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KOECHER-MAASS SERIES OF A CERTAIN
HALF-INTEGRAL WEIGHT MODULAR FORM
RELATED TO THE DUKE-IMAMOGLU-IKEDA LIFT

HIDENORI KATSURADA AND HISA-AKI KAWAMURA

ABSTRACT. Let k and n be positive even integers. For a cuspidal Hecke
eigenform & in the Kohnen plus space of weight k —n/2+1/2 for I'H(4),
let f be the corresponding primitive form of weight 2k — n for SLs(Z)
under the Shimura correspondence, and I, (h) the Duke-Imamoglu-Tkeda
lift of h to the space of cusp forms of weight k for Sp,,(Z). Moreover, let
&1, (n),1 be the first Fourier-Jacobi coefficient of I,,(h) and o, —1(¢71,, (n),1)
be the cusp form in the generalized Kohnen plus space of weight k —1/2
corresponding to ¢y, (),1 under the Ibukiyama isomorphism. We then
give an explicit formula for the Koecher-Maass series L(s, 0n—1(é1, (n),1))
of 0n—1(¢r1, (n),1) expressed in terms of the usual L-functions of h and f.

1. INTRODUCTION

Let [ be an integer or a half integer, and let F' be a modular form of weight
[ for the congruence subgroup I O(m)(N ) of the symplectic group Sp,,(Z).
Then the Koecher-Maass series L(s, F') of F is defined as

CF(A>
Lis, F) = ; e(A)(det A)s’

where A runs over a complete set of representatives for the S'L,,(Z)-equivalence
classes of positive definite half-integral matrices of degree m, cp(A) is the
A-th Fourier coefficient of F, and e(A) denotes the order of the special
orthogonal group of A. We note that L(s, F') can also be obtained by the
Mellin transform of F, and thus, its analytic properties are relatively known.
(As for this, see Maass [19] and Arakawa [1, 2, 3].) Now we are interested
in an explicit form of the Koecher-Maass series for a specific choice of F'. In
particular, whenever F' is a certain lift of an elliptic modular form h of either
integral or half-integral weight, we may hope to express L(s, F') in terms
of certain Dirichlet series related to h. Indeed, this expectation is verified
in the case where F' is a lift of h such that the weight [ is an integer (cf.
8,9, 10]). In this paper, we discuss a similar problem for a lift of elliptic
modular forms to half-integral weight Siegel modular forms.
Wematics Subject Classification. Primary 11F67; Secondary 11F46.
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2 H. KATSURADA AND H. KAWAMURA

Let us explain our main result briefly. Let & and n be positive even inte-
gers. For a cuspidal Hecke eigenform A in the Kohnen plus space of weight
k—mn/2+ 1/2 for IH(4), let f be the primitive form of weight 2k — n for
S Ly(Z) corresponding to h under the Shimura correspondence, and let 1,,(h)
be the Duke-Imamoglu-Tkeda lift of i (or of f) to the space of cusp forms of
weight k for Sp,(Z). We note that I5(h) is nothing but the Saito-Kurokawa
lift of h. Let ¢y, n),1 be the first coefficient of the Fourier-Jacobi expansion of
I,,(h) and 0,_1(¢1,(1),1) the cusp form in the generalized Kohnen plus space
of weight k—1/2 for I 0("71)(4) corresponding to ¢y, (»),1 under the Ibukiyama
isomorphism o,,_;. (For the precise definitions of the Duke-Imamoglu-Ikeda
lift, the generalized Kohnen plus space and the Ibukiyama isomorphism, see
Section 2.) Then our main result expresses L(s,0n—1(¢r1,(1),1)) in terms of
L(s,h) and L(s, f) (cf. Theorem 2.1). To prove Theorem 2.1, for a funda-
mental discriminant dy and a prime number p we define certain formal power
series P,(Li,p(do,el,X, t) € CIX, X ![[t]] associated with some local Siegel
series appearing in the p-factor of the Fourier coefficient of o,,—1(¢r,n)1).
Here ¢ is the Hasse invariant defined on the set of nondegenerate symmetric
matrices with entries in Q,. We then rewrite L(s, 0,,—1(¢1,(r)1)) in terms of
the Euler products [, P,El_)Lp(dg, gl, B, psHR/24n/A=1/4) with | = 0, 1, where
B, is the Satake p-parameter of f (cf. Theorem 3.2). By using a method
similar to those in [9, 10], in Section 4, we get an explicit formula for the
formal power series Pflljl’p(do, el, X, t) (cf. Theorem 4.4.1), which yields the
desired formula for L(s,0,-1(¢1,(),1)) immediately. The result is very sim-
ple, and the proof proceeds similarly to the one of [10], where we gave an
explicit formula for the Koecher-Maass series of the Siegel Eisenstein series
of integral weight. However, it is more elaborate than the preceding one.
For instance, we should be careful in dealing with the argument for p = 2,
which divides the level of o, _1(¢y,(n),1). We also note that the method in
this paper is useful for giving an explicit formula for the Rankin-Selberg
series of 0,_1(¢r,(r)1), and as a consequence, we can prove a conjecture of
Tkeda [13] concerning the period of the Duke-Imamoglu-Tkeda lift, which we
will discuss in [15].

Notation. Let R be a commutative ring. We denote by R* and R* the
semigroup of non-zero elements of R and the unit group of R, respectively.
We also put S© = {a?|a € S} for a subset S of R. We denote by M,,(R)
the set of m X | matrices with entries in R. In particular put M,,(R) =
Mym(R). Put GL,(R) = {A € M, (R)|detA € R*}, and SL,,(R) =
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{A € GL,,(R)|det A = 1}, where det A denotes the determinant of a
square matrix A. For an m x [ matrix X and an m x m matrix A, we write
A[X] ='XAX, where ' X denotes the transpose of X. Let S,,(R) denote the
set of symmetric matrices of degree m with entries in R. Furthermore, if R
is an integral domain of characteristic different from 2, let £,,,(R) denote the
set of half-integral matrices of degree m over R, that is, £,,(R) is the subset
of symmetric matrices of degree m with entries in the field of fractions of
R, whose (i, j)-th entry belongs to R or %R according as ¢ = j or not. In
particular, we put £, = £,,,(Z) and L,,, = L,,(Z,) for a prime number
p. For a subset S of M,,(R) we denote by S* the subset of S consisting of
all nondegenerate matrices. If S is a subset of S,,(R) with R, the field of
real numbers, we denote by S~q (resp. S>o) the subset of S consisting of
positive definite (resp. semi-positive definite) matrices. The group GL,,(R)
acts on the set S,,(R) as GL,,(R) x Sp,(R) 3 (g9,A) — 'gAg € S,.(R).
Let G be a subgroup of GL,,(R). For a G-stable subset B of S,,(R), we
denote by B/G the set of equivalence classes of B under the action of G. We
sometimes identify 5/G with a complete set of representatives of B/G. We
abbreviate B/GL,,(R) as B/~ if there is no fear of confusion. For a given
ring R’, two symmetric matrices A and A" with entries in R are said to be
equivalent over R’ to each other and write A ~p A’ if there is an element
X of GL,,(R') such that A" = A[X]. We also write A ~ A’ if there is no
fear of confusion. For square matrices X and Y we write X 1Y = (3 ©).
For an integer D with D = 0 or 1 mod 4, let 9p be the discriminant of
Q(v/D), and put fp = \/%. We call D a fundamental discriminant if it is

either 1 or the discriminant of some quadratic field extension of Q. For a

D
fundamental discriminant D, let (—) be the character corresponding to

*

D
Q(v/'D)/Q. Here we make the convention that <—) =1ifD=1.

We put e(z) = exp(2my/—1z) for x € C. For a prime number p we denote
by v,(*) the additive valuation of Q, normalized so that v,(p) = 1, and by
e,(x) the continuous additive character of Q, such that e,(z) = e(z) for

x € Q.

2. MAIN RESULT

Put J, = (?m _01: ), where 1,, and O,,, denotes the unit matrix and the

m

zero matrix of degree m, respectively. Furthermore, put I'™ = Sp,,(Z) =
{M € GLyn(Z)| Ju[M] = Jpn}. Let [ be an integer or a half integer. For
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a congruence subgroup I" of '™ we denote by M, (") the space of holo-
morphic modular forms of weight [ for I We denote by &;(I") the sub-
space of M, (") consisting of all cusp forms. For a positive integer N, put
Fo(m)(N) ={(45)er™|C=0,mod N }. Let F(Z) be an element of
M, (L ém)(N )). Then F(Z) has the following Fourier expansion:

F(Z)= Y cp(Ae(tr(AZ)),

AE(Lm) g

where tr(X) denotes the trace of a matrix X. We then define the Koecher-
Maass series L(s, F') of F' as

CF(A)
L(s, F) = S
(5, F) 2 e(A)(det A)*’
AE(Lom)~o/SLm(Z)
where e(A) = #{X € SL,,(Z) | A[X] = A}. We note that L(s, F') is nothing
but Hecke’s L-function of F'if m =1 and [ is an integer.
Now put

L ={A€eL,|A=—"rr mod 4L,, for some r € Z™}.

For A € L], the integral vector r € Z™ in the above definition is uniquely
determined modulo 2Z™ by A, and is denoted by 74. Moreover it is easily
shown that the matrix

( trj /2 (trArZAfA) /4 ) )

which will be denoted by A®M in the sequel, belongs to L£,,,1, and that its
S Lyny1(Z)-equivalence class is uniquely determined by A. Suppose that [

is a positive even integer. We define the generalized Kohnen plus space of
weight [ — 1/2 for I\™(4) as

M (137 (4) = {F € Mi_1o(I3™ (4)) | cp(A) = 0 unless A € £}, },

and put &, ,(I§™ (4)) = M|, (15" (4)) N S1_1/o(I3™ (4)). Then there
exists an isomorphism from the space of Jacobi forms of index 1 to the
generalized Kohnen plus space due to Ibukiyama. To explain this, let I’ }m) =
'™ x H,,(Z) be the Jacobi group, where '™ is identified with its image
inside I"™*1) via the natural embedding

1 0

A B Al B
c D)0 1
C D
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and
1 0 |Rr 1
0 1nl|lu O 0 1,, A\ p)eZmpZm,
1 0 0 Kk € 7
0 1,, -\ 1,,
Let J;, 1( ) denote the space of Jacobi forms of weight [ and index 1 for

™. and ch, liSp(F (M) the subspace of J;, 1 (I'\™) consisting of all cusp forms.
Let ¢(Z,z) € Ji1 (I }m)) Then we have the following Fourier expansion:

o2, 2)= Y. co(T,r)e(tr(TZ) +r'z).
TELy, T€EZ™,
AT —trr>0

We then define 0,,(¢) as
om(@) = D col(Atrara)/4,ra)e(tr(AZ)),

AE(Ll) >0

where r = 74 denotes an element of Z™ such that A + ‘rury € 4L£,,. This
74 is uniquely determined modulo 2Z™, and c¢,((A +'rara)/4,74) does not
depend on the choice of the representative of r, mod 2Z". Then Ibukiyama
[7] showed that the mapping o, gives a C-linear isomorphism J; 1 (I’ }m)) ~
im;r_l/Q(Fém)(éL)), and in particular, am(Jﬂ‘Sp(Fﬁm))) = G;I/Q(Fém) (4)). We
call o, the Ibukiyama isomorphism.

Let p be a prime number. For a non-zero element a € Q, we put
xp(a) = 1,—1, or 0 according as Q,(a*/?) = Q,, Q,(a'/?) is an unrami-
1/2

fied quadratic extension of Q,, or Q,(a'/?) is a ramified quadratic exten-

sion of Q,. We note that x,(D) = <Q> if D is a fundamental discrim-

inant. For the rest of this section, letpn be a positive even integer. For
an element T of £, put &(T) = x,((—1)"2detT). Let T be an ele-
ment of £X. Then (—1)"/2det(27)) = 0 or 1 mod 4, and we define 97 and
fr as 97 = O _pyn/2qerery and fr = f_qjns2 det(27) respectively. For an el-
ement T" of L7 . there exists an element T of L) such that T ~z, T.
We then put e,(7") = v,(f5), and [97] = 95 mod Z;D. They do not de-
pend on the choice of T. We note that (—1)"/2det(2T) can be expressed as
(—1)*2det(2T) = dp*®) mod Z:" for any d € [o7].

For each T' € L we define the local Siegel series b,(T) s) by

bp(T, S) = Z ep<tI‘(TR))p_VP(“P(R))S’

RESh(Qp)/Sn(Zp)
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where p,(R) = [RZy + Zj : Zj]. We remark that there exists a unique
polynomial F,(7, X) in X such that

1 — p=5) TT2(1 — p2i—2s
bp(T',5) = Fy(T, 75)( j; —)él;[(z;l);n/z—zz )

(cf. Kitaoka [16]). We then define a polynomial F,(T, X) in X and X
Fy(B,X) = X %D (T, p~ D2 X)),

We remark that F,(B, X™1) = F,(B, X) (cf. [14]). Now, for a positive even

integer k, let

h(z) = Z cn(m)e(mz)

m€Z>0
(—1)"/2m=0,1 mod 4

be a Hecke eigenform in the Kohnen plus space &, nj21/2(L0(4)) and

oo
= Zcf(m e(mz

m=1
the primitive form in &y, (') corresponding to i under the Shimura cor-
respondence (cf. Kohnen [18]). Let 3, € C such that 8,+3, 1 = p~*/2H1/2¢,(p),
which we call the Satake p-parameter of f. We define a Fourier series
I,(h)(Z) on H,, by
LA(Z) = . cnm(De(t(T2)),
Te(Ln)sg

where

crm(T) = en(for])fy "> “2HF (T, 5,).

Then Ikeda [12] showed that I,(h)(Z) is a Hecke eigenform in &, (I"™)
whose standard L-function coincides with ¢(s) [, L(s + k — i, f), where
((s) is Riemann’s zeta function. The existence of such a Hecke eigenform
was conjectured by Duke and Imamoglu in their unpublished paper. We call
I, (h) the Duke-Imamoglu-Ikeda lift of h (or of f) as in Section 1. Let ¢y, (n)1
be the first coefficient of the Fourier-Jacobi expansion of I,,(h), that is,

L (2 5)) = X onma(z ety

N=1

where Z € H,,_, 2 € C* ! and w € H;. We easily see that @1, (n),1 belongs
cus n—1

to JiF, (15" "V) and

nwa(Z )= 3 ({8 )e(tn(TZ) +1'2).
T€Ln_1,7€Z"L,
AT —trr>0
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Moreover we have

On-1(b1,(m1)(2) = Z cr i (TM)e(tr(T'2)).

Te(L, 1),

Put T'c(s) = 2(27)~*T(s), and £(s) = I'c(s)((s). Then our main result in
this paper is stated as follows:

Theorem 2.1. Let h and f be as above. Then we have

L(s,00-1(¢1,(n),1)) = 27 2n (172~ (n=2)/ H £(20)

(n=2)/2
xQ L(s—n/2+1,h) [] L@s—n+2i+1,f)
=1
(n=2)/2
+ ()" BL(s k) [ L2s—n+2i,f) ¢,
=1

where ds., denotes Kronecker’s delta.

In the case of n = 2, the modular form o,_1(¢,(r)1) is h itself, and
then the above formula is trivial. We note that, unlike the cases of [8, 9,
10], there does not appear any convolution product of modular forms in
the above theorem. However, the proof may not be so simple because the
nature of Fourier coefficients of the modular form o,_1(¢7,),1) is much
more complicated rather than those in the papers cited above.

3. REDUCTION TO LOCAL COMPUTATIONS

By definition, it turns out that the Fourier coefficient of o,_1(é7,n),1)
can be expressed as a product of local Siegel series, and therefore we can
reduce the problem to local computations. To explain this, we recall some
terminologies and notation. For given a,b € Q) let (a, b), denote the Hilbert
symbol over Q,,. Following Kitaoka [17], we define the Hasse invariant €(A)
of A e S,,(Q,)* by

e = J[ (aa),
1<i<j<m
if A is equivalent to a; L --- La,, over Q, with some ay, ag, ...,an € Q. We
note that this definition does not depend on the choice of aq, as, ..., a,,.
Now put

L, ={A€Lny|A=—"rr mod 4L,,, for some r € Z7'}.
Furthermore we put S,,(Z,). = 2L,,, and S,,(Zy,)o = Sm(Zp) \ Sm(Zyp)e.
We note that L), , = Ly, = Sm(Zy) if p# 2. Let T € L], . Then there

p°
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1 r/2

tr/2 (T+trr)/4

shown, r is uniquely determined by 7", modulo QZ;"_l, and is denoted by 7.

rr/2
trT/2 (T+tTT7'T)/4

determined by 7', up to GL,,(Z,)-equivalence, and is denoted by 7%,

exists an element 7 € Z*~' such that ( > € Ly, p. As is easily

Moreover as will be shown in the next lemma, ( ) is uniquely

Lemma 3.1. Let m be a positive integer.

(1) Let A and B be elements of L. Then ( ! ra/2 > ~

m—1,p* tra/2 (Attrara)/4
1 TB/2 fA ~ B
trp/2 (B+trprp)/4 ) :

(2) Let A€ L

m—1,p*
1 0
1) ~
(2.1) Let p # 2. Then A ( 0 Al

(2.2) Letp=2. Ifra = 0 mod 2, then A ~ 4B with B € L,,_12, and

AWM ~ < (1) g . In particular, vo((det B)) > m or m+1 ac-

cording as m is even or odd. If r4 £ 0 mod 2, then A ~ al4B

with @ = —1 mod 4 and B € L,,_25 and we have AL~
1 1/2 0
1/2 (a+1)/4 0 |. In particular, vs((det B)) > m or
0 0 B

m — 1 according as m s even or odd.

Proof. The assertion can easily be proved. U

Now let m be a positive even integer. For T' € (£! )™, put D(Tl) = ),

and ]‘(Tl) = frm, and for T € (£, )", we define [D(Tl)] and e(Tl) as [0pm)]
and epq), respectively. These do not depend on the choice of rr. We note
that (—1)™/2det T = 2””“2#)20(;) for T e (L], ,)*. We define a polynomial
FE(T, X) in X, and a polynomial F\"(T, X) in X and X! by

FI(T, X) = F,(T", X),
and
~ e —(m
Fp(l)(T,X) = X% (T)Fél)(T,p ( +1)/2X).

Let B be an element of (£],_, )*. Let p # 2. Then

m—1,p
F{V(B, X) = F,(1LB, X).

Let p = 2. Then

FY(B,X)

- 1 1/2 , if B=al4B" with
A @i )0 L e e

FQ(lJ_B/, X) if B=4B' with B’ € ﬁm_LQ.
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Now let m and [ be positive integers such that m > [. Then for nonde-
generate symmetric matrices A and B of degree m and [ respectively with
entries in Z, we define the local density a,(A, B) and the primitive local
density $,(A, B) representing B by A as

a,(A,B) = 27%ml lim p“(_mlH(Hl)/Q)#.Aa(A, B)

and
B,(A, B) = 270t lim pr-mHHD2 4B (A B),
where
Au(A, B) ={X € Myu(Z,)/p" M (Zy) | A[X] — B € p"Si(Zy).}
and

B.(A,B) = {X € A,(A, B) |rankg, /,z,(X mod p) = [}.
In particular we write a,(A) = a,(A, A). Put
Fp=A{do € Z,|v,(dp) <1}
if p is an odd prime, and
Fo={dy € Zy|dy =1 mod 4, or dy/4 = —1 mod 4, or v,y(dy) = 3}.
Let m be a positive integer. For d € Z; put

Sm(Zyp, d)
(T € S,,(Z,) | (=D VA det T = p*'d mod Z*D with some i € Z},

and S, (Z d)y = Sm(Zy,d) NSy (Zy), for x = e or o. Put £, = Sm(Zy) X
and L), = (£ ) We also define LD o(d) = S(Zy, d) N LY, for j =0, 1.
Let ¢, be the constant function on ,C;)p taking the value 1, and €,,,
the function on L  assigning the Hasse invariant of A for A € £}, . We
sometimes drop the suffix and write ¢,, , as ¢, or ¢ and the others if there is
no fear of confusion. From now on, we sometimes write w = &' with [ = 0 or

1 according as w = ¢ or . Let n be a positive even integer For dy € F, and

w = ¢! with I = 0 or 1, we define a formal power series Pn 1p(d07w X,t) in
t by
(B, X
P.” 1p(alo,cu X, t) = k(dy,n—1,1)"122021) Z %W(B)tu(detB)
Qp

BeL'l | (do)
where

k(do,m — 1,1) = k(do, 7 — 1,1),
— {( )lrr 2) /82 (r—2)(r—1) /2}§2p . ((_1)7'/2, (_ )r/2d ) —(r/2—1)lv(do)
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for a positive even integer r. This type of formal power series appears in
an explicit formula for the Koecher-Maass series associated with the Siegel
Eisenstein series and the Duke-Imamoglu-Tkeda lift (cf. [9], [10]). Therefore
we say that this formal power series is of Koecher-Maass type. An explicit
formula for P,g 1p(do, w, X, t) will be given in the next section. Let F denote
the set of fundamental discriminants, and for [ = £1, put

FO ={dy € F|ldy > 0}.

Now let h be a Hecke eigenform in 6;“_n/2+1/2(F0(4)), and f, I,(h), o1, ()1
and 0,-1(¢r,(n)1) be as in Section 2.

Theorem 3.2. Let the notation and the assumption be as above. Then for
Re(s) > 0, we have

L(S, O'nfl(ﬁbln(h),l)) — fﬂ)n,127(n72)87(n72)/27621"

« Z (|d0|)|d |n/4 k/2+1/4 H P d(), Lp)ﬂp) —s+k/2+n/4— 1/4)
doeF(-1)/?) p
_'_(_1)11(7172)/8 Z Ch(’dol)‘do‘fn/4fk/2+5/4
doeF((=1"/?)

HP( )1p do, €y, By, —S+k/2+n/4—1/4)} 7

where kn_y = [["72* To(2i).

Proof. Let T' € (L£],_;).,- Then it follows from Lemma 4.1 that the T-th
Fourier coefficient c,, (g, (h)’l)(T) of 0p—1(¢1,(n),1) is uniquely determined
by the genus to which T" belongs, and by definition, it can be expressed as

1 1 —n —_ T
Conrtn,mn) () = cray(TV) = en (PP (GR)E/2- V2 T FO(T, 3,).

We note that
(f(Tl))k—n/Q—l/z _ |a:(z})‘—(k/2—n/4—l/4)<det T)(k/2—n/4—1/4)2—(n—2)(k/2—n/4—1/4)

for T € (L£,,-1)-,- We also note that

1 . 3—n—02.n n/2 -
Z T " Kp_12 m det T Hap(A)
T'eG(T) P

for T € S,-1(Z).,, where G(T') denotes the set of SL,_;(Z)-equivalence
classes belonging to the genus of T (cf. Theorem 6.8.1 in [17]). Hence we

—
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have

Z Con-11a ) (L) — g, 25 02— (n=2)(k/2-n/4=1/4)
e(T") "

T'eg(T)

EV(T,5,)
% det TH/2+n/4=1/45 (1)) —k/24n/4+1/4 p ' Op)
‘ or] H ap(T)

Thus, by using the same method as in Proposition 2.2 of [11], similarly to
Theorem 3.3 (1) of [8], and Theorem 3.2 of [9], we obtain

L(s, Un—1(¢1n(h),1))
_ ﬁn_lz—(k/2—n/4—1/4)(n—2)+2—n—52,n Z Ch(’dol)‘d0|n/4—k/2+1/4

doeF((-1)"/?)

n

% {2(—s+k/2+n/4—1/4)(n—2)) H /fp(do, n—1, U)P(l_)l,p(do, Ly, ﬁp7p—s+k/2+n/4—1/4)

p

+ o(=s+k/2+n/4-1/4)(n—2) H lip(do, n—1, 1)P££)1,p(d07 Ep, ﬁp’p—s+k/2+n/4—1/4)} ‘

p

We note that H((—l)”/g,(—l)"mdo)p = 1. Hence [[, rp(do,n —1,0) =

P
27(1172)(7171)/27 and Hp /{p(d07 n—1, 0) — (_1)n(n72)/8|d0|fn/2+127(n72)(n71)/2‘
This proves the assertion. Il

4. FORMAL POWER SERIES ASSOCIATED WITH LOCAL SIEGEL SERIES

Throughout this section we fix a positive even integer n. We also simply
write v, as v and the others if the prime number p is clear from the context.
In this section, we give an explicit formula for Pﬁ)l(dg,w,X ,t) with w =
el (1 =0, 1) to prove Theorem 3.2 (cf. Theorem 4.4.1). The idea of the proof
is to express the power series in question as a sum of certain subseries (cf.
Proposition 4.4.3). Henceforth, for a GL,,(Z,)-stable subset B of S,,(Q,),

we simply write ), instead of D, p /o if there is no fear of confusion.

4.1. Local densities.

Put Dys = GLn(Z,) ( b p(i

T of S,,(Z,)* and an nonnegative integer i < m, we define (S, T, i) as

(S, T,i) = 271 lim p=etm=Hm/2 A (S, T, ),

Ee—00

> GL,,(Z,). For two elements S and

where

A(S,T,i) ={X € A(S,T)| X € Dpni}.
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Lemma 4.1.1. Let S and T be elements of S,,(Z,)*.
(1) Let QS,T) ={W € M,(Z,)* | SW] ~ T}, and S, T,i) = Q(S,T)N
Dyni- Then

a,(S,T) —m(v(det T)—v(det S))/2
S22 ) (S, T /G L (Z))p™ :
Ly = #OST)/GL(,)
and
Oép(S, Tv Z) _ #(Q(S, T,i)/GLm(Zp))p_m(y(detT)_V(detS))/2.
ay(T)

(2) Let S, T) = {W € My (Z,)* | S ~ TIW}, and Q(S, T, i) = Q(S, T)N
Dy i. Then

ap(5,T) _ (G Ln(Z,)\O(S, T))pdet D+t )2
a(S)
and .
Oép(Sg T, Z) _ #(GLm(Zp>\§(S, T’Z->>p(1/(detT)fu(detS))/2.
ap(S)

Proof. The assertion (1) follows from Lemma 2.2 of [4]. Now by Proposition
2.2 of [14] we have

ST = S BS TV,
W EG L (Zp)\US,T)
Then 5,(S, TW~1]) = a,(S) or 0 according as S ~ T[W '] or not. Thus
the assertion (2) holds. O

A nondegenerate m x m matrix D = (d;;) with entries in Z, is said to

be reduced if D satisfies the following two conditions:
(a) For i = j, d;; = p* with a nonnegative integer e;;
(b) For ¢ # j, d;; is a nonnegative integer satisfying d;; < p% —11ifi < j
and d;; =01if i > j.
It is well known that we can take the set of all reduced matrices as a complete

set of representatives of GL,,(Z,)\M,,(Z,)*. Let j = 0 or 1 according as m
is even or odd. For B € E%?p put

QU(B) = {W € M(Z,)* | BW '] € LJ),}.

Furthermore put Q(j)(B, i) = ﬁ(j)(B) N D,y.i- Let ng < m, and vy, ., be the
mapping from GL,,(Q,) into GL,,(Q,) defined by ¢, im (D) = 1—p, LD.

Lemma 4.1.2. (1) Suppose that p # 2. Let © € GL,,(Z,) NS, (Z,), and
B, € Sm_nO(Zp)X.
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(1.1) Let ng be even. Then W, _nym induces a bijection
CLun 1o Z)\OD(By) = GLo(Z,)\ O (O1 ),

where j = 0 or 1 according as m is even or odd. In particular, we

have
CLunno(Z)\O (pB1) = GLo(Z,)\39(O LpBy).
(1.2) Let ng be odd. Then Yy, _n,m induces a bijection
G Ly (Zp)\QY)(By) ~ G Ly (Z,)\QV (O LB,),

where j = 0 or 1 according as m is even or odd, and 7' = 1 or 0

according as m s even or odd. In particular, we have
Ly (Zy)\O9) (pBy) 2 GLn(Z,)\00) (O LpBy),
(2) Suppose that p = 2. Let m be a positive integer, ng an even integer not
greater than m, and © € G Ly, (Z2) N Spy(Za)e.
(2.1) Let By € Sp—ny(Z2)*. Then Yy, —pym induces a bijection

GLi—ng(Z2)\QD (2741 By) ~ G L (Z2)\QW (270 12711 By ),
where 5 =0 or 1 according as m s even or odd.
(2.2) Suppose that m is even. Let a € Zsy such that a = —1 mod 4, and
By € Sp—ng—2(Z2)*. Then ¥p—ny—1.m induces a bijection
G L —ng—1(Z2)\QW (aL4B))
~ GLn(Zs)\ QO (O 1 (f %) 12B,).
(2.3) Suppose that m is even, and let By € Sy_no—1(Z2)*. Then there

exists a bijection @f/;m_nO_Lm
GL—ng—1(Z2)\QW (4By) ~ GLp (Z2)\Q V(O 1212By).
(As will be seen later, Jm_no_lm is not induced from Vuy_ng—1.m-)

(3) The assertions (1), (2) remain valid if one replaces QW) (B) by Q@ (B, ).

Proof. (1) Clearly ¥y —nym induces an injection from G Ly, _n,(Z,)\QW (B;)
t0 G L (Z,)\Q9) (6 LBy ), which is denoted also by the same symbol ¢y, _ng -
To prove the surjectivity of 1,,,_n, m, take a representative D of an element of
GLm(Zp)\é(j )(©LB;). Without loss of generality we may suppose that D is

a reduced matrix. Since (0 LB;)[D™!] € S,,(Z,), we have D = < 180 l()) )
1

with Dy € QW (By). This proves the assertion (1.1). The assertion (1.2) can

be proved in the same way as above.
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(2) First we prove (2.1). As in (1), the mapping ¥.,—n,m induces an
injection from G Ly, (Za)\QW (21 By) to GLw(Z2)\QD (210 L2711 By),
which is denoted also by the same symbol ¥, . Then the surjectiv-

ity of m—nem in case j = 0 can be proved in the same manner as (1).

To prove the surjectivity of ,,_n,m in case j = 1, take a reduced ma-
trix D = < 131 %2 ) with Dy € M, (Z2)*, Dy € My (Zo)*, D1y €
2

Mg m—no(Z2). 1t (20L4B,)[D7'] € 5571?2, then there exists an element
(r1,7r9) € Z5° x Z5'~ " such that

20[D;'] = —'ryry mod 4L, .,
—2@[D1_1]D12D2_1 = —t’l“27"1 mod 2Mno,m—no(z2)7

and
2@[D;1D12D;1] + 4B1 [D;l} = —t7’2’]”2 mod 4£m7n0,2-
We have v(det(20[D;'])) > ng, and v(20) = ng. Hence we have D; = 1,,,,

and r; = 0 mod 2. Hence 4B,[D; '] € £ and D12D3' € Moy o (Za).

m—ng’
Hence D = U < 180 lg > with U € GL,,(Zp). Thus the surjectivity of
2

Um—ne.m can be proved in the same way as above. The assertion (2.2) can
be proved in the same way as above.
To prove (2.3), we may suppose that ng = 0 in view of (2.1). Let D €
QM (4By). Then
4B\[D7Y = — trorg + 4B’
with 7y € Z5"' and B’ € £,,,_15. Then we can take r € Z5"~! such that

4D VD™ = frorg mod 4L 1.

Furthermore, 2r D~ is uniquely determined modulo 2Z5"~* by ro. Put D=

(1) lr? . Then D belongs to Q(O)(QJ_QBl), and the mapping D +— D
induces a bijection in question. U

(1)
m_17p7

BW — ( tr31/2 (B +Tti5’3)/4 >

with rg € me*1 as defined in Section 3. Then there exists a bijection
W0 GLn—1(Z,)\QW(B) ~ GL,u(Z,)\QO (20 BD)

such that v(det(p(W))) = v(det(W)) for any W € GLy_1(Z,)\QV(B).
Moreover, this induces a bijection v; from GLun_1(Z,)\QW(B, i) to
G L (Z,)\QO (2%20 B 4 fori=0,--- ,m— 1.

Corollary. Suppose that m is even. Let B € L and
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Proof. Let p # 2. Then we may suppose rg = 0, and the assertion follows
from (1.2). Let p = 2. If r5 = 0 mod 2 we may suppose that rz = 0, and
the assertion follows from (2.3). If rg # 0 mod 2, we may suppose that
B = al4B, with B, € L _,, and rg = (1,0,...,0). Thus the assertion
follows from (2.2). O

Lemma 4.1.3. Suppose that p # 2.
(1) Let B € S,y (Zy)*. Then

ap(pdB) = p" V20, (B)

for any nonnegative integer r and d € Zy,.
(2) Let Uy € GLyy(Zy) N Spy(Zy) and By € Sp—ny(Zy)*. Then
Oép(pBlJ_Ul) = 2r(n0) Oép(pBl)
H?E{Q(l — 72 (1 4+ x((=1)™/2 det Uy)p~™0/2)~1 if ng even,
10 V21— p2) if ng odd,

for ng > 1, where r(ng) =0 or 1 according as ng = m or not.

Proof. The assertion (1) follows from Theorem 5.6.4 (a) of [17]. The asser-
tion (2) follows from the formula on Page 110, line 4 from the bottom of
Kitaoka [17]. O

Lemma 4.1.4. (1) Let B € S,,(Z2)*. Then
Q2(2TdB> = 2rm(m+1)/2a2(B)

for any nonnegative integer r and d € Z3.
(2) Let ng be even, and Uy € G Ly, (Z2)NSyy(Za).. Then for By € Sp—ny(Za)*
we have
OéQ(Ulj_ZBl) = 27"("0) @2(231)
[T27 (1 =272 (14 X (= 1)/ det Uy)p /)
X if Bl - Sm_n()(ZQ)e,
[T V21— 27%) if By € Spng(Z2)o,
and for ug € Z% and By € Syy_pny—1(Z2)* we have

no/2
aQ(UO_L2U1_L4BQ) = a2(232>2m(m—1)/2+1 H (1 _ 2—22‘)'

=1

(3) Let ug € Z5 and By € Sp—1(Zs)*. Then we have

CYQ(UoJ_vSBl) = OéQ(U()J_Bl).
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Proof. The assertion (1) follows from Theorem 5.6.4 (a) of [17]. The as-
sertion (2) follows from (4) on Page 111 of [17]. For a nondegenerate half-
integral matrix A, let W, be the quadratic space over Z, associated with A,
and n4j,qa; and E4 ; be the quantities nj, ¢; and Ej;, respectively, on Page
109 of [17] defined for W,. Then the transformation uy LBy +— ugL5B; does

not change these quantities. This proves the assertion (3).
U

Now let R be a commutative ring. Then the group GL,,(R) x R* acts
on S, (R). We write By =g By if By ~g £B; with some £ € R*. Let m
be a positive integer. Then for B € S,,(Z,) let S,,,(B) denote the set of
elements of S,,(Z,) such that B’ =z B, and let S,,_1,(B) denote the set
of elements of Sy,_1(Z,) such that 1LB' ~z, B.

Lemma 4.1.5. Let m be a positive even integer. Let B € S,,(Zs)y. Then

1 #(Sma(B)/~)
Z OCQ(B,) a 20(2(3)

B/€Sm—_1,2(B)/~
Proof. For a positive integer [ let | = Iy 4+ --- + [, be the partition of [
by positive integers, and {s;}!_; the set of nonnegative integers such that
0 < s <+ <5, Then for a positive integer e let SP(Z2/2°Za, {l;}, {s:})
be the subset of S;(Zy/2°Zs) consisting of symmetric matrices of the form
251U, 12520, L -+ 125U, with U; € S),(Zy/2°Zy) unimodular. Let B €
Syn(Zs), and det B = (—1)™/2d. Then B is equivalent, over Zs, to a matrix

of the following form:
21, L22Wol - L2,

where 0 = t; < t; < --- < t, and Wy, ...,W,_1, and W, are unimodular
matrices of degree nq,...,n,_1, and n,, respectively, and in particular, W7 is

odd unimodular. Then by Lemma 3.2 of [11], similarly to (3.5) of [11], for
a sufficiently large integer e, we have
HEwaB) g
a(B) BeSmo(B)/~ az(B)

2m—127u(d)+zgzl ni(ni—1)e/2—(r—1)(e—1)=3 < ci<, MiNyjt;

X H H(S Ly (Zo)2°Ls)) " #S (Z2)2°Zs, {ni}, {t:}, B),

where S\ (Z/2°Zs, {n:}, {t;}, B) is the subset of S\ (Zs/2°Zs, {n;}, {t:})
consisting of matrices A such that A ~gz, sz, B. We note that our local
density ay(B) is 27™ times that in [11] for B € S,,(Zs). If n; > 2, put
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" =mrmn, =n —1,n, = ng,.,n. =mn, and t, = t; for i = 1,...,r,
and if ny = 1, put v = r —1,n, = n;yy and t, = t;49 for i = 1,...,7'
Let S\ (Z5/2°Zs, {n}}, {t}, B) be the subset of S\ | (Zy/2°Zs, {n}}, {t}})
consisting of matrices B’ € S,,_1(Z2/2°Z,) such that 1LB" =gz, /57, B.

Then, similarly, we obtain

3 L om2gu(@r S, mln-De/2— (7 1) (e 1) =5,y it

xH# (SLy(Zo)2°Z)) " #SY) | (Zo)2°Z, {nl}, {1}, B).

Take an element A of §7(,9)(Z2/2eZ2, {n;},{t:}, B). Then
A=2"U 122051 --- 12",

with U; € S,,(Z2/2°Zy) unimodular. Put Uy = (uxu)n,xn,- Then by the
assumption there exists an integer 1 < A < ny such that uyy € Z3. Let Ao
be the least integer such that wuy,), € Z3, and V; be the matrix obtained
from U; by interchanging the first and Ag-th lows and the first and Ag-th

vV . .

- ) with vy € Z3,v1 € My, 1(Zs),
and V' € S, _1(Z3). Here we understand that V' — ‘vyvy is the empty
matrix if n; = 1. Then

U1 0
VlN( 0 V' — tV1v11V1>'

Then the map A — v 128 (V' — tviv;tvy) L2820, 1 -+ 128°U,) induces
a map T from Si(Zo/2°Zs, {ni}, {t:}, B) to S\L1(Z2/2°Zs, {n(}, {11}, B).
By a simple calculation, we obtain

columns. Write V; as Vi = | ,

#T—I(B/) _ 2(e—l)n1 <2n1 . 1)
for any B’ € S 1(Z2/26Z27 {n.},{t.}, B). We also note that
#S Ly ()2 2) = 207V M — 1)(S Ly 1(Z2/2°2)) o1 |

according as ny > 2 or n; = 1, and

an n; —1)e/2 —(r—1)(e —1) Z nin;t;
1<j<ilr

l

_ em—l—Zn (= 1e/2—(r' = D(e=1)+ Y nmit),

=1 1<j<i<r!
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where e,, = (n; — 1)e or e,, = 1 — e according as n; > 2 or n; = 1. Hence

2m—1271/(d)+z::1 ni(ni—1)e/2—(r—1)(e—1)=3 < jci<, MiNyjt;

x [ [ #(S L (Z/2°22)) " #5) (Z/2°Z, {ni}, {t:}, B)

i=1

=92. Qm*QQ—V(d)"‘Z;I:l ";(”Q—1)5/2—(7",—1)(6—1)—2133'@5# ”2"3'53

x [T #(S Lt (22/2°2)) " 388 1 (Z0)2° o, {0}, {1}, B).

This proves the assertion. U

4.2. Siegel series.

For a half-integral matrix B of degree m over Z,, let (W,q) denote
the quadratic space over Z,/pZ, defined by the quadratic form g(x) =
B[x] mod p, and define the radical R(W) of W by

RW)={xeW|B(x,y) =0 for any y € W},

where B denotes the associated symmetric bilinear form of g. We then put
l,(B) = rankg, /z, R(W)*, where R(W)* is the orthogonal complement of
R(W)* in W. Furthermore, in case [,(B) is even, put ,(B) = 1 or —1
according as R(W)* is hyperbolic or not. In case [,(B) is odd, we put
&,(B) = 0. Here we make the convention that &,(B) = 1 if [,(B) = 0. We
note that &, (B) is different from the ,(B) in general, but they coincide if
B€ Ly, NiGL,(Zy).

Let m be a positive even integer. For B € s

milvp

BY = ( trl/z (B I{zr)/4 ) !

where r is an element of Z"~! such that B + *rr € 4L,,_1,. Then we put
¢W(B) = ¢(BW) and E(l)(B) = £(BW). These do not depend on the choice
of r, and we have éM(B) = x((—1)"/?det B).

Let p # 2. Let j = 0 or 1. Then an element B of L',?(fl)_ ;p 18 equivalent, over
Z,, to ©OLpB; with © € GLyy_p,—;(Zy) N Sppeny—j(Z,) and By € Sy, (Z,)*.
Then €7(B) = 0 if n, is odd, and € (B) = y((—1)(™ /2 det ©) if n; is

even.

put

Let p = 2. Then an element B € 5211,2 is equivalent, over Zs, to a
matrix of the form 201 By, where © € GL,,_p, —2(Z2) N Spp—n,—2(Z2). and
By is one of the following three types:

(I) By = al4B; with a = —1 mod 4, and B, € S,,,(Z2)%;
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(II) B1 € 4Sn1+1(Z2)><;
(III) By = al4By with a = —1 mod 4, and By € S, (Zs),.

Then E(l)(B) = 0 if By is of type (II) or (III). If By is of type (I), then
(—1)m=m1)/2g det © mod (Z3)" is uniquely determined by B, and we have
E(l)(B) = x((=1)m=™)/2q det ©). Moreover, an element B € 67(3?2 is equiv-
alent, over Zs, to a matrix of the form ©_L2B;, where © € GL,,_p, 2(Z2) N
Sm-ny—2(Z2). and By € S,,(Zy)*. Suppose that p # 2, and let U = U,
be a complete set of representatives of Z;/ (Z;)D. Then, for each positive
integer [ and d € U, there exists a unique, up to Z,-equivalence, element of
Si(Z,) N GL(Z,) whose determinant is (—1)I*1)/2d which will be denoted
by ©,4. Suppose that p = 2, and put Y = Uy = {1,5}. Then for each posi-
tive even integer [ and d € Us there exists a unique, up to Zs-equivalence,
element of S;(Zy). N GL;(Zy) whose determinant is (—1)"2d, which will be
also denoted by ©, 4. In particular, if p is any prime number and [ is even,
we put ©; = ©;; We make the convention that 6,4 is the empty matrix if
[ = 0. For an element d € U we use the same symbol d to denote the coset
d mod (Z7)".

For T e £n 10 let Egl)(T, X)) be the polynomial in X and X ! defined
in Section 3. We also define a polynomial Gél)(T, X) in X by

1
GI(T, X)
n—1
= (=) p (X > FM(T[D™], X).
; DeGLn—1(Zp)\Dn—1,

N
Il
o

Lemma 4.2.1. Let n be the fized positive even integer. Let B € 5511_)147 and
put & = x((—1)"? det B).

(1) Let p # 2, and suppose that B = ©O,,_,,_14L1pBy with d € U and
By € S,,(Z,)*. Then

1 . n/2Y TL1/2
gﬂp (1) H 1 21+ny2
1 — pn1/2+n/2£

if ny is even,

(nl 1)/2
(1—&p™?Y) H (1 —p**my?) if ny is odd.

=1
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(2) Let p = 2. Suppose that ny is even and that B = 201 B; with © €
Sn,nlfg(ZQ)e N GLnfn172(Z2) and Bl S Sn1+1<Z2)X- Then

Gy)(B,Y)
1 — &2n/? /2 |
o2 — 1Y H (1 —2%t"Y?) if B, is of type (I),
_ ) 1—omeegpyy i
o ni/2
(1= &2"?Y)[J(1 = 2¥""Y?) if By is of type (II) or (III).
=1

Proof. By Corollary to Lemma 4.1.2 and by definition we have GI(,I)(B YY) =
G,(BWY). Thus the assertion follows from Lemma 9 of [16]. O

Remark. Throughout the above lemma, g(l)(B) = &(B) if ny = 0. Hence
we have G,(jl)(B, Y) =1 in this case.

Lemma 4.2.2. Let B € [,,(11_)1,],. Then

_e(l)(B/) ap(B/, B)

() _
FM(B, X) > X o)

Bect!) | /GLy 1(Zy)
xGI(Dl)(B', P2 X (pm LX) ((det B)—v(det B) /2.

Proof. We have

(1
F)(B, X)
—e - —n— v(de
= Z x—e BV GO (BIW 1], pl-n=D/2x) x 2ot V)
WEGLn_1(Zp)\QM (B)
— Z Z Xfe(l)(B)Gél) (BI, p(fnfl)/2X)X21/(det W)
BreL) | /GLu-1(Z,) WEGLy—1(Zy)\B',B)
—e(M (B’ O v(de —v /
- S X IR(GL(,)\UB Byl e BN
BleL), ,/GLn-1(Zy)

XGS)(B/, p(—n—l)/ZX)(p—1X>(V(det B)—v(det B’))/Z'

Thus the assertion follows from (2) of Lemma 4.1.1. d

4.3. Certain reduction formulas.

To give an explicit formula for the power series Pél_)l(do,w,X 1), we
give certain reduction formulas, by which we can express P,Si)l(do,w, X, t)
in terms of the power series defined in [11]. First we review the notion of

canonical forms of the quadratic forms over Z, in the sense of Watson [20].
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Let B € Eﬁm. Then B is equivalent, over Z,, to a matrix of the following
form:
17_o2Y(V; LUy,

where V, = L L6 with 0 < K < 2,¢5 € Z5 and U; = ®mi,d with 0 <
m;,d € U. The degrees k; and m; of the matrices are uniquely determined
by B. Furthermore we can take the matrix 17_,2'(V; LU;) uniquely so that
it satisfies the following conditions:

(c.1) ¢y =+l or £3if k; = 1 and (¢, ¢2) = (1, £1), (1, £3),(—1,—1), or

(—=1,3) if k; =

kizo=k; =0 1f UHQ @m 10,5 With my o > 0;
—detV;=1mod 4if k; =2 and U, ; = ®m1+1 5 with m; 1 > 0;

—1Dki~tdet V; = 1 mod 4 if k;, ki1 > 0;
-1 0 .
Vi # 0 ¢ ) if ki > 0;
1 0 -1 0 .
(c.6) V; = gb(:l:l)(o :H),or(o _1)1fk:i+2>0.

The matrix satisfying the conditions (c.1), ---, (c.6) is called the canonical
form of B, and denote it by C(B). Now for V.= L%_ ¢; with 1 < k < 2,
put V= 5ep or V= 5c1 ey according as V =c¢y or V = ¢y Les.

S~ N N
/-\

Lemma 4.3.1. For B € S,,(Zy)}, let C(B) = VoL LI (U;LV;) be the
canonical form of B stated as above. Let | = lg be the smallest integer such
that koo = 0. Then we have

CVoL Ly (Ui LVi)) = VoL L (Ui Vi) LU LO(Var) LLTg1 41 (Ui LVi).
Proof. We note that 5a; 14ay ~ a;L4 - bay for ay,as € Z3. Hence we have
Vol Ll Vay ~ VoL L1 Vi LV,

This proves the assertion. Il

Corollary. For B, B’ € ng+1(d0)o, let C(B) = VoL LI (U;LV;) and C(B') =
VoL L7 (U/LVY) with Vg = L5 co; and Vi = L5, cf,.. Put

By = L}co, L1 (Ui LVi) and By = Li,ch 17 (UILVY).
Then B ~ B’ if and only if co1 L5B; ~ ¢y L5BY.

Proof. We note that ¢y L5By ~ ¢, L5B] if and only if 5¢o1 LBy ~ befy; LBy

Hence the assertion follows from the lemma. O

The following lemma follows from Theorem 3.4.2 of [17].

Lemma 4.3.2. Let m and r be integers such that 0 < r < m, and dy € Z; .
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(1) Let p#2, and T € S,(Z,,do). Then for any d € U we have
£(Om_raLT) = ((=1)=D2q do),e(T).

Furthermore we have

(p, do),e(T) if r even,
5(pT) - { (p, (_1)(r+1)/2)pg(T) if r odd,

and £(aT') = (a, do);*'e(T) for any a € Zs,
(2) Letp =2, and T € S,(Zs,dy). Suppose that m—r is even, and let d € U.

Then for © = 20,,_,.4 or 20,,_,_s1(—d), we have
(L) = (—1)m T (1) (1) )T

and
e(Om—ralT) = (=1)" D82, d)y((—1) "2, (=)D dg)oe(T).
Furthermore we have £(2T) = (2,do)5 ™ e(T),

e(alT) = (a, (= 1)!HD/2H dy)oe(T)
for any a € 25, and

(aT) = { (a,dy)2e(T) if r even,
(a, (—=1)0*FV/2)e(T) if 7 odd

for any a € 7.

Henceforth, we sometimes abbreviate S,.(Z,) and S,(Z,,d) as S,, and
Srp(d), respectively. Furthermore we abbreviate S,(Z2), and S,(Zs,d), as
Sy and S, o(d),, respectively, for z = e, 0. Let R be a commutative ring.
A function H defined on a subset S of S,,(Q,) with values in R is said to be
GLy,(Z,)-invariant if H(A[U]) = H(A) for any U € GL,,(Z,) and A € S.
Let p # 2. Let {Héilj,f |j€{0,1},1—75<r<n/2—j&==+1} be a set
of GLy,4;(Z,)-invariant functions on Sy, ;(Z,)* with values in R satisfying

the following conditions for any positive even integer m < n:

(H-p-0) HY,(Oma) =1 and HY | (On-14) = 1 for d € U;
(H-p-1) Hgyé(@m_gT,dJ_pB) = Hz(g,)gx(d)@B) forany r <m/2—-1,{ =+1,d €

U and B € S5,.(Z,)";

(H-p-2) H7511117£(@m_2r_27deB) = Héill,g(de) for any r < m/2 —2,¢ =
+1,d e and B € Sy 11(Z,)";

(H-p—3) HT(;S,)g(@m—%—l,dJ-pB) = H2(71~Zrl,§
and B € Sy41(Zy)";

(Hop-4) HY) ) (Onsr_14LpB) = Hy) ) (pB) for any r < m/2 —2,¢ =
+1,d e U and B € Sy.(Z,)*;

(—pdB) for any r < m/2—2,& = £1,
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H-p-5) HY.(dB) = Hy.(B) for any r < m/2,6 = +1,d € Z% and B €
2r,& 2r,&
Sor(Z) .

Let dy € F,, and m be a positive even integer such that m < n. Then for
each 0 <r <m/2—1 we put

Q(l)(do,an)1§>27"+1>€lat) K(do,m — 1,1)7
(1) :
y Z Z H.’" E(@m_m«—z,dlpB)6(@m—2r—2,dJ—pB) v (det(pB))

ap<®m—2r—2,dJ-pB)

de€U Bep~! Sari1,p(dod)NS2r+1,p

Let d € U. Then we put
QW(dy,d, HY \ ¢ 2r, €, t) = k(do,m — 1,1) "
H,Sll),l’f(@m—Qr—l,dJ—pB)E(@m—Qr—l,d—LpB)l

X Z v(det(pB))
BESar p(dod) (Om-2r-1,4LPB)
foreach 1 <r < m/2 — 1, and
Q(O)(d07 m£7 2T 6 t)
(0) l
_ Z Hm,g(@mf2r,dJ—pB)€<@m72r,dJ—pB) p(det(pB))
BESarp(dod) p(Om-2r.4-LpB)
for each 1 <r < m/2. Here we make the convention that
HY)(pB)e(pB)’
Q(O)(d(b 17H751)§7m76l7t> - Z tu(det(pB))‘

BESm p(do) ap(pB)

We also define
QW (dy,d, H | ,0,€,t) = QO (do, d, HY,, 0, t) = 8(d, dy),
where §(d, dy) = 1 or 0 according as d = dy or not. Furthermore put

QO (do, HY,, 2r +1,€.,t)

=2 2.

deld Bep=1Sor11,p(dod)NS2r41,p

for each 0 <r <m/2—1.
Let {HY, ¢ |j € {0,1},1 —j <r < n/2—j,& = £1} be a set of
G Lo+ (Zs)-invariant functions on Sa,4;(Zs)* with values in R satisfying

Hﬁ?,)g (_@m—Qr—l,dJ—pB)6(—@m_2r_1,dJ_pB)l
Oép(_@mfZTfl,dJ-pB)

p(det(pB)

the following conditions for any positive even integer m < n:

(H-2-0) H(Ona) = H() | ((—dL120,,_5) =1 for d € U;

(H-2-1) H( ) e (Om2ral2B) = Hy), . (2B) forany r <m/2—1,6 =+1,d €
U and B € S5.(Zs)*;
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m

:i:l,d €U and B € SQT+1(Z2)X;

(H-2-3) HO,(210,,_5,512B) = Hy\ | (4B) for any r < m/2 — 2,€ = 1,
and B € S2r+1<ZQ)X;

(H-2-4) H))) ) (~a120,, 5,5 14B) = Hy
2,{=+1,a €U and B € Sy,(Zy)*;

(H-2-5) Hy(dB) = Hy(B) for any r < m/2,6 = +1,d € Z and B €

(H-22) HY | (20,-3,-2414B) = H{,, (4dB) for any r < m/2 — 2,£ =

(2B) for any r < m/2 —

Sor(Za)*;
(H-2-6) HiY,, (4(uoLB)) = Hy)., (4(ugL5B)) for any r < m/2—1,€ = £1

and ug € Z;, B e SQT<Z2)X.
Let dy € F5, and m be a positive even integer such that m < n. Then for
each 0 <r <m/2—1, we put
QM (dy, H?Si)_lf, 2r 4+ 1,e',t) = K(do,m — 1,1) 2™

X Z Z Hr(r})—l,§<2@m—2r—2,di4B)5l(2@m_27,_27dL4B)
deU BESar i1 2(dod)e 2(20,, 2y 2,414B)

> 25m—2r—2—|—l/(det(4B))

Y

A1) =t
> Z H1(nl)—1,5<2@m—2r—2J_4B)€l(2@m_2r_2J_4B)
BeSor41,2(do)o a2(2®m—2r_2J_4B)

% tm—2r—2+u(det(4B))

b

and
QU (do, H ¢, 2r +1,6,) = w(dg,m — 1,1) 42
x Y HY,(—1120,, 5,4 14B)

BeSar12.2(do)o
« gl(_1L2®m*2T*4L4B) tm—2r—4+u(det(4B))‘
062(—1J_2@m,2r,4J_4B)

Moreover put
QW (do, HY | ¢ 2r + 1,61 8) = QUWD(do, HYY | (. 2r + 1, 1)
+ QU (dy, HYY | 2r +1,68) + QU (dy, HYY |, 2r +1,€1).
We note that
QW(do, HYY | m — 1, t) = k(dy,m — 1,1) 7127

BESmflyg(do)
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Let d € U. Then we put
QW (do,d, H, ¢ 2r, €, t) = (do,m — 1,1) 727
X > HY, (—d120,, 55 14B)

BESQT-’Q (dod)
€<_dJ—2@m—2T—2J_4B)Z z(/_m—2r—2—|—lx(det(4B))
Oég(—dJ_2@m_2r_2J_4B) ’

for each 1 <r <m/2—1, and

QO (do, d, HY., 2r, ¢ t) = k(do, m, 1)

m,&?
(0) z
% Z Hi(Om-2ra L 2B)€(Orn-2r4L25) v(det(2B))
BeS2r,2(dod)e 2(Om—2r412B)

for each 1 < 7 < m/2, where r(dg, m,l) = {(—1)"M+2/8((—1)™/22 dy),}.

Here we make the convention that

H').(2B)e(2B)’
O,/Q(QB)

Q' (dp, 1 ,Hf??)g,m ) = r(dy,m,1)~" Z p(det(2B))
Besm,Q(dO)e

We also define
Q(l) (d07 d7 HS)_L@ 07 617 t) = Q(O) (d07 d Hm &0 O 617 t) = 5(d7 dO)
Furthermore put
Q (do,ng,QT‘i‘]. 6 t) —K(do,m l)

Hr(n) (@m_QT_QJ_QB)E(Qm_zr_zJ_2B)l
<

. s(det(23))
B€Sar+2,2(do)o a2(®m—2r—2J_ZB)

for 0 < r < m/2 — 1. Henceforth, for dy € F, and nonnegative integers
m,r such that » < m, put U(m,r,dy) = {1},U N {dp}, or U according as
r=0,r=m>1lorl<r<m-—1.
Proposition 4.3.3. Let the notation be as above.
(1) For 0 <r < (m —2)/2, we have
QU (dO,HQTHg,QT—l—l el t)
¢(m—2r—2)/2(p 2)

Q(O)(do,Hgé,2r+ 1, t) =
if lv(dy) = 0, and
QL (dO,Hm€,27‘—i—1 g, t)=0

Zf V(d()) > 0.
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(2) For1 <r <m/2 and d € U(m, m — 2r,dy), we have

QO (dy, d, Hr(r?,)'é’ 2r, el 1)
(1+p~"2023(d)) QO (dod, 1, Hyye, g, 27,6, 1)

20(m—2r)/2(p72)
if lv(dy) =0, and
QO (dy,d, HY,, 2r,e,t) = 0

if v(do) > 0.
Proof. First suppose that p # 2. We note that

(_@m—2r—1,d)J-pB ~ d(_®m—2r—1)J-pB ~ (—@m—Qr—l)J-de
for d € U and B € p~ 155,11 ,(dod), and the mapping

P~ ' Sori1p(dod) N Sari1p D B dB € p ' Sori15(do) N Sariip

is a bijection. By Lemma 4.3.2 we have £((—©,,,—2,_1,4) LpB) = (d, dy),c(pB),
and e(dpB) = e(pB) for B € p~'S5,11,(dod). Thus the assertion (1) follows
from (H-p-3),(H-p-5) and Lemma 4.1.3. By (H-p-2) and Lemmas 4.1.3 and
4.3.2, we have

QO (dy. d, H® (1 +p~ 202X (d)) ((=1)"*/2d, dy ),
2¢(m-2r)/2(P™?)

m’g ’

2r,el 1) =

XQ(O) (d0d7 17 H(O)

arx(d)> 2T eht).

Thus the assertion (2) immediately follows in case {v(dy) = 0. Now suppose
that [ = 1 and v(dy) = 1. Take an element a € Z; such that (a,p), = —1.
Then the mapping Ss,.(Z,) 3 B — aB € S.(Z,) induces a bijection from
Sarp(ddp) to itself, and e(apB) = —e(pB) and «a,(apB) = «a,(pB) for B €
Sarp(ddy). Furthermore by (H-p-5) we have

Hye o) (apB)e(apB)
0 ©) Lo 2r,$x(d)
Q (dod, 1, H2r,§x(d)’ 2T7 € 7t> o Z ap(apB)
B€S2r(dd0)
0 (0) !
= —Q(dyd, 1, Hy e iy 2785 1)

Hence Q) (dyd, 1, HZ(S)gx(d)’ 2r, !, t) = 0. This proves the assertion.
Next suppose that p = 2. First suppose that [ = 0, or [ = 1 and dy =

1 mod 4. Fix a complete set B of representatives of (Sa,422(do),)/ =~ . For
B € B, let Sy412(B) and Syr122(B) be those defined in Subsection 4.1.
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Then, by (H-2-1) and (H-2-5) we have
Q(do, H,,,

m,&?

2r+1,.,t)

H2r+2 5(23)

]BZGB¢(m o 2/2 =2)2(r+1)(2r+3) oy ( B)

We have SQTJrLQ(do) = UBEBS2T+1,2(B)> and for any B’ < 82r+1 Q(B), we
have 11 B’ &~ B. Hence v(det(2B)) = v(det(4B’)) — 2r and HS%M(QB) =
H),,(212B') = H{, | (4B'). Hence by Lemma 4.1.5 we have

H(Sarr2(B)] ~) B,

QY (dy, © 2r 41, ¢ ,t)

m R
(1)
- 9 Z H27"+1,§ (4B/) tz/(det(4B/))f2
2(T+1)(2r+3)¢(m—2r—2)/2(2_2)a2(B/)

B’€Sar41,2(do)

— 2(2T+1)r‘t 2r Z H27"+1§(4B/)
¢(m—2r—2)/2(2 )042(43')

B'€2718941,2(do)NS2r+1,2

v(det(4B)) )

This proves the assertion for [ = 0. Now let dy = 1 mod 4, and put & =
(2,dp)2. Then by Lemma 4.3.2 we have

5(@m_2r_2J_QB) _ (_1)m(m+2)/8+r(T+1)/2+(r+1)2&]g(B).

Furthermore for any a € Z} we have e(aB)! = ¢(B)!, and ay(aB) = ay(B).
Thus, by using the same argument as above we obtain

Q (do,Hm£,2T‘+1 e, t) = (— 1)m(m+2)/8€0

g (2B)(- 1)m(m+2)/8+7‘(r+1)/2+(r+1)2508(B)

2r4+2,£
X
BZGB P(m—20-2)/2(272) 20Dy (B)

We note that e(1LB’") = ¢(4B’) for B € Sy,412. Hence, again by Lemma
4.1.5, we have

Q(O)(do, H( )

m,&?

4(Soy15(B)] ~) B,

or +1, gl’ t) _ (_l)r(r+1)/2((_1)r+1’ (_1)r+1)22(2r+1)rt—2r

HS). | (AB")e(B)

‘ Z Pm—2r—2)/2(272) 2 (4B")

B'€Sar1,2(do)
This proves the assertion for [ = 1 and dy = 1 mod 4.

Next suppose that [ = 1 and 47'dy = —1 mod 4, or [ = 1 and 8 'd, € Z3,.
Then there exists an element a € Zj such that (a,dp)s = —1. Then the
map 2B — 2aB induces a bijection of 255,422(dp), to itself. Furthermore
HY),(2aB) = HY., (2B),e(2aB) = —£(2B), and as(2aB) = as(2B).
Thus the assertion can be proved by using the same argument as in the

v(det(4B"))

proof of (2) for p # 2. The assertion (2) for p = 2 can be proved by using
(H-2-1), Lemmas 4.1.4 and 4.3.2 similarly to (2) for p # 2. O
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Proposition 4.3.4. Let the notation be as above.
(1) For 0 <r < (m—2)/2 we have
QW (dy, H2r+1 o2r+1,eh1)
O(m—2r—2) /2(2972)
(2) For1<r<(m—2)/2 andd eU(m —1,m —2r — 1,dy) we have
QO (dod, 1, H, ). 2. €, 1)
20(m—2r—2)/2(p72)

QD (do, HYY ¢ 2r + 1, t) =

QY (do,d, HY | . 2r,e' 1) =

if lv(dy) =0, and
Q(l) (d07 d7 H»,(y?)_LE? 2T7 gla t) =0
otherwise.
Proof. We may suppose that r < (m — 2)/2. First suppose that p # 2. As
in the proof of Proposition 4.3.3 (1), we have a bijection p~'S5,11,(dod) N
Sori1p D B dB € p1So,41,5(do) N Sayi1,. We also note that e(dB) =

e(B), and «a,(dB) = a,(B). Hence, by (H-p-2), Lemmas 4.1.3 and 4.3.2,
similarly to Proposition 4.3.3 (2), we have

Q(l)<d H 27’—1—1 E t) p(m/2—1)lu(do)((_1)m/2d07(_1)lm/2)p

(1) !
y Z Hy, 5(pB)_€2(pB) v(det(pB))
2¢(m72r72)/2 (p )Oép(pB)

Bep=182r41,p(do)NS2r 41,

X 3L DR @) (—1) 2R, (<) dgd)],
deu
Thus the assertion clearly holds if lv(dy) = 0. Suppose that | = 1 and

v(dy) = 1. Then
((_1>(m—2r—2)/2d7 (_1)r+1d d)
= x(d)((=1)™ (1) dod), (1), (=1)"dy),,

and therefore

Z(l _'_pf(m72r72)/2x(d))((_1)(m72r72)/2d7 (_1)r+1d0>p
deU

= 2 () () e (1), (1)),

This proves the assertion (1).
By (H-p-4) and by Lemmas 4.1.3 and 4.3.2, we have
QW(do,d, H, (21, 1)
QO (dod, 1, HY, (.21, 1)

_ -1 (m—2r)/2d’d l.
2¢(m—2r—2)/2(]? 2) (( ) 0)p
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Thus the assertion (2) immediately follows if lv(dy) = 0. The assertion for

I =1 and v(dy) = 1 follows from Proposition 4.3.3 (2).
Next suppose that p = 2. We have
5(2®m—2r—2,dl4B> _ (_1)7;1(7)172)/8(_1)7"(7"+1)/2((_1)m/27 (—1)m/2d0)2

X((=1)", (=1)"" dod)2(do, d)2 £(4B)
for d € U and B € Sy,112(ddp). Thus, similarly to (1) for p # 2, we obtain
QU (do, HLY, .20 + 1,61, 1) = (L D22 (1), (—1) ),
or(2r+1) gy (1) (4B)e(4B)!

w  9(m/2=1)lv(do) 2r 1,6
BeSQ,%;Q(dO)E 2-2m=2r =20 9 _9)2(272) 2 (4B)

x Y (L4272 (d))(d, do)

deu

15a

v(det(4B))

QU (do, HY, | o, 2r + 1,1, 1)

= Y+ 2O ) (d, o) et |
dezu 221+(m 2r—2)(1—1v( do)/2)¢(m o 2)/2(2_2)

In the same manner as above, we obtain

Q(12 (dO,H 20 + 1 6 t) ( 1)r(r+1)l/2t—2r((_1)r+l’ (_1)r+1d0)12

or(2r+1) gy (1) (43) (4B)!

Beszgﬂdo) m=ar- 2¢( —2r— 2/2<2 2)a2(4B)

Q" (dy, 2T1rl§,2r +1,€4t)
2(m—2r—2)(1-lv( do)/2)¢( /2(2 )

-1,

tV(det(4B))

Furthermore we have

e(=1120,, 5,4 14B) = (—1)mn=28(_1yrt+D2((_1ym/2 (—1)™/2qy),
X((=1)", (=1)""1d)2(2, do )22(2B)

for d € U and B € Sy,102(ddy),. Hence

Q(l?:)(dO, HS) L 2r + 1,5l7 t) = (_1)T(r+1)l/2t—2r—2((_1)r+17 (—1)r+1d0)l2
© l
X (2, dg)h, 2(m/2Div(do) Z H,, 'y (2B)e(4B)
BeSrmadny, Pm—2r-0/2(27%)2(2B)
= (((=1)712, dg)a(—1)T+DE+2/2)lgm/2-1)iv(do)
X Z H2r+2§<2B) £(2B)!
Pm—2r—1)/2(272)2(2B)

BeSar42,2(do)o
Q) (dy, HQ(SL%, 2r +1,¢l,t)
¢(m—27‘—4)/2<272>

v(det(4B))

v(det(2B))

2(m/2—1)ll/(d0) )
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First suppose that [ = 0 or v(dy) is even. Then (d, dy), = 1. Hence
QU (do, HIY | o 2r + 1,6, 8) + QU (do, HLY | 27 +1,€,2)
B QW (dy, Héillg, 2r +1,€lt)
T 9(m—2r—2)(1—v(do)l/2) ¢(m oo /2<2 )
Furthermore by Proposition 4.3.3 (2), we have
Q(l) (d07 Héiil &) 2r + 1a 517 t)
Pm—2r—1)/2(272)

QU (do, HYY | . 2r +1,6\,¢) =

if lv(dy) = 0, and
QU (do, HY | (27 +1,6,t) =0

if 4'dy = —1 mod 4. Thus summing up these two quantities, we prove the

assertion. Next suppose that [ = 1 and v(dy) = 3. Then, we have
QU (do, HY | ¢, 2r +1,2,t) = 0.

We prove
QU (do, HyY, ¢, 2r + 1,e,t) = 0.

If r = 0, then clearly Sa.112(dp), is empty. Suppose that » > 1. Then for
B € 455,412, take a canonical form 4cy; L4 B, with ¢y € Z3, By € S, 2, and
put B’ = 4c¢py L4 - 5B;. Then, by Corollary to Lemma 4.3.1, the mapping
B — B’ induces a bijection from 4Ss,112(do),/ ~ to itself, and ¢(B’) =
—e(B). Then, by (H-2-6), and Lemma 4.1.4 (3), we can prove the above
equality in the same way as in the proof of (1) for p # 2.. We also note
that > ,0,(1 + 27722723 (d))(d, dy); = 2'~m~2"=2)/2 This proves the
assertion.

The assertion (2) for p = 2 can be proved in the same manner as in (2)
for p # 2. O

4.4. Proof of the main result.

In this section, we prove our main result. First we give an explicit formula

for the power series of Koecher-Maass type.

Theorem 4.4.1. Let dy € F,, and put § = x(do). Then we have the
following:
(p~ )" (1 — &t*p~*?)
Pn-2)2(p7?) (1 = 2p72X)(1 — 2p2X 1)
» 1
H(HIQ)/Q(l — 2p~2-1X)(1 — 2p~2i-1X 1) '

1=

(1) PV (do, 1, X, t) =
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(p_lt)l’(do) (1 _ fot2p_1/2_n)

Bn—2)/2(p2)
1

>< .
[T"7272(1 — e2p=2i-1X) (1 — 2p=2i-1X 1)

(2) PV (do, e, X, t) =

To prove the above theorem We define another formal power series.
Namely, for [ = 0,1 we define K (do, e, X,t) as
KW (do, €, X, 1) = k(do, n — 1,1) 1920 ()
G(1)<B/ p—(n+1)/2X> (B/)

P ) e (B’) v(det B’)
X X° t
a,(B’)

B’ L(lll p(do)

Proposition 4.4.2. Let dy be as above. Then, we have
n—1
P751—)1 (d07 w, Xa t) = H(l - tQXpiinil)ileml—)l(d(J? w, X7 t)
i=1
Proof. We note that B’ belongs to En 1p(do) if B belongs to En 1p(do) and
ap(B’ B) # 0. Hence by Lemma 4.2.2 for w = ! with [ = 0,1 we have

P, (doyw, X, 1) = K(do,n — 1,1) 1020271

T D ZGS)(B,p<n+1>/zX)Xe<“<B’>ap<BcB>w<B'>
o, (B) & o, (B)
Be[’ill)lp( 0) B

% (p—lX)(y(det B)—v(det B’))/2tu(det B)

G(l)(B/ p—(n+1)/2X)w(B/) .
_ d -1, l 1t62p (2—n) p ) X e (B")
b =L 07 2 0 B

Brecl, (do)

(B, B) 1 o\ (w(det B)—v(det B'))/2(det B)
X E "o B) (pX) t .
©) p
BeL, ’, ,(do)

Hence by Theorem 5 of [4], and by (1) of Lemma 4.1.1, we have
o Bl? B - v(det B)—v(det B v(de
Z p( )(p 1X)( (det B)—v(d tB))/Zt (det B)

5 ap(B)
_ Z (tQprlpfnJrl)y(det W)tu(det B')
WeMn_1(Zp)* /GLn—1(2Zp)
_ ﬁ(l _ tQXpi—n—1>—1tu(det B')
i=1
Thus the assertion holds. O

For a variable X we introduce the symbol X'/2 so that (X'/2)? = X, and

for an integer a write X%/2 = (X'/2)%. Under this convention, we can write
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Xfe(1>(T)tz/(detT) as X52p(n72)/2Xu(do)/2(X71/2t> v(det T) ifT e Er 1p(d0)7 and

hence we can write K (do, e, X, t) as
KU (do, e, X, 1) = r(do,n — 1,1) 71 (X ~H/2)020(2mm) xv(do)/2

G;1)<B/ p_(n+1)/2X>E(B/>l . ,
) X /2\v(det B )
> (D) e

Brect | (do)
In order to prove Theorem 4.4.1, we introduce some power series. Let m be
an integer and [ = 0 or 1. Then for dy € Z; put

l
Cm(d07 Ela U) = Z €<T) uu(det T)>

TESm,p(do)/~

and for dy € Z5 put
e(T)!
*(d l _ E V(detT)'
Cm( 07€7u) . OéQ(T)u
€Sm,2(do)e/~

We make the convention that (o(do, &', u) = (¥ (do, &', u) = 1 or 0 according
as dy € Zy or not. Now for d € Z, let Zm(u, el d) and Z7 (u, €', d) be the
formal power series in Theorems 5.1, 5.2, and 5.3 of [11], which are given by

2.pM 6<T)l m 7
Zp(u, e d) = 27%» Z > m%p( /2y
P

i=0 TS (Zp,pid)/

and

Z* (u, e, d) =27™ N () 2(m+1)/2y)i
m(u, €, d) ;Tesm(;id)e/w oo (T (T )",
where S,,(Z,,a) = {T € S,(Z,)| detT = a mod Z;‘)D}, Sim(Zy,a). =
Si(Zy,a) N Sin(Zy)e, and 1, = ((=1)F1/2 p), or 1 according as m is odd
or even. Here we recall that the local density for T € S,,(Z,) in our paper
is 27%2¢™ times that in [11]. Put

1
S, d) + Zn(—u,e',d),

Zm.e(u, el d) =
Zmp(u,sl,d):%(Z (u, e d) — Zy(—u, 2. d)).

We also define Z, ,(u, &', d) and Z}, ,(u,e',d) in the same way. Furthermore
put z(i) = e or o according as ¢ is even or odd. Let dy € F,. Let p # 2.
Then

G (do, el u) = Zm,w(u(do))(pi(m+1)/2((—l)(m+1)/27p)pu, 6l)p—zx(ar,o)(_1)(m+1)/2d0)

or
Cm(dOa €l, u) _ Zm,:c(l/(do)) (p—(m-l—l)/Qu7 6l7p—y(do)(_1)[(7’n—|—1)/2]d0)
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according as m is odd and [ = 1, or not. Let p = 2, and m is odd. Then
Cm(d()y El, u) _ 27an7gg(V(dO))(2—(m+1)/2u7 €l, 2—1/(d0)(_1)(m+1)/2d0)'
Let p = 2 and m is even. Then

¢ (do,elyu) =2m 27

m,z(v

(do)) (2—(m+1)/2u7 6[) (_1)m/22—1j(d0)d0) )

Proposition 4.4.3. Let dy € F,. For a positive even integer r and d € U

put
r/2—1
C(T, do, d7 X) = (]_ _ X(d0>p71/2X) H (1 _in*IXQ)(]. + X(d)pr/271/2X)7
=1

and put ¢(0,dy, d, X) = 1. Furthermore, for a positive odd integer r put

(r—1)/2
c(r,do, X) = (1= x(do)p™?X) [ (1—p*'X?).
i=1
(1) Suppose that p # 2.
(1.1) Letl =0 orv(dy) = 0. Then
Kéljl(d07gl’X7 t)
(n=2)/2 —r2r+1) (X122 (2 do. d. X
—  xv(do)/2 Z Z p ( )7 e(2r, dy, d, X)
21_50’T¢(n—2r—2)/2(p72)

r=0 deU(n—1,n—2r—1,do)

X (p, dod)}, Cor (dod, €', tx~1?)

UG prHDCrD (1 X 12)2 4 (9 4 1, dy, X)
>

, “do, el X2 S
g ¢(n_2r_2)/2 (p_z) <2 +1 (p 0 )

where p*dy = pdy or p~tdy according as v(dy) = 0 or v(dy) = 1.
(1.2) Let v(dy) = 1. Then

K’r(zl—)l(doa g, Xv t)

St (niﬂ p*(r+1)(2r+1)*r(tX*1/2)2r+lc(2r +1,do, X)
—~ D(n—2r-2)/2(p7?)

XC2’V‘+1 (p_ld()a g, tX—l/Q)'

(2) Suppose that p = 2.
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(2.1) Let L =0 or dy =1 mod 4. Then
Kr(Lljl(d07517X7 t)

(n—2)/2
2r,dy, d, X)
XV(dO)/2{ Z Z (tX—l)QTQ—r(Qr—‘d) C( ; 4o, &,
1-6 T —2
r=0 deU(n—1,n—2r—1,dp) 2% ¢(”*2T*2)/2(2 )

X ((=1)" 22, dod),) ¢ (dod, £, X 1/?)
(n—2)/2

_ _ c(2r +1,dy, X)
+ tX 1/2 2T+12 (r+1)(2r+1) ) )
Z ( ) Pn—2r—2)/2(272)

X (D)1 (=1 o)) Coria (do, €', tXTH2) )

r=0

(2.2) Suppose that 47 dy = —1 mod 4 or 8 'dy € Z}. Then

_ xv(do)/2 Z (£ 1/2)2r F g () Cr) v (do) c(2r +1,do, X)
=0 Pn—2r-2)/2(277)

(1)U (—1) (1) dg )2 Carsa (do, €, tX ).

Proof. Put Héf;)ﬂ.’é(B) =1lforje{0,1},1—75<r<m/2—j&==l1, and

B € Sy,+j, Then clearly theset {HY), | j € {0,1},1—j <7 <n/2—j,6 =
+1} satisfy the conditions (H-p-0), ---, (H-p-5) in Subsection 4.3 for any
positive even integer m < n. Hence by Lemma 4.2.1 and Proposition 4.3.4,

and by using the same argument as in Lemma 3.1 (1) of [10], we have

KV (do, €', X, 1)

(n—=2)/2

v(do) /2 c(2r, do, d, X)

’Wd()X Z Z 1—do,r -2

r=0 dGU(n—l,n—2r—1,d0)2 O Pn—2r-2)/2(P7?)
!

% £(pB) (tX~V/2)v(det(pB)

BESa,p»(dod) Xp (»B)

(n—2)/2
c(2r+1,do,d, X)
+ Xy(do)/2 Z ) s Uy

—0 P(n—2r—2)/2(p72)
((=1)r+D/2, (_1)(r+1)/2d0)ép—lu(do)g(pB)l
o, (pB)

x >
Bep=1S2,41,p(do)NS2741,p

% (tX71/2>V(det(pB)) :

where 7,4, = 1 or 0 according as v(dy)l = 0 or 1. Thus the assertion (1.1)
follows from Lemmas 4.1.3 and 4.3.2 by remarking that p~'Ss.11,(do) N
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Sort1p = Sor+1(p*dp). Similarly the assertion (1.2) can be proved by re-
marking that e(pB) = ((—1)"", p)e(B) for B € p~'S5,11,(do)NS241,- The

assertion for p = 2 can also be proved in the same manner as above. Il

Remark. As seen above, to prove Proposition 4.4.3, we have only to prove
7)

3
stant functions. However a similar statement for more general {Héil e will

Propositions 4.3.2 and 4.3.3 for the simplest case where {Hé } are con-
be necessary for giving an explicit formula for the Rankin-Selberg series of
Op—1(Pr1,(n),1) (cf. [15]). Indeed, the proofs are essentially the same as those
for the simplest case. This is why we formulate and prove those propositions

in more general settings.

Proof of Theorem 4.4.1 in case p # 2. (1) First let dy € Z;. Then by
Proposition 4.4.3 (1.1), we have
1

D(n—2)/2(p7?)
(n—2)/2 p—r(2r+1)<t2X—1)r Hf:ll(l _ p2i—1X2)
DD N
r=1 d

KW (do, 1, X, t) =

—2
U 2¢(n—2r—2)/2(p )

(1= p P& X) (1 + nap™ > X)Cor(dod, 1,1 X ?)
(n—2)/2 p7(2r+1)(r+1)(tZXfl)rJrl/Z H;jzl(l — pti-1x2)
r—0 ¢(n72r72)/2(p*2)

+

% (1= ™26 X)Garsa (pdo, 0, tX12).
Here we put 7y = x(d) for d € U. By Theorem 5.1 of [11], we have

p’ltX’l/Q

1(pdy, 1, tX Y2 = :
Gor+1(Pdo, ) Or(p~2) (1 —p 22X 1) [ (1 — p¥=3-22X 1)’

and
1 -\ (1 — —r—2t2X—1
Gor(dod 1, 1x7%) = U EP IO = Somp T L)
br(p2) (1 — p22X ) [, (1 — p23-2r2X 1)
Hence the assertion for n = 2 can be proved by a direct calculation. Suppose
that n > 4. Then Kél_)l(do, t, X,t) can be expressed as
S(do, L, X, t)
On-2)/2(p~)(1 = p 22X [I2772(1 — printizX 1)
where S(dp, ¢, X,t) is a polynomial in ¢ of degree n. We have
2—1(1_p—1/2§0X) Z (1+77p("_2)/2_1/2X)(1—1-50771?_("_2)/2)(1—5077]3_("_2)/2_2752)(_1)
n==x1

_ (1 . é—op—l/QX)(l + fOp_1/2X . §0p_5/2t2 —p_nt2X_1).

KW (do, 1, X, t) =
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Hence
(n—2)/2-1
271 pln D22 D2 T (1 g2 X
deu i=1
% (1 - p—1/2€0X>(1 + ndp(n_z)/z_l/QX)Cn_Q(d()d, ., tX—l/Q)
(n—2)/2
+ p—(n—l)n/2(tQX—l)(n—2)/2+l/2 H (1 _ p2i—1X2>(p—2)—1
i=1

X (1 _ p_l/QfoX)Cn—1(pdo, . tX—l/Q)
(p*(nfl)Xfth)(an)/Z(l _ €0p75/2t2) H(na2)/2_1(1 o inleQ)
¢(n_2)/2(p_2)(1 — p 22X 1) H§n12)/2(1 — pimn—l2X 1)

and therefore S(dy, ¢, X,t) can be expressed as

Y

(A) S(d(]?L?Xa t)
(n—2)/2—1
_ (p—(n—l)X—th)(n—Q)/Q H (1 o p2i—1X2)(1 o p_5/2§0t2)
1=0
+(1—p "X HU (X, 1),

where U(X,t) is a polynomial in X, X~ and ¢t. Now by Proposition 4.4.2,

we have

P151—)1(d07 L, X, t)
S(do, L, X, t)

Pin—2),2(p72)(1 — p~2t2X 1) HZ(Z2)/2(1 — pi-n—1g2X 1) H?;ll(l _ pi—n—lth)'

Hence the power series P( 1 (do, 1, X, t) is a rational functlon in X and t.
Since we have F\)(T,X"!) = F(l)(T X) for any T € £, .
Pél_)l(do, LX) = Pr(Ll_)1 (do, ¢, X,t). This implies that the reduced denom-

inator of the rational function PT(Ll_)l(do, t,X,t) in t is at most

we have

(n—2)/2
(1 —p_2t2X )( _2t X H { Qz n—1,2 y— 1)(1 —p%_n_thX)}.
Hence we have
(n—2)/2 '
(B) S(do, 1, X, t) = [ (1=p* " X)(a0(X) + a1 (X)t?)

i=1
with some polynomials ag(X), a;(X) in X + X 1. We easily see ag(X) = 1.
By substituting p*~/2X'/2 for ¢ in (A) and (B), and comparing them we
see ay(X) = —p~°/2&,. This proves the assertion.
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Next let dy € pZ;. Then by Proposition 4.4.3 (1.1), we have
1
K7(l—)1(d07 Ly X7 t)

(n—2)/2 —_r(2r —1\r Tr—1 i
x1/2 {2—1 Z ZP (2 H)(tQX ") Hi:l(l — 1 X?)
=y ¢(n72r72)/2(p_2)

r=1

X (1 + nap" ™2 X)Cor(dod, 0, tX /)

(n—2)/2 —(ar T — r T 7 —
P (2r4+1)( +1)(t2X 1) +1/2 Hi:1(1 o p2 1X2)
— Pn—2r—2)/2(p72)

+

X<2r+1(p_ld05 LatX_1/2>}'
By Theorem 5.1 of [11], we have

1
C27'+1(p_1d07 L, tX_l/Q) =

¢r(p2)(1 = p 22X ) [T, (1 — pP 322X 1)

and
—1pyv—1/2
Cor(dod, 1, X %) = b1 (2 (1 — p—2t2§(—f)XH§1(1 —prap X1y
Thus the assertion can be proved in the same manner as above.
(2) First let dy € Z;. Then by Proposition 4.4.3 (1.1), we have
1
Pn-2)72(p~?)
(n—-2)/2 P (2 X ) H?j:—l(l _ LX)
DI 5 =
=1 4 ¢(n72r72)/2(p )

KW (do, 2, X, t) =

eu
X (1= p P& X) (1 + nap™ 2 X)&otaCar (dod, £, X /%)

(TL—2)/2 — (47 T — r T i—
p (2r+1)( +1)(t2X 1) +1/2 Hi:1<1 . p2 1X2)

+
=0 P(n—2r—2)/2(p~?)

X (1= p ' 26X) Gorgr (pdo, £, X 2.
By Theorem 5.2 of [11],

1+ &mnap™"
or(p2) [T2, (1 — p~2i2X 1)’

Cor(dod, e, tX 1% =
and
X 12
o (p ) [T (1 — p 22X 1)
Hence K1(1121(do, e, X,t) can be expressed as
T(dy,e, X, 1)
Sn-22(p~2) [T (1 — p22X 1)

<2r+1(pd07 g, tX71/2) =

KW (do,e, X, t) =
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where T'(dy, ¢, X, t) is a polynomial in ¢ of degree n, and expressed as
(n—2)/2 .
Q) T(dy, e, X,t) = (p "X )21 — &p/2X) H (1— p?1X?)
i=1

(1 - p XY V(X D),

with a polynomial V(X,¢) in X, X~ and ¢. On the other hand, by using
the same argument as (1), we can show that
(n—2)/2 |
(D) Tdyye, X,t) = [ (1—p 2 12X)(1 + b (X))
i=1

with b;(X) a polynomial in X + X~'. Thus, by substituting p™/2X'/? for ¢
in (C) and (D), and comparing them we prove the assertion.

Next let dy € pZ;. Then by Proposition 4.4.3 (1.2), we have

(n=2)/2 (o0 1) (1) i . .
K(l_)l(do,s,X, = X172 Z P (2r+1)(r+1) (t2X 1) +1/2 1,1 _p? 1X2)
! —0 ¢(n—2r—2)/2<p72>

X Cori1 (P~ o, €, tX71/2)-

By Theorem 5.2 of [11],

1

“Ldg, e, tX7V?) = . :
€27‘+1(p 05, ) Cbr(p_z) H:;l(]' _ p—QZtZX—l)

Hence

n—2)/2

(=2/2 _(ori1yr( 2,3 3 —1yr TT" i
KO (doye, X,0) = pit Y 2 Crivrp e X ) T, (- p* X7
r=0

i=1

Pn—2r—2)/2(p2)

1
X B . .
¢r(p~?) [Licy (1 — p 22X 1)
Thus the assertion can be proved in the same way as above. U

Proof of Theorem 4.4.1 in case p = 2. The assertion can also be proved
by Proposition 4.4.3 (2) in the same way as above. O

Proposition 4.4.4. Let k and n be positive even integers. Given a Hecke
eigenform h € 6;71/2“/2(15(4)), let f € Gop_n(I'M) be the primitive form
as in Section 2. Then

L(s,h) = L(2s,f) > calldo])ldo| *L(2s — k +n/2+ 1, (%))1,

doeF(-1)"/?

* *

where L(s, (%)) is Dirichlet’s L-function for the character (%) .
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Proof. The assertion can immediately be proved by remarking the fact that

[e.e]

> el = (a2 — k-t /241, ()2, )

m=1

for dy € F- DG

Proof of Theorem 2.1. By Theorem 4.4.1, we have
H dOa L, ap’p—s+k/2+n/4—1/4> _ |d0|—s+k/2+n/4—5/4

(n—2)/2

X H C(20)L(2s — k —n/2 + 3, (d°> I] L@s—n+2i+1,f),

=1

and
H Prsi)l7p(d0’ £, O[p7p—s+k/2+n/4—1/4) _ |d0|—s+k/2+n/4—5/4
p
(n—2)/2 d (n—2)/2
X H ¢(2i)L 25—k5+n/2+1< ) H L(2s —n+2i, f).
Thus the assertion follows from Theorem 3.2 and Proposmon 4.4.4. U

Remark. Let m be a nonnegative integer, and let & be a positive inte-
ger such that £ > m + 2. Let E,(cmﬂ) be the Siegel Eisenstein series of
weight k& and of degree m + 1. (For the definition of the Siegel Eisenstein

series, see, for example, [6].) Suppose that m > 0 and let e m“ be the
first Fourier-Jacobi coefficient of Ekmﬂ). Then ek,;r ) belongs to Jk7 1(FJ )).
(m)

In [6], Hayashida defined the generalized Cohen Eisenstein series E,™) , as

E,gmi /2 =0 (e,(:?r )), where o, is the Ibukiyama isomorphism. It turns out

that £
with the Cohen Eisenstein series defined in [5]. Let k& and n be positive even

s 1 /o belongs to m' oo (m) (4)), and in particular, E,iljl /o coincides

integers such that & > n + 1. Then, Eéi)_n is the Hecke eigenform corre-
sponding to E( ) /2412 under the Shimura correspondence, and E,i”) can
be regarded as a non-cuspidal version of the Duke-Imamoglu-lkeda lift of

E,gl)n Jo41/2- Therefore, by using the same method as in the proof of Theorem

2.1, we can express the Koecher-Maass series of Ek 1 /; explicitly in terms

of L(s, B\”, .1 /5) and L(s, By ).

Acknowledgements. The authors thank the referee for suggesting them
the remark after the proof of Theorem 2.1. The first named author was
partly supported by Grant-in-Aid for Scientific Research, JSPS (No. 21540004 ),
and the second named author was partially supported by Grants-in-Aid for
Scientific Research, JSPS (No. 23224001 and No.22340001).



40 H. KATSURADA AND H. KAWAMURA
REFERENCES

[1] T. Arakawa, Dirichlet series corresponding to Siegel’s modular forms,
Math. Ann. 238 (1978), 157-173.

[2] T. Arakawa, Dirichlet series corresponding to Siegel’s modular forms
with level N, Tohoku Math. J. 42 (1990), 261-286.

3] T. Arakawa, Kdcher-Maass Dirichlet series corresponding to Jacobi
forms and Cohen Fisenstein series, Comment. Math. Univ. St.Paul.
47 (1998), 93-122.

[4] S. Bocherer and F. Sato, Rationality of certain formal power series re-
lated to local densities, Comment. Math. Univ. St.Paul. 36 (1987), 53—
86.

[5] H. Cohen, Sums involving the values at negative integers of L-functions
of quadratic characters, Math. Ann. 217 (1975), 171-185.

(6] S. Hayashida, Fourier-Jacobi expansion and the Ikeda lift, Abh. Math.
Sem. Hamburg 81 (2011), 1-17.

[7] T. Ibukiyama, On Jacobi forms and Siegel modular forms of half integral
weights, Comment. Math. Univ. St.Paul. 41 (1992), no. 2, 109-124.

[8] T. Ibukiyama and H. Katsurada, An ezplicit formula for Koecher-Maafs
Dirichlet series for Fisenstein series of Klingen type, J. Number Theory
102 (2003), 223-256.

9] T. Ibukiyama and H. Katsurada, An ezplicit formula for Koecher-Maafs
Dirichlet series for the Ikeda lifting, Abh. Math. Sem. Hamburg 74
(2004), 101-121.

[10] T. Ibukiyama and H. Katsurada, Koecher-Maafl series for real analytic
Siegel Fisenstein series, Automorphic forms and zeta functions, 170—
197, World Sci. Publ., Hackensack, NJ, 2006.

[11] T. Ibukiyama and H. Saito, On zeta functions associated to symmetric
matrices. 1. An explicit form of zeta functions, Amer. J. Math. 117
(1995), 1097-1155.

[12] T. Ikeda, On the lifting of elliptic modular forms to Siegel cusp forms
of degree 2n, Ann. of Math. 154 (2001), no. 3, 641-681.

[13] T. Ikeda, Pullback of the lifting of elliptic cusp forms and Miyawaki’s
conjecture, Duke Math. J. 131 (2006), no. 3, 469-497.

[14] H. Katsurada, An ezplicit formula for Siegel series, Amer. J. Math.
121 (1999), 415-452.

[15] H. Katsurada and H. Kawamura, Ikeda’s conjecture on the period of
the Duke-Imamoglu-Ikeda lift, Preprint (2009).



KOECHER-MAASS SERIES OF A HALF-INTEGRAL WEIGHT FORM 41

[16] Y. Kitaoka, Dirichlet series in the theory of Siegel modular forms,
Nagoya Math. J. 95 (1984), 73-84.

[17] Y. Kitaoka, Arithmetic of quadratic forms, Cambridge Tracts in Math.,
vol.106, Cambridge Univ. Press, Cambridge, 1993

[18] W. Kohnen, Modular forms of half-integral weight on I'g(4), Math. Ann.
248 (1980), 249-266.

[19] H. Maass, Siegel’s modular forms and Dirichlet series, Lecture Notes
in Math., vol. 216, Springer-Verlag, Berlin-New York, 1971.

120] G. L. Watson, The 2-adic density of a quadratic form, Mathematica 23
(1976), no.1, 94-106.
MURORAN INSTITUTE OF TECHNOLOGY, M1zuMOTO 27-1 MURORAN, 050-8585,

JAPAN
E-mail address: hidenori®mmm.muroran-it.ac. jp

DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY, K1TA 10, NISHI 8, KITA-
Ku, SAppoRrRO, 060-0810, JAPAN
E-mail address: hkawamura@sci.hokudai.ac. jp



