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FOURTH-ORDER TOTAL VARIATION FLOW
WITH DIRICHLET CONDITION :

CHARACTERIZATION OF EVOLUTION AND
EXTINCTION TIME ESTIMATES

Yoshikazu Giga, Hirotoshi Kuroda and Hideki Matsuoka
Abstract

We consider a fourth-order total variation flow, which is studied in image recovery and
materials science. In this paper, we characterize a total variation flow in H ~!-space with
Dirichlet boundary condition. Furthermore, we show an extinction time estimate for the
solution of a total variation flow with Dirichlet boundary condition. Giga and Kohn
(2011) established the same extinction time estimate in periodic case. Their argument
is based on interpolation inequalities. Using extension operators, we derive this type of
inequalities, which we apply to the case of Dirichlet boundary condition.

1 Introduction

This is a continuation of [13|, where the fourth-order total variation problem under peri-
odic boundary condition was studied with focus on extinction time. The purpose of this
paper is to study the following system;

ou . ( Vu .
T —Adiv (W) in Q x (0, 00),

U|t:0 = Uy,

(1)

with various boundary conditions. We cannot take this system literally because the right
hand side is undefined when Vu = 0. In this paper we consider the right hand side
of system (1) as a subdifferential of a total variation in negative Sobolev space H ().
Precisely, we consider the H~1(£2) steepest descent with the total variation. The advantage
of using this method lies in the fact that the theory of maximal monotone operators
initiated by Komura [21] guarantees the existence and uniqueness of the solution, which
is difficult to prove in many cases of nonlinear partial differential equations. We call
system (1) a fourth-order total variation flow. In this paper [,|Du| denotes the total
variation of u in Q, whereas [, |Vu|dz denotes the L'-norm of Vu in €.

We give a few background of system (1). This system arises in image recovery and
materials science.

AMS Subject Classification: 35K30, 35K55, 35B40.
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First we show how system (1) arises in image recovery. We want to recover the true
image from a given image, which is blurred and added a noise. Suppose that a given
gray-scale image is represented by ug :  — R, where  is a bounded domain in R?. We
denote a true image by Upye : 8 — R, a blurred image by Kty - 2 — R, and a noise
by n : 2 — R. Respectively, we assume that uy is represented by

Ug = Ktgye + n.

The image recovery problem is to extract e from ug. Rudin, Osher, and Fatemi [27]
proposed the following minimization problem to consider the image recovery problem

Uprue = arg min { E(u) | u € L*(Q)}, (2)

where \
E(u) ::/|Du|—|——/|Ku—ud|2dx,
Q 2 Ja

for some Lagrange multiplier A > 0. The BV-space is suitable for considering the image
recovery problem. It is because edges are allowed in u € BV () as jump discontinuities
and we can recognize the feature of the picture. We assume for simplicity Ku = u for
u € L*(Q), then the solution u of (2) satisfies Euler-Lagrange equation

—div <&) +AMu—ug) =0 in Q,

|Vu| (3)
0 00
5 = on 02,

where v is the outward unit normal vector field and 9/Jv is the directional derivative in
the direction of v. To calculate (3) numerically one possible method is to use ’gradient
flow’-the second-order total variation flow with Neumann boundary condition

4
N _ iy ( Vu > in Q x (0,00),

ot |Vu|
=0 = ug in 2, (4)
0

\ a—ZzO on 092 x (0, 00).

Note that (3) corresponds to the implicit Euler scheme for this evolution equation by
regarding ug as previous step data and u as next step results, where 1/ is the time grid
length. For more details we refer the reader to [1, 2]. The right hand side of system (4)
is considered as the subdifferential of a total variation in L?*(€2). Andreu, Caselles and
Mazon |2] considered this system in R™ and in 2 with Dirichlet and Neumann boundary
conditions. Osher, Solé, and Vese |25] introduced another method to recover the image.
They considered the minimization problem

Ut = arg min{E(u) | u € HH(Q)}, (5)



where
B(u) = /Q 1Dl + MKt — a3

They showed by experiments that we can recover textured details in natural images better
than using the method of minimization problem (2). Problem (5) leads to the fourth-order
total variation flow with Neumann boundary condition

)
(;))_;L = —Adiv (|§—Z|) in 2 x (0, 00),

ul—o = U in Q,
ou 0 di ( Vu

L av o \ [V

) =0 on 992 x (0,00).

In materials science, this system is used to describe the relaxation of a crystalline
surface below the roughening temperature. In this model, u represents the height of
surface. For derivation of this model we refer the reader to [17, 20, 22, 26].

The characterization of subdifferential of convex energy in H~'({2) was done by Kashima
[18, 19]. In [19] the subdifferential of

= u(x e u(z)|P | dx
F(u)-—/Q(IV()HpIV(M)d, W0, p>1 (6)

in H~1(Q) was characterized as

—Adiv (& + u|Vu|P2vu) ,
[Vl

by assuming v € WP(Q). The first term of the right hand side in (6) is not a total

variation, but an L'-norm since Vu € L'(Q2) by Holder’s inequality. On the other hand,

in this paper we allow u € BV (Q), as a result Vu is just a bounded Radon measure, not

necessarily a locally integrable function.

One of the purposes of this paper is to characterize the subdifferential of total variation
in H!-space with Dirichlet boundary condition although the Neumann problem is more
popular for image analysis. In [13], the characterization with periodic boundary condition
was established. They used the theory in L?-space, which appears in [5, 7], and extended it
to H'-space. We characterize the subdifferentials of total variations in Q by using a dual
Hilbert space H1(2) := (H}(22))". In other words, we consider Dirichlet-Laplacian, so we
call this Dirichlet boundary condition. In [13] the way to characterize this subdifferential
is indicated but not explicitly given. We cannot apply the method in periodic case directly
to the case [5|Dul, so we derive an interesting duality representation of [5|Du|. By using
this representation, we can characterize the subdifferential of [5|Du| in H~'(Q).

Another purpose of this paper is to get the extinction time estimate of the solution
for system (1) with zero-Dirichlet boundary condition. Let T'(u) be an extinction time
of the solution of system (1) with the initial datum u|;—g = ug. More precisely, we define



T'(uo) by

T(up) := inf {T >0

u(t) =0if t > T where u is the solution }

of system (1) with the initial datum u|,—o = ug
We show that T'(ug) is finite and estimated by the form
T(Uo) S G(Uo)

where G is some explicit functional.

Giga and Kohn [13] gives an extinction time estimate for the solution of system (1)
with periodic boundary condition. Theorem 3.3 of that paper obtains a scale-invariant
result in space dimension 4. However, Theorem 3.8 of that paper (which asserts a scale-
invariant result in dimension n, 1 < n < 4) is flawed. The proper conclusion based on
the argument given there is an extinction time estimate that is only asymptotically scale-
invariant. In this paper, we derive a corrected extinction time estimate of system (1) with
zero-Dirichlet boundary condition, which should be the same for the periodic case. In
[13], they used an energy estimate and an interpolation inequality of the form

0
il sy < Clalli? ( / |Du|) , )

where T" is a torus, Y is a suitable norm, C' > 0 is a scale-invariant constant and we
denote the definition of the functional space H '(T™) in Section 4. We would like to derive
this type of inequality, which can be applied to Dirichlet boundary condition. However,
in Dirichlet boundary condition the method of the proof of inequality (7) in periodic case
breaks down. It is because we use a property of the heat semigroup which is particular
to periodic boundary condition in deriving inequality (7). So we take a different method.
First, we set a periodic boundary condition, whose periodic cell contains 2. Then, we
define an extension operator £ : H~1(Q2) — H_'(T"), which satisfies some properties. We
define this operator differently for the case when € is a rectangular domain and the case (2
is a C*°-domain. Here by using inequality (7) for Fu, we get an interpolation inequality,
which can be applied to Dirichlet boundary condition. Finally, by using this interpolation
inequality, we get an extinction time estimate of the solution of a total variation flow
with Dirichlet boundary condition. We also give an explicit solution when 2 is R". The
fourth-order total variation flow is less studied compared with the second-order model.
We refer a review paper by M-H. Giga and the first author [12] and papers cited there.
Most of the results of this paper are based on the third author’s master’s thesis [23].

2 Preliminaries

2.1 The total variation in H ()

Let © C R"™ be a bounded domain with Lipschitz boundary. Let C*°(£2) denote the space
of all smooth functions in Q. Let 2(Q2) = C§°(2) denote the space of all compactly



supported functions ¢ € C*(£2) in Q. We first define the functional spaces as follows:
Cr(82) = {gp € C*(Q) ‘ / pdr = O} :
Q

Giu(@) = {p e @) [ par=o]

i.e. the subset of functions with mean value zero.

Next, we define the total variation for u € H-1(Q) = (H}(Q))", which is the dual
of Hj(Q2). Let (-,-) denote the canonical pairing of H~1(Q2) and H}(Q). Let 2'(Q) be
the space of Schwartz distributions in €2, i.e. 2'(Q) is the topological dual space of
2(02) = C5e(Q) [24]. By its definition, H~!(Q) can be regarded as a subspace of Z2/(f2).

Lemma 2.1. Let u € H}(Q). If
/Q Dul = sup {{u,dive) | ¢ € C(L R, [lollim@ < 1}

is finite, then there exists i € L7 (Q) such that u = @ in 2'(Q).

—, then the conjugate exponent p = - satisfies

Proof. First we assume 1 < p < P

P’ >n. Foru € HH(Q), we define a semi-norm |[|ul| gy by

lull oy = 50 { (1,0} | 0 € o0, Nl <1}

To prove this lemma, we recall the Bogovskii operator B : C3°(Q) — C3°(Q;R™)
which satisfies the following properties: there exists a constant C' such that

div(By) = ¢, ||V(BSO)||LP’(Q) < OHSOHLP’(Q)

for all p € C§°(Q) [11, p.179].
Since properties of B and Gagliardo-Nirenberg-Sobolev inequality, there exists a con-
stant C' such that for any ¢ € CF5,, () with [|¢]| 1) <1

0,av
1Bellz=@) < CIV(BE) ) < Cllgll o) < C.
Therefore the following inequality
(u, 0) = (u, div(Byp))
< sup { (. div ) | ¥ € CRUR, ey < C} = € [ [0
holds. Hence we have

el oy < C / Dul. ®)

Next we fix n € C5°(Q) such that [,ndz = 1. And for any ¢ € C§°(f2), we put
Cy = o dr and ¢ := ¢ — Cyn. Of course the function ¢ satisfies [, ¢dx = 0, then
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¢ € Cgoy(€2). Therefore, by the definition of [ju|| ) and using Hélder’s inequality, we
find that

[{u, ) < [{u, @) + [(u, Cym)
< Jull ooy 191l o ) + [ Cor(us )|
< Ml ooy (11 2o ) + [Colllll 2 ) + [Cop (s )|
< el ooy (1 + 1Pl v ) + 19221, m M 1

for all ¥ € C§°(€2). Therefore as a consequence of Riesz’ representation theorem, there
exists u € LP(Q2) such that

(u, ) = / i dx
Q
for all ¢ € C3°(Q2), and since (8) we have

14l 2oy < llull ooy (1 + Q10 o ) + 191171, 1)

<c ( [ 1+ ||u||H1<m) , o

where a constant C'is independent of u. Moreover, the assumption of lemma leads u €
BV () and by using the embedding theorem BV (Q2) — L=»-1() ([15]), we find @ €
Lw1(Q). O

Remark 2.2. We can estimate the total variation of i in Q. As is written in [10, p.183],
we can decompose [5|Du| into [, |Da| and [, |Tu|dH"™", where the trace Tu € L'(99)

satisfies

Tl o < C (||a||m v |Da|) |
Q

By using (9) in the proof of Lemma 2.1, we observe that

il 1) < Q17 ||| ooy < C (I|ﬂ||H1(Q) + /Q |Dﬂ|> :

[ vl < ¢ (Jla+ [ 1D3]). (10)

Remark 2.3. Let v € H} () and n < 4. There exists {p;}jen C C°(Q) such that

As a result, we see that

;= v in HY(Q) as j— oco.
By using Sobolev’s embedding theorem, we see that
p; = v in L"(Q) as j — oo (weakly in the case n =4).

Therefore, for any uw € H™'(Q) with [, |Du| < 400, we find that

(u,v) = lim (u, p;) = lim [ ayp;dr = / v dx.
Q

j—00 Jj— Jq



2.2 The Dirichlet Laplacian and inner product in H ()
We recall the Dirichlet Laplacian —Ap on HE().

Definition 2.4. Let define the operator —Ap : H} () — HY(Q) by
(—Apu,v) == / Vu-Vudx
Q

for all u,v € HY(Q).
We here recall a fundamental property of —Ap.
Lemma 2.5. The operator —Ap : H} () — H=Y(Q) is an isometry.
By using Lemma 2.5, we define the inverse mapping
(=Ap)™" HTH(Q) — Hy(Q),
and define H~1(2) as a Hilbert space equipped with the inner product

(f,9)u-10) = ([, (=Ap)'g)

for all f,g € H1(Q).

In this paper we use the pairings between measures and bounded functions. These
pairings are constructed in |3|. Before giving pairings, we recall a fundamental property
of BV functions. Assume u € BV (), then there exists a Radon measure Du such that

/gpd[Du]:—/udngod:p
Q Q

for all ¢ € C5°(Q2;R"). Next we introduce a trace for BV (Q2). See [10, 15, 28] for more
details about BV (£2). Let us denote by v(z) the outward unit normal to 0f).
In this subsection we assume that €2 is a bounded domain with Lipschitz boundary.

Lemma 2.6. There exists a bounded linear operator T : BV () — L*(09Q) such that

/udivgpda::—/@d[Du]—i-/ (- v)TudH"*
Q 0 B

for alluw € BV (Q) and ¢ € CY(R™;R"), where H"! is the (n — 1)-dimensional Hausdor(f

measure.
We introduce some function spaces.
Definition 2.7. Let 1 < p < co. Define function spaces X (), and X () by
X(2), :={z € L>®(;R") | divz € LP(Q)},
X(Q):={z€ L®(Q;R") | divz € Hj(Q)}.



Remark 2.8. By Sobolev’s embedding Theorem, we see that Hg(2) € L™(Q) if n < 4.
Therefore, we find that X(Q) C X (), if n < 4.

We introduce a Radon measure defined for u € BV (Q)N L' (Q) and z € X(Q),, where
P =p/(p—1) is the conjugate exponent of p.

Definition 2.9. Let 1 <p <n, z € X(Q), and u € BV(Q) N L (Q). Then we define a
functional (z, Du) : 2(Q) — R by

((z, Du), @) :z—/ugpszda:—/uz-chdm
Q Q

for all p € 2(Q).
We give a key property of the functional (z, Du).

Lemma 2.10. The functional (z, Du) defined in Definition 2.9 is identified with a Radon
measure. Furthermore, (z, Du) satisfies the inequality

[ 100l < ellmioy [ 120l
Q Q

where |(z, Du)| is the total variation measure of (z, Du).
We next recall Green’s formula as follows.

Lemma 2.11. Let 1 < p <n. Then there exists a linear operator v : X(Q2), — L*(0%)
such that ~y satisfies the following properties for all z € X(Q), and u € BV (Q) N LF'(Q):

7)) < [|2]lLo(@),

/Qudivzdm—l—/g(z,Du) = /897(Z)Tud7-l"_ ,
(v(2))(z) = z(x) - v(z) for all z € 0Q if 2z € CHQ;R™).

Above lemmas are proved in |3, 4|.

2.3 The duality functions

We use the duality functions to characterize the subdifferential of the total variation on
H=1(Q). So we recall the definition of duality functions and their properties.
Let H be a real Hilbert space and (-, -)g be its inner product. For a function L : H —

[0, 0], we define the duality function L : H — [0, o0] of L by

T (U7U>H
L(u) := sup
() veH\{0} L(v)

for u € H. To prove the characterization of the subdifferential, we use the following three
facts.



Lemma 2.12. Let Ly, Ly : H — [0, 00| be functions. If

for all w € H, then

for all u € H.

Ly(u) < Lo(u)

Lo(u) < Ly(u)

Lemma 2.13. Let L: H — [0,00] be a function. If L is conver, lower semi-continuous,
and positively homogeneous of degree 1, then

for all v € H.

Lemma 2.14. Let L : H — [0, 00] be a function. Assume that L is convez, lower semi-
continuous, and positively homogeneous of degree 1. Let u € H. Then

iof and only if

v € OF (u),

F(v) <1, (u,v)g = F(u),

where OF' is the subdifferential of F' in H.

These facts are proved in [8|, so we omit these proofs.

3 Characterization of The Subdifferential of [;|Du| in

H(Q)

In this section we assume that {2 C R" is a rectangular domain or a bounded domain with

C*°-boundary.

We consider the energy [5|Du| (defined in Definition 3.1). This energy is suitable to
identify the extinction of the solution of a total variation flow because [5|Du| = 0 leads
to u = 0. We characterize the subdifferential of the total variation [5|Du|in H~'(£2) and

the system

( Ou Vu

T _Adiv( L) o

T div (]Vu]) in  x (0, 00),

u = div (IE_ZO =0  on 0 x (0,00), (11)
L u(0) = uo in Q.

First we define [5|Dul for u € H'(Q). We cannot define [5|Du| directly because
div ¢ does not necessarily belong to Hj(Q2) for ¢ € C*(R™;R"). To define [5|Dul, we

use Lemma 2.1.



Definition 3.1. Let u € H'(Q). If [, |Du| < 400, then define [5|Du| by

/|Du! = sup{/ﬂdivgpdm
Q Q

If [, |Du| = +o0, then we define [5|Du| = +o0

0 € CZRYRY, ¢l < 1}-

This definition is reasonable because if [5|Du| < 400, then [, |Du| < 400 automat-
ically and there exists @ € La-1(£2) such that

u=1a in 2'(Q).

It is easy to check the properties of this functional. In fact f§|Du| is convex, lower
semi-continuous, proper, and positively homogeneous of degree 1 in H~1(Q).

Next, we define functionals F, G : H~'(Q2) — [0, 00] by

e C*(R";R"
F(u) ::sup{/ﬂdivgodx 14 (R RY), }
Q

¢l oo@ny < 1, div =0 on 02
G(u) == nf{|[2]| =) | 2 € X(Q), u= —(=Ap)divz}. (13)

Then the functionals F' and G are convex, lower semi-continuous, proper, and positively
homogeneous of degree 1.

The following lemmas are key steps to characterize the subdifferential of [5|Dul in
H=1(Q). For the moment we admit the following duality representation lemmas and will
prove main results.

(12)

and

Lemma 3.2. Let F': H1(Q) — [0, 00] be the functional defined by (12). Then
F(u) = [ D
Q
foruw e H1(Q).

Lemma 3.3. Let F,G : H'(Q2) — [0, 00| be functionals defined by (12) and (13). Then
G(u) = F(u)
for ue HY(Q), where F is the duality functional of F.

We are ready to characterize the subdifferential OF of F(u) = [5|Dul in H'(Q2). We
postpone to prove Lemma 3.2 and Lemma 3.3 after stating Theorem 3.4.

Theorem 3.4. Let €2 be a rectangular domain or a bounded domain with C*-boundary.
Assume that uw € H™(Q) satisfies F(u) = [5|Du| < +o0. Then v € OF (u) if and only if
there exists z € X () with ||z]| L (@) < 1 such that

v=—(=Ap)divz, (u,(—Ap)divz)y /|Du|

10



Proof of Theorem 3.4. By Lemma 2.14 we see that
v e 0F (u)

if and only if .
F(U) < 1, (u,v)H_1(Q) = F(u)

Moreover, G = F holds by Lemma 3.3, these conditions are equivalent

Glo) < 1, (u,v)H_l(Q):/wu\.
Q

This is the claim of our theorem, so the proof is complete. O

Theorem 3.4 gives a natural and intrinsic characterization of system (11) as

du : -1
G0 € —0F () in HY(Q) for ae. 1€ (0,00). (14
u(0) = o in H=(9).

We have the boundary condition

Vu
div [ =2 ) =
”(w) 0

since divz € H} (). Furthermore, we note that w € D(OF) (i.e. F (u) # 0) formally
requires the boundary condition
u =0,

since the solution of the total variation flow deceases [y, |Tu|dH"~'. So we give the
definition of solutions to our problem (11).

Definition 3.5. Let ug € H (). A function u € C([0,00); H 1(Q)) is a solution to
the fourth order singular diffusion problem (11) with the initial datum uy, if the following
conditions are satisfied:

1. w is absolutely continuous on any compact subset of (0, 00).
2. w is a solution of nonlinear evolution problem (14).

We obtain the existence and uniqueness of the global-in-time solution for system (11)
by applying the nonlinear semigroup theory [6, 21].

Proposition 3.6. Assume that an initial datum ug € H™'(Q) satisfies [o|Dug| < +o0.
Then there ezists a unique solution u to the problem (11) in the sense of Definition 3.5.

We conclude this section by proving Lemma 3.2 and Lemma 3.3.

11



Proof of Lemma 3.2. Let v € H~'()). By the definition (12) of F, it is obvious that
F(u) < J5|Dul, so we only prove [5|Du| < F(u). If F(u) = +00, then the inequality is
trivial. So we assume that F(u) < 400, then [, |Du| < 400 and

Lid < ([ 1pu+ lulua) <+,
Q Q

by (10) in Remark 2.2.

First we consider the case that {2 is a rectangular domain represented as 2 := []', (0, b;).
We give the main idea of the proof. We approximate a test function ¢ € C*°(R™;R")
with ||¢|| peen) < 1 by a following test function

e C®(RY:RY),  |[¢lle@n <1, divey =0 on I,

We prepare tools for approximation. Fix any € > 0. Since Du is a Radon measure in €2,
there exists & > 0 such that the shaved domain Q° := [}, (8,b; — &) satisfies

/ Du| < <. (15)
O\Q8

Next we consider estimates on boundary 9. To do so, we prepare some notations. We
put the index set as follows:

I, ={a=(ay,...,an) |a; =0 or ay =0b; fori=1,2,...,n}.

Since Tu € L'(99Q) where @ is defined in Lemma 2.1, there exists 0 < 7 < § such that the
small cube Q7 =[]\, (a; — 7, a; + 7), which includes only one vertex of 2, satisfies

> / | Ta|dH" " < e. (16)
Q7,NoQ

OfEIn

Take cut-off functions ¢ € C5°(€2) such that

(=1 in Q°,
0<C<1 inQ

supp(¢) € [J(r,b: — 7),
i=1

and 1o, n; € C3°(R) for i = 1,...,n such that

m=1in [‘%5’ n =1 in [7,b; — 7],
0<1m <1 inR, 0<nm <1 inR,
37 3T
T T ] 9T, OT
supp(no) C (_Z’Z>’ supp(n;) C ( i ) _

12



For any ¢ = (¢1,...,¢n) € C°(R™"R") with |¢||r=~®) < 1, we define an approximating
function ¢ = (¢, ...,¢,) € C°(R™;R") by

i) = ¢(@)ei(x) + i) [ [ mi())
j#i

where
1/;1(513) = 7’]0(1’1)@%( N S 0, Lit1y - ) + 7’]0(%’2 — bz)gﬁz( ey L1, bi; Lit1y - - )

for i =1,...,n. It is easily to check that [|¢||Le@®n) < 1 and divey) = 0 on 0 because of

g—fz =0 on 0f2. Moreover we find that ||¢ — || f~®) < 1.
Therefore we observe that

< +

/Q“O_w’m) /mTﬁ(sD—w)-de”—l

< Dul| + / Tal dH™ 1
/Q\m| Y [ i

acly, 7.N0Q2

/ adiv(p — ) dx
Q

< 2¢

by conditions (15) and (16). Taking supremum, we find that

/ |Du| < F(u) + 2e.
Q

Since € > 0 is arbitrary, we see that

[ 1pul = .

which completes the proof for the case when (2 is a rectangular domain.

Next we consider the case that {2 C R™ is a bounded domain with C'"*°-boundary. Fix
any € > 0. Since Du is a Radon measure in €, there exists § > 0 such that the shaved
domain Q° := {x € Q | dist(x, ) > &} satisfies

/ |Du| < e. (17)
o\Q

Since 01 is compact and C*°, we can take {U; }1<i<m, Vi : R" ' = R, and {{;}1<i<m C
N such that
UnNQ= {x el ‘ Ty, > ’)/i<561, ey X1, Ty 1y e - ,xn)}

or
UNQ={zeU |z, <vi(®1,...,T0-1,%p,41,---,Tn)} .

Write

2t = (L1, T, Tegts - T), =2 = (21, ., x0).

13



Denote the set
{2 € R | (21,..., 20 _1,%(2"), 20,41, ..., 2n) € U N ON}

by U;. In the same manner to the case Q) being a rectangular domain, we take Wi, ‘N/@-,
which are compactly contained in V;, U; respectively, and 0 < 7 < § such that

(User A} x (@) = 7,%(@) + 7)) 0 (Uzer, {2} x (@) — 7,7;(2) + 7)) =0
if 7 = 5, and

/ |TaldH " <. (18)
QU {[3,7: ()]|2€W; }

Next we consider cut-off functions. Set & € C5°(R™) such that
£=1 in Q°,
0<¢<1 inR",
supp(¢) C °,

and n € C°(R),(; € C(R™™!) for i = 1,...,n such that

T T .
=1i [——,—}, ;=1 in W,
n in 55 ¢ v
0§77§1inR"_1, 0§Q§11nR ,
SuPp(U) - (_T7 T)7 Supp(<®) C ‘/1

Assume ¢ = (@1, ..., ¢,) € C°(R™ R") satisfies ||¢|| ro@n) < 1. We suppose for simplic-
ity ¢; = n, then define g; : R** — R by

/ 1 V:p’ j / /
0, (@) = - 1 () TN )
v1+ ’Vx/’)/j’

on [~]j. In the similar way we define g; for all 1 <4 < m. Then g; is independent of x,.
In order to use this independence, take 1» = (¢1,...,9,) € C*(R";R") as

Yi(x) = &(@)pr(x) + Z gi('flei)Ci(xwi)n(x&' - 7@%))

1<i<m,li=k
for 1 < k < n. Then, we immediately have
||| oo rmy < 1, divy) =0 on 0S2.

In addition, by conditions (17) and (18), we see that

/ﬂdiV(so—w)da: < /(so—w,Dﬂ) + / Ta(p — 1) - vdH" !
Q@ Q a0
N’ =1 JoU, {[E,7:(2)]|F€W; }
< 2¢e.
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Taking supremum, we find that

/ |Du| < F(u) + 2e.
Q

Since € > 0 is arbitrary, we see that

[ 1pul = ),

which completes the proof. O]

Proof of Lemma 3.3. First we prove ' < G. Let u € H™Y(Q). If G(u) = 400, then
this inequality is trivial. So we assume that G(u) < +oo, then there exists z € X(Q2)
such that w = —(—Ap) div z by the definition of the functional G. For v € H~*(Q) with
F(v) < 400, it follows that

(U, V) g—1(0) = —/@divzdaj
Q

= /(Z,Df)) —/ Y(2)TodH™ !
Q o0N
Q oN

where we use Lemma 3.2 in the last equations. Hence we have

(u, U)H—l(sz

F(u)=  sup S e

ver—1onjoy  F(v)
Therefore, we see that F'(u) < G(u) by taking infimum of the right hand side.

Next we prove G < F. First we outline the proof. If we prove G > F, then we see
that G < F by Lemma 2.12. Furthermore, since G is convex, lower semi-continuous,

and positively homogeneous of degree 1, by using Lemma 2.13 we show that G =G and
G < F. Therefore, we only need to show that G > F' to prove G < F.
Let u € H~1(Q). By the definition of G, we see that

~ (u, ’U)Hfl(Q)
G(u) = sup —_—
veH-1(Q)\{0} G(v)

(u, —(—AD) div Z)H—I(Q)

> sup :
zeC>(R™;R"), div z=0 on 02 G(_(_AD> div 2)
(u, —div z)
> sup TSI
2€C° (R";R"), div 2=0 on 99 ||Z||L<>°(Q)
= F(u).
Therefore, F' = G holds on H~1(Q). O
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4 Main Theorems on Extinction Time Estimates

In this section, we give our main results on the extinction time estimates for the solution
of the fourth-order total variation flow with Dirichlet boundary condition. Let € be a
bounded domain in R". Before stating main results, we recall some notations and negative
norms.

Let T™ be a n-dimensional torus defined by

T" .= HR/(MZ)

with constants w; > 0,7 =1,...,n. Here, we take sufficiently large constants w; > 0 such
that the periodic cell

n

Qper 1= | [(~wi/2,w:/2)

i=1

contains the closure Q of Q. Next, we define the function spaces as follows:

/ goda::O},
/ cpdx:()},

Definition 4.1. Let u € H} (T"). Assume 1 < p < oo and p' is the conjugate exponent
of p. Define |[ullyy—10(pny by

||U||Wa;17p(qrn) = SUp{/ wp dx

Since € is compact and contained in ), there exists a constant C}, > 0 such that

C2(T") = {gp e C™(T")

H;GW);={¢€fFGW)

H.H(T") = (Hy (T))"

¢ € CT), 19ellr <1}

L

lellzra0) < Cp(diam Q)7 [[ V|| Lo(ayer)

for all o € C2(T™). Take AQper for A2, where A > 0. Then, we see that C), is independent
of the size of 2.

Definition 4.2. For v € H}(Q) we define ”UHW(;LP(Q) by

HUHWO—Lp(Q) = sup {/Qvgodx

Remark 4.3. Let v € H} () and X\ > 0. Define v* € H(A71Q) by
v (2) == v(\x).

Y e OOO(Q)7 ||V90||Lp’(9) < 17}
||<P||Lp’(aQ) < Cp(diam Q2)»

We see that
_1_n
Hv/\HW—LP(A—lﬂ) =A v ““HW—LP(Q)'

16



In this section we show the main theorems of this paper. Let T'(ug) be the extinction
time of the solution of system (14) with the initial datum wu|;—g = uo. Similar estimates
are known for periodic case by Giga and Kohn [13].

Let 1 <n < 4. We consider the next condition:

1+g:8(n—1)+(1—0)(3+%) (19)

for 1 < p < o0, %<9§1.

Theorem 4.4. Let 1 < n <4 and % < 0 < 1. We assume that the following condition 1
or 2 is satisfied.

1. Q is a rectangular domain, 1 < p < oo and the condition (19) holds.
2. Qs a bounded domain with C*°-boundary, 1 < p < oo and the condition (19) holds.

And suppose that u is the solution of system (11) with initial datum uy € H='(Q). Then
there is a scale-invariant constant C, > 0 such that

_ 1 t
el (247 < Yol — (2 - 5) e / A(s)1=0/9 ds
for all t < T(ug), with
A(t> = (‘ng + Cp/(diam Q)E'@Q‘;)t + H(_AD>_1U0HWO—LP(Q).
Set

@ = 005 +Cylo0f (@am @), 5 i=2- o

Then, the extinction time T'(ug) is estimated by

_ 1/0 /v
1(=Ap) " uollyp 100 ( aC" o[- ) ,
_ -1 Y -
||( AD) UOHWJLP(Q)

T('U,()) S a

Remark 4.5. If
1/6
aCy’/ HUOHE*I(Q)

— —1 v
[N SR,

18 small, then there exists a constant ¢ > 0 such that

1/6 1/y 1/6
aCy! [uoll77-1(0) <l+e aC:! ol 310
1(=Ap) " uoll 1 g, - I(=Ap) ol v

()

By using this inequality, we see that

T(ug) < CLHUOH’I{[—l(Q)H(_AD)_lu()HIl/i;Ojl,P(Q)

17



with a scale-invariant constant C. = 001/0

In the case n = 4 and 0 = 1, we find that the extinction time estimate obtained in
Theorem 4.4 leads to
T(ug) < Cylluol|g-1(0

These are same to the estimate which is pointed out in [13].

Here we recall the extinction time estimate with periodic boundary condition, which
was proved by Giga and Kohn [13]. We review the definition of —A,, and its properties
in Section 8.

Theorem 4.6. [Theorem 3.8, 13] Suppose that 1 <n < 4,1 <p < oo, and % <h#<1
satisfy the equation (19). Let u be the solution of system (1) with periodic boundary
condition with initial datum vy € H(T™). Then there is a scale-invariant constant

C, > 0 such that

ol -1y (£)*~ 9 < g 7 3{1?30_( N ) 1/0/ Als) =0

for all t < T(up), with

A(t) = |Qper| 7t + [[(=Aaw) " tt0 |10 (ny-

Set
1 1
a = |Qper| 7, 7::2—5.

Then, as a consequence we have

_ 1/6 /v
(= Aae) " ol 12y aC’ ol 1 n)
1 T —1
||(_Aav) UOHW lp(’]rn)

T<UO> S 4

The following interpolation inequality is used in the proof of Theorem 4.6 in [13].

Lemma 4.7. [Lemma 3.4, 13] Suppose that 1 < n < 4, 1 < p < oo, and % <fh <1
satisfy the equation (19). Then, there exists a positive constant C, such that

0
Jull-sen) < Col=B )l ([ 1001)

for all w € H}(T™) N BV (T™). Moreover, the constant C, is scale-invariant.
Next we show the Dirichlet version of this interpolation inequality.

Lemma 4.8. Let 1 <n <4 and % < 0 < 1. We assume that the following condition 1 or
2 is satisfied.

1. Q is a rectangular domain, 1 < p < oo and the equation (19) holds.

2. Qs a bounded domain with C*-boundary, 1 < p < oo and the equation (19) holds.

18



Then, there exists a positive constant C, such that

4
-1 1-6
ol < Col=20) ull g, ([ 1001)

for allu € H71(2) N BV(Q). Moreover, the constant C, is scale-invariant.

We prove Lemma 4.8 in the next section, and in Section 6 we prove Theorem 4.4.

5 Extension Operators and Interpolation Inequalities

Here we prove Lemma 4.8. The main idea of the proof is to take an extension operator
E:H Q) — H Y (T") and use Lemma 4.7 established by Giga and Kohn for periodic
problems. First, we define an extension operator for the case that €2 is a rectangular
domain. Without loss of generality, we may assume that (2 is represented as

n

Q:=]](0,b)

=1

with constants b; > 0,7 = 1,...,n. Define an extension operator E : H~(Q) — H'(T")
as follows.

Definition 5.1. Let Q = [[}_,(0,b;) be a rectangular domain in R™. Consider the periodic
boundary condition with a periodic cell Qper = [[i_(=bi,b;). We set an index set as
follows:

Jpi={a=(a1,...,0p) |y ==%1 for i=1,....,n}.

Moreover for o = (aq,...,qp) € Jn, we denote its signature
sgno:=#{i | oy = —1},
and a part of domain of Qper
Qo ={(x1,...,20) € Qper | (171, ..., ap1y,) € Q}.
Letw € HY(Q) and v = (—Ap)~'u € H}(Q). Then define the function © on Qpe by
o(x) == (=1)*"%(aqzy, ..., qnxy,) if x € Q.

It follows easily that © € H. (T™). Define an extension operator E : H=*(Q) — H_'(T")
by

Fu:= —A,0.
For example, v is represented by
’U(I, y) in (07 bl) X (07 b2)7
- —U(J], _y) in (07 bl) X (_b27 O)’
o(z,y) = .
_U(—l’,y) m (_bb 0) X (07 b?)a
(

v(—x,—y) in (—=by,0) X (—by,0)
if n = 2.

We show the property of this extension operator F, which is important in considering
the interpolation inequality.
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Lemma 5.2. Let E: HY(Q) — H_(T™) be the extension operator defined in Definition
5.1. Suppose that 1 < p < oo and u € H () with [5|Du| < 4+o00. Then we have

DB <2 [ |Dul,
T Q
and
1(=Bay) " (Ew) gty < 2°1(=AD)  utllyip-1n(q-
To prove Lemma 5.2, we introduce the following lemma.

Lemma 5.3. Let u € H-(Q)N L5 1(Q) and v = (—Ap)'u € HL(Q). Let o and i be,

respectively, the odd extension of v, and the extension u = Eu := —A,,0, as in Definition
5.1. Then we see that
(Eu, @) Z / up dx
acd,

for o € C2(T™).

Proof of Lemma 5.3. Assume that v € H™(Q) N L»1(Q) and v = —Apv in Q. Then
by the regularity argument in [16] (see also [14] if €2 is smooth), we conclude that v €
HYQ) N W*a=1(Q). Therefore, we see that

Vilg, € Wha-1(Q,), =

For p € C2(T™), we find that

(Eu, @) / Vv -Vedr
acJy

= Z ( gpd?-[” ! / A@g@d:p).
0 Qo

acdy

Now, we consider the first integration terms on boundary. For example, we take a =
(1,1,...,1),a/ =(=1,1,...,1) € J,. Then S := {0} x [[_,(0, ;) is the part of boundary
of Q, and €,. Now, we see that

bn bo
dH ! d -dx,,
/Snaﬂ aygo " / / ( 8$1>¢ - o

bn b2 Aw
dH" 1 / dzxo - - dx,,.
/mz ; e o Or”

Thus, the sum of the integrals on S is 0. By the s1m11ar calculation, we have

Z/ 9% a1 = 0,
3 o0 aV

and

acl o
Therefore
(Bu,p) = / Avgodx—Z/ up dx
a€Jn a€Jn
and the proof of lemma is now complete. O
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Proof of Lemma 5.2. First we consider [, |[D(Eu)|. This is easily proved. Indeed,

ID(Bu)| := sup { (Bu, dive) | o € (TR, [l e < 1)
"]Tn

= sup{ Z / adivedr | € C3 (T R™), [l¢llrem) < 1}
acdy

< Z sup{/ adivedr | € C°(Qu;RY), ol poo @y < 1}

acJy

= 2”/ | Dul.
Q

Next we consider [[(—Au,)~ (Eu)HW—lp 1 p € O (T") satisfies |Vl pny < 1,
then by Poincaré’s inequality [10, Chapter 5 8 1] and a trace property, we find that

. 1
1l o 902,y < Cp (diam Q) » [ Vo] Ly
for a € J,. Therefore, we check that

1(—Aay) ™ (Bu) HW;,I’I’(']I‘”)

~up { [ caa s

_ sup{ Z / vpdr | p € ng('ﬂ‘n)’ HV<P”LP’(W) < 1}
acdy

p € C(Qa), IVl 0, < 1,
< Z sup / v dx 5
/ < C’p/(dlamQ)

el o (890)

o € C2(T™), [Vl < 1}

D =

o —ap) [
which is the desired conclusion. O

Next we define an extension operator E for the case that €2 is a C'"*°-domain.

Definition 5.4. Let u € Ln1(Q), v € L& " (T"), w € L1 (R") and 1 < p < co. Then
we define |[ully, ), [[vlly,crn) and [|wlly, @) by

ully, @) == sup{/ up dx
0

|v]|y, (1ny = sup{/ v dx

|wl]y, @) == sup{/ we dx

o€ C¥(@), o =00n 2 [olwor <1}

€ CT), v <1},

0 € @), Tellyaian <1}
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Here we show the properties of the above norms.

Lemma 5.5. There exist constants C1,Cy > 0 such that
lully, @) < CLll(=Ap) ™ ully-10(q) < Callully, )
forue HY(Q) N La1(9Q).
Lemma 5.6. There exist constants C1,Cy > 0 such that
[ully, (rny < Crll(=Dae) ™ tllyi-1ppny < Callully, (n)

foru € HZ(T) N La T (T,

These lemmas can be easily proved by a duality argument and equivalence of W3#'
norm of ¢ and W' norm of (—A)yp, which follows from LP elliptic higher regularity
theorem [14]. The next lemma is concerned with the extension operator £ : H~'(Q) —
H_}(T") for smooth cases of Of.

Lemma 5.7. Let Q0 C R™ be a bounded domain with C*°-boundary. Then we can define
an extension operator E : H-1(Q) — H_'(T™), which there exists a constant C' such that

D(Ew)| < C / Dul,
Tn O

1(=2a) " (EW) izt ny < Cl(=Ap) (g
for each uw € H™'(Q), that satisfies the condition [5|Du| < +ooc.

Proof of Lemma 5.7. Let w € H™'(Q) with [5|Du| < 4oc0. Since [, |Du| < +o0, by
using Lemma 2.1 we find that there exists @ € L1 () such that

u=1a in 2'(Q).
First we investigate the special case that 2 is a half-ball
Q.= Bl(O) N Ri,

where
B.(z) ={yeR"||y—z| <r}

is an open ball, and put
RY :={z = (21,...,2,) € R" | 2, > 0},
R :={z = (xy,...,2,) € R" | z, < 0}.
Assume that ¢ € C5°(R") satisfies
(= in R™\ B;(0),
{ 0<¢<1 inR"

IN ©
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We see at once that ¢ vanishes near the curved part of 0€2. Here we write the coordinate
by z = (2/,z,) € R" ! x R, and define an operator A : L»-1(Q)) — L»-1(R") by

(', xy), if (2, x,) € €,
AWw)(z) =< —v(@, —xy,), if (&', —x,) € Q,
0, otherwise.

This is an odd extension of v in z,, direction. We first claim

il = [ b

R™ T

This is easy to prove, so we omit the proof of above equation. Furthermore, we show that
there exists a constant C' > 0 such that

[ bl = [1pcai<c [ pa (20

This inequality is proved as follows. Since @ € BV/(), there exists {u'};en C C®(Q)

such that o
H’LLZ — uHLl(Q) — 0,

|u" — T4 L1 (fzn=03nB1 (0)) — Os

/|Vui|dm—>/|Da|
Q Q

as ¢ — 0o, where T is the trace operator. This property appears in [3]. These implies

lim \Duﬂz/[Du\.
Q Q

1—00
Since u’ € C*(Q), the fundamental theorem of calculus shows

u' (2, x,) = u'(2,0) +/0 g;; (2, s)ds

for all 2’ € R"! and z,, € R satisfying |2/ < 1 and 0 < z,, < 1/1 — |2/|2. Thus, we find
that

J

V(Glde = [ (V| + (T da
/\/W

0

n
+
ou’

— (2, 5)

<C <|ui(x',0)| + o

lz'|<1

< C/ Ju'| dH™ ! +C/ |Vu'| dx
{:En:()}ﬂBl(O) Q

< C’/|Dui|.
Q

ds) dx'+/ |Vu'| dx
Q
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Since Cu® — (u in L'(Q), we see that

/|D(ga)| gnmmf/ D(Cu)| < limC/ |Du| :c/ D,
Q 12— 00 Q 71— 00 ﬁ ﬁ

/QID(@)I:/QID(Ca)|+/m|ga|dH”—1gc/ﬂmm.

Hence the inequality (20) holds for the case of 2 = B;(0) N R’.
Next we show

and

Ay, < 2[ICully, (@) (21)
Since A(Cu) is an odd function in z,, direction, we find that

/

! - J—
/ A(CU)QO dr = / A(CU) QD(I ;xn) 2g0(x , xn) i
for all p € C*°(R"). This equation gives

[A(Cw) Iy, ®n)
= sup {/ A(Cu)gp(wl?mﬂ) — ol

/7 _'xn)

dx
2

0 € @), lelhynran < 1§

< 2sup{ [ e |6 € C¥@), v =00n {z, =0, iy o) < 1}
+

= 2|[Cully, -
So the inequality (21) holds for the case of Q = B;(0) N R.

We drop the assumption that Q is a half-ball. Let 2° € 9. Since 0% is C™, by
relabeling and reorienting the coordinates axes if necessary, we can assume that

QN B.(2°) = {z = (2, 2,) € B,(2°) | , > h(2')}
for some r > 0 and some C*-function h : R"™! — R. We change variables as follows:
y=®(z) = (2, x, — h(z"),

and put the inverse transformation ¥ := ®~! and a fixed point y° := ®(2°).
Take a small radius s > 0 such that U := B,(y") N {y, > 0} lies in ®(Q N B,(2")).
Suppose that ¢ € C§°(R") satisfies

Set
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then by using changing variables and (20), (21), we see that

[ ip@l<c [ e <c [ i (22)

and
| Bully, @y < Cllully, @), (23)

where C' > 0 is independent of .

The compactness of 02 enables us to cover 0S2 with finitely many sets {U; }1<i<m, which
have the property of W(U) above. Take an open set Uy, which is compactly contained in
2, such that {U;}o<i<m is an open covering of Q. Then, there exists a partition of unity
{GYo<icm C C§°(R™) associated with {U;}o<i<m. Define an extension operator F' by

u in €,

Fu= Y Bu inR"\Q, (24)
=1

where B is an operator which is defined for U; by the same method as in defining the
operator B for U(U) above with { = (;. Since (22) and (23), we have

(o< [1pu+ 3 [ ipwi<c [ il (25)

1<i<m

and

1Fally, @ < l@llv,@ + > 1B lly,@ey < Cllilly, o). (26)

=1

Finally we define an extension operator E : H~1(Q) N L#1(Q) — H }(T"). We take
sufficiently large constants w; > 0 for 1 <17 < n such that

supp(Fa) C (—wy/4,w;/4) x H(—wi/Z,wi/Q)

for all & € H(Q) N L#1(£). Here we remark that the constants w; depend only on Q.

We consider a periodic cell
n

Qper 1= [ [(~wi/2,wi/2).

i=1
Define Eu € L;lv%l(T”) by
Fi(x) in (—wi/4,wi1/4) x [Ty(—wi/2,w;/2),

Eu(z) := —Fu(w /2 —21,29,...,2,) in (wi/4w/2) X [Ty (—wi/2,w;i/2),
—Fu(—w1 /2 + 1,29, ..., x,) In (—wi/2, —w;/4) X [[y(—wi/2,w;/2),
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where F is the extension operator defined by (24), and define Fu € H_!'(T") by

(Eu, ) = / (Eu)p dz
for ¢ € H. (T™). Then we see at once that

|D(Eu)| =2 | |D(Fu)|

Tn Rn

and
| Eully, 1y = 2[| Filly, @)

By these properties, (25), (26) and Lemma 5.5-5.6, we find that

D(Ew)| =2 [ |D(FE)| < C / \Dul,

T Rn
and
1(=Aa) (Ew) [yt pny < CllEully, my = 2C[| Fly, @n)
< Cllally,@ < Cll(—=Ap)  ullyp-1qy,
which completes the proof. O]

Finally we prove the interpolation inequality (Lemma 4.8).

Proof of Lemma 4.8. First, we prove the case that () is a rectangular domain. Let u €
H7Y(Q) and Fu € H}(T") defined in Definition 5.1. Then by Lemma 4.7 and Lemma
5.2 we see that

[ull (@) < [[Eulla-1cm)

< -8 B,y [ 1DCE0) )
n -1 1-6
<2 Cl-an) ullglg, ( [ |Du|) ,

Next we prove the case that () is a bounded domain with C'*°-boundary. In the similar
way to the above proof, we can show that there exists a constant C' > 0 such that

foli-s < Cl=0) sy ([ 191 27)

for u e H1(Q2) N BV(Q).
So we only consider the scale-invariance of a constant C. For v € H~*(Q) N L#1(Q)
and X > 0, set u* € H1(\Q2) N L=—1(A\Q) by putting

which is our claim.

uMz) = u(A"12).
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Then we see at once
[utMg-100) = A2 [Jull g-1(0),

_ 3+ —
1(=20) M iy 1o a0y = A2 (= A0)  ullyi 1oy,

/ | Du| :A“/\Duy.
AQ Q

Thus, we find that if u satisfies (27), then

0
sy < CIC-A0) s ([ 100

for all A > 0 because of (19). Therefore, the constant C' is scale-invariance, and the proof
is complete. O

6 Extinction Time Estimates

Here we prove Theorem 4.4 by using Lemma 4.8. These proofs are similar to what was
done in [13] for periodic boundary condition. There seems to be a flaw in the proof of [13,
Theorem 3.8]. We remark that the last inequality (two lines from the end of the proof
of |13, Theorem 3.8]) may not be true unless aT*A;" is small and the scale-invariant
estimate does not follow from their argument except the case n = 4.

Proof of Theorem /.4. Let u be a solution of the fourth-order total variation flow (11) in
the sense of Definition 3.5. Then, for a.e. ¢ > 0, there exists z € X (Q2) with ||z g <1
such that

u(t) = —Apdiv z, (u(t), =Apdivz)g-10) = —/ | Du(t)].
Q
First we consider H(—AD>_1U(t)HWO—I,p(Q). For any ¢ € C*(Q) satisfying

. 1
“VQOHLP’(Q) <1, HSOHLP’(BQ) < Cp'(dlanl Q)p,

where C}y > 0 is independent of the scale of (2, we see that

/@(—AD)lut(t)de/gpdivzdx
Q 9)
:—/Z-thdl’—i—/ 7(2)@d%”_1
Q

o9
< [zl zr@) + Cpr(diam Q) #[|7(2)]| Lo o0
< Q) + C,y |00 (diam Q)> = a.
Taking supremum, we find that

I(=2p) () lly-10() < @,
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therefore the following estimate

||(—AD)_1U(75)||W0*1*P(Q) < H(_AD)_IUOHWO’LP(Q) + at =: A(t) (28)

holds.
Next we consider ||u(t)||g-1(q). Write y(t) := ||u(t)||z-1(). We apply the theory
introduced in Komura [21] and find that

(1) (1) = 5 (0(6) = (ult), o (1)) 0

By using interpolation inequality Lemma 4.8, we see that

1d
S 2 W(0?) = (u(t), (~Ap) div 2)y-1(0

/ | Du(t)

o ( )”"II(—A )t g
where a constant C, is scale-invariant. Therefore, y(t) is nonincreasing. If y(t) # 0, then

10 d _ _ _
y(0)' 0 y() < =CTV(=Ap) Mu()]ly —I{Z @ < —CA@R)T
holds because of (28). Integrating over (0,t), we see that

1
2-1/6

t
(y(t)Q—l/Q o y(O)Q—l/G) < _0*—1/9/ A(s)1—1/9 ds.
0

Hence we get the following inequality

0) 9 1\ t B
@) %742 < fluo512) — (2 _ 5) c1/o / A(s)- 9 g

Moreover we put

for simplicity. Then

w1 pny < Nttoll 31 (pny — ((at + Ag)" — A7).

holds. By using this inequality, we see that the extinction time T'(ug) is estimated by

1/6 v 1/y
Ay aCx ||u0||H—1(Q)
T(up) < — 1+ -1
a ( Al

Since C, is independent of ug and the scale of €2, this proves the theorem. O]
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7 Examples

In this section we give some examples of solutions of the system (1). M-H. Giga and
Y. Giga studied examples of solutions in the case of = T! [12]. Here we show that
the similar argument also holds for radial symmetric solutions in the case of 2 = R".
Our method in this paper does not give a characterization of the subdifferential of total
variation energy when the domain €2 is R", since we cannot use Poincaré’s inequality.
Instead, we assume that the equation

. Vu
Uy = —Adiv (W)

is characterized as for a.e t > 0,
u(t) = —Adivz in H '(R") (29)

where z € L®(R";R") with ||z]|pe®n) < 1 satisfies the conditions

[ put) = [ 1ue) (30)

If such u and z exists, it gives indeed a solution of (1).
Now, we take the initial data uy € C'(R"™) defined by

{ h() if |J]| < To,

vo(r) if Jz| > (31)

up(z) =

for rq > 0, where we put r = |z|, and assume that the function vo(r) is positive, continuous
and monotone decreasing on [0,00) and vo(rg) = hg. We hope that the solutions to the
system (1) with the initial datum ug defined by (31) are also radial symmetry. By formal
calculations, if u(z) = f(r) and f(r) is monotone decreasing, then

Vu(z)  f'(r)Vr x

Vu(z)] )V

-2 (i) -

This formal calculations does not hold around the origin x = 0, because the initial data
uo makes a facet in |z| < ry. So we assume that the solution u(z,t) and a function z(x)

are represented as
h(t if |z| < alt),
u(ac,t) :——{ () l | ()

vo(r) if |z| > «a(t)

and

and
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for some functions h(t), a(t),n(r) with h(0) = hg, a(0) = ro,n(0) = 0 and n(r) = —1 for
r > a(t). In this section we show that it is possible to take these functions satisfying our
characterization of the system (1).

Fix any ¢t > 0. The function n(r) should be continuous on [0,00) and 7'(a(t)) = 0
since Adivz € H'(R") and n(r) = —1 for r > «a(t). Moreover, the solution u(z,t) also
makes a facet, therefore Adivz have to be constant on r < «(t). Here

Adivz = Adiv <77(7“)%>

2(77’ — 1)n//(r> +

T 72

n?*—4n+3 ,

n'(r)

n®>—4n+3

=1"(r) + 3

n(r)
holds for r < «(t). Since —Adiv z is constant C,, on r < a(t), we get an ODE

2(n—1 2 4 3 2 4 3
(n )n"(r)—n n+3 , n n +

—n"(r) — n'(r) + n(r) = Cy. (32)

r r? r3
First, we consider the case of Q = R3. Then, the ODE (32) becomes a simple equation

as follows:
4

—n"(r) = —n"(r) = Cs. (33)

”
Because 7(r) have to be continuous on [0, c0), we have

Cs

n'(r) = T

So the solution 7(r) to (33) is a polynomial of degree 3. We solve (33) under the conditions
n(0) = 0,n(a(t)) = —1 and 7n'(a(t)) = 0, then

1, 3
n(r) = 2a<t>37" — 2a<t>T (34)
and . " 4 " 1>
Cs =—-Adive = —n"(r) — - (r) = IOE

hold for || < a(t). In general dimensional case, the function 7(r) defined by (34) is a
solution to the ODE (32) with

n? +2n

C,=—-Adivz=— NOE

by a similar calculation. Hence the following formula

3:) _.n + 2n 3 Slalt) — 1) (35)

—Adivz = —Adiv (n(r); WH(O‘@) —r)+ alt)?

holds in the distribution sense Z'(R™), where H is the Heaviside function and ¢ is the
dirac measure.
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Next, we can rewrite the solution u(x,t) as
u(x,t) = h(t)H(a(t) —r) + vo(r)H(r — a(t))
by using the Heaviside function H. So
u(x,t) = h' () H(a(t) —r) + h(t)d(a(t) — r)a/ (t) — vo(r)d(a(t) — r)a(t)

(36)
= W(t)H (a(t) — ) + (h(t) — vo(a(t))a/ ()d(alt) — )
holds in the distribution sense.
Since (35) and (36), we can find the solution to (29) if we solve the ODE system
2
2
W = -2

(h(t) = vo(a(t)))e’(t) = N0

Hereafter the same arguments hold in [12]. Indeed, we can prove h(t) — vo(a(t)) > 0 for
t > 0 and the solvability of the system (37). Moreover, it is easy to check the condition
(30). Hence we find the solution to the system (1).

8 Characterization of The Subdifferential of [, |Dul
- -1
and |, |Du| in H~' type space
Here we show the characterization of the steepest descent of [i,|Du| and [, |Du| in
HN(T™) and H'(Q) respectively. First we give the characterization of the subdifferential
of [p.|Dul| in H'(T"). This was proved in [13] by using L*-subdifferential. We give a
different proof without using L?-subdifferential.

We introduce some function spaces. We already defined H. (T") and H_'(T") in
section 4. Now, define a function space X (T™) by

X(T") :={z € L=(T™,R") | divz € HL (T™")}.

These spaces construct the framework of periodic boundary condition.
In a similar way to the Dirichlet case, we introduce an operator —A,, : H! (T") —
H_}(T") and the inner product in H} (T").

Definition 8.1. Let define an operator —A,, : H} (T") — H_(T") by

(—Ayu,v) = | Vu-Vodr

"H"I’L
for all u,v € HL (T™).
Here we show the property of —A,,.

Lemma 8.2. The operator —A,, : H} (T") — H_'(T") is an isometry.
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By using Lemma 8.2, we can define the inverse mapping
(—Aa)7h s H(T") — Ho (T7),
and define H_'(T™) as a Hilbert space equipped with the inner product

(fs Q)H;Vl(ﬂrn) = {f,(=Aw)"'g)

for all f,g € HJ}(T™).

Now we introduce the approximation of the function in X (T™). This approximation
is in particular to periodic boundary condition. For any € > 0, let p* € C§°(R") be the
standard mollifier. Then we obtain the following approximation. For the proof we refer
the reader to [19, Lemma 2.7|.

Lemma 8.3. Let z € X(T") and 2° := z % p° be the convolution of z and p°. Then, z¢
satisfies
12% | ooy < 2] poo ()

and
div2® — divz in HL (T") ase \,0.

Next we consider the characterization of the subdifferential of a total variation with
periodic boundary condition. We start with giving the definition of a total variation.

Definition 8.4. Let define a functional F: H;'(T™) — [0, 00] by
F(u) = sup{(u, div ) | ¢ € CZ(TRY), [[pllpern) < 1}

We will denote the value F(u) by [r.[Dul. It is easily seen that the functional F
defined in Definition 8.4 is convex, lower semi-continuous, proper, and positively homoge-
neous of degree 1 in H_'(T"). So, we consider the characterization of the subdifferential
of F.

Next, we define a functional G : H,}(T") — [0, oo] by

G(u) := inf{]|z||peo(n) | 2 € X(T"), ©v = —(—Au)divz}.

It is easy to check that G is convex, lower semi-continuous, and positively homogeneous
of degree 1. Moreover there exists a minimal element in the definition of G.

Now we show that F(u) = G(u). This property enables us to characterize the subdif-
ferential of a total variation F'.

Lemma 8.5. Let F,G : H}(T") — [0,00] be the functionals defined in this section.
Then

for all w € HH(T™).
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Proof of Lemma 8.5. Let v € HZ(T"). First we show F(u) < G(u). If G(u) is infinite,
then this inequality is obvious. So we assume that G(u) < 400, then there exists z €
X(T™) such that

u=—(—A,)div z, | 2] oo (Tmy = G(u).

Put 2° = 2z * p° where p is a mollifier. Then, by Lemma 8.3 we show that
(u, U)H;Vl(']l‘") = (v, —div2)

= lim (v, — div 2%)
e—0

< limsup ||2°|| poe () £ (v)

e—0
for all v € H,}(T"). Therefore, we find that

~ (u, ) ) (m
Fu)=  sup F—(’ < |l2ll (e = G(w),
veHZH(T™)\{0} (v)
which is the desired inequality.
Next we prove G(u) < F'(u). By the similar argument to the proof of Lemma 3.3, we
prove G(u) > F(u). We see that

~ (u, U)H;Vl(’]l‘")

G(u) = sup
verzimny  G0)
di
> s wdVE gy
zec ({0} [|2]|oe(rn)
Therefore, the proof is complete. O

Proposition 8.6. Let F': H}(T™) — [0, 00] be the functional defined by Definition 8.4.
Assume F(u) < +00. Then v € Og-1F(u) if and only if there exists z € X(T™) such that

v=—(—Au)divz,
12| zoo(rny < 1,
(u, (—Aay) div 2) g1y = —F (),

1
where Oy-1 F is the subdifferential of F with respect to H_}(T™)-topology.

We can prove Proposition 8.6 in a similar way to the proof of Theorem 3.4. The
following proposition guarantees the existence and uniqueness of the solution for system
(1) with periodic boundary condition.

Proposition 8.7. Let ug € H,'(T") satisfy [1, |Dug| < +00. Then there exists a unique
solution u € C([0,00); HX(T™)), which is absolutely continuous on any compact set of
(0,00), of the system

du

%(t) € =0y F(u(t)) in HX(T") for a.e. t € (0,00),

u(0) = uyg in H}(T™).

33



The proof of Proposition 8.7 is based on nonlinear semigroup theory.

Next we characterize the steepest-descent of [, |Du| in H~'(£2). We characterize in a
similar way to the characterization of fQ |Du| and we only state result without detailed
proof.

Theorem 8.8. Let € be a bounded domain in R™ with Lipschitz boundary. Assume that
u e H ' (Q) satisfies F(u) := [, |Du| < 400. Then v € dy-1F(u) if and only if there
exists z € X () (defined in Definition 2.7) with | 2|1~ < 1 such that

v=—(—Ap)div z,
(u, =(=Ap)div 2) g0y = —F(u),
v(z) =0 on 09,

where v(z) denotes the trace of z - v as in Lemma 2.11, and Og-1F is the subdifferential
of F' with respect to H=(Q)-topology.
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