HOKKAIDO UNIVERSITY

Title On sglf—similar solutions to the surface diffusion flow equations with contact angle boundary
conditions
Author (s) Asai, Tomoro; GIGA, YOSHIKAZU
Citation Hokkaido University Preprint Series in Mathematics, 1039, 1-25
Issue Date 2013-09-17
DOI https://doi.org/10.14943/84183
Doc URL https://hdl. handle.net/2115/69843
Type departmental bulletin paper
File Information re1039. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




On self-similar solutions to the surface diffusion flow
equations with contact angle boundary conditions

Tomoro Asai
Department of Mathematics, Hokkaido University,
Kita 10, Nishi 8, Kita-Ku, Sapporo, Hokkaido, 060-0810, JAPAN
(atomoro@math.sci.hokudai.ac.jp)
Yoshikazu Giga
Graduate School of Mathematical Sciences
University of Tokyo, Komaba 3-8-1, Meguro-ku, Tokyo 153-8914, JAPAN
(labgiga@ms.u-tokyo.ac.jp)

September 10, 2013

Abstract

We consider the surface diffusion flow equation when the curve is given as the graph of a
function v(z, t) defined in a half lineR*™ = {z > 0} under the boundary conditions. =
tan 5 > 0 andv,,, = 0 atxz = 0. We construct a unique (spatially bounded) self-similar
solution when the anglg is sufficiently small. We further prove the stability of this self-similar
solution. The problem stems from an equation proposed by W. W. Mullins (1957) to model
formation of surface grooves on the grain boundaries, where the second boundary condition
vz = 0 IS replaced by zero slope condition on the curvature of the graph.

For construction of a self-similar solution we solves the initial-boundary problem with ho-
mogeneous initial data. However, since the problem is quasilinear and initial data is not com-
patible with the boundary condition a simple application of an abstract theory for quasilinear

parabolic equation is not enough for our purpose. We use a semi-divergence structure to con-
struct a solution.

2010 Mathematics Subject ClassificatioRrimary 35C06; Secondary 35G31, 35K59, 74N20.

Keywords: Self-similar solution; Surface diffusion flow; Stability; Analytic semigroup; Mild
solution.

1 Introduction

We consider the initial-boundary problem for the surface diffusion flow equation of the form

ov 0 1 0 Uz
5 = o e ()| 72000 -
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v(x,t)

Figure 1: Profile of thermal groove

with the boundary condition

v =tanf, = =0,t>0, (1.2)
Vper = 0, x=20,1>0, (2.3)

and the initial condition
v=a, x>0,t=0, (1.4)

wheref is a nonnegative number ang = 0v/0z, Vypr = 0%v /0.

We are interested in finding a solution for smalt> 0 and small bounded. In particular, we
shall find a bounded self-similar solution and discuss its stability. We say that a solution of (1.1)—
(1.3) is self-similar if the rescaled function

1
oz, t) = XU()\JZ, At

satisfiesvy(z,t) = v(z,t) for all A > 0. By definition, a self-similar solutiow is of the form
v(z,t) = t/*Z(x/t'/*) with some function of one variablg calleda profile function Evidently,
(tan 8)z is a trivial self-similar solution but is unbounded. Note that a self-similar solution corre-
sponds a solution of (1.1)—(1.3) with zero initial data. In this paper we prove that the system (1.1)—
(1.4) is solvable globally-in-time and it asymptotically converges to a self-similar solution for large
time provided that: and 5 are small.

This problem stems from a model describing the development of the surface groove proposed
by W. W. Mullins [21]. There the condition (1.3) is replaced by no-flux conditigr= 0 wherex
is the upward curvature of the graph cugve- v(x,t) ands is the arc-length parameter. Moreover,
a 1S assumed to be zero so that the initial surface is flat.

The equation (1.1) is the surface diffusion l&v = —x, for the graph curve; = v(x,1)
whereV is the upward normal velocity. The condition (1.2) says that the contact angle of the curve
y = v(z,t) atthe wall equals /2 — 5.
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Mullins [21] linearized the equation (1.1) and the boundary condition (1.3) arouad) and
studied the linear problem of the form

0 o
a—i:—a—xﬁ, e >0,t>0, (1.5)
with the boundary condition
Yy, =tan B, x=0,t>0, (1.6)
Yoze =0, x=0,t>0, 2.7)
and the initial condition
y=0, x>0,t=0. (1.8)

The solution is again expected to be self-similar. Mullins applied the Laplace transform and derived
the depthy(0, ) which is proportional ta'/%. Then he studied a profile functiaf solving the
ordinary differential equation of the form

1 1
Z”” — ZZZ/ + ZZ = 0

Mullins assumed” to be a power serie§ = > a,z". He showed thafa, } can be determined
by a recursion relation. However, its convergence was not proved.

P. A. Martin [20] improves and extends the results of Mullins. He studies the same problem (1.5)—
(1.8). However, the technique developed by Matrtin is different. He uses the Fourier cosine transform
with respect tar. By this technique, he obtains the explicit formula for the solugioHe also con-
siders the behavior of the solution at space infinity. In the latter half of [20], he studies multi-groove
systems such as periodic surface profile case and two grooves case.

Note that for the original Mullins’ system (1.1)—(1.2) with = 0, it is not known whether or
not bounded self-similar solutions exist. In this paper we linearized the boundary condition
to get (1.3) to prove the existence of a self-similar solution. Since (1.1) is quasilinear, such a result
was not known even for our simplified problem.

There are two approaches to construct a self-similar solution. One is to solve an ordinary dif-
ferential equation (ODE) for a profile function. For our problem this seem to be difficult since one
has to solve a nonlinear equation of ordeglobally forz > 0. Another way is a partial differential
equation (PDE) approach initiated by Giga and Miyakawa [14] and developed by Cazenave and
Weissler [6]. The main idea is to solve (1.1)—(1.3) by imposing a homogeneous initial data (in our
case we consider zero initial data). One advantage of PDE method over ODE is that it is easy to
show the stability of a constructed self-similar solution.

Although there is a large literature for solvability of the surface diffusion equation (e.g., [2, 3,
9, 10)), there are a few papers discussing the boundary value problem (e.g., [16, 17, 11, 12, 13]).
Moreover, in our setting we have to handle initial data like= 0 which is incompatible with
the boundary condition. We first transform the problem with homogeneous boundary condition by
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subtracting a solutioy = U’ of the linearized problem (1.5)—(1.8). To solve= v — UX we
rearrange the equation

Ou = —0pu — 0,Z(uy + UL, (w4 U") gy, (u+ U")yy), x>0, >0, (1.9)
with the boundary condition

u, =0, x=0,t>0, (1.10)
Upew = 0, x=0,t>0. (2.12)

The highest order term @& is linear in(u +U*),... and its coefficient equald + (u, +U})*) 7> —1
which is very small whem, andj3 are close to zero (so th&t is also close to zero). We solve this
equation inBUC,_,(J, k31 (R))NL>(J, BUCY ., (R)) (see Section 2 for definition) by adjusting
an abstract method of Da Prato—Grisvard [8] and Angenent [1]. The smallness condition is invoked
so that contraction mapping principle works. Note thatype space is not suitable in handling this
problem since we seek homogeneous functions.

Recently, Hamamuki [15] studies the self-similar solutions to the evaporation-condensation prob-

lem which is of the form

at'LU _k
mzl—e s l’>0,t>0, (112)
with the boundary condition
g_w —tanf, & =0,t>0. (1.13)
e

This problem (1.12)—(1.13) was also proposed as an evaporation-condensation model by Mullins
[21]. The equation (1.12) is, of course, nonlinear. However, since the equation is second order, he
is able to apply the viscosity solution theory to study the problem (1.12)—(1.13). He obtains the
self-similar solution in a viscosity sense without the assumption that the dnglé is sufficiently
small. His approach is quite different from the approach we discuss in this paper. His technique
seems not to be applicable to our problem (1.1)—(1.3) since our problem is fourth order.

We next state several works related to our study. Broadbridge and Tritscher [5] search for a inte-
grable and linearizable form of the equation (1.1) subject to boundary conditions. By transforming
the variables, they reduces the equation to a linear ODE. Then, they solve the linear ODE and obtain
an exact solution.

Kanel, Novick-Cohen and Vilenkin [18] prove the existence and uniqueness for a travelling wave
solution for a problem in which motion by surface diffusion is coupled with mean curvature. By
employing an angle formulation and a scaled arc-length parametrization, they reduce the problem
to the solution of a third order ODE. They treat this problem via integral formulations using the
Green functions.

Zhu [22] studies the existence of the stationary solution to the equation (1.1) with zero boundary
conditions in the open interv&! = (a,b) C R. His technique is to estimate for the free energy
function which he introduces in [22].
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This paper is organized as follows. In Section 2, we study the linearized equation and cite the
result of P. A. Martin. We also give the definitions of some function spaces and show that the bi-
Laplacian operator- 9! generates the naf-bounded analytic semigroup @2, . In Section 3, we
construct the mild solution of the problem (1.1)—(1.4). Finally, we prove the stability of self-similar
solution.

A self-similar solution is constructed in a similar way in [4] but for the differential form of (1.1).
The spatial derivative of the self-similar solution we construct in this paper is actually the solution
of [4]. However, in [4] it is not clear the self-similar solution in [4] is bounded. Also, stability of the
self-similar solution is not discussed in [4].

2 Linear equation with boundary conditions

2.1 Explicit formula for the linear problem

In this subsection, we study the linear problem (1.5)—(1.8). In order to solve the linear problem (1.5)—
(1.8), we recall the result of the paper by P. A. Martin [20] (Martin denoted? asfe).
Lemma 2.1. There is an explicit formula of the solution for the problem (1.5)—(1.8)

_ 2tan 5 k4t cos kx
T2

Ub(z,t) = dk,

which decays exponentially as— oc.

Proof. See [20]. ]

2.2 Function spaces

In this paper, we consider our problem on the half [Re. However, in the sequel, we extend the
solution as an even function on the whole [iRe This extension as an even function is natural
because our problem is the half side of triple junction for the surface diffusion flow. Thus, we shall
use the function spaces of even functions. Now we introduce some Banach spaces, which shall be
used later.

Definition 2.2. Fork =1,2,...,0<v <1, LY

even

(R), BUC* _ (R) andC%1¥(R) are defined by

even

L2 (R):={p € L(R); pis evert,

even

BUC! _(R) := {p € BUC*(R); oV € BUC(R)(Z —=0,...,k)andypis ever},

even

BUC*¥(R) = {¢ € BUC . (R); o € BUC"(R)}.

even even

h*v(R) denotes the little Blder space and it is identified with

Dk _ Dk
hk+”(R) =qpE BUC’k+”(R);lim sup |Dp() 2y =0,
520 gty |z — y|¥
|z—y|<é
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andh*7(R) is defined by

even

REY(R) = {p € "™ (R); pis ever.

Definition 2.3. ForT > 0 setJ = [0,7],.J = J \ {0}. Let0 < p < 1 be fixed.
BUC_,(J,E) = {u e C(J,E); [t — t'"u] € BUC(J, E),tli%}r 7 lu(t)|| s = O},

wherekF is a (real or complex) Banach space.

2.3 Analytic semigroup generated by the bi-Laplace operator

In this subsection we shall give a proof that the bi-Laplace operafdrgenerates no6,-bounded
analytic semigroup il type spaces. Such a result is essentially, known; see e.g., [19]. However,
we give a proof for completeness and the reader’s convenience.

Let us consider the resolvent equation

A+0Hu=f, forAeC\{0},|arg)| <7
in a formal way. We take the Fourier transform of the both sides to get
(€)= A+ [ 71 F(©).

(This calculation is justified when and f are Schwartz’ tempered distributions). Applying the
inverse Fourier transformation one obtains

u(z) = K* * f(2)

with

1 oo girg
K*Nx) = / de. =1 2.1
Lemma 2.4. For givend, € (0, 7), there is a constardty, such that
1 % flloo < Coo AT fllc
forall f € L¥(R), A € Xy, :={\ € C\ {0}; |arg A\| < 6}.

Proof. To calculate (2.1), we first calculate

xT) = -
0 /27T . 67,9 + 54

¢, for0 <0 <6y <m. (2.2)

Put
¢ =exp(if/4), w = exp(ir/4). (2.3)
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Then the roots 0f? + ¢* are(w, iCw, i*Cw andi*Cw. Hereafter, we denote the residuefot the
pointa by Res(f, a). By residue theorem, we have

o) ez’m§ p
/oo ei@ +§4 5
. ei:p5 eim£ )
211 [RGS (m,CW) —f-ReS( 19+€4,ZCW):| s |fZL'>O, 04

iz
—2mi {Res (ei;——l—g‘“ i2§w> + Res (ei;—w,iz”(w)] , ifz <.

We calculate the residues in (2.4) respectively.

Res zacf ei(w:v
(6“’ g ) (Cw — iCw) (Cw — i*¢w) (Cw — 13¢w)
xp(—(e/V?2) - exp(iC/V2)

= 100 (2.5)
o —Ga/VD) - expl(=iCa/V2
Res (e“’eTﬁ‘l’ZCw> = _exp( v/ 43@2?( icr/ ), (2.6)
o Ca/V/D) - expl(=ica/V/2
Res (e“’ s QCW) = _exp( z/ )ij)g( ice/ ), (2.7)
el exp((r/v/2) - exp(iCr/V2)
Res (e’9+§47 iow ) 41C3w3 (2.8)
Thus from (2.4)—(2.6), we have when> 0
o gt o C (x Cx Cx
/_oo o g ¢ = NoTE (sm NG + cos %> exp (—%> . (2.9)
Similarly, from (2.4), (2.7) and (2.8), we have whenr< 0
o it o . (o (x (x
/_Oo o gl d¢ = NoTE (— smﬁ + cos E) exp (E) . (2.10)

From (2.9) and (2.10) we can conclude that

©oem o m (e ¢l] ¢l
/_oo o d¢ = N <Sm% + cos ﬁ) exp (—%> : (2.11)
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To show thati(y(z) is integrable fo) < 6 < 6, < w, we first compute

(3) 0 (1)

() ()., (o)

— exp (—% (cosg — sin Z)) - exp (—% (COSZ + sin Z)) ] , (2.12)

— exp (—% <cos§ — sin Z)) - exp (—% <COS§ + sin §>)] : (2.13)

Note thatcos(#/4) — sin(f/4) > 0 because off < § < 7. Thus, from (2.11)—(2.13)

/R |Ky(z)| do < g/R [exp (J% (cos§+sm Z)) + exp (J% (cosg — sin g))] dz.

Since the right hand side of (2.3) is bounded by a consignfor 6 € (0, 6, with §, € (0, 7), we
observe that
HK9HL1(R) < 090 for 6 e (0,90] (214)

Take\ € %, then by changing the variabje= r'/*y and recalling the definition & (z) in (2.1),
we have

VR RS
K@)_m/_mwédg

B 1 /oo eixf dg
o /271' . T€i9—|—§4

1 1 o 6“"1/49377 1 "
- V2 r3/4 /_OO il + nt dn = r3/4 Ko(r ). (2.15)
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Thus from (2.15), we have

o o 1
1R = [ 1@ e = [ Rt ) o

—00

1 [ 1
o [ Kt dy = L Kol 216

o0

From (2.14), (2.16) and Young’s inequality, we have

1™ 5 Al < Bz [ fllze
< Co A7 [ fllzoe,  for X e Ty,

We set
(K*)(2) = (K f)(2)
for f € L>°(R). We define a closed linear operatér(formally corresponding te-9?) in L>(R)
such that\ + A is the inverse operator ak*. The definition is independent of a choice Jbf
because of a resolvent identity. The domainA) of A equals the range ok* so thatD(A) =
W4>=(R) which is not dense i *°(R). Note thatK* preserveL. (R) one can defined in

even

L. (R). Lemma 2.4 implies that A generates a nofi,-bounded analytic semigroup i (R)

even

and L, (R). If one restricts the space iIBUC(R), thenD(A) = BUC*(R), so A is densely

even

defined.

Theorem 2.5.The operatord (= —9?) is the infinitesimal generator of a (n@h-) bounded analytic
semigroup inL>*(R) and L2, (R). The semigroup is an boundéd-analytic semigroup if one

even

restricts the space intBUC(R) and BU Cen(R) respectively.

3 Quasilinear equation with linear boundary conditions

In this Section, we study our problem (1.1)—(1.4).

3.1 Holder estimate for the perturbed term

Hereafter, we shall estimate the teB{w,, vis, Vozz) = h(v,)030 — g(vy, v4,) With HOlder semi-

normh”, where

1 3pq®
(T>:m_17 g(p,q)z(

1+p?)3
Thus, we give preliminary lemmas to estimate
Lemma 3.1. Let F be a function ofC'!-class. Then

vl < lploo [l + [Pl [lcs
F(@) <sup|F| - [gl forall g, € h(R).
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Proof. We just recall the definition of Blder semi-norm. Then we have

[p(z) () — p(y)P(y)]

[Wﬂ]m = sup
x?y

[z —y|
_ qup [2@ W) = ¥() + ¥ () (e(z) — W)l
z,y |CL’ - y|7
< Sff’(p( 2| |¢(| x) — |W( y)l o b1y |90(|x)_ ;fv(y)'
< |@loo W]y + [l [¥]oc-
Similarly, we have
(F()] = sup | (w(ﬁ)_—y?(q)(y))|
fo ‘d@ )+ (1= 0)p(y)) dé”
a:,y |:E - y|’y
\(fol F/(0p() + (1 - 6)p(y)) dB) - (o) — (1))
= sup
[z —y|
<sup ([ 1F0at) + (1 )oty s ) LD =20
< sup |F'| - [@]n-

Lemma 3.2. There are constanél and@l such that
[h(vx>vx1‘x]h7 < 51{|UCC’OO[’UIICC]}L'7 + [U:c]hWIUxx:c’oo}
[9(Vas Vaa) |1 < Cl{wx‘w[ m]h” + [Ux]h“flva%x’oo}'
holds for allv € A*™(R).
Proof. By Lemma 3.1, we have
[h<vw)vzmm]hﬂ S |h<v:p)‘oo[vxx:v]h7 + [h(vx)]h’Y‘Uxx:v‘oo
S sup |h/‘ : |U:r|oo : [Umx:p]h’Y + sup |h/| : [Ux]h’Y : |Umx:r|oo
S Cl{’”m|oo[vxzm]h7 + [U:E]h7|vxrm|oo}-
Similarly by settingg, (v,) := 3v, /(1 + v?)3, we have
)Uiz]h“’
)lOO[ zx]h"’ + [gl<v$)]hwlviz|00

[9(Va, V) |10 = [g
<lg
< sup g3 |Valoo - [V2:]n0 +sup [g1] - [valnr - [034]00
< Ci(

1 (Ux
1 ('Ux

|U:c|oo[ ix]h” + [Ux]h”|vzx|00)-
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3.2 Existence of mild solution

Let us prove our main result of this paper.

Theorem 3.3.Lety be in(0,1). Leta(x) € BUCL ., (R) with ||a|| syc: sufficiently small. Then
there exists3, > 0 such that if5 € (0, 5y), there exists a unique mild solution (i.e., the integral
solutionu(t) = e~%a — [ e" =929, Z(u, + UL, gy + UL e + UL, ) () ds) of (1.9)~(1.11)
which satisfies

u € BUC,_o(J, B3 (R)) N Lo (J, BUCL,, (R)),

? "even

wherea = 1/2 — v/4 andJ = [0, T] for anyT > 0.
Proof. We first prove that the initial data equals zero. We set

FO =L

even

(R), F,:=BUC:

even

(R), A:=0"

By Theorem 2.5—A is the infinitesimal generator of a bounded analytic semigrougpnNe
remark that
hlew(R) = (Fo, 1)) WA (R) = (Fo, F1) (31 /.00

even /4,000 even

for the definition of a continuous interpolation space, see [7] and [19]. We also set

0:=n~/4, Fp:=(Fy, F))

0,007

thush] ., (R) = Fy. Next, for positive constant¥/, M, > 0, we set

even

Zy,(J) == {u € BUC,_,(J, b3 (R)) N L>(J, BUC .. (R));

) "Yeven even

even

w(0) =0, [[ull pye, . umziamy < M lulle=pucy,,®) < M}, (3.1)

equipped with the normjul|z,, ,, ) = max(|[ullgye, . nzinmy: 1WllzewBuos.,®)). We de-
notem andm., by the norm of|U*|| ¢, pzta my) @NAIIU* | 1o (s BUCH,.., (R))- FrOm the explicit
formula of U* in Lemma 2.1, if the contact angle > 0 is sufficiently small, then we can assume
thatm andm,, are sufficiently small. Note that the perturbed tet(w,, v,, v,.,.) does not neces-
sarily attain zero at = 0 because of the second order derivatiyg For this reason, we introduce
“the odd functionalized operato® as

() — »(0), if >0

P:h'(Ry) — bl (R); @ {_(¢(_x) —(0)), ifz<o.

Then foru € Zy 0 (J), we consider the integral solution

¢
Tu:= —/ e_(t_S)A(?z(PE(Ux,vm,vrm))(s) ds. (3.2)
0

Note thatd,(PZ=) is even becausPZ= is odd.
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We shall show that" mapsZ,, . (J) into itself and has a fixed point iZy . (/) which
implies the existence of a unique solution of (1.9)—(1.11).

Step 1 " maps 2y, . (J) into itself)

For a fixedI' > 0, we introduce the equivalent norms for the littl&lder space”, h** and
BUC! by

£l @®) = 5 + [fl®), (3.3)
flo . 1f'le , 1f o0 | "]

1wy = Fagaes + iz + pjaes T e T L oy, (3.4)
| floo

where| - | is the L>°-norm and| - | is the little Holder semi-norm. Hence we observe that

ITull yey o (rniamy) = Suptl_aHF“”h?’”(R)
te
supt1 “Tu|o + Supt1 0.t 0

1
T3/4+0 T1/2+0

1
+ = ; sup 0T u| o0

T° e
+ sup tl a[@i’Fu]m(R). (3.6)

ted

1
Ti/iv0 supzf1 02T oo + =

To estimate (3.6), we recall the definition Bf semi-norm, that is,

[2]p, := sup 70| Ae” 2|,
0<r<1
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First we shall calculate the last term of (3.6).

T U vy

r prt
= tl_a / 836_(t_8)A6x(PE(U$7 Ve, U:czw))(s) d8:|
LJ O

h7(R)

r rt
= tl_a / 8;16_“_5)’4735(%, Vg wax) (S) d8:|
L/ O

hY(R)

rpt
S; tlfa / Aei(tis)A,PE(Ura Uy, Umﬂ?) (S) d8:|
LJo o

t/2 ¢
S tl—a{ |:/ AG_(t_S)APE(S) d8:| + |:/ Ae_(t_S)APE(S) d8:| }
0 Fy t/2 Fy

t/2 ¢
5 tla{/ HAef(t*S)A”ﬁ(FG,Fg) ’ [PE<8)]F9 ds + sup 7’19/ ”AQei(rHiS)APE(S)”Fe ds}
0

0<r<1 t/2
t/2
< tl_o‘{/ (t — s)_l[PE(s)]pg ds
0

t
+ sup Tl—@ // ||A2€_(T+t_S)A||£(F9,FO) . ['PE(S)]FQ ds}
t/2

< tla{/t/z(t — 8) " PZ(s)]g, ds + sup r'7° /t (r+t—s) 2 [PZ(s)]F, ds}. (3.7)
0 0<r<1 t/2
Here we use the symbg] when we suppress a numerical constamtepending only on exponents.
In other words, we simply write < b instead ofu < Cb.
To estimatdP=(s)] v w) = [(v2)020 — g(Va, Vo, Vaws) w7 (w), We shall use Lemma 3.2 and the
interpolation inequality betweeBU C'*-norm andh?*7-norm as

2/(2+ 24
o S el S Lol el
(") < 2" ool I < [l B - [Plnr
(1+7)/(2+ 1/(2+ 1/(2+ L4/ (24
S Wlsed e - el ety e

= clolpuct[@)ps+r

Thus, we have

(Ve )Vazalir < Cr([veloo[Vawalir + [Valho [Vnzaloo)
S Ci(llpues [l + Wligon Whss™ - [olhgen s
< Oy (Moo + moo) (s 0] )s° 71 + [0] uen (57 0] )% )
< (Moo + moo)(M 4+ m)s® ™" + (Mo + moo) (M +m)s®*™)
= 201 (Moo + moo) (M +m)s® 1, (3.8)
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(902, Vea)lnr < Ci{lvaloo[vZ]mr + [Va]ho [Vaa|?}
< Ci{[v)uer - [v]uer [Vlnser + [0) 2t W] IACHD - o] 20 E ) )220y
= C{[v]3pcn [0l + [0)3pen [V]hs v}
=20 ([ %0 (87 olpsr )52 )
= 20} (Moo + moo)*(M +m)s® . (3.9)

Now we are in a position to estimate (3.7). We shall estimate the integrand

t
T / (r+t—s)"2s>"1ds
t/2

by using Lemma A.1 in the Appendix as

t 9l-a
pi=fl-e / (r+t—s)2Ms*1ds < . (3.10)
t)2 1—-14

From (3.8)—(3.10), we have
(3.7)

t
+ sup rle/ (r+t— 5)’“9[01(]\/[00 + Moo ) (M + m)sa’1 + C1 (M + moo)2(M + m)sa’1 ds]}
t/2

1/2 _ N ,
< (/0 (1—0) 0 da) [C1(My + moo)(M +m) + C1(My + meo) (M + m)]

121__0:9 [51(Moo + Meo) (M 4+ m) + 61(Moo + Moo )2 (M +m)). (3.11)

Estimating for the other terms of (3.6) proceeds similarly. The differenéé®isorm estimate for
the integrand'— f(f Oke=(t=9)49,(P=)ds (k = 0,1,2,3). For example, we estimate the fourth

terms of (3.6) as
t t
10‘/836“3)‘4&5(735)(15 /Qﬁe(ts)APEds
0 0 oo
t
< pi-o / | e t=IAPE|| ds
0

_l_

— tlfa

o0

t
< e / 1A 94 oy [PE] s
0

< Cctte (/Ot(t — 8) T PE]E, ds). (3.12)

Thus, estimating (3.12), the pow#r shall appear, which cancels out the terffi™ in (3.6). We
also recall that from (3.5)

sup]Fu!oo + sup [0, 1'ul oo (3.13)

1
I Fu“LOO(J,BUCl(R))
T ted



Self-similar solutions to the surface diffusion 15

Thus, estimating (3.13) proceeds similarly as above. Sineadm,, are sufficiently small enough,
then, with a suitable choices af and /., we can show that

maX(HFUHBUcl,Q(J,him(R)y ITull o (g, BUCH, W (R))) < max(M, M),

even

Thus, we have shown thB{ Zy; 1. (J)) C Zaan. (J).
Step 2 (" is a contraction on Zy; . (J)).
Pickw; € Zyra, (J) (i = 1,2). Letv; == u; + UL (i = 1,2) and

Ei((”@')m (Ui)mw (Uz)wm) = h((”l)z)(vz)xm - g((“%’):m (Uz)m) (Z =1, 2)‘

Then we have
t
Tuy — Tug = —/ e~ =949, (P(Z1 — 5,))(s) ds,
0

where

—_

=1 — E2 — (( ):(:)(Ul)xxac - ((Ul):w (Ul):c:r;>
— h((v2)2) (V2)zza + 9(V2)2, (V2)2)
= h((v1)z) (w1 = U2)zes + [A((v1)2) = R((V2)2)](V2) 20z

= [9((V1)z, (V1)az) = 9((V2)2; (V2)22)]
=11+ I+ Is. (3.14)

Now we estimate the right-hand side of (3.14) with respectdtder semi-norm respectively. The
argument, however, proceeds similarly as in Step 1, therefore we leave the detailed computations to
the reader.

[Il]hv = [ﬁl((vl)w)(ul - U2)xm]m
< Cof{|(01)g)oo (1 = U2)wwalnr + [(V1) 2] [(U1 — ©2) paw| oo }- (3.15)

Next, by the fundamental theorem of calculus, we observe that

Iy = (h((v1)2) = h((v2)2))(V2) 222
_ ( /0 B (0(u1)s + (1 — 0) (), + UL) d&) (11 — 12 (02, (3.16)

wherel/(v) = 6v/(1 + v?)™%
To estimate (3.16) with respect takder semi-norm, we use Lemma 3.1 by

[P19203]17 < [01]r7[02]00]9P3]00 + [01]00[P2]n [03]00 + [©1]00 2] s0[3]n7- (3.17)
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From (3.16) and (3.17), we have

Lol = [(0((01)s) — ((02)2)) (02)anee
(A[wwwnf+a—exm»+w&mﬂw)wn—uaﬁawﬁmum

+<IWWW%+“—@W%+Ume)W—mMmmmmm
< O1 IR (0(uy)e + (1 — 0)(ug)s + U)o d@) |(up — u2)$|oo[(v2)mx]m}
{

puct + [ug)Buct + [UL]BUC’l) [y — ug]pi4+ V2| pes

puer + [ualuer + (U ] pven) [ = w]puei [ualho | (3.18)

Estimating[/3],~ is a similar argument. Thus, by the fundamental theorem of calculus, we observe
that

g1, q1) — 9(p2, @2) = (/ D1g(0p1 + (1 = 0)pa, 0q1 + (1 - 9)612) d@) (Pl P2)

+<[:wam+41—0m%@y+u—0mam0@n—@x (3.19)

where
3(1 — 5p?)¢? 6
Dig= LI, O
(1+p?) (14 p?)

We estimate the right-hand side of (3.19) with respectdtdielr semi-norm.

[(D19)(p1 h’Y [D1g hY |P1 p2|oo + ‘Dlg‘oo[pl pz]m
3(1 — 5p 3(1 — 5p?)
(1+p?)*

IN

¢l |p1 — mu+{ }|ﬂ@m—m@
h

‘(1—WH
(1+p2)1

< Co{ldlooldlir [p1 — Paloo + [Pl ]a%]p1 — P2oo
+ g% [p1 = polw }s (3.20)

|q2|oo[p1 —p2]m

o0
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[(D29) (1 — @2)nr < [Daglnr|gi — @2loo + | D2gloolgr — q2ln

D 6p
< ‘m . [Q]iﬂ’(h - Q2|oo + {m} . ’CI|oo[CI1 - QQ]}W
6p
+ >y e’} - Y
(1+p2)3 OO|Q| [QI q2]h
< Cs{[gln|ar — @2l + [Pl |d| oo @ — qa)n
+ [qloclar — @2]n }- (3.21)

The estimates (3.20) and (3.21) yield that

sl < Co{ (Ju)aaloo + |(2)aslo + UL )
X ()i + [(Wa)aalir + (U5 D) [ = e
o ([(en)ali + 1)l + [UFh0)
X (1) aalZ + 1(u2)eal2 + [ULIZ) Tur — u2]o
(10 2 + V(02 2 + U [t1 = sl |
+ Cao{ ([)aelio + ()l + [UED) |(02)ew = (tz)e
+ ([m)edio + (@)l + [UF) (1()aeloo + [(@2)aeloe + (U5 |sc)

X [(u1)ze — (U2)za]n

+ <|(u1)m|oo + [(u2)azloo + |UJ:L:U|OO) [(w1)ze — (U2)az]nr. (3.22)
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From (3.15), (3.18) and (3.22), the tesnp,_ j t*~*[02(T'uy — T'uy)]y- is estimated by

1/2 9l-a
sup t' 02 (Tuy — Tug) | < </ (1—0) o> do + )
ted 0 1—-0

X {52 (Mo + meo) + (Moo + Moe) Y CH0 (M + m)v/(%v)}
1+ (s [(2 M2/ NG 2@ 1 CHENY (M 4 mi ) ) (M 4 m)? )

+ (2Moo + Mmoo ) (Mo +m )7/(2+v)(M + m)2/(2+v) + (2Mo + moo) (M + m)]
+ C [(QM (14+7)/(247) py1/(2+7) + m(1+w)/(2+y) 1/(2+7))

X (2MY/ @) NN/ @) L 241 (1) (242)
+ (2 Mgo/(2+v) MY/ 4 mg(/)(zﬂ)mv/(zﬂ))

X (2M2AED/ ) N2/ @) g 209/ (249) 1,2/ (249) )
+ (2 M3<§1+7)/(2+7) M) 4 mi(()1+’y)/(2+'y)m1 /(gﬂ))]
+ (s [(QM;O/(”V)]\/[(HV)/(?H) @) (1) 24))

(202N N ) 2 ) /(20
% (2M£+7)/(2+7)M1/(2+7) + m((i+’y)/(2+'y)m1/(2+7)>

(M@ 1/@40) |y (L)) @40) 1/ 24 } (3.23)

The estimates for the other terms

1 1

T@ sup tl a‘a3(ru1 FU2)|oo; T1/4+9 Sup tl a’a2(ru1 FuQ)‘oo;
teJ
1 « el

T1/2+9 Sup - 10, (Tuy — Tug) oo, T3/4+9 Sup = T (w1 — u2)|oo

proceed similarly. Thus, we have actually estimat®d, — I'us|| pyc, (4250 r))- The estimate of
|[Tur — Tugl| oo (s, BUcy,,, (r)) @lSO proceed similarly as above.
The smallness of the constanis m., and our suitable choices of the constahis)M,, shows
that||l'uy — Nus|| z,, . () IS l€ss than or equal td /2) ||uy — ua|z,, . (1), Which concludes thdt
iS a contraction ot (/). By uniqueness the constructed solution is self-similar,ie= v.
The proof proceeds similarly in the casexa 0. What we have to do is to estimate “[0%c~*4a],-.

' 03e alyy = 1 [AY e M0, 4]
< A2 oy ) - Nl | s,
<2,
= ||d|| - (3.24)
In the last line of (3.24), we use the relation= 1/2 — ~/4. Thus, if||d'|| s, = |a'| is Sufficiently

small, we can control the quantity—[03e~4a];~. Hence, we can show the unique existence of the
mild solution with the initial data # 0. [
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Remark. (i) Itis likely that the constructed self-similar solution is smooth by using linear parabolic
theory for higher order equation although we do not pursue this problem. Of course, the self-similar
solution is a solution of ODE so it must be smooth.

(i) The technique we used in the estimate (3.10) is similar to the technique of the proof of [1,
Theorem 2.14] by Angenent which is the extension of Da Prato—Grisvard construction [8]. See the
Appendix for details.

3.3 Stability of self-similar solution

In this subsection we discuss the stability of self-similar solutiondle¢ the mild solution which
we constructed in Theorem 3.3. For> 0, put

up(z,t) = %u()\x, M), an(x) = %a()w).

Sinceuw is the mild solution of the problem (1.9)—(1.11), is also the mild solution of the prob-
lem (1.9)—(1.11) with the initial data, .

Theorem 3.4.The rescaled,, uniformly converges ta as\ — oo on any compact sets i, 77 x
R, where is the self-similar solution of (1.9)—(1.11). In particular,/*u(t'/*z,t) — Z(x) as
t — oo whenZ is the profile function of..

To show Theorem 3.4, we need a preliminary lemma. For the definition of the weigbtddrH
spaceC§((0, 7], E), see [19, Chapter 4].

Lemma 3.5. Let w be the mild solution which we constructed in Theorem 3.3. Then
H,J
we C,k ((0,T], hEZ(R))
2
and there exist§’ = C'(M, M) such that

el e <c.

L (01pER)

2

t S
() — u(s) = (e — e=Na — / e~ =740, =(7) dr / (e~t=7A _ ==Y =(7) dr
s 0

t t s t—T1
— / Ae " adr — / e~ DAY E(T) dr + / / Ae™m0,2(7) dr dr.
S s 0 s—T

Recalling the definition of the weightedattier space (cf. [19, Chapter 4]), we have

14~y
U| 14y = Sup € 2 |u| 1ty .
[ ]lew (JREIR))  0<e<T [ ]C T ([, T],hedh(R))
14y
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Thus, fore < s < t < T we calculate

t t
5%[8§u(t) — O2u(s)|p < e {—ai (/ Ae a dr)} Lo {85/ e~ DAY E(T) dr
S hY S

hY
s t—7
tez {85/ / Ae ™ 0,2(7) dr dT:|
0 s—T hY
= Jl + J2 + Jg.
Jp is estimated by
t t
Jl S EH—TW |:/ &EAe*rA@gca dT':| S 81-?/ ”aerirAHL(Loo(R)’h'y(R)) . ]8Ia|oo dT
S hY S
SJ@HTV 7”717%7% dr - Ha”BUCI(R)
14y
4 14y (t — S)T 4 14y

< 2 < —(t—3s)1 ) 3.25
ST lallpverm) < 5 +7( s)+ llallpuerw) (3.25)

Now we estimate/, by

t t
Jo < / 1026 D4 | £y pr(m)) - [E(T)]h dT S 1 (M, Moy / (t — )~ 342"t dr.  (3.26)

If s <t/2,then we have

t t/2 t
e (t — 7)Aot dr = et (/ +/ )(t — )3 MArelr,
s s t/2

Forr € [s,t/2], note that < 7 andr <t — 7. Thus, we observe

t/2

t/2
e (t — 7')*3/47"%1 dr < e / (t — 7')*3/4*7/4(25 — 7')*7/471%770‘*1 dr
/2 v/4
_ / (¢ -7y () g
B t—1T1
t/2 4 14+
< / (t—7) 3 dr < ——(t—s) 1. (3.27)
s 1+~

Forr € [t/2,t], we observe

t a—=1 ,t
e (t — 7')’3/47'“1 dr < e (%) / (t — 7')’3/4 dr
t

t/2
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If s > ¢/2, then we calculate in the same way as (3.28),

t t
1+ 1+
ez [ (t—7)retdr<eT / (t—7) 4 tdr
s t/2
5+ 14y

<2 (t—s) T (3.29)

From (3.26)—(3.29) we have
1+y

Jg S Cl(t - S)T. (330)

J3 is estimated by

s t—1
Jy<er / / 107 4™ 2 () o ) [E(T) 1o d
0 S—T

501 / / i34 g dr
StTT
— C1€ / / 73/4+7/4 71 'y/4 a— ldT dr

tf
14y 1 _ _
< e 2 (s —7)7! VAo 1dT/ r 34/ gy
0 s—T

4 S
< cie s (/ (s — ) 17/Apet dT) (t— s)lfTw
0

I+~
4 ! 14y
1 (/ (1— o) t/4gat da) (t—s) . (3.31)
0

<
I+~

From (3.25), (3.30) and (3.31) we conclude that CE (J, h%(R)) and there exists a constant
C := C(M, M) such that

[u] 14~ gC

Cﬁu,himm)
2
]
Proof of Theorem 3.4From Lemma 3.5y, is uniformly bounded and equi-continuous. From Ascoli-

Arzela theorem, there exists a subsequenge} i, such thatu, uniformly converges ta on any
compact sets i >°((0,7] x R) up to the second order derivatives. Note that

Ha/\jHBUCl(R) = |CL,\j|oo + |axa)\j|oo
= - supa(ye)] + sup ()
< laloo +la'[ee = llallBucrm)-
From our method of constructing the solution, we observe that there €XistsC’'(M, M.,) such
that

lux; ooy nztzmy S Cllay lsucrwry < C'llallpueiw)
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This boundedness enables us to conclude that the third order deritiveconverges t@2 in
L*> x-weak sense. Recall that

_ 1 3 S(U)\ -+ UL>x(U)\. + UL)?M
’_‘)\ = — 1 aqu _— 7 J
’ (L4 (ur, +UF)3)? ’ (L4 (uy;, +UR)3)?

(3.32)

The first term of (3.32) is the product of uniform convergence sequencéandweakly conver-
gence sequence. The second term is a uniform convergence sequenc&(Thusi- U”),, (u, +
U")a, (un, + UL)a0s) converges ta&((a + U*),, (4 + UF)gq, (G + U)p0q) @sA; — oo in L
x-weak sense. Thus

t
Uy, = e’tAa,\j — / e’(t’s)A&EE((uAj + UL)I, (uy, + UL)M, (uy, + UL)xm)(T) dr
0
1 t
= )\—e_tAa()\jx) — / e_(t_s)A@:E((uAj + UL)x, (uy, + UL)M, (uy, + UL)MI)(T) dr
J 0
t
S a=0- / =99 Z((i1 4+ U ), (it 4 U ), (i 4+ U )aa) (7) dr - @SA; — 00,
0

7 is the mild solution with zero initial data, that i&,is self-similar. O

A Appendix

We show the key estimate of the technique developed by Angenent [1, Theorem 2.14] which is the
extension of Da Prato—Grisvard construction [8]. The point is the estimate for the integrand which
shall be stated in Lemma A.1 as follows.

Lemma A.1. Suppose thal < o < 1 and0 < 6 < 1. Then there exists a constarit> 0 such that

t

(1A t)l_o‘/ (r+t—2s)"2(1As)"ds<C
0

forr,t € RT.

Proof. If t < 2,

t/2 t/2
Ii(r,t) = / (r+t—s)21As)"Hds = / (r+t—s)'2s7 g5
0 0
1/2
< (r4t)0e / (1—0)"207"do < c(r+1t)" 2+
0
If ¢ > 2,

1 t/2
Li(rt) = / (r+t— 3)9_23_1+O‘ ds + / (r+t— 8)0_2 ds
0 1

<A+ (r+1/2)"71) <e(r+ 1)
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Similarly, if t > 2,

¢ t
Ly(rt) = //2(7’ +t—38)" 21 As) T ds = //2(7" +t—5)""2ds < erf
¢ ¢

If ¢t <1,

t
Iy(r,t) = / (r+t—s)'2s7 1" ds <t~ 1ot
t/2

Lastly, if 1 <t < 2,
1 t
Ly(r,t) = / (r+t—s)f2s7 " ds + / (r+t—s)"2ds<er’ 1.
t/2 1

Now the assertion is obvious. O
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