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GLOBAL WELL POSEDNESS FOR A TWO-FLUID MODEL

YOSHIKAZU GIGA, SLIM IBRAHIM, SHENGYI SHEN, AND TSUYOSHI YONEDA

ABSTRACT. We study a two fluid system which models the motion of
a charged fluid. Local in time solutions of this system were proven by
Giga-Yoshida [15]. In this paper, we improve this result in terms of
requiring less regularity on the electromagnetic field. We also prove
that small solutions are global in time.

1. INTRODUCTION

We consider the following two-fluid incompressible Navier-Stokes-Maxwell
system (NSM):

1)
(nm_Ow_ =v_Av_ —nm_v_-Vo_ —en(E+v_xB)—R—Vp_
nmy oy = viAvg —nmyvy - Voy +eZn(E + vy X B)+ R— Vpy
O E = EOIMOV X B—25(Zvy —v-)
OB =-VxFE
R:=—a(vy —vo)
divo_ = divoy =divB =divE =0

with the initial data

U_|t=0 = V1,0, Utlt=0 =20, Bli=o = Bo, E|i=o = Ep.

The system models the motion of a plasma of cations (positively charged)
and anions (negatively charged) particles with approximately equal masses
m+. The constants n stands for the number density, and e is the elementary
charge. The charge number is given by Z and ¢( represents the vacuum
dielectric constant and pg is the vacuum permeability. The constant « is a
positive parameter.

The vectors v_ and vy : R x RZ — R3 represent then the velocities of the
anions and cations, respectively. The electromagnetic field is represented
by E, B: R x RY — R3. Here the space dimension is d = 3 (or 2), and
vy is the kinematic viscosity of the two-fluid and the scalar function p*
stands for its pressure. We refer to [8] for more details about the model.
The third equation is the Ampere-Maxwell equation for an electric field E.
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The equations on the velocities are the momentum equation, and the fourth
equation is nothing but Farady’s law. For a detailed introduction to the
NSM, we refer to Davidson [3] and Biskamp [6].

First of all, we will assume that all the above physical constants are nor-
malized to one. This yields nice cancelations and thus avoids some extra
technical difficulties. Then, we refer to Section 6 for more details on how
our results extend to the original physical system (1). A such simplification
yields the following system of equations

(Ow_ +v_-Vo_ —Av_+Vp_=—(E+v_xB)—R
oy +vy -Voy —Avy +Vpy = (E4+vy X B)+ R
OE -V xB=—(vy —v_)

OB+ VXxE=0

R:=—a(vy —v_)

divv_ =divvy =divB =divE =0

with the initial data
U_|i=0 = V1,0, U4|t=0 =v20, Bli=o = Bo, El|i=0 = Ep.

Here, a is a positive constant and R represents the momentum transfer
between the two components of the fluid.

Defining the bulk velocity u = =3+ and the electrical current j = “+5"=
we can rewrite system (2), as in [1], in the following equivalent form

ou+u-Vu+j-Vj—Au = —-Vp+jxB
Ohj+u-Vi+j-Vu—Aj+2aj = —-Vp+E+uxDB
(3) OE -V xB = -2j

00B+VxE = 0
divyu = divj =divEk =divB = 0.

System (3) has appeared in [1] including its dependence upon the speed of
light that shows up in Maxwell’s equations. The non-relativistic asymptotic
of that system (i.e. as the speed of light tends to infinity), was then analyzed
and a convergence towards the standard Magneto Hydrodynamic equations
was shown. We refer to [1] for full details.

In this paper, we mainly study the existence of global in time solutions.
First, we construct global weak solutions a la Leray for system (2). Although
the proof goes along the same lines as for the incompressible Navier-Stokes
equations, we outline it in this paper for the sake of completeness. We also
emphasize that this is in a striking difference with the following slightly
modified Navier-Stokes-Maxwell one fluid model studied in [9] and [7].
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%—l—v-Vv—uAv—i—Vp = jxB
OF —curlB = —j
(4) OiB+curlE = 0
divv =divB = 0
o(E+vxB) = j.

It is important to mention that the existence of global weak solutions of
(4) is still an outstanding important open problem in both space dimen-
sion two and three. The local well-posedness and the existence of global
small solutions were studied in [9] and [7] for initial data in wug, Eg, By €
Hz x H2 x He.

A particularity of our two fluid model is that the term R in (2) brings
exponential decay of the energies of both v_ and v,.

Second, we construct local in time mild-type solution. The proof combines
a priori estimate techniques to the Banach fixed point theorem. Then, we
prove the global existence of these solutions when the initial data is small.
To do so, we introduce a truncated NSM system (in the spirit of [8]). Then
we show that the truncated solution with small initial data does solve our
original NSM globally in time with its value in L?. Then we show that
for a fixed time 7' > 0, the truncated velocity field solution on [0,7] is
also in u € LFH 3N L%FH %, where we have used a short-hand notation
LHz = L>(0,T,Hz), L2H? = L*(0,T,H?). Finally, we show how our
method can be applied to the original physical model (see appendix in [8])
where the key point is to get the energy estimates.

The following is our first result.

Theorem 1.1. For vy g,v2,0, Bo, Eo € L? with div v19 = div v9 0 = 0, there
exists a weak solution

v_ € L>(0,00, L?) N L?(0,00, H') € L'93((0,00) x R3)

vy € L*®(0, 00, L) N L?(0,00, H') c L'9/3((0,00) x R3)

B € L>=(0, 00, L?)

E € L>(0,00, L?),
for system (2) on (0,00) x R3. Moreover the energy of the velocity vector
fields v— and v4 enjoys an exponential decay with a rate depending on a:

lo— (8122 + [los (D)]122 < 2(lo10l122 + [[vg0]22)e 20,

Our second result concerns the local existence of mild-type solutions for
arbitrary large initial data. More precisely we have the following:

Theorem 1.2. For any a > 0 and dp > 0, there exists small 7 > 0 (in this

case T is independent of «) such that if the initial conditions (ug, jo, Fo, Bo)
of NSM (3) are such that

H(U(),j(),E(),BO)” 5()7

L1 1 <
H2xH2xL?2xL? —
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then system (3) has a unique solution (u, j, E, B) satisfying

w e LPH:NILZH2,

: oo 7T 2 rr2

j € LFPH>NL}1Hz2,

E € L¥I?

B ¢ L$L%
The following theorem shows that the solutions given by the previous theo-
rem are global if the initial data is small enough. More precisely,

Theorem 1.3. If the initial conditions (u— o, uy 0, Eg, Bg) of NSM (2)(or

the physical model (1)) are small enough in H? x Hz x L? x L2, then there
exists a unique global solution (u_,u,, E, B) of (2) with its value in L2
Furthermore,

wr € L®(H2)NLE (H?)
E,B € L*>(L?.

Remark 1.1. e This is the first global existence result for small initial
data for this system. Our result improves Giga-Yoshida [8] by requir-
ing less regularity on the data. Moreover, in [8] a global existence
result for (1) is proved for small initial data under the additional
assumption that Ep, By are small compared with vy . Also half
a derivative in less is required on the electro-magnetic field (£, B)
compared with the similar results of [9], [7] and [10] for the one fluid
model (4). This is naturally given the “regularizing” effect caused
by the term R.

e Note also that we have the same result for NSM(3) since the two
systems NSM(2) and NSM(3) are equivalent.

The next theorem is the local existence extended to the physical model.
Theorem 1.4. Let all physical constants be fixed (and thus, a priori, the
lifespan depends on them). If the initial conditions of the physical model
(1) are such that (v_,v40, Eo, Bo) € H? x H? x L? x L?, then there exists
T > 0 and a unique solution (v_, v, E, B) of system (1) such that
ve € LPH:NIZH:
E, B € LI~

Remark 1.2. Compared to Theorem 1.2, the result of Theorem 1.4 requires
a better control of the low frequencies of the initial data v_ o and v .

The proof of Theorem 1.2 uses a fixed point argument in an appropriate
space. First, we list several d priori estimates given by Lemmas 2.1-Lemma
2.4. To prove Theorem 1.3, we proceed in several steps. First, a truncated
system (cf. [8]) is introduced to approximate the original system; Second, we
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set up a contradiction argument to prove that the truncated system coincides
with the original system when the initial condition is small enough; Then
the global solution to the truncated system is the solution to the original
one. In this proof, we use NSM(2) because the truncated system of NSM(2)
is much more simple than that for NSM(3). However, the result remains
true for both.

The following is the notation used throughout this paper.

A(t) < B(t) means A(t) < CB(t), where C is a universal constant. Let P
denote Leray (or Helmholtz) projection onto divergence free vector fields.
More precisely, if u is a smooth vector field on R, then u can be uniquely
written as the sum of divergence free vector v and a gradient(also called
Hodge decomposition):

u=0v+ Vw, divv=0.

Then, Leray projection of u is Pu = v. Denote by A, the frequency local-
ization operator, defined as follows:

Assume C is the ring of center 0 with small radius 1/2 and great radius 2, B
is the ball centered at 0 with radius 1. There exist two nonnegative radial
function x € D(B) and ¢ € D(C), s.t

XE)+> (277 =1.
p=>0
Then define
Agu = F Hd(27%) Fu)

where F is the Fourier transform.
We define the space: LP(0,T; H'), usually denoted as L%H1 by its norm

T
1)y = [ (01t < o

Finally, the spacees E%H % and IN/TTH % are the set of tempered distributions
u such that

[ullzy s = N1+ 29 Aqully ll2(z) < o0

lell 2z s = 121 Aqull g lli2(z) < oo

This kind of spaces were first introduced by Chemin and Lerner in [5]. This
paper is organized as follows. Section 2 is devoted to list some preliminary
lemmas. In sections 3 to 5, we provide the detail proof of Theorem 1.1
and Theorem 1.3. In section 6, we extend well-posedness result to original
physical model.
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2. PARABOLIC REGULARIZATION, PRODUCT ESTIMATES AND ENERGY
ESTIMATES

Lemma 2.1 (parabolic regularization). let u be a smooth divergence-free
vector field which solves

(5) atu_Au+Vp = f1+f2
uli—=o = uo
or

(6)

on some interval [0, 7], where « is a nonnegative constant. Then, for every
p>ri>1,p>reg>1andseR,

u+ou—Au+Vp = fi+ fo
ulg=0 = up

lull oo,y mryniz s+2re S Nwoll s + 11l o gro-zvarm + [ f2ll gz gro-2v2/ma-

We also have a similar result in nonhomogeneous spaces but with T-dependent
constants. More specifically,

lullz s < Cr (Nuollar + 1llzz ge-ssasm + 1ol grsiares
where Cp = C'max{1,T}, C is an absolute constant.

Proof. We only show the reason why (5) and (6) share the same estimate.
For more details of the proof, we refer to [14]. (6) can be written as the
following:

Ou— (A —al)u+ Vp = f.

By Duhamel’s formula, we have

t
(7) u(t) = A=y + / =) A=DP (s5)ds.
0

Applying A, the frequency localization operator, to (7), taking L? norm in
space, and using the standard estimate for A,(see for instance [14] and [8]),
we get

~

t
IAu(bll < [l Agupl|pzeF" + /0 e2=) |~ A P f(5)]| p2dls

~

t
< [|Aguoll 2 + / 23| AP (5)]| p2ds,
0

with some universal constant in the estimate. Then we can follow the same
method which is used to get the estimate for (5)(See [14]). Taking LP norm
in time and using Young’s inequality (in time) we obtain

2q 92
1Aqullrpr: S 27 [Aquollze + lle™*  Lisolla | Ag fll orr2

~

—2q —2q
S 27 [[Aquollze +C27" Ay fllirro
2 2
where % +1 =141 At last, multiplying by 2965+245 %) and taking [2
norm over q € Z, we get the desired result. U
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Remark 2.1. We should note that the estimates in the the above Lemma
are uniform with respect to the parameter . When we deal with the original
physical model (1), we loose the cancellation property of the term R and
thus we cannot write the system (1) in the form of (3). However, in this
case we consider this R as a source term, and therefore estimates become
dependent upon «.

The next lemma is a standard H®-energy estimate for Maxwell’s system.
Lemma 2.2. Let (F, B) solve

HE—-VxB = —2j

HB+VxE = 0
Et=0) = E
B(t=0) = By

on some interval [0,T]. Then, for every s € R,
IEllcqo,mym) + [1Blleqo,r sy < [ Eollas + | Bollgs + 2|51 1y s

We refer to [14] for the proof. Next, we set the nonlinear estimates necessary
to derive the a prior: bounds.

Lemma 2.3 (products estimate).

(5) Vol s S el
1
) < 2 2 ,
) o Voll g, S el ol g
(1) JuxBl,, s S lulgmlBloe
1 1 1
() X Blgyy £ THGEE 1912, Bl

Proof. We only show the proof of (9) as the others are similar.

lu-Volly S flu-Vol| 4
L3 L2 L3L?
S Mulla ol Vol go
S Mg 1900 3

By interpolation, we have
1
T A 1
I P ML A

T 5 9 i
< . \V/
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and using Holder inequality, we have

2
3

1
Ju - Vol|. S (P, s ) ol , s
Lire LEH2 " "LyH? LrH?

ol

1
< 2 2 .
S iyl g el e

O
The next lemma is a standard energy estimate for the whole NSM system.

Lemma 2.4. For NSM system (2), we have the following energy estimate.

d
o | (yv+‘2+|v_‘2+\3‘2+\13\2) dr < —1//, (va+,2+va_,2> dx
R3 R3

- a/RB ((v+ —v,)2> dz

or, equivalently for NSM system (3), we have

d

d <2|u]2+2\j\2+|B\2+\E|2> dr < —y/ (2qu|2+2ij;2) dx
dt R3 R3

- 404/ 1712 da.
R3

Proof. The proof is standard. In (2), multiply the first equation by v_,
the second one by vy, the third one by E and the fourth one by B, then
integrating by parts will give us the desired estimate. The second energy
estimate is derived from (3) by the same method. O

3. EXISTENCE OF GLOBAL WEAK SOLUTIONS

We shall prove Theorem 1.1. According to Lemma 2.4, we can see that
sequences v7,, EJ and B7 are Ly L? bounded, v’y is moreover L%H I bounded.
This means that there are subsequences of {B’}; and {v/}; such that

B — B in weak x of L¥L?,

vi — vt in weak * of LFL?
and
vfb — vt in weak of LAH".
By the following inclusion:
10 10

LPL2NL2HL C LPL2NLALS ¢ LA L7,

we see that v’ and Ui are uniformly bounded in L'%/3 in both space and
time. This means that (by compact inclusion) v’ ® v’ locally converges to
v_ ® v_ strongly in L! in both space and time (also v, ). Therefore

V!l @v') = V(- @ v_)
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J

in distribution sense (also vy). Next, note that the uniform bounds on v
and B7 imply that
. _ 3
(12) v x Bl e LPLL N L2132,
whence, for any 2 < p < 00

. . 3p
v. xB’ - v_xB in LfL;"FQ.

The above inclusion also gives us that

v\ x Bl 5 v_x B

in distribution sense (also v;). Therefore we can construct a weak solution
to (2). Recall the energy inequality.

d

a 2 2 2 2 < _ 2 2
& L (0P lonP 4182+ 1BP) o < = [ (V0P o+ [90,?) da

- a/RS(v_ —vy)2

We show that [ |v_|? + [v4|? has exponential decay. Recall that
Vo — Up

2
A direct calculation yields that

v2 + 03 = 2(57 + u?).
From the energy identity,

O

=:7 d
j an 5

d . ‘
%(HJH% + [Jull3) < —2allj]l3-
Thus
2 2 ! 2 2 2
1@z + lu®)lz < —2a/0 17 (s)llzds + {|7(0)[1z + [[u(0)]l3-
This means that
15115 < (15 O)[I3 + [[w(0)]13) exp(—2at).
Once we get the exponential decay of |||,
d . .
%(!\JH% + [[ull3) < =2a (15 (0)[I3 + [|u(0)[13) exp(—2at).
Then we have that
t
(7@ 3+ [u@®)]I3) < —2a(\\j(0)\\§+\|U(0)H§)/0 exp(—2as)ds+([17(0)[|3+[|(0)[]3)-
This means that

a3 < (15 O)I3 + [[u(0) [3)e~>".

Thus we have the exponential decay of [ |v_|? + |vy|?.
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4. EXISTENCE OF A UNIQUE LOCAL-IN-TIME SOLUTION

Now we prove Theorem 1.2. The proof goes into a few steps.
STEP 1: A PRIORI ESTIMATE.
By Lemma 2.1, for any (u, j, E, B) solution of (3), we have

< ] . i ]
13) 10l g8 S 0l 13 % Bl g + e Vet Vil g

and similarly,

(14)
1908y S Mol s X Bll g oy w93Vl g B
Now again, Lemma 2.1 gives
(15)
171 L2 22 T||5ll e r2

<
. 5 . .
< Tljollpz +T4u-Vi+j-Vutux Bl , . 1 +TIElz e
T

) 5 L
< Tljollze +THu- Vi+ 5 Vutux Bl ;g +TIEl o
and by Lemma 2.2, we have:
(16) 1Bl Lger2 + 1 Bllrger2 < 1 Eollzz + 1 Bollz2 + 17l 2 z2-

Putting together (15) and (16), we obtain the a priori estimate for (E, B):
(17)
1Bl Lger2 + 1 Bllrgerz < 1 Eollz2 + [ Bollz2 + T'lljoll 22

STEP 2: CONTRACTION ARGUMENT.
Let I' := (u,j, E, B)" be such that

u € X":i=L¥H:NI2H?
j € X':=L¥HzNI2H:?
E ¢ XP.=r¥1?
B e XP.=rLxL?

and set X = X% x X7 x X x XB. Then the norm of ' can be defined as
IT|x = |lullx= + |jllxi + |Ellxz + ||B||xz. We look for a solution in the
following integral form

I'(t) = T(0) + / -9 F(D(s))ds
0

with
A 0 0 0
A 0 A—al O 0
0 0 0 V x
0 0 -Vx 0
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and
() :=(P(=u-Vu—j-Vj+jxB),P(—u-Vj—j Vu+uxB)+E, —j0)7
Define a map ® : X — X as
t
() := / =) (54T + T(s))ds
0
where I'g = (uo, jo, Fo, Bo)”. We denote the components

o(I) = (2(I)", (), ¢(I)", o(I)").
Note that ®(—et4Ty) = 0, and by Lemma 2.1

tA

1€ Tollx < CllToll ;1 111, 22

where C'is a universal constant. Moreover, setting r = C||I'g|| . 1
H3xH3 x12xL?

and denoting by B, the ball of space X centered at 0 and with radius r, we

claim that ®(B,) C B, if T is sufficiently small. ) B

Assume I' € B,, and set etA_FO —T =: T (we also define @, j, B and F in

the same manner). Then ||I'[|x < 2r and Y = ®(I") solves the following

equation with zero initial data:
oY — AY = f(eTy — I(t)).

By Lemma 2.1 and Lemma 2.3, we have

(18) L
[T lxe S - Va+i-Vi+3x Bl

< @mﬁH2+mu””+TWN;HHN;WQHMX

52(wm”m+wh””+Twwﬂ2 )r

Note that r is a constant independent of 7" and that ||ul| 3 can

L2535 Hj”L%Hg
be taken arbitrarily small by choosing T" small enough, if we denote by C
the universal constant in the last inequality above, then we could choose T
small such that

11
(1l 5 5 + 131,35 + T4

So that the following inequality holds

[@(T)* [ xw <

»Jk\'—‘

Similarly, we also have
, 1
12T x5 = om,

1
12()* [z + 19(0) |l xz < o
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This shows that, ®(I') € B, as desired. Furthermore, if ® is a contraction
on B,, then there is a unique fixed point: T'* and hence, e!4Ty — I'* must be
our desired solution. We will discuss the contraction in the next section.

STEP 3: CONTRACTION.

To prove that ® is a contraction on B, if T is small enough, assume given
I'; and I's belonging to B, and set ety —T; = [, i =1,2. By the a priori
estimate (13), we have

(19) - . i i i
[®(T1)" = @(T2)"|xe < (1 —J2) X Ba+j1 x (B1 — BQ)HLZTH%
+||(t1 — t2) - Vg + @y - V(1 — )| 4

L T S L3r2
G —g2) - Va2 +1- V(i —J2)”L§L2'

Using (8) and (9) in Lemma 2.3, (19) becomes

1 1
2 T2 ) s =T
12 s I3, 5 ) I = el

1 _ -
J®(C0)" — BTy < T (HBZHL;OLQ I

1 1
= -2 -2 _
(1l g+ Il ) 0 =Tl

_ _ 1 _ 1
IFell it + 1212 4 Wl ) 10y T x

+ 0 ITS 2 175
LFH?2 L7 H?2

N N

1

Ti (4r) Ty — Iellx
1 1
57 5 |47 2
# (Il 5+ @I, )0 =Tl

— 1 1
| A i
# (13l 5+ @OHEI, g ) 1T = Palx.

N

We choose T small enough so that
u u 1
(20) 12(I'1)" = @(I'2)"[lxw < g1 =~ Taflx-

Now, estimating [|®(TI'1) — ®(T'2)|xs, |®(T1) — ®(T2)| xz and [|[®(T1) —
®(I'y)|| x& in the same way gives

1

[®(T1)) — ®(T2)|x; < T (4r) |01 —Tollx
- 1 %
(12l gy + )3l ) Ty~ Talx

3
H?2

1 L

. .

st + ORI, ) I0 = Tl
3

+T4 |0y — Toflx

IT1 — T2 x,

i (||a2|r

IN

1
8|
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I2(T1)" = @(T2) %[l xe + [[@(T1)7 — 2(I2)" | x2

5 -0 0
S Tal(u- —ug) - Vir+1u2- V(i —J2)HL2 o
T
5., . -
+T1|[(j1 — j2) - Vr + j2 - V(u_ — U+)||L2 s
T
5 _
+T4||(u- —uy) - VBy + g - V(B — B2)HL2 -4
T
+T2%|| By — Ea| pee 2
< (12°T1 + T2)|Ty — Dal|x
< 3Ty —Talx.

Finally, together with the above estimates, we have

1
12(I') = 2(T2)llx < S[IT1 = Taflx.

The proof is complete.
Remark 4.1. e We emphasize that in order to estimate j € L'(L?),
we needed jo € L?. This explains why the initial condition jy should

be in the nonhomogeneous space H 3 while for ug, we only need
ug € H %

We can also show existence of global-in-time unique solution of (3)
for large initial velocities (but small initial electromagnetic field) pro-
vided that « is large enough. This is due to parabolic regularization
in Lemma 2.1 (see also Remark 2.1), energy inequality in Lemma
2.4, global existence for small initial data (Theorem 1.3) and the
interpolation inequality between HY2 12 and H.

5. GLOBAL EXISTENCE FOR SMALL INITIAL DATA

We shall give a proof of Theorem 1.3. First, we would like to introduce a
truncated NSM system as in [8]. Let

N
L
R~y

N~

(v_,vy,E,B)T

Av. —E,Avy +E,VNxB—-v, +v_,-Vx E)T
—vy +v_,vy —v_,0,0)T
P(—v_ - Vo )=P(v_ x B),P(=vy - Voi) + P(vg x B),0,0)"

and Ws(s) be a cut-off function defined by

Set

1 0<s<M/2
Up(s):=% 2—2s M/2<s<M
0 M < s.

Uar() i = War(llu—ll ) Onr (Jus L g )@ s (1| Bl 2)-

Now define a truncated operator Sys by:

Svy =Ly +¥u(y)Ny+ Ry
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and the truncated NSM system is
Oy = Sy

We give a few properties of this truncated NSM system. Let L2 denote the
solenoidal L? space, i.e.,

={ve L*R% |divv=0in R*}.
We consider v in the Hilbert space H := L2 x L2 x L? x L?. The operator
Sys is assumed to have its domain
D= (HNL2)x(H’NL2)x{E € L? |Vx E€ L*}x{B € L? |V x B € L*},
which is dense in H.

Lemma 5.1. The operator Sj; generates a strongly continuous nonlin-
ear semigroup Tys(t) in H, in particular, v(t) = Ta(t)y0, 70 € H is in
C ([0,T],H). Moreover, if 79 € D, then ~(t) is absolutely continuous in
[0,T] for all §,T > 0 (§ < T) with values in H and that it solves

Oy =Suvy (ae t20), 7(0)=n0.

Moreover, Vv_(t) and Vv, (t) are continuous from [0, c0) to L.

The proof is essentially given in [8], where the problem is considered in a
bounded domain. It elaborates the method introduced by [15] for the Navier-
Stokes equations. We give a sketch of the proof for the reader’s convenience
and completeness.

The first conclusion of Lemma 5.1 is a generation result. It follows from a
general generation theorem due to Komura [11] (see also [4]) once we prove
that —(Syr — wl) is a m-accretive operator in H with some w > 0, where I
denotes the identity operator.

To show that —(Sys — wl) is m-accretive, we have to prove that

(i) (monotonicity)
((Sm = wl)y = (Sm —wl)y,v =1") <0
for all 7,7 € D, where ( , ) is the standard inner product in H.
(ii) (solvability) The range of I — A\(Sys — wl) equals H for some A > 0.

The proof of the monotonicity is the same as in the proof of [8, Lemma 2.1].
We first observe that

(pp(VNy =Y (V)NY, v —+")
< Jog = 5+ llv——=v |3 4w (1B = B'll72 + llog — v |72 + lvm —o"[132)

with w = cM*, where c is a numerical constant. Here v = (v,,v_, B, E) and
7' = (v/,,v_, B', E"). This can be proved as in [15], where the Navier-Stokes
system is first treated by the theory of nonlinear semigroup [15, Lemma 2.1]
at least to handle P(vs - Voy). To handle B terms we use

|(=2)74P (s x B)|| , < Cllosll 1Bl
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Since (R7v,v) < 0, (Lvy,v) = ||v+||%[1 + HU,H?L-II, the above estimate for
(Urr(Y)Nvy — ar(v)N~', v — +') yields the desired estimate (i).
The proof of (ii) is more involved not a direct application of [8, Lemma 2.2,
Step 2] since our problem is in R3 not in a bounded domain. It suffices to
solve

—(L 4wy +¥u(y)Ny + Ry = f,
for general f € H and p > 0. We shall first solve this equation in a ball
Bpg of radius R centered at the origin. Arguing as in [15, Lemma 2.2] by a
fixed point argument based on the Leray-Schauder theory (where we need
compactness), we find a solution g

Vi = {’y = (vy,v_,B,E) |ve € HY(Bg), v+ = 0 on 0Bg, divuy =0 in BR}

which is a subspace of Hg = L2(Bg) x L2(Bg) x L*(Bgr) x L?(BRg).

The desired solution v is obtained as a limit of yg as R — oco. In fact, as
in the proof of [15, Lemma 2.2, Step 2] we have a uniform W23/2 estimates
for 7. Thus the limit v solves the integral equation

v+ (L4 ) (Wu(INy + Ry) = f.
We thus conclude that —(S); — wl) satisfies the solvability (ii).
It remains to prove the continuity Vvi from [0,00) to L2. The proof is
essentially the same as that of [15, Lemma 3.2]. We first prove that AY/2vy
in L>(0,T, L?) for all T > 0 where A = —PA is the Stokes operator. This
is easy since

o 1%+ o= = 1A 20s )52 + 142012 < (IS0l 1ol -

We next prove that Avy € L°°(0, T, L?) for all T > 0 which is more involved.
We have to control nonlinear terms Fy. We observe that Fy € L>°(0,T, L?)
to conclude this result as in the proof of [15, Lemma 3.2] since A'/?vy is in
L>(0,T, L?). The continuity of Vv follows from a simple interpolation

1 2 ¢ dvt t dvt
il t) — = = = A —_— d
9 v+ (t) U:I:(S)HHI /s <Ui, dt > - /s U4, dt /s S

dve
dt

< N Avl g2t L2y - ‘ ot
L?(s,t,L

since dvy /dt € L>(0,T, L?).
Lemma 5.2 (energy inequality). Let v(t) = Tas(t)y0, then
IV +2 (=12, 0 + o122 1) < 170 122
Proof of Theorem 1.3. Let M be an arbitrary positive constant, denote by
70 = (v-(0),v(0), £(0), B(0))"

and set

Co 1= HfYOHH%xH% X L2X 2



16 YOSHIKAZU GIGA, SLIM IBRAHIM, SHENGYI SHEN, AND TSUYOSHI YONEDA

Define the truncated solution (t) = Ta(t)y0 = (v—(t),v4(t), E(t), B(t)),
where v stands for v_ or vy. Let M’ = M/2 and define

T :=sup{t > 0; |[v(s)||jn <M 0<Vs <t}
Our goal is to proof if initial data is small, this T goes to oo, so that
ol ey < M’ always holds. By energy estimate (Lemma 5.2), || B||2 < M.

Then the truncated system becomes the original system NSM(2) according
to it’s definition. Thus the solution of truncated system is also a solution of
NSM(2). Applying Lemma 5.1, we will finish the proof.

Without loss of generality we assume that T is finite and define

S :=sup{t > T;|jv(s)||gn > M' T <Vs <t}

Since Vu(s) is continuous(Lemma 5.1), |[v(s)|| ;1 is continuous too. Then
the above set is non-empty and therefore, S exists' and S > T. So that
S — T can not be arbitrarily small.
By the definition of S, we have

M < u(S)| -

Integrating from T to S

(S=T)M' < [ Ju(®)] gt
< ult) | gt
(21) < Jy llullyy + 3lll,ydt
< 380l gy + 3VS Il 4
= %SHUHL?H%—F%\/EHuHL%H%

Next step, we estimate ||ul] 3. Because the truncated operator

LE¥HINLZH
only affect the nonlinear term of the original NSM and |Us(y)| < 1, y(t) :=
T (t)o still satisfies all the estimates we did before. By Lemma 2.1, Lemma
2.3 and Lemma 2.4, we have

vt S Os(n@ )l + 1By, IRy
)

+ u-Vul
3 1
< CsCo(1+Co+ 81 +54) + Cslull oy lull

3 1
< 3 h 2
< CsCo(14+Co+ 5S4+ S1) + CS”“”LgoH%ngH%’

[l

+ [lu > B

1 1
2 13 23
LZH™ 2 LXH 2

where Cs = C'max{1, S}. We rewrite the inequality above in the following
form

]

<1 — Csllul ) < CsCo(1+ Cy+ ST+ §1)

LHEAL2H LeHEAL2HS
S S S S

lof course, S can be oo, for this case, we redefine S as an arbitrary number between
T and oco.
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3 should satisfies

which means if we choose Cp small, then ||ul| L
L¥H2NLH?

1—\/1—4C§CO<1+CO+53+S31>
<

(22) 0= Hu”LgOH%nLgH% = 205
or
1+\/1—4C§Co (1+00+S% +Si)

Because of the continuity of v(¢) (Lemma 5.1) and small initial data, we
know the case of (23) is impossible. So, (22) is the estimate of u. Substitut-
ing (22) into (21), we get

(S —T)M' < S+\/§(1—\/1—40300(1%-00%-534—5‘11)),

4C

which is equivalent to (if Cj is small enough):

S+ VS CsCo (1+Co+ 87 + 57)
S—T .
M ,
1+\/1—4C§00(1+00+si+5i)
S+VS E
< T CsCo (14 Co+ 5T+ 57).

Finally, we choose Cj small enough, and §—T can be arbitrarily small which
is a contradiction. So that T goes to co. Thus, v(t) globally and uniquely
solves the NSM (2) provided the initial data small enough. Furthermore,
if time 7' is fixed, according to (22), we can set Cy small so that wu(t) is

bounded in L¥Hz N L2H?.

6. THE PHYSICAL MODEL

In this section we expect to extend the wellposeness result to the physical
model.

6.1. Global existence. Rewriting back the original system with all physi-
cal parameters, we have

(24)

(m_ndw_ =v_Av_ —m_nv_-Vu_ —en(E+v_xB)—R—Vp_
myndwy = viAvg —mynvy - Voy +eZn(E + vy X B)+ R— Vpy

O FE = EOIMOV X B —25(Zvy —v-)

oB=-V xB

R:=—a(vy —v_)

divv_ = divvy = divB = divE = 0.
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We can also define the corresponding truncated system in the same way as
before we get.

(25)

nm_0w_ =v_Av_ —nm_VY(y)v_ - Voo —en(E + ¥(y)v— x B) — R —Vp_
nmy Oy = veAvg —nmyV(y)vy - Vog +eZn(E+ U(y)vy x B)+ R— Vpy
OE = €0#OVXB =(Zvy —v-)

o0B=-VxB

R:= —a(vy —v_)

divv_ = divuy = divB =divE =0,

where v and ¥ are defined in the previous section. In order to get the global
existence, the key is to ensure that we still have the energy estimates for (24)
and (25) which are similar to Lemma 2.4 and Lemma 5.2. The differences of
other estimates like in Lemma 2.1 are just a matter of constant. To get the
energy estimate for (1), multiply “= . 60 , B, 60“ to the first four equations
of (1) respectively, integrate over space and add them together. With the
divergence free condition, we get

mnd 9 m+nd 1d 1 d
E
Sl + TE 2 o B + 5 1B + %Mﬁumz
—AWmmﬁ—\meﬂ~wu—um2:0-

Integrating in time from 0 to ¢, the above 1dent1ty becomes

nm_ nm
26 _|2 u E|2, + ——|B|?
(26) 9oy IV=llz2 + 5"l 72+ 5 H Iz + o o 1Bl
L= 2
el HL2H1 + = HU+HL2H1 + OHU— —04llg e
nm_ nmy 1 1

2 2 2 2

Which, after setting

. mm_ nmy 1 1 v V_|_ «
A1 = min , = =
! { 280 2 2 280#0 60 80 €0

and
nm_ nmg 1 1

Ay = ) PP
2 max{ 260 250 2 260[&0

gives the following energy type estimate can then be written as

(27) lo-1Z2 + llo4 172 + 1 B> + I BIIZ:

o2 o + o172 0+ lo- —vilfzpe <

i? (- O)72 + llo+ O 72 + [EO) 72 + 1BO)IIZ2) -
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This is our desired result. For the truncated system(25), we can do the same
thing and get exactly the same result as (27) since the truncated function
¥ is only a function of time and satisfy 0 < ¥ < 1.

6.2. Local existence. In the physical model, since the coefficients are no
longer the same, we won’t have the nice cancellation. However, we can still
apply the fixed point argument and get theorem 1.4.

Proof of Theorem 1.4. In the sequel and since there is no cancellation of
terms anymore, all constants may depend upon all physical parameters but
for simplicity we assume all constants are 1. The proof is similar to the
proof of Theorem 1.2.

STEP 1: A PRIORI ESTIMATE.

By Lemma 2.1, for any (v_, v, E, B) solution of (1), we have

(28) (vl SO 3 +llvx B+ R HIE+v- Vol

-1 .3 L1 4
o0 I 2 2 N 2 -3 3
L¥HINLEH L2H2 3p2

where v stands for v_ or v;. And again, Lemma 2.1 gives
[ollzrre < Tllollpger

(29) < To(O0)z2 + Tiv- Vo+vx B+R|

i3 TTIENz L2

By lemma 2.2, we have:

(30) 1Bl pger> + [I1Bllnge 2 < 1EO)| 2 + I B(O)| L2 + [lo-[Ipr r2 + v+l 2y, 2
Together with (29) and (30), we obtain the a prior estimate for (E, B):
1Bl g r2 + 1Bllgerz < 1EQO)L2 + [I1BO)]|2 + Tllo—(0)][ 2 + Tv4(0)| 2

5
+T4|v_ - Vu_ +v_ x B+ RHL%H*%

+T[|vs - Voy +v4 x B+ R|
(31) +2T(Ellzs fo-

STEP 2: CONTRACTION ARGUMENT.

The space setting and notations are similar to Step 2 of the proof of theorem
1.2, just replacing u,j by v_, v, respectively. Besides, the operator A and
function f(I') are changed to

. 1
o -1
LZH2

A0 0 0
0 A 0 0
A=1 0 0 o s VX
0 0 —-Vx 0
P(—v_-Vo_ — - (E+v_ x B) — )
eZ R
f(F): P(_U+VU++m7+(E+U_ XB)-‘-m)
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The map ® stays the same. And 4T is now controlled by

tA
leToll < OOl gy 1o

Where C'is the universal constant. Moreover, setting r = C||T HH% CHYr2ar
and denoting by B, the ball of space X centered at 0 with radius r. Our
goal is to proof if T' is small enough then ®(B,) C B,. o

Assume I' € B, and set ' := !4y — T (also define v_,v4, E, B, R in the
same manner). Then by lemma 2.1 and lemma 2.3

@Ol S 195 BVl oy + 1By, + 1R, g

IN

_ _ 3 1 =
€ (Iollgin +10l 55+ 77 +27% ) [Pl

IN

~ _ 3 1
2C (1ol g0+ 1915 + 7% +27%)

Thus we could choose T small such that

_ _ 3 1 1
2 (Iollg i + 0] 5y + T3 427%) < 1.
So
1 1
[0 < 2r B < 2n

Similarly, we could also get
1
2% + [@D)lIx < 57

Thus
[2(T)lIx <

And ®(T') € B,.

STEP 3: CONTRACTION.

The notations and settings are the same as that in the proof of theorem 1.2
(of course, replacing u,j by v—,vy). Let v be v_ or vy, I'1,T'y € B, and
[; = ey — Ty, i = 1,2. By the a priori estimate (28):

[@(T1) — @(T2)llxv S [[(B1 — T2) x Ba + 01 x (By — BQ)”L;H—%
(32) = 22) - Vo 00 V(o =)l g
I1Ex — EQHﬁLQ + 1R — R2”L2TH*%'
The fact that
IRy = Rolly oy < THloen = vt v =voal g
(33) < 2T3|Iy — Tolx
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together with (9) and (11) in lemma 2.3, (32) becomes

1 _ 1 1
a1 X1 2 i 2
[@(T1) = @(T2)|lx» < T3 <HB2HL;9L2 Hloll? oy HUIHL%H%> [T — Tl x

it
1 1

. x1 2 7 2 _
(1ol g + Bl Bl g ) 0 = Talls

3 1
+H(T5 +2T2)|Ty = Tl x

1

T (4r) 0y~ Tl

1 1
, - i
(1ol g + @B, 3 ) 0= Talls

T

AN

3 1
+(T4 +272)||Ty — Do x-
We choose T small enough so that
1
12(T'1) = @(2)flxv < T = T2flx.
Similarly, we can estimate ||[I'y — I's||x= + ||[I'1 — I'2|| x& when T is small:
Ty = Tallxe + [Ty —Tollxe < (16rT + 275 + 2T2)|Ty — Ta|x
1
< —|II'1 —Tgllx.
< Il =Tl
Finally, together with the above estimates
1
12(I1) — @(T2)]lx < 5T = Laflx-
This complete the proof.

Remark 6.1. In this proof, for simplicity we set all parameters to 1. One
should note that the small time T is dependent of a which appears in R.

Because if we recover a, (33) becomes || Ry — R2HL2 g3 S 207 IT; — T2l x-
T

However, if a < Cj, where Cj is a positive constant, then 7' will be inde-
pendent of a.
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