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HYDRODYNAMIC LIMIT FOR THE
PLANCHEREL ENSEMBLE OF YOUNG DIAGRAMS
AND FREE PROBABILITY

AKIHITO HORA

ABSTRACT. Concentration phenomena in statistical ensembles of Young
diagrams have been investigated as static models first for the Plancherel
ensemble by Vershik—Kerov and Logan—Shepp in 1970s and later for
some other group-theoretical ensembles by Biane. On the other hand,
a dynamical model of concentration for Young diagrams, which is not
directly connected with group representations, was shown by Funaki-
Sasada in the framework of hydrodynamic limit. Our aim here is to dis-
cuss a dynamical model of concentration for Young diagrams in group-
theoretical ensembles. We especially feature Biane’s approximate factor-
ization property of ensembles as an origin to give rise to concentration.
Starting from an initial ensemble yielding concentration and a micro-
scopic dynamics keeping the Plancherel measure invariant, we derive an
evolution of rescaled shapes of Young diagrams through hydrodynamic
limit. The resulting evolution along macroscopic time is described in
terms of the notions of Voiculescu’s free probability theory such as free
compression and free convolution of Kerov transition measures.

1. INTRODUCTION

The set of Young diagrams of size n, which is denoted by Y,,, parametrizes
all the equivalence classes of irreducible representations of the symmetric
group &,,. The Plancherel measure Mgi) is a fundamental probability mea-

sure on Y, which is defined by
(dim \)?

n!

(1.1) M () = . AEY,,

where dim A denotes the dimension of an irreducible representation of &,

labeled by A € Y,,. The probability space (Yn,M(P?)) is often called the
Plancherel ensemble of Young diagrams of size n. It is known that a Young
diagram chosen out of the Plancherel ensemble at random, strictly speaking

according to the probability designed by Mgi), should always look like a

special shape. This is the famous concentration phenomenon to the limit
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2 AKIHITO HORA

shape discovered by Logan—Shepp[14] and Vershik—Kerov[17]. A more pre-
cise statement is formulated as a weak law of large numbers as follows.
Identifying a Young diagram A\ € Y, with its profile as defined in Subsec-
tion2.1(see Figurel), we consider the rescaled function by 1/+/n:

- i)\(\/ﬁx), z €R.

(1.2) AV () 7

Set

(1.3) Qz) = {i(marCSiH; +V4—2?), |z| £2,

|| |z| > 2.
Then, for any € > 0, we have

(1.4) Tim M ({A € Y| sup N () = 2(2)| Z €}) = 0.

The Plancherel measure can be lifted to the probability Mp; on the space T
consisting of the paths of Young diagrams

(15) t=(0)=2 /1) =0 7t2) - /tn) /), tn)€ Yy

so that it is the nth marginal distribution as
(1.6) M (A) = Mpy({t € T|t(n) = A}), A€ Y,.

Then we can show almost sure convergence to the limit shape (2 as a
strong law of large numbers. These kinds of concentration are observed
in other ensembles than the Plancherel one. In [1] and [2], Biane pointed
out the property of “approximate factorization” for states of group algebra
C[6&,,] induced by probabilities on Y,, and gave many interesting examples
of these concentration phenomena. Approximate factorization property is
interpreted as ergodicity in a certain weak sense. The limit shape in the
Plancherel ensemble simply means the 1-point function of the system. A
thorough treatment including higher correlation functions was developed by
Borodin-Okounkov-Olshanski[4].

Let us note that the concentration to the limit shape of Young diagrams is
a static result under the micro-macro correspondence by the rescale of (1.2).
The purpose of this paper is to capture the evolution of the rescaled shapes
of Young diagrams along macroscopic time under the same micro-macro cor-
respondence, in other words, to treat what is called hydrodynamic limit. In
[7], Funaki-Sasada showed remarkable results on hydrodynamic limit for the
evolution of Young diagrams. In the model they treated, the microscopic
transition rule governing the dynamics on the set of Young diagrams is given
by creation and annihilation of a box according to the uniform distribution
conditioned on their size. Although their model is simple and natural, our
aim here is to consider hydrodynamic limit featuring the group-theoretical
meaning of Young diagrams (which label the irreducible representations of
symmetric groups). The results of Funaki-Sasada in [7] are given in the
setting of the grand canonical ensemble under which a Markov chain on the



HYDRODYNAMIC LIMIT FOR PLANCHEREL ENSEMBLE 3

totality of Young diagrams of all sizes allows variation of the number of
boxes. The main theorem of this paper is stated in the canonical ensemble
setting where we consider a Markov chain on Y,, and then take a limit of
n — oo. When we discuss the Plancherel ensemble in the grand canoni-
cal manner, it seems natural to consider the probability on Y = | |>° Y,
through poissonization of Mg{)’s. In Section4, we formulate this model and
state some aspects which we meet with in computing its hydrodynamic limit.

The framework of the hydrodynamic limit in this paper is as follows.
Recall that, if the microscopic Plancherel ensemble is zoomed out under
scaling limit by 1/+/n as (1.2), one observes {2 of (1.3) macroscopically. We

consider a continuous time Markov chain (Xs(n))sgo on the state space Y,

which keeps the Plancherel measure Mg{) invariant. Then, starting from

the initial state Mg{), the macroscopic shape remains {2 as time goes by. As

an initial state on Y, let us now take a probability M(()n) under which the

ensemble yields concentration as n — oo. After 1/y/n-scaling limit of (1.2)

)

, a certain macroscopic shape wqg is observed. When

we drive the same Markov chain as above from the initial state M(()n), it is

expected that the distribution Mﬁ”) on Y, at time s will tend to Mg}) as s
goes by. Then, seen from the macroscopic point of view, an evolution from
wp to §2 should be observed. Speaking the scale more precisely, we assume
that the microscopic ensemble (Y, M(()n)) appears if the macroscopic initial
shape wy is zoomed in by rescale of \/n multiple. Given a macroscopic time
t > 0, we consider the situation of the ensemble after microscopically long
time s = tn and, observing it by the rescale of 1/4/n, see a macroscopic
shape w; at time ¢t. Note that the scale of time vs space is the diffusive one.
Our aim is to prove this concentration to w; at each time ¢ and to describe
we as explicitly as possible as a function of . Since we have convergence to
the Plancherel measure as s — oo in the microscopic situation, w; should
converge to the limit shape {2 as t — oo.

Let us proceed to state our main theorem which realizes the above frame-
work. In order to take a Markov chain on Y, which keeps Mgi) invariant,
we consider (a special case of) the up and down transition probabilities used
in [5]. For two Young diagrams X\ and p, whose sizes satisfying |A| +1 = |ul,
we use the notation of A 7 u if p is formed by adding one box to A. For
A €Y, (neN), set

with respect to M(()n

(1.7)
pl = D A H(E Yag), Pl L (€ Yao1) /N,
AH 0, otherwise, A 0, otherwise.

The branching rules of induction and restriction

Gn ~Y n ~
Indg"" \ = @ Iy Resg" A= @ 1
PEYny1: A WEYn_1:p,/ A
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yield that PT and Pt satisfy

HEY 41 HEY 1

Hence, setting P = PTPY namely

(18) Z P;:y v, A?MEYTH

veEYn41

we have P(™ to be a stochastic matrix of degree |Y,|.

Lemma 1.1. Mg;) of (1.1) is symmetric with respect to p) of (1.8), namely
we have

(1.9) MG )P = MG ()P, A p € Y.

Hence a Markov chain on Y, with the transition probability matriz P
keeps Mg;) mnvariant.

Proof. We see from (1.8) and (1.7)

dim p
P = L —
H ueYnH:z/\:/‘u,u/u (n+1)dim A
If \,u € Y, are distinct, then Young diagram v € Y, satisfying both
A vand p v ocan exist at most one, which could be v = AV pu (=
set-theoretical union of the boxes). The number of Young diagrams v €
Y,+1 satisfying A 7 v agrees with the number of valleys of A (see (2.1) in
Section2). We thus obtain

[{valleys of \}|

) d'n+1 s A= M,y
(110) P>\7N = (n_i_ln)rildlfm, )\\/MGYT%F].)
0, otherwise
for A\, p € Y. (1.9) follows from (1.1) and (1.10). O

Let us consider a continuous time Markov chain (X, s(n)) s>0 With the tran-
sition matrix P on the state space Y,. M denotes the induced proba-
bility on the set of functions (= paths) from [0, 00) to Y,,. M(()n) being the

initial distribution on Y,, the distribution M (X O ) at time s is
given by
n n n o (n) _
(L) MO =)= 3 M N)EPT ) pe Yo
A€Y,

Identifying a Young diagram with its profile, put it into the space I con-
sisting of the continuous diagrams in order to discuss its scaling limit. Here
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w € D is by definition a function R — R satisfying the following conditions:

(1.12) we) —w@)| = e —yl, zyeR,
(1.13) w(z) = |z| if |z| is large enough.

m,, denotes the transition measure of w € D (see (2.2) in Subsection2.1).
The transition measure of {2 in (1.3) is the standard semi-circle distribution
such that

(1.14) mp(dz) = % 4 — 22 1[_g g (w)d.

For a probability on R, its k&th moment and free cumulant are denoted by
My( - ) and Ry( - ) respectively, k € N (see Subsection2.2). A decisive fact
is that the free cumulant sequence of (1.14) is

(1.15) Rl(mg) =0, RQ(I‘(IQ) =1,
Rg(mg) = R4(mg> = R5(mg) =-..-=0.

The ensembles admitting approximate factorization property cover a wide
range of known examples for concentration phenomena ([2]). We formulate
the relevant conditions and resulting concentration as follows (partly re-
calling [8], [9]). Given a probability M on Y,,, we have a positive-definite
normalized central function on &,, by

(1.16) fl@)=> MMNiMz), €6,

AEY,

Here x* is the irreducible character of &,, labeled by A, and we set ¥ =
x*/dim A\. The map M + f of (1.16) is an affine bijection from the set of
probabilities on Y,, onto

(1.17)

{f:6, —C | positive-definite, f(e) =1, f(z 7 yz) = f(y) (z,y € Sn)}.

Moreover, f in (1.17) is uniquely extended to a tracial state of C[S,,] by
linearity. If f is a central function on &, and ¢ is a Young diagram with
|o| < n, the value of f at an element of cycle type o in &,, is denoted by
f(a,l"*“")' Note that o can contain one-box rows in this notation.

Definition 1.2. Given ensemble {(Y,,M™)},cn, let f(® be the corre-
sponding tracial state of C[&,] determined by (1.16). We refer to the fol-
lowing set of conditions as Condition (AF).

e(approximate factorization property) For any p € N and any kq,--- , k), €
{27 35 e }7
(1.18)

(n) (n) (n) _ eyl
Tyt S aniny Sy noay = o(n ’ )

as n — Q.
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e(asymptotic cycle mean) There exist a > 0 and a real sequence {rs,r4,- -}
such that, for any k € {2,3,---},

. k=1
(119) nh%n;on 2 f((:’)lnfk) = Tk+1,
(1.20) rppr| < aftL

O

The meaning of growth order n's for the k-cycle value appearing in
(1.18) and (1.19) of Condition (AF) may be unclear at a glance. One will
be convinced by knowing the form of Kerov polynomials that this growth
order fits with our rescale of (1.2). See the approximate computation (2.17)
in Subsection2.3.

Theorem 1.3. Let ensemble {(Y,,, M)}, en satisfy Condition (AF) of
Definition1.2. Then, there exists w € D such that

(1.21) lim M™({XeY,| sup AV(z) —w(z)| 2 e}) =0

for any € > 0.

We call the continuous diagram w the macroscopic shape for M.

This concentration result is due to Biane ([1], [2]). Proof of Theorem1.3
is reconstructed in Section3 for the use of proving the main theorem. A
stronger fact than (1.21) is shown in (3.8) and (3.10). As typical examples
of ensembles satisfying Condition (AF), we mention later in AppendixA bal-
anced irreducible characters and Thoma ensembles. Something like indepen-
dence is suggested by (1.18) for indicator functions with disjoint supports.
It will be also clarified there that approximate factorization property can be
regarded as a certain weak ergodicity of the ensemble.

Here is our main theorem. Free convolution of two probabilities 1 and
v on R is denoted by p B v. For a probability g on R and ¢ € (0,1], e
denotes the probability on R obtained as free compression by a projection
of expectation ¢ (see Subsection2.2).

Theorem 1.4. For the Markov chain (Xﬁn))szo of (1.11), assume that ini-

tial ensemble { (Y, Mén))}neN satisfies Condition (AF) of Definition1.2. For
any (macroscopic time) t = 0, consider the distribution of the Markov chain
at s =1in:

(1.22) MM = MO(XM =), AeY,.

Then, {(Yn,Mgn))}neN satisfies Condition (AF) for anyt = 0. There exists
a function t € [0,00) — wy € D such that, for any t = 0 and any € > 0,

(1.23) li_>m Mgn) ({A e Y, | sup IV (2) — wi(z)] = €}) =0.
n—oo z€R

Here the macroscopic shape w; € D at time t is characterized through its
transition measure my, by the following operations of free compression and
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free convolution:
(1.24) My, = (Myy)e—t B (M), t>0.
Remark 1.5. In terms of a free cumulant sequence !, (1.24) is translated into
(1.25) Ri(my,) =0, Ra(my,)=1,
Rp(my,) = Rg(myy)e *D1 k>3

(see (2.10) and (2.8) in Section2 for the free cumulants obtained by free
compression and free convolution). Since we have for any k € N

(1.26) lim Rj(my,) = R(mp)
t—o0
by (1.25), w; converges to 2 in D as t — oo in a macroscopic point of view.

Remark 1.6. If we adopt P+PT instead of PTP' as the transition matrix of
a Markov chain on Y,, governing the microscopic dynamics, we still have
invariance of Mgi) and the same result for hydrodynamic limit. See Re-

mark3.5.

In [7] and most results on hydrodynamic limit in other models also, a
fundamental task is to describe the evolution along macroscopic time by
specifying a (non-linear) partial differential equation for w; obtained through
the scaling limit. In the contexts of this paper, as may be seen from the
strategy of the proof of Theorem1.4 stated in the next paragraph, the shape
of an element of D can be efficiently analyzed by the free cumulant sequence
of the transition measure. The correspondence between

weD +— my «— {Ri(my)}ken

will be explained in Subsections 2.1 and 2.2 . As for a partial differential
equation for the evolution, we derive the one for the Stieltjes transform of
My,

(1.27) G(t,z) = / ! my,, (dz), z€Ct
RR—X
in Proposition3.3.

Let us note brief ideas for the proofs of Theorem1.3 and Theoreml.4,
whose details are written in Section3. Since the Plancherel ensemble comes
from representations of symmetric groups, it is congenial to group characters
in computation. Our basic trick is as follows. In computing expectations,
devise to replace free cumulant Rjy1(my) of the transition measure my of
A € Y,, by the (suitably normalized) irreducible character value at k-cycle
of &,, corresponding to A. These procedures are justified by analysis of the
Kerov—-Olshanski algebra consisting of polynomial functions of coordinates of
Young diagrams as well as a (rough) application of the so-called Kerov poly-
nomial. We review these notions in Subsection2.3. Such replacement being
justified, the proof of Theorem1.4 will proceed by using induction/restriction

INote that, for wo also, (1.21) yields Ri(mw,) = 0, Ra(mey,) = 1.
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of irreducible characters and similar devices for proving concentration to the
limit shape {2.

After Introduction, the subsequent sections are organized as follows. Sec-
tion2 is devoted to reviewing necessary notions and properties. Introduced
are the profile of a Young diagram, its transition measure, several notions in
Voiculescu’s free probability theory and so on. Then we give explanations
on structure of the Kerov-Olshanski algebra and the Kerov polynomials.
The proofs of Theorem1.3 and Theorem1.4 are given in Section3 along the
strategy stated above. In Section4, we consider the poissonized Plancherel
ensemble in which the microscopic dynamics allows variation of sizes of
Young diagrams and discuss a setting of the grand canonical ensemble for
hydrodynamic limit. Finally, we supplement comments about some results
on approximate factorization property for a state of the group algebra of a
symmetric group in AppendixA.

2. PRELIMINARIES

2.1. Young diagram, continuous diagram and transition measure.
A Young diagram is presented by A = (A1 2 A2 2 --- 2 Nn) > 0) where
I(\) denotes the number of rows in A or by A = (1™1(M2m2(A) ... ym; (V) ...
where m;(\) denotes the number of rows of length j in A. In this paper we
mainly display a Young diagram by loading the region y > |z| of the zy-
plane with squares (= boxes) of edge length /2 as Figurel. The piecewise
linear graph presented by bold lines in Figurel is called the profile of a
Young diagram. A Young diagram identified with its profile is regarded
as a continuous diagram defined by (1.12) and (1.13). Setting Dy = {\ €
D |\ is piecewise linear, \'(z) = +1}, we have Y C Dy € D. We encode
A € Dg by using the z-coordinates of the valleys and peaks of A

(2.1) T <Y1 <2 <Yy < - < Tp1 <Y1 < Ty

1 Y1 x2 Y2 x3

FiGURE 1. Young diagram, its profile and coordinates
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as Figurel. Conversely, interlacing x;’s and y;’s as (2.1) are the coordinates
of some A € D if and only if they satisfy

T r—1
in - Z y; = 0.
i=1 i=1

An atomic probability my on R is uniquely assigned to any A = (z; < y1 <
- < Yp—1 < xy) € Dy by

(z=y1) (2= yr-1) / 1
2.2 = d C\R.
( ) (Z—,fl,'l)-.-(z—ﬁl,'r) Rz_xmA( :’U)v z€ \
Clearly, suppm) coincides with {x1,--- ,z,}. my is called the (Kerov) tran-

sition measure of A. On the other hand, the Rayleigh measure of A € Dy is
defined by

r r—1
(2.3) ™ = Z Oz; — Z Oy;
=1 =1

as a signed measure on R with total measure 1. The moment sequences
{Mn<m)\)}n:0’172’... and {Mn<7')\)}n:0 1,2, for A € Dy are related by

oo
(2.4) PPty Mi(m) _ (Z M]’;Z? ) 2€C, |2 > 1.

n=0
As a consequence of (2.4), we see that {M,(m))} and {M,(7\)} are ex-
pressed as polynomials of each other. The transition measure m, can be
defined for any continuous diagram w € D also through a limiting proce-
dure. A convenient way is that, taking a uniformly approximate sequence
{AF)} ey € Dy for a given w € D and recognizing that {M,(m,w)}ren
forms a Cauchy sequence for any n € N by the above mentioned polyno-
mial relations, we apply an easy moment problem for a compactly supported
probability on R. Then, (2.4) is extended to

(2.5) /RZ i xmw(d:c) = iexp{/R . i . (W($)2_ |x|>/dx}, ze€ C\R

for w € . Conversely, given a probability 4 on R with compact support
and mean 0, there corresponds a unique w € D such that u = m,,, though
Rayleigh measure 7,, does not necessarily exist. In this case, we mention a
Rayleigh function F' : R — [0, 1], which satisfies by definition F'(z) = 0
on (—oo,a] and F(z) = 1 on [b,00) for some a,b € R and coincides with
the distribution function of the Rayleigh measure if it exists. The relation
corresponding to (2.5) between p, F' and w is given by

(2.6) /Rzix (dz) = 1exp{ /_0 ﬂdﬁ/owlg_%l’)dx},

[e.e]

27w / Fla dx—i—/ (1— F(x))da.
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In this paper, we treat only the case where suppu is compact. Including
consideration of probabilities with non-compact supports and certain mo-
ment conditions, a thorough treatment of interplay between p, F and w is
given in [12]. The map F — pu is called the Markov transform. Let us refer
to the topology on D defined by the family of semi-distances

{dk(wi,ws) = |M(me,) = Mi(my, )| (wi,ws € D)}, .

as the moment topology on . We see the following facts about topologies
on D from the definition of D and (2.5).

Lemma 2.1. (1) The pointwise and uniform convergence topologies on D
coincide.

(2) Restricted on {w € D|w(x) = |z| for |z| = a} for a > 0, the uniform
convergence and moment topologies coincide.

(8) The moment topology is stronger than the uniform convergence one
on D.

Proof. (1) directly follows from the conditions (1.12) and (1.13) to define D.
(2) and (3) are shown by using (2.5). O

2.2. Free probability theory. Let us recall several notions in free prob-
ability theory due to Voiculescu. See [15] for details. Here we mainly pick
up combinatorial aspects only for one-dimensional distributions. Consider a
C*-probability space (A, ¢) consisting of a unital C*-algebra A and a state
¢ of A. Let u, v be the distributions of self-adjoint a, b € A respectively. If a
and b are free, the distribution of a+b is denoted by pHv and called the (ad-
ditive) free convolution of ;1 and v. Given compactly supported probabilities
w,v on R, pH v is uniquely determined and compactly supported. In terms
of free cumulants of probabilities on R, the free convolution is characterized
by

(2.8) Ri(nBv) = Ri(p) + Ri(v), ke N.

Here Ry (u) denotes the kth free cumulant of p, which is defined (from a
combinatorial viewpoint) by the following cumulant-moment formula (2.9).
NC(n) denoting the set of non-crossing partitions of {1,2,--- ,n}, extend
subscripts of cumulants (and moments also) to partition m = (v, - ,v;) €
NC(n) by setting
Re(p) = Ry (1) -+ Ry (1)

multiplicatively (where |v;| denotes the cardinality of block v;). Then, we
have

(2.9) My (p) = Z Ry (1), n e N.
TENC(n)

The Mobius function of the poset NC(n) enables us to write an inversion
formula of (2.9), which expresses R, (i) explicitly in terms of My (u)’s.

If g € A is a projection (¢> = ¢ = ¢*) such that the expectation ¢(q) # 0,
setting B = ¢Aq and ¢ = ¢(q), we have a C*-probability space (B, %(ﬁ‘g).
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Moreover, if self-adjoint a € A and ¢ are free, then the distribution of gag
with respect to %¢| g is called the free compression of the distribution p of
a and denoted by p.. Given a compactly supported probability © on R and
¢ € (0,1], the free compression . of p is uniquely determined. In terms of
free cumulants, the free compression is characterized by

(210)  Re() = Ryl (= LBl

-))), k € N.
D))
For a compactly supported probability p on R, set

(2.11) KulQ) = 74> Rea(u)',  CeC
k=0

The Taylor series part of (2.11) is Voiculescu’s R-transform of p. K, of
(2.11) and the Stieltjes transform

G#(z):/Rzixu(dx), zeC

of p are inverse functions of each other in appropriate domains such that
I < 1+—|z] > 1.

2.3. Kerov—Olshanski algebra. An algebra of polynomial functions in
the coordinates encoding Young diagrams was introduced in [13] and plays
an important role in asymptotic representation theory of symmetric groups.
It is essential to compute the transition coefficients between several generat-
ing systems of the algebra as explicitly as possible. Substantial contributions
in this direction were given in [11]. It is natural to define this algebra by
introducing as generators the power sums

paN) =Y (af + (=1)"'0})

)

which are supersymmetric with respect to the Frobenius coordinates (a;, b;)
of Young diagrams. In this paper, however, since we mainly utilize the
x-coordinates of the valleys and peaks (2.1) as coordinates of Young dia-
grams, we pick up defining generators in terms of these coordinates from
the beginning.

For A\ =(z1 <y1 < -+ <yr—1 < xp) €Y, consider the nth moment of
the Rayleigh measure 7 (2.3) of A:

r r—1
(2.12) Mn(ra) =Y a7 => yp,  neN
=1 =1

M, (1))’s for n 2 2 are algebraically independent (over R). Actually,
(MQ(TA) Mg(T)\) .. ) = (2])1()\) 3p2()\) e )A

holds for an upper triangular matrix A = (a;;) with a;; = 1, a;; = 0. Let
us call the algebra A generated by {1, M, (7)) |n € {2,3,---}} (over R) the
Kerov-Olshanski algebra after [13]. Since M,, (7)) looks like a power sum, we
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declare M, (7)) to be an nth homogeneous element of A. This gives rise to a

filtration in A. Then, the top degree of f € A is denoted by wt(f). The sym-

bol wt comes from “weight” (see [11]). We have wt(M,,(7))) = n by defini-

tion and wt(My(my)) = n by (2.4). Moreover, (2.9) yields wt(R,(my)) = n.
Define a function X, on Y for any p € Y by

(213) 5,0 = AN = 1) (A = ol + DX oy, A€V

Here (p, 1A=Iely ¢ Y| is the Young diagram having |A| — |p| one-box rows
besides p. Note that mq(p) > 0 can occur in (2.13). Furthermore, ¥,(\) =0
by definition for A € Y such that |A| < |p|. We can see that

(2.14) Yp €A, wt(3,) = |p| +1(p)
hold for any p € Y, and
(2.15) %580 = Zoiio + > &Y, o €R

TEY:wt(3r)<wt(3,)+wt(Xs)
holds for any p,o € Y. In (2.15), the range of 7 is also expressed as
7| +1(7) = [pl + Up) + lo| + I(o) — 1.

See [11] for (2.14) and (2.15). In particular, if p = (k) is a one-row diagram
of length k, ¥ is abbreviated to ¥x. We have wt(X;) = k + 1 for k € N.
Yk(A)’s and Rg(my)’s are combined by the Kerov polynomial as follows.

Theorem 2.2 (Kerov polynomial). For k € N such that k = 3, there exists

a polynomial Py(xa,--- ,xx—1) in k — 2 variables satisfying
(2.16)  Xg(A) = Repr(my) + Pe(Ra(my), -+, Rg—1(my)), AEY
where each term consisting of the lower part Py(Ra(my),- -+, Rg_1(my)) can

take k — 1,k — 3,--- only as its weight. The polynomial Py is unique. ([l

We see from the definition that X1(\) = Ra(m)y) = |A], L2(A) = R3(m))
for k =1,2. A is generated also by {1, X |k € N}. Derivation of the Kerov
polynomials based on Okounkov’s idea is given in [3]. Kerov’s conjecture
that all the coefficients of the Kerov polynomials belong to N was proved
by Feray in [6]. In this paper, we need only the top term correspondence in
(2.16) and do not use fine properties of the Kerov polynomial. Mj(my)’s and
Rj.(my)’s are useful for describing the shape of A € Y through its transition
measure my while ¥;(\)’s are congenial to computation of expectations with
respect to the Plancherel measure. The basic trick of replacing Rj.1(my) by
Yk (A), which is anticipated in Introduction, is supported by (2.16). Roughly
speaking, under the weight filtration we have

(2.17) M (k-cycle) = n *S(\) = n " Rpy1(my)

k-1 k+1

- ko1
=n"2n 2 Rpy(my)=n" 2 Riyi(m,m).

Since m, /= should have a macroscopic meaning in our rescale of (1.2) for
A € Y,, (2.17) suggests the growth order in Condition (AF).
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3. CONCENTRATION AND HYDRODYNAMIC LIMIT

The expectation with respect to a probability M is denoted by Ep| - |.
Condition (AF) is presented in Definitionl.2. Recall the correspondence
M ¢« £ of (1.16).

Lemma 3.1. Condition (AF) for ensemble {(Y,, M)}, cn yields

n _lol=lo)
(3.1) f((g,)ln—lal) =0(n ) as n — oo
for any o € Y. We then have
(3.2) Eyvim (2] = O(n‘plzl(p)) as n — oo

for any p € Y.

Proof. Since mq (o) = 0 is assumed without loss of generality, let o = (01
“++ 2 0y(y) 2 2). Then, (1.18) and (1.19) immediately give (3.1).

v

Our strategy for proving the main theorem is as follows. First we show
). Next we show that Con-
dition (AF) is inherited from M[()n) to ME") for any ¢t > 0. At the same time,

we clarify the connection of the asymptotic cycle means between time 0 and
t. This gives the desired characterization of wy.

Theorem1.3. This implies concentration for M(()n

Proof. (Proof of Theorem1.3) Keeping (2.16) in mind, let us show the con-
vergence of variance

(3.3)
. Xk g Yk Yk 2
Jim B [ (o oy — B [“mitr] -+ Buaon [t ]) ] = 0
n 2 n 2 n 2 n- 2

for any p € N and ky,--- ,k, € N. Since 31(A\) = |A| = n holds, we can
assume k; = 2 without loss of generality. In

1 2
iy B | (B -+ S, = By (B ] -+~ Bygeo [2,])°]

1 2 2
= W(EMW Sk T,

— 2By [Zhy -+ By ) Byion (B -+ Brgon [Ei, ]
+ Eygon [Zr, 1% -+ - By [Ekp]Q) ;

(3.4)

we linearize the product expressions in A by using (2.15) and then apply
Condition (AF). For ji,---,jq = 2, since

Ejl .. qu = E(j1)U"'U(jq) + Z %Eg
O‘GY:‘U‘+Z(U)§jl+.4.+jq+q_1

holds for some a, € R, (3.2) of Lemma3.1 yields

J1++igta—1

By [  Z,] = By [Bou-ugy) +00™ 2 ).
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Applying (1.18), we have

Byion [Z0)u-06y)]

— n(n — 1) . e (n — (j]_ + e + ]q) + 1)f((:j)l)U“‘u(jq),ln_(j1+m+jq))

=nn—1)-(n— 1+ +Jg) + 1)<f((jri),1”*jl) .. 'f((;ilnqu)

L+ o(n_ (j1*1)+'é'+(jq*1> ))

) d1t gt
= (14 0(n™")) Bygon [85,] -~ Bygen [Z5,] + 002"
J1+-+igta

= By (23] By [B5,] +o(n”™ 2 )

where the last equality follows from (3.2). Hence we get

)

d1totigta
(35) By [Z5%5,] = By (B By [Sg,] +o(n™ 2 ).
Putting (3.5) into (3.4) and noting (3.2) again, we see that (3.4) is o(1) as
n — oo. This implies (3.3).
(1.19) yields

Ek nn—l)n—k+1) n n—00

(36) EM(")|: ﬁ} = ( L—El f((k,)lnfk) ; Tk+1
n 2 n 2

for k = 2. (2.16) and (2.15) enable us to write

(3.7) Bk(A) = Rey1(my) + > br %

TeY:|T|+I(T)Sk—1

for some b, € R. From (3.6), (3.7) and (3.3) with (3.2), we get

Rii+1(my)  Rg,q1(my) 21 0
ki+1 T kp+1 T TRkl TRyt =Y
n 2 n 2

lim Eyn
n—oo M)

Since

st
n~ 2 Rppi(my) = Repr(myym), Ri(mym) =0, Ro(mym) =1

hold, we have shown

. 2
(38)  1im By [(Re (mym) - Riy(mygr) = 7, - o7,) ] = 0
for any p € N and ky,--- ,k, € N, where we set r; = 0 and 7o = 1, in
particular
(39) nll_{glo EM(”) [Rkl (m)\\/ﬁ) N Rkp (m/\\/ﬁ)] =Tk rk‘p'
Let us verify that r1, 72,73, - - - is a free cumulant sequence for a probability

on R with compact support. Set

m; = Z T, Tw = Ty | " Ty (T = {01, ,0p}).



HYDRODYNAMIC LIMIT FOR PLANCHEREL ENSEMBLE 15

Then, (3.9) implies

my = Hm By [My(myyz)] = Hm M (Eygen[myz])

n—o0

for any [ € N. Here M;( - ) denotes the /th moment of a probability. (1.20)
gives my; a similar bound. Indeed, a rough estimate

| < a[NC(D)| £ (4a)'

holds. Hence there exists a unique probability p on R with compact support
such that M;(u) = my, which implies that ri, 7o, 73, -+ is the free cumulant
sequence of . The Rayleigh function obtained from p (through the inverse
Markov transform) gives w € D such that m,, = pu by virtue of (2.6) and
(2.7). In particular,

(3.10) Rk(mw) = Tk, keN

holds. Since (3.8) yields weak law of large numbers with respect to the
moment topology on D, we get the consequence of Theorem1.3 by taking
Lemma2.1 into account. U

In order to see the situation at time t for the proof of Theoreml.4, we
need the following.

Proposition 3.2. For any p € Y and n € N, considering a column vector
(X()\p,lnflp\))AeYn; we have

) e lpl —ma(p) Y, -.
(3.11) pt )(X(pVIn—\p\)) = (1 - niﬂ)(x(pvln-w)),
hence also

(PO )~ _tnllpl=myi(0) , .
(3.12) MEID(R anony) = € T (R gn o))

For the proof we recall the induced character formula for a finite group.
Let G be a finite group and H a subgroup of G. For p € H , irreducible
character x* is extended to the whole G to be 0 outside H. Then, the
formula assures

(3.13)

N \? dim p

G 1 1 B
GG = 1G] 2 0 0 EC
H geG
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Proof. (Proof of Proposition3.2) From the definition (1.8) of P
the p-entry of (3.11) for p € Y, is computed as

(3.14)

P(n)(f((.p’lnf\p\))(:u) = Z P;Snu)f(,(/p 1n—lel)
Z/EYn

=> > F uﬁ sudlm,,x(p,w—\pl)
veEYn £EY 11

N Z dlm{ Z dim v Xl(/p,ln—|0|)
Yt (n+1)dimp et Pt dim¢ dimv

= PPy,

 (n+1)dimp X(pan+1-lely = (n+1)dim p X(pn+1=loly"

£€Vnt1:0,7¢

Put 6,41 = G, 6, = H, u € Y, and furthermore z € &,, into (3.13),
where the cycle type of z in &, is (p, 1"1?)) under |p| < n. mi(p) may
not be 0. The cycle type of z in &, is then (p,1"t1-1°l). For g € &,,41,
g 'zg € &, holds if and only if g(n + 1) is a fixed point of . The number

of such g € 6,41 equals (n+ 1 — |p| + mi(p))n!. Then, (3.13) yields

1 Indg"*+ (n+1—|p|+mi(p)n! ,

(n+ 1) dim o = (n+ Didimp X1y

Putting this into the last expression of (3.14), we have

n+1—|p[+mi(p) _u
n+1 Xp1=lel);

PO inton) (1) =

(3.12) follows directly from (3.11).

Proof. (Proof of Theorem1.4) Let us show that the ensemble {(Y,,, M
at t > 0 admits Condition (AF) of Definition1.2. Set

(3.15) fo@) = 3 M (W),  we6,
HeYy,
for t 2 0 as a state of C[&,,]. (1.22) and (1.11) yield

Fipaneiny = 22 (32 M5 ") 1

pneEY, MY,

N pn)
— Z M ) Z n(P ,uI)X(pln oy

€Y, MEYn

0

)}nEN
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for any p € Y. Using (3.12), we have

nt) n) t"(\pl ml(P)) Y
(3.16) Foncioy = D Mg X(pan-1o)
€Y,
_ tn(lpl— 77111(9)) (n,0)

Combining (3.16) with (1.18) for the initial f(% we get for any p € N and
ki,-- kp=2
tntyteothp) o, )

(n’t) — p n
T R e e S (S P TT S RUS USRS

St t) f(n0) (n,0) Gtk
= e n+1 ( (:1’171—1@1 f(’: 1n— kp + O(n 2 ))
(n.t) (n.t) _ (s =Dt (hp=1)
f(k1 k) f(kp,ln—kp) +o(n 2 )
which implies (1.18) holds for ¢ > 0 also. Furthermore, if k£ = 2, we have
k-1 tnk .0
(3.17) n" f((,?ltr)z w=nzte n+1f((’:13_k) N e

(n)

where 7441 comes from (1.19) for the initial ensemble My ~. As is seen from
the last paragraph of the proof of Theoreml.3, riy1 is then the free cu-
(n)

mulant Rj41(my,) for w = wp, the macroscopic shape for the initial M,
Obviously, (1.20) holds by replacing rj,1 by 7x41e”*. We have thus shown
the ensemble Mgn) satisfies Condition (AF). Then, Theorem1.3 assures that
I\\/Hgn) admits concentration so that it satisfies (1.23), where w; is the macro-

scopic shape for Mgn) .

We verify that its transition measure m,,, is expressed as (1.24). The free
cumulants of m,, are given by

Rl(mwt) =0, R2(mwt) =1, Rk(mwt) = Rk(mwo)ei(kil)t (k = 3)

by virtue of (3.17). On the other hand, the formula (2.10) for free compres-
sion with (1.15) yields

Rl((mwo)e—t) =0, Rl((mﬂ)l e—t) = 07
R2((moJo)e—t) =e, RQ( mo)1—e- )
Rk((mwo)e*t) = Rk(mwo) (k- 1)t (

Since free convolution is characterized by (2.8), we obtain (1.24). This
completes the proof of Theoreml.4. O

mg)i_ eft) =0 (k=3).

Proposition 3.3. Let G(t,z) be the Stieltjes transform of m, as defined
by (1.27) where wy is the macroscopic shape at t. Then, G(t, z) satisfies the
following partial differential equation:

oG(t,z) 1 0G(t,z) 10

_ 19 2
ot Glt2) 0z + G(t, 2) G(t, 2)°.

(3.18) 52
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Proof. We just verify (3.18) from (1.24). From the expressions (2.11) for
i =my, and u = m,,, we have

Ko(€) = Koy (€) = = + ¢+ 3 Ry (i),

C k=2
K(0.0) = Ko, (€) = 7+ €+ 2 Rupalmay)ebic™
k=2
These yield
3.19 Kocety= &y &1 K(t
(3.19) o(Ce )—Z‘FE—Z—C‘F (t, Q).

Differentiating (3.19) by ¢ and ¢ respectively and eliminating K{-terms , we
have

(3.20) 8K§;’ <) + Cang’ ‘) + 2 —¢=0.

Since we have

(3.21) K(t,G(t,2)) = =,

differentiating (3.21) by ¢ and ( respectively and then putting them into
(3.20), we get the desired equation (3.18). O

Remark 3.4. Since (mg,); is the semi-circle distribution with mean 0 and vari-
ance t on R, its Stieltjes transform g(t, z) satisfies complex Burgers equation
Lo = gt

z
as is well-known and easily derived. For very small ¢ > 0, the right hand side
of (3.18) may be considered as a simple sum of contributions of the initial

part (my,).-+ and the stationary part (mg);_.—+ under the approximation
1—et=t

Remark 3.5. If we take P(™ = P'PT instead of PTP} as a microscopic
dynamics, symmetry (1.9) holds and Theorem1.4 remains valid without any
modification. In fact, we have only to recognize that (1.10), (3.11) and
(3.12) would be the following:

[{peaks of A\}|

n ;A= K,
P(") _ dim p A Y
A ndim )\’ /\/'LG n—1,
0, otherwise

for A\, 4 € Y,,, where A A 1 means set-theoretic intersection of the boxes,

n) (s ol = mai(p)y <.
P! )(X(p71n4p\)) = (1 - 7)(X(p71nf|lﬂ))7

n

n(PM_1) . bl (p) (< -
M (R o) = AT (R )

for pe Y and n € N.
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4. GRAND CANONICAL ENSEMBLE

Given an ensemble, namely a sequence of probability space {(Y,,, M(™)}, o,
we set

(4.1) M =3 " pe(n)M™
n=0

where £ > 0 is a parameter of the system and pe is a probability on NU{0}.
M is a unique probability on Yo = {@}. Then, M is a probability on
Y = |72, Y,. This gives us the formalism of grand canonical ensembles. In
what follows, we consider poissonization of the ensemble by taking a Poisson
distribution as pe:

00 e,gfn
(4.2) pe=)_ — 7 0n.
n=0 ’

Since pe in (4.2) has mean ¢ and standard deviation /¢, it tends to concen-
trate near n = £ as £ — oo.

Proposition 4.1. Assume that ensemble {(Y,,, M)}, ey satisfies Condi-
tion (AF) of Definition1.2 with setting 11 = 0 and ro = 1. Then, we have

. 2
(4.3) glggo Epypo [ (R, (mye) -+ - Rig, (my yg) — rgy -+ 7,) " =0

for any p € N and kq,--- ,k, € N with respect to the poissonization M© of
M™). In particular, there exists w € D such that Ri(m,) = ry (k € N) and

(4.4) Jim. MO (e Y| sup IAWe(z) —w(z)| = €}) =0

for any € > 0.
Proof. Putting (4.1) and (4.2) into (4.3), we estimate

¢ 2
(45) D0 B [(Rs (my ) -+ R (my ) = 7+ 7,) ]

n=0

by dividing it into two sums:

Y and  (I) >

n:|n—g|<e3/4 n:|n—g|>¢3/4
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For sum (I), we begin with

(4.6)
e=sEn
ms2{ ¥ nf

In—g|<g3/4

X Eygon) [(Riy (Myve) -+ Ry, (my ve) — Riy (myym) -« Ry, (mwﬁ))z]

—Een
+ enf Eygon [(Biy (mye) -+ Ry (my ) = 7y +-73,)°] |

In—¢|<g3/4
The first sum in (4.6) is expressed as
(4.7)
e_ggn n kit-tkp 9 )
> @) T Y B [y - By (my )]
In—g|<g3/4 '

Since Condition (AF) yields (3.9) for any p and k;,

Eyin) [(Rkl (mAﬁ) T Rkp (mAﬁ))2]

in (4.7) is convergent and hence bounded. (4.7) is thus bounded as

2
< const.  sup {(ﬁ) — 1} 2%,
n: n—g<g3/1 &

The second sum in (4.6) is bounded as

ky+-+kp

2
< sup By [(Riy (myum) - Ry (myom) =7y oo07,)
n: [n—¢|<€3/4

which is arbitrarily small for sufficiently large £ by virtue of (3.8). We have
thus shown (I) tends to 0 as £ — co.
For sum (IT), we have

e—sEn
a8 ms2f ¥ e (R ) B )]
In—g|>e3/4

—E¢n
X Z enf (Tk1"'rkp)2}-

In—¢g|>¢3/4

The first sum in (4.8) is, with setting k = ki +--- + kp,

e~ €
Z n'é (7>kEM("> [(Rkl (mym) - Ry, (m)\\/ﬁ))2]

|n—¢g|>€3/4 3
e—Sgn—k nk
Z (n f k)! {n (n—k+ 1)EM("L) [(Rp, (myym) - "Rk,,(mAﬁ))Q] }

In—¢g|>¢3/4



HYDRODYNAMIC LIMIT FOR PLANCHEREL ENSEMBLE 21

Since the inside of { } is bounded (by (3.9) again), we continue as

—§¢d
< const. Z ¢ ,€ 2.
J!
Jili—€1>€3/4—k

It is obvious that the second sum in (4.8) tends to 0. We have thus shown
that (II) tends to 0 as & — oo, and hence (4.5) also. This completes the
proof. O

Taking the Plancherel measure Mgll) as M(™ in (4.1), set

X _gen
13 € f n
(4.9) <M&%—§% b,
namely
=€l (di 2
€y, € SEM(dim \)

{(Y,Mgg)}&o is called the poissonized Plancherel ensemble. Since the
Plancherel ensemble Mgi) satisfies Condition (AF) and the macroscopic
shape is {2 of (1.3), Proposition4.1 yields that the poissonized Plancherel
ensemble satisfies
(4.11) Jinm M;ﬁp({x €Y |supA\Ve(z) - Q(x)| Z €}) =0
z€R

for any € > 0. In other words, the limit shape {2 is observed macroscopically
in the poissonized Plancherel ensemble also.

In order to discuss hydrodynamic limit, we consider a Markov chain on Y

(©)

which is symmetric with respect to Mi5p. Recall the up and down transition
probabilities PI(:’) and P)%(:’) defined in (1.7). Here the superscript () jg

put to make dependence on n explicit. We seek a transition probability P)(\E}Z
which has the following form: for some a¢(n) € (0,1),

412) P =agm)Pl" 4+ (1 - aen))P{T, A€ Y, neN,
PYL = ag(0),  PYL=1-ag0).

We ask whether it is possible to determine {ag(n)}n—=01,2,... such that 0 <
ag(n) <1 and

_ M(E) ) (1 )P(ﬁ)

Y A weY

(4.13) M (0 P

hold. It suffices to verify (4.13) for A € Y,, and p € Y41 such that A 7 p.
Combining (4.12) and (4.10), we easily see that (4.13) holds if and only if

(4.14) agn+1)=1- ”Zlo%(n), n e NU {0},
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We can observe that a solution of (4.14) is given by

RSV
(4.15) adn);(n—i—l)"-(n—i—l—i—l)’ n € NU {0}

(where the series expression is essentially a special case of a Kummer func-
tion). Successive integration by parts yields

1
(4.16) ag(n) = /0 £e75(1 — x)"d, n € NU{0}.

For any £ > 0 and n € N, we see from (4.16)
0<ag(n)<agn—1)<a0)=1-e*<1.
We have thus obtained the following.

Proposition 4.2. For ¢ > 0 define P = (P/{a),\,uey by (4.12) and (4.16)

(or (4.15)). Then P'®) gives a transition matriz. A Markov chain on'Y with

P©) as its transition matriz is symmetric with respect to Mgl)j, namely it

satisfies (4.13).

Remark 4.3. In the poissonized Plancherel ensemble, the typical size of a
Young diagram is &, the mean of pe. For n = ¢, (4.16) yields

1

1 00
ap(n) = /0 ne (1 —x)"dx = /0 e " (1- %)nl[om](x)d:c o=, 5

In other words, increase and decrease of the number of boxes are asymptot-
ically balanced near the typical size.

Finally, we give an expression making the structure of the transition ma-
trix P€) more transparent. Set a total order in Y = LI>> o Y, where the
number of boxes is non-decreasing and it coincides with the lexicographic
order, for example, in each Y,. Set

. e€/2¢IM/2 qim A
(4.17) A® = dlag(A(f))/\eY’ A(f) = Mg(» - g|)\|| ’

(4.18)  A® = diag(ag(|A]))rey-
Define T' = (T ) x pey by

L A w,
0, otherwise.

(4.19) Ty = {
Then, T4+ T is the adjacency matrix of the Young graph. As is well-known
and easily verified, it satisfies CCR: TT* — T*T = I. Furthermore, set

1, A=p=0g,
0, otherwise.

(420) (EQ))\7M = {

The following fact is directly verified.
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Proposition 4.4. Under the notations of (4.17) — (4.20), the transition
matriz P is expressed as

P _ A(sﬂ{\;g(A(ﬁ)T LT AO) 4 e B, AO),

We note that \/LE (A(g)T—i—T*A(g)) is a far-reaching analogue of a tridiagonal

(infinite) Jacobi matrix

0 a1
ai 0 as
a9 0 as
)
ag

and its asymptotic spectral analysis seems to be of independent interest.
We refer to [10] for such asymptotic problems about Jacobi matrices and
adjacency matrices of several sorts of graphs.

Remark 4.5. In order to consider hydrodynamic limit as in Theorem1.4 in
the grand canonical ensemble, we have to treat

(&) —
M =3 ME ) (470,
A€Y

as a distribution on Y at macroscopic time ¢ > 0 and asymptotic behavior of
such an quantity as (4.3) rescaled by 1/+/€ with respect to M,@ as £ — oo.
Microscopic time t€ is of the same order with the typical size £ of Young
diagrams as £ — co. This situation gives rise to difficulty because we should
take into account a wide range of the Young graph which the microscopic
chain driven by P can spread.

APPENDIX A. APPROXIMATE FACTORIZATION PROPERTY

In order to observe the evolution of the macroscopic shape by following
the procedure of hydrodynamic limit, we assumed approximate factorization
property for an initial ensemble in Theorem1.4. This is interpreted as pre-
suming the initial condition to have a certain regularity. In this appendix,
we supply some descriptions about related backgrounds. Concretely, the
following two items are commented.

(a) In what sense, is approximate factorization property connected to certain

weak ergodicity?

(b) What are typical examples admitting approximate factorization prop-

erty?

Although these are known facts ((a) due to Thoma[16] and Vershik-Kerov[18],
and (b) due to Biane[l], [2]), we hope they will serve readers in clarifying

the substance of approximate factorization property for ensembles.
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(a) Let us consider a special situation that ensemble {(Y,,, M)}, cy is
a sequence of the marginal distributions of a probability on the path space
T of (1.5). Namely, consider a probability M on ¥ such that

M™ () =M({t € T|t(n) = A}), A€V,

for any n € N. Here ¥ is equipped with the canonical Borel structure
generated by cylindrical sets. The Plancherel ensemble is exactly the case
as is seen in (1.6). A probability M on ¥ is said to be central if it assigns
a common value ¢(A) depending only on A (and independent of the history
before) to any cylindrical set

{(@ D\ DRy R S\ /w)\/\'u(nﬂ) /\...)|u(n+i) € Yo, iGN}.
Then, we have
M™ () = p(A\)dim A,  AeY,
since there are dim A paths in all connecting @ to \. M(T) denotes the set
of central probabilities on ¥.

Let K(G) be the set of C-valued positive-definite, central and normal-
ized functions on the infinite symmetric group 6. Extending the corre-
spondence given by (1.16), we have an affine homeomorphism between M (%)
and K(So). Here M(T) is equipped with the weak convergence topology
and K(G) with the pointwise convergence (equivalently, compact-open)

topology. Both sets are convex and compact with respect to their topolo-
gies. In other words, M € M(%) and f € K(S) are connected by
A

(A.1) fls, = D et =Y MY, neN
AEY, AEY,

Extremal elements in M (%) and K(S«) are called ergodic probabilities on
¥ and (indecomposable) characters of &, respectively. As is known as
Thoma’s criterion, f € K(S) is a character of &4 if and only if it is
factorizable: f(zy) = f(z)f(y) holds for any disjoint cycles x and y in S
Since the tracial state corresponding to the ensemble M(™ is given by f(") =
f | 6] from (A.1), approximate factorization property for f(™) generalizes to
some extent the factorizability or ergodicity by taking an appropriate decay
order into account. Translated into probabilities or ensembles, it therefore
suggests ergodicity weakened to some extent.

(b) First let us consider ensemble {(Yy,,dyn))}nen where A = ()\gn) >

)\gn) = ---) €Y, is prescribed to fulfill the following conditions:

(A.2) Je > 0 such that )\gn) < cvn, )\gn)/ <ecvn (YneN),

(A.3) Jwp € D such that AV converges to wp in D as n — .
Since )\gn))\gn)/ = n necessarily holds, (A.2) yields lower bounds )\gn) = /njc,
)\gn)/ = /n/c also. Young diagrams forming a sequence which satisfies (A.2)

are said to be c-balanced. Note that wp in (A.3) satisfies suppm,,, C [—¢, ]
because of (A.2). If we take this ensemble as the initial one in Theorem1.4,
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our Markov chain starts from a single point. For any wg € D there exist some
¢ > 0 and c¢-balanced Young diagrams A € Y,, such that A(V™ converges
to wp in D. Let us verify Condition (AF) for 6,(). The assumption implies

.kl
lim n > Rep1(Myon) = Rpyr(my,), ke NU{0}.

Using (2.16), we have for k = 2
(A.4)

E-1 _y\(m) n(k—1)/2 —
N2 X n—ky = nn—1)-(n—k+1) {Rk+1(m)\(n)) + (weight < k — 1)}

nk k+1 k+1
= T2 n ight < k—1
D) R r D 7 Ber(mye) 7 (weight £k - 1)}

2% Ryy (M)

since each term of lower weight is expressed as a constant multiple of
_k+1 . .
n 2 le(m/\(n))---le(mA(n)) where j1+-- -+ Sk—1.
Together with suppm,,, C [—¢, ], (A.4) implies the asymptotic cycle mean

condition (1.19) and (1.20). (1.18) for ¥*" is verified by using (2.14)~(2.16)
and (A.4) as follows:

~\(n)
X((k)u0(dp), 1= Gt +kp>>
o ne- (n—ki+1)---n---(n—kp+1) o L am
- nee(n— (ki + - +kp)+ 1) X(ky,1n=k1) =" Xk, 17 Fp)

o h—(k £ k)1
Jit+ Ak 4+ kp+p—1 " (TL ( U + p)+ )

~A() (M)
X le ]l X(]l 1n— Jl) “ e X(jl’l’ﬂ*jl)
— oA ~>\<") _ =Dt A kp=) 4
- X(k‘l,l'”*kl) T (k 1= kp) + O(TL 2 )

+ O(n(j1+"-+Jl)7(k1+"'+kp)fw)
where (j1+---+7j;)— (k14 '—i—kp)— (j1_1)+'2"+(jl—1) < _ (k1_1)+5+(kp_1) _%.

Next we mention ensembles closely related to (a). As was shown by
Thoma in [16], the extremal points of (S ) (and hence of M(¥)) are

parametrized by

(A5) A={(a,B)| = ()ien, B=(Bi)ien, a1 Z g 2 -+ 20,

2 Zaz+/62 = 7

pr 2 B
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which is called the Thoma simplex. To («, 3) € A the corresponding char-
acter of G, is given by

oo
(A.6) fap(k-cycle) = (af + (1) '8F), k=2

i=1
Since fq 3 is factorizable, (A.6) completely determines the values of f, 3
on &. By putting (A.6) into (A.1), the corresponding ergodic probability
M, is expressed by a (supersymmetric) analogue of Schur function. For a
fixed (a, B) € A, Vershik—Kerov’s theorem assures that

t . t !
lim (n); = q, lim —(n)z =b;

n—oo M n—oo N

hold for M, g-a.s. t € T. Hence, unless («,3) = (0,0), it is meaningless
to discuss a macroscopic shape in (Yn,Mg%) under our rescale of (1.2) as
n — oo. In order for t(n); and t(n)] to be of order y/n, we adjust the Thoma
parameter (o™, 3(") to the order 1/y/n. Hence the situation here is not

precisely the one treated in (a) except the case of (a, 5) = (0,0), namely the
Plancherel ensemble. Setting v =1— 3", (a; + ;) € [0,1] for (o, B) € A,
we consider a probability

o0

(A7) Va,g = Z(a(sai + Bi(s—ﬁi) + 4o

i=1
on R, which is often called a Thoma measure. For a probability » on R and
a > 0, we set

v*(B) = v(a"'B), B : Borel set C R.

If a sequence of Thoma parameters {(a(™, (")}, oy C A satisfies:

(a8 o =0(z). 8" =0(5),

(A.9) I/a\({g ) weakly converges to a probability v on R as n — oo,

we call {(Y,, Ma\(/j,ﬂ("))}neN a Thoma ensemble. Note that (A.8) and (A.9)

ensure uniform (w.r.t. n) boundedness of the supports of Ua‘({f )+ Let

us verify that a Thoma ensemble satisfies Condition (AF). Since (A.7) and
(A.6) yield

Vvn _ k. vn
My(¥ iy gy ) = /Rx Vi) g (4)
= n)k n)k
— nk/Q Z(ag Vk+1 + (_1)14351( ) +1) _ nk/Qfa(n)yﬁ(n) ((k-f— 1)—CyC16)
i=1
for k € N, noting fé?,)l) sy = fam) g ’671, we have

(A.10) lim nF/2( fi’g)’ g0 ) (e 1,101y = Mi(v).

n—oo
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Hence (1.19) and (1.20) hold by setting rg+1 = My—1(v). Note that (A.10)
is valid for £k = 0 also. Approximate factorization property (1.18) obvi-
ously holds without error terms because of factorizability of the character

fa(n>7ﬁ<n). The macroscopic shape w = w, for Thoma ensemble M( n)

a(n) gn)

is described in terms of v as follows. Since (3.10) yields Ri(my,) = 1% =
My _o(v) for k 2 2, we have

mey ZRIC mwy Ck ! ZMk 2 Ck '

k=2

N k=2 k- _ ¢
_g/R(x % 2Ix(dac)—/Rl_cxu(dx).

Rigorous procedures exist for obtaining

meV(C)-f-l: mo, (() — G, (2) — my, — wy

¢

though explicit computation may be case by case difficult.
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