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ON L*-BMO ESTIMATES FOR DERIVATIVES OF THE STOKES
SEMIGROUP

MARTIN BOLKART AND YOSHIKAZU GIGA

ABSTRACT. We consider the Stokes equations in a class of domains that we
will call admissible domains including bounded domains, the half space and
exterior domains. We will prove new L estimates for derivatives of velocity
and pressure. The estimates will be given in terms of a BMO-type norm of
the initial data.

1. INTRODUCTION

We consider the Stokes equations

uw—Av+Vg = 0 in(0,7) xQ
(1.1) dive = 0 in(0,T)x %
’ v = 0 on(0,T)x 00
v(0) = v

in a uniformly C3-domain Q C R™ (n > 2). Our goal is to study the regularizing
effect of the solution semigroup defined by S(t)vy = v(+,t) and establish L>—BMO
estimates for its derivatives.

The regularizing effect in the scale of the L™-norm is well understood. Let L7 (2)
(1 <7 < o00) be the L"-closure of C2%,(€2), the space of all solenoidal vector fields
with compact support in 2. We know for example that

d
2V S(t)voll, < cluoll,  and tl 5,5 ®)vollr < cllwoll-

for all vg € L7(Q2) and t € (0,Tp) with ¢ and Ty > 0 independent of vy for various
type of domains; see e.g. [Gig81] for the case of a bounded domain and [GHHS12]
for general domains admitting the L"-Helmholtz decomposition.

We will establish estimates of the derivatives of the L°°-norm of the solution
S(t)vo by a BMO-type norm of vo, [|vo|| garor» consisting of the seminorm [vols a0
measuring the mean oscillation in a ball of radius less than g and the seminorm
[vo]; measuring the mean absolute value in a ball of radius less than v near the
boundary. These estimates are for example of the form

d
t'2[VS(t)volloo < ellvoll parop  and tl 5,5 vollo < cllvollzmop
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for all t € (0,7p) and all vy € VMOg, (), which is the closure of CZ5, (€2) under
the BMO}""-norm. See Section 2 for a precise definition of the BMO}""-norm.

In order to motivate our results we first have a look at the heat equation in
R™. A. Carpio ([Car96]) as well as the second author, S. Matsui and Y. Shimizu
([GMS99)]) established H!-L! estimates from which one can deduce that the heat
semigroup G * - has the regularizing effect

(1.2) 2| VGy * vgloo < Clvolaaro (¢ > 0).

Here G; denotes the Gauss kernel and * denotes the convolution in R”. We will give
a proof of this fact in the appendix. This regularizing effect cannot be generalized to
a domain with nonempty boundary under the Dirichlet boundary condition since
the solution will not be spatially constant even if vy is constant. Furthermore
IG¢ * vo|loo is not bounded by the seminorm [vo]aso-

Similar results on regularizing effects for (1.1) have been obtained for L> instead
of BMO by K. Abe and the second author for a large class of domains called
admissible domains. Let

N(v,q)(x,t) := tY/2|Vo(z, t)| + t| V0 (x, t)| + tlv,(z, t)] + t|Vp(x, )],

N(v,q)(z,t) := |v(z,t)| + N(v,q)(x,1).
They proved that there exist positive constants C' and Ty depending only on €2 such
that

sup [[N(S(®)vo,q) (-, 1)]loc < Cllvolle

0<t<Ty
holds for the solution operator S of (1.1), when vy € Cp ,(€2), the L*>-closure of
C25(92) ([AG13]). In particular, S is an analytic semigroup on Co(£2). Note
that there is an alternative proof of analyticity in Cp () by resolvent estimates
([AGH15]) showing that the angle of analyticity is /2. For a bounded domain
([AG13]) and an exterior domain ([AG14],|JAGH15]) analyticity can be extended to
the bigger function space L°(2).

If we replace [|lvglloc by [[vollBaros», we cannot expect supg¢oq, [[v(t)[le to be
bounded by the BMO-type norm. Therefore we have to replace N (v, q) by N (v, q).
We are then able to obtain a bound for N (v, q) in terms of [voll Barop-». Our main
theorem reads as follows.

Theorem 1.1. Let Q be an admissible, uniformly C3-domain in R™, u,v € (0, c0].
Then there exist a solution operator S to (1.1) and constants C,Ty > 0 depending
only on u,v and Q such that
sup ||N (v,9)(,)l|oo < Cllvoll sarop-+
0<t<To
for eachvg € VMOY ) () with S(t)vg = v and a suitable choice of q. The solution
operator S is taken so that it agrees with the L?-Stokes semigroup on C ().

Since the Stokes semigroup is the same as the heat semigroup with ¢ = 0 when
) = R™, the estimate (1.2) implies

sup || N (v,0)(-, )|l < c[volBmo
>0

for all v € BMO(R"™), where [vo]pmo = [vo]Faso- Theorem 1.1 is therefore still
valid for R™ and p = oo without any restriction on the time interval. For finite p
2



one cannot take To = oo. In fact, if vg = x1 in (1.2) such that Gy x vg = 21, then
VG, x vg does not decay as t — oo despite the fact that [vo]’,,o < oo for finite .

The notions of an admissible domain and a Helmholtz domain, i.e. a domain
admitting L"-Helmholtz decomposition, are different. A bounded domain ([AG13]),
an exterior domain ([AG14]) as well as the half space ([AG13]) are admissible and
they are also Helmholtz domains. However, a layer domain in R™ with n > 3 is not
admissible ([Bell4]) but a Helmholtz domain ([Miy94]). In ([AGSS15]) it is proved
that there is a planar non-Helmholtz domain which is admissible.

The main idea of the proof is using a blow-up argument already used in [AG13]
for the proof of the estimates in L>°. We will assume that the Theorem does not
hold. Then we will get a sequence of solutions to (1.1) with decreasing initial data.
After normalizing and rescaling a compactness argument yields that a subsequence
of the sequence of solutions needs to converge to a weak solution of (1.1) in the
whole space R™ or the half space R’ with weak initial data vy = 0. A uniqueness
result for the weak formulation of (1.1) in those spaces will finally show that the
limit needs to be constant which will lead to a contradiction.

The difficulties that appear in the proof compared to the proof in [AG13] are
that one has in our case no sufficient control about the size of the function itself but
just on its derivatives. Therefore we need estimates for even higher than second
derivatives in order to obtain compactness. Furthermore we need more general
uniqueness theorems allowing unbounded functions in order to get our result.

Y. Shimizu ([Shi03]) claimed a similar result for a half space by a duality ar-
gument using corresponding estimates in Hardy spaces obtained in [GMS99]. He
claims that in a half space

t1/2||VS(t)U0HOO < C[’UQ]BMO (t > 0)

holds. The definition of the BM O-seminorm in R’} used there is based on extensions
to R™. However, as we point out at the end of the article, the statement is not
given accurately since it is not made clear what is meant by initial data in BMO
if one considers the quotient space BMO/R as done there.

It should be noted that the result obtained in this paper as well as the result of
[AG13] mentioned above is local in time. The boundedness of the Stokes semigroup
and its derivatives in BM O-type spaces remains an open question. For global L>
estimates there are some global estimates available. For bounded domains the
semigroup is even exponentially decaying, see [AG13|. For exterior domains the
global boundedness was proved in [Marl4], which was extended to a global time
derivative estimate in [HM15] and both results were even further extended to global
boundedness in sectors of angle less than 7/2 in [BH15]. For the case of a half space
these results were proved in [Sol03] and [DHPO1].

This paper is organized as follows. In section 2 we will define the notion of
admissibility and the BMO-type norm and space. In section 3 we will give a
uniqueness result on the heat equation in R™ and R’ . In section 4 we will give a
uniqueness result on the Stokes equations in a half space R’}. In section 5 we will
establish local Holder estimates which we will need for the compactness argument.
Finally, in section 6 we will give a proof of Theorem 1.1 by a blow-up argument.
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2. ADMISSIBLE DOMAINS AND BMO-TYPE NORM

In this section we will introduce notations and define the BM O-type norms and
spaces. Furthermore we will give the definition of an admissible domain. Let

Uaph =1 yn) ER" 1 h(y') = B < yn < h(y') + B and |y| < a}

be a neighbourhood of 0. A domain  C R™ will be called uniformly C*-domain
of type (a, 3, K) if for each xy € O there are a rotation R,, and a C*-function
h = hg, of n — 1 variables with

sup |0 h(y)| < K, V'h(0)=0, h(0)=0,

[1<k |y | <
such that

(Rona,B,h + xo) N
=Ry {(y',yn) ER" : h(y') < yn < h(y') + B and |y'| < a} + o,

(RuoUaph +20) NI = Ry {(¥', yn) €ER" :yp, = h(y') and |y'| < a} + zo.

Let LL(Q) == Coo ()" and G™(Q) = {Vf € L"(Q) : f € L], ()}, where
Coo () = {f € C(Q) : divf = 0}. Forr € [2,00) let L"(Q) be defined as
L2(Q) N L"(Q) equipped with the norm || -]z, = max{]|- |2, || - ||} and let L% (Q) :=
L2(Q) N L5(Q) and G"(Q) := G*(Q) N G"(Q). For r € (1,2) the space L"(Q) is
defined as L?(Q) + L"(Q) and G"(Q) := G*(Q) +G"(Q). R. Farwig, H. Kozono and
H. Sohr ([FKS07]) established the Helmholtz decomposition in L (£2).

Proposition 2.1. Let n > 2, r € (1,00) and  C R™ be a uniformly C*-domain of
type (o, B, K). Then the Helmholtz projection P, : L™ (Q) — L7 () is a continuous
linear operator with kernel G™ ().

For r € (1, 00) we define further @, = I — P,, where [ is the identity. In [FKS05],
[FKS09] it was proved that for each vy € L7 () there is a unique solution (v, q)
of (1.1) satisfying v(t),v;(t), Vo(t), V2u(t) € L%(Q) for all ¢ > 0 such that the
operator S(t) : vg — v(t) is an analytic semigroup in L% (Q). We will call such a
solution L"-solution.

We will further define the notion of an admissible domain in the sense of [AG13].
Let dg(x) denote the distance between 99 and «z,

do(x) = inf{|z —y|: y € 0Q}.

Let Q C R™ be a uniformly C!'-domain with nonempty boundary. Then Q is called
admissible if there exist 7 > n and C' depending only on €2 such that

sup do ()| Qr (div f)(z)] < Clfll=o0)

S
holds for all f = (fij)1<ij<n € C'(Q) which satisfy div f € L"(Q), tr f = 0 and
O fij = 0;fu for 1 <4,4,1 <n. For L-solutions (v, q) we will use this estimate for
Vg = Qr(Av) = Q,(div Vv) with f = V.
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Lemma 2.2. Let Q be a uniformly C?-domain of type (o, 8, K). Then there exists
a constant Ry(a, B, K) such that for x € Q with do(z) < R, there is a unique
projection to x, € 0 with

z =z, — do(z)ng(xp),

where nq(x,) is the exterior normal of Q at x,. The projection is continuously
differentiable.

Proof. For a proof see [GT77, appendix| and [KP02, §4.4]. O
Let for f € LL () and B C Q

loc
1
= — d
IB |B|/Bf(y) Yy

and let for € (0, o]
1
Nero = suwplm—s |f(y) = IB.(|dy : Br(x) CQr < p}.
| B (z) B,(z)
The space BMO#(R™) is then defined as
BMOM(R") := {f € Lioo(R") : [fI5p10 < 0}
and we set BMO(R"™) := BMO*(R").
Let for v € (0, 00]

U,(09) = | (ReyUapn,, +z0)[ {z€R": d(x,00) < v},
o €N

I = sup{r™ /Q o )y € 001> 0.5 (@) < U ()

Then the norm of BM O-type is defined by

1fl Barop = [flparo + [fly
and the BM O-type space by

BMO"(Q) :={f € Lioe(Q) : | prsopr < o0}

for p, v € (0, 00]. The arbitrary choice of 1 and v will be useful for later applications.
A standard choice is for example p = oo and v = R}, where R} is the supremum
of all R, with properties as in Lemma 2.2.

We define further the closure of CZ°(Q) and C%, (Q2) in BMO;"" (2) with respect
to the || - || paprorv-norm by VMO, ((Q) and VMO, 'y (), respectively.

3. UNIQUENESS FOR THE HEAT EQUATION

This section deals with the uniqueness problem for the heat equation

(3.1) Ou—Au = f inR"”x(0,00)
' u(0) = wy inR™

We will reduce this to the problem if the homogeneous equation

Ou—Au = 0 inR"x (0,00)
u(0) = 0 inR"

5
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has 0 as its only solution under certain assumptions. It is well known that

t
u(t) = / =92 f(s) dt + etPug
0

t
_ / [ G =) dydt+ [ Gule— yuoly)dy
O n n

=2
with G¢(x) = (47rt)*"/2e’% solves the heat equation (3.1) and that this solution
is not unique if we allow sufficiently fast growth of the solution. As a first step we
will prove the following Proposition.

Proposition 3.1. Let f € C°(R"x[0,00)). Then there is a solution ) € C°(R™x
[0,00)) of (3.1) with ug = 0 such that for any T > 0 and any multiindex | there are
C >0, b> 0 such that

(3.3) sup [0Ly(z,t)] < Ce 1 sup |9y (a, t)| < Cetlol
0<t<T 0<t<T

The solution additionally satisfies limy_q ||1(t)]|co = 0.
Proof. We follow the proof of [GGS10, Proposition 4.3.2]. We define

t
U(t) = / =98 f(s)ds, t>0
0

and for 0 < p <t we cut off the singularity of the integrand

PP(t) = /Otpe(t‘smf(s) ds.

Then we may change differentiation and integration and get ¢)? € C°(R"™ x (p, 0)).
By the chain rule we obtain

t—p
OpbP(t) = eP2f(t — p) + / A=) f(s)ds .= I? + I8,
0
Let
t
I = f(t), I,= / e=IAAf(s) ds.

0

We now want to show that I converges uniformly to I; (i = 1,2). We get

If = I = (" = Df(t = p) + (f(t = p) = f(2))

_ / ’ diesA F(t—p)ds+ (f(t—p) — [(t)
0 S
- / "SBAS(E = p)ds + (F(t— p) — 1)

and

t
L —15 = / e (=IAAf(s) ds.
t—p
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Thus we get from the mean value theorem and the boundedness of the heat semi-
group in L™

11+ T2 — (I7 + I9)]l o
t 4
S/ ||Af(tfp)||ood8+/ IAf(t = p)llocds+p sup [|0¢f(5)]|oo
t 0 0<s<T

—pP
< (2 sup [AF($)]oe £ sup ||atf<s>||oo).
0<s<T 0<s<T

Thus I} + I§ converges uniformly to I; + Iz on R™ x [pg,T| with pp > 0 if p — 0
and therefore I1 + I is continuous on R™ x [pg, T]. Finally we get 0;p =11 + 1 €
C(R™ x (0,00)). In a similar way we can obtain this result for spatial derivatives
and higher order derivatives. Thus ¢ € C*°(R"™ x (0, 00)) and we further get by the
boundedness of the heat semigroup in L

t
=1 <1i = U.
lim {|) () o0 }g%/o 1£(5)lloc ds < fixnt sup l£(s)llo =0

t—0

For f € C*(R™ x [0,00)) a direct calculation shows that for any [,T there are
C,b > 0 such that supy,<p "L f(x)| < Ce~bl=* Therefore we have

t
sup (e 0] < sup [0 [ o792 (s) s
0<

0<t<T
sup / let=2)29L f(s)| ds
0<t<T

< CTe b=l

and the same estimate holds for 9,9 = Ay + f. By similar arguments one can show
that for any k € No, T > 0 and multiindex I supy ;<7 [|0F9L1(t)]|oc < 00 and thus
Y € C°(R™ x [0,00)). O

Having these estimates we can now prove a uniqueness result for weak solutions
of the heat equation by a duality argument.

Theorem 3.2. Let u € L (R™ x (0,T)) satisfy

(3.4) /0 /n u(Owp + Ap)drdt =0

for all o € CX(R™ x [0,T)) and let u satisfy the estimate
(3.5) lu(t,z)| < Ct~ eIl
for some v €[0,1), C >0, a>0. Then u=0.
This theorem also holds if we assume « in (3.5) to be bounded by Cel$) ™" Falef?
with a¢,C > 0 and 0 < o < 1; compare [Chu99, Theorem 3.1 and Theorem 3.2].

Since it is sufficient for our needs, we will give a simpler proof under the more
restrictive growth condition (3.5).

Proof. We can extend the weak formulation (3.4) by the estimate (3.5) to ¢ €
C>(R™ x [0,T)) with ¢(T) = 0 satisfying
sup |0 (a, )|+ sup_ [9b(a, )| < Coe "
0<t<T,|1|<2 0<t<T
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Let f € C(R™ x (0,7)). Then by substituting 7 = T — ¢ in Proposition 3.1 there
is a function v satisfying the above mentioned conditions with ) + Ay = f.
Inserting this in (3.4) we obtain

T
/ / ufdrdt=0
0 "

for all f € C(R™ x (0,T)). By the fundamental lemma of calculus of variations

we get u = 0. ([l
Corollary 3.3. Let u € C(R} x (0,T)) be a function satisfying
(3.6) /T/ u(Op + Ap)dxdt =0
0 JRY
for all p € CZ(RY x [0,T)). Let furthermore u satisfy the estimate
(3.7) lu(z,t)| < Ct=7edlwl

for some v € [0,1), C >0, a >0. Then u=0.

Proof. We define @ as the odd extension of u, i.e. a(t,z’, —x,) = —u(t, 2, x,) for
Zpn > 0. Since 4 is continuous in z, = 0 and by (3.6) we obtain

T
/ / (0w + Ap)dxdt =0
O n
for all p € C°(R™ x [0,T)) and thus @ = 0 by Theorem 3.2. O

4. UNIQUENESS FOR THE STOKES EQUATIONS IN A HALF SPACE

In this section we consider the uniqueness problem for the Stokes equations in a
half space

v—Av+Vg = 0 inR} x(0,7)
(4.1) dive = 0 inR%} x(0,7)
v = 0 ondR%} x(0,7)

v(-,0) = vy onR%.

V. A. Solonnikov ([Sol03]) proved a uniqueness theorem for this equation under the
assumption that v is bounded in space and time. We will apply a more general
uniqueness theorem which allows growth in time near 0.

Theorem 4.1. Let v € C*' (R x (0,T)) and Vg € C(R7 x (0,T)) satisfy (4.1)1-3
and let (v,Vq) satisfy

T
/ / v (o + Ap) — - Vgdxdt =0
0 "

for all ¢ € C(RY x [0,T)). Furthermore let v satisfy the estimate

(4.2) sup t12||v]|oe < o0,
0<t<T

let Vo(t) € L=(R?) for every t > 0 and let Vq satisfy the estimate

(4.3) sup  tY2(22 +1)|Vg(x, )| < oo.
0<t<T,w€R?

Then u =0 and Vq = 0.



Proof. The theorem was proved by K. Abe in [Abel4], where the weak formulation
is assumed to hold for all

peS={peCPRE x[0,1]) : p, Vo, V20,0, € L¥((0,1), L' (RY})),
Pli=1 =0, ¢ls,=0 = 0,90 € L=((0,1), L=((0, Oo)le(Rn_l)))}'
By the pressure estimate (4.3) we can extend the weak formulation stated in the
theorem to the weak formulation with ¢ € S.

We will give a sketch of the proof of K. Abe’s uniqueness result. As a first step
consider the dual problem

ot —Ap+ V7 = Ounf inRY x(0,T)
(4.4) divp = 0 in R} x (0,T)
p = 0 on {z, =0} x (0,T)
o, T) = 0 on R7.

for f € C2,(R2) and show that there exists a solution (o, V) with ¢ € S and
Vr € L*®((0,T),L*(R?)). This solution can be obtained by an explicit formula.
Then test v with 0., f to get

T T
/ / v~3mnfdscdt:/ / v (=@t — Ap + V) de dt
0 " 0 "

T

=—/ Vq-pdzdt
o Jr:

=0

by integration by parts and Vr(t) € L*(R%), Vg(t) € L>®(R%) for almost all
t € (0,T). Together with de Rham’s theorem one gets a potential 0;v = VoI
(1 <j <n-—1), where ® is harmonic by the divergence condition and V&7 is
in addition bounded by assumption. Thus V@&’ is constant and by the boundary
conditions d;v = V®i =0for 1 <j<n-—1. Thus (v, q) needs to be a solution of
Poiseuille type flow of the form v = (vyan (24, t),0) and Vg = a(t), where a(t) = 0 by
the pressure estimate (4.3). Then each v; (1 <i < n — 1) solves the heat equation
in Ry, i.e. v; solves (3.6) and thus by Corollary 3.3 one gets v; = 0. O

5. HOLDER ESTIMATES

In this section we want to derive local Holder estimates for the solution of the
Stokes equations. Following [LSU68] we denote for u € (0,1), @ = Q x (0,T)

A% (@) :Sup{|f(x,t) —I@Il o). #},

(0,71 |t — 5|I‘

[f () = f(y, 1)l

|z —y|~

[f]gz”)(t)=sup{ :x,yeﬂ,w#y}

(n) _ (1) m (1) (1),
[f1io 21618[f](0,T]($)7 [flao tes(lflJPT][f]Q (t)

For v € (0,1) we denote [f]g’wm) = [f]x%—i— m&f) Finally we define the parabolic
Holder norm by

/2 /2
IFIS2 = 1 fllpe @) + 111577
9



In [AG13, Theorem 3.2 and Theorem 3.4] K. Abe and the second author proved
the following theorems.

Theorem 5.1. Let Q C R"™ be an admissible, uniformly C*-domain, v € (0,1),
T >8>0, R>0. Then there exists a constant C(Q, 4, R,d,~v,T) > 0 independent
of tramslation, rotation and dilation to a larger scale of Q0 such that

(5.1) VG g + Vg < sup [N (.0)(0)]

0<t<T
holds for all L"-solutions (v,q) of (1.1) provided xo € Q and Bg(xo) C Q, where
Q = Br(zo) x (6,T], d := dist(Bg(zg),09).

Theorem 5.2. Let Q C R"™ be an admissible, uniformly C®-domain of type (o, B, K).
Then there exists Ro(o, 8, K) > 0 such that for any v € (0,1), T > 6 > 0 and
R < % there is a constant C(Q, o, 8, K, 6,7, T, R) > 0 independent of translation,
rotation and dilation to a larger scale of Q0 such that

jad ol jai
62) Vg g + VG <O swp NG a) (1)
<t=

holds for all L -solutions (v, q) of (1.1) with Q" = (Br(x0)NQ) x (8, T] and ¢ € 9.
We will improve the term on the right hand side of those inequalities.

Theorem 5.3. Under the assumptions of Theorem 5.1 the estimates

[Vl + g + [Valg ™

5.3 ~

B3 <o s IN@OC Do+ 51 (06Dl sw(5rraatoon):
0<t<T §/2<t<T

G4 9l +19ulg ™ + IV < swp NG00l

hold for all L"-solutions (v,q) of (1.1). The constants C' depend on d,Q,~, R, 8 and
T but are independent of translation, rotation and dilation to a larger scale of §2.
Additionally, the constants are decreasing in d.

Proof. The proof follows the lines of the proof of [AG13, Theorem 3.1 and Theorem
3.2]. Since Vq is harmonic, we get by Cauchy estimates for harmonic functions

C
(5.5) IV2q(0) | Lo By a s (20)) < EHVQ(UHLOO(BRM(M)),

C
(56) ||V3q(t)||L°°(BR+d/2(Eo)) < EHVq(t)”Lw(BR-;_d(IEO))

We claim that there exists a constant M > 0 depending on 2 but independent
of dilation and translation of € such that
M
(67 do@Valhsm < 5 sup {0, Do + V20, 1) oo)t}
’ ’ 0 §<t<T
holds for all L"-solutions (v,q) of (1.1) and § € (0,T). This fact was proved in

[AG13, Lemma 3.1]. For the sake of completeness we will give the proof here.
10



By interpolation (see [Tan97, Theorem 3.1]) there are constants C, C such that
for any € > 0

V0Bl < Cullo@®I2 V20 (t) 42
C
< 2l V20(0) oo + 2 0(t) e

Since v is an L"-solution, Vq = Q,.(Av) and by the admissibility of the domain, we
obtain

do(2)|Vq(z,t) — Vq(z, )|

<COIVu(t) - Tols) |
<CO) e mac{[V0(1) o IV20(5)1 o} + < (8) — v(5)]c).
By
68 o0~ v($)e < It — 5| sup ool < 2 sup el
TE[t,s] 6<r<T

and choosing ¢ = |t — 5|'/? we obtain (5.7).
For the estimate (5.3) we combine the estimates (5.5) and (5.7) to obtain

(v,v/2) ¢ 4M 2
V 7 < su tIIVa(t)|| oo + t([|velloo + IV || o

< C sup |[N(v,q)(-,t)]loo
0<t<T

for Q" = Bryas2(z0) x (6/2,T]. By standard local Hélder estimates for the heat
equation

v — Av = —=Vq
as in [LSUG68, Chapter IV, Theorem 10.1] we get that
V205 + iy

<C( sup [N©,q)(,0)loc +  sup  [[0(E)]l o0 (Bryujaeg))-
0<t<T 6/2<t<T

We will now prove the second estimate (5.4). We use the fact that v and p are
smooth in the interior of Q. Since the function Vg(-,t) — Vq(-, s) is harmonic for
t,s € (6/2,T] we get by Cauchy’s estimate

C
IV2(a( ) = aC )L (Basajatzon < 7IVaC 1) = Val:, s)llec
By admissibility of the domain we obtain

lda(-)(Vq(-;t) = V(- 8))lloo
<CQ)[[Vo(t) = Vols) |l

<C(Q)(e max{[|V*v(t) oo, [ VZ0(5) oo } + gllv(t) = 0(8)[|oo)-
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By (5.8) and choosing € = |t — s|'/? again we obtain
lda(-)(Va(-,t) = Va(-, 5))lls

C
<Ze—s2 sup 7o) oo + [920(7)]1c)
8/2<T<T

for §/2 < t,s < T with a constant Cy depending only on 2. Thus we get
||V2(Q(7 t) - Q('v S))||L°°(BR+,1/2($0))
C

C
<slt—=sl'* sup  7(||vi(7)lloc + V20 ()]o0)-
od 6/2<T<T

Thus for every € Briq/2(%0)

C
\V& (1/2) r) < =L su T(|vs () || oo + [|V20(T 00 ),
(Vo5 (@) < 525 5/2<Pg (loe(T)loo + IVZ0(7) | 0)

where C; just depends on €. This combined with the estimate for V3¢ yields

C
VG < =% s 7 (oum)llso + 9200 oo + [Va()lloc)-
§/2<7<T

Then we get by local Holder estimates for
(Ov)r — A(Ov) = =V (9;,q) (1 <i<n)
the estimate
Iv20:0llg® + [[@ro)illg "

(v,3)
<IVoigllg® +  sup [1020(8) | Lo By ass(2o)
§/2<t<T

<C sup ([Vo(t)llss +tVa(t)lloo + thve(t)lloo + IV 0(t)] )
6/2<t<T

<C sup ||](7(v7 @) 1)]loo)
0<t<T

which proves the second estimate. O

Theorem 5.2 is proved in [AG13, Theorem 3.4] and the proof is quite technical.
The main steps are localizing the equation, using the Bogovskii operator to reobtain
a solenoidal vector field and then using Schauder estimates for the Stokes equations
together with the Helmholtz decomposition in Holder spaces. An inspection of the
proof in [AG13] shows that we can replace supy_,<r ||v(t)||oc on the right hand side
of the estimate (5.2) by sups/oci<r [0(t)]| Lo (@ Ban (x0))- Although not explicitly
stated, the Holder estimate for the pressure ¢ in [AG13, Lemma 3.5] is there actu-
ally proved for sups ;< (t(||ve(t)|loo + [|V20(#)[|oo + [Vq(t)|loo)) on the right hand
side. After localization one needs to estimate v&;, vAE, ¢ with derivatives of ¢ and
derivatives of v to get the result, where £ is a cutoff function in space and time
with support in (8, T] X Bagr(zo), see [AG13, Section 3.4]. Then v&; and vA¢ can
be estimated by supsoci<r [[0(t) || Lo (@nBas(zo)) and the derivatives of v and the
terms depending on ¢ by sups oci<7 |V (v, 9) (- )| co-
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By the homogeneous boundary conditions we get for ¢ > §/2
[0(- )l L (@ Bar(ae)) < 2RIIVO( )]l < C(R,O)|IN(v,) (1)l

and thus we can improve Theorem 5.2 to the following theorem.

Theorem 5.4. Under the assumptions of Theorem 5.2 there is a constant C > 0
depending on Q, a, 8, K, §, v, T and R but independent of translation, rotation
and dilation to a larger scale of Q such that

jad X 2 ~
(5.9) V205 % 4+ ]9 + (Va5 P < C swp [N(v,q)(#)ll
0<t<T
holds for all L"-solutions (v,q) of (1.1).

6. BLOW-UP ARGUMENT

In this section we will prove our main result by a blow-up argument. Due to
[AG13, Proposition 5.2] we can assume the following regularity of L"-solutions. The
proof relies on estimates derived from the analyticity of the solution operator S in
E’(Q) and local higher regularity theory for elliptic systems.

Theorem 6.1. Let Q} C R™ be a uniformly C3-domain, T >0, 7 > n and (v,q) an
L"-solution with vy € C5% (). Then v(-,t) € C*(Q) for all t >0 and

sup [N (v,¢)(-,#)]loc < 00
0<t<T

This finiteness result enables us to prove the next key theorem which yields
Theorem 1.1.

Theorem 6.2. Let Q be an admissible C3-domain in R™, u,v € (0,00], 7 > n.
Then there exist C, Ty > 0 depending only on wu,v and 2 such that

(6.1) sup [N (v,)(1)lloe < Cllvoll parop
0<t<To

holds for all L -solutions (v,q) of (1.1) with vy € Coo(82).
Proof of Theorem 6.2. Assume that there is no such Ty and C. Then there is a

sequence Vo, € C2%(2) with L"-solutions (v, ¢ solving (1.1) with vg,, as initial
data and 7,,, — 0 such that

(6.2) ”N(Uma @) (5 Tm) oo > m”UOvnHBMog""-

Let

(6.3) My = sup [N (vm, gm) ()]l
0<t<Tpm

We normalize (v, ¢n) by setting
O 2= Uy /Mo, and Gy 1= G /M.
Then
(6.4) Sup [N (T Gon) (-5 ) [l = 1
0<t<Tm,
and therefore there exist t,, with 0 < t,, < 7, and z,, € Q such that
~ 1

(6.5) N (O, Gm) (T tm) > 3

13



We rescale (0, G ) with respect to z,, and t,, by
U (2, 1) 1= O (T + 222, L)
P, t) =t 2 G (2 + 222t t)

Qo ={zeR" 1z = (y—am)/t2 ycQ}

such that (u,,,pm) solves (1.1) in the rescaled domain Q,, x (0,1). For (um, pm)
the following estimates hold by (6.2), (6.4) and (6.5)

(6.6) SUp |V (ts i) (-5 ) [l < 1
0<t<1

(6.7) N (U, pm)(0,1) > 1/2

(6.8) ||“0m||BMO£W% <1/m—=0 (m— c0),

where i, = p/( %2) and 7, = v/( ,1,1/2) By the definition of an admissible domain

and (6.6) we further get
(6.9) sup  tY2%dg, (x)|Vpm(z,t)| < C.
T€Qm,,0<t<1
We will distinguish between two cases. Either (2, converges to R" or toRY} _ . =
{x € R" : 2, > —co} with some ¢y > 0. In order to do this we define

Cm 1= dQ(.’L’m)/t%2 =dq,, (0)

Case 1: limsup,,_, ., Cm = 00
Without loss of generality we can assume lim,, o, ¢,,, = 00. Then (2, is expanding
to R™. Thus we have for any ¢ € C°(R™ x [0, 1)) and sufficiently large m

(6.10) /0 /n(um (et + Ap) = VD - @) dxdt = —/ U (2,0) - p(z,0) dx

n

and get a similar formulation for (0;um, VOipm) (i =1,...,n)

1
(6.11) / / (Osum, - (1 + Ap) + Vi, - Oip) da dt = / U (z,0) - 0;p(x,0) da.

0 n n
The right hand side converges to 0 since [Uom}ﬂgﬁ/[o — 0, 0;p € C*(R") with
fRn 0;p dz = 0 and the support of 9;p will be contained in balls of radii r» < fi,, for
m > mg with some mg.

By the local Holder estimates obtained in Theorem 5.3 and estimate (6.6) we get
that there is a subsequence of (U, py) such that d;um,, VOitm, V20itm, (Oitim)s,
Vpm converge to some (w, Vp) and its derivatives locally uniformly in R™ x (0, 1].
By (6.9) we obtain Vp = 0. Thus the weak formulation becomes in the limit

1
(6.12) / / w(pr + Ap)dzdt =0
0 n

for all ¢ € C(R™ x [0,1)). Then w = 0 by uniqueness result of Theorem 3.2.
Therefore Vu,, — 0 and thus V?u,, — 0 (m — o) locally uniformly. Further-
more Vp,, — 0 (m — o0) locally uniformly. Thus

()t = AUy, — VD,

14



converges locally uniformly to 0 as well. Therefore N (tp, ¢ )(z,t) needs to con-
verge to 0 for any z € R”,0 < ¢ < 1 which is a contradiction to (6.7).

Case 2: limsup,, ., tm < 00
Without loss of generality we can assume lim,, o, ¢, = ¢o and t,, < 1. For
sufficiently large m there is by Lemma 2.2 for each z,, a projection to (z,,), €

0f). By rotation and translation we get a sequence of domains 2, such that
(zm)p = 0 and that the exterior normal is ng (0) = (0,...,0,—1). In particular

T = (0,...,0,dq(2m)). Since Q and therefore (2, are uniformly C3-domains of
type (o, 83, ) we can represent (1,,, in a neighbourhood (Qm)10c Of () =0 by

(Q)ioe = {(&,20) ER™  hyp(2') < 2y < hp(2') + B and |2'] < o}

with h,, a C°-function satisfying sup,j<s ./|<a |0k, by (2")| < K, hy(0) = 0 and

V'h., (0) = 0. If one now rescales as explained before with respect to £/ and z,

we can represent the rescaled domain (€2,,)10c as

{y €R™ : b (t2y + 20)) <t %yn + (Tm)n < hn (85 %y + 21,) + B and [t2/%y] < o}

b (07Y) = (@m)n hon (3 °y') + B = (&m)n a
={yeR™: 17 <yn < /2 and |y/|<ﬁ}

By Taylor expansion

B (t /)

P (0) + V'hon (0) - [ty | + S0y P _ K
1/2

1/2 9 'm

AR

for m — oo and fixed y' € R""!. This together with

("}gn HCO?%*}CX%
f/z — 00 for m — oo yields that (2,)10c expands to a half space R’} _

tm

Then (tm, pm) solves (1.1)1 in (n)10c X (0,1). Due to the boundary conditions
and (6.6) we can estimate

Cco”

SUP |t (5 )| oo (Bryaya(zo)) < Sup (2R +3d/2)[|[Vum (-, 1)]l
6<t<1 <t<1

< (2R +3d/2)6~ /2

for 6 > 0 and d the distance between Br(zo) and 9Q,,, which means that w,, is
locally uniformly bounded. Together with Theorem 5.4, Theorem 5.3 and (6.6) we
then obtain that there is a subsequence of (U, pm) such that w,, Vi, VU,
(um)t and Vpy, converge to some (u, Vp) and its derivatives locally uniformly in
R7% . % (0,1]. Then (tm,pm) solves

Co

// (e + Ap) — @-medxdt:—/ U (2,0) - p(z,0) dx
R

n
+.—co

for all ¢ € C’go(]R’j_y_c x [0,1)) and m sufficiently large. Let ag := (0,...,0,—cp)
and a,, := (0,...,0,—dq(z,,)). For fixed ¢ € CX(RY} _, x[0,1)) there exist R

and mg depending only on (7 )men, ((m)1oc)men and ¢ such that for all m > my

supp ¢(+,0) CC Bgrya(ag) N2y and Br(am) C Up,, (082,).
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Vm

Since [ugy,],™ converges to 0 we get for a,, € 0§, sufficiently near to ag

/ U (2,0) - ¢(z,0) dz
R

n
+

< / i (2,0) - (2, 0)] dx
BR/Q(aO)QO

<rr [ a2, 0)] dall o (-, )]
BR(am)ﬁQm
< R"[uom]y™ [10(+0)[[ec = 0 (m — 00).
The weak formulation then becomes in the limit

1
(6.13) / / u- (o +Ap) — - Vpdrdt =0
0 n

+,—co
for all o € C*(RT _,, % [0,1)) with (u, Vp) € C*'(R
(0,1)) satisfying the following estimates

(6.14) sup || N (u,p) (1)l < 1,
o<t«1

e X (0,1)) x C(RY _, %

(6.15) sup 32, + o) |Vp(a,t)| < C.
0<t<1l,z€R% _.

Then (u,p) solves (1.1);_3 even in the classical sense. We now want to use the
uniqueness result of Theorem 4.1 in order to prove that u = 0. Since our estimates
are not exactly those required there we define for p. (¢ > 0) the standard mollifier
on R"~! with support in B.(0) and * the convolution in R"~1

UE(',l‘n,t) :U('»xmt)*[)a (:En Z _007t>0)7

p&‘('axnat) :p('7$nat)*p€ (xn Z _607t>0)'
Then (ue,pe) € Cz’l(R’fﬁ_CO x (0,1)) x CI(RQL_,_CO % (0,1)) and (Oiantie, Oranps) €
C*HRY ., x (0,1)) x CHR?Y _,, x (0,1)) solve the Stokes equations in a half
space and satisfy the weak formulation (6.13). Furthermore we have the following
estimates.

||6tanuEHoo S ||atanu * pe”oo
< ClIVulls

S Ct—l/Q
by (6.14). By (6.15) and the Cauchy estimate
[V2p(@)] < Clday _, (2)) 7 Vp(x)] = Clzn + o)~ [Vp(2)|

s—CQ
we get

sup Y2 (2n + €0)? || VOianpe (- n) || oo (1)
0<t<l,xp,>—cop

< sup t1/2||p5||L1(R"*1)<xn+CO)QHVQP('7xn)”L""(R"*l)

Tp >—Co

< sup Clpellpr@n—1yt 2 (@n + o)V, T0) || Lo (rn1)

Tp>—Co

<C
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Furthermore

32|V anp= || oo < t]|Vianpe oo

<t sup HVP(amn) * atanpellL‘x’(]R"*I)

Tp>—Co
< O Oanpell 1 -1y

for t < 1 by (6.14). Thus (4.3) and (4.2) hold for (Opantic, Oranpe) in the shifted half
space R% _ . . Additionally VO,.,u. is bounded for each 0 <t <1 by (6.14). Thus
by Theorem 4.1 we can conclude that dy.,ue = 0 and VO,,,p. = 0. Since € was
arbitrary, we get Owantt = 0 and VO,.np = 0. Thus u = u(z,,t) and Vp = a(x,, t).

By the divergence condition we then get 0,u,, = 0 from which we can deduce
that u,, may only depend on time. By the boundary conditions we obtain u,, = 0.
Thus u = (Uean(t, Trn),0) and therefore Vp = a(t). The pressure term Vp then
needs to vanish by (6.15).

Then each u; (1 <i<n—1) fulfills

1 o]
0 —Co

for all p € C°((—cp,00) x [0,1)) and satisfies the estimate
lui(t, 20)| < (20 + c0)|| Voo < t7Y2(2n + o)

for t € (0,1] and z,, > —¢o. Thus u; = 0 by Corollary 3.3. We obtained u = 0
and Vp = 0. Therefore N(um,,pm) needs to converge to 0 for every ¢t € (0,1],
r € R} which is a contradiction to (6.7). O

»—¢Co?

This theorem can be extended to the closure of C2%(Q) in BMO;"”, which is
VMOyy (), and thus Theorem 1.1 is proved.

Remark 6.3. In the case of Q@ = R"™, i € (0, o0] there are Ty and C only depending
on u such that
sup [N (v,0)( )]s < Clool'gpr0
0<t<To
for each vy € VMO" with S(¢t)ug = v. The proof is similar to case 1 in the proof
of the Theorem 1.1. We will show in the appendix that for u = oo this estimate
holds without any restriction on time.

Remark 6.4. The statement of Theorem 1.1 is not only valid for the class of
BMOp-norms and the corresponding spaces we defined but also for a definition of
BM Oy, used by A. Miyachi ([Miy90]) that resembles ours. The definition used there
is

1
[flBrvo = sup{m B

o =sup{ [ 1y Bae) € 9 and By () 192 20},

Case 1 of the proof of the main theorem can then be treated in the same way. For
case 2 one has to reprove the convergence of

(6.17) /n U (2,0)p(z,0) dz

+,—co

) ‘f - fBr(a:)‘ dy : B2r(x) C Q}
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for o € C° (R _ . x [0,1)) since the balls do not contain the boundary any more.
The strategy is to cover supp ¢ by finitely many balls satisfying Ba, C R’} _ . and
Bs, N (R%} _, )¢ # (. Then one can show by a similar argumentation as in case 2
that the integral over each of these balls converges to 0. Since there are only finitely

many balls the integral (6.17) converges to 0.

Example 6.5. Finally we will give an expample that the additional term [], in
the above estimate is in fact necessary. Consider (1.1) in a half space R’} and
assume constant initial data vo = (c1,...,cn—1,0) # 0. Consider the solution v of
the heat equation in R™ obtained by the heat kernel with initial data vy, the odd
extension of vg. Then v(t) = 0(t)|ry with ¢ =0 is a solution to (1.1) with di.nv =0

and [vo)'5,,0 = 0 (1 € (0,00]) but non-vanishing normal derivative d,,v # 0 and
non-vanishing time derivative v, # 0.

APPENDIX: L*° — BMQO ESTIMATE FOR THE HEAT SEMIGROUP

In this section we will give a simple proof of (1.2) for the reader’s convenience.

Theorem A.6. For a given vg € BMO(R"™) (n > 1) the L>®-norm of VG * vg is
estimated as

t1/2||VGt * 1)0”00 < C*[UO]BMO (t > 0)

with a constant C, depending only on n.

Proof. 1t suffices to prove that
(A.1) 2 VGy x ol < Clluolls

for up € L*(R™) since (H!)* = BMO by [FS72], where H! = H!(R") denotes the
Hardy space consisting of all f € L'(R") for which

[fllze = IIsup |G * flll1 = / sup |G * f|(x) dx < .
s>0 R» s>0
Indeed by duality

10;Gt * vol|oo = sup{‘/ uo(0;Gy) * vo dz
]R'n.

Nuolls < 1}

for j =1,...,n. Since (H!)* = BMO and by the antisymmetry of 9;G; we observe
that

/n uo((0;G) * vg) da

- '—/n((ajc:t) o dz

< ||3jGt * uo||7-zl [UO]BMO~

The estimate (A.1) now yields

10;Gy % vollso < Ct~2 ] Baro-
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The proof of (A.1) is given in [Car96] and [GMS99]. We will give it here for the
sake of completeness. We first show (A.1) for ¢ = 1. By definition we observe that

10;G1 * ugllr = || sug |G % 0;G1 * ug|||1
5>
< Isup(|9;Gs1| * [uol) 11
s>0
< [|(sup [9;Gs41]) * |uol 1
s>0
< [[sup |0;Gs1lll1[uoll-
s>0

Since 0;G; = —x;G1/(2t), we observe that

2|x; 1 nt2 . z|?
10;Gi(z)] < |$||n12 0 m e ? with o= %~
This implies
Co
10;G(x)] < EEE
with Cy = 27~"/2 SUP,~0 0" e, Additionally we can estimate |0,Ge(x)] <
(4m)~"/2 for t > 1 and thus observe that
. C’O 1 n
|0;Gsq1(x)| < min{———, ——~} =:a(x) for s > 0,2 € R".

o]+ {amy 72
The right hand side is integrable in  and therefore
105G+ uoll3r < Culluolls,

where C, = [;, a(z)dz. We have now proved (A.1) with ¢ = 1. To obtain (A.1)
for general ¢t we apply a scaling transformation. For A > 0 and a function f in R”
let fx be defined by fa(z) = A" f(Azx). We notice that

(8le) * (UO))\ = )\((ajG)\z) * uo),\.

Since both the #!-norm and the L!-norm are invariant under this scaling transfor-
mation, the estimate (A.1) with ¢ = 1 yields

AM0;G x> * uoll3r < Culluolly

which yields (A.1) by taking \ = t!/2.
Note that our proof implies

10;G1 13 < Cy and [|9;Gllan < Cut ™2,
which was established by [Car96]. O
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