an immersion such that A(w,) = x1(v,) and (-A(w) = o-q(w)
for w € A'. Hence A = (k1) *(A(A’)) is an integral manifold of (R; D', D?) passing through
v, € R such that n(A) = 7 - k1 (A) = A and ¢(A) = (- Kk1(A) = (- A(A) =0 - q(A) = o(A°)
around v, € R.

5.2. Covariant systems f(E) and C(E). We will first consider the condition in Proposition
5.1 in terms of the symbol algebra s of (R; D!, D?). Here (R; D', D?) is regular of type s.
Namely the symbol algebra s(v) = s_3(v) @ s_2(v) & 5_1(v) at each v € R is isomorphic to
s=5_3P5 9@ s_;. We define subspaces fg and c¢g of f and s_; by

fE:](ﬂSQ(EL)C](, CE:E@fEC5_1:V@f,
where E = {v € E |v® E C f+}. Then we have
Lemma 5.1. fg and cg are G(s)-invariant.

Proof. Since E is G,(s)-invariant, £ and E- are Gy(s)-invariant subspaces of V and V* re-
spectively, which also implies S?(E") is a Go(s)-invariant subspace of S?(V*). Hence fz is a
G/(s)-invariant subspace of f. Since E is Go(s)- invariant, to show that c¢g is G(s)-invariant, it
suffices to check that p(E) C fg for each p € f1), where 1) = f® V* N S3(V*) is the first
prolongation of § and p : V — § C S?(V*) satisfies vy ]p(v2) = va]p(v1) (see §5.2 [20] for the
detail). From (SZ(EL)) = E®sV C S*)(V), we have (fg)* = f+ + £ ®s V. Hence, from
E®gE C -, p(E) C fg follows from

r+EosV c(BElf)Y ={aecS* V)| E®ac (V)L
O

Hence we can define the covariant systems f(E) and C(E) of (R; D', D?) as follows; Take a
graded Lie algebra isomorphism ¢ of s(v) onto 5. We put

H(E)(v) = ¢~ (fp) € C(E)(v) = ¢ (cp) C D*(v) = 5-1(v).

Then, by the above lemma, it follows that f(E£)(v) and C(E)(v) are well-defined and we obtain
subbundles f(E) and C(E) of D?.

Moreover, starting from the G(s)-invariant subspace E , we put
fe=fNS*((E))Cf, c=EafzCs,i=Vaf

fz and ¢z are also G(s)-invariant and we can define the covariant systems §(E) and C(E) of
(R; D'.D?) as follows;

HE)(v) = ¢7'(Fp) C C(E)(v) = ¢ () € D*(v) = 5.1(v),

A A ~

for a graded Lie algebra isomorphism ¢ of s(v) onto s. Here we note (E) = E.
For these systems, we have

Lemma 5.2. (1) f(E) = Ch(D')n Ch(N), if C(E) = Ch(N).
(2) Ch(DY)(v)N Ch(N)(v) C {(E)(v) and Ch(N)(v) C C(E)(v) at each v € R.
(3) Ch(DY)(v)N Ch(N*)(v) C §f(E)(v) and Ch(N*)(v) C C(E)(v) at each v € R.

(4) rank Ch(DYNCh(N) = 1( P n—r+1) iff T C E@gV and Ch(DVYNCh(N) = §(E).
(5) Ifft Cc E®sV, then Ch(DQ)(v) C(E)(v) at each v € R.
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Proof. (1) By definition, f(E) = C(E) N Ch (D).

(2) By Lemma 3.1, Ch (N)(v) € D*(v) = s_1(v). Let ¢ be a graded Lie algebra isomorphism
of 5(v) onto s. For a vector X € Ch(N)(v), we have [X,T(N)] € T'(N). Moreover N(v)
corresponds to the subspace B+ @ s_; of 5 under ¢ (see §3.1). Thus ¢(X) € s_; satisfies
[(¢(X),s_1] € E+ and [¢(X),E*] = 0. Then, for ¢(X) = v+a, v € V, a € §, we have
v|f € E+)V]a C B+ and (v, E+) = 0. Hence we have v € E, v©® E C f- and X]a = 0 for
VX € E, which implies v € Eandace o8

(3) can be shown similarly as in (2) by taking £ in place of E.

(4) By fg = fNS*(E*), dimfg < §(n—r)(n—r+1) and the equality holds iff fz = S?(E1),
i.e., iff f D S?2(E1). Thus (4) follows immediately from (2).

(5) For a vector X € Ch (D?)(v), we have [X,T'(D?)] C T'(D?). Hence we have [¢(X),s_1] =0
for an isomorphism ¢ : s(v) — s. Thus, for ¢(X) = v+a, v € V, a € f, we have v|f = 0
and V |a = 0. Hence, from f D S?(E1), we have v € E, v© E C f+ and a = 0, which implies
¢(X) € E. This completes the proof of (5). O

Now we assume that there exists Go(s)-invariant subspace E of V' of dimension r such that
ft C E®s V. Let s be the dimension of £ = {v € E | v® E C {+}. First we describe the
structure equation of the graded Lie algebra s =s 3@ s_5 @& s5_1, where

5_3 = R, S_9 = V*, 5_1 = V& f, f C S2(V*)
We have F ®g E C - € E ®g V. Thus we have a basis {e1,...,e,} of V such that
E={ey,....e.}) CE=({er,...,e}),

Hea®er(1<a<s,1Sk<n) i c e @e(1<i<r1<0<n)}).

Namely we have

SUEY = (e @eyr+1Sa<F< )} Cfc
SHENU{eoe1<k<rr+1SasnhU{{eoc(s+1Si<j<r)}),

where {ef,...,e:} are the dual basis of {ej,...,e,} in V*. Let us take the complimentary
subspace H of V such that V = E® H, where H = ({€,41,...,¢,}), and take a complimentary
subspace T' of E ®g V such that E ®s V = §+ @ T. Then, from S*(V) = E ®gV & S*(H),
dim T = dim f — dim S?(E+)(=t). Let {7x(1 £ X < t)} be a basis of T and put 7y = €1 © ¢
1 =k=rls1l=n)and Wa = e, ®es (1 < o, = n). Under the identification:
S%(V) = (S2(V*))*, we restrict these covectors to the subspace f C S*(V*) and put

=l fw=Twl; and @as=Das |-

Then we have 71, =0 (1 S a < 5,1 Sk <r)and {m\(1 = X = t)} forms a basis of ({7 (1 =
E<rr+1=asn)m (s+1=475=r)}). Moreover {m\(1 =X =t), was(l Sa S S n)}
forms a basis of *. Then, firstly fixing a basis of s_3, we have a basisof s =5 3P s oD s5_1,
s 3 2R s o=V and s_; =V @ f, by fixing the basis {e1,...,e,} of V as above. Thus we
have covectors

{&, 1, T, @0 T T+ 1S, n),
oo (LSEkSrr+1Sasn),m (s+126,557)}
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in s* such that @w.g = Wgsa, 7i; = 7j;, and that

(

Ao =O* Aoy + -+ O™ A o,
n
déo, = Y @ NFaa (1ZaZs),
a=r+1
T n
doo; = ST W Af+ Y 0 AT (s+1Zi<r),
j—s+1 a=r+1
d@a:Zw A o + Zw A Tia + Z P ANGasg (r+1=aZn),
\ 1=s+1 B=r+1
where {0, @1,..., @, 0% ..., 0" Wag (r+1 S a S B S n),7 (1S XS 1)} forms a basis of

s* such that {7r,\(1<)\<t)} 1sab381sof({7rka(1<k<rr+1<a<n) Ty (s+1=

T

i,7 < r)}). Moreover, putting Q; = Z] o1 W) A Tij, we see that {QS+1, .0 -} are linearly
independent as follows; If Y7 o1 @ a;{%; = 0, we have Zist a;7t;j =0 for s+1< j <r. From
Tia=0(+1=i<r1=ZaZ<s),wehave ) | . ajfty, =0 for 1 <k = 7, which implies

(D iy Gits) @ e € fl for 1 < k < r. Then by the definition of E, we get D e Gi€i € E,

which shows agy1 = =aq, = O by the choice of our basis.
Now let (R; D!, D2) be a PD manifold of second order, which is regular of type s. Let us fix a
point v € R. Then, as in §1 of [23], there exists a coframe {w@, @1, ..., @y, w',...,W", @Wap (7 +

I1SasfEn),m (1A} (t=dimf—dim S*(EY)) and 1-forms {mpo (1 Sk S rr+1 <
as<n),m; (s+1=14,7=r)} defined around v € R such that

={w=0}, D’={w=w = =w, =0}, N = N(E)—{w:wlz--‘:w,«:()},
N*:N(E):{w:w1:-~:ws:0}, NL:{w:wl:---:wn:wr+1:---:w”20},
and the following structure equations hold;
(A) do=w'ANwy + - +Ww"Aw, (mod m),
¢ n
dw, = Zwo‘/\ﬂaa(léaés),
a=r-+1
(B.1) dwo; = Zu}j/\ﬂ'ij+ Zwo‘/\ma(erléiér),
j=s+1 a=r—+1
dwaEZw“Aﬂaa+ Z WA T + Z wﬁ/\wag (r+1=a<n),
\ a=1 i=s+1 B=r+1
(mod w, @y, ..., wy,), Where wys = Wga, T = 7y, and {m(1 < XA £ ¢)} is a basis of
{mho QS kSErr+1=asn),m(s+1=4,j=r)}) (mod w,w,...,w,). Moreover
{Q%41,...,8,} are linearly independent (mod w,w;....,w,), where ; = Z§:s+1 wl A .
Furthermore, we have
and

By utilizing the structure equations (A) and (B.1), we will investigate the properties of C'(E)
and f(£). In the rest of this section, we will adopt the Einstein’s convention for indices. The
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index ranges are as follows; 1 < a,b<s,s+1Zi,5,k<r,r+1Za,f<nand1 S\t
From (B.1), we have

dw, = w® /\7Taa+Aaﬂwa /\w[;—i—Ba)‘wa/\W,\ +Ca57waAw5,y
+ D* bwa/\w —i—EO‘wa/\w —I—Fﬁwa/\w

(B.2) , o8 \ of
dw; =W Amij+ W Ao + A] @ A ws + B we Ay + C g A wg,
—i—Df},wa/\w —l—Eo‘wa/\uﬂ +Fﬁwa/\w
(mod @, w@y,...,w,). From (A), we have dow = 0 (mod @, @y, ..., @, w ' ... w"). Hence
we have
dw Ny = w* Ndw, +w' Adw;  (mod @, @y, ..., @, . wh).

Then, from (B.2), we get

(5.1) dw™ +w* A (B® 1y + C*g., + DA’ + Egw)
+ W' A (B®m\ + C ﬁ”wm + DG’ + E2w’) =0 (mod @, @y, ... @ Wt

W)
Putting M, = {w,@1,..., @0, m1,...,m}) = {w, @1, ..., @O0 Tho A=k S mr+1 é a <
n),m; (s+1=4,7<r)}), we have

dw =dw, = dw; =0, dwa =w’ Awe (mod My).
Then, taking exterior derivatives of both sides of (B.2) and calculating mod 9y, we get
W A ditge = W' A @as A (C Vs, + DYWP + EXuw’ + Faaﬁwﬂ) (mod ),
and
W A dmij 4w A diig = wd A as A(Cws, + DGwWb + E3uw’ + Fz%wﬂ) (mod 90%y).

Thus we obtain

(5.2) ATae = C0VWas A way + Doywas AW’ + E2was AW
(mod @, w@y,..., @, w .. W T, ..., ), and
(5.3) { dmi,, = C’fmwa(; N wgy + DS was AW,

dmi; =0 (mod @, @y, ..., @ W T, ).

Moreover, from (B.2), we have, for s + 1 < p,q < n,
(B.3) dw, = w* A m4a + AL, A w, + Bg)‘wj AT+ BO"\wa A Ty
+ C9P5 A wgy + CoPVwy A wpy + DYy Awb + DYwog A Wb
+ F’ ) w; AwP —i—ana/\w —i—F]ﬁwJ AP +Fgwa/\w (mod @, w@y,...,w,).
From (A), we have dw = 0 (mod @, @y, ..., @, w", ... w"). Hence we have
dw' AN w; + dw® N we = w* Adw, (mod @, @y, ..., wh . wh).

Then, from (B.3), we get
(5.4) dw' +w* A (BPmy + CP ', + DLW =0 (mod @, @y, ..., @, w7 w).

Here we have
Lemma 5.3. (1) f(E) = Ch(D') N Ch(N) iff Co?v = ¢ = 0.

(2) C(B)= Ch(N) iff Co* = ;" = Dy, = D5, = 0.

(3) C(E) C Ch(N*) iff Co% — Ci67 — po. — pi, —
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Proof. (1) From Ch(D') N Ch (N) C §(E) € Ch (D), we see that f(E) = Ch (D) N Ch (N) iff
f(E) € Ch(N). For a vector X € f(E)(v), v € R, by (A) and (B.2), we have

X|dw =0 (mod w),
X|dw, = —C w4, (X)w, (mod w,wy,..., @),
X |dw; = —C*wg (X)w, (mod w,wy,...,©,).

Thus X € Ch (N)~(v) iff CoPws, (X) = Cia?’ng»y( ) = Wthh completes the proof of (1).
(2) From Ch (N) ¢ C(E), C(E) = Ch(N) iff C(E) c Ch(N). For a vector X € C(E)(v),
v € R, by (A) and (B.2), we have
X|dw =w*(X)w, (mod w) =0 (mod w,ws,...,w,),

X|dw, = —(C*wg, + DY) (X)we  (mod @, @y, ..., @),
X |dw; = —(Cws, + DGw®)(X)w,  (mod @, w,, ..., w@,).
Thus X € Ch (N)(v) iff (Co% g, + D2W)(X) = (C* 7wy, + DGw?)(X) = 0, which completes

the proof of (2).
(3) For a vector X € C'(F)(v), v € R, by (A) and (B.3), we have

X|dw =w(X)w, (modw) =0 (mod w,w,...,ws),
XJdma = ~(CPg, + Diy)(X)mi — (CoMm, + Do) (X)ma (mod w1, .., 2,)

Thus X € Ch (N*)(v) iff (Ci¥wg, + Di,w)(X) = (Cowg, 4+ D%w?)(X) = 0, which completes
the proof of (3). O

Thus we get

Lemma 5.4. (1) Ifr <n—1 and f(E) is completely integrable, then §(E) = Ch(D“)NCh(N).

(2) If C(E) is completely integrable, then C*#' = C#" = D% = D% = 0 and D!, = D},.
Moreover C’ia’g7 = 0, when r < n — 1. In particular, if r < n — 1 and C(FE) is completely
integrable, then C(E) = Ch(N).

Proof. (1) If f(E) is completely integrable, we have

dv' =dw*=dry =0 (mod @, @y,..., T w',. .. ,W"T1,..., 7).

Then, if r < n— 1, C2%7 = 0 follows from (5.2) and C**" = 0 follows from (5.3), which proves
(1) by (1) in Lemma 5.3.
(2) If C(F) is completely integrable, we have

dv' =dw*=dny=0 (mod w,w@,..., o, . W T, .., T).
Then C2%" = 0 follows from (5.1), D% = 0 follows from (5.2), D% = 0 follows from (5.3),
C =0 and D!, = Di_ follows from (5.4) respectively. Moreover, when r < n — 1, C* =0
follows from (5.3). Then the last assertion follows from (2) in Lemma 5.3. O

Moreover we have

Lemma 5.5. In case 7 = n — 1, if C(E) is completely integrable and rank Ch(D?) < dim E,
then C(E) = Ch(N).

Proof. We assume that r = n—1 and C'(F) is completely integrable. Then, by (2) in Lemma 5.4,
we have C""" = C"" = D™ = DI = 0 and D!, = Dj_ . Thus, by (2) in Lemma 5.3, it suffices to
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show C7" = ( when rank Ch (D?) < dim E. Putting M, = ({w, @1, ..., w0, w!, ..., w*,w"}),
we have

dw =dw, =0, dw;=w A i, dw, = WA T, (mod  My).
Then, taking exterior derivatives of both sides of (B.3) and calculating mod 9y, we get

dw™ A T + dooj A (BT + B2 wb) + dooy A (B + Ejw’) =0 (mod  9My).

From (5.1), we have dw" = (B"* 1) 4+ C/"™"wpy, + Eliw’) Aw’ (mod  9M). Hence we get

(Bf’\w,\ + C"" gy, + Efjwj) AW A T + w? A Tij A (Bg/\WA + Eikwk)
+ W' A T A (B + Egjwj) =0 (mod My).
Then, since mqy,, mij, Ty are linear combinations of {my(1 < A < ¢)} (mod w, wy, ..., w,), we
obtain C""w,,, A w' A Tan = 0. By the assumption rank Ch (D?) < dim E, we have 7, # 0

for some a. Hence we get CI"""wo,,, A w’ = 0, which implies C™" = (. This completes the
proof. O

Finally we add the following.

Lemma 5.6. If C(E) = Ch(N) and
Urij(s+1Z0, i Sr+ DN {Taa(1 £ a < s,r+1 < a <n)}) = {0}, then C(E) C Ch(N*).

Proof. From C(E) = Ch (N) and by (2) in Lemma 5.3, we have C%" = C*%" = D2, = D% = 0.
Moreover, by (2) in Lemma 5.4, we have C*#7 = 0. Hence, by (3) in Lemma 5.3, it suffices to
show D!, = 0, under the above condition. Putting M3 = ({w, @y, ..., @, w" ... ,w"}), we
have

dw =dw, =0, dw,=w A Tij, dwe = WA Ty + W' A Ti,  (mod  9My).
Then, taking exterior derivatives of both sides of (B.3) and calculating mod 93, we get

dw® A Tig + dwj A (B 1y 4 D?,wb + E7 Wk + doog A (B, + Eg‘jwj) =0 (mod My).

From (5.1), we have dw® = (Bj*my + Efiw’) Aw’ + (Bf*my + Egw’) Aw' (mod  9M3). Hence
we get
(B my + Egw’) A WP A o + (B + EZw’) Aw' A + w* AT A (B, 4 DI Wb+ B W)
+ (WP A oo + W' A Tig) A (BT + ESw’) =0 (mod 9Ms).
Then, since T4, Tij, Tio are linear combinations of {m\(1 £ X < ¢)} (mod w, wy,...,w,), we
have
WO AW A (E{j‘jﬂm + Esjma - Dzbmj) = mod  9My).

0 (
Then, by the assumption ({m;;(s+1 =i, Sr+D)HN{{mw(l S a < s,7+1 = a = n)}) = {0},
we get D w? Aw? Ami; =0 (mod  9M3). Thus we obtain

Dy’ Ny =DHQy =0 (mod w,wy,. .., w0 w*(1<a<s,r+1< asn).

Since {Qy1,...,Q,.} are linearly independent (mod w, @y, ..., w@,), we obtain D!, = 0, which
completes the proof. O

Summarizing the discussion above, we obtain the first part of Second Reduction Theorem
for PD manifolds of second order, which are regular of type s.
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Theorem 5.1. Let (R; D', D?) be a PD manifold of second order, which is reqular of type s.
Assume that there exists Go(s)-invariant subspace E of V' of dimension r such that f+ C E®gV .

(1) In case v < n — 1, if {(E) is completely integrable, then f(E) = Ch(D') N Ch(N) and
k1 : (R; D', D?) — (R(W); DY, D%,) is a local isomorphism.

(2) In case v < n — 1, if C(E) is completely integrable, then C(E) = Ch(N) and k; :
(R; D', D?*) — (R(W); Diy, D%,) is a local isomorphism.

(3) In case r = n—1, further assume that rank Ch(D?) < dim E, if C(E) is completely inte-
grable, then C(E) = Ch(N) and ky : (R; D', D?) — (R(W); D}y, D%,) is a local isomorphism.

Thus in these cases, the equivalence of PD manifolds of second order (R; D', D?), which are
regular of type s, is reducible to that of the associated IG manifolds of corank r (W;C* N),
as in §5.1.

5.3. Two Step Reduction. Let (R; D', D?) be a PD manifold of second order, which is
regular of type s. We assume that there exists Go(s)-invariant subspace E of V' of dimension
r such that f+ € E ®g V. When E # {0}, we can discuss the further reduction procedure as
in the following.

We assume that C(E) = Ch (N). If E # {0}, since N = n;*(N), N has non-trivial Cauchy
characteristic system Ch (N) on W such that rank Ch (N) = dim E. Now we assume that W
is regular with respect to Ch (N), i.e., the space Y = W/Ch (N) of leaves of this foliation is a
manifold such that each fibre of the projection §: W — Y is connected and [ is a submersion.
We further assume that C'(E) C Ch(N*). Then Ch(N) C Ch(N*) on W. Moreover, by
Lemma 5.2 (3), Ch(N*) C N on W. Hence there exist differential systems D} and Dy on
Y of codimension s + 1 and 7 + 1 respectively such that N* = g;71(D%), N = ;'(Dy),
Dy D Ch(Dy) and Ch (Dy) is trivial. In this situation, from (Y; D}, Dy), we can reconstruct
the IG manifold (WW;C* N), at least locally, as follows. First let us consider the collection
W (Y) of hyperplanes w in each tangent space T, (Y) at y € Y which contains the fibre D (y)
of Dy.

W)= JW,cJ,m-1),

yey
Wy = {w e Gr(T,(Y),m —1) | w > Dx(y)} = P(T,(Y)/Dx(y)) = P*,
where m = dimY and s = dimE. Moreover C5 is the canonical system obtained by the
Grassmannian construction and Ny, Ny are the lifts of D}, Dy. Precisely we have

Oy (w) = i (w) D Ny (w) = p (Dy () O Ny (w) = . (D (),
for each w € W(Y) and y = p(w), where p : W(Y) — Y is the projection. Then we have a

map ko of W into W(Y') given by
ra(w) = B.(C*(w)) C T, (Y),

for each w € W and y = f(w). By Realization Lemma for (W, C*, 3,Y), k2 is a map of constant
rank such that

Ker(kg). = Ch (C*) N Ker . = Ch (C*) N Ch (N) = {0}.
Thus ry is an immersion and, by a dimension count, in fact, a local diffeomorphism of W into
W(Y') such that
(R2)(C7) = Oy, (R2)«(N7) = Ny, and  (kg).(N) = Ny.
Namely ko : (W;C*, N) — (W(Y); C%, Ny) is a local isomorphism of /G manifold of corank r-.

Thus (W; C*, N) is reconstructed from (Y; Dy, D), at least locally, as a part of (W (Y); Cy, Ny).
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By the construction of (W(Y); Cs, Ny), an isomorphism of (Y; Dy, Dy) naturally lifts to an
isomorphism of (W (Y); Ct, Ny).

Summarizing the above discussion, we obtain the following Second Reduction Theorem (Two
Step Reduction Theorem) for PD manifolds of second order, which are regular of type s such
that there exists a G(s)-invariant subspace E of V of dimension r satisfying f* C £ ®gV and

dimFE =5 > 0.

Theorem 5.2. Let (R; D', D?) and (R; D', D?) be PD manifolds of second order, which are
reqular of type 5. Assume that there ezists a Go(s)-invariant subspace E of V' of dimension r
satisfying §~ C E ®gV and dim E = s > 0. Moreover assume the following two conditions for
the covariant sytems of each PD manifold;

(i) C(E) and C(E) are completely integrable (when r = n—1, assume further rank Ch(D?) <
s and rank Ch(D?) < s ).

(ii) C(E) C Ch(N*) and C(E) C Ch(N*).

Let (W;C*,N) and (W, Cr, N) be the associated IG manifolds of corank r of (R; D', D?) and
(R; D', D?) respectively. Assume that W and W are regular with respect to Ch(N) and Ch(N)
respectively. Let (Y; D%, Dy) and (Y, D%, Dy) be the leaf spaces, where Y = W/Ch(N) and
Y = W/Ch(N). Let us fir points v, € R and 0, € R and put w, = 1(v,), yo = B(w,) and
Wy = 7(0,), Jo = B(i,). Then a local isomorphism 1 : (R; DY, D?) — (R; D', D?) such that
¥(v,) = 0, induces a local isomorphism ¢ : (W;C*,N) — (W, é*,N) such that p(w,) = w0,
and p.(k1(v,)) = k1(0,), and vice versa. Furthermore a local isomorphism ¢ : (W;C* N) —
(W,C*,N) such that p(w,) = 1, induces a local isomorphism ¢ : (Y; D%, Dy) — (Y D%, Dg)
such that ¢(yo) = Yo and ¢.(ka(w,)) = ke(W,), and vice versa.

Here we remark that, when E coincides with E, ie., when s = r, we have N* = N and
D% = Dy. Hence, in this case, the condition (i) is automatically satisfied under the condition
(i) and the equivalence of (R; D', D?) is reducible to that of (Y, Dy).

We will discuss conditions for the symbol algebra s, where the condition (i) or (i) in the
above Theorem is automatically satisfied, in the next section.

6. TYPICAL CLASSES AND THEIR GENERALIZATIONS

6.1. Minimum subspace F satisfying §- C S?(F). Let (R; D', D?) be a PD manifold of
second order, which is regular of type s. For the symbol algebra s =s 3 ®s_o @ s_1, where
s3=R, s5,=V" s5,=Vaf, fc SV,
there exists a unique minimum subspace F of V such that = c S*(F) c S%(V), under the
identification: S?(V') 2 (S?(V*))*. This follows from
S*(F) N S*(Fy) = SA(F N F),
for Fy and F, such that f+ C S?(F;) (i = 1,2). F may coincide with V. Moreover, it follows
from S?(a(F)) = a(S*(F)) D a(f*) = §* for a € Gy(s) that F is Go(s)-invariant. We put
F={veF|veFcCf}.

Let r and s be the dimensions of F and F respectively. In the rest of this section, we assume
that {0} G F G V.

Now we will discuss the Second Reduction Procedure for (R; D', D?), utilizing the minimum

subspace F satisfying f* C S?(F) (C F ®s V). Let us fix a point v € R. Then, as in §5.2,
there exists a coframe {w, @y, ..., @p,w', ..., W (1S ESrr+1 S 3Sn),wep (r+1 =
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aSB<n),m (1SASt)} (b =dimf—dim F* @5 V*) and 1-forms {m; (s+1=<4,5 <r)}
defined around v € R such that

D'={w=0}, D’={w=w = =w, =0}, N:N(F):{w:w1:-~:wrz()},
N*:N(ﬁ’):{w:wlz---:wS:O}, NL:{w:wl:---:wn:wTH:---:w”:O},
and the following structure equations hold;
(A¥) do=w'Nw; +-+w" Aw, (mod @),
/ n
dw, = Y W AT (1Z2a<5s),
a=r+1
T n
(B*.1) dw; = Zuﬂ/\mj—i— Z WA @i (s+1 20 S 1),
j=s+1 a=r+1
dwaEZw“Awaa+ Z WA @i+ Z WA Das (r+1Za<n),
\ a=1 1=s+1 B=r+1
(mod w,wn,...,w,), where wys = Waa, m; = mj;, and {mx(1 = X = ¢1)} is a basis of ({m;; (s+
1<4,5<r)}) (mod w,wy,...,w,). Moreover {Q.1,...,€,.} are linearly independent (mod
w,wy. ..., W,), Where ; = Z;:s+1 w? A ;5. Furthermore, we have
C(F):{w:wlz:wn:ws+1:-:wnzﬁAZWka:O

(1A, 1Sksrr+1<asn)},

and
f(F):{w:wlz-:wn:wlz--:wn:ﬂ')\:wkazo
1=Axst,1sksrr+1sasn)}.

In the rest of this section, we will adopt the Einstein’s convention for indices. The index ranges
are as follows; 1 Sa, b= s, s+1=i,j,k=r,r+1Za,f<nand 1 < X< t. From (B*.1),
we have
dw, = W A Wae + A% @y A wg + B ws ATy + B w, A st

(52 B*P g N g +Cw, N wgy + Daywa Aw’ + EStoa Aw' + Flywa AW’

' dw; = W AT+ WP Awie + A% w0 Aws + BPwa Ay + B w, A wyst

BPm, Nwjg  +C 7wy Awgy + Diywa A’ + Ewa Aw! + Fwoa Aw’,
(mod w, wy,...,w,). First, replacing w,, and w;, by wea — FfQWﬁ and w;, — FZ-in respec-
tively, we may assume that F2 = F° = 0. From (A*), we have dw = 0 (mod 901%), where
M = {w,wy,...,m,w" ... ,w"}). Hence, from (B*.2), we have

dw® A g = WP A doy, + W' A dow;
=W’ A (A?ﬁwa A wg + B g ATy + B?Cﬁw(l N W + Bg‘wwa A wig
+C @ N gy + DEwe A w4 Bl Aw')
+w' A (W A+ Aia’gwa N wg +B g, ATy + Bf‘bﬂwa A g + Bf‘jﬁwa N w;a
+Cfﬁ7wa A w@ay + Diwwg AW + Ejiwa A W)
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(mod 7). Thus we get
(6.1 dw® = — WP A (B 1y 4 By Pwes + BY P wig + O ws, + DEw® + EXwh)
' — WA (B + Bl-abﬁwb@ + ijﬂwjg + C’iamwg7 + DSw’ + Efjwj)

mod @, @, ..., @y, w T ..., w"). Putting M = {w, @1, ..., 00w m(r+1Za<n, 1
2
A S t1)}), we have

dw = dw, =dw; =0, dw, = W’ A wpe + ! A Wjo (mod M3).

Then, taking exterior derivatives of both sides of the first equation of (B*.2) and calculating
mod M5, we get

dw®™ N Do + dwwa A (BEP w5+ BYP w5+ CO g, + D2w + E2w) =0 (mod  9N3).
Substituting (6.1) into the above equation, we get

FW A o A (Biacﬁwcg + Bl-ajﬁwjg + C'Z-CY[37”<,T/'[;)7 + D%wb + Ef‘jwj
+W’ A @poy A (B2 + BoP w5+ OV, + Dwe + B!
A(

W A Waa A (BEPweg 4+ BOPwi5 4+ COP s, + DEw® 4+ Egw)
w')
B+ B w5 + O, + D2 we + E%w’

)
+w A @, =0 (mod M3).
J 2

Hence we obtain

6.a.1 WA oo A (B 5+ C g, + E%/) =0 (mod  95).
A ) 7 By iJ 2

WADga A (BY w5 + By Pwig + Co gy + DEws + (BE — DS)w)

(6.a.2) + WA @ A (B2 g + BEF w5+ O g, + D2we + EXw') = 0
(mod 93).

(6.a.3) Bf‘jﬁwi N Waa N Wig + BB A Wia Nweg =0 (mod  M3).

(6.a.4) W A @i A (BEP w5+ CoPmg, + DEw® + ECw) =0 (mod  90T5).

From, (6.a.1), if r—s > 0, we get B*” = 0 for ¢f8 # aar, C* = 0 and Ef = E. In particular,
when r —s > 0, B = 0if s > 2 and B = B?'* if s = 1. Moreover, by replacing m;j by
mij + Efi@a, we may assume Ef: = 0.

In case s = 2, first let us choose any a (1 < a < r). Since s = 2, we can find b such that
a # b. Then, from (6.a.2), we see that the coefficients of w® A @y A @i, W’ A Wpa A @as,
WP A e Aw® and WP A e, Aw' are BOP C9 EX and (E — D$), and those of w® Ay, A w®
and W A wa, A w? are D2, and 2D% — D¢ respectively. Hence we get BoP = 0, C2%7 = 0,
EY =0, D, =0, D¢ = 0 for ¢ # b and 2D, = Dy. Similarly, interchanging the role of a
and b, from (6.0.2), we get D, = 0 for ¢ # a and 2Dy, = D$,. Thus we obtain D2, = 0 for
any c. Moreover, from (6.a.2), we see that the coefficients of w® A wy, A g (¢ # aa nor ba),
WP A Whoy A Wae and W A Waa A Wha are Bgcﬁ, By — nga and 2B§‘b°‘ respectively. Hence we
get BF = 0 for ¢f # aa nor ba, B2 = B and B2 = (. Moreover, from (6.a.3), we get
BYMP =0 for i # j, B™ =0 for a # 3 and B¥* = B (= B®),

In case s =1, (6.a.2) reduces to

, 1 ‘
W' A @i A (B8P w5 + B w5 4+ CO g, + (B — §Df‘1)wz) =0 (mod M3).
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Hence we get B = B B*F — o, ¢ = 0 and E® = iD%. In case r = 1, by replacing
w® by w” + B @y, we may assume B = 0. If r > 2, from (6.1.3), we get B{'’ = 0 for
a# (3, B’ =0fori#j, B*" =0 for a # 3 and B** = B¥(= B®). If we further assume
r 2 3, we have r — s = 2. Hence, from (6.1.4), we get D¢, = 0 and Ef; = 0, which also implies
Dg = 0.

Thus, in case s =2 2 or s = 1 and r = 3, we see that, by replacing w® by w* + B%w,, (B*.2)
reduces to

(B* 2) dw, = W N\ Waa + A;"/Bwa N+ Bg"\wa A Ty
' dw; =W Amj+ w* A @i + A?ﬁwa A s + B, Ay + Biawwa A g
(mod @, w1, ..., w,). Here we may assume A%° = — A% and B = 0 when s > 2. We note

that, in case s = r = 1, we have
doo; = w* AN @iy + A?’Gwa A ws + DYyw, Aw' (mod @, w).
Moreover, putting M = ({w, @1, ..., @, w0 (s+ 1S i Srr+ 1< a<n)}), we have
dw = dw, = dw; =0, dwa =w’ Awpe  (mod M),
Then, taking exterior derivatives of both sides of the first equation of (B*.2) and calculating
mod M3, we get
dw® A Wae + WP A Wha A (Bg"\m) =0 (mod M3).

Hence, in case s = 2, looking at the coefficient of w® A @y, A 7y for b # a, we get B = 0. In
case s = 1, the above equation reduces to

(dw™ — BP*W' AT\ Awia =0 (mod M.

Then, substituting (6.1) into the above equation, we obtain B{* = 0. Thus, if s =22, s =1
and r 2 3 or s =r =1 and C(F') is completely integrable, the first equation of (B*.2) reduces
to

(6.2) dw, Ewa/\wm—f—Agﬁwa/\wg (mod w, wy,...,w,).
Now we will show that (6.2) further reduces to
dw, = w* N wue (mod w,wy,...,w,),

dividing the proof in the following three cases: (1) s =2, (2) s =7 =1 and C(F') is completely
integrable, (3) s =1 and r = 3.
In case (1), putting M} = {w, w1, ..., @, w* T\, WaAwg (L= A St r+1 S a S < n)}),
we have
do=dw, =dw; =0, dwy, =W’ A wpa + wz ANag  (mod M),
for some 1-forms 7,4. Then, taking exterior derivatives of both sides of (6.2) and calculating
mod M}, we get

dw®™ N @Wae + A% (dw, A s — o Adog) =0 (mod  9T).
Hence we obtain
dw® N\ Wea + QAZ‘ﬂwb ANwpa Nwg =0 (mod M).
Thus, since s = 2, first choose any a (1 < a < r), and find b such that a # b. Then, looking at

the coefficient of W’ A @y, A @g, we obtain AP = 0.
In case (2), putting M: = ({w, w;,w*, wa Awg (2 a < 5= n)}), we have

do=dw, =0, dw,=w' Awia+ s AN.s (mod M),
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for some 1-forms 7,3. Then, taking exterior derivatives of both sides of (6.2) and calculating
mod M, we get
(dw® — 2A9°W ANwg) A1 =0 (mod 9.

Thus we obtain

(6.3) dw® = 2A9%w" A ws  (mod w, @y, w*, Wia, Wa Awg (2= a < G < n)).
From (A*), we have dw = 0 (mod @, w;,w?, ..., w"). Hence we have
dw® A e = W Adwy = W A (AYPw, Awg)  (mod @, @y, w?, ... W),

Then, substituting (6.3) into the above equation, we obtain A%’w!' A wy A ws = 0 (mod
@, w1, w*, @i (2 < a < n)), which implies A%’ = 0.

A
A

In case (3), putting M = {w,w1,..., 0 W, Do, T, W A (T+1 = a S <01

A = t1)}), we have
do=dw, =dw; =0, dw, =w' A wg, + @ A Nag,
for some 1-forms 7,3. Then, taking exterior derivatives of both sides of (6.2) and calculating
mod MG, we get
AV (dwo N wg — wo A dwg) = 2457w A wes Awg =0 (mod 9.
This implies A%’ = 0.

Summarizing the discussion above, we obtain
Proposition 6.1. Let (R; D', D?) be a PD manifold of second order, which is reqular of type
s. Let F be the minimum subspace of V satisfying f+ C S*(F) C F @5 V.

Assume that {0} ; FCF ;Cé V. Let s and r be the dimensions of F' and F' respectively.
Then, if s 22 ,s=1andr =23 or s =r =1 and C(F) is completely integrable, for the
covariant system N* = {w = wy = - -+ = wy = 0}, the following structure equation holds

do=w'ANw; +-+w"Aw, (mod @)
dw1 = errl A Wir+1 + -+ w" A W1in
(mod w,wy,...,w,)

dos =W A g1+ + WA Wy,
where N = {w =w; = --- = w, = 0}

We note here that, if s = 1 and 7 < 2, we have = = ({e1 @ e1}) or ({e1 @ e1,e1 @ e2}).
Furthermore we note that in case s < r, by Lemma 5.6, if C(F) = Ch(N), then C(F) C
Ch (N*). Hence, by Proposition 6.1 and Lemma 5.3, we obtain

Proposition 6.2. Let (R; D', D?) be a PD manifold of second order, which is reqular of type
s. Let F be the minimum subspace of V satisfying f+ C S*(F) C F @5 V.

Assume that {0} & FCF S V. Then, except for the cases it = ({e1 @ e1}) or ({1 @
e1,e1 ® ea}), C(F) is completely integrable and C(F) = Ch(N) . Moreover C(F) C Ch(N*)
when s < r.

Remark 6.1. By Proposition 6.1, for the minimum subspace F' of V' such that F # {0}, except
for the cases when {+ = ({e; @ e1}) or ({e; ® e1, €1 @ e}), the assumptions (¢) and (i7) for the

Two Step Reduction Theorem (Theorem 5.2) are automatically satisfied. For the case when
it = ({e1 ® e1}) , see Theorem 6.1 in the next subsection.
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6.2. Typical Class of Type *(r) and its Generalization. Let (R; D', D?) be a PD man-
ifold of second order satisfying the condition (C'), which is regular of type §*(r). Namely
(R; D', D?) is a PD manifold of second order such that symbol algebra s(v) at each point
v € R is isomorphic to s =s5_3 B s5_o B s5_1, where

5_3:R, 5_2:V* and S_1 :VEB](2(7’)
Here f2(r) is given by (f(r))* = S2(F) c S%(V), for a subspace F' of V of dimension r.
Then, by Proposition 6.1, as the case s = r =2 2 and the case s = r = 1 and C(F) is

completely integrable, we obtain the structure equations for N = {w=w = =w, =0}
as follows ;

dw = W A w,
dw, = w* Nw,, (mod w,wy,...,w,).
), is reducible

Hence, by Theorem 5.2, the equivalence of (R; D', D?), which is regular of type 2(r
Yn—rr+1),

to that of (Y, Dy) such that (Y, Dy) is a regular differential system of type ¢
where R R

dn—rr+l)=co@cy co=W, ¢, =VeWeV*
is the symbol algebra of the canonical system on the first order jet space of n — r independent
and 7 + 1 dependent variables (see §2.5 [27]). Here W and V are vector spaces of dimension
r 4+ 1 and n — r respectively.

Summarizing the discussion above, by the Second Reduction Theorem (Theorem 5.2), we
obtain (Proposition 5.1 and Theorem 5.3 in [25] and §3 in [23])

Theorem 6.1. Let (R; D', D?) be a PD manifold of second order, which is reqular of type
Pr).

(1) If r = 1, assume that C'(F) is completely integrable, then the equivalence of (R; D, D?)
is reducible to the equivalence of a regular differential system (Y, Dy) of type ¢'(n —1,2).

(2) If r = 2, the equivalence of (R; D', D?) is reducible to the equivalence of a reqular dif-
ferential system (Y, Dy) of type ¢*(n — r,r + 1), which is locally a space of 1-jets for n —r
independent and r + 1 dependent variables.

Remark 6.2. (1) In case r = 1, (R; D', D?), which is of type f3(1), is called of (weak)
parabolic type and C(F) coincides with the Monge characteristic system. Hence under the
assumption that C'(F) is completely integrable, (R; D', D?) is called a equation of Goursat
type in [25]. Utilizing the above reduction theorem, we discussed the contact equivalences of
classes of Goursat type equations (Go-geometry of second order), which are related to Parabolic
Geometries (geometry of (Y, Dy)) of each exceptional simple Lie Groups (see §6 in [25]).

(2) Incaser = 2, since a regular differential system (Y, Dy) of type ¢! (n—r,7+1) (r+1 = 3)
is isomorphic to (J(M,n—r),C), where dim M = n+1 (cf. Theorem 1.6 [22]), (R; D', D?) can
be transformed, by a contact transformation, to the linear (model) system R = {ps =0 (1 <
a,b < 1)} (see §3 in [23] for the detail).

Now, as the generalization of the Typical Class of Type 2(r), we will consider a PD man-
ifold (R; D', D?) of second order, which is regular of type §*(r,s). Here f*(r,s) is given by
(F2(r,s))* = F ®s F C S%(F), where F C F are subspaces of V of dimension s and r
respectively. Namely let us fix a point v € R. Then, as in §6.1, there exists a coframe
{w, @1, wp,w, W@ (1S aSs,r+1 S8 n),on (s+1 =S k<1< n)} defined
around v € R such that

D'={w=0}), D’={w=w = =w, =0}, N:N(F):{w:w1:-~:w7,:0},

N*:N(ﬁ’):{w:wlz--~:w820}, NL:{w:wl:---:wn:wr+1:~~:w":0},
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and the following structure equations hold;

(A) do=w'Aw;+-+w"Aw, (mod @),
( n
dw, = Zwa/\waa(1§a§s),
a=r-+1
T n
([31) dw; = ZW/\Wij+ZWAw2a(S+1SZST)
Jj=s+1 a=r—+1
S T n
dwa_Zw“/\waa—l— Z W' A Wi + Z WP A w g (r+1=a<n),
\ a=1 i=s+1 B=r+1
mod w, w, ), where wy; = wy,. Furthermore, we have
( Y ) Y ) )
O(F) — {w — wl T wn — ws+1 — et .. = w'ﬂ — wl] = Wka — 0

(s+1Zi<j<r1<k<rr+1<a<n),

By the calculation in §6.1, in case s = 2, we have

5 dw, = w* A Waa
dw; = w Nwij+ W Awie + A we Awg + B wa A wjy
(mod w,w,...,w,), where we may assume A?B = —Ai’ga. Putting M, = ({w, @y, ..., @, ',

w*(s+1ZiSrr+1 < a4 =<n)}) and by (6.1), we have
dw = dw, = dw; = dw® =0, dwa =w’ Awy,  (mod ?fﬁl)

Then, taking exterior derivatives of both sides of the second equation of (B .2) and calculating
mod M, | we get
dw’ Ao+ W A e A (BM ) =0 (mod  0My).
Hence we have B = 0if i ¢ {j,k} and (dw’ + B*wb A wp) A wij = 0 (mod  9;). Thus
we obtain
dw’ = =B WP Nwpe  (mod  90Y) for i=s+1,...,7

Then, putting B¥ = B™ (i = s+1,... ,7), and replacing w’ and w* by w’/ + B%w, and
w® 4+ B¥w; respectively, we may assume B{" = 0.

Moreover, putting M, = {w, @1, .., @, W W, @ij, Wi, TaAwg (s+1 i S jSrr+1 S
a = 3 =n)}), we have

dw=dw, =dw; =0, dw, = w’ A wpa + ws A Map  (mod 9312),

for some 1-forms 7,3. Then, taking exterior derivatives of both sides of the second equation of
(B.2) and calculating mod 9, , we get

Afﬂ(dwa Nwg — W N dwg) = 2Af‘ﬁwb N wpa Nwg =0 (mod 9512),

which implies A% = 0.
Thus, by the Second Reduction Theorem (Theorem 5.2), we obtain
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Theorem 6.2. Let (R; D', D?) be a PD manifold of second order, which is reqular of type

f(r, s).

Then, if 2 < s < r, the equivalence of (R; D', D?) is reducible, by Theorem 5.2, to the
equivalence of a regqular differential system (Y, Dy) , where Dy = {w = w; = --+ = w, = 0}
such that the following structure equation holds;

( n
dw = Z W A\ Wy,
a=r+1
dw, = Z WA W (1 S a < 5), (mod w, wy,...,w,)
a=r—+1
dwo; = Z Wl A @i+ Z WYNwiq (s+1 S0 ST),
\ j=s+1 a=r-+1

6.3. Typical Class of Type f!(r) and its Generalization. In this subsection, as the gen-
eralization of the Typical Class of Type §'(r), we will consider a PD manifold (R; D!, D?) of
second order, which is regular of type s such that s = s _35® s_o & s_; satisfies the following
condition: For s 3 =R, s o =V*ands_; =V @f, f C S*}(V*),

(F.1) There exist subspaces £ and H of V' of dimension r and n — r respectively such that

V=FE¢H E@HC{ CE®sV.

Here §(r) is given by (f}(r))t = F ® H. Namely let us fix a point v € R. Then, as in §6.1,
there exists a coframe {w, @y,..., @y, w!, ..., W' T\, @asg (1 S XS tr+1 < a <3< n)}
(t = dimf — dim S?(E1)) and 1-forms {m;; (1 £ 4,5 < r)} defined around v € R such that

D'={w=0}, D’={w=w = =w, =0},
N=NE) ={w=w=-=w, =0}, N'={w=m = =w, = =... =" =0},
and the following structure equations hold;

~

(A) do=w'Aw; +-+w"Aw, (mod @),

dw; = W Ay (1<i <),
(B.1) < =

n
dw, = Zwﬁ/\wag (r+1=a=<n),
L B=r+1

mod @, @y, ...,@,), where w3 = Wga, mi; = T, and {m\(1 £ X < ¢)}is a basis of ({m;; (1 <
B B J J J

i,j = r)}) (mod w,wy,...,w,). Furthermore, we have

From (B.1), we have

(E 2) dw; = w Ay + A?ﬁwa A wg + B, Ay + C’Zflmwa A gy

+ Dfwa A + Efyw, Aw?  (mod w,wy,...,w).

i1, WE Inay assume E?jrll — 0. Putting M, = {w, w1, .., @, W',
> (1SS 1S NS 1)}, we have

dw=dw; =0, dw,=w’A Wap (mod 9th1)

First, replacing w; by w—E" 1} i
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Then, taking exterior derivatives of both sides of (B .2) and calculating mod M, , we get
WP N wap A (C 5, + EZw’)=0 (mod Mm;).

Under the assumption 7 < n—2, this implies C*7" = B¢ = 0 (see the proof of Lemma 2.1 in [23]
for the detail ). Hence, by Lemma 5.3. (1), we obtain f(£) = Ch (D')NCh (N). Let (W;C*,N)
be the TG manifold of corank r associated with (R; D', D2, N(E)) and (Ry; Dy, D%,) be the
Lagrange Grassmann bundle over (W;C*, N). Then, by Theorem 5.1. (1), k1 : (R; D', D?) —
(R(W); D}, D%,) is a local isomorphism. Thus the local equivalence of (R; D', D?) is reducible
to the local equivalence of (W;C*, N). By the condition (F.1) of the symbol algebra, we have

S*(E+) c fc S*(HY) @ S*(EH).
Hence we get § N (B4 ®g V*) = S%2(EL) = §f(E) = Kern,, which implies, by Lemma 3.1 (4),
S(N)={0} on W.

Summarizing the discussion above, we obtain

Proposition 6.3. Let (R; D', D?) be a PD manifold of second order, which is reqular of type
s such that the symbol subspace § C S*(V*) satisfies the condition (F.1). Let (W;C*,N) be the
IG manifold of corank r associated with (R; D', D*>, N(E)) and (Rw; Dy, D%,) be the Lagrange
Grassmann bundle over (W;C*,N). Then rk, : (R; D', D*) — (R(W); Dy, D%) is a local
isomorphism and S(N) = {0} on W.

Conversely we will now consider an /G manifold (W;C*, N) of corank r satisfying S(N) =
{0}. We assume that W is regular with respect to Ch (C*) as in §4.1. Let (R(W); Dy, DZ,) be
the Lagrange Grassmann bundle over (W;C*, N). Then, by Lemma 4.1 and 4.2, (R(W); D};;, D%,)
is, globally, a PD manifold of second order and ¢ : R(W) — L(J) is an immersion.

Moreover, by Lemma 3.1 (4) (see also the last paragraph of §4.2), the condition S(N) = {0}
implies that

S(Nw)(0) = §(0) N (B(0) ®s V(0)") = Ker 7. = S*(E(0)),
at each © € R(W), where E(0) = V(0) N Nii(9). Equivalently we have

f(0)" + S*(E(0)) = BE(d) ®s V()  at each € R(W).
For a complimentary subspace H(?), V(9 ) E(9)® H(0), we have E(0) @ V() = S*(E(0) ®
E(0)® H(v). Thus the condition (F.1) in this case is the existence of a complimentary subspace
H (?) such that f(0)* D E(d) @ H(?).

7. CoNSTRUCTION OF (W (Y);Cs, Ny) AND (R(Y); Ds,, D%)

7.1. Case N* = N. Starting from a regular differential system (Y, Dy), we will construct an
IG manifold (W(Y);C5, Ny) and the Lagrange Grassmann bundle R(Y) = R(W(Y)) over
(W(Y); Ct, Ny) and will examine the condition when (R(Y); Di-, D%) becomes a P D manifold
of second order, where Dj. and D% are canonical systems on R(Y).

Let (Y, Dy) be a differential system satisfying the following condition;

(Y.1) Dy is a differential system of codimension r + 1 such that Ch (Dy) is trivial.

We assume that Dy is of constant Engel half-rank (see [4] II §4) and let ¢ be the Engel
half-rank of Dy. Let {wy,...,w,} be a local defining 1-forms of (Y, Dy) on a neighborhood U
of y, € Y. Then, for a section @ € ['(Dy), we have

(dw)*t =0 (mod wy,...,w,),

on U and (d@)! # 0 for some & € I'(Dy;). Here we may assume (dewy)’ # 0 around y, € Y.
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Now let us consider the collection W (Y') of hyperplanes w in each tangent space T,(Y) at
y € Y which contains the fibre Dy(y) of Dy;

W) =JW, cJy,m-1),

yey
Wy =A{w € Gr(T,(Y),m = 1) | w > Dn(y)} = P(T,(Y)/Dn(y)) = P,
where m = dimY. Moreover C5 is the canonical system obtained by the Grassmannian

construction and Ny is the lift of Dy. Precisely, C5 and Ny are given by
Cy(w) = v (w) D Ny (w) = v (Dn(y)),
for each w € W(Y) and y = v(w), where v : W(Y) — Y is the projection.

We will now examine the condition for (W (Y); C%, Ny) to be an IG manifold of corank 7.

Let us consider
w=wy+ \Nwi+ -+ N\,

on U. Namely we consider a point w € W(Y) such that w = {@w = 0} C T,(Y), where

Y :Au(w) € U. Here (A1,...,\) constitutes an inhomogeneous coordinate of the fibres of
v:W(Y) — Y. Denoting the pullback on W(Y’) of 1-forms on Y by the same symbol, we have
Cy ={w =0},

and

dw =dwo+ Y Ndw; + > d\i A ;.
i=1 i=1
on v~ }(U). By the Engel half-rank condition, we have, around yj,

T t
dwo—i—Z/\idwiEZJ)O‘/\@a (mod  wy,..., @),

i=1
t r
EZJ}Q/\@Q—{—Z%/\wi (mod ),
a=1 i=1

v (1 =4 = r) are 1-forms on U defined around y, such that
t)} are linearly independent at each point. Then we have

)

where @, (1
{wo,...,w we,

= II/\“

S A+ (dhi+7) Awm (mod @),
a=1 =1
around wy = {wy = 0} € v~ }(U). Hence we have
(7.1) Ch(Cy)(w)={w=wi=d\+v=0"=w"=0 (1Zisrlsast)}

A

around wy € v~1(U). Thus the following subset W (Y) of W(Y) is an open (dense) subset of
W(y);
W(Y) ={weW()| corank Ch (C})(w) = 2n + 1}
where n =r +t.
Now we claim

Proposition 7.1. Let (Y, Dy) be a differential system satisfying (Y.1) and let t be the Engel
half-rank of Dy. Then (W(Y);C5, Ny) is an IG manifold of corank r, where n = r + t.
Moreover

(1) Ni = Ch(Ny) ® Ch(Cy) and S(Ny) = Ch(C3%).

(2) ONi C Ny, hence Ny = Ny, where Ny- = ONi + Ny
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Proof. Notations being as above, we have on a neighborhood of wy € v~ (U)
Cy = {w =0}, Ny ={w=w; =+ =w, =0},

and
t T
dw = Z&“/\@O‘+Z(d)\i+%)/\wi (mod w).
a=1 i=1

Hence we get

Ch(Cy)={w=wi =" =0 =d\i+7 = (I=sisrlsast)},

and
Ny ={w=w;=0°=0"=0 (1<i<r1<a<t)}
Moreover, from Ch (Dy) = {0}, we have Ch (Ny) = Ker v, which implies Ch (C5)NCh (Ny) =

{0}. Thus (W(Y);C%, Ny) is an IG manifold of corank r.
(1) From Ch (Ny) C Ni and the rank count, we have

Ny = Ch (Ny) @ Ch (Cy).
Then it follows that
S(Ny)(w) = {X € Ch(Cy)(w) | [X,T(Ny)] € T(Ny)} D Ch(Cy)(w).

(2) ONjt C Ny follows immediately from Ny = Ch (Ny) @ Ch (C%). This completes the
proof of Proposition. O

Here we observe that, when (Y, Dy) is obtained from a PD manifold of second order such
that £ = F as in Theorem 5.2, the Engel-half rank of (Y, Dy) equals to t = n — r. This can
be checked as follows; Let (W;C* N) be the associated /G manifold of corank r such that
Y = W/Ch(N) is the leaf space. Then we have a map ry : W — W(Y) as in §5.3, which is
an immersion. Hence we see rko(WW) C W(Y) and ko : (W;C*, N) — (W(Y); C5, Ny) is a local
isomorphism of /G manifolds.

Now we consider the Lagrange Grassmann bundle R(Y) = R(W(Y)) over (W (Y); C5, Ny ):

R(Y) = U Ry, R, ={0 C Ny(w) | v |s=0, 0 is maximal}.
weW (YY)

Let D? be the canonical system on R(Y) and let DL and Ny be the lifts of C3 and Ny
respectively, i.e.,

A

Dy () =77 (Cy(w)),  DY(0) =7.1(0),  Ny(0) =" (Ny(w)),

where 7 : R(Y) — W(Y) is the projection and w = 7(v).

In general, in order to see whether (R(Y); Dy, D3) is a PD manifold of second order, we
must check the condition A(0) = {0} for each v € R(Y), utilizing, e.g., Lemma 4.2 together
with the structure equation of Dy. Here we will discuss two extreme cases in the following.

First we impose the following condition for (Y, Dy);
(Y.2) rank Dy = 2t, where t is the Engel half-rank of Dy.
~ =t ~1

This condition is equivalent to the condition that {wy,...,w@,, @, ..., @&, ... 0} forms
a coframe on a neighborhood around y, € Y in the above notation. Then we have
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Proposition 7.2. Let (Y, Dy) be a differential system satisfying (Y.1), and let t be the Engel
half-rank of Dy. Then

(1) (W(Y),C5) is a contact manifold of dimension 2n + 1 if and only if (Y.2) holds.

(2) If(Y.2) holds, (W (Y); C5, Ny) is an IG manifold of corank r, where n = r+t, such that
Ny = Ch(Ny) and that (R(Y); D, D%) is, globally, a PD manifold of second order satisfying
f(0) = S%2(EL) for some r-dimensional subspace E of V at each © € R(Y).

Proof. (1) (W(Y),Cy) is a contact manifold of dimension 2n+1 if and only if Ch (C}) = {0}.
By (7.1), this is equivalent to the condition that {w,w;,d\; + 75,0, @*(1 < i < r,1 =
a < t)} is a coframe around w, € v~'(U), which is also equivalent to the condition that

{=mo, ..., @, @, ..., @t ..., &} is a coframe on a neighborhood of y, € Y.
(2) If (Y.2) holds, N5+ = Ch (Ny) follows from Proposition 7.1 and the last assertion follows
from S(Ny) = Ch(C5) = {0} and Lemma 4.2. O

Unfortunately, in view of Case (3) of Theorem in [23] (see also §6.1 [27]), these R(Y") are
inevitably incompatible systems, i.e., R(Y’) does not satisfy the compatibility condition (C') in
§3.1 (or §4.2). We will give some examples of this case in §8.3.

Secondly we assume the following condition for (Y, Dy) (see [4] II §4);

(Y.3) The Cartan rank of Dy coincides with the Engel half-rank of Dy.

Under this condition, we have a local defining 1-forms {wy, ..., w,} of (Y, Dy) on a neigh-
borhood U of yy € Y such that the structure equation of the following form holds:

do, =w Amp + -+ W Ay (mod wy,...,w,) for i=0,...,r,

where w®, o (1 <4 < 7,1 < a £ t) are 1-forms defined around gy € Y such that {cy, . .., @,,w!,
...,w'} are linearly independent on U. .

Moreover, from dw; = Y 1| W A i + Y i Aw; (mod w)fori=0,...,r, we calcu-
late

t T T T
dw = Zwa A (Toa + Z NiTlia) + Z(CD‘Z' + 9+ Z /\ﬂ;») Aw;  (mod w).
a=1 i=1 i=1 j=1

By the Engel half-rank condition, we may assume (dwg)® Z 0 (mod <wy,...,w,) as be-
fore, i.e., {wo, ..., @, w', ... W To1, ..., T} are linearly independent around y, € Y. Then,

putting n = 7 +t, @* = Moo + + )i MiTia and Q; = 75 + 327, A7}, we see that corank of
Ch (C%)(w) equals 2n+1 if and only if {w!, ..., @'} are linearly independent ( mod @, @y, ...,
@y wh o wh AN+, dA+Q,) at each point w. Hence, on a neighborhood of wg in W (Y),
where {w, w;, d\;, w*,w*(1 £ i <71 £ a < t)} are linearly independent at each point, we
have

Gy ={w=0}, MNy={m=m=:=w,=0},
and
dw = zt:wo‘ N w® +2T:(d/\i + Q) ANw; (mod w).
a=1 i=1
Thus
Ch(Cy)={w=wi=w"=w*=d\+Q; =0 (1sisrlsast)},
and
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Then, from N3 (w) C 9 C Ny(w) and dw |;= 0, if o' A -+ Aw! |35 0, it follows that
= {X € Ny(w) | (@* —Zpaﬁw =0 (1<a<t),

where pj5 = pj, (1 = a,3 = t). For these ¥ € R, we have
Lemma 7.1. A(0) ={0} for o={my=-=w =w" =Y piw’=0 (1Za<t)}
Proof. First we have

do, =w A+ -+ ATy (mod wy,...,w,) for 1=0,...,r,

Hence, for X € S(Ny)(w) = Ch (C})(w), we have
t
X|dwmi ==Y ma(X)w®  (mod (9)"),
a=1

for i = 0,...,7. Then, from Lemma 4.2 (2), we get
A(0) ={X € S(Ny)(w) | mina(X) =0 (0Zis=rl1Sast)}
= Ch (Cy)(w) N Ch (Ny)(w) = {0}

0
Thus we obtain
Proposition 7.3. Let (Y, Dx) be a differential system satisfying (Y.1) and (Y.3).
Then (R(Y); D3, D%) is a PD manifold of second order on an open subset of R(Y).
Here we note that , for 0y = {wp = -+ = w, = w* =0 (1 £ a £t)} € RY), we

have A(0;) = Ch(C5 ), which follows from dw; =0 (mod wy,...,w,,w*(1 < a < t)) for
i=0,...,r. Hence (R(Y); D, D%) is not a PD manifold of second order globally in this case.

When (R(Y); Dil/, D%) becomes a PD manifold of second order satisfying the compatibility
condition (C), Ny defines a subspace m_o(Ny (2)) of s_(0) = DL(0)/D%(0) at each point
NS R(Y), where 7_5 : DL (0) — s_(9) is the projection. This subspace defines the subspace
E(0)* of V(9)*, through the symbol algebra identifications of (R(Y); Dy, D%) at © € R(Y):
5_9(0) 2 V(0)*, 51 = V(0) @ f(0) and f(0) C S*(V(0)*) , where V(0) is an integral element
of (R(Y),D%) at ©. Thus we obtain the subspace E(9) C V(9). Then, by the construction of
R(Y) in §6.1, we have §(0)* C E(0) ®g V(). Moreover we have E(0) = E(0), which follows
from Proposition 7.1 (2). Thus E(d) satisfies S*(E(0)) C f(9)* € E(9) ®s V(0). Hence E(0)
is Go(s(9))-invariant. Thus Ny is a (first order) covariant system of (R(Y); DL, D2).

7.2. General Case. Now, starting from a pair of differential systems (Y; Dy, Dy ), we will
construct an IG manifold (W (Y); Cs-, Ny) over (Y; D%, Dy) such that Ny = p~'(Dy) and
Ny = p~1(D%) where p: W(Y) — Y is the projection, and the Lagrange Grassmann bundle
R(Y) = R(W(Y)) over (W(Y);C%, Ny) and will examine the conditions for Ny = N;: and
when (R(Y); D{-, D%) becomes a PD manifold of second order.

Let (Y; Dy, Dy) be a pair of differential systems on Y satisfying the following condition;

(Y.1) D% and Dy are differential systems of codimension s + 1 and 7 +1 on Y such that
We assume that D} is of constant Engel half-rank and let ¢; be the Engel half-rank of D3,. Let
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{wy, ..., ws} be a local defining 1-forms of (Y, D}/) on a neighborhood U of y, € Y. Then, for
a section @ € ['((Dy)*), we have

(d=w)"*t'=0  (mod wy,...,w,),

on U and (d&)" # 0 for some @ € T'((Dj)"). Here we may assume (dwy)" # 0 around y, € Y.
Now let us consider the collection W (Y') of hyperplanes w in each tangent space T,(Y") at
y € Y which contains the fibre D} (y) of Dy

W) ={JW,cJym=-1),
W, = {w € Gr(T,(Y),m — 1) |w D Dy (y)} = P(T,(Y)/Dx(y)) = P,

where m = dimY. Moreover C} is the canonical system obtained by the Grassmannian
construction, Ny and Ny are the lifts of D} and Dy respectively. Precisely, C5, Ny and
Ny are given by

Cy(w) = p; ' (w) D Ny (w) = p (Dx () D Ny(w) = pi. (D (y)),

for each w € W(Y) and y = pu(w), where p: W(Y) — Y is the projection.
We will now examine the condition for (W (Y); Cf, Ny) to be an IG manifold of corank 7.
Let us consider
w=wo+ \w + -+ AT

on U. Namely we consider a point w € W(Y) such that w = {w = 0} C T,(Y), where

y = p(w) € U. Here (Ai,...,As) constitutes an inhomogeneous coordinate of the fibres of
p: W(Y) — Y. Denoting the pullback on W (Y) of 1-forms on Y by the same symbol, we have
Cy = {w = 0},

and

=1 i=1

on u~ (U ). Then, as in §7.1, by the Engel half-rank condition, we see that the following subset
W(Y) of W(Y) is an open (dense) subset of W (Y');

W(Y) = {weW() | corank Ch (C})(w) = 2n + 1}

where n = s + t;. Assume that (W (Y); C5, Ny) is an IG manifold of corank r. Then, by the
condition (W.3) in §2.2, we have rankdw |n, @)= 2(n —r) at each w € W(Y). Namely we
have, at each point w = {w =wo + >, Nw; =0} € W(Y),

dw =dwy+ Y Ndw; =Y 0" A&* (mod @y, ..., @),
i=1 a=1
where Dy = {wg = -+ = wy = 0} and Dy = {wy = -+ = w, = 0}. Thus (Y; Dy, Dn)
satisfies the following condition;
(Y.2) The Engel half-rank of D% (mod D) equals toty =t — (r—s) =n —r.

Conversely, under this condition, there exists a local defining 1-forms {wy, ..., @, } of (Y, Dy)
on a neighborhood U of y, € Y such that
Dy ={wo ="+ =w, =0}, Dy ={wg ="+ =w, =0},
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and

s t2
dwog + Z Nidwo; = Z&)a ANw® (mod wy,...,w,),
a=1

=1

(7.2) . b
= Z ijwj+ZJ)aAz~va (mod  wy,...,ws),

j=s+1 a=1
where 0%, @w*(1 £ a = tp) and wj(s+1 = j < r) are 1-forms on U defined around y, such that
{wo, ..., o, w* @w* (1 £ o £ ty)} are linearly independent at each point. Moreover, by the
Engel half-rank condition for D}, we see that {wy,...,w,,wi(s+1Zj=<7r),0%w* (1S a S
to)} are linearly independent around yo € Y.

Now we claim
Proposition 7.4. Let (Y; D%, Dy) be a pair of differential systems satisfying (171) and (}72)
and let t, be the Engel half-rank of Dy . Then (W(Y);Cs, Ny) is an IG manifold of corank r
, where n =r +1ty = s+ t;. Moreover

Ny D Ny =0Ns+ + Ny  and Ny D ONj.

Proof. Notations being as above, putting

s s r t
dwo—l—Z)\idwiEZ%/\wa+ Z wj/\wj+i:®a/\zﬁa (mod w),
a=1 a=1

i=1 j=s+1
we get
S r to
dw = Z(d)\a +7.) Nw, + Z w; N\ wj + Z&JO‘ Aw® (mod w),
a=1 j=s+1 a=1
on a neiborghhood of wy = {wy = 0} € W(Y). Thus we have
Cy ={w=0}, Ny={w=w==w,=0}, Ny={w=w, =-=w, =0},

Ch(Cy)={w=wy=w; =0 =0"=w; =d\g+7% =0 (1Zass+l1Sj<rlsast)}
and
Ny={w=w==w,=0"=0"=0 (1Zast)}
Ny ={w=w==w,=0"=0"=w;=0 (1Zat,s+1=j<nr}
Moreover, from Ch (Dy) = {0}, we have Ch (Ny) = Ker ., which implies Ch (C5)NCh (Ny ) =
{0}. Thus (W (Y); C§, Ny) is an IG manifold of corank r.
Ny D ONy- follows from

dw, =0 (mod wy,...,w, " 0% (1< asty)),

for a =0,...,s, which follows from (7.2) and [4] II Proposition 4.1.

Moreover, from dw = 77 | w; Awj+ S o*AG (mod @y, ..., w,), we have Ny D
Ch (Ny) D Ch(Ny). Hence, by rank comparison, we get Ny = Ch (Ny) & Ch (Cy), which
implies that Ny D ONy-. O

As for the criteria to the condition Ny = Ny, utilizing Proposition 2.1 in §2.3 (3), we add
the following ;
Proposition 7.5. Let (Y; Dy, Dn) be a pair of differential systems satisfying (}?1) and (Y 2).
Assume that (W (Y); Cy-, Ny) satisfies the compatibility condition (C*). Then Ny = Ny holds
if and only if H(Ny) = Ch(Ny) ® S(Ny).
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Proof. By Proposition 7.4, we have Ny D Ni.. Hence Ny = Ny if and only if dim C5 (w) /Ny (w) =
sat eachw € W(Y'). By Proposition 2.1, we have dim C5 (w) /Ny (w) = dim H(Ny )(w)/S(Ny)(w).
On the other hand, H(Ny) D Ch (Ny)® S(Ny) and rank Ch (Ny) = s. Hence Ny = N3 holds

if and only if H(Ny) = Ch (Ny) @ S(Ny). O

Now we consider the Lagrange Grassmann bundle R(Y) = R(W(Y)) over (W (Y); C5, Ny ):

R(Y) = U Ry, Ry, ={0 C Ny(w) | v [s=0, 0 is maximal}.
weW (Y)

Let D2 be the canonical system on R(Y) and let DL and Ny be the lifts of C} and Ny
respectively, i.e.,

Dy(0) = (Cy(w),  Dy(0) =7.'(8),  Ny(0) = 7" (Ny(w)),

where 7: R(Y) — W(Y) is the projection and w = 7(0).

In order to see whether (R(Y'); D3, D%) is a PD manifold of second order, we must check the
condition A(0) = {0} for each v € R(Y), utilizing, e.g., Lemma 4.2 together with the structure
equation of Dy. Assuming the conditions (Y.1) and (Y.2), by Proposition 7.4, we see that the
structure quation of Ny takes the following form;

r to

dowo = Z(Da/\@a,
a=1
to to
dw, = Zw Aﬂaa—i—Z@a/\ﬂm (1£a<s), (modw,w,...,wm,)
a=1 a=1
r to to
doi= Y WA+ ) O AT+ Y T AR (s+1ZiZ7),
\ j=s+1 a=1 a=1

Here, by Lemma 4.2 (2), we note
S(Ny)(w) ={X € Ch(Cy)(w) [ m;;(X) =0 (s +1 =45 =)},
A(Br) = {X € S(Ny)(W) [(Taa + Y PagTtas) (X) =

B=1
to

to

ADs) = {X € S(Ny)(w) (faa + D Papmas) (X) =

B=1
to
(it Y Pasmip)(X) =0 (1 SaSs,5+1<i <11 SaSh)
A=1
for o ={w=w; = =w, =" — Z?leagzbﬂ =0 (1= a=t)} e RY). Thus we need

some more information on the structure of Dy to conclude A(0;) = {0} or A(v9) = {0}. We
will examine several examples of this case in §8.2.
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8. EXAMPLES OF SECOND REDUCTION THEOREM

8.1. Case n = 3. In [6], for involutive systems of second order partial differential equations for
a scalar function with 3 independent variables, E.Cartan first classified involutive subspaces f
of S?(V*), over the complex number field C, when dim V' = 3. In this subsection, following his
classification, we will here indicate G (s)-invariant subspaces £ and E, satisfying f+ C E®gV,
for each involutive subspace f C S?(V*), when dimV = 3, which shows the applicability of
Theorem 5.1 or 5.2 in each case.

(1) codim f=1.

In this case dim f* = 1. Hence we can classify a generator f of {* as a quadratic form and
obtain the following classification by the rank of f into three cases over C, i.e., there exista a
basis {e1, e, e3} of V such that

ft = ({e1@e1+ea@er+e30e3}), ({e1@ex}), or ({e1@er}).

In the first case, we have no Gy(s)-invariant subspace. In the second case, E = ({e1,ea}),
({e1}) or ({e2}) and F = {0} in either case. In the third case, F = E = ({e1}). The third case
corrresponds to the Goursat type equation (see Theorem 6.1 (1)).

(2) codim f= 2.

In this case, there exists a basis {ej, ea, e3} of V such that (see Proposition 3.1 [27])

ft= ({e1 @ez,e1@e3}), or ({e1@er, e @ea}).

In the first case, E = ({es,es}) or ({e;}) and E = {0} in either case. In the second case,
Ey = Ey = ({e1}) or By = ({e1,e2}) and Ey = ({e1}) (see §8.3 for Ey-case).

In fact, E.Cartan showed C(F) is completely integrable for ' = ({e;}) in the first case so
that Theorem 5.1 is applicable. In the second case, he showed C(F3) is completely integrable
in case of (by) and C'(E}) is completely integrable in case of (by) and (b3) so that Theorem 5.2
is applicable (cf. [21]).

(3) codim f = 3.

In this case, there exists a basis {e1, ea, €3} of V' such that (see IV [6])

fl:({61@62761@63762@)63})7 ({e1@e1,e1@e3,e2@e3}), ({e1@e1,61@e,e0@e3—€1@e3}),

<{61@€1,€1@62,62@62}>, or <{61@61,61@€2,61©€3}>.
In the first case, E = ({e1,es}), ({e1,e3}) or ({ea,e5}) and E = {0} in either case. In the

second case, E = ({eq,es}) or ({e1,e3}) and E = ({e;}) in either case. In the third case,
E = ({e1,e2}) and E = ({e1}). In [6], the case when C/(E) is completely integrable, has been
discussed in detail. In the fourth case, E = E = ({e1, e5}) and f = f2(2) (see Theorem 6.2 (2)).
In the fifth case, E = E = ({e1}) corresponds to the Cauchy characteristics and § = §3(1) (see
§6.1 [27]).

(4) codim f = 4.

In this case, there exists a basis {ej, ea, e3} of V such that (see V [6])

fr={{e1@e1, 61 @eg, 61 @es, e @e3}), or ({eg@er,e1 @ ey, en® ey,e1 @ ez}).

In the first case, E = ({e1,ex}) or ({e1,e3}) and E = ({e1}) in either case. E corresponds to
the Cauchy characteristics. Hence Theorem 5.1 or 5.2 is not applicable to this case. In the
second case, B = E = ({e1,e5}) and ({e;}) corresponds to the Cauchy characteristics (see
§8.2).

(5) codim f = 5.
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In this case, there exists a basis {ey, es, e3} of V such that (see VI [6])
fL = <{€1 @ 61; €1 @ 627 €1 @ 637 €9 @ 62, €2 @ 63}>,

In this case, E = E = ({e1,e5}), = §3(2) and rank D> = 4. E corresponds to the Cauchy
characteristics. Hence, by the First Reduction Theorem, this case is reduced to the geometry
of (X, D), where rank D = 2 and dim X = 6.

8.2. Case N* = N. We exhibit here several examples of simple graded Lie algebras g =
D,cz 9y of depth 2, such that we can construct a PD manifold R(Y) of second order from a
regular differential system (Y, Dy) of type m, through the Second Reduction Theorem, where
m=g_ o P g ;1 is the negative part of g = @2:_2 gp-

The first example is of type (Bs, {as}). The standard differential system (M (m), Dy,) of type
m in this case is given as follows; M (m) = R® is endowed with a coordinate (x1, z2, T3, Y1, Y2, Y3)
such that D, is given by

Dypn={6=0,=0;=0},
where
0_1 = dyl — ZL’QdQ?g, 8_2 = dy2 — $3d(L’1 and 53 = dyg — .Tldl’g.
Thus the symbol algebra m = g_» @ g_; of type (Bs, {as}) is described by

d@l = W3 N Wo
(81) d92 = wi A ws (mod 61, 92, 93)
dgg = Wy A w1

ie., g_o=A2Vforg_; =V, where dimV = 3. Namely m = g_, ® g_; is the free Lie algebra of
the second kind (cf. §5.3 [15], p.245 [24]). Let (Y, Dy) be a regular differential system of type
m such that Dy is locally defined by

DN:{(91:(92:93:0}.
Here {01, 05, 03, w1, ws, w3} forms a coframe on Y satisfying (8.1). Then, putting w = 6; + X105+
X203, we calculate

dw = ws Aws + Awr Aws + Aaws Awy + (dA1 +71) A b2 + (dha + 72) A O3

= (uJ3 — )\le) A (wz — /\1w1) + (d)q + ’71) A Oy + (d/\z + ’72) A O3

= w3 AWy + (A1 +71) Ao+ (dAa +92) A O3 (mod  w)
for some 1-forms 7, 72 on Y, where we put wy = ws — Mjw; and w3 = w3 — Agw;. Thus, by
symmetry in the indices 1,2,3 in (8.1), we see
W) =Ww(y)=JW, W,={weGr(T,(Y),5) | w>D Dn(y)} = P(T,(Y)/Dx(y)) = P*

yey

and we have on W (Y'),

C;;:{’ZD:O}, Ny:{’w:92:93:0}, N#z{w:%:@g:@g:@g:o}.
Herer =2, t=1,n=r+1t =3 and dimW(Y) = 8 Moreover, for the Lagrange Grassmann
bundle;

R(Y) = U Ry, Ry, ={0C Ny(w)|dw|s=0, 0 is maximal}.
weW (Y)
we have



Then, by Lemma 4.2 (2) and (8.1), we get A(¢) = {0} in any case. Hence (R(Y); Di,, D%) is
globally a PD manifold of second order, when (Y, Dy) is a regular differential system of type
m, where m is the negative part of the simple graded Lie algebra of type (B3, {as}).

Here we note : In case Y = G/ P3; R-space of type (Bs, {as}), W(Y) is identified with G/ P, of
type (Bs, {ag, as}), where Cy and Ny correspond to g_3dg_o@Bg_1 and g_o@Hg_; respectively for
m =g 4Dg 3Pg 2Pg_1. Here J = G/P; of type (Bs, {az}) is the standard contact manifold
of Bs type. Moreover R(Y') is identified with G/B of type (Bs, {a;.aq, az}), where D3 and D%
correspond to g_,Bg_sPg_oPBg_1 and g_oPg_; respectively formy = g_5Bg_4Pg_3Pg_2Pg_1.

To obtain an explicit description of the model equation in this case, we calculate

w = dyl — .%'Qd.%g + Al(dyg — .Z’gdl'l) + )\Q(dyg — l’ldl'g)
= d(y1 + MYz + Aay3) — yad 1 — ysdAo — radrz — Mwsdry — Nox1day
= d(y1 + My2 + Aays — Mxixg) — (Y2 — 2123)dA — yzdAg — Aoxrdas — (22 — A2y )das
= d(y1 + My + Aays — Mx1x3 — A1) — (Y2 — T123)d A1 — (Y3 — T122)d g
— (1'2 — )\11‘1)((1%3 — )\lej) + )\1)\21’1(133'1

= d(y1 + MYz + Aoys — Mizixs — )\2$1$2) - (yz - $1l‘3)d)\1 - (ys - Ale)d)\z
1
— (xg — )\1131)d<$3 — )\21’1) + 5)\1)\26151)%
=dZ — PidX, — PodX, — P3d X3
Thus, putting

1
Z =y + My2 + Aays — Mx173 — Aoy 22 + 5)\1)\295%7)(1 = A1, Xo = N\y, X3 =u1m35— Aoy,

1 1
Py =yy — zyw3 + §>\2$%, Py =y3 — 5)\11‘?, Py =29 — My,

we obtain a canonical coordinate (X1, X, X3, Z, Pi, P», P3) of J = W(Y)/Ch(C*).
Conversely we calculate

X1 :(l,)\l :Xl,)\g:X2,173:X3+CLX2,I’2:P3+GX1,

1 1
Y3 = P2+ §a2X1,y2 = P1 —{—CI,X3+§CL2X2

Hence we have

_ 1
62 = dyg — Igdﬂfl = dP1 + adX3 + —a2dX2
(8.2) ) X 2
93 = dyg — iL‘ld.Z'Q = dP2 — 50/2Xm — &dpg

Substituting dP; = PdP, + PydPs + PizdPs for i = 1,2, 3 into (8.2), we obtain the following
description of the model equation of type (Bs, {as});

1
Py =0, P12=—§P1237 Py = Pp - Ps3, Py = —Pi3- Py

More generally, our second example is of type (BDy,{as}) for ¢ 2 4. Explicitly, put

0 0 K 00 1
sS=(o0o E, o], K={[010],
K 0 0 100

where K = Kj is the anti-diagonal unit 3 x 3 matrix and E, is the unit p X p matrix. On
U = RPT6 we give an inner product (,) by (z,y) = ' Sy for ¢,y € RP*®. Then the signature
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of (U, (,)) is (p+3,3). Moreover, on U = R?, we have an inner product (,) by (a, b) = ‘ab for
a,b € R,
We put

g=00)=0(p+33)={Xegllp+6,R)|'XS+SX =0}
We will introduce the gradation of g = o(U) by subdividing X € g as follows:

3 p 3
3 /A —-F D
plB G F |’
3\Cc -B -A

where C = —C', D= —D', G € o(p) B= K'B and F = K'F. Here we write Y/ = K'Y K €
M(3,3) for Y € M(3,3). Y'is the “transposed” matrix of ¥ with respect to the anti-diagonal
line. Then the Lie algebra g has the gradation

g=¢gotg 1+gt+g +9
where
g2=(C), g1 =(B), go=(A) ®(G), g1 = (F), g2 = (D).

and dimg o, = dimgs = 3, dimg_; = dimg; = 3p. Precisely, this gradation is of type
(D4, {as, as}) when p = 2, of type (B, {as}) when p =2¢—5 2 1 and of type (D, {a3}) when
p =20 —6 = 4. The structure of m = g_5 @ g_; can be described as follows (see §4 [12]);
Let V' be a vector space of dimension 3 and U be a vector space with the inner product (,) of
dimension p. Then m is isomorphic to m!(U, V), where

m (U,V)=go®g1, go2=AV,g=URV.
The bracket product is defined by
[ug ® v1,u9 ® Vo] = (uy,ug)vy A vg for wy,us € U,vy,09 € V.

Moreover the standard differential system (M (m), Dy,) of type m in this case is given as follows;
M (m) = R37"3 is endowed with a coordinate (z§, 2%, x5, y1,y2,93) (1 £ a < p) such that Dy, is
given by

={01=0,=0;=0},

where

p p p
Or =dyy — Y afda§, Oy =dy,— Y afda and 63 =dys — Y afdas.

a=1 a=1 a=1

Thus the symbol algebram =g_» ® g_; & m! (U, V) is described by

d91 ng N w2

(8.3) db, = Zwl/\w3 (mod 64, 6,,05)

d63 Zw2 A w
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In fact, taking the dual basis {ayl, B 823 X0 Xg XS (1 £ a<p)}of the coframe {0, 0y, 03,
dz§,dx§,dz§ (1 < a < p)} on M(m), we have

0 0 0 0 0 0
_ a_~ Xa - a7 d XOé —_ Oé_‘
ors R Oys’ 2 018 T Oy’ an 5028 + T oy
Thus {X{, X¢, X$ (1 £ a = p)} constitutes a free basis of the sections I'(Dy,) of Dy, and we
obtain

X¢ =

B, 0 0
X XPl =62 (X XPl =60 (x> XP] =42 X, X7 = 1.2
(X7, X5 ﬁf)yg’ (X3, 3} Baylv [ 3 1] ﬂayg [ =0 (i ,2,3),

for 1 £ «, 8 < p. Hence m is isomorphic to m* (U, V).
Let (Y, Dy) be a regular differential system of type m such that Dy is locally defined by

DN:{(91:(92:93:O}

Here {61,605, 05, w, wd, wi(l < a < p)} forms a coframe on Y satisfying (8.3). Then, putting
= 01 + A0y + \af3, we calculate

Zw3 A WS —1—)\12w1 Aw§ +>\2ZW2 A Wi + (A1 +71) A by + (dAg + 72) A O3
_Z & — XowP) A (W — Mw?) 4 (dAy + 1) A by + (dhg + 72) A O3

—Zw3/\w2 (AN 4+ 71) A Oy + (dhy + 1) Afs (mod w)

for some 1—forms 1, Y2 on Y, where we put 0§ = w§ —Mw and w§ = w§—Xw fora=1,...,p.
Thus, by symmetry in the indices 1,2, 3 in (8.3), we see

W) =w()=JW, W,={weGu(T,(Y),3p+2) | w > Dy(y)} = P(T,(Y)/Dn(y)) = P’
yey
and we have on W (Y'),
Cy ={w =0}, Ny = {w =0y = 63 = o}, N?z{w:%:@g:&@:&)g‘:o(léa
Herer =2, t=p,n=r+t=p+ 2 and dim W(Y) = 3p + 5. Moreover we have
Ch(Cy)={w=0=03=d\ i+ =da+1=05=0f =0 (1= a<p)}
Now we consider the Lagrange Grassmann bundle R(Y) = R(W(Y)) over (W (Y); C5, Ny):
= |J Ru. Ru={0CNy(w)|dwl|;=0, & is maximal}.
weW (Y)
From Ni(w) C © C Ny(w) and dw |3= 0, if @ A+ AQY |47 0, it follows that
0 ={XeNy(w)|wa(X)=0 (1=a=p)}

where w, = 0§ — Z‘g:lpzﬂ@g for 1 < o = pand p}; = pj, (1 =, 8 =< p). For these 0 € R,,
we claim

[IA

P}

A(0) =40} for v={w=0=03=w,=0(1Za=<p)}.
In fact, first we have

p p
doy = Wi AG§, dbs=) @F Awf (mod w6, 05).
a=1
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Thus we get
dw =0, dbf,= Z Post AGS dis = ZwQ AwS (mod (9)Y),
a,f=1

Hence, for X € S(Ny)(w) = Ch(C§)(w), we have
p
X |dbs = — wa‘(X)cbg‘ (mod (0)F),
a=1

Then, from Lemma 4.2 (2), we obtain

A(0) ={X e Ch(Cy)(w) [w(X) =0 (1= a=p)}
= Ch (Cy)(w) N Ch (Ny)(w) = {0}.

Hence (R(Y); Dy, D?) is a PD manifold of second order on an open subset of R(Y), when
(Y, Dy) is a regular differential system of type m, where m is the negative part of the simple
graded Lie algebra of type (BDy, {as}).

To obtain an explicit description of the model equation in this case, we calculate

P p p
@ =dy — Y a5dr§ + Ni(dys — > §da) + Ao(dys — > a§daf)

a=1 a=1 a=1

p p p
= d(y1 + My2 + Aays) — yadhy — ysdda — ¥ agdag — N Y a§daf — Ay > afday
a=1

a=1

P P P
=d(y1 + My2 + Aays — A\ Z xfag) — (y2 — Zw?x‘g")d)\l — y3dAg — Ay Zx?dm‘g‘

a=1 a=1 a=1

— Z — \zf)dzs

p p
= d(ys + M2+ days — A Y a5z — N > wfaf) — (yo — Z ixg)dA
a=1 =

a=1
p p
(y3 — Z 2§y — Y (25 — Maf)(dag — Aada) + A Ag Y afidal
a=1 a=1
=d(y1 + Aiy2 + Aays — Mt Z 7Ty — Ao Z Ty Ty) Z x{as)dA
a=1
p p p
—(ys— N ;wmdm - Z(az — Maf)d(z§ — Aozt + §m2 ;d@?f

p
=dZ — PudX) — PydX; — ) PoyadXoyo

a=1
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Thus, putting

( p p

6% 1 (0%
Z =1 + My2 + Aoy —A1;x1x3 A22x1x2 + §A1A2;(Q;1)27
X1 = /\1, Xg = /\2, Xa+2 = l‘? — )\QZL'I,
p p

1 (07 1 (07 (07 a
Py =y, - Z%xg + 5/\2 Z(%)Q, Py =y — 5)\1 Z(%)za Poya = 15 — Mzt

a=1 a=1

we obtam a canonical coordinate (Xi,..., Xp12,Z, P1, ..., Pyi2) of J = W(Y)/Ch(CY).
Conversely we calculate

« « «
T = Qq, )\1 = Xl, )\2 = X2,£E3 = Xa+2 + CLaXQ, Loy = Pa+2 + aaXl,

1 p p 1 p
ys = P + 5 Z(%)QXb Yo = P + ZlaaXaJrQ + 3 Z(%)QXQ

a=1

Hence we have

0y = dy, — Z 2$dad = dP; + Z aldXays + = Z (a)?d Xy

a=1 a=1
(8.4) e
05 = dys — ; ridaf = dPy — - ;(aa)del - ; adPpio

Substituting dP; = Zp+2 P;dX; fori=1,...,p+2 into (8.4), we obtain the following descrip-
tion of the model equation of type (BDy, {ag});

1 p p .
Py =0, P12=—§;<P1a+2>2, Pi==Y Praja-Praa (i=2,...,p+2).

a=1

8.3. General Case. In this subsection, we will first consider the third reduction step in The-
orem 5.2 in general and will discuss the reconstruction procedure of this third step. As in
Theorem 5.2, let (R; D', D?) be a PD manifold of second order, which is regular of type s. As-
sume that there exists a Go(s ) invariant subspace E of V of dimension r satisfying f* C E®@gV
and dimE = s > 0, where £ = {v € E | v® E C f+}. Moreover assume the following two
conditions:

(i) C(E) is completely integrable (when r = n — 1, assume further rank Ch (D?) < s ).

(ii) C(E) C Ch(N™).

Let (W;C*, N) be the associated IG manifolds of corank r of (R; D', D?). Assume that
W is regular with respect to Ch(N) and let (Y; D%, Dy) be the leaf space, where g : W —
Y = W/Ch(N) is the projection, f~'(D%) = N* and 37 '(Dy) = N. Then, as in §5.3,
we have Ch (Dy) C Dy and Ch(Dy) = {0}. Now we further assume that Ch(D%) is a
non-trivial subbundle of Dy such that Y is regular with respect to Ch (DY), i.e., the space
Z =Y/Ch(Dy) of leaves of this foliation is a manifold and that each fibre of the projection
v :Y — Z is connected and 7 is a submersion. Then there exists a differential system F' on
Z of codimension s + 1 such that v, '(F) = D% and Ch (F) is trivial. We consider here a
Grassmann bundle Y (Z) over Z consisting of subspaces of codimension r — s in each fibre F(z)
of (Z,F).

=Y., V=G (F(2).t),

51



where ¢y +r — s = rank F'. Then we have two differential systems Fy;, Fy on ?(Z ) given by
F(y) =& (F(2) D Fn(9) = &),

for each § € Y (Z) and z = {(y), where § : Y (Z) — Z is the projection. Hence F} and Fy are
differential systems on Y(~Z ) of codimension s 4+ 1 and r + 1 respectively. In this situation, we
have a map k3 of Y into Y (Z) given by

r3(y) = 1(Dn(y) C F(2) = %(Dy (),

for each y € Y and z = ~(y). By the Realization Lemma for (Y, Dy,~,Z), k3 is a map of
constant rank such that

Ker(ks). = Ch(Dy) NKer~, = {0}.
Thus x3 is an immersion. Moreover we have
(k3);(Fx) =Dy  and  (k3); (Fx) = Dy.

Namely k3 is an immersion of (Y; D%, Dy) into (Y (Z); F}, Fy). Hence (Y; D%, Dy) can be
constructed from (Z, F), at least locally, as a submanifold of (Y (Z); Fj, Fx).

Furthermore, starting from v : Y — Z, we have the following general picture: Starting from
(Z, F), by the construction in §7.1, we have an /G manifold (W (Z);C%, Nz) of corank s and
the Lagrange Grassmann bundle R(Z) = R(W(Z)) over (W(Z);C}, Nz) as follows. Put

W(Zz)=JW.,  W.={weGr(T.(2),m—1)|wD F(z)} *P(T.(2)/F(z)) = P,

z2€Z

where m = dim Z, C7 is the canonical system obtained by the Grassmannian construction and
Ny is the lift of F'. Moreover we put

W (Z) = {w e W(Z) | corank Ch (C})(w) = 2n + 1},

where n = s 4+t and t is the Engel half-rank of F'. Here we note that t is also the Engel
half-rank of D},. Then, by Proposition 7.1, (W (Z); C}, Nz) is an IG manifold of corank s. Let
(R(Z); D}, D%) be the Lagrange Grassmann bundle over (W (Z2);C%, N7), i.e.,

RZ)= |J Bu,  Bw={0CNz(w) |y, [s=0, @ ismaximal},

weW(Z)

where D% is the canonical system on R(Z) and D) and N are the lifts of C; and Ny re-
spectively. Assume that W(Z) is regular with respect to Ch(C}). Then we have a contact
manifold (J,C') such that J = W(Z)/Ch(C}%) and C} = ¢;'(C), where q : W(Z) — J is the
projection. Here we have a map ¢ : R(Z) — L(.J) given by ((9) = ¢.(9). C is an immersion
when (R(Z); D}, D%) is a PD manifold of second order.

On the other hand, starting from (Y; D}, Dy), by the construction in §7.2, we have an IG
manifold (W (Y); C5, Ny) of corank r and the Lagrange Grassmann bundle R(Y) = R(W(Y))
over (W(Y);Cs.Ny). In case (Y; D%, Dy) is obtained from a PD manifold (R; D!, D?) of
second order of type s as above, we have local isomorphisms ko : (W;C*, N) — (W(Y),C5, Ny)
and i, : (R; D', D?) — (R(W); Dy, Diy) given by ma(w) = f,(C*(w)) and ry(v) = 1.(D*(0))
respectively (see §5.1 and §5.3), so that we have a local isomorphism & = &q-#; : (R; D', D?) —
(R(Y); Dy, D), where the local isomorphism &y : (R(W); Dy, D%,) — (R(Y); D), D%) is
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induced by k9. In this situation, v : Y — Z induces the following commutative diagram:

RY) 2= R(Z)

| |-

w(y) —— W(2)

g I

Yy —— Z
In fact, for w € W(Y), w is a hyperplane in T} (Y) containing D} (y), where y = p(w).
Then, since D} (y) D Ch(Dy)(y) = Kerv.(y) and v.(Dy(y)) = F(z), 7. (w) is a hyper-
plane in T.(Z) containing F(z), where z = 7(y). Hence y1 : W(Y) — W(Z) is defined by
1(w) = y(w) € W(Z) for w € W(Y). Actually v, : W(Y) — W(Z) is a P*-bundle homo-
morphism. Passing to the tangent map, since p;'(w) = Cy(w) and v, (y1(w)) = Ch(71(w)),
we have (11).(Cy(w)) = C7(n(w)) and (11).(Ch (Cy)(w)) = Ch(CZ)(mi(w)) for w € W(
Moreover, since iz (D} (3)) = N3 (1) and v 1 (F(x(3))) = Nz (m(w)), we have (7).(Nf (w))
Nz(y1(w )) Hence 7 naturally induces the map v : R(Y) — R(Z) by 72(0) = (71)«(0 ) for o
R(Y). In fact, since Cy = ¢;*(C) for the projection ¢ : W(Z) — J, we have Cy = (q-71); ' (C
and Ker(q - v1). = Ch(Cy), which implies that J = W (Y')/Ch (C’*) at least locally. Thus we
see that, for a subspace v of T,,(W(Y)), v € R(Y) if and only if Ch (C§)(w) C © C Ny(w) and
(q-71)«(0) is a legendrian subspace of (J,C). Similarly, for a subspace © of Tz(W (Z2)), 0 € R(Z)
if and only if Ch (C})(w) C © C Nz(w) and ¢.(0) is a legendrian subspace of (J,C). Hence,
from (71).(Ny (w)) € (71)+(Ny(w)) = Nz(m1(w)), we have 75(0) = (11)(0) € R(Z). Here we
observe that both (¢ - 7v1)«(Ny(w)) and ¢.(Nz(y1(w))) are involutive subspaces of C(q - v1(w))
of codimension r and s respectively such that (q - 71)«(Ny (w)) C ¢.(Nz (71 (w))).

Now we will give examples of constructions in §7.2. Our starting point here is a regular
differential system (Z, D) of type mg, where mg = g 3@® g o ® g is the negative part of the
simple graded Lie algebra of type (BDy, {a1, a3}), which is discussed in §6.2 [27] related with
the First Reduction Theorem. We will show that, starting from (Z, F'), where F' = 0D is the
derived system of D, we can construct an involutive system (R(Y'); D3, D%) of second order of
codimensin 2 in the above picture, by suitably constructing (Y; D}, Dy) over (Z, F).

For this purpose, let us first describe the structure of the symbol algebra ms. Explicitly, as

T
e
)

in §8.1, put
00 0 0 1
00 0 KO 01
S=10 0 E, 0 0], KZ(l O)’
0O K 0 0 0
10 0 0 0

where K = K> is the anti-diagonal unit 2 x 2 matrix and E, is the unit p x p matrix. We put
g=0(p+3,3)={Xecgllp+6R)|'XS+SX =0}
We will introduce the gradation of g by subdividing X € g as follows:
1 2 p 2 1

1 fa —ny —'& —m3 0

2(m A —By Cy 13

pl& Bi G By & |

2{m C1 —B —A"

LANO —m, —'6& —m —a



where a € Ra 51 € RP (Z = 172)7 i € R2 (2 = 172a3)4)7 77; = (a27a1) for N = t(a'laa2)7 C’L = _Cz/
(Z = 1,2), G € 0(p) and Bz = t(tbg,t bl) for Bl = (bl, bg) (Z = 1,2), where b17b2 € RP. Here
we write Y/ = K'Y K € M(2,2) for Y € M(2,2). Y’ is the “transposed” matrix of Y with

respect to the anti-diagonal line. Thus C; = ¢ 0 ) for ¢; € R. Then the Lie algebra g has

0 —C;
the gradation
g=903Dg 29 1DgDg1 DD g3

where
g3 = (), g2 = (&) ®(C1), g-1 = (m) ® (B1), go = (a) ® (4) ® (G),

gs = (n3), 92 = (§2) B (Ca), g1 = (1) © (Ba),
anddimg_3 = dimgs = 2,dimg o =dimgy = p+1,dimg_; = dimg; = 2(p+1). Precisely, this
gradation is of type (D4, {1, a3, a4 }) when p = 2, of type (By, {a1, as}) when p = 20—5 = 1 and
of type (Dy, {1, a3}) when p = 20—6 = 4. Compared with the gradation of (BDy, {1, as, as})
or (D4, {ozl, g, O3, Oé4});

0=05P04PF 3PF 2P0 1PGDPHDIDID DI,

which is obtained by further subdividing above matrix X € g by 2nd and (p+4)-th intermediate
lines (see §6.2 [27]), we have

93=05®04, g2=03 and g 1=V®VICg®g,
where V5 =g 5 and Vi = g_1 Ng_;. Explicitly we have
g5 =("(0,a2)), 6-4=("(a1,0)), Vo= {((0,a2)) ®((b1,0)), Vi=("(a1,0)) @ ((0,b2)).
Hence we get
Vi, Vij=0(i=1,2), [Vi,Vo] Cga, [9-2, V2] =85 [9-2Vi]=0-4

Actually, by matrices calculation, we obtain
t t
o b2by 0 [ arc+ b€
[V9, v1] = (a1b1 — agbs) @ ( 0 _%162) €9 [(DC,nDB]= (_Ca2 —l—tbl§> € g_3,

for vy = (0, a2) ® (b1,0) € Vo, v1 = “(a1,0) B (0,b3) € Vi and for E B C € g o, D B € g4,
where C' = <8 _OC>, n ="'(a1,az) and B = (by, by). Thus, putting,
t . t A 1 0
Z1="1,0)€g_4Cg3, Zy="0,1)€g5Cg3 Y= 0 1) €92

Y;—‘rl =e€; € g9, X% = t(LO)? Xi—H = (0781') € ‘/17 X% = t(07 _1)7 X;—Hl = (eiao) € VVQ)
for2=1,...,p, where e; is the vector in R?, whose i-th component is 1 and other components
are 0. We obtain a basis {7, Z,} of g_s, a basis {Y,..., Y41} of g_, a basis {X},..., X'}
of V; and a basis {X1,..., X?™'} of V5. Moreover we have the bracket relation among these
vectors;
Zy = 553 ) D/jNX{ZL Zy = 653 ) D/angé] Y= 61]2 ) [XglaXfQL
Ye = [X21>Xf] = [XgaXll]’ [Xflasz] = [Xglegz] =0,

for ji,jo =1,2,...,p+1, k1, ke, k = 2,..., p+1. Hence, taking the dual basis {01, @2, w1, . .., Wpy1,
bt el @b inmy of the above basis {71, Zo, Y1, ..., Your, X1, ., XPTL XD
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Xg“} inmg =g 3dg o®Dg_1, we have the following structure equation of the Lie algebra mg

(déoy =7 A&y + -+ + VT A D,
déry = Gy A&y + -+ + 5T A Qp,
diy =& ANy + -+ T AT
doy =l Nk v nal, (k=2,...,p+1),
|\ d&] =deh =0 (j=1,2,....p+1).
These being prepared, let (Z, D) be a regular differential system of type my. Let us fix a

point z € Z. Then there exists a coframe {wy, @y, W, ..., Wps1, @, ..., @ wh, ..., &l
defined on a neighborhood U of z € Z such that
F =0D = {wy = w;, =0}, D={wy=w =w; = =wpy1 =0},

and that the following holds:

dwo = wh Awy 4 -+ + @5 Awpy,
(8.5) { dw) = @l Awp 4+ @ Awyr (mod @, @1, wj, Awyy (1S 51 < ja Sp+1)),

dw) = wa Aw? + -+ @ AT
(8.6) {dwkzwé/\w’f—l—w‘f/\w}, (k=2,....p+1) (mod wy, w1, w1, ..., Wpt1)-
Adjusting @}, ] (mod wy,...,wy1), we actually have

dwo = wg Awy + -+ + @5 Awpya,

(8.7) { do, =] Awy + -+ + w’fH A Wpt1- (mod wy, w1 )

This equation describes the structure equation of (Z, F), where F' = 0D. Namely (Z, F) is a
regular differential system of type ¢'(p 4+ 1,2). Hence D is a covariant system of (Z, F') (see
Theorem 1.4 [22]). Moreover, by Theorem 6.1, (R(Z); D}, D%) is a PD manifold of second
order and, in fact, ¢ (R(Z)) is an equation of Goursat type [25].

Now we will consider the following submanifold Y = Y (Z) of (Y(Z); F}, Fx):

Y=Y(2)=|]JY., Y.={yeGr(F(2),3p+2)|y>D D(z)} 2 P(F(z)/D(z)) = P".

On Y, we have a pair of differential systems D% and Dy defined by

Di(y) =7 (F(2)) D Dn(y) =7 (v),

where v : Y — Z is the projection and z = ~(y). D} is a lift of F' and Dy is the canonical
system by this Grassmannian construction and is a subbundle of D} of codimension 1. D} is a
differential system of codimension 2 and its Engel-half rank is p+1. Since D is a covariant system
of (Z, F), an isomorphism ¢ : (Z, F) — (Z, F) induces the isomorphism ¢, : (Y; D%, Dy) —
(Y; D%, Dy) by ©1(y) = 0.(y) € Gr (F(¢(2)),3p+2) for z = v(y). Conversely, since Dy is the
canonical system by the Grassmannian construction and Kerv, = Ch (D} ), an isomorphism
® : (Y;D%,Dy) — (Y; D%, Dy) induces the isomorphism ¢ : (Z,F) — (Z,F) such that
® = ¢, (cf. the proof of Theorem 4.1 [27]).

We will show that (Y; D%, Dy) satisfies the conditions (Y1) and (Y.2) in §7.2 with s = 1,
r =2and t; = p+ 1 on an open dense subset Y of Y. For this purpose, let us introduce a fibre
coordinate (yy, ..., u,) of v :Y — Z by putting

Wy = wy + Uiway + -+ HpWp+1,
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where
Dy = {wy = @y = 0}, and Dy = {wy=w; =wy =0} on 7—1((]).
Here we denote the pullback on Y of 1-forms on Z by the same symbol. Then, by (8.6), we

calculate

p
dwy = dwy + Z{Madwaﬂ + dpta N wat1},

a=1

= Z{wa“ AN @+ oy A @+ @A @)+ (dpta + Ba) Awara )

(8.8)
= Z{(wg—H + Nawé) A (@} §H 4 :uawl) (dite + Ba) N wat1} — Zua wo N wh
a=1
(mod 1wy, @y, o)
where (31, ..., 3, are 1-forms on v~ (U). Moreover, from (8.7), we have

(8.9) dwy = (wa — wg) Awy + -+ (Wht — ppywd) Awya,
dw, = (@} — o)) Awg + -+ + (w]f+1 — 11y@1) A Wy (mod wy, w1, w2)

These three equations describes the structure equation of (Y, Dy). In particular, we obtain
Ch (Dy) = {0} on an open dense subset satisfying Y > _, p2 # 0. We put

Y ={yeY|Ch(Dy)(y) = {0} }.

Then, by (8.9), (Y; D%, Dy) satisfies the conditions (Y1) and (Y.2) in §7.2 with s = 1, 7 = 2
and t1=p+ 1.

We will consider now the /G manifold (W (Y'); C5-, Ny) of corank 2 given in Proposition 7.4.
Let us consider

w = wy + A\
on U = y~(U). Namely we consider a point w € W(Y) such that w = {@w = 0} C T,(Y),
where y = p(w) € U. Here (\) constitutes an inhomogeneous coordinate of the fibres of
p:W(Y)—Y. By (87) and substituting w; = ws — Y - _, flaWat1, We calculate

dw = dwy + Adwy + d\ N\ @y,

pH
= Z(wg‘ + M) Awg + (AN + ) Awy, (mod w)
a=1
p+1
(8.10) =W Z,uawaH —1—2wo+)\w1)/\wa+w1Aw2+(d)\+ﬁ)Aw1,
. a=1 a=2

= Z{w‘”l + AT — i} Awas1 + Wi A+ (dA+ ) A @,

EZWZ+2/\WQ+1 + wi A ws + (dA + §) A o, (mod w)

a=1

for some 1-form 3 on p~'(U), where we put w} = @} + Aw! and @’ | = @ + AW — flo_ 1w
for a = 2,...,p+ 1. Hence we see W(Y) = W(Y). Here, again, we denote the pullback on
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W(Y) of 1-forms on Y by the same symbol. By (8.10), we have
Cy ={w=0}, Ch(Cy)={mw=m=wm=w,,=dA\+f=uw]=wan1=0(1=a=p}
Moreover, by (8.9), we have

dw = (@} — pwy) Awg + -+ + (wﬁ’Jrl — 1,7 ) A Wyt (mod w, wy, wy).

Also, by (8.8), we have

P
dwy = Z{(w — A+ pawi + Mawé> NS+ @) + (dpta + Ba) A wat1}
—1
- (Z 2wy Ay (mod w, @, wy),

P p P
= Z{w:;—ﬂ A (@ + o)) + (dpta + Ba) Awata } + Wi A {(Z pa)wy + Z 20wy}

a=1 a=1

(mod w,w,ws).
Thus we obtain the following structure equation for (W (Y), Ny):
Ny={w=wm=w=0}, Ny={w=w=m=0,=ws1=0(1=Zap}

/

p
— *
w = § Wi N\ Watls

a=1
p

d’@l = Z(w?—i_l - ,uaw%) A Wa+1, (mOd W, Wi, wQ)
(8.11) -
dwoy = Z{w;-w A (@ 4 p1am7) + (dpta + Ba) A was1}

+wi A( Z,ua @ + ZQuawaH

(w), we W(Y),
mod Ny ),

Utilizing this structure equation, we first calculate, for X € Ch (Cy

)
X|dw=0, X|dwi =0, X]|dws=—a'(X)w (
where we put @i = (30 _, )@t + Y0, 2uaw@i . Hence, by (2.3), we get

S(Ny)(w) = { X € Ch(CY)(w) | &1 (X) = 0}.
Now we consider the Lagrange Grassmann bundle R(Y) = R(W(Y)) over (W (Y); C5, Ny ):
U Ry, Ry ={0C Ny(w)|dw|s=0, ©ismaximal}.

weW (Y)

From Ny-(w) C & C Ny (w) and dw [;= 0, if (d\ + 8) Awi Awa A -+ Awpiq 37 0, it follows
that
b ={X € Ny(w) | @ar2(X) =0 (1=a=p),

where @a o = @hyo — D oy Pagwpsr for 1 = a = pand pig = pj, (1 = a,3 < p). For these
v € Ry, we claim

A(0)={0} for t={mw=w)1 =wys=war2=0(1=Za=p)}
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In fact, by the structure equation (8.11), we get

p

dw =0, dw = Z(w‘f“ — aT]) A Wait,
(8.12) o
4 =3 (o + pr U ps@l)} Awan + i ABL (mod (0)4)

a=1

Hence, for X € S(Ny)(w), we have

X|dw =0, X|dw = Z(wi"“ — @) (X) Wartt (mod (D)%),

a=1

and
X Jdeo = Z{dua B Zpa@ P4 ) HY) wan (mod  (8)4).
Then, from Lemma 4.2 (2), we obtam
A(0) = {X € S(Ny)(w) \ (@ = pam)(X) =
{dpto + Ba — Zpag M)} (X) =0 (1<a<p)}

= Ch (Cy)(w )ﬂCh(Ny)( ) ={0}.

Hence (R(Y); D, D%) is a PD manifold of second order on an open subset of R(Y'). More-
over, by (8.10) and (8.12), we have the structure equation for (R(Y); Dy, D%) as follows;

Dy = {w = 0}, D} ={w=w = =wp =0},
P

dw = wy A wy + wi A ws + Zwa+2 A Wait, (mod w)
a=1

P
_ a+2
doo; = E T A\ Watd,

_ 2 * +2
dwy = 15 Awi + g TS A Wats (mod w,wr,...,wpt2)
a=1
where we put wi = d\ + 3, 7" = @ — p,wi, 72 = —@! and 757 = dug + Ba —

> 1 Dis () w4 pgwl) for @ = 1,...,p. This shows that (R(Y); DL, D2) is a PD manifold
of second order which is of type s, where s is given by
S§=5_3PS5 D51, s 3=R, s,=V" s, =Vaf fcS*V,
such that
(N = ({e1 @er,e1 @ea}),

for a base {ej,...,ep12} of V. Thus ((R(Y)) is an involutive system of second order of codi-
mension 2 (see Proposition 3.3 [27]).

To obtain an explicit description of the model equation in this case, we will first construct
the standard differential system (M (mg3), Dy,) of type mg, where mg = g_3 @ g_o @ g1 is the

negative part of the simple graded Lie algebra of type (BDy, {1, a3}), by virtue of the formula
given by N.Tanaka in §2.3 [16]. Let us take the basis {Zy, Z5, Y}, X7, X3(1 £ j < p+ 1)} of
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m3 as above. We introduce a coordinate system (2!, 2%y, ... yP* 1, ... ,x}]H, x3, ... ’xZH)
of ms by putting
u? =217 + 227, =y + yp+1Yp+1,
and
u = X) A :1311)+le+1 +2iX) 4 -+ x§+1X§+1,
where u? : m3 = g3 D g2 D g1 — g, is the projection for p = —1, -2, —-3. Then, by the
formula in §2.3 [16], we calculate

p+1 p+1 p+1

1
du? — Sl wl du™! Z dy*Y;, — = Z(x,ixf + 2y X5), Y (de XY + dap X5) ],
k=1 k=1
= w1Y1 +wYo + -+ W1 Yo,
where
1 - 1 1
(8.13) @, =dy' + 3 Z(x,lcdxi —zidx}), Op = dy* + 5(1‘%613:2 — zidzy) + §(x,1€dx§ — zidx}),
k=2

for k=2,...,p+1, so that
dy = dxy Ndah + -+ duy o Aoty doy = doy Adai +da Ade? (k=2,...,p+1).

Moreover, we calculate

1 2 1
du™ — w2 du™) = S[u ™t du”H + Z[ut [ut duT]
3 3 6
= d2' 7, + d2* 7,
p+1 p+1 9 p+1 p+1
-3 Zy’%,z (dap XY + daf X3) | = 5 ;(xiX’“ + 2} XY, Zdy’%
1 p+1 p+1 p+1
+ o[ D @XT @ X5), [ (0 XT + 23 XD), Y (dap XY + dopX5) |]
k=1 k=1 k=1
- @121 + @222
where
( p+1 p+1
=dz' — (y' + = Zxkxk dr} — Z{y + xlxk + xp22) Yday,
(8.14) p+1 p+1
Wy = Zxkxk da? — Z{y — ~ (212} + 2p2?) Ydad,
and
( p+1 p+1 p+1
=2t = Z:L‘ y*+ = Zx%x}ﬂxi—l— Zxk )2l
p+1 p+1 p+1
2=+ Zxky ——fox,ﬁxi le x3)?,
so that

dey = dey A&y + -+ dop Apyr,  dog =daf Ay + -+ dal | ADyia.
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Thus, M (m3) = my is endowed with a coordinate (2!, 2% ¢!, ... yP* 21, ... »$713+1v x3, ... ,:EIQ)H)

such that Dy, and 0D, are given by
Dy, ={m1=@=w1 = =wps1 =0}, and 0Dy, = {w = w2 =0}.
Now put (Z, D) = (M (m3), Dy,) and F' = ODy,.
F = {wy = w; = 0}, D={wy=w =w; = =wpi1},

where wy = @1, wy = @ and w; = w; (j =1,...,p+1). Let Y = Y (Z) be the projective
bundle over Z and v : Y — Z be the projection. We introduce a fibre coordinate (i1, ..., i)
of v:Y — Z by putting

(8.15) Wy = wy + pwa + -+ fpWpi1.
Then we have
Dy = {wo = w; =0} and Dy = {wy = w; = wy = 0}.
Here we denote the pullback on Y of 1-forms on Z by the same symbol. We put
Y ={y €Y |Ch(Dn)(y) = {0} }.

Starting from (Y; D%, Dx), we construct the IG manifold (W (Y);C5, Ny) of corank 2 and
the Lagrange Grassmann bundle (R(Y); Di., D%). We introduce a fibre coordinate (A\) of u :
W(Y) — Y and calculate

w = wo + Ay

s pt1
(y' + = kaxk dx} — Z{y + - a:lxk+:rk:v1)}dxk
Eas p+1
+ Aldz szxk da} — Z{y -5 5519% + yat) pday]
p+1 p+1

= dzt + 3% — (gt + = Zxkxk )(dat + Ada?) Z{y + = xlmi+x;x§)}(d:¢;+mxz)

p+1 p+1

+ M( Zxkxk dx? + Z (zizs + s )das}

p+1 p+1

=dZ N — (¥ + = Zxkxk (z] + Ax?) Z{y —i— xlxk + zp2?) Y (x4 Ax?)

p+1 p+1
22— (y' + = Z TRTR)T Z{y + xﬁk + xpx]) ] d
p+1 p+1 p+1
+ )\{d(z ririry) — Z riridr) + Z ririday}

k=2 k=2

) p+1 p+2
=dZ =) Y*d(x} + Af) — Pud\ = dZ - PdX,,

k=1 k=1
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where
( p+1 1 p+l 1 p+1
=2 A2+ fox;xz 2(95} +ax]) Y (@)} Y=yl + 5 D (wh + Aap)at,
k=2 k=2
p+1 p+1

1 .
Y8 =yt {(on + Aa)ag + (o + Map)at), Po=20 - ytai - —M'l Z )%,
k=1

\
for k =2,...,p+ 1. Thus, putting
. p+1
Z=2-Y YHap+ ), X1 =\ Xy =aj + \af, B, =Y,
k=2

Xk+1:Yk7Pk+1:_(xllc+)\xz) (k:277p+1)7

we obtain a canonical coordinate (Xi,...,Xp42, 72, P1,...,Py2) of J = W(Y)/Ch(C}) =
W(Z)/Ch (C3).
Conversely we calculate

2 2 1 1
(27 =128 = cp, A= X1, 07 = Xo — 1 X1, 20 = — (Pt + e X1),

pH
1
y' =P+ 3 ZCkPkH,yk = Xpy1 + 5(01Pk+1 —X2), (k=2,...,p+1)
k=2

p+1 p+1

1
22 _ p P+ (X P S(aX: = X2)(O ).
\ z 1 + c1lo + k:2< k+1 + k+1)Ck + 2(01 1 2)(k:2 Ck)

Hence, by (8.13), (8.14) and (8.15), we have

p+1 1 p+1 1 p+1 p+1
@ =dPy +ci{dPy+ Y cpdPe + 5(2 )X} — 5(2 )Xo+ Y epd Xy,
k=2 k=2 k=2 k=2
p+1 R
(8.16) { wo=dPy+ Z cr + cipir—1)d Py + 5 Z (cr + 2e1pip—1)crd Xy
k=2 25
pt+1 p+1
- (Z Crpti—1)dXo + Z fi—1dXpq1-
\ k=2 k=2
Here (Xi,...,Xp42,Z, P1, ..., Pyio, €1y oy Cpras U1, - - -, J4p) constitute a coordinate of W(Y)
and (Xq,...,Xp40, 2, P1,..., Pyyo,c1,...,cp1) constitutes a coordinate of W(Z). Now, from
the canonical coordinate (Xi,...,Xp40,2Z,P1,...,P,y0) of J, we introduce the coordinate

(Xi, X0, Z, P, Py, A2, B, Sy) (1 £ 0S5 23S as p+2)of I2(J) as in §2.1. First
we calculate

pt+1 p+1
w) = wy — 1wy =dP; — Z & pe—1d Py + Z(Ck — C1ptp—1)d X1
k=2 k=2
p+1 1 p+1
— ;C%Ckuk_lXm — 5 ;(Ck — ZClﬂk_l)deXg.

Then, since Ny = {w = @} = @y = 0}, the canonical inclusion ¢ : W(Y) — I?*(J) is given by

Atll = C%ﬂa—% Bix = _(Ca—l - Clﬂa—2)a Ag = _(Coz—l + Cl,uoz—Q)a Bg = —Ha-2,
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p p+1 p+1 p+1
S = C:{’ZM%, Sig = ch - Clzck,uk 1= 012%7 S = Clz,uk + Qchuk 1-
k=1
Thus, by (4.3), introducing a coordmate (Xl, ooy Xpro, Z, Py Ppio,Clye sy Copts i1y - s iy P,
B=aspf<p+2)of R(Y) as in §4.1, the immersion ¢ : R(Y) — L(J) is expressed by

4 p+2
C*Pozﬂ:P;ﬁa C*Palz_(ca 1 — C1lla—2 +clz ﬁ,u,@ 25 (3§a§ﬁ§p+2>
B=3
p+2 p+2
(" Poo = —fta—2 — Z Prs(cpr +cipp2), Pu=c Z'uk +c} Z Platta—2tts—2,
B=3 k=1 a,B3=3
R p+1 p+2
C*Pm:—zck—clzckuk 1= 012% 1Y Pigta-a(cs1 + cappa),
«,B3=3
p+1 p+2
Py =0 Zuk + QZCka 1+ Z P Ca 1+ Cipta—2)(cp—1 + c1itp—2).
\ k=1 k=2 «a,f=3

This is the description of the model involutive system of codimension 2 of type (BDy, {aq, az}).

Moreover, from the canonical coordinate (Xi,..., X490, 2, P1,..., P,yo) of J, we introduce
the coordinate (X1, X4, Z, Py, Py, AS, B, S11) (2 £ a < p+2) of I'(J) as in §2.1. Then, from the
first equation of (8.16), since N; = {w = w; = 0}, the canonical inclusion ¢ : W(Z) — I'(J)
is given by

] . R
A} = —c;, AY=—cico1, B = 5(2 c), By =—c,1, Si=0.

Thus, by (4.3), introducing a coordinate (X,..., X490, 2, P1,..., Ppyo,c1, .. 1, Ply) (2 =
a <b< p+2)of R(Z) as in §4.1, the immersion ¢ : R(Z) — L(J) is expressed by

( p+2
CPu=Py2Sasb<p+2), (Pai=-cor—a(Ph+Y Pho1) BZasp+2),
b=3

Pas p+2 p+2 p+2
Py = 5(2 ) =P+ Poo), P =Py +2)  Prcar+ > Picaicr).
\ k=2 b=3 a=3 a,b=3

This is the description of the model Goursat type equation of type (BDy, {1, as}) (see Remark
6.2 (1)).

8.4. Other Examples. In this subsection, we will treat the case of Proposition 7.2. For this
purpose, we will here exhibit an example of type (Cs, {as}).

From §5 [12], the structure of the symbol algebra m = g_5 @ g_; of type (Cs, {aa}) can be
described as follows; Let V' be a vector space of dimension 2 and (U, (, }) be a symplectic vector
space of dimension 2. Then m is isomorphic to m?(U, V),

m*(U,V) =g o®g.1, g2=5V),g1=UxV.
The bracket product is defined by

(U1 @ vy, us @ V] = (uy, uz)v1 ®© V2 for wuy,up € Uyvy,00 € V.
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Moreover the standard differential system (M (m), Dy,) of type m in this case is given as follows;
M (m) = R7 is endowed with a coordinate (x1, T2, T3, T4, Y1, Y2, y3) such that Dy, is given by

Dyn=1{0=0,=0;=0},
where
01 = dy; + x4dxy + w3drs, 0Oy = dys + x3dr; and 603 = dys + x4dzs.
Thus the symbol algebram =g _» @ g 1 £ m?(U, V) is described by
dfy = wy A\ wi + w3 A woy
(8.17) dfy = w3 N\ wy (mod 64, 04,03)
df; = wy N wo

In fact, taking the dual basis {a%’ aiyg’ %,Xl,XQ,Xg,XZL} of the coframe {0, 0y, 03, dxy, dzs,
dxs,dzs} on M(m), we have

0 0 0 0 0 0 0 0
Xi=——-oy——237—, Xo=———T3— —Ty— d Xsg=—X4=—.
' Oy " oy " dya’ ’ Oz s oy o dys’ o ’ Ox3’ ! Oy
Thus { X1, X5, X3, X4} constitutes a free basis of the sections I'(Dy,) of Dy, and we obtain
0 0 0
[XQaX?)] == [XlaX4] == 8_y17 [Xlanw] = a_y27 [X2aX4] == a_ysv [XlaXQ] == [X3aX4] — 0

Here, for a basis {vi,v2} of V and a symplectic basis {uj,us} of U, X;, X5, X3 and X4

correspond to u; ® vy, U] ® V9, U ® v; and us ® v respectively. Moreover 6‘%, 6%2 and 6%3

correspond to vy © vy, v; ® v; and vy © vy respectively. Thus m is isomorphic to m?(U, V).
Let (Y, Dy) be a regular differential system of type m such that Dy is locally defined by

DN:{91:92:93:0}7

Here {6, 05,03, w1, ws,ws,w,} forms a coframe on Y satisfying (8.17).
Then, putting w = 61 + A0 + A\203, we calculate

dw = wy Awy + ws Aws + Aws Awy + Aawg Aws + (dA1 +71) A s + (dAa +72) A b5
= (wa + Mws) Awr + (wg + Aaws) Awa + (dA 4+ 71) A Oy + (dAg + 72) A O3
=g Awp + 03 Aws + (dA1 +71) ANy + (dAg +72) A3 (mod @)
for some 1-forms 7y, 72 on Y, where we put @y = wy + \ws and w3 = w3 + Aswy. Thus we see
W) ={weW( )| Ml —1#£0}
and we have on W(Y),
Cy ={w=0}, Ny={w=0,=0;=0}, Ny={w=0,="0;=w =wy=0d3 =0 =o}.

Herer =2, t =2, n=r+t=4and dim W (Y) = 9. We see that (Y, Dy) satisfies the condition
(Y.2) in §7.1 and (W (Y'), C5) is a contact manifold of dimension 9. Let (R(Y'); Dy, D%) be the
Lagrange Grassmann bundle over (W (Y); C5, Ny). Then, by Proposition 7.2, (R(Y'); Dy, D%)
is a PD manifold of second order, globally over W(Y'). Put

b= {X € Ny(w) | @3(X) = @u(X) = 0 } € Ru(Y),

where w3 = &3 — rwy — swy and wy = Wg — swy — twy. Here (r,s,t) is a fibre coordinate of
R,(Y). Hence, around v € R(Y'), we have

D%:{w:02:03:w3:w420}.
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Then, from
{W3 — )\QW4 = (1 — )\1)\2)(4)3 — (7’(4)2 + swl) — )\Q(SWQ + twl),

wy — Aoz = (1 — MA)wy — (swa + twy) — A (rws + swyq),

and by (8.17), we have

dw =0

dfy = (1 — M) M (r + Ags) wo Awy (mod @, 0y, 03, w3, 0,)

dfs = (1 — M) (t + A\is) w1 Aws
This shows that (R(Y); Dy, D) does not satisfy the compatibility condition (C') in §3.1 on an
open subset.

To obtain an explicit description of the model equation in this case, we calculate

w = dy; + z4dxy + x3dxs + N (dys + 3dxy) + Ao (dys + z4dzs)

=d(y1 + MYz + Aay3) — yedA; — ysdhe + (x4 + Mz3)dry + (23 + Aewy)dxy

=dZ — PidX, — PydXy — P3dX3 — PydX,.
Thus, putting

Z=yr+My2+ Xys, X1 = A1, Xo =Xy, Xg=11, Xy =1
{Pl =1, Po=1ys, Py = —(x4+ Nw3), Py = —(v3+ Aoxy)
we obtain a canonical coordinate (X1, Xo, X3, Xy, Z, Py, P», P3, Py) of (W(Y),C5).
Conversely we calculate
M= X1, he = Xo 1y = Xy, 19 = Xy, 23 = (X1 X5 — 1)1 (P — XoPy),
{1’4 = (X1 Xy — 1) Y (P — X Py),ys = Py, yp = P.

Hence we have

52 = dyz + xgdxl = dP1 + (X1X2 — 1)71(P4 — X2P3)dX3
9_3 = dy3 + $4d$2 = dPQ + (X1X2 - 1)_1<P3 - X1P4)dX4.

Thus we obtain the following description of the model equation of type (Cs, {a2});
Py = Py = Py = Py = P3 =0,
P13 — (X1X2 — 1)71<X2P3 — P4>,P24 — <X1X2 — 1)71(X1P4 _— P3)

Other than (C3,{as}), we note here that regular differential systems of type m satify the
condition (Y.2) in §7.1, when m = g o @ g_; is the negative part of the simple graded Lie
algebra of type (Cp,{az2}), (Cp,{au-1}) (¢ 2 3), (Bam, {@am}) (p = 2) or (Fy,{as}) (cf. §6 [12],
§5.3 [24]).
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