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Stability of a two-dimensional Poiseuille-type
flow for a viscoelastic fluid

Masakazu Endo, Yoshikazu Giga, Dario Gétz and Chun Liu

Abstract. A viscoelastic flow in a two-dimensional layer domain is con-
sidered. An L’-stability of the Poiseuille-type flow is established pro-
vided that both Poiseuille flow and perturbation is sufficiently small.
Our analysis is based on a stream function formulation introduced by
F.-H. Lin, C. Liu and P. Zhang (2005).

Mathematics Subject Classification (2010). 35A01, 35A02 35Q35, 76A05,
76A10, 76D03,

1. Introduction

This paper studies the stability of a Poiseuille-type flow for a viscoelastic
fluid occupied in a two-dimensional layer domain = R x (0,1) with the
adherence boundary condition. We describe the motion of viscoelastic fluids
in Euler’s coordinates as in [10]. We in particular consider the incompressible
Hookean model introduced by Fang-Hua Lin, Chun Liu and Ping Zhang
[9], where they construct a local-in-time smooth solution in two or three
dimensional bounded domains with smooth boundary as well as the whole
space or periodic boxes. They moreover prove global-in-time existence of
solutions with small initial data in a two-dimensional periodic box or the
whole plane which also indicates some stability of the trivial steady motion
(with zero velocity).
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In this paper we consider a Poiseuille-type flow of the form w(t,z) =
(1(t,x2),0), where zo is the vertical variable in (0,1). It turns out that the
integral of ¢ in time solves the viscous wave equation. We are interested in
its stability as viscoelastic fluids. In fact, we prove that if both the Poiseuille-
type flow and the initial perturbations are small, then it is exponentially
stable as the time tends to infinity.

Our strategy to prove the stability is to use a stream function formu-
lation due to [9] for a perturbed quantity from the Poiseuille flow, see (4.3).
As in [9] the equation is parabolic for the velocity but not for the stream
function. Moreover, since our basic flow is the Poiseuille flow, there is a new
linear term of a perturbed stream function whose coefficient is not small
in the momentum equation which is an extra difficulty compared with the
situation in [9]. As in [9] we introduce a new velocity type variable gener-
ating dissipative effects and we fully take advantage of the structure of the
system to obtain energy estimates. Since there are extra linear terms with
non-small coefficients, we derive several energy estimates very carefully to
cancel apparently uncontrollable terms. Except energy estimates, the way of
construction is the Galerkin method which is the same as [9]. Thus we just
concentrate on deriving energy estimates. We also established a non-trivial
behavior of the Poiseuille flow, especially for higher spatial derivatives since
spatial derivatives do not fulfill the boundary condition.

There is also a foregoing research by Y. Giga, J. Sauer and K. Schade
[3], in which the authors established LP exponential stability for a small
Poiseuille-type flow as well as local-in-time existence for non-small initial
data if the layer is thin. Their method is completely different since they use
LP theory instead of L? theory developed in this paper. We do not assume
that the thickness of the layer is small in this paper.

There is a global estimate result for incompressible viscoelastic flow
subject to not necessarily Hookean elastic energy [8]. However, initial data
is assumed to be close to a trivial solution. We wonder whether our stability
results extends to such a situation but we do not pursue this problem in this
paper.

The stability of the Poiseuille flow is an important topic in fluid me-
chanics. In fact, for the incompressible Navier-Stokes flow the stability of the
Couette flow in a half space under small periodic perturbation is established
even if the basic flow is large [4]; see also earlier work [11]. The compressible
case is also discussed in [5], where stability of a small Couette-type flow is
discussed. Moreover, the stability of small steady Poiseuille-type flows in a
layer domain in R? is discussed in [6] under low Mach numbers. It is actually
unstable when the Mach number is not small as shown in a recent work by
Y. Kagei and T. Nishida [7].

For the future research, it is worth noting that this sort of stability
problem for the special solutions of the viscoelastic model can be treated in
the same way as in this paper. If an a priori estimate for the special solutions,
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that correspond to Proposition 3.1 in this paper, is proved, one can use the
same estimates in this paper and obtain the stability of the perturbed flow.

In Section 2 we introduce the model of a viscoelastic fluid. In Section 3
we first introduce the Poiseuille-type flow in two dimensions. We then observe
that the Poiseuille-type flow in two-dimension is reduced to the viscous wave
equation in the (0,1) interval, and we investigate a priori estimates for the
viscous wave system and state our main existence and stability result. Section
4 is devoted to the introduction of a system for the perturbed Poiseuille-type
flow. In Section 5, we introduce our key notion of change of variables and
discuss that the system has hidden dissipative structure. Finally in Section
6, we prove energy estimates and our main result. In Section 7, we state
some basic properties of the Stokes operator that are used in this paper.
Section 8 is dedicated to prove a priori estimates of viscous wave equation
i.e. Proposition 3.1.

2. Deformation tensor and equations of motion

Let © be a domain in R? with smooth boundary and T > 0 be fixed time.
We consider the viscoelastic fluid in 2 described by unknown variables:

- F:(0,T) x Q— R?2@R? is the deformation tensor,
- 7m:(0,T) x Q — R is the pressure,

- (0,T) x Q — R? is the velocity of the fluid,

- > 0 is the kinematic viscosity of the fluid

in Eulerian description. The deformation tensor F' in the Lagrangian coordi-
nates is defined by F;; = 0x;/0X; where X is the Lagrangian variables and
x = z(X,t) is the flow map. In the following we always describe F' in the
Eulerian coordinates. One should be careful to note our notation differs from
that in [9], where the transpose of our F' is used.

We consider the following two dimensional viscoelastic fluid system of
the Oldroyd model with Dirichlet boundary condition of the form.

OF +u-VF =FVu in (0,7) x Q,
divu =0 in (0,7) x £,
o — pAu+u-Vu+Vr=divFTF in (0,T) x Q, 2.1)
Fli—o = Fo on {
uli=0 = Uo on £,
u=0 on (0,T) x 09

with the assumption det F|;—g = 1 and div F'|;—o = 0. In this paper, we use
the following notation.

- 0y = (9/01),0; = (0/0s),
. (V’LL)” = ajui,
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. (le G)z = Z?:l @-Gij.

Stream function formulation. One can show that div F' is subject to advection
with the flow, i.e.

O(div F') +u - V(div F') = 0.

Therefore div Fy = 0 implies div F' = 0 for all later times. Under this assump-
tion, one can find an R2-valued stream function (y such that Fy = V¢ as
in [9]. Moreover, if one lets ¢ be the solution of the transport equation for a
divergence free function u of the form

8tC +u- VC = 0,
{ Cli=0o = Co 22)

then one can find that for

9.1 1
revie= (T 56).

the equation F; +u-VF = FVu is fulfilled. It is much easier to consider the
function ¢ instead of F. In order to rewrite system (2.1) with respect to ¢,
one can calculate

1
divFTF = 5V|vg|2 — AV - APV

Note that the first term is a gradient that can be absorbed in pressure term.
Thus we introduce a new variable 7 = 77— % |V¢|? and denote that by 7 again.
We end up with the following new system for two dimensions with Dirichlet
boundary condition.

OC+u-V¢=0 in (0,7) xQ,
divu =0 in (0,7)xQ,
2
Opu — pAu+u-Vu+Vr=-Y AV in (0,7) xQ,
— (2.3)
Cli=o0 = o on
uli=0 = Uo on (),
u=0 on (0,7) x 99.

The corresponding assumption to the incompressibility condition det F'|¢—g =
1is

0103 02C2 — 01C202¢0 = 1. (2.4)

Note that div F'|;—¢ = 0 is satisfied by the construction of (.
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Incompressibility. Considering fluids with a constant density, the incom-
pressibility condition takes the form divu = 0. It turns out that in terms
of the deformation tensor, this means det F = 1 if det F|;—g = 1 holds.
Moreover, one can find that

Or(det F) +u - V(det F) = 0.
Therefore if (2.4) holds, we have 0;(192¢? — 01¢?02¢! =1 for all time.

3. Poiseuille-type flow and viscous wave equation

Let Q@ = Rx (0,1) i.e. a two-dimensional layer. This section aims to construct
a suitable Poiseuille-type flow solution % to (2.1) or equivalently (2.3), i.e. a
solution with horizontal flow-profile that is completely determined by the
vertical component. Hence, we assume that @ takes the form

it z) = (W%x?))

with homogeneous Dirichlet boundary conditions. Then the divergence con-
dition in (2.1) is trivially fulfilled.

In order to adequately determine the corresponding deformation tensor
F or equivalently the corresponding stream function 7, we introduce the flow
map z(t, X) = (zl(t, X),xg(t,X))7 0 <t < T with T > 0, corresponding
to Lagrangian coordinates X. These flow maps are given by the system of
ordinary differential equations

%Jfl(t,X) = ﬂl(t,xl(t,X),xg(t,X)) = w(t,a?g(t,X)), 1‘1(0) = Xl,
%Jfg(t,X)ZQQ(t,xl(t,X),xg(t,X)):0, Z‘Q(O)ZXQ,

which can easily be solved by

t t

5t X) = X, +/ (s, 22(s, X)) ds = X, +/ (s, X5) ds,
0 0

xQ(t7X) = X2a

as long as 1 is sufficiently regular. Let us abbreviate

¢(t7x2):A ’l/J(S,(EQ)dS.

Then, we can calculate the deformation tensor and the resulting elastic
force

(1 0 e (14 (020)% 020 . =rm (039
F_<a2¢ 1>, FTF_< 82; i) and dlvFTF—<%>.

Note here, that with xa(t, X) = Xp it is also (9/0X32) = (9/0z2) = 2. Let
us also remark at this point, that div F' = 0.



6 Masakazu Endo, Yoshikazu Giga, Dario G6tz and Chun Liu

The stream function 7 corresponding to F' may be chosen as

2y
t ) = 3.1
n(t, ) (Il ff)(ta@)) (3:1)
solving the system

om+u-Vn =0, in (0,7) xQ,
n(0,x) = (—z2,21)T, for xe€Q.

Inserting the elastic force into the balance of momentum for @, i.e.
O — pAT+ - Vi+Vr=divFTF, in (0,T) x Q,
yields the equivalent formulation

O + O = pd3y + 03,

i 0, T Q.
O = 0. } m (7 )X

We conclude from the second equation that the pressure is a function
depending only on the horizontal variable 7 = 7 (¢, 1). Since ¥ and ¢ depend
only on ¢ and x, the first equation implies that 017 is a function of time
only, i.e. 17 (¢, x1) = —h(t) for some function h. Inserting this into the system
yields

8tw - 8§¢ = M8§¢ + h7 in (07 T) x <Oa 1)
Finally, by the definition of ¢ it is (¢, z2) = 0;¢(t, x2) and moreover, the ho-
mogeneous Dirichlet boundary conditions for @ carry over to ¢, i.e. ¢(¢,0) =
@(t,1) = 0. At initial time we have ¢(0,z2) = foo ¥(s,z2)ds = 0 and
0t (0, 22) = (0, 23) = hg(x2) for some function 1)y that will be given satis-
fying homogeneous Dirichlet conditions.

With this, we end up with a viscous wave equation in one dimension

b — 020 = pdyd7¢+h, in (0,T)x(0,1),
o(t,0) = ¢(t, 1) =0, for te(0,7), (3.2)
¢|t:O = 0; at¢|t:0 = ¢07 on (07 1)

for some h = h(t) and initial data 1. Note that we use 0, instead of 95 since
we consider ¢ is the function with two variables (¢, z) here.

We state an a priori estimate for the Poiseuille-type flow in the following
proposition. It enables us to control the norms of higher spatial derivatives

of ¢.

Proposition 3.1. Let T > 0 and u > 0. For v € H3(0,1) N H}(0,1) and
h € HY0,T), there exists the unique solution ¢ € C3([0,T);L*(0,1)) N
C2([0,T), H*(0,1)) N C([0,T); H*(0,1)) of (3.2). Moreover, there is a con-
stant C such that the solution satisfies

[0:0(t)] 112 (0,1) + 1020() || 113 0,1y + 107 3(E) | 10,1

4
— min(2p7?, L —
< C (e ™D o oo,y + D 1 Il o)
k=1
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for 0 <t <T. The constant C' is independent of T' and p.

Proof. Combining Proposition 8.1 and Proposition 8.3 in Section 8, one can
easily obtain the result. O

Notation of spaces. In this paper, we write || f|| for || f||z2(v) otherwise speci-
fied, and denote H*(U) by Sobolev space W2*(U) , equipped with the norm

I lrwy = [ D 1% f
jal<k

for some domain U C R™. We also define H}(U) by the closure of C2°, the
space of all smooth functions with compact support with respect to ||| gx(1);
see [2, Section 5] for more detail.

Inserting the function ¢ = 0;¢ into the ansatz for 4, we receive a solution
(@, 7,n) of the system

om+u-Vn=0, in (0,7) x Q,
diva = 0, in (0,T) x £,
Ot — pATG+ @ - Vi + V7 = —Anfvn*, in (0,T) x Q,

0, on (0,7) x 09,
n(0,x) = (—z2,21)", for z€Q,
(10,0)7, on 9,

where —An*VnF is a short notation for Ei:l —AnkVn*. Note that we choose
7 by (3.1) and due to the homogeneous Dirichlet boundary conditions for ¢,
it is n(t,7)|oq = (—22,21)T for any 0 <t < T.

We are now in a position to state our main result.

Theorem 3.2. Let Q =R x (0,1), ug € H*(Q), ¢o € H*(Q), v € H3(0,1) N
H}(0,1), and h € H'(0,00). There exist numbers 0 < § < 1, k > 0 such that
if the following three conditions hold,

1. the smallness condition for the Poiseuille-type flow

[Yollms0,1) + 1Bl 12 (0,00) < K,
2. the smallness condition for the initial perturbation
luo — ol m3 () + 1o — Mol a3y < K,

3. the compatibility conditions for the initial data

divin =0, Golon = (72) and 016303~ 130nch =1
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then there exists a smooth global solution (u,(,m) of (2.3) with respect to
ingtial data (ug, (o) satisfying

d
@ (o041 () P A P+8 T A+ 12 C ) )
+u5(natv<u—a>||2+||A<u—a>||2+ium—n)n%%Hmm—mu% <0

for all timest > 0. Here, A = —PA is the Stokes operator in §; see Section 7.

Integrating the last differential inequality over (0,t) implies
t
8[|V (u —a)|*(t) + M5/ [A(u —a)[*(s)ds < Cy
0
with C,;, which tends to zero as kK — 0. By (7.1) we in particular obtain

IV (u - @)|2(t) + / CullV (u— w)|2(s)ds < C,

which implies
IV (u—a)[?(t) < Cue™ M

by the Gronwall inequality. By the Poincaré inequality this implies that u is
exponentially stable in H' sense. Similar stability holds for 7.

4. Perturbation of the flow through the layer

We are interested in the solution (u, m, ¢) of the system (2.1) and its stability
around the Poiseuille-type flow (@, 7, n). Let (uo, (o) satisfies the compatibil-
ity conditions,

divug =0, (oloao = (;3?) ,and 0((0(E — (G0l = 1. (4.1)

The second condition together with the homogeneous Dirichlet boundary
condition of u guarantees (|pn = (—x9,71)” for all times. The third condi-
tion is a reformulation of the incompressibility condition as we discussed in
Section 2 and that holds for any ¢ > 0.

Now let us introduce the perturbation

(v,p, ) = (u,m,¢) — (4, T,n).

By a simple calculation one can show that the decomposition { = a + 7
implies

820[1 - 81042 == 810[182012 — 8204181042 — 82(]5810[1. (42)

This will be a crucial identity later on.
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Then for given (4,7, n), (v,p, @) solves
Oa+v-Va+u-Va=—-v-Vnp in (0,T)xQ
dive =0 in (0,T)xQ
O — pAv+v-Vo+v-Vu+a-Vo+ Vp
= —Aa*Va* — ApFVaF — Adk vk in (0,7) x Q,

v =0, on (0,T) x 09,
a(0,2) = Co(x) — (9, 21)T for z€Q,
V|t=o = uo — (100, 0) in Q
(4.3)

Note that it is «|sq = 0 for all times since (|ga = njoq = (—x2,1).

The stream function of the Poiseuille-type flow is given by n(t,z) =
(—x2,21 — ¢(t,z2)). We note that derivatives of n contain constant parts
which may not be small even if ¢ is small. Let us rewrite the right-hand side
of the momentum equation as

A2 2. 2
— Akt — AnFvaF = ( Aa” +01(05007) )

Aat + A(0rpa?) — B3pa? — 03¢pDx0>

041

2
—A < 9 > + 026V + VoAQ2. (4.4)
Therefore the momentum equation is rewritten as follows.

v —pAv+v-Vo+v-Vau+a-Vo+ Vp

2
= —Ad*VaF + A ( aol‘ ) + VoAa? +05¢6Va?. (4.5)

5. Change of variables and dissipation

Observing the momentum equation in (4.5), one may notice that terms like
v-Vu or 4+ Vo can be handled through Proposition 3.1 if the Poiseuille-type
flow is sufficiently small. On the other hand, A(—aq, @1) causes a problem.
Although « seems to have no dissipative structure so far, this term produces
linear terms. That calls a particular method.

Taking a closer look at right-hand side in (4.5), one can find another
dissipative structure. Let us focus on the term A(—a? o) in (4.4), and
rewrite whole equation as follows

—

1 2
3tvuA(v+u<a1 >)+U'Vv+v~Vﬁ+ﬂ~Vv+Vp

= —Ad*VaF + VoAa® 4+ 02¢Va?.  (5.1)
Now we will introduce a new dependent variable as in [9)]:

1 [—a? . 0 1
W=+ ; < ol ) or equivalently, a=p <_1 0) (w—v).
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Let us rewrite the transport equation of a in (4.3), i.e.
Oa+v-Va+u-Va=—v-Vn. (5.2)

In the right-hand side, one can find

2

—v-Vn:(v >+v2V¢>

—!

2 1
(w 1) — —a+0?Vg.
n

—w

Therefore the transport equation can be rewritten as follows
1 _ wao
oa+—a+v-Va+u-Va= w + vV (5.3)
I —wi

Hence we can see that a has dissipative structure. However, we must control
the w term in the right-hand side. The question is how to introduce estimates
for w or v? The idea is that we regard (4.5) as a perturbed Stokes system of
w and p, i.e.

—pAw + Vp = -0 —v - Vv —v-Vu — Aa*VaF 4+ 92¢Va? + VoAa?
(5.4)

and invoke a higher regularity estimates of the Stokes system (Lemma 7.2).
For this purpose, we need to calculate div w first.

Divergence of w and higher order estimate. Let us note that w is not diver-
gence free in general. However, its divergence is quadratic in o and ¢ as the
following calculation shows:

1 A2
divw = divv 4+ —div ( O{ )
7 (67

= i(@gal - 310[2 + 82@531@1 - 5‘2¢31a1)
= i(det G- 82(,2581041)
- i(alalazoﬂ — 90l Bra? — Dy01al). (5.5)

Note that we used the incompressibility property (4.2).
Now let f and g be the right-hand sides of (5.4), (5.5) respectively. If w
satisfies appropriate conditions, we can invoke Lemma 7.2 and obtain

pllwll gs@) + IVolav @) < Clullglla2) + 1 la@)- (5.6)

We can easily obtain the estimate for v by the definition of w. We will state
the result of these estimates in the next section as a proposition.
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6. A priori estimate with Energy method

The existence of approximate solutions to (4.3) may be proved using a Galerkin
approximation scheme similarly to [9]. Since compact embeddings are re-
quired for this approach in order to pass to the limit, the problem then needs
to be considered on a sequence of domains QM = (—M, M) x (0,1).

We impose v = 0 on the artificial left and right boundaries. For the stream
function a no boundary conditions may be imposed and it will in general
not vanish on the artificial boundaries. It vanishes on the lower and upper
boundary however, since by definition & = { — 1 and the stream functions
n and ( are transported by @ and u which vanish on the upper and lower
boundary (but not on the artificial boundaries). Hence, for v as well as « the
Poincaré inequality is still applicable. Since all the estimates do not depend
on the horizontal size of the domain, one can let M tend to infinity to receive
a solution of (4.3) .

The a priori estimates for the approximate solutions of the Galerkin-
scheme are of the same structure as for the original equations. Let us therefore
concentrate on the formal a priori estimates for system (4.3).

Let Q be a layer domain R x (0, 1) in this section.

Notation. In order to simplify the notation, we now introduce variables cor-
responding to the data, the time-derivative part and the dissipative part of
the estimates respectively. We write

X(t) = 10e0| mr20,1) + 1020 #r20,1) + 11070l 111 (0,1),
Y (t) = 0] + Vo[ + [[Aa]| + [[VA«]],

1 1
Z(t) = 110V ]* + || Av]|* + EIIAOZII2 + EHVAMF-

With the definition of Y (¢) and Z(t) as it is, by the Poincaré inequality we
find

Y2(t) < C(1+ p?)Z(t).

Here, A in Z(t) is the Stokes operator. We use Av instead of Av to annihilate
the pressure term in some energy estimates with aid of the regularity of the
Stokes operator |[v||gz(q) < C|Av]|.

In this section, we derive five energy estimates. Then combining these
results, we obtain the strong stability inequality stated in Theorem 3.2. To
begin with, we need to calculate (5.6) for higher order estimates.

6.1. Spatial Estimate of the artificial variable w and v

It is difficult to estimate higher spatial derivatives directly. We cannot use
integration by parts since higher spatial derivatives would not vanish on the
boundary in general. Therefore we consider a priori estimates for higher or-
der terms in time, and then transfer them into spatial estimates using the
regularity of the Stokes system Lemma 7.2.
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Proposition 6.1. Let Q = Rx(0,1), ug € H2(2), (o € H3(Q), vo € H3(0,1)N
H}(0,1), h € HY(0,00), and (u,,¢) be a solution of (2.3). If (uo, (o) satisfies
the compatibility conditions

divuo =0, Glon = (72 and 06303~ 0163006} = 1,

then there exists a numerical constant C' > 0 such that for (v,p, @) = (u,7,{)—

(a,7,m) and w=v — i(—aQ, ah)T, the estimates

[ollzs (@) < C(10:Voll + (1 + 1) Z + X (| Av]| + [Aa| + [|VAa]))
C
+ - (1Aal +[VAal).

[l sy < CIOT0] + (14 5 Z + X(|A0] + || Ao + [VAal)
hold for all t > 0.
Proof. Inserting (5.4) and (5.5) to (5.6), we have
wllwllms @) + 1IVel )
§C<H8tv—v-Vv—v~Vﬂ—ﬂ~Vv

ko ok 2 92 2
— Aa"Va" + VoAa® + 050V HHI(Q)

+ ||810[1820£2 — 820&181042 — 82(2581041 ||H2(Q))

< (9wl @) + 1o Vollmoy + o Vil @) + 7 Vol o)
+ A"V o) + VAR | 11 () + 036V |11 ()
+ (1010 0202|120y + 10201 D103 2y + H62c/>81a1HHz(Q)).
We investigate these terms one by one, beginning with
[0l () < 110,V (6.1)
by the Poincaré inequality. We next observe that
[v- Volaia) < flv- Vol + [[V(0- Vo)
< C(J|vll oo @) Vol + [0l Lo (o) V20l + V0l 7))
< CllollFz(q)
< || Av|]*.

We have invoked embeddings in Lemma 7.5 and the regularity of the Stokes
operator (7.1).
Similarly,

lo- Vallm @) < C(lvll o= IVl + 10:al V2] + @] 2= o [0}
< )l Av|9:6] 120,

- Vollm@ < Ol Vol + 10:al V2] + [l 2= o9 20]])
< Ol Av][|edl| 12 0.1
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Here, we have invoked the 1D-2D product estimate Lemma 7.6. Note that «
is a function of one space variable.
Finally, we have

”Aakvak”Hl(Q) + ||V¢Aa2||H1(Q) + Hagff)VOéQHHl(Q)
< C(laallValls @) + IVAal[Val L g
+ [|Aal L)l Vall i) + 10201 130, IV al maq))
< C(IVAQl® + [[Aal® 4 11020 15 0,1) IV Al + [[Aal])).
[010 020 g2 () + (020" D102 || 2 (o) + 029010 || 2
< C(IVallm@lIVallLe@ + 1Aallig)
+ (1020 || Lo () IVl 22y + 1056l Lo () IVl 111 (02) + 1030 Ver]| oo @)
< C(IVAal + [|Aal® + 182] 30,y (VA + [[Aal])).

Combining these results, we obtain,
pllwll sy + [IVPl 10
< C(10:Vol® + [|Av]® + || Aa]? + [V Aal?
+ (1060l r2(0,1) + 192l 3 0,1)) (1 A0]| + [[Ac]| + [V Aal]))
< C(l0:Voll + (1 + ) Z + X (|| Av]| + [ Aal + [V Aal)) (6.2)
We immediately find a similar estimate for higher regularity of v with v =
w—L(—a?,a)7 ie.
n
lollis ey < CIBVo] + (1 + p2)Z + X (| Av] + [ Aa] + [VAa])
C
+ ;(IIAQII + [IVAal). (6.3)
d

Later on, we will use these results to estimate higher derivatives in time
as mentioned above.

6.2. Summary of the energy estimates

Let us state the result of the energy estimates first:

Proposition 6.2. Under the same assumption as in Proposition 6.1, we have
the following estimates:

1d

§£||VUH2 +uf|Av|? < Al Av]| + C(1 + p)(X +Y)Z, (6.4)
1d —a?

5%“at’UH2 + :uHatV’Uuz S _(atv ( 041 ) ,3,5VU) (65)

+CA+p)A+X+Y)(X+Y)Z,
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1d 1 1
Z Aol + ZlAal2 < C= A .
537 1801F + ~Aal* < ¢, vol | Aal (6.6)
1
+C(;+l+u+u2)(X+Y)Z,
L4 Gaal? + LIvaal? < cLja.vo)|vaa| (6.7)
57 «@ p all* < p Vv « .
1
+O(;+1+u+,u2)(X+Y)Z,
1d —a?
§£||(Q)tVa||2 S ((%V < 0[1 >,8th) (68)

1
+C(;+1+M+M2)(1+X+Y)3(1+Y)Z.

Here, C > 0 is a numerical constant (independent of 11).

The estimate (6.4) is obtained by taking the inner product of momen-
tum equation for v with Aw, for short we write (v-momentum, Av). Let
us summarize the estimates and corresponding inner products in the table
below.

Estimate Inner product Corresponding subsection
(6.4) (v-momentum, Av) 6.3
(6.5) (0¢(v-momentum), Ov) 6.4
(6.6) (A(a-transport), A«) 6.5
(6.7) (VA(a-transport), VAa) 6.6
(6.8) (0, V (a-transport), dycx) 6.7

In the following subsections, we shall show these estimates one by one.
Before going into the detail, let us note what are the aims of each estimate.
The first estimate (6.4) is the core estimate, although the estimate produces
a linear term ||Acl|||AAv]||. This problem will lead us to the energy estimates
of a i.e. (6.6) and (6.7). One can immediately notice that these estimates
produce the term ||9; V|| in the right-hand side. In order to manage these
terms, we derive the estimate (6.5) to absorb ||0;Vv] in the right-hand side
of (6.6) and (6.7). However, we receive another linear term again as one can
see in (6.5). Therefore we derive another estimate (6.8) to cancel out this
linear term.

6.3. A priori estimate for the velocity gradient

For receiving an estimate for spatial derivatives, we want to test the equa-
tion with second derivatives of v. A simple way would be using —Awv which,
unfortunately, does not vanish on the boundary. Hence, the pressure term
would not vanish in the estimate and must be estimated explicitly. We will
therefore employ Av instead of —Awv in the estimate.

Taking the inner product of the momentum equation in (4.5), i.e.
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Oww—pAv+v-Vo+v-Vu+u-Vo+ Vp
—a?
ol

= —Ad*VaoF + A ( > + 026V a? + VopAa?,

with Av. We can use the boundary condition for 0;v to integrate by parts.
Since the Helmholtz-projection is self-adjoint, we have

(Opv, Av) = —(Opv, PAv) = —(POw, Av)
1d
= — (0w, Av) = (0 Vv, Vv) = §%||V11||27
and
(—pAv, Av) = p| Av|*.
For the convection terms we use the embedding H?(Q) < L>°(Q), the 1D-2D
product estimates and the usual Stokes regularity to estimate
(v Vo, Av)| < o]l oo @ [ Vll[Av]] < Cllv]| a2 o) [ Vol Av]]
< ClIVellllAv]? < €Y 7,
(v Va, Av)| < C|Voll[ValllAv] < Clogllm o, llAv]* < CX Z,
and

(@ Vv, Av)| < [|a] L o) [ Vo[l Av]] < Cll0s ] 10,0 [ Av]* < CX Z.

Since the Stokes operator maps into L2 (f2), the L? closure of all smooth
solenoidal vector fields with compact support in 2, the pressure term Vp
vanishes in the a priori estimate.

The quadratic form in « gives

[(—Aa*Va*, Av)| < [|Aa||[Vall L@ [ Av]|
< CllAal/([|[Aall + [[VAal) [ Av]|
<CpYZz,
and for the last terms it is
|(056Va? + VoAa?, —Av)| < C([|05¢lVZall + 1020 L= o) | Acr])) | Av]]
< Cl|929 | 0,1 | Ac]][| Av ||
<CuXZ.

2
Linear term. The term A ( Oﬁ ) contains linear parts with non-small coef-

ficients. Due to the presence of the Helmholtz-projection, it is not possible
to cancel this term with a corresponding term (v?, —v!)” in the a-estimate.

We have
9
& () a0 < Jaaliau.
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Altogether we have for the estimate of Vv
1d

S IVl + l Av]? < [ Aal[v]| + C(1 + p)(X +Y)Z.

6.4. A priori estimate for the time derivative of the velocity

Here, we investigate higher derivatives in time, since we are able to transfer
higher time regularity to higher space regularity by using the Stokes regular-
ity.

We apply 9; to equation (4.5) and take the inner product with d;v. Since
v vanishes on the boundary, so does 0;v and integration by parts gives the
terms

1d
(020, 0pv) = §£||8tv||2 and  (—pdiAv, ) = pl|0; Vo2
With div v = 0 and d;v = 0 on the boundary, we find (v-Vov, dyv) =0
and therefore the Poincaré inequality as well as the usual Stokes regularity
give
(0t(v - V), 0pv) = (0o - Vv, 0pv)
< 0wl L@ IVl 10|l
< Cllowll o) 1Vl (@) 1Ow ]|
< Cl|o: Vol || Av] || 0
<CYZ.

Similarly, we have after employing the product estimates for one- and two-
dimensional functions

(&(ﬂ . V’U)7 &,v) = (6,42 . VU, 8t11)
< |0t oo () | V||| O]
< C|1070| 11 (0,1) || Av][]|0: V0|
<CXZ

and

(6t (U . Vﬂ), aﬂ})

—~

100 - Val| + [lv- Vol || rv]|

C(llo:volllIVall + [[Voll[|o:Val)[|9: Vol
C(l10 s + 1107 0] 12) |0V 0[] + [[Av]]) [0, Vo
C

The pressure term vanishes due to divd,w = 0 and d;v = 0 on the
2
boundary. In the linear term (GtA ( aof > ,5}1}) we integrate by parts once,

using 0;v = 0 on the boundary:

(atA (;{2) L) = —(atv (;{2) L0, V).
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This term is going to be absorbed in the estimate for the time derivative of
the gradient of the stream function «. Considering the quadratic a-term, we
note with Einstein’s sum convention

[AafVaFr]; = 91(0,070;0%) — 9,05 0;0,0" = [div (V¥ @ Var)]; — [V(IVe®|?)):

and therefore in the a priori estimate, the second part vanishes being a gra-
dient and we have after integrating by parts

(=0 (AakVaF), 9,v) = —(9,div (Va* ® Vak), dw) + (8, V(|VaF|?), )
= (0(Va* @ Vak),8,Vv)
< CllVal | Vo] = o 10 Vol
< ClloVall([[Aal + [VAal) [0 Vo]
< Cu||0:Val Z.
In the remaining term, we estimate after integrating by parts
(8:(93¢V > + VoAa®), Opv)

= (0 (4 gy )

Cl10:(03602) | + [|0:(820V ) ) |0 V||
C(lo20:0/lIVell + 105¢l10: Ve

+ [020:9 V2l + (1020 ]| L= (o 10: V) [|8: V0|
< C([|10ed 20,1 [Actl] + [[020 11 0,1) 10 V) [| 0 V|

<
<

1
< ol (5 180l + G070 )) +
e A (A
< CuXZ + Cl0a0] 0.0 |0V a2 0]

For the estimation of the remaining terms including ||0; V|| in the two
foregoing estimates, we employ the transport equation for the stream function
a in (4.3). Note, that one can write —v - Vn = (v2, —v')T + (0, 92¢0v*)T and
hence
[0:Val <[[V(v-Va)[ + V(- Va)|+[[V(v- Vn)|
< Vol VallL<(o) + [l s IVl e o) + Vall| Vel + [[a] L= o) IV
+ Vol + 183 Vol| + 1826 L= () [ V0

< [IV|
+ C([|aal + VA + (1920 + 110: ]| 1) (Vo] + [[Aal])
<CA+X+Y)Y. (6.9)

Applying this inequality yields
(=0 (AakVaF), 8,0) < Cul|d,Va| Z
<Cu(l+X+Y)YZ
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and with ||, Vv|Y < C(1 + u)Z, we have
(8:(03¢Va® + VoAa®), Opv)
< CuXZ + Cl|029] 10,0 10:Vo[[(1 + X + Y)Y
<Cl4+pw)(l+X+Y)XZ.
Summarizing the foregoing estimates, we receive
ol + wlavul + (8,9 <‘a°f) 2,v0)
<Cl4+p)(1l+X+Y)(X+Y)Z

6.5. A priori estimate for the Laplacian of the stream function

We aim to control the H3(2)-norm of a with an a priori estimate of the
Laplacian(Lemma 7.4) and it is therefore necessary to estimate A as well
as VAa. We will be able to produce a regularizing term ||Acl|? on the left-

hand side. This, however, comes at the cost of linear error terms involving

the artificial variable w = v + i(—az, al)T. These error terms will later on

be handled with higher estimates of w (6.2).
We apply A to the transport equation of the stream function (5.3), i.e.

1 _ w? 9
Gta+;a+v~Va+UoVa: ! +v°Ve.

and take the inner product with Ac. Then the time derivative gives (O;Aa, Aa) =
14||Ac||?. The second term gives (Aa, Aa) = ||Ac||?. For the third term
we note (v-VAa, Aa) = 0 and therefore with Einstein’s sum convention
(A(v-Va),Aa) = (Av - Va + 20;v - VO,a, Acy)
< O(AallIVall L= (o) + [IVollLa@) Vel o) | Aa]

< CllAvf[([[Aall + [VAa]) A

< C(l|Aal| + [VAal) (£ 1Av)* + iumu?)
<CuYZ.
Similarly the second advection term yields
(A(u-Va),Aa) = (Au - Va+ 20;u - Voo, Aa)
< C(/1030:9|| V2| + [|828:9 || L= () || V2ex])) | A
< C||8t¢HH2(0,1)||A0l||2
< Ou*Xz.
Let us take care of the right-hand side.

2 2
(— A( <_“’w1) n v2V¢>),Aa> - —(A (_ww1> ,Aa) + (A(B2p0?), Aa?)
< [[Aw[[| Al + Cll02¢ | 20,1 | Av][[| Acx]|
< [[Aw]|||Aa| + CuX Z.
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Now invoking the estimate in Proposition 6.1, we have
1
[Awll|Aall < CIIAallp(llatWII + (1 + 1) Z + X (||Av]| + | A
+[[VAal)

1 1 1
< O lAal9: Vvl + O (1 + pAY Z + O lut X2

1 1
< C;IIAaHH@tWII + C(; +1+p)(X+Y)Z

The complete estimate is of the form
1d
2dt

6.6. A priori estimate for gradient of the Laplacian of the stream function

1 1 1
A0l + ~ |80l < O [0, Ful| A0l + O + 14+ p?)(X +Y)Z

We now want to estimate terms ||[VAq|| such that together with the foregoing
estimate, we can control the H3(Q2)-norm of a. Once again, we receive error
terms including higher space derivatives of the artificial variable w.

For the corresponding estimate we apply VA to (5.3) and then take the
L2-inner product with VAa. Then the first two terms give us

(0 VAa + VAa, VAa) = %%HVAaHQ + VA«
We employ the identity (v - VVAaq,VAa) = 0 and estimate (using

Einstein’s sum convention)
(VA(v-Va), VAx)

= (0(Av-Va+20;v-Voa+v-VAa),dAxa)

= (0jAv - Va+ Av - Vo

+20,0;v - VO;ae + 20;v - VOO, + Opv - VA, 0jAx)

< (I A0 [ Va1~ @) + 31920] 130y IVl 2y + 20 V0] 1 @) [Val) [V Aal]

< CIVullazo IVallm2 @)l VA

< CIVolr2(oy (1 Aal? + [VAa]?)

< C|Vol gz Y?.

This is the first place, where higher spacial derivatives of v are appearing as
error terms.
Once again using (z - VVAq, VAa) = 0 we obtain more easily

(VA(@ - Va), VAa)
= (0jAu - Va+ Au - Vo
+ 20,0, - Voo + 20,5 - VO, 0,00 + Oy - VA, 9 Acv)
< CUIBAITall + 103010l = @) IV2all + [8:01l o o IVl [V Ac]
< Cll0el s 0,1 IV A ([ Aa] + [VAal])
< COu*Xz.
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Linear term. Now let us focus on the right-hand side. Once again, we receive
higher spatial derivatives of w and v.

( . VA( (_“’;J n vzw)ﬁAa)

2
- (VA (_wwl) ,vm) + (VA(820v2), VAa)
< |[VAw[[[|[VAa| + C[[02¢] m3(0,1) | V| #r2(0) [ VA«
< IVAw|[[[VAa]| + Cl[Vo| 20 XY.
Here again, we have invoked Proposition 6.1 for the first term

IVAw[[[[VAa|

1
< CIIVAaH;(HanII +(1+ %) Z + X (|| Av]| + [|Aal| +[[VAa])
1 1
< C;IIVMIIH@WII + C(; +14+u) (X +Y)Z.

We deal with the second term in the same way.

VUl g2y
< C([0:VollY + 1+ p?)Y Z + XY (|| Av|| + |Aal| + | VA«l]))

c
+ o (Aall+]VAal)Y

< C((l YWZ+ (L+pA)YZ+ (1+ u)XZ)
<Cl+p+p)1+X+Y)Z (6.10)

We summarize the above estimates to obtain

1d

1 1
- 24 - 202
5 dt||VAa|| + MHVAOCH < Cu||3thH||VAa||+

1
C(; +1l4+p+ )1+ X +Y)(X +Y)Z

6.7. A priori estimate for the time derivative of the gradient of the stream
function

The following estimate has the role of absorbing the linear error term that
appeared when estimating the time-derivative of v. In contrast to the two
foregoing estimates on Aa and VA« we will not produce a stabilizing term
on the left-hand side of the estimate since this would come at the cost of a
linear error term 0;Vw. For that term, the higher Stokes-regularity result in
Proposition 6.1 is not applicable. The result would not be easier to estimate
than 9;Va itself. Therefore, the main goal of the following estimate is simply
to absorb the linear remainder from the 9;v-estimate.
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Application of 9;V to (5.2) and taking the inner product with 9;Va
yields for the first term
1d
2dt
In the following, we need to estimate the term ||0; V|| several times.
We remind, that as calculated in (6.9), we have

l6:Ve| < C(1+ X +Y)Y.

(02Va, 00) = = —||8,Va||2.

Similarly to the foregoing a priori estimates for «, the term
(v- VO Va, 0, Va) vanishes. This way, it is

(O V(v-Va),0Va)
= (0;0;v - Va + 0;v - Voo + dyv - VO, 0:0;x)
< C(10: Vo[l Vel L) + VU]l L) 10V | + 1810 a0y IVl L4 [0: Va|
< C(|0: Vol Vel g2 10:Vall + [Vl g2 @) |18: Val?)
< Cllo Vo ([[Aal + [VAal)(1+ X + Y)Y
+ C||Vo g2y (1 + X +Y)?Y?
SCul+X+Y)YZ+CA+p+p®) A+ X +Y)YZ

Note that in the last line, the estimate of Vv (6.10) was invoked.
The second advection term can be estimated similarly with Y2 < C'(1+

W)z
(0:V(u-Va),0Va)
= (0:0;u - Va+ 0;u - Voo + 0yt - Vv, 0:0; )
< C([|10207 8|1V 2 tl| + [|020: || Low () 10V ]| + (107 Bl Low () [ V) [0, V|
< C|107 ol o,y llA 0. Vel + 118: 120,110 V)
< C(lI87 ¢l o llAall(l + X + Y)Y
+ 110l 12 (0.1) (1 + X +Y)*Y?)
<CA+pH+X+Y)2XZ.

Linear term. We split the linear term into

(%))
and estimate the second part by
(0:V (D290?), 0,V a?)
= (0,022 + 02p0sv* + 0,0,V V? + D200, V2, 0,V a?)
< C10edll = 0.0)[IVV] + 1020 1 0,1) [10: VO ) (1 + X + Y)Y
CA+X+Y)XY?*+Cl+p)(1+X+Y)XZ
C

<
<OQ+p+pH1+X+Y)XZ.
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The remaining linear term is used to cancel a corresponding term ap-
pearing in the estimate of the time-derivative of v. It is

02
(81: ( > 8tV04> = (0;Vv?,0,Val) — (0, Vv, 0,Va?)

_ (atv <_aO{2> ,ath).

Hence, the combined estimate is

2
2 —Q
thnatwn (09 ( ¥ ) A
<OCA+p+pHA+X+Y)P(1+Y)Z

6.8. Combining the estimates

In this subsection, we are going to combine all the estimates in Proposition 6.2
and derive the key estimate for the stability argument.

With equation (6.4) we proceed using Young’s inequality to absorb the
term || Av|| in the right-hand side. This yields

1
24 B 2 2
thIIV vl|* + IIAUII < 2MIIAOéH +C(1+p)(X+Y)Z.

Applying Young’s inequality for (6 6) and (6.7) in a similar way, we receive
HA 1 + *llAaH2 < *lla Vol + C( +14p+p?) (X +Y)Z,
(6.11)

2dt

C
S IV Aal? + M||man2§—||atw|2 (6.12)

+C( +1l4+p+ )1+ X +Y)(X +Y)Z

Now we can add these three 1nequahties above to find a combined estimate
1d

1 1
2 A 2 A H A 2 A 2 - A 2
2t (1701 + 120l + IV Aal?) + Sl 40l? + - l18al* + 2|V Aol

<f||atwu2+0( 14+ p+ )1+ X +Y)(X+Y)Z.  (6.13)

We now turn to (6.5) and (6.8). Adding these inequalities leads to a
cancellation of the remainders of linear terms of the time-derivative estimates
for v and «a. The resulting estimate is

1d

5 (0w + |8V el )+ullfwv|\2

< C( +1+p+p) 1+ X +Y)P(X+Y)Z (6.14)
We aim to absorb the remaining quadratic term C|0;Vv||?/u in the

right-hand side of (6.13) with the one on the left-hand side of (6.14). For
that it is necessary to multiply (6.13) by a sufficiently small constant § > 0.
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The sum of (6.14) with §x(6.13) gives
1d (
2dt
c 2 H 2 1 2 1 2

—0—= —||A —||A —||VA
+ (o= 0 )[aTolP + 55 vl + S AalP +6 - [V al

10:0]]* + 3lIVol* + 8| Aa]| + 0|V Aal® + (|0, Va]|?)

1
<C(1+ 6)(; +1+p+p )1+ X +Y)(X +Y)Z
We choose 0 < § < 1 such that u — 5% > % and hence receive
d
%(”81571”2 +68(Voll? + 8[| Aal® + 6 VAa]? + [|0:Val?)

0
+ 0 Vol? + opllAvl® + [l Aal® + ;IIVACVII2

9

2p
1

<o +5)(; +l+pu+ )1+ X +Y)(X +Y)Z

Finally we modify the left-hand side so that Z appears, and put C,; =
C(1+8)(1/u+ 1+ p+ p?) to simplify the estimate. We obtain

d
%(H@UHQ + 8| Vo|? + 8| Aal? + 8| VAQ|? + [|0:Ve|®) +2u6Z
<Cs(1+X+Y)3(X+Y)Z (6.15)

6.9. Stability argument

In this subsection, we give a proof of the estimate in our main result Theorem 3.2
with the aid of estimate (6.15). As we mentioned at the beginning of Section 6,
the actual existence proof is by the Galerkin method which we skipped in this
paper. We also note that the solution is unique, which is similarly proved by
the estimate in this paper.

Proof. 1t is obvious that Proposition 6.2 applies under the assumption of
Theorem 3.2. Thus we can employ (6.15). Fix some a > 0 such that C}, 5(1+
a)3a < pd. Note that as long as Y (¢), X (¢) < a/2 hold for such a, we have

d
— (10wl + 8lIVoll* + o Aal® + 8| VAal® + [0, Va|*) (t) + no Z(t) < 0.

Thus we can conclude corresponding norm of the solution is decreasing except
the case where all X,Y, Z equal zero which is a trivial case.

Therefore, the proof is reduced to show that Y (¢), X (¢) < a/2 hold for
all ¢ > 0 if we choose initial data and flow data sufficiently small.

We now invoke the a priori estimate for the Poiseuille flow Proposition 3.1
and obtain

X(t) < C(lvollmso,1) + 17l a1 (0,00))

for some C' = C|,. Therefore if we choose initial data 1y and pressure data h
sufficiently small, we have X (¢) < a/2 for all t > 0. In what follows, we may
assume X (t) < a/2 for all ¢t > 0.
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Now let us focus on Y (¢). For this, we investigate the initial data Y (0)
first.

Y(0) = 10w (0)[| + Vool + [[Aco|l + IV Aa.
Let us recall the momentum equation (4.5) and find
0v(0) = puAvg — vg - Vg — vg - Va(0) — a(0) - Vug — Vp

_ A2
+4a < a?)O) — AagVag + 956(0)Vag + Vé(0) Aag.

Applying the Helmholtz projection to remove the pressure term, we obtain

[0:0(0)|| < C(ullAvol| + [lvo - Vol + [[vo - Vaul|+
1o - Vol + |AagVag || + [85¢(0)Vag||)
< C(p+ [[Vooll + [[Yoll z10,1)) | Avol|
+ C(1+[[Aag|| + [VAaol) ]| Ac]|-

Similarly, we recall the transport equation of « (5.2) for 9;Va(0).

10V (0)[| < [[V(vo - Vo) || + [[V(a(0) - Vo) || + [V (vo - Vo) |
< Hv2a0||HUO||L°°(Q) + Vol sy [Vl o) + HV2040||H@(0)”L°°(Q)
+ IVa(0)|[ L2 [IVaoll sy + Vool Vol o< o)
< C(IIVuoll + (1 Avoll + llYboll 1 0,1)) | Ao l)-

Therefore we choose vy, ag and retake v if necessary so small that

Y0). [ova(0)] < X2

holds. Then we define a time T, = inf{t > 0;Y(¢) > a/2}. To prove T, = oo,

suppose Ty < oo and seek a contradiction. Y (t) < a/2 for all ¢ € [0, T%] holds,
since Y is continuous. Thus,

d
Z (10wl + 3lIVo[* + 8 Aal® + [ VAal® + [0, Val*) (1) + noZ () <0

holds in the interval [0, T.]. Integrating over [0, T], we receive

10e0(T)|* + IVo(T) I + 8[| Aa(T2)II* + 8 VAT |I* + [[0: Ve T) ||
< [0 (0)[I* + 8 Vol + 8[| Ac||* + 8[|V Aa||* + [|0; Vo |*.
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Now evaluating Y (T,) with the above estimate yields,
2
Y(T2))* = (l0co(T)l + V(T + [Aa(T) | + [[VA(T)]))

4
< g(l\ﬁtv(T*)ll2 +0[Vo(T)|1? + 8| Aa(T) |I” + 6| VAa(T) ||)
4
< g(llatv )I? + 6l Vuoll* + 8l Aao |1 + 6]V Aag|* + |0, Vo |*)
4
< (Y0 + 2,V (0)]?)
4 fYo
<5(5)
2
< 70
- 8

This leads to a contradiction to the definition of T, and therefore T, = co. 0O

7. Basic properties of the Stokes operator

In this section, we recall some basic estimates for the Stokes and the Laplacian

operator, which are frequently used in this paper for the reader’s convenience.
Assume that € is either the layer R x (0, 1) or one of the approximations

(=M, M) x (0,1) in this section.

7.1. Stokes operator

Definition 7.1. Let P be the Helmholtz projection on 2. The Stokes opera-
tor A is defined as a closed linear operator in L2 () with domain D(A) =
H?(Q) N H(Q) N L2(Q) such that Au = —PA.

Note that 0 € p(A) and D(A) = H2(2) N H () N L2(R) in either case
that € is layer domain or bounded domain [12, II.2]. Therefore we have the
estimate

[0l 2 (@) < ClAv] (7.1)
for v € H?(Q2) with v = 0 on the boundary and divv = 0.
7.2. Stokes system

We use the regularity of Stokes system to obtain higher spatial estimates.

Lemma 7.2. Let Q@ = R x (0,1) or Q@ = (=M, M) x (0,1) for M > 1. Let
f e HYQ), g€ H?(Q) and (u,p) solve

—pAu+Vp =f, inQ,
divu =g, inQ, (7.2)
u =0, ondQ.

Then there holds
pllulles o) + 1VPllar @) < Clullgllaz@) + 1 flla1@))-

The constant C is independent of the assumption to §2.
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Proof. See [12, Theorem1.5.3]. O

7.3. Elliptic regularity and implications

Lemma 7.3. Under the same assumptions for  of Lemma 7.2, there exists
a constant C such that

£l m20) < ClIAL (7.3)
holds for all f € H*(Q) which vanish on both upper and lower boundaries.

Proof. Tt follows by the elliptic regularity. For more details, see [1, Cor6.31].
(I

Moreover, by standard elliptic regularity arguments, we can estimate
the H3(Q2)-norm by only terms of the Laplacian as stated below.

Lemma 7.4. Assume the same hypotheses of Lemma 7.2. Then there exists
constant C' such that

CM sy < A+ IVAFI < Cllfllscen (7.4)
holds for all f € H?(Q) which vanishes on the upper and lower boundary.
Proof. See [2, Section 6.3]. O

We will use some embeddings to deal with products of functions.

Lemma 7.5. Assume the same hypotheses of Lemma 7.2. The following em-
beddings hold:

H?*(Q) — L™(Q), H'(Q) — L*Q), and H(0,1) = L>=(0,1).  (7.5)
Proof. see [2, Section 5.6] O
The following lemma are used to control the order of estimates.

Lemma 7.6. Assume the same hypotheses of Lemma 7.2. Let g € H'(Q)
vanish on the upper and lower boundaries and f € L*(0,1), one can estimate
using the embedding above,

1fgllz2@) < Cllfllz0.0VallL2 - (7.6)

Proof. We invoke the embeddings Lemma 7.5 to conclude

I fgllz2) = // y)|%g(z y)\Qdydx)
(1ot [, poPayaz)’

1

2
< Iz ( | CPllaa Moy )
< Ofllzzo0 IVl L2
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8. Viscous wave equation

This section is dedicated to a proof of Proposition 3.1. We split the initial-
boundary value problem (3.2) into two parts for sharper estimation. The first
part is the homogeneous case, i.e.,

at2¢1 - 63¢1 = ,u/atai(blv in (07 1)7
G1(t,0) = ¢ (t,1) =0, for ¢ e (0,T), (8.1)
d)l(o) = 07 8,5@251(0) = ¢0) in (07 1)

The second one is the inhomogeneous case, i.e.,

02y — 02y = 0102y +h, in (0,1),
$2(t,0) = ¢o(t,1) =0, for te (0,7), (8.2)
#2(0) =0, 9rp2(0) =0, in (0,1).

Again, here h is some given function which depends only on ¢. We shall show
a priori estimates for each of them. Note that we only need estimates for

Didi, Du0idi, OOud  i=1,2

in both cases by the Poincaré inequality.

8.1. Homogeneous case

In this case, we can use the separation of variables method and derive the
solution explicitly. For the readability, let us denote the solution ¢; of (8.1)
by ¢ in this subsection.

Separation of variables. To begin with, we consider the simple ansatz with
the form ¢(t,z) = T'(¢t) X («) with the boundary condition X (0) = X (1) = 0.
Then inserting this ansatz in the system (8.1) yields,

X(@)T"(t) — X" (2)T(t) = pX"(x)T'(t), xz€(0,1), t>0.
This leads to the following equation

T//(t) B X”(.%‘) .\
pT' () +T(t)  X(z)
for some A € R unless X (z) and pT7(t) + T'(¢) vanish.

Let us focus on X (x) first. The equation X" (z) = AX(¢) with initial
condition X (0) = X (1) = 0 gives us a solution X, (x) = a,, sin(nmz) and here
A = —(nm)2. We simply regard a,, = 1 and take care of those coefficients in
T(t) side.

Now let us turn to T/ (t) + u(nm)?T.(t) + (n7)?T,(t) = 0. Solving the
characteristic equation y? + pu(nm)?y + (n7)? = 0 yields

12
Yy = fi(mrf +nw Z(mr)2 -1
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We set B,, = nm ’%(mr)z — 1| for simplicity. Then y;F is written as
—b(nm)?+iB,, n< #%7
+
Yn = _%(nﬂ-)zv n:,%rv
—L(nm)*+B,, n> u%r

|0

€ N in the following. Otherwise, we just ignore the

Now we assume N := =
£ = —u(N7)?/2. Hence the solution T}, (t) is written

=

terms with respect to y
as
e—%("”)zt(an sin(Bpt) + by, cos(Bpt)), n < u%r’
2
Tn(t) — efg(nﬂ')Qt(tan _|_ bn), n = u%,
efg(nﬂ') t(%eBnt + b?neant), n > “%r

for some coefficients a.,, b,, € R.
Determining the coefficients. We now consider the solution ansatz for (8.1)
of the form
N-1
o(t,x) = Z sin(nﬂx)e_%("”)zt(an sin(Bpt) + by, cos(Bpt))
n=1

sin(ch)e_%(N”)zt(taN +bn)

o0
+ sin(nmz e*%(”’r)%(a—neB”t + b—ne*B"t).
n:;-&-l ( ) 2 2

We determine a,, b, so that ¢(0,2) =0 and ¢:(0, ) = )y are satisfied.
Decay in time. At this point, we would like to remark, that each of the
functions 7;, decay exponentially in time. This observation is directly clear
in the cases n < ;%T and in the latter case, we note B,, < & (nm)? for n > u%r
In fact, it is

_|_

—g(mr)2 + B, = —%(mr)2 +nm

I
|
3
3
VR
&
|5,
s
3
e
|
«
=R,
s
3
e
|
—_
~_

o ™
- \/M;WQ N \/%%2 = (8.3)
S ™
2 “72%2
1
=

Hence, the solution decays exponentially to zero at infinity at least as fast as
1
e u' for n > u%r



Stability of Poiseuille-type flow for a viscoelastic fluid 29

We superpose these solutions for n € N receiving the solution ansatz for
¢ of the form

N—-1
$(t,z) = > sin(nrz)e” 5 (a, sin(B,t) + by, cos(Byt))
n=1

+sin(Nrz)e™ 5™ (tay + by)

S L n by,
T T )
n=N+1

Determining the coefficients. Our next step is to exploit the initial conditions
on ¢ to determine the proper values for the coefficients a,, and b,. It is

N-1 oo an + b
= Z sin(nma)b, + sin(N7x)by + Z sin(mrw)( 5 )
n=1 n=N+1
> . an — bn
= Z sin(nmx) (bn + X{N_i_l,_“}(n)( 5 ))
n=1
It is then easy to conclude that for n = 1,..., N we have b, = 0 and for

n=N+1,... it is b, = —a, and therefore

N-1
Pt x) = Z sin(mmc)e_%(m)zt(an sin(Byt))
n=1
+ Sin(Nﬂx)efg(N“)Qt(taN)
o0
b sin(ma)e OV (Bt B,
n=N+41

The other initial condition ¢ (0, z) = 1o(z) enables us to uniquely determine
the remaining coefficients via Fourier-series. We calculate the derivative in
time
N-1
oi(t,x) = sin(nmx) (( - %(mr)Q)e_%("”)zt(an sin(Bpt))

+ e‘%(nw)Zt(aan cos(Bnt))>
+ sin(N7zx) (( — g(NW)2)€*%(NTr)2t(taN) I efg(N,r)ztaN)

+ Z sin(mr:c)(( — %(nﬂ-)Q)e—%(n‘n')?ta?n(eBnt _ e—Bnt)
n=N+1

+ efg(mr)% anfn (eB"t + eant)>.
(8.4)
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At ¢t = 0 then holds with By =0

N-1
Yo(x) = ¢4(0, ) Z sin(nmx)a, By, + sin(Nwx)ay + Z sin(nmx)a, By,
n=1 n=N+1

= Z sin(nmz)(anBn + X (N} (n)an).

n=1

Now we will assume that 1 € H?3(0,1) with 1(0) = 1o(1) = 0 and
therefore we can write it as a Fourier-series

60 + Z ay sin(2rkx) 4+ By cos(2mka)

k=1

oo
E ay sin(2nk),
k=1

Yo(z) =

where the coefficients ) vanish due to the boundary conditions. Moreover,
v € H3(0,1) implies with Plancherel’s identity, that the series ((2km)3ay)ken
is in [2. Comparing this representation with condition (8.4), the uniqueness
of the Fourier-series implies that asr41 = 0 and

oy, = B2k ag = sz fo Yo(x) sin(2wkx)dx, 2k # N,
ay = fo o(z) sin(2rkz) dz, 2k = N.

Altogether, for N = #—Qﬂ € N even, the solution ¢ of system (8.1) is given
by

~1
o(t,x) = o By, sin(2sz)67%(2k”)2t sin(Bayt)
k=1

oz

+axy sin(wa)e*%(N”)Qt(taN)

_ K 2 _
+ E k sin(2kmz)e 7 (2k7) t(eB%t —e B”“t),
k=% 41

where oy = fol Yo(z) sin(2rkx) dz. In the case, where N is odd, the second
term vanishes, more precisely

N—1

o(t,x) = Z By, sin(Qkﬁx)e_%(%”)Qt sin(Bayt)
k=1

+ Z %B;kl sin(2k7mc)e_%(2k”)2t (eBQ’“t - e_BQ’“t).

_N+1
k= 2
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Continuity of the solution. Looking at the coeflicients, we see that 7 b (km)? <

Bop < E(km)? for n such that 1 < %(wn) . Therefore, the term By may
absorb (27k)? coming from a time-derivative or two derivatives in space.
With 9 € H3(0,1) we see that ¢y...(t) is continuous in time (up to zero)
as a function taking values in L?(0,1) and we can estimate with Plancherel’s
identity

H(btzza:( )H2

N—

,_.

2 " 2
= ‘ak3ﬁ1(2kﬂ) e~ 5RO (Byy, cos(Bart) — %(2]“7)2 Sin(szt))‘
=1

3

s AL ® )2
+ D |5 Bay (2km)Pem TR

k:N+1
2
(sz( Byt +€—szt) _ H(Qk‘ﬂ') ( Bayt —szt))r
2
N—1
2 ( ) 2
< \ w(2km)Pe 5 RD (cos(Byyt) — & sm(Bth))‘
— 2 By
o0 a 2
+ Z ;(Qkﬂ)gefg(%”) ¢
k‘:N+1
2
2km)?
% ((engt +€_B2kt) _ g(B;) (engt €_B2kt)>‘

< Ce 22 tZ‘ak (2km) ‘ L Ce Z‘ak (2km)?
k=1

< Ce — min(2un? 7# Hw0||H3(0 1

Here we used the exponential decay in time for high frequency part n > I%T
calculated in (8.3).

With the same arguments we find similar estimates for the case where
N is even as well as ¢pprr and ¢u,. We have now proved the following
Proposition:

Proposition 8.1. For vo € H3(0,1) N H}(0,1) there exists a unique solution
¢ € C*([0,00); H'(0,1)) N C* ([0, 00), H?(0,1)) N C([0,00); H*(0,1)) of (8.1).
The solution satisfies

— min w2 L
()|l 3 0,1) + [P ()| 30,1y + |02 () |1 0,1) < Ce (2u ”")t\|1/10||H3(o,1)~

fort > 0. The constant C' > 0 is independent of t and p.

8.2. Inhomogeneous case

Now let us consider inhomogeneous case (8.2) and its solution ¢3. Note that
for the readability, we denote ¢o by ¢ again.
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Instead of solving the equation explicitly, we take advantage of the struc-
ture of the equations. First, we shall show the following point wise estimates
in time.

Proposition 8.2 (A priori estimate in time). Let k € N, T > 0 and ¢ be
the solution in C*T1([0,T); H3(0,1))of system (8.2) with some given h €
HY(0,T). Then for each t € [0,T) the following estimates holds.

t
108 64(8) 122 0. + 108 62 (1) 12200 + 1 / 105 12 (5)]122 0,1 ds

1
< ||3f¢t(0)||L2(0,1) + ||af¢m(0)||L2(o,1) + @HathL?(o,T)

and
t
108 b ()1 20,1 + 105 P (B 72(0.1) +M/O 10F Sta(5) 17201 ds
i i Lok
<0 bt (0) | 20,1) + 1105 P22 (0) | L2(0,1) + ;Hat hllz20,1)-

Proof. Let us focus on the first estimate. We take derivatives 9 of (8.2) and
take inner products with 97! (s) in L?(0,1). Then we have,

. 1
/ OF L, (5,2)0F dy (s, ) Az */ OF G (5,2)0, T (5, 2) dz
0

0
1 1
ZM/ O b (5,2)0F (5, 1) dx—i—(‘)fh(s)/ (s, ) da.
0 0

We can employ integration by parts in the second, third and fourth term
since OF¢(s,0) = OFp(s,1) = 0, and that gives us

1d
5% (”85@(3”‘%2(0,1) + ||af¢w(5)”%2(01))

1
= —pl|0f dra(5) 17201y — 5511(5)/0 z 0 gy (s, x) da.

We estimate the fourth term by means of the Cauchy-Schwarz inequality and
Young’s inequality:

1 1 1
Okh(s) [ 0 ou(s.0)do < |0fn(s)| ([ @) 100 ()0
0

0
1 %
< @|5fh(5)|2 + §H5’f¢m(s)||2m(o71)-

Absorbing the last term and integrating from 0 to some ¢ > 0 leads to the
intended result:

t
197 de (0)1120,1) + 1197 & (£)72(0,1) + M/O 107 bt (51172 0,1) ds

1
<1107 6e(0)1Z20,1) + 105 62 (0) 122 0.4y + @”atkh”i%o,t)'
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One can obtain the second estimate by taking inner products with
OF 1924 instead of 9F ¢ in the above calculation.
O

We somehow need to introduce a spatial a priori estimate. However,
the same trick we used in the proposition above doesn’t work since there
is no boundary condition given for higher space-derivatives of ¢. Therefore
we take advantage of the structure of the equation and eliminate temporal
derivatives. Let us introduce new variable z = ¢+ ¢, for that purpose. Then
z satisfies the following.

Orz = pd?z + 2_¢ + ph, in (0,1),

[
2(1,0) = 2(t,1) = 0, for te(0,7), (8-5)
2(0) =0, in (0,1).

Additionally, by solving z = ¢ + u¢; for ¢, we have

1 [t
o0 = - /0 e~ 2(s) ds. (8.6)

Estimate of 9%¢. Taking derivatives 92 in (8.5), we have

2 2
oiz = L2, - B2 %0y
[ [ [t

Inserting this into (8.6) will produce

t
67%68328— £
u/ (9:0:2(5) 1 7
1

0
b s 2 D2(s) _t
=— [ e " (—=02%2(s) — = ds + 022(t) — e~ ¥ 922(0).
2 T (- Zoat) - ) s+ 0200 ©

)ds

Note that we used integration by parts for 9,02z to eliminate the derivative
in time. Finally we take norm in L?(0,1) in both sides.

1 C
4 2 2
1056(t) || 22(0,1) < C (1 + E) OSSEI; 1072(s) |l 2(0,1) + 2 osgli%: 19:0(s)l22(0,1)

1
<C(1+ =) ( sup [|0:070(5)llL20,1) + sup [102¢(s)l|L2(0,1))-
2 0<s<t 0<s<t
Finally, we invoke the a priori estimate in time above and obtain the intended

result.
With the same arguments we find similar estimates for 8,03¢, 020,¢.

Proposition 8.3. Let T > 0. For h € H'(0,T), there exists the unique solution
¢ € C?([0,00); H1(0,1)) N C([0,00), H3(0,1)) N C([0,00); H*(0,1)) of the
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system (8.2). The solution satisfies
106 ()| £22(0,1) + 1026 (t) | 12 0,1) + 10 (B 121 0,1)

4
<Y FlIhll a0

k=1
for 0 <t <T. The constant C' is independent of p and t.
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