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On stability of steady circular flows in a two-dimensional
exterior disk

Yasunori Maekawa

Abstract We study the stability of some exact stationary solutions to the two-dimensional
Navier-Stokes equations in an exterior domain to the unit disk. These stationary solutions
are known as a simple model of the flow around a rotating obstacle, while their stability has
been open due to the difficulty arising from their spatial decay in a scale-critical order. In
this paper we affirmatively settle this problem for small solutions. That is, we will show that
if these exact solutions are small enough then they are asymptotically stable with respect to
smallL2 perturbations.

Keywords Navier-Stokes equations· two-dimensional exterior flows· scale-criticality·
stability of stationary flows· flow around a rotating obstacle

Mathematics Subject Classification (2000)35B35· 35Q30· 76D05· 76D17

1 Introduction

In this paper we consider the two-dimensional Navier-Stokes equations for viscous incom-
pressible flows

∂tu+ u · ∇u = ∆u−∇p , div u = 0 , for x ∈ Ω , t > 0 ,
u(x, t) = αx⊥ , for x ∈ ∂Ω , t > 0 ,
u(x, 0) = u0(x) , for x ∈ Ω .

(NS)

Hereu = u(t, x) = (u1(t, x), u2(t, x)) andp = p(t, x) are respectively unknown velocity
field and pressure field, andu0(x) = (u0,1(x), u0,2(x)) is a given initial velocity field. We
use the standard notation for derivatives:∂t = ∂

∂t , ∂j = ∂
∂xj

, ∆ =
∑2

j=1 ∂
2
j , div u =∑2

j=1 ∂juj , u · ∇u =
∑2

j=1 uj∂ju. The domainΩ in R2 is assumed to be the exterior

domain to the unit disk centered at the origin, i.e.,Ω = R2 \ B1(0) with Br(0) = {x ∈
R2 | |x| < r}, whileα is a given real parameter andx⊥ = (−x2, x1).

The initial-boundary value problem (NS) describes a simple model of the flow around
a rotating obstacle. Indeed, the conditionu = αx⊥ on∂Ω represents the no-slip boundary
condition of the flow around a rotating disk with a constant angular velocityα ∈ R, while
the fluid domainΩ does not change under the rotation of the obstacle (disk) due to its radial
symmetry. It is well known that (NS) has an explicit stationary solution(

αU,α2∇P
)

with U(x) =
x⊥

|x|2
, P (x) = − 1

2|x|2
. (1)
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This exact solution represents a typical circular flow and provides a fundamental object in
view of fluid dynamics in two dimensions. On the other hand, it has also an important
aspect in view of nonlinear PDEs, for it is invariant under the scalingUλ(x) = λU(λx),
Pλ(x) = λ2P (λx), λ > 0, which is an invariant scaling for the stationary Navier-Stokes
equations in the whole space. Hence, in a quantitative sense the solution (1) lies in the
balance between the linearity (the Stokes part) and the nonlinearity (the convective part).
It is one of the important themes in nonlinear PDEs to understand the stability property
of global solutions possessing such a scale criticality. However, as is explained later, this
stability problem is a difficult issue in general especially for the two-dimensional Navier-
Stokes equations, due to the lack of the fundamental tool such as the Hardy-type inequality,
which plays a central role in solving the problem in the higher dimensional cases. The aim
of this paper is to study theL2 stability of the special stationary solution (1), by which we
reveal a typical structure of the flow around a rotating obstacle and also contribute to the
analysis of the two-dimensional Navier-Stokes equations in a scale-critical framework.

In order to study the stability of the stationary flow (1) we consider the evolution of the
perturbationsv = u− αU andpv = p− α2P , which should satisfy

∂tv + v · ∇v = ∆v − α(U · ∇)v − α(v · ∇)U −∇pv , div v = 0 (2)

for x ∈ Ω andt > 0, while

v(x, t) = 0 for x ∈ ∂Ω , t > 0 , v|t=0 = u0 − αU for x ∈ Ω . (3)

We assume that the initial perturbationv0 = u0 − αU belongs toL2
σ(Ω), where

L2
σ(Ω) = C∞

0,σ(Ω)
∥·∥L2(Ω) , C∞

0,σ(Ω) = {f ∈ C∞
0 (Ω)2 | div f = 0 in Ω} . (4)

HereC∞
0 (Ω) is the set of smooth functions with compact support inΩ. It is well known

that the orthogonal projectionP : L2(Ω)2 → L2
σ(Ω), called the Helmholtz projection, is

well-defined and satisfiesP∇p = 0 for anyp ∈ L2
loc(Ω) such that∇p ∈ L2(Ω)2. Then the

Stokes operatorA = −P∆ with the domainDL2
σ
(A) = W 2,2(Ω)2 ∩W 1,2

0 (Ω)2 ∩ L2
σ(Ω)

defines a nonnegative self-adjoint operator inL2
σ(Ω); cf. Sohr [44]. A standard way to

analyze the system (2) - (3) is to rewrite it in the equivalent form

dv

dt
+ P

(
v · ∇v

)
= −Aαv , t > 0 , v|t=0 = v0 , (NSα)

where

DL2
σ
(Aα) = DL2

σ
(A) ,

Aαv = Av + αP
(
U · ∇v + v · ∇U

)
, v ∈ DL2

σ
(Aα) .

(5)

SinceU is smooth and bounded inΩ andP
(
U · ∇v + v · ∇U

)
is a lower order term, the

standard perturbation theory of sectorial operators implies that the perturbed Stokes operator
−Aα generates aC0-analytic semigroup inL2

σ(Ω) for anyα ∈ R. Hence we convert (NSα)
into the associated integral form

v(t) = e−tAαv0 −
∫ t

0
e−(t−s)AαP

(
v(s) · ∇v(s)

)
ds . (INSα)

The solution of the integral equations (INSα) is called a mild solution to the Navier-Stokes
equations (2) - (3). The main result is stated as follows.
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Theorem 1.1 For any sufficiently small|α| there exists a positive constantϵ = ϵ(α)
such that if∥v0∥L2(Ω) ≤ ϵ then there exists a unique solutionv ∈ C([0,∞);L2

σ(Ω)) ∩
C((0,∞);W 1,2

0 (Ω)2) to (INSα) satisfyingt1/2∇v(t) ∈ L∞(0,∞;L2(Ω)) and

lim
t→∞

t
k
2 ∥∇kv(t)∥L2(Ω) = 0 , k = 0, 1 . (6)

Remark 1.2 Whenα = 0 the decay estimate (6) is well known; (6) withk = 0 is proved
by Masuda [37] and (6) withk = 1 is proved by Kozono and Ogawa [30], without any
restriction on the size of the initial data inL2

σ(Ω). In this paper we are interested in the case
α ̸= 0.

Theorem 1.1 shows that the stationary solution(αU,α2∇P ) is asymptotically stable for
smallL2 perturbations if|α| is sufficiently small. In order to prove the nonlinear stability as
in Theorem 1.1, we need to establish several estimates for the perturbed Stokes semigroup
{e−tAα}t≥0. The next theorem serves our purpose.

Theorem 1.3 There exists a positive constantδ such that if|α| ≤ δ then the following
statement holds. Let1 < q ≤ 2 ≤ p <∞. Then it follows that

∥e−tAαf∥Lp(Ω) ≤ Ct
− 1

q
+ 1

p ∥f∥Lq(Ω) , t > 0 , (7)

∥∇e−tAαf∥L2(Ω) ≤ Ct
− 1

q ∥f∥Lq(Ω) , t > 0 , (8)

for f ∈ L2
σ(Ω) ∩ Lq(Ω)2. Here the constantC depends only onα, p, andq.

Remark 1.4 (1) SetLqσ(Ω) = C∞
0,σ(Ω)

∥·∥Lq(Ω) , 1 ≤ q <∞. Then, by the density argument
the estimates (7) and (8) hold for allf ∈ Lqσ(Ω), 1 < q ≤ 2.

(2) TheLp − Lq estimates for the Stokes semigroup{e−tA}t≥0 (i.e., α = 0) in two-
dimensional exterior domains are well known; see Maremonti and Solonnikov [36] and
Dan and Shibata [4, 5]. We will focus on the caseα ̸= 0 in this paper. In fact, the lower
order term ofAα in (5) leads to the disappearance of a logarithmic singularity for the resol-
vent kernel which is present in the caseα = 0. This is considered as a stabilizing effect due
to the rotation of the obstacle. We will essentially use this property to obtain the resolvent
estimates in Section 3.3. As a result, the constantC in (7) and (8) obtained so far is highly
depending onα ̸= 0 and tends to∞ asα → 0, although (7) and (8) are known to hold for
the limit caseα = 0.

Here let us briefly recall some works related to our results.

(i) Existence and stability of stationary solutions with decay orderO(|x|−1)

In the case of three-dimensional (fixed) exterior domains the unique existence of station-
ary Navier-Stokes flows satisfying the decay estimateO(|x|−1) (for velocity) as|x| → ∞
is proved by Finn [12], Galdi-Simader [16], Novotny and Padula [39], and Borchers and
Miyakawa [3] under some smallness and decay conditions on given data, and in Korolev
andŠveŕak [29] the asymptotic profile at spatial infinity is shown to be the Landau solution.
The existence theory in the Lorenz spaces has been established by Kozono and Yamazaki
[33]. The localLr stability of these stationary solutions is established in [3] and Kozono
and Yamazaki [32], while the globalL2 stability is shown in [3]. The reader is referred
to recent results by Karch, Pilarczyk, and Schonbek [28] and Hishida and Schonbek [24],
where the globalL2 stability of small global solutions inL∞(0,∞;L3,∞

σ (R3)) is obtained.
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WhenΩ ⊂ Rn is ann-dimensional exterior domain we also recall that the unique existence
of small global solutions inL∞(0,∞;Ln,∞σ (Ω)) for given small initial data inLn,∞σ (Ω) is
proved by Kozono and Yamzaki [31] forn ≥ 2, while its local stability in the framework of
the Lorentz space is achieved for the casen ≥ 3 by Yamazaki [45]. Contrary to the higher
dimensional cases, less is known so far for the case of two-dimensional exterior domains.
Indeed, for the two-dimensional exterior problem the unique existence of stationary flows
decaying at spatial infinity has been achieved mainly under some symmetry conditions on
both the domain and given data; see Galdi [14], Russo [41], Yamazaki [46], and Pileckas
and Russo [40], and see also Nakatsuka [38] for a recent uniqueness result. In particular,
Yamazaki [46] obtained the decay orderO(|x|−1) for the stationary solutions constructed
there. Recently, Hillairet and Wittwer [19] succeeded in constructing stationary solutions
around the exact solution (1) when the domain is an exterior disk and the angular velocity
|α| is large. Note that the stationary solution obtained in [19] asymptotically behaves like
αU(x) as|x| → ∞. The argument in [19] is based on the streamfunction-vorticity formu-
lation in the polar coordinates, and our approach in this paper is motivated by their work.
In the two-dimensional case the stability of stationary flows mentioned above is widely
open, even in the case when both the stationary flows and the initial perturbations are small
enough. Related to the stability of scale-critical flows in two-dimensional exterior domains,
we note that the global asymptotic stability of small time-dependent solutions in [31], which
may behave like forward self-similar solutions, has recently established by the present au-
thor [35]. The result of [35] is an extension of the global stability result by Gallay and
the author [17] for the Lamb-Oseen vortex in two-dimensional exterior domains; see also
Iftimie, Karch, and Lacave [25, 26] for a recent stability result of time-dependent global
solutions. The approach used in [25, 17, 26, 35], however, highly relies on a scale-critical
temporaldecay of small global solutions, and therefore, it is not applied to the stability
problem for stationary solutions. As far as the author knows, Theorem 1.1 is the first sta-
bility result for the two-dimensional stationary flows decaying in the scale-critical order
O(|x|−1).

(ii) Mathematical analysis of the flow around a rotating obstacle

So far mathematical results have been obtained mainly for the three-dimensional prob-
lem, as stated below. As for the nonstationary problem, the existence of global weak so-
lutions is proved by Borchers [2], and the unique existence of time-local regular solutions
is shown by Hishida [20] and Geissert, Heck, and Hieber [18], while the global strong so-
lutions for small data are obtained by Galdi and Silvestre [15]. The spectrum of the linear
operator arising in this problem is studied by Farwig and Neustupa [10]; see also the linear
analysis by Hishida [21]. The existence of steady-state solutions to the associated system
is proved in [2], Silvestre [42], Galdi [13], and Farwig and Hishida [7]. In particular, in
[13] the steady flows with the decay orderO(|x|−1) are obtained. On th other hand, the
asymptotic profile of these steady flows at spatial infinity is studied by Farwig and Hishida
[8, 9] and Farwig, Galdi, and Kyed [6]. The stability of these steady solutions is proved in
[15] and Hishida and Shibata [23] in theL2 andLq functional framework, respectively. All
results mentioned above are in the three-dimensional case, and there are still few results for
the flow around a rotating obstacle in the two-dimensional case. The reader is referred to a
recent work by Hishida [22], where the asymptotic behavior of the two-dimensional steady
Stokes flow around a rotating obstacle is investigated in details, and it is shown there that
the leading profile is given by a constant multiple of the circular flow (1).

The crucial difficulty in obtaining Theorems 1.1 and 1.3 is that the following Hardy
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inequality is not available in the two-dimensional case:

∥ f
|x|

∥L2(Ω) ≤ C∥∇f∥L2(Ω) , f ∈ Ẇ 1,2
0 (Ω)2 . (9)

The inequality (9) is valid ifΩ is an exterior domain inRn with n ≥ 3, and it is the
most essential tool in showing the stability of stationary solutions decaying in the scale-
critical orderO(|x|−1) as|x| → ∞ when the dimensionn is higher than or equal to three.
WhenΩ is an exterior domain inR2 the Hardy inequality of the form (9) does not hold
unless one imposes some symmetry onbothΩ andf , see [14, 38], and the absence of the
Hardy inequality (9) has been a crucial obstacle to achieve the stability result for stationary
solutions decaying likeO(|x|−1), even in the case when both the stationary solution and
the perturbation are small enough. We note that, although the domainΩ is assumed to be
exterior to the unit disk in this paper, there is no symmetry condition on the perturbations in
Theorem 1.1. In particular, the approach based on the Hardy inequality (9) is not applicable
to our problem, and we need to overcome this essential difficulty.

The key step in the proof of Theorems 1.1 and 1.3 is to study the spectral property of
the perturbed Stokes operatorAα by focusing on the rotational symmetry of the domain and
the circular flow (1). As will be seen below, the analysis using the streamfunction-vorticity
formulation in the polar coordinates reveals some crucial informations on the spectrum of
Aα in L2

σ(Ω) even when|α| is not necessarily small. To state the result let us introduce the
modified Bessel function of second kind of orderµ, denoted byKµ, which is defined as

Kµ(z) =
1

2

∫ ∞

0
e−

z
2
(t+ 1

t
)t−µ−1 dt , ℜ(z) > 0 . (10)

Next we set

µn(α) =
(
n2 + iαn

) 1
2 , n ∈ Z \ {0} , (11)

where the square root is taken so thatℜ(µn(α)) > 0, and we also set

Fn(z;α) =

∫ ∞

1
s1−|n|Kµn(α)(sz) ds , ℜ(z) > 0 , n ∈ Z \ {0} . (12)

We denote byσ(−Aα) the spectrum of−Aα in L2
σ(Ω), and byσdisc(−Aα) the set of

discrete eigenvalues of−Aα with finite algebraic multiplicity. We setR− = {x ∈ R | x <
0} andΣϕ = {z ∈ C \ {0} | | arg(z)| < ϕ}. We use the standard notation for the polar
coordinates:x1 = r cos θ, x2 = r sin θ, r = |x|, andθ ∈ [0, 2π). Forz ∈ C \R− its square
root

√
z is always taken so thatℜ(

√
z) > 0.

Theorem 1.5 Letα ∈ R. Then the following statements hold.

(1) σ(−Aα) = R− ∪ σdisc(−Aα) and

σdisc(−Aα) =
{
λ ∈ C \ R−

∣∣ Fn(√λ;α) = 0 for some n ∈ Z \ {0}
}
. (13)

(2)The eigenspaceEα(λ) for the eigenvalueλ ∈ σdisc(−Aα) is spanned by{Vn,λ,α}n∈Zα(λ) ,

whereZα(λ) = {n ∈ Z \ {0} | Fn(
√
λ;α) = 0} andVn,λ,α is the velocity field whose vor-

ticity is given asKµn(α)(
√
λ r)einθ in the polar coordinates.
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(3) Eachλ0 ∈ σdisc(−Aα) is a pole of the resolvent(λ + Aα)
−1 of order at most two.

Moreover, ifλ0 ∈ σdisc(−Aα) belongs to the set

{z ∈ C
∣∣ |ℑ(z)| ≥ −|α| ℜ(z) } , (14)

thenλ0 is a pole of(λ + Aα)
−1 of order one, that is, it is a semisimple eigenvalue with

multiplicity ♯Zα(λ0) .

(4) For anyϵ ∈ (0, π2 ) there exists a positive constantδϵ such that if|α| ≤ δϵ then the sector
Σπ−ϵ is included in the resolvent setρ(−Aα).

In the statement (1) of Theorem 1.5 the structure of the spectrumσ(−Aα) = R− ∪
σdisc(−Aα) itself is a result from the general perturbation theory of linear operators, for
Aα is a relatively compact perturbation of the Stokes operatorA which is nonnegative self-
adjoint in L2

σ(Ω); see Section 2.4. What is striking here is the characterization (13) of
the discrete spectrum as the set of zero points ofFn(

√
λ;α), which is defined as (12) and

is analytic inC \ R−. In general it is not easy to know the distribution of zero points
of Fn(

√
λ;α). Nevertheless, it is possible to determine the eigenspace for each discrete

eigenvalue, as is shown in (2) and (3) of Theorem 1.5. The precise definition of the velocity
Vn,λ,α in (2) is stated in Proposition 3.2. As is observed from the representation of the
resolvent in Proposition 3.4, the order of poles of(λ + Aα)

−1 in C \ R− is related to the
order of zero points ofFn(

√
λ;α), which is the key to prove (3). We note that the statements

(1), (2), and (3) of Theorem 1.5, which are proved in Sections 3.1 and 3.2, hold without any
restriction on the size ofα, while (4) is obtained so far only in the case of small|α| even
whenϵ is close toπ2 .

Since the continuous spectrum of−Aα lies onR−, the estimate of{e−tAα}t≥0 in The-
orem 1.3 is not trivial even if the spectral stability as in Theorem 1.5 (4) is proved, and
one needs to study the behavior of the resolvent(λ + Aα)

−1 for |λ| ≪ 1. In fact, we will
observe in Section 3.5 that the estimate of the resolvent nearλ = 0 can be obtained for
any size ofα. As a result, the spectral stability does lead to the estimates of{e−tAα}t≥0,
and Theorem 1.3 can be described in a more general form as follows. We denote byΣϕ the
closure of the setΣϕ below.

Theorem 1.6 Letα ∈ R \ {0}. Letmα be the integer satisfying|α| < mα ≤ |α|+ 1 and

setθα ∈ (0, π2 ) asθα = Arctan |α|
mα−|α| . Assume that there isϵ0 ∈ (θα,

π
2 ) such that

Fn(
√
λ;α) ̸= 0 for all λ ∈ Σπ−ϵ0 \ {0} and 1 ≤ |n| ≤ mα . (15)

ThenΣπ−ϵ0 ⊂ ρ(−Aα) and the following resolvent estimate holds.

∥(λ+Aα)
−1∥L(L2

σ)
≤ C

|λ|
for λ ∈ Σπ−ϵ0 . (16)

Here the constantC depends only onα andϵ0. Moreover, the perturbed Stokes semigroup
{e−tAα}t≥0 satisfies the estimates(7) and (8) for 1 < q ≤ 2 ≤ p < ∞ with a constantC
depending only onα, p, q, andϵ0.

Remark 1.7 (1) Once we have obtained the estimates (7) and (8) for{e−tAα}t≥0 then it
is a routine work to show the nonlinear stability as in Theorem 1.1. Hence, the absence of
zero points ofFn(

√
λ;α) as in (15), if it holds, also implies the nonlinear stability ofαU

with respect to smallL2 perturbations.
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(2) Let ϵ ∈ (0, π2 ). It is shown that for anyα ∈ R there isrα,ϵ > 0 such that

Σπ−ϵ ∩Brα,ϵ(0) ⊂ ρ(−Aα) , (17)

see Remark 3.30. Hence, even if the linear instability occurs for someα, the curve of the
eigenvalueλ(α) satisfyingℜ(λ(α)) = sup{ℜ(λ) | λ ∈ σdisc(−Aα)} never crosses the
origin.

Theorem 1.6 enables us to reduce the analysis of the perturbed Stokes operator and the
associated semigroup to the study of zero points of the analytic functionFn(z;α) in some
sector for a finite number ofn. This is our key strategy to prove Theorem 1.3. Indeed, in
Section 3.6 we will show that for anyϵ ∈ (0, π2 ) if |α| is sufficiently small then there are no
zero points ofFn(

√
λ;α) with |n| = 1 in the sectorΣπ−ϵ. Theorem 1.3 and the statement

(4) of Theorem 1.5 follow from this result and Theorem 1.6. Even for the case|α| ≪ 1 the
nonexistence of zero points ofFn(

√
λ;α) is in fact highly nontrivial, and we need to use

the asymptotic estimates of the modified Bessel functions and several identities between
special functions.

This paper is organized as follows. In Section 2.1 we collect some basic results on
vector fields in the polar coordinates. In particular, the orthogonal projections associated to
the Fourier modes with respect to the angular variable are introduced. Then the Biot-Savart
law in each Fourier mode is recalled in Section 2.2. The invariant property of the perturbed
Stokes operatorAα is stated in Section 2.3, which leads to a decomposition ofAα into the
operators in each Fourier mode. In Section 2.4 we show thatAα is a relatively compact
perturbation of the Stokes operator inL2

σ(Ω). Section 3 is a core of this paper, which is
devoted to the spectral analysis (Section 3.1) and the resolvent analysis (Sections 3.2 and
3.3) ofAα. In Section 3.1 we give a characterization of the discrete spectrum ofAα, while
the key structure of the resolvent is shown in Section 3.2 (see Proposition 3.4). The detailed
resolvent estimates are obtained in Section 3.3, where we need a long computation based
on the asymptotic estimates of the modified Bessel functions which are collected in the
appendix. The main results in Section 3.3 are Theorems 3.19 and 3.23. In Section 3.4 we
establish some resolvent estimates but with the standard energy method. Then, collecting
the results obtained in the previous sections, we prove Theorem 1.6 in Section 3.5. Section
3.6 is devoted to the linear analysis for the case|α| ≪ 1, where the main goal is to show the
nonexistence of zero points ofFn(

√
λ;α) with |n| = 1 in a suitable sector. The nonlinear

problem is then considered in Section 4, and Theorem 1.1 is proved in this final section.

2 Preliminaries

In order to show Theorem 1.5 we analyze the perturbed Stokes operatorAα in the polar
coordinates

x1 = r cos θ , x2 = r sin θ , r = |x| ≥ 1 , θ ∈ [0, 2π) .

In this section we state some basic results on the vector fields in the polar coordinates.
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2.1 Vector fields in the polar coordinates

We set

er =
x

|x|
, eθ =

x⊥

|x|
= ∂θer .

For v ∈ L2(Ω)2 we setvr = v · er andvθ = v · eθ, and thusv = vr er + vθ eθ. The
operatorsdiv androt in the polar coordinates are described as follows.

Lemma 2.1 Letv ∈W 1,2(Ω)2. Then it follows that

div v = ∂1u1 + ∂2u2 =
1

r
∂r(rvr) +

1

r
∂θvθ , (18)

rot v = ∂1u2 − ∂2u1 =
1

r
∂r(rvθ)−

1

r
∂θvr , (19)

|∇v|2 = |∂rvr|2 + |∂rvθ|2 +
1

r2
(
|∂θvr − vθ|2 + |vr + ∂θvθ|2

)
. (20)

Proof. The identities (18) and (19) are straightforward and we omit the proof. The identity
(20) follows from

∂1v = cos θ∂r
(
vrer + vθeθ

)
− sin θ

r
∂θ
(
vrer + vθeθ

)
=
(
∂rvr cos θ − (∂θvr − vθ)

sin θ

r

)
er +

(
∂rvθ cos θ − (∂θvθ + vr)

sin θ

r

)
eθ ,

and

∂2v = sin θ∂r
(
vrer + vθeθ

)
+

cos θ

r
∂θ
(
vrer + vθeθ

)
=
(
∂rvr sin θ + (∂θvr − vθ)

cos θ

r

)
er +

(
∂rvθ sin θ + (∂θvθ + vr)

cos θ

r

)
eθ .

The details are omitted here. The proof is complete.

For eachn ∈ Z we denote byPn the projection on the Fourier moden with respect to
the angular variableθ, that is,

Pnv = vr,ne
inθer + vθ,ne

inθeθ , (21)

where

vr,n(r) =
1

2π

∫ 2π

0
vr(r cos θ, r sin θ)e

−inθ dθ ,

vθ,n(r) =
1

2π

∫ 2π

0
vθ(r cos θ, r sin θ)e

−inθ dθ .

Next we set form ∈ N ∪ {0},

Qmv =
∞∑

|n|=m+1

Pnv . (22)

8



It is easy to see that the right-hand side of (22) converges inL2(Ω)2 and each ofPn,Qm :
L2(Ω)2 → L2(Ω)2 is an orthogonal projection. Moreover, the divergence free condition as
well as the no-flux conditioner · v = 0 on the boundary∂Ω is preserved under the action
of Pn. More precisely, we have

PnC∞
0,σ(Ω) ⊂ C∞

0,σ(Ω) , QmC
∞
0,σ(Ω) ⊂ C∞

0,σ(Ω) ,

PnP = PPn , QmP = PQm .
(23)

Therefore, for eachm ∈ N ∪ {0} we have an orthogonal decomposition ofL2
σ(Ω) as

L2
σ(Ω) = L2

σ,rad(Ω) ⊕ QmL
2
σ(Ω) ⊕

(
⊕1≤|n|≤m PnL2

σ(Ω)
)
, (24)

whereL2
σ,rad(Ω) = P0L

2
σ(Ω) is the space of radially symmetric flows inL2

σ(Ω).

Next we recall the action of the Laplace operator−∆ for v ∈ W 2,2(Ω)2 in the polar
coordinates. The direct calculation usingv = vrer + vθeθ shows that

−∆v =

(
− ∂r

(1
r
∂r(rvr)

)
− 1

r2
∂2θvr +

2

r2
∂θvθ

)
er

+

(
− ∂r(

1

r
∂r
(
(rvθ)

)
− 1

r2
∂2θvθ −

2

r2
∂θvr

)
eθ .

(25)

Hence we have an invariant relation

Pn∆ ⊂ ∆Pn , Qm∆ ⊂ ∆Qm . (26)

From (23), (24), and (26) the Stokes operatorA = −P∆ is diagonalized as

A = A|L2
σ,rad

⊕A|QmL2
σ
⊕
(
⊕1≤|n|≤m A|PnL2

σ

)
. (27)

Here, for an invariant subspaceX ⊂ L2
σ(Ω) the operatorA|X is defined asD(A|X) =

DL2
σ
(A) ∩ X andA|X : D(A|X) → X, A|Xu = Au for u ∈ D(A|X). In Section 2.3

we will see that, due to the radial symmetry ofU , the perturbed Stokes operatorAα is also
diagonalized as in (27).

The following lemma is a direct consequence of Lemma 2.1 and the definition ofPn.

Lemma 2.2 Letn ∈ N ∪ {0}. For anyv ∈W 1,2(Ω)2 it follows that

∥∇v∥2L2(Ω) =
∑
n∈Z

∥∇Pnv∥2L2(Ω) , (28)

|∇Pnv|2 = |∂rvr,n|2 +
1 + n2

r2
|vr,n|2 + |∂rvθ,n|2 +

1 + n2

r2
|vθ,n|2 −

4n

r2
ℑ(vθ,nvr,n) .

(29)

In particular, we have

|∇Pnv|2 ≥ |∂rvr,n|2 +
(|n| − 1)2

r2
|vr,n|2 + |∂rvθ,n|2 +

(|n| − 1)2

r2
|vθ,n|2 . (30)

Remark 2.3 The estimate (30) implies that the Hardy inequality can be violated only in the
Fourier mode|n| = 1.
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2.2 Biot-Savart law inPnL2
σ(Ω)

We will analyze the operatorAα by using the streamfunction - vorticity formulation. For
a given scalar fieldw in Ω the streamfunctionψ is formally defined as the solution to the
Poisson equations:−∆ψ = w in Ω, ψ = 0 on∂Ω. Forn ∈ Z andw ∈ L2(Ω) we set

wn(r) =
1

2π

∫ 2π

0
w(r cos θ, r sin θ)e−inθ dθ . (31)

By using the Laplace operator in the polar coordinates the Poisson equations for the Fourier
moden (with respect to the angular variable) is described as

−ψ′′
n −

1

r
ψ

′
n +

n2

r2
ψn = wn , r > 1 , ψn(1) = 0 . (32)

Hereψ
′
n = dψn

dr andψ
′′
n = d2ψn

dr2
. Let |n| ≥ 1. Then the solutionψn = ψn[wn] to the

ordinary differential equation (32) decaying at spatial infinity is formally given as

ψn[wn](r) =
1

2|n|

(
− dn[wn]

r|n|
+

1

r|n|

∫ r

1
s1+|n|wn(s) ds+ r|n|

∫ ∞

r
s1−|n|wn(s) ds

)
,

dn[wn] =

∫ ∞

1
s1−|n|wn(s) ds .

(33)

The flowVn[wn] generated by the vorticitywn, called the Biot-Savart law, is then defined
as

Vn[wn] = Vr,n[wn] e
inθ er + Vθ,n[wn] e

inθ eθ ,

Vr,n[wn] =
in

r
ψn[wn] , Vθ,n[wn] = − d

dr
ψn[wn] .

(34)

Note thatVn[wn] is well defined at least whenr1−|n|wn ∈ L1(1,∞;C), and it is straight-
forward to see

div Vn[wn] = 0 , rotVn[wn] = wn e
inθ in Ω ,

er · Vn[wn] = 0 on ∂Ω .
(35)

Conversely, if the vorticity field ofv ∈ PnL2
σ(Ω), |n| ≥ 1, decays fast enough as|x| → ∞

thenv is given by the Biot-Savart law. To prove this we first observe

Lemma 2.4 Letv ∈ PnW 1,2(Ω)2 for some|n| ≥ 1. Assume in addition thatr1−|n|e−inθrot v
belongs toL1(1,∞;C). ThenVn[wn] withwn = e−inθrot v satisfies

lim
r→∞

(
|Vr,n[wn](r)|+ |Vθ,n[wn](r)|

)
= 0 . (36)

Remark 2.5 If |n| ≥ 2 then the conditionr1−|n|e−inθrot v ∈ L1(1,∞;C) is automatically
satisfied forv ∈ PnW 1,2(Ω)2.

Proof of Lemma 2.4.Let v = vn = vr,ne
inθer + vθ,ne

inθeθ in the polar coordinates. By
Lemma 2.1 we seewn = 1

r∂r(rvθ,n)−
in
r vr,n, and thus the integration by parts yields

I(r) :=
1

r1+|n|

∫ r

1
s1+|n|wn(s) ds

= vθ,n(r)−
vθ,n(1)

r1+|n| − |n|
r1+|n|

∫ r

1
s|n|vθ,n(s) ds−

in

r1+|n|

∫ r

1
s|n|vr,n(s) ds ,

10



and

II(r) := r|n|−1

∫ ∞

r
s1−|n|wn(s) ds

= −vθ,n(r) + |n|r|n|−1

∫ ∞

r
s−|n|vθ,n(s) ds− inr|n|−1

∫ ∞

r
s−|n|vr,n(s) ds .

We note thatvn ∈ PnL2(Ω)2 is equivalent with
∫∞
1 (|vr,n|2 + |vθ,n|2)r dr < ∞. Hence it

is easy to see that ifvn ∈ PnW 1,2(Ω)2 then|I(r)| and|II(r)| converge to0 asr → ∞,
which implies (36) by the definition ofVn in (34). The proof is complete.

The next proposition verifies the Biot-Savart low forv ∈ W 1,2(Ω)2 ∩ PnL2
σ(Ω) in the

case|n| ≥ 1.

Proposition 2.6 Letv ∈ W 1,2(Ω)2 ∩ PnL2
σ(Ω) for some|n| ≥ 1. Assume in addition that

r1−|n|e−inθrot v belongs toL1(1,∞;C). Thenv = Vn[wn] withwn = e−inθrot v.

Proof. Let v = vn = vr,ne
inθer + vθ,ne

inθeθ. Thenwn = e−inθrot v depends only onr
andVn[wn] satisfies (35). Thenun = vn − Vn[wn] satisfiesdiv un = 0 androtun = 0
in Ω, ander · un = 0 on ∂Ω. Henceun is harmonic and smooth inΩ. By writing un =
ur,ne

inθer + uθ,ne
inθeθ and using Lemma 2.1, we see thatur,n satisfies

−u′′
r,n −

3

r
u

′
r,n +

n2 − 1

r2
ur,n = 0, r > 1 , ur,n|r=1 = 0 .

Let χR ∈ C∞
0 ([1,∞)), R ≫ 1, be a cut-off function such thatχR = 1 on [1, R], χR = 0

on [2R,∞), and∥(χR)
′∥L∞ ≤ C/R. Multiplying both sides withχRūr,nr and integrating

over(1,∞), we have∫ ∞

1
|u′
r,n|2χRr dr + (n2 − 1)

∫ ∞

1

|ur,n|2

r2
r dr

= −ℜ
∫ ∞

1
u

′
r,nūr,nχ

′
Rr dr + 2ℜ

∫ ∞

1
u

′
r,nūr,nχR dr

= ℜ
∫ ∞

1
|ur,n|2

(1
2
(χ

′
Rr)

′ − χ
′
R

)
dr . (37)

Lemma 2.4 and the assumptionv ∈ PnL2(Ω) implies that the right-hand side of (37)
converges to0 asR → ∞. Hence we conclude thatur,n = 0, which also impliesuθ,n = 0
since0 = div un = 1

r (rur,n)
′
+ in

r uθ,n by Lemma 2.1 and|n| ≥ 1. The proof is complete.

Corollary 2.7 Let f ∈ PnL2(Ω)2 for some|n| ≥ 1. Assume thatrot f = 0 in Ω in the
sense of distributions. Thenf = ∇p for somep ∈ Ŵ 1,2(Ω) = {q ∈ L2

loc(Ω) | ∇q ∈
L2(Ω)2}.

Proof. It suffices to show⟨f, v⟩L2(Ω) = 0 for any v ∈ C∞
0,σ(Ω). Sincef = Pnf

by the assumption and sincePn is an orthogonal projection inL2(Ω)2 which satisfies
PnC∞

0,σ(Ω) ⊂ C∞
0,σ(Ω), we may assume thatv ∈ PnC∞

0,σ(Ω). By Proposition 2.6 we
havev = Vn[wn] for somewn ∈ C∞

0 (1,∞). Sincev belongs toC∞
0,σ(Ω) the streamfunc-

tion ψ must satisfyψn(1) = ψ
′
n(1) = 0. Then, the factwn is identically zero nearr = 1

11



implies thatψn also vanishes nearr = 1 due to the equation (32). With the notion of
f = fn = fr,ne

inθer + fθ,ne
inθeθ, we see

⟨f, v⟩L2(Ω) =

∫ ∞

1
fr,n(r)Vr,n[wn](r)r dr +

∫ ∞

1
fθ,n(r)Vθ,n[wn](r)r dr

=

∫ ∞

1

(
fr,n(r)

in

r
ψn(r)− fθ,n(r)ψ

′
n(r)

)
r dr . (38)

Let χR ∈ C∞
0 ([1,∞)) be the cut-off function as in the proof of Proposition 2.6. We re-

call that, by Lemma 2.1,rot f = 0 in Ω in the sense of distributions is equivalent with
1
r (rfθ,n)

′ − in
r fr,n = 0 in (1,∞) in the sense of distributions. Then, sinceχRψn ∈

C∞
0 ((1,∞)) as is already observed, it follows that∫ ∞

1

(
fr,n(r)

in

r
χRψn(r)− fθ,n(r)(χRψn)

′(r)

)
r dr = 0 .

Therefore,

⟨f, v⟩L2(Ω) =

∫ ∞

1

(
fr,n(r)

in

r
(1− χR)ψn(r)− fθ,n(r)((1− χR)ψn)

′(r)

)
r dr

=

∫ ∞

1
(1− χR)

(
fr,n(r)

in

r
ψn(r)− fθ,n(r)(ψn)

′(r)

)
r dr

+

∫ ∞

1
fθ,n(r)(χR)

′
ψn(r)r dr ,

= ⟨f, (1− χR)v⟩L2(Ω) +

∫ ∞

1
fθ,n(r)(χR)

′
ψn(r)r dr . (39)

It is straightforward to see that the first term of (39) converges to0 asR → ∞. As for the
second term of (39), we have from|ψn(r)| ≤ Cr−|n| for r ≫ 1,

|
∫ ∞

1
fθ,n(r)(χR)

′
ψn(r)r dr| ≤ CR−1∥f∥L2(Ω) → 0 (R→ ∞) .

Hence,⟨f, v⟩L2(Ω) = 0 for any v ∈ C∞
0,σ(Ω), which impliesf = ∇p for somep ∈

Ŵ 1,2(Ω). The proof is complete.

2.3 Decomposition of the perturbed Stokes operatorAα

In this section we study the perturbation termP
(
U · ∇v + v · ∇U

)
. Let us start from the

following

Lemma 2.8 LetU(x) = x⊥

|x|2 andv ∈W 1,2(Ω)2 ∩ L2
σ(Ω). Then

P
(
U · ∇v + v · ∇U

)
= P

(
U⊥rot v

)
in Ω . (40)

Proof. We recall that anyu ∈W 1,2(Ω)2 ∩ L2
σ(Ω) satisfies the identity

u · ∇u =
1

2
∇|u|2 + u⊥rotu , u⊥ = (−u2, u1) .

12



We also note that the Helmholtz projectionP is bounded fromLp(Ω)2 to Lpσ(Ω) for 1 <
p <∞; cf. Simader and Sohr [43]. Hence, we have foru = U + v,

P
(
u · ∇u

)
= P

(
u⊥rotu

)
= P

(
U⊥rotU + v⊥rot v + U⊥rot v + v⊥rotU

)
= P

(
v⊥rot v + U⊥rot v

)
.

Here we have usedrotU = 0 for x ̸= 0. On the other hand, we have

P
(
v · ∇v

)
= P

(
v⊥rot v

)
, P

(
U · ∇U) = 0 .

Comparing these identities, we obtain (40). The proof is complete.

By Lemma 2.8 the perturbed Stokes operatorAα is written as

Aαv = Av + αP
(
U⊥rot v

)
, U⊥(x) = − x

|x|2
. (41)

The expression (41) makes it easier to see thatPlL2
σ(Ω) is invariant under the action ofAα.

Indeed, we have

Lemma 2.9 Letn ∈ Z and letv ∈W 1,2(Ω)2. Then it follows that

Pn
( x

|x|2
rot v

)
=

x

|x|2
rotPnv . (42)

In particular, we have

P0

( x

|x|2
rot v

)
= ∇p0 , (43)

wherep0 = p0(|x|) with

p0(r) = −
∫ ∞

r

rotP0v

s
ds .

Proof. Setw = rot v. We note that x|x|2w = urer with ur = r−1w. Thus, the definition of

Pn impliesPn
(
x

|x|2w
)
= r−1wne

inθer, wherewn is as in (31). SincerotPnv = wne
inθ,

the identity (42) holds. Whenn = 0 we haverotP0v = w0 with w0 = w0(r). Hence (43)
follows. The proof is complete.

Proposition 2.10 For eachm ∈ N ∪ {0} the perturbed Stokes operatorAα in L2
σ(Ω) is

diagonalized as

Aα = A|L2
σ,rad

⊕Aα|QmL2
σ
⊕
(
⊕1≤|n|≤m Aα|PnL2

σ

)
. (44)

Proof. From (23), (27), and Lemma 2.9, the following invariance holds.

PnAα ⊂ AαPn , QmAα ⊂ AαQm .

Moreover, (43) impliesP
(
U⊥rot v

)
= 0 for v ∈ DL2(Aα) ∩ L2

σ,rad(Ω). Hence we have
Aα|L2

σ,rad
= A|L2

σ,rad
. The proof is complete.
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2.4 Relatively compactness ofAα − A

Recalling the representation (41), we show thatαP
(
U⊥rot

)
is relatively compact with re-

spect to the Stokes operatorA.

Lemma 2.11 Setρ(x) = (1 + |x|2)1/2. Then it follows that for anyv ∈W 2,2(Ω)2,

∥ρ
1
2 P(U⊥rot v

)
∥L2(Ω) + ∥∇P(U⊥rot v

)
∥L2(Ω) ≤ C∥rot v∥W 1,2(Ω) . (45)

Proof. Firstly we recall that the Helmholtz projection is bounded also in the weightedLp

spaces for1 < p < ∞ if the weight belongs to the Muckenhoupt classAp; see Farwig and
Sohr [11, Theorem 1.3]. In particular, the result of [11, Theorem 1.3] leads to the inequality
∥ρ1/2Pf∥L2(Ω) ≤ C∥ρ1/2f∥L2(Ω), which yields

∥ρ
1
2 P(U⊥rot v

)
∥L2(Ω) ≤ C∥rot v∥L2(Ω)

by the pointwise estimate|U(x)| ≤ |x|−1. As for the derivative estimate, we observe that

∥∇P(U⊥rot v
)
∥L2(Ω) ≤ ∥∇(U⊥rot v

)
∥L2(Ω) + ∥∇2p∥L2(Ω) ,

wherep ∈ L2
loc(Ω) with ∇p ∈ L2(Ω) is the solution to the Neumann problem

∆p = div
(
U⊥rot v

)
in Ω , ∂np = −rot v on ∂Ω .

Thus the elliptic estimate for the Neumann problem yields∥∇2p∥L2(Ω) ≤ C∥rot v∥W 1,2(Ω),
which gives (45). The proof is complete.

By the Rellich theorem Lemma 2.11 implies thatAα is a relatively compact perturbation
of the Stokes operatorA. To apply the perturbation theory for sectorial operators let us recall
some terminologies in Kato [27]. A closed operatorT : DX(T ) ⊂ X → X in a Banach
spaceX is called semi-Fredholm ifR(T ), the range ofT , is closed and either the dimension
of the null space{u ∈ DX(T ) | Tu = 0} or the codimension ofR(T ) is finite. Then the
semiFredholm domainOSF (T ) and the essential spectrumσess(T ) of T are respectively
defined as

OSF (T ) = {ζ ∈ C | T − ζ is semiFredholm } , σess(T ) = C \OSF (T ) .

It is well known thatOSF (T ) is open and thusσess(T ) is closed; see [27, IV-6, pp.242] for
details. Moreover, ifλ ∈ OSF (T ) is an isolated point ofσ(T ) thenλ is an eigenvalue (since
the index itself must be zero in this case) and the rank of the spectral projection associated
with λ must be finite; this is a consequence of [27, IV-5, Theorems 5.10, 5.28]. In other
words, in that caseλ is an isolated eigenvalue ofT with finite algebraic multiplicity.

Proposition 2.12 The spectrumσ(−Aα) is equal toR− ∪ σdisc(−Aα), and

σdisc(−Aα) =
∪

n∈Z\{0}

σdisc(−Aα|PnL2
σ
) \ R− . (46)

Remark 2.13 In fact, by arguing as in [10, Lemma 3.3] we can show

σess(−Aα|PnL2
σ
) = σess(−A|PnL2

σ
) = R− , (47)

and hence, (46) is simply replaced byσdisc(−Aα) =
∪
n∈Z\{0} σdisc(−Aα|PnL2

σ
). But we

omit the proof of (47) in this paper, for (46) is enough for our purpose to establish Theorem
1.5.

14



Proof of Proposition 2.12.It is well known that the Stokes operator, which is self-adjoint,
satisfiesσ(−A) = R−; cf. Ladyzhenskaya [34]. Furthermore, as in [10, Lemma 2.6]
one can also show thatσess(−A) = σ(−A) = R−; for completeness we give a proof
slightly different from [10, Lemma 2.6]. Note that we have already known thatσess(−A) ⊂
σ(−A) = R−. If λ ∈ R−(= σ(−A)) belongs toOSF (T ) then there is an open ballB such
thatλ ∈ B ⊂ OSF (T ), forOSF (T ) is an open set. Then the index of−A− ζ is constant in
this connected open setB by the stability theorem [27, IV-5, Theorem 5.26], and moreover,
the dimension of the null space of−A − ζ is also constant inB except for an isolated set
of values ofζ in B; cf. [27, Theorem 3.1]. SinceB includes a point of the resolvent set,
the above statements imply that the index of−A− ζ is zero inB, and the dimension of the
null space is also zero inB except for some isolated points. Hence there isζ ∈ B ∩ R−,
which is included inOSF (T ), such thatζ ∈ ρ(−A). This contradicts withσ(−A) = R−,
and we conclude thatσess(−A) = σ(−A) = R−. SinceAα is A-compact by Lemma
2.11, we have from [27, IV-5, Theorem 5.35] thatσess(−Aα) = σess(−A) = R−, which
yieldsOSF (−Aα) = C\R− for anyα ∈ R. Note thatC\R− is connected and includes the
resolvent set, and thus, the index of−Aα−ζ must be zero for anyζ ∈ C\R−. Moreover, the
dimension of the null space of−Aα−ζ is also zero inC\R− except for some isolated points
(see also [27, IV-6, pp. 243]). Hence one can conclude thatOSF (−Aα) = C \R− consists
of the resolvent set and the isolated points ofσ(−Aα) which are eigenvalues of−Aα with
finite algebraic multiplicities. Thus we have provedσ(−Aα) = R− ∪ σdisc(−Aα) and
σdisc(−Aα) ⊂ C \ R−. The identity (46) follows fromσ(−Aα) = R− ∪ σdisc(−Aα),
σdisc(−Aα) ⊂ C\R−, Proposition 2.10, andσdisc(−A|L2

σ,rad
) = ∅. The proof is complete.

3 Spectral analysis ofAα

In this section we study the discrete spectrumσdisc(−Aα) in the general caseα ∈ R. To
this end let us consider the equations

λv +Aαv = f , λ ∈ C \ R− , v ∈ DL2(Aα) , f ∈ L2
σ(Ω) . (48)

The key idea is to analyze (48) in each invariant subspacePnL2
σ(Ω) by using the associated

streamfunction - vorticity formulation, which enables us to obtain a representation formula
for solutions to (48). To this end we firstly assume thatf ∈ C∞

0,σ(Ω). By the elliptic
regularity of the Stokes operator it is easy to see that any solutionv to (48) satisfiesv ∈
W k,2(Ω)2 for anyk ∈ N in this case. Let us consider the equations for the vorticity field
w = rot v:

λw −∆w + αU · ∇w = rot f . (49)

This equation is easily derived by takingrot in (48) and from (41). FromU(x) = x⊥

|x|2 the
equation (49) in the polar coordinates is described as

λw −
(
∂2r +

1

r
∂r +

1

r2
∂2θ
)
w +

α

r2
∂θw = h , h = rot f . (50)

Let us assume in addition thatf andv belong toPnL2
σ(Ω) for somen ∈ Z \ {0}, and set

f = fn = fr,ne
inθer + fθ,ne

inθeθ ,

v = vn = vr,ne
inθer + vθ,ne

inθeθ .
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We haverot f = h = hne
inθ, rot v = w = wne

inθ, wherehn andwn are functions on the
r variable defined as in (31). Then (50) is reduced to

−w′′
n −

1

r
w

′
n +

(
λ+

n2 + iαn

r2
)
wn = hn , hn =

1

r
(rfθ,n)

′ − in

r
fr,n . (51)

Let Iµ(z) be the modified Bessel function of first kind of orderµ:

Iµ(z) =
(z
2

)µ ∞∑
m=0

1

m! Γ(µ+m+ 1)

(z
2

)2m
, z ∈ C \ R− . (52)

Herezµ = eµLog z andLog z = log |z|+ i arg z is the principal branch of the logarithm of
z = |z|eiθ, −π < arg z = θ < π, whileΓ(z) is the Gamma function. Forµ /∈ Z the Bessel
functionKµ defined as (10) is related toIµ by the formula

Kµ(z) =
π

2
· I−µ(z)− Iµ(z)

sin(µπ)
, ℜ(z) > 0 . (53)

Note that the right-hand side of (53) gives an analytic extension ofKµ(z) to C \ R−. It is
well known thatKµ andIµ are independent solutions to the ordinary differential equation

− d2ω

dz2
− 1

z

dω

dz
+ (1 +

µ2

z2
)ω = 0 (54)

with the Wronskian

Wµ(z) = det

(
Kµ(z) Iµ(z)
dKµ

dz
(z)

dIµ
dz

(z)

)
=

1

z
. (55)

Setµn(α) = (n2 + iαn)1/2, ℜ(µn(α)) > 0. ThenKµn(α)(
√
λr) andIµn(α)(

√
λr) with

ℜ(
√
λ) > 0 are independent solutions to the homogeneous equation of (51) and their Wron-

skian isr−1. As is well known, the functionKµ(z) decays exponentially as|z| → ∞,
ℜ(z) > 0, while Iµ(z) grows exponentially; see Lemma A.3. Hence the solution to (51)
which decays forr → ∞ is represented as

wn(r) = cnKµn(α)(
√
λr) + Φn,λ[fn](r) , (56)

wherecn is a constant and

Φn,λ[fn](r) = Kµn(α)(
√
λr)

∫ r

1
sIµn(α)(

√
λs)hn(s) ds

+ Iµn(α)(
√
λr)

∫ ∞

r
sKµn(α)(

√
λs)hn(s) ds ,

(57)

hn =
1

r
(rfθ,n)

′ − in

r
fr,n .

For simplicity of notations we will sometime writeµn for µn(α). By performing the inte-
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gration by parts in (57) and by using (324) and (327), we have forfn ∈ PnC∞
0,σ(Ω),

Φn,λ[fn](r)

= Kµn(
√
λr)

(
−

√
λ

∫ r

1

dIµn
dz

(
√
λs)fθ,n(s)sds− in

∫ r

1
Iµn(

√
λs)fr,n(s) ds

)
+ Iµn(

√
λr)

(
−

√
λ

∫ ∞

r

dKµn

dz
(
√
λs)fθ,n(s)sds− in

∫ ∞

r
Kµn(

√
λs)fr,n(s) ds

)
= −Kµn(

√
λr)

(∫ r

1
Iµn(

√
λs)

(
µfθ,n(s) + infr,n(s)

)
ds

+
√
λ

∫ r

1
Iµn+1(

√
λs)fθ,n(s)sds

)
+ Iµn(

√
λr)

(∫ ∞

r
Kµn(

√
λs)

(
µfθ,n(s)− infr,n(s)

)
ds

+
√
λ

∫ ∞

r
Kµn−1(

√
λs)fθ,n(s)sds

)
(58)

We note that the representation (58) makes sense for anyfn ∈ PnL2(Ω)2 and is equivalent
with (57) if fn ∈ PnW 1,2

0 (Ω)2. If fn ∈ C∞
0,σ(Ω) in addition then it is not difficult to

see from the estimates ofKµ(z) (cf. Lemma A.3) that the vorticitywn, which is now
represented as (56), decays exponentially asr → ∞. Hence, Proposition 2.6 implies that
any solutionv ∈ DL2

σ
(Aα) ∩ PnL2

σ(Ω) to (48) forf = fn ∈ PnC∞
0,σ(Ω), if it exists, must

be given by the Biot-Savart law (34), i.e.,v = Vn[wn] withwn expressed as in (56) for some
constantcn. The determination of the constantcn is the key in this streamfunction-vorticity
formulation, and it will be revealed in the next section that the possibility to determine
uniquecn is directly connected with the problem whetherλ is an eigenvalue or a resolvent
of −Aα.

3.1 Characterization of discrete spectrum

Let us recall thatσdisc(−Aα) is the set of the discrete spectrum of−Aα, i.e, the set of the
isolated eigenvalues of−Aα with finite algebraic multiplicity. By Proposition 2.12 we have
already known thatσ(−Aα) = R− ∪ σdisc(−Aα). Set

cn,λ[fn] = dn[Φn,λ[fn]] =

∫ ∞

1
s1−|n|Φn,λ[fn](s) ds , (59)

whereΦn,λ[fn] is defined as (58). The following lemma is a key to understand the structure
of σdisc(−Aα).

Lemma 3.1 Let f = fn ∈ PnC∞
0,σ(Ω) for somen ∈ Z \ {0} and letwn be the function

given as(56) for some constantcn. Then the velocityVn[wn] defined by the Biot-Savart law
(34) is a solution to(48) if and only ifdn[wn] = 0, that is,

cnFn(
√
λ;α) + cn,λ[fn] = 0 . (60)

Heredn[wn], Fn(
√
λ;α), andcn,λ[·] are defined as(33), (12), and(59), respectively.
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Proof. Assume thatVn[wn] = Vr,n[wn]e
inθer + Vθ,n[wn]e

inθeθ is a solution to (48). Then
the no-slip boundary condition onVn[wn] implies

0 = Vθ,n[wn]|r=1 = −
( d
d
ψn[wn]

)
|r=1 = −

∫ ∞

1
s1−|n|wn(s) ds = −dn[wn] ,

which is exactly (60) by the definition ofwn in (56). Conversely, if (60) holds then the
no-slip boundary conditionVn[wn] = 0 on ∂Ω is satisfied. Sincefn belongs toC∞

0,σ(Ω)
the definition ofwn in (56) implies thatwn is smooth and decays exponentially at spatial
infinity. Then the velocityVn[wn] belongs toW k,2(Ω)2 ∩ L2

σ(Ω) for anyk ∈ N and also
to W 1,2

0 (Ω)2 by the factVn[wn] = 0 on ∂Ω. Therefore,Vn[wn] belongs toDL2
σ
(Aα) ∩

W k,2(Ω)2 for anyk ∈ N. Setw = wne
inθ. Then we observe fromrotVn[wn] = w that

rot
(
λVn[wn]−∆Vn[wn] + αU⊥rotVn[wn]− f

)
= λw −∆w + αU · ∇w − rot f = 0 in Ω ,

for wn is the solution to (51). By Corollary 2.7 there isp ∈ Ŵ 1,2(Ω) such that

λVn[wn]−∆Vn[wn] + αU⊥rotVn[wn]− f = −∇p in Ω .

Acting the Helmholtz projectionP on both sides of the above equation, we obtain the equal-
ity λVn[wn] +AαVn[wn] = f . The proof is complete.

The next proposition gives a characterization of the discrete spectrum of−Aα.

Proposition 3.2 The discrete spectrum of−Aα|PnL2
σ

with |n| ≥ 1 and of−Aα respectively
satisfy

σdisc(−Aα|PnL2
σ
) \ R− =

{
λ ∈ C \ R−

∣∣ Fn(√λ;α) = 0
}
, (61)

and

σdisc(−Aα) =
{
λ ∈ C \ R−

∣∣ Fn(√λ;α) = 0 for some n ∈ Z \ {0}
}
. (62)

Moreover, the eigenspaceEα(λ) for the eigenvalueλ ∈ σdisc(−Aα) is spanned by{
Vn,λ,α}n∈Zα(λ) , Zα(λ) =

{
n ∈ Z \ {0}

∣∣ Fn(√λ;α) = 0
}
, (63)

whereVn,λ,α = Vn[Kµn(α)(
√
λ ·)] is defined as(34)withwn(r) = Kµn(α)(

√
λr)

Proof. Firstly we assume thatv ∈ DL2
σ
(Aα)∩PnL2

σ(Ω) satisfies the homogeneous equation

λv +Aαv = 0 , (64)

for someλ ∈ C \ R−. SinceAαv = Av + αP
(
U⊥rot v

)
andU⊥ is smooth and bounded

in Ω, we haverot v ∈ W 2,2(Ω) by the elliptic regularity of the Stokes operator. Takingrot
in (64), we obtain the equation (49) withf = 0 for the vorticityw = rot v. Writing in
the polar coordinatesw = wne

inθ, we derive the ordinary differential equation (51) forwn
with hn = 0, and hence, from (56) we have

wn(r) = cnKµn(α)(
√
λr) (65)
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for some constantcn. In particular,wn decays exponentially asr → ∞. Then Proposition
2.6 implies the Biot-Savrt law

v = cnVn[Kµn(α)(
√
λ ·)]

= cnVr,n[Kµn(α)(
√
λ ·)]einθer + cnVθ,n[Kµn(α)(

√
λ ·)]einθeθ , (66)

whereVn, Vr,n, Vθ,n are defined as (34). Let us recall that the no-slip boundary condition
v = 0 on∂Ω requires the conditioncnVθ,n[Kµn(α)(

√
λ·)]|r=1 = 0, which is nothing but the

condition

cnFn(
√
λ;α) = 0 . (67)

Therefore, ifλ ∈ C \ R− satisfiesFn(
√
λ;α) ̸= 0 then cn = 0, which givesv = 0

by (66). Thusλ + Aα|PnL2
σ

in PnL2
σ(Ω) is one to one in this case, and we conclude

thatλ /∈ σdisc(−Aα|PnL2
σ
). Conversely, ifFn(

√
λ;α) = 0 for somen ∈ Z \ {0} then

Vn[Kµn(α)(
√
λ ·)] is a nontrivial solution to (64) by Lemma 3.1. In particular,λ is an eigen-

value of−Aα|PnL2
σ
, which yieldsλ ∈ σdisc(−Aα|PnL2

σ(Ω)) by Proposition 2.12. Hence
we obtain (61), and then also (62) by Proposition 2.12. Next assumeλ ∈ σdisc(−Aα) and
let v ∈ DL2

σ
(Aα) be the associated eigenfunction. We haveλ /∈ R− by (62). Since the

multiplicity of λ is finite,Pnv becomes nontrivial only for a finite number ofn ∈ Z \ {0}
satisfyingFn(

√
λ;α) = 0, and eachPnv must be a constant multiple ofVn[Kµn(α)(

√
λ ·)]

by (66). Collecting these facts, we conclude that the eigenspaceEα(λ) is spanned by (63).
The proof is complete.

Next we consider the possible order of each zero point ofFn(
√
λ;α), which is related

with the order of the poles of(λ+Aα)
−1.

Proposition 3.3 Letλ ∈ C \ R− be a zero point ofFn(
√
·;α) such thatdFn

dz (
√
λ;α) = 0.

Then d2Fn
dz2

(
√
λ;α) ̸= 0 andλ ∈

{
z ∈ C \ R−

∣∣ |ℑ(z)| < −|αn | ℜ(z)
}

. Therefore,λ is
a zero point ofFn(

√
·;α) of order at most two, and moreover, of order one ifλ ∈

{
z ∈

C \ R−
∣∣ |ℑ(z)| ≥ −|αn | ℜ(z)

}
.

Proof. For simplicity of notations let us writeFn(z) for Fn(z;α) andµn for µn(α). If
ℜ(z) > 0 then we have

dFn
dz

(z) =

∫ ∞

1
s1−|n| d

dz

(
Kµn(sz)

)
ds =

∫ ∞

1
s2−|n| dKµn

dz
(sz) ds

=
1

z

∫ ∞

1
s2−|n| d

ds

(
Kµn(sz)

)
ds

= −1

z
Kµn(z) +

|n| − 2

z
Fn(z) . (68)

Hence, ifFn(z0) = dFn
dz (z0) = 0, wherez0 =

√
λ, thenKµn(z0) = 0. If d2Fn

dz2
(z0) = 0

in addition, then dKµn
dz (z0) must be0 due to (68), which contradicts with (55). Thus,

d2Fn
dz2

(z0) ̸= 0. Next we setωn(r) = Kµn(
√
λr), which satisfiesωn(1) = Kµn(

√
λ) = 0

as is seen in the above argument. Thenωn is a solution to (51) withhn = 0 which satisfies
the Dirichlet conditionωn(1) = 0 and decays exponentially asr → ∞. Multiplying both
sides of (51) (forhn = 0) with rω̄n, we have from the integration by parts,

∥ω′
n∥2 + λ∥ωn∥2 + (n2 + iαn)∥ωn

r
∥2 = 0 , ∥ωn∥2 =

∫ ∞

1
|ωn(r)|2r dr . (69)
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Taking the imaginary part of (69), we obtain

∥ωn
r
∥2 = −ℑ(λ)

αn
∥ωn∥2 , (70)

and thus, we conclude that−ℑ(λ)
αn = |ℑ(λ)

αn |. Then the real part of (69) is written as(
ℜ(λ) + |n

α
| |ℑ(λ)|

)
∥ωn∥2 + ∥ω′

n∥2 = 0 . (71)

Sinceωn is not a constant function, we must haveℜ(λ) + |nα | |ℑ(λ)| < 0. The proof is
complete.

3.2 Structure of resolvent inPnL2
σ(Ω)

In this section we study a basic structure of the resolvent(λ + Aα|PnL2
σ
)−1 in PnL2

σ(Ω),
which is useful to analyze its quantitative properties.

Proposition 3.4 Letn ∈ Z \ {0}. Then there are locally bounded (operator-valued) func-
tionsTn,α,Rn,α : C \ R− → L(PnL2

σ(Ω)) such that

(λ+Aα|PnL2
σ
)−1 =

1

Fn(
√
λ;α)

Tn,α(λ) +Rn,α(λ) , λ ∈ ρ(−Aα|PnL2
σ
) \ R− . (72)

Proof. Let f = fn ∈ PnC∞
0,σ(Ω). Setwn as in (56) for some constantcn, which is a smooth

and exponentially decaying function solving (51) forr > 1. We takecn so that (60) holds,
i.e.,

cn = − 1

Fn(
√
λ;α)

cn,λ[fn] , (73)

which is well-defined sinceFn(
√
λ;α) ̸= 0 by the assumptionλ ∈ ρ(−Aα|PnL2

σ
) \ R−

and Proposition 3.2. By the choice ofcn in (73), Lemma 3.1 implies thatVn[wn] belongs to
DL2

σ
(Aα|PnL2

σ
) = W 2,2(Ω)2 ∩W 1,2

0 (Ω)2 ∩ PnL2
σ(Ω) and satisfies (48) forf = fn. Thus

we have from (56), with the notationµn = µn(α),

(λ+Aα|PnL2
σ
)−1fn = Vn[wn]

= cnVn[Kµn(
√
λ ·)] + Vn[Φn,λ[fn]]

= −
cn,λ[fn]

Fn(
√
λ;α)

Vn[Kµn(
√
λ ·)] + Vn[Φn,λ[fn]] . (74)

Taking (74) into account, we set

Tn,α(λ)fn = −cn,λ[fn]Vn,λ,α , Vn,λ,α = Vn[Kµn(
√
λ ·)] , (75)

Rn,α(λ)fn = Vn[Φn,λ[fn]] . (76)

Note thatTn,α(λ)fn andRn,α(λ)fn themselves are well-defined for anyλ ∈ C \ R−
andfn ∈ PnC∞

0,σ(Ω). Now we fix anyf ∈ PnL2
σ(Ω) and take a sequence{f (k)}∞k=1

in PnC∞
0,σ(Ω) such thatf (k) converges tof in PnL2

σ(Ω). As is observed, for eachf (k) we
have the formula such as

(λ+Aα|PnL2
σ
)−1f (k) =

1

Fn(
√
λ;α)

Tn,α(λ)f
(k) +Rn,α(λ)f

(k) . (77)
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By the assumptionλ ∈ ρ(−Aα|PnL2
σ
) we see that the left-hand side of (77) converges to

(λ+Aα|PnL2
σ
)−1f in PnL2

σ(Ω). On the other hand, we can show that for anyλ ∈ C \ R−
the linear operatorsTn,α(λ) andRn,α(λ) are extended to bounded operators fromPnL2

σ(Ω)
to PnL2

σ(Ω), whose proof requires long calculations and thus is postponed to Section 3.3
below; see Corollary 3.18. Admitting Corollary 3.18, we can take the limitk → ∞ also in
the right-hand side of (77), which converges to 1

Fn(
√
λ;α)

Tn,α(λ)f+Rn,α(λ)f in PnL2
σ(Ω).

Sincef ∈ PnL2
σ(Ω) is arbitrary we obtain the formula (72). In Corollary 3.18 we will

show thatTn,α, Rn,α : C \ R− → L(PnL2
σ(Ω)) are locally bounded. Hence, the proof of

Proposition 3.4 is complete by admitting Corollary 3.18.

Corollary 3.5 If λ0 ∈ σdisc(−Aα) then it is a pole of the resolvent(λ+Aα)
−1 of order at

most two. Moreover, ifλ0 ∈ σdisc(−Aα) belongs to the set
{
z ∈ C

∣∣ |ℑ(z)| ≥ −|α| ℜ(z)
}

,
thenλ0 is a pole of(λ+Aα)

−1 of order one.

Proof. Forλ ∈ ρ(−Aα) we haveλ /∈ R− by Proposition 2.12 and the decomposition

(λ+Aα)
−1

= (λ+A|L2
σ,rad

)−1 ⊕ (λ+Aα|QmL2
σ
)−1 ⊕

(
⊕1≤|n|≤m (λ+Aα|PnL2

σ
)−1
)
,

(78)

holds for eachm ∈ N by Proposition 2.10. On the other hand, by Proposition 3.2 ifλ0 ∈
σdisc(−Aα) thenλ0 /∈ R− and there isn ∈ Z \ {0} such thatFn(

√
λ0;α) = 0 and

Vn[Kµn(α)(
√
λ0 ·)] is an eigenfunction. In particular, the number of suchn is finite since

the multiplicity of λ0 is finite. Hence, if we takem large enough, thenλ0 must belong to
ρ(−A|L2

σ,rad
) ∩ ρ(−Aα|QmL2

σ
) and the singularity of(λ + Aα)

−1 at λ = λ0 arises only

from a finite number of(λ + Aα|PnL2
σ
)−1 such that1 ≤ |n| ≤ m. Therefore, it suffices

to consider the possible singularity of(λ + Aα|PnL2
σ
)−1 in C \ R− for eachn ∈ Z \ {0}.

Note thatσdisc(−Aα|PnL2
σ
) consists of the poles of(λ + Aα|PnL2

σ
)−1. Then Proposition

3.4 implies that the order of any poleλ0 ∈ C\R− of (λ+Aα|PnL2
σ
)−1 is less than or equal

to the order of the zero pointλ0 of Fn(
√
λ;α). Hence we conclude from Proposition 3.3

thatλ0 is a pole of(λ + Aα|PnL2
σ
)−1 of order at most two, and moreover, of order one in

the caseλ0 ∈
{
z ∈ C

∣∣ |ℑ(z)| ≥ −|αn | ℜ(z)
}

. The proof is complete.

Proof of (1), (2), (3) in Theorem 1.5.The statements (1) and (2) follow from Propositions
2.12 and 3.2. The statement (3) is proved in Corollary 3.5. The proof is complete.

The proof of the statement (4) in Theorem 1.5 requires detailed computations, which
will be given in Section 3.6 below.

3.3 Resolvent estimates inPnL2
σ(Ω)

In this section we will establish the estimates of the resolvent(λ+Aα|PnL2
σ
)−1. As is seen

in (74), we have the formula

(λ+Aα|PnL2
σ
)−1fn = −

cn,λ[fn]

Fn(
√
λ;α)

Vn[Kµn(
√
λ ·)] + Vn[Φn,λ[fn]] (79)

for λ ∈ ρ(−Aα|PnL2
σ
) \ R− andfn ∈ PnL2

σ(Ω), wherecn,λ[fn] is defined as (59) and
Vn[Φn,λ[fn]] is defined as (34) and (58). The main results of this section are stated as
Theorems 3.19 and 3.23.
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3.3.1 Lp − Lq estimates for velocity

For the moment let us focus on the estimates of the termVn[Φn,λ[fn]] in (79). In view of
the definition of the operatorVn in (33) - (34), we need to establish the estimates of the
following terms:

1

r|n|

∫ r

1
s1+|n|Φn,λ[fn](s) ds , r|n|

∫ ∞

r
s1−|n|Φn,λ[fn](s) ds . (80)

Motivated by the definition ofΦn,λ[fn] in (58), we set forfn = fr,ne
inθer + fθ,ne

inθeθ,

jn = µfθ,n − infr,n , gn = µfθ,n + infr,n . (81)

In order to derive the precise estimates for both cases|λ| → 0 and|λ| → ∞ it is important
to rewrite (80) in a suitable manner. To this end let us start from the following

Lemma 3.6 Letfn ∈ PnC∞
0 (Ω)2. Then we have

1

r|n|

∫ r

1
s1+|n|Φn,λ[fn](s) ds =

9∑
l=1

Jl[fn](r) , (82)

where

J1[fn](r) = − 1

r|n|

∫ r

1

∫ r

τ
s1+|n|Kµn(

√
λs) ds Iµn(

√
λτ)gn dτ ,

J2[fn](r) = −µn + |n|
r|n|

∫ r

1

∫ r

τ
s|n|Kµn−1(

√
λs) ds Iµn+1(

√
λτ)fθ,nτ dτ ,

J3[fn](r) =
1

r|n|

∫ r

1

∫ τ

1
s1+|n|Iµn(

√
λs) dsKµn(

√
λτ)jn dτ ,

J4[fn](r) =
µn − |n|
r|n|

∫ r

1

∫ τ

1
s|n|Iµn+1(

√
λs) dsKµn−1(

√
λτ)fθ,nτ dτ ,

J5[fn](r) =
1

r|n|

∫ r

1
s1+|n|Iµn(

√
λs) ds

∫ ∞

r
Kµn(

√
λs)jn ds

J6[fn](r) =
µn − |n|
r|n|

∫ r

1
s|n|Iµn+1(

√
λs) ds

∫ ∞

r
Kµn−1(

√
λs)fθ,nsds

J7[fn](r) = rKµn−1(
√
λr)

∫ r

1
Iµn+1(

√
λτ)fθ,nτ dτ ,

J8[fn](r) = rIµn+1(
√
λr)

∫ ∞

r
Kµn−1(

√
λτ)fθ,nτ dτ ,

J9[fn](r) = − 1

r|n|
Iµn+1(

√
λ)

∫ ∞

1
Kµn−1(

√
λτ)fθ,nτ dτ .
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Proof. By the definition ofΦn,λ[fn] in (58), we have

1

r|n|

∫ r

1
s1+|n|Φn,λ[fn](s) ds = − 1

r|n|

∫ r

1
s1+|n|Kµn(

√
λs)

∫ s

1
Iµn(

√
λτ)gn dτ ds

− 1

r|n|

∫ r

1
s1+|n|√λKµn(

√
λs)

∫ s

1
Iµn+1(

√
λτ)fθ,nτ dτ ds

+
1

r|n|

∫ r

1
s1+|n|Iµn(

√
λs)

∫ ∞

s
Kµn(

√
λτ)jn dτ ds

+
1

r|n|

∫ r

1
s1+|n|√λIµn(

√
λs)

∫ ∞

s
Kµn−1(

√
λτ)fθ,nτ dτ ds

= I1 + I2 + I3 + I4 .

By changing the order of the integration we haveI1 = J1[fn]. Similarly, we have forI2,

I2 = − 1

r|n|

∫ r

1

∫ r

τ
s1+|n|√λKµn(

√
λs) ds Iµn+1(

√
λτ)fθ,nτ dτ .

Then the identity
dKµ−1

dz
(z) =

µ− 1

z
Kµ−1(z)−Kµ(z) in (327) implies that

√
λKµn(

√
λs) =

µn − 1

s
Kµn−1(

√
λs)− d

ds
Kµn−1(

√
λs) ,

which yields from the integration by parts,

I2 = −µn + |n|
r|n|

∫ r

1

∫ r

τ
s|n|Kµn−1(

√
λs) ds Iµn+1(

√
λτ)fθ,nτ dτ

+
1

r|n|

∫ r

1

{
r1+|n|Kµn−1(

√
λr)− τ1+|n|Kµn−1(

√
λτ)
}
Iµn+1(

√
λτ)fθ,nτ dτ

= J2[fn] + J7[fn]−
1

r|n|

∫ r

1
τ1+|n|Kµn−1(

√
λτ)Iµn+1(

√
λτ)fθ,nτ dτ . (83)

Next we considerI3. By decomposing the integral
∫∞
s into

∫ r
s +

∫∞
r and by changing the

order of the integration
∫ r
1

∫ r
s we have

I3 = J3[fn] + J5[fn] . (84)

Similarly, we have forI4,

I4 =
1

r|n|

∫ r

1

∫ τ

1
s1+|n|√λIµn(

√
λs) dsKµn−1(

√
λτ)fθ,nτ dτ

+
1

r|n|

∫ r

1
s1+|n|√λIµn(

√
λs) ds

∫ ∞

r
Kµn−1(

√
λs)fθ,nsds .

Then we recall the identity
dIµ+1

dz
(z) = −µ+ 1

z
Iµ+1(z) + Iµ(z) in (324), which leads to

√
λIµn(

√
λs) =

µn + 1

s
Iµn+1(

√
λs) +

d

ds
Iµn+1(

√
λs) .
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Hence by the integration by parts the termI4 is written as

I4 =
µn − |n|
r|n|

∫ r

1

∫ τ

1
s|n|Iµn+1(

√
λs) dsKµn−1(

√
λτ)fθ,nτ dτ

+
1

r|n|

∫ r

1

{
τ1+|n|Iµn+1(

√
λτ)− Iµn+1(

√
λ)
}
Kµn−1(

√
λτ)fθ,nτ dτ

+
µn − |n|
r|n|

∫ r

1
s|n|Iµn+1(

√
λs) ds

∫ ∞

r
Kµn−1(

√
λs)fθ,nsds

+
1

r|n|
{
r1+|n|Iµn+1(

√
λr)− Iµn+1(

√
λ)
}∫ ∞

r
Kµn−1(

√
λτ)fθ,nτ dτ

= J4[fn] + J6[fn] + J8[fn] + J9[fn]

+
1

r|n|

∫ r

1
τ1+|n|Iµn+1(

√
λτ)Kµn−1(

√
λτ)fθ,nτ dτ .

(85)

Collecting these, we obtain (82). The proof is complete.

The next lemma gives the estimates of each operatorJl, l = 1, · · · , 9 in Lemma 3.6.
The main tools of the proof are the pointwise estimates of the modified Bessel functions
stated in Section A, and what is essential here is the conditionℜ(µn) > |n| for the order
of the Bessel functionsIµn andKµn . This condition is satisfied due to the definitionµn =
µn(α) = (n2 + iαn)1/2. In the lemmas below we will establish the estimates ofJl under
the conditionℜ(µ) > |n|, rather than the concrete value ofµn(α), for generality of the
result and for simplicity of notations. Taking the expressionfn = fr,ne

inθer + fθ,ne
inθeθ

into account, we set forfn ∈ PnC∞
0 (Ω)2,

∥fn∥Lq(Ω) =

(
2π

∫ ∞

1

(
|fr,n(r)|q + |fθ,n(r)|q

)
r dr

) 1
q

, 1 ≤ q <∞ ,

∥fn∥L∞(Ω) = sup
r>1

(
|fr,n(r)|+ |fθ,n(r)|

)
.

Lemma 3.7 Let n ∈ Z \ {0}, ℜ(µ) > |n|, and letλ ∈ Σπ−ϵ for someϵ ∈ (0, π2 ). Then
there is a positive constantC = C(ϵ, n, µ) such that the following statements hold.

(1) Let l = 1, · · · , 6, and letfn ∈ PnC∞
0 (Ω)2. Then we have

sup
r≥1

r
2
q
−1|Jl[fn](r)| ≤

C

|λ|
∥fn∥Lq(Ω) , 1 ≤ q ≤ ∞ , (86)

sup
r≥1

r−1|Jl[fn](r)| ≤ C∥fn∥L1(Ω) . (87)

(2) Let l = 7, 8, and letfn ∈ PnC∞
0 (Ω)2. Then we have∫ ∞

1
r−1|Jl[fn](r)|r dr ≤

C

|λ|
∥fn∥L1(Ω) , (88)

sup
r≥1

r−1|Jl[fn](r)| ≤
C

|λ|
∥fn∥L∞(Ω) , (89)

sup
r≥1

r−1|Jl[fn](r)| ≤ C∥fn∥L1(Ω) . (90)
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(3) Let l = 9 and letfn ∈ PnC∞
0 (Ω)2. If ℜ(

√
λ) ≥ 1 then

|J9[fn](1)| ≤ C|λ|−
1
2 ∥fn∥L1(Ω) , (91)

|J9[fn](1)| ≤ C|λ|−1∥fn∥L∞(Ω) . (92)

Remark 3.8 (1) Although we can derive the estimate ofJ9[fn](r) also for r > 1 or
ℜ(

√
λ) ≤ 1, the estimates (91) and (92) are enough for later use.

(2) We do not need to assume the divergence free condition onfn in Lemma 3.7.

Proof of Lemma 3.7.(1) (i) Estimate ofJ1[fn]: If ℜ(
√
λ) ≤ r−1 then (333) and Lemma

A.2 yield

|J1[fn](r)| ≤ Cr−|n||λ|−
ℜ(µ)

2

∫ r

1
r2τ |n|−ℜ(µ)|

√
λτ |ℜ(µ)|gn| dτ

≤ Cr2−|n|
∫ r

1
τ |n||gn|dτ . (93)

Hence, ifℜ(
√
λ) ≤ r−1 then we have forl = 1,

r
2
q
−1|Jl[fn](r)| ≤ C|λ|−1∥fn∥Lq(Ω) , 1 ≤ q ≤ ∞ , (94)

r−1|Jl[fn](r)| ≤ C∥fn∥L1(Ω) . (95)

If ℜ(
√
λ) ≥ r−1 then we divide the integral into

∫ max{ 1

ℜ(
√

λ)
,1}

1

∫ r
τ and

∫ r
max{ 1

ℜ(
√

λ)
,1}
∫ r
τ .

As for the first term, it suffices to consider the caseℜ(
√
λ) ≤ 1 and we apply (332) and

Lemma A.2, which gives

r−|n| |
∫ 1

ℜ(
√

λ)

1

∫ r

τ
|

≤ Cr−|n|
∫ 1

ℜ(
√

λ)

1

(
|λ|−1− |n|

2 + |λ|−
ℜ(µ)

2
−1τ |n|−ℜ(µ) ds

)
|
√
λτ |ℜ(µ)|gn| dτ

≤ Cr−|n||λ|−1+
ℜ(µ)−|n|

2

∫ 1

ℜ(
√

λ)

1
τℜ(µ)|gn| dτ + Cr−|n||λ|−1

∫ 1

ℜ(
√
λ)

1
τ |n||gn| dτ . (96)

Next we have from (331) and Lemma A.3,

r−|n||
∫ r

max{ 1

ℜ(
√

λ)
,1}

∫ r

τ
| ≤ Cr−|n||λ|−

3
4

∫ r

1
τ

1
2
+|n|e−τℜ(

√
λ)|

√
λτ |−

1
2 eτℜ(

√
λ)|gn| dτ

≤ Cr−|n||λ|−1

∫ r

1
τ |n||gn|dτ . (97)

Collecting (96) and (97), we obtain (94) and (95) also for the caseℜ(
√
λ) ≥ r−1 andl = 1.

The estimate forJ1[fn] has been proved.

(ii) Estimate ofJ2[fn]: The proof is the same as in the proof forJ1[fn], and we omit it here.

(iii) Estimate ofJ3[fn]: If ℜ(
√
λ) ≤ r−1 then (336) and Lemma A.2 yield

|J3[fn](r)| ≤ Cr−|n||λ|
ℜ(µ)

2

∫ r

1
τ2+|n|+ℜ(µ) |

√
λτ |−ℜ(µ)|jn| dτ

≤ Cr−|n|
∫ r

1
τ2+|n||jn|dτ . (98)
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Hence, we obtain (94) and (95) forℜ(
√
λ) ≤ r−1 andl = 3.

If ℜ(
√
λ) ≥ r−1 then we divide the integral into

∫ max{ 1

ℜ(
√

λ)
,1}

1

∫ τ
1 and

∫ r
max{ 1

ℜ(
√

λ)
,1}
∫ τ
1 .

As for the first term, it suffices to consider the caseℜ(
√
λ) ≤ 1 and we apply (336) and

Lemma A.2 as in the derivation of (98), which gives

r−|n| |
∫ max{ 1

ℜ(
√

λ)
,1}

1

∫ τ

1
| ≤ Cr−|n|

∫ 1

ℜ(
√

λ)

1
τ2+|n||jn| dτ , ℜ(

√
λ) ≤ 1 . (99)

On the other hand, (337) and Lemma A.3 yield

r−|n||
∫ r

max{ 1

ℜ(
√
λ)
,1}

∫ τ

1
| ≤ Cr−|n||λ|−

3
4

∫ r

1
τ

1
2
+|n|eτℜ(

√
λ)|

√
λτ |−

1
2 e−τℜ(

√
λ)|jn| dτ

= Cr−|n||λ|−1

∫ r

1
τ |n||jn| dτ . (100)

The estimates (99) and (100) imply (94) and (95) for the caseℜ(
√
λ) ≥ r−1 andl = 3. The

estimate forJ3[fn] has been proved.

(iv) Estimate ofJ4[fn]: The proof is the same as in the proof forJ3[fn], and we omit it here.

(v) Estimate ofJ5[fn]: Firstly we consider the caseℜ(
√
λ) ≥ r−1. Then Lemma A.3

implies

|
∫ ∞

r
Kµ(

√
λs)jn ds| ≤ C

∫ ∞

r
|
√
λs|−

1
2 e−sℜ(

√
λ)|jn| ds . (101)

Hence, together with (337), we have

|J5[fn](r)| ≤ Cr−|n||λ|−
3
4 r

1
2
+|n|erℜ(

√
λ)

∫ ∞

r
|
√
λs|−

1
2 e−sℜ(

√
λ)|jn|ds

≤ C|λ|−1r
1
2 erℜ(

√
λ)

∫ ∞

r
s−

1
2 e−sℜ(

√
λ)|jn| ds , (102)

which yields (94) and (95) forℜ(
√
λ) ≥ r−1 and l = 5. Next we consider the case

ℜ(
√
λ) ≤ r−1. We observe from Lemma A.2 and Lemma A.3 that

|
∫ ∞

r
Kµ(

√
λs)jn ds| ≤ |

∫ 1

ℜ(
√
λ)

r
|+ |

∫ ∞

1

ℜ(
√

λ)

|

≤ C

∫ 1

ℜ(
√

λ)

r
|
√
λs|−ℜ(µ)|jn| ds+ C

∫ ∞

1

ℜ(
√

λ)

|
√
λs|−

1
2 e−sℜ(

√
λ)|jn| ds . (103)

Thus, (336) implies forℜ(
√
λ) ≤ r−1,

|J5[fn](r)| ≤ Cr−|n||λ|
ℜ(µ)
2 r2+|n|+ℜ(µ)

(∫ 1

ℜ(
√
λ)

r
|
√
λs|−ℜ(µ)|jn| ds

+

∫ ∞

1

ℜ(
√

λ)

|
√
λs|−

1
2 e−sℜ(

√
λ)|jn| ds

)

≤ Cr2+ℜ(µ)

∫ 1

ℜ(
√

λ)

r
s−ℜ(µ)|jn|ds

+ Cr2+ℜ(µ)|λ|
ℜ(µ)

2
− 1

4

∫ ∞

1

ℜ(
√

λ)

s−
1
2 e−sℜ(

√
λ)|jn| ds .

(104)
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Then the direct calculation shows that (104) gives (94) and (95) for the caseℜ(
√
λ) ≤ r−1

andl = 5. The estimate forJ5[fn] has been proved.

(vi) Estimate ofJ6[fn]: The proof is the same as in the proof forJ5[fn], and we omit it
here.

(2) Estimate ofJ7[fn] andJ8[fn]: We give a proof of the estimates only forJ7[fn] here,
since the estimates ofJ8[fn] are obtained by the similar argument. By changing the order
of the integration we see∫ ∞

1
|J7[fn](r)| dr ≤

∫ ∞

1

∫ ∞

τ
r|Kµ−1(

√
λr)| dr |Iµ+1(

√
λτ)| |fθ,n|τ dτ . (105)

Then (340) and (341) combined with Lemmas A.2 and A.3 for the estimates ofIµ+1(
√
λτ)

yield

R.H.S. of (105)≤
∫ max{ 1

ℜ(
√

λ)
,1}

1

∫ ∞

τ
+

∫ ∞

max{ 1

ℜ(
√

λ)
,1}

∫ ∞

τ

≤ C|λ|−
ℜ(µ)+1

2

∫ max{ 1

ℜ(
√

λ)
,1}

1
τ1−ℜ(µ)|

√
λτ |ℜ(µ)+1|fθ,n|τ dτ

+ C|λ|−1

∫ max{ 1

ℜ(
√

λ)
,1}

1
|
√
λτ |ℜ(µ)+1|fθ,n|τ dτ + C|λ|−1

∫ ∞

1
|fθ,n|τ dτ

≤ C|λ|−1∥fθ,n∥L1(Ω) . (106)

Next we have from Lemma A.2, forℜ(
√
λ) ≤ r−1,

|J7[fn](r)| ≤ Cr|
√
λr|−ℜ(µ)+1

∫ r

1
|
√
λτ |ℜ(µ)+1|fθ,n|τ dτ

≤ C|λ|r−ℜ(µ)+2

∫ r

1
τℜ(µ)+2|fθ,n| dτ ,

which implies

r−1|J7[fn](r)| ≤
C

|λ|
∥fn∥L∞(Ω) , r−1|J7[fn](r)| ≤ C∥fn∥L1(Ω) , (107)

in the caseℜ(
√
λ) ≤ r−1. On the other hand, ifℜ(

√
λ) ≥ r−1 then we have again from

Lemma A.3,

|J7[fn](r)| ≤ Cr|
√
λr|−

1
2 e−rℜ(

√
λ)
(
|
∫ max{ 1

ℜ(
√

λ)
,1}

1
|+ |

∫ r

max{ 1

ℜ(
√

λ)
,1}

|
)

≤ C|λ|−
1
4 r

1
2 e−rℜ(

√
λ)
( ∫ max{ 1

ℜ(
√
λ)
,1}

1
|
√
λτ |ℜ(µ)+1|fθ,n|τ dτ

+

∫ r

max{ 1

ℜ(
√

λ)
,1}

|
√
λτ |−

1
2 eτℜ(

√
λ)|fθ,n|τ dτ

)
≤ C|λ|−

1
4 r

1
2 e−rℜ(

√
λ)

∫ max{ 1

ℜ(
√
λ)
,1}

1
|fθ,n|τ dτ

+ C|λ|−
1
2 r

1
2 e−rℜ(

√
λ)

∫ r

max{ 1

ℜ(
√

λ)
,1}
eτℜ(

√
λ)|fθ,n|τ

1
2 dτ .

(108)
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The estimate (108) leads to (107) also in the caseℜ(
√
λ) ≥ r−1, for we have∫ r

1

ℜ(
√

λ)

eτℜ(
√
λ)τ

1
2 dτ ≤ C|λ|−

1
2 r

1
2 erℜ(

√
λ) , ℜ(

√
λ) ≥ r−1 ,

which should be used to derive the first estimate in (107). The second estimate in (107) is
straightforward from (108), and we omit the details.

(3) Estimate ofJ9[fn](1): Letℜ(
√
λ) ≥ 1. By using Lemma A.3 we have

|
∫ ∞

1
Kµ−1(

√
λτ)fθ,nτ dτ | ≤ C|λ|−

1
4

∫ ∞

1
τ

1
2 e−τℜ(

√
λ)|fθ,n| dτ , (109)

which implies from Lemma A.3 forIµ+1(
√
λ) that

|J9[fn](1)| ≤ C|λ|−
1
2

∫ ∞

1
τ

1
2 e−(τ−1)ℜ(

√
λ)|fθ,n| dτ . (110)

Hence, we obtain (91) and (92) in the caseℜ(
√
λ) ≥ 1. The proof is complete.

Next we estimate the other term in (80). We start from the counterpart of Lemma 3.6.

Lemma 3.9 Letfn ∈ PnC∞
0 (Ω)2. Then we have

r|n|
∫ ∞

r
s1−|n|Φn,λ[fn](s) ds =

17∑
l=10

Jl[fn](r) , (111)

where

J10[fn](r) = −r|n|
∫ ∞

r
τ1−|n|Kµn(

√
λτ) dτ

∫ r

1
Iµn(

√
λτ)gn dτ ,

J11[fn](r) = −r|n|
∫ ∞

r

∫ ∞

τ
s1−|n|Kµn(

√
λs) ds Iµn(

√
λτ)gn dτ ,

J12[fn](r) = −(µn − |n|)r|n|
∫ ∞

r
τ−|n|Kµn−1(

√
λτ) dτ

∫ r

1
Iµn+1(

√
λτ)fθ,nτ dτ ,

J13[fn](r) = −(µn − |n|)r|n|
∫ ∞

r

∫ ∞

τ
s−|n|Kµn−1(

√
λs) ds Iµn+1(

√
λτ)fθ,nτ dτ ,

J14[fn](r) = r|n|
∫ ∞

r

∫ τ

r
s1−|n|Iµn(

√
λs) dsKµn(

√
λτ)jn dτ ,

J15[fn](r) = (µn + |n|)r|n|
∫ ∞

r

∫ τ

r
s−|n|Iµn+1(

√
λs) dsKµn−1(

√
λτ)fθ,nτ dτ ,

J16[fn](r) = −rKµn−1(
√
λr)

∫ r

1
Iµn+1(

√
λτ)fθ,nτ dτ ,

J17[fn](r) = −rIµn+1(
√
λr)

∫ ∞

r
Kµn−1(

√
λτ)fθ,nτ dτ .

Proof. Since the proof is similar to the one in Lemma 3.6 we only give a sketch of it here.
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From (58) we have

r|n|
∫ ∞

r
s1−|n|Φn,λ[fn](s) ds

= −r|n|
∫ ∞

r
s1−|n|Kµn(

√
λs)

∫ s

1
Iµn(

√
λτ)gn dτ ds

− r|n|
∫ ∞

r
s1−|n|√λKµn(

√
λs)

∫ s

1
Iµn+1(

√
λτ)fθ,nτ dτ ds

+ r|n|
∫ ∞

r
s1−|n|Iµn(

√
λs)

∫ ∞

s
Kµn(

√
λτ)jn dτ ds

+ r|n|
∫ ∞

r
s1−|n|√λIµn(

√
λs)

∫ ∞

s
Kµn−1(

√
λτ)fθ,nτ dτ ds

= II1 + II2 + II3 + II4 .

As for II1, by decomposing the integral
∫ s
1 into

∫ r
1 +

∫ s
r and by changing the order of the

integration for the second term we obtain

II1 = J10[fn] + J11[fn] . (112)

Similarly we rewriteII2 as

II2 = −r|n|
∫ ∞

r
τ1−|n|√λKµn(

√
λτ) dτ

∫ r

1
Iµn+1(

√
λτ)fθ,nτ dτ

− r|n|
∫ ∞

r

∫ ∞

τ
s1−|n|√λKµn(

√
λs) ds Iµn+1(

√
λτ)fθ,nτ dτ .

As in the proof of Lemma 3.6, we recall the identity

√
λKµn(

√
λs) =

µn − 1

s
Kµn−1(

√
λs)− d

ds
Kµn−1(

√
λs) .

Then the integration by parts yields

II2 = J12[fn] + J13[fn] + J16[fn]

− r|n|
∫ ∞

r
τ1−|n|Kµn−1(

√
λτ)Iµn+1(

√
λτ)fθ,nτ dτ .

(113)

Next we seeII3 = J14[fn] by changing the order of the integration. Similarly, we rewrite
II4 as

II4 = r|n|
∫ ∞

r

∫ τ

r
s1−|n|√λIµn(

√
λs) dsKµn−1(

√
λτ)fθ,nτ dτ .

Then the identity

√
λIµn(

√
λs) =

µn + 1

s
Iµn+1(

√
λs) +

d

ds
Iµn+1(

√
λs) .

and the integration by parts imply

II4 = J15[fn] + J17[fn] + r|n|
∫ ∞

r
τ1−|n|Iµn+1(

√
λτ)Kµn−1(

√
λτ)fθ,nτ dτ . (114)
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Collecting these, we obtain (111). The proof is complete.

As in Lemma 3.7, we will estimate eachJl under the conditionℜ(µ) > |n| rather than
the concrete value ofµn(α). Since the termsJ16[fn] andJ17[fn] are the same asJ7[fn] and
J8[fn], respectively, it suffices to estimate the other terms.

Lemma 3.10 Letn ∈ Z \ {0}, ℜ(µ) > |n|, and letλ ∈ Σπ−ϵ for someϵ ∈ (0, π2 ). Then
there is a positive constantC = C(ϵ, n, µ) such that the following statements hold.

(1) Let l = 10, 12, and letfn ∈ PnC∞
0 (Ω)2. Then

sup
r≥1

r
2
q
−1|Jl[fn](r)| ≤

C

|λ|
∥fn∥Lq(Ω) , 1 ≤ q ≤ ∞ . (115)

sup
r≥1

r−1|Jl[fn](r)| ≤ C∥fn∥L1(Ω) . (116)

(2) Let l = 11, 13, 14, 15, and letfn ∈ PnC∞
0 (Ω)2. Then

sup
r≥1

r
2
q
−1|Jl[fn](r)| ≤

Cq
|λ|

∥fn∥Lq(Ω) , 1 ≤ q <∞ , (117)

sup
r≥1

r−1|Jl[fn](r)| ≤ C∥fn∥L1(Ω) . (118)

Here the constantCq depends only onϵ, n, µ, andq.

Remark 3.11 In fact, the estimate (117) is valid also forq = ∞ in the case|n| ≥ 2. But
this L∞ estimate does not hold if|n| = 1 andfn ∈ C∞

0 (Ω)2. In order to establish the
L∞ estimate for|n| = 1 we need to use the additional conditiondiv fn = 0, which will be
shown later in Lemmas 3.13, 3.14, and 3.15.

Proof of Lemma 3.10.(1) Here we give a proof of the estimates only forJ10[fn]. The
estimates ofJ12[fn] are obtained in the similar manner. Letℜ(

√
λ) ≤ r−1. Then, applying

(335) and Lemma A.2, we have

|J10[fn](r)| ≤ Cr|n||λ|−
ℜ(µ)

2 r2−|n|−ℜ(µ)

∫ r

1
|
√
λτ |ℜ(µ)|gn| dτ

≤ Cr2−ℜ(µ)

∫ r

1
|gn|τℜ(µ) dτ . (119)

This estimate implies, forℜ(
√
λ) ≤ r−1,

r
2
q
−1|J10[fn](r)| ≤

C

|λ|
∥fn∥Lq(Ω) , 1 ≤ q ≤ ∞ , (120)

r−1|J10[fn](r)| ≤ C∥fn∥L1(Ω) . (121)

Note that (120) and (121) are proved even in the caseℜ(
√
λ) ≤ 2r−1 with a trivial modi-

fication. Thus we next consider the caseℜ(
√
λ) ≥ 2r−1. In this case we have from (334),
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Lemma A.2, and Lemma A.3,

|J10[fn](r)| ≤ Cr|n||λ|−
3
4 r

1
2
−|n|e−rℜ(

√
λ)

(∫ max{ 2

ℜ(
√
λ)
,1}

1
|Iµ(

√
λτ)| |gn| dτ

+

∫ r

max{ 2

ℜ(
√
λ)
,1}

|Iµ(
√
λτ)| |gn| dτ

)

≤ C|λ|−
3
4 r

1
2 e−rℜ(

√
λ)

(
|λ|

ℜ(µ)
2

∫ max{ 2

ℜ(
√

λ)
,1}

1
|gn|τℜ(µ) dτ

+ |λ|−
1
4

∫ r

max{ 2

ℜ(
√
λ)
,1}
τ−

1
2 eτℜ(

√
λ)|gn| dτ

)
.

(122)

Hence, it is easy to see from (122) that (120) and (121) hold also in the caseℜ(
√
λ) ≥ 2r−1,

by virtue of the estimates forℜ(
√
λ) ≥ 2r−1 andℜ(µ) > |n| ≥ 1:∫ max{ 2

ℜ(
√

λ)
,1}

1
|gn|τℜ(µ) dτ ≤ C|λ|−

ℜ(µ)−1
2

∫ max{ 2

ℜ(
√

λ)
,1}

1
|gn|τ dτ ,∫ r

max{ 2

ℜ(
√

λ)
,1}
τ−

3
2 eτℜ(

√
λ)|gn|τ dτ ≤ Cr−

3
2 erℜ(

√
λ)∥gn∥L1(Ω) ,∫ r

max{ 2

ℜ(
√

λ)
,1}
τ−

1
2 eτℜ(

√
λ)|gn| dτ

≤ C|λ|−
1
2
(
r−

1
2 erℜ(

√
λ) +

1

2

∫ r

max{ 2

ℜ(
√

λ)
,1}
τ−

3
2 eτℜ(

√
λ)
)
∥gn∥L∞(Ω)

≤ C|λ|−
1
2 r−

1
2 erℜ(

√
λ)∥gn∥L∞(Ω) .

Note that the last two estimates are verified by using the fact thats−
3
2 es is monotone in-

creasing fors ≥ 2. The proof of (1) is complete.

(2) (i) Estimate ofJ11[fn] andJ13[fn]: We will give a proof only forJ11[fn], since the
proof ofJ13[fn] is similar. Letℜ(

√
λ) ≥ r−1. Then (334) and Lemma A.3 imply

|J11[fn](r)| ≤ C|λ|−
3
4 r|n|

∫ ∞

r
τ

1
2
−|n|e−τℜ(

√
λ)|

√
λτ |−

1
2 eτℜ(

√
λ)|gn|dτ

≤ C|λ|−1r|n|
∫ ∞

r
τ−|n||gn| dτ . (123)

Hence we have forℜ(
√
λ) ≥ r−1 andl = 11,

r
2
q
−1|Jl[fn](r)| ≤

C

|λ|
∥fn∥Lq(Ω) , 1 ≤ q <∞ , (124)

r−1|Jl[fn](r)| ≤ C∥fn∥L1(Ω) . (125)

Next we consider the caseℜ(
√
λ) ≤ r−1. Then we divide the integral into−r|n|

∫ 1

ℜ(
√

λ)
r

∫∞
τ

and−r|n|
∫∞

1

ℜ(
√
λ)

∫∞
τ and the second term is bounded from above by

C|λ|−1r|n|
∫ ∞

1

ℜ(
√

λ)

τ−|n||gn| dτ
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as in (123). On the other hand, we have from (335) and Lemma A.2,

r|n||
∫ 1

ℜ(
√
λ)

r

∫ ∞

τ
| ≤ Cr|n|

∫ 1

ℜ(
√
λ)

r
|λ|−

ℜ(µ)
2 τ2−|n|−ℜ(µ)|

√
λτ |ℜ(µ)|gn| dτ

≤ Cr|n|
∫ 1

ℜ(
√
λ)

r
τ2−|n||gn| dτ . (126)

Collecting these, we obtain (124) and (125) also for the caseℜ(
√
λ) ≤ r−1 andl = 11. For

example, (124) is obtained by using
∫ 1

ℜ(
√

λ)
r τ2−|n||gn| dτ ≤ C|λ|−1

∫ 1

ℜ(
√

λ)
r τ−|n||gn| dτ

and then applying the Ḧolder inequality. The details are omitted here.

(ii) Estimate ofJ14[fn] andJ15[fn]: We will give a proof only forJ14[fn], since the proof
of J15[fn] is similar. Letℜ(

√
λ) ≥ r−1. Then (339) and Lemma A.3 lead to

|J14[fn](r)|

≤ Cr|n|
∫ ∞

r

(
|λ|

|n|
2
−1 + |λ|−

3
4 τ

1
2
−|n|eτℜ(

√
λ)
)
|
√
λτ |−

1
2 e−τℜ(

√
λ)|jn| dτ

≤ C|λ|
|n|
2
− 5

4 r|n|
∫ ∞

r
τ−

1
2 e−τℜ(

√
λ)|jn| dτ

+ C|λ|−1r|n|
∫ ∞

r
τ−|n||jn|dτ ,

(127)

which implies (124) and (125) forℜ(
√
λ) ≥ r−1 andl = 14. Next we consider the case

ℜ(
√
λ) ≤ r−1. Then we have from (338), (339), and Lemmas A.2, A.3,

|J14[fn](r)|

≤ r|n||
∫ 1

ℜ(
√

λ)

r

∫ τ

r
| + r|n||

∫ ∞

1

ℜ(
√
λ)

∫ τ

r
|

≤ Cr|n|
∫ 1

ℜ(
√

λ)

r
|λ|

ℜ(µ)
2 τℜ(µ)+2−|n||

√
λτ |−ℜ(µ)|jn| dτ

+ Cr|n|
∫ ∞

1

ℜ(
√
λ)

(
|λ|

|n|
2
−1 + |λ|−

3
4 τ

1
2
−|n|eτℜ(

√
λ)
)
|
√
λτ |−

1
2 e−τℜ(

√
λ)|jn| dτ

≤ Cr|n|
∫ 1

ℜ(
√

λ)

r
τ2−|n||jn| dτ

+ C|λ|
|n|
2
− 5

4 r|n|
∫ ∞

1

ℜ(
√

λ)

τ−
1
2 e−τℜ(

√
λ)|jn| dτ + C|λ|−1r|n|

∫ ∞

1

ℜ(
√

λ)

τ−|n||jn| dτ .
(128)

Thus it is easy to see from (128) that (124) and (125) hold forℜ(
√
λ) ≤ r−1 andl = 14.

The proof of (2) is complete.

Lemma 3.7 and Lemma 3.10 imply theLp − Lq estimates of the operatorJl[·]. In
the next corollary we always assume the conditionsλ ∈ Σπ−ϵ for someϵ ∈ (0, π2 ) and
ℜ(µ) > |n|, and the constantC appearing in the estimates depends only onϵ, n, µ, p,
andq, although these are abbreviated in the statements. We will also identify the function
g = g(r) for r ∈ (1,∞) with the radially symmetric functiong(|x|) in Ω, and we denote
by ∥g∥Lp(Ω) theLp norm ofg(|x|) in Ω.
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Corollary 3.12 (i) Let l ∈ {1, · · · , 8} ∪ {10, 12, 16, 17} and let1 ≤ q < p ≤ ∞ or
1 < q ≤ p ≤ ∞. Then eachr−1Jl[·] is extended to a bounded linear operator fromLq(Ω)2

toLp(Ω) and satisfies

∥r−1Jl[fn]∥Lp(Ω) ≤
C

|λ|1+
1
p
− 1

q

∥fn∥Lq(Ω) . (129)

(ii) Let l ∈ {11, 13, 14, 15} and let1 ≤ q < p ≤ ∞ or 1 < q ≤ p <∞. Then eachr−1Jl[·]
is extended to a bounded linear operator fromLq(Ω)2 toLp(Ω) and satisfies(129).

(iii) Let l ∈ {11, 13, 14, 15} and let1 ≤ q < ∞. Then eachJl[·](1) is extended to a
bounded linear operator fromLq(Ω)2 to C and satisfies

|Jl[fn](1)| ≤
C

|λ|1−
1
q (1 + |λ|

1
q )
∥fn∥Lq(Ω) . (130)

Proof. (i) The estimates (86) and (115) in Lemmas 3.7, 3.10 imply that eachr−1Jl[·],
l ∈ {1, · · · , 8} ∪ {10, 12, 16, 17}, is extended to a bounded linear operator fromL1(Ω)2 to
weak-L1(Ω) and fromL∞(Ω)2 to L∞(Ω) with the estimateC|λ|−1 of its operator norm.
Hence, by the Marcinkiewicz interpolation theorem eachr−1Jl[·] is extended to a bounded
linear operator fromLq(Ω)2 to Lq(Ω) for all 1 < q ≤ ∞, and the estimate (129) holds
for p = q. Moreover, the estimates (87) and (116) combined with the above result for the
caseq = ∞ yields that, again by the interpolation theorem, eachr−1Jl[·] is bounded from

Lq(Ω)2 to L∞(Ω) with the estimateC|λ|1−
1
q of its operator norm. Then again from the

Marcinkiewicz interpolation theorem eachr−1Jl[·] is extended to a bounded linear operator
fromLq(Ω)2 toLp(Ω) for all 1 < q ≤ p ≤ ∞, together with the estimate (129).

(ii) The estimate (117) implies that eachr−1Jl[·] with l ∈ {11, 13, 14, 15}, is extended
to a bounded linear operator fromLq(Ω)2 to weak-Lq(Ω) for all 1 ≤ q < ∞ with the
estimateC|λ|−1 of its operator norm. Thus by the Marcinkiewicz interpolation theorem
eachr−1Jl[·] is bounded fromLq(Ω)2 to Lq(Ω) for each1 < q < ∞ with the estimate
C|λ|−1 of its operator norm. On the other hand, we observe from (117) withq = 1 and
(118) thatr−1Jl[·] is bounded fromL1(Ω)2 to Lp(Ω) for 1 < p ≤ ∞ with the estimate

C|λ|−
1
p of its operator norm. Hence, again from the interpolation theorem eachr−1Jl[·] is

bounded fromLq(Ω)2 toLp(Ω) for any1 < q ≤ p <∞, with the estimate as in (129).

(iii) If ℜ(
√
λ) ≤ 1 then (130) follows from (ii) withp = ∞. If ℜ(

√
λ) ≥ 1 then (130)

follows from (117). The proof is complete.

In Corollary 3.12 theL∞ − L∞ estimate ofJl[·] is lacking forl = 11, 13, 14, 15. For
completeness we will derive the estimate ofJl[·] in L∞(Ω) for fn ∈ PnC∞

0,σ(Ω) below. As
will be seen in the next lemma, the divergence free condition onfn plays an important role
to obtain the estimate inL∞(Ω), while such a condition is not necessary in Corollary 3.12.
For simplicity of notations we will writeµ for µn = µn(α).

Lemma 3.13 Set

Lµ(z) = Kµ−1(z)Iµ(z) +Kµ(z)Iµ+1(z) . (131)

Then for anyfn ∈ PnC∞
0,σ(Ω) we have

J11[fn] + J13[fn] + J14[fn] + J15[fn] =
26∑
l=18

Jl[fn] , (132)
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where

J18[fn](r) =
(|n| − µ)r|n|√

λ

∫ ∞

r

∫ ∞

τ
s−|n|Kµ−1(

√
λs) ds Iµ(

√
λτ)gn dτ ,

J19[fn](r) =
(µ2 − |n|2)r|n|√

λ

∫ ∞

r

∫ ∞

τ
s−1−|n|Kµ(

√
λs) ds Iµ+1(

√
λτ)fθ,nτ dτ ,

J20[fn](r) =
(|n|+ µ)r|n|√

λ

∫ ∞

r

∫ τ

r
s−|n|Iµ+1(

√
λs) dsKµ(

√
λτ)jn dτ ,

J21[fn](r) =
(|n|2 − µ2)r|n|√

λ

∫ ∞

r

∫ τ

r
s−1−|n|Iµ(

√
λs) dsKµ−1(

√
λτ)fθ,n dτ ,

J22[fn](r) = − r√
λ
Iµ+1(

√
λr)

∫ ∞

r
Kµ(

√
λτ)jn dτ ,

J23[fn](r) = −µ+ |n|√
λ

Iµ(
√
λr)

∫ ∞

r
Kµ−1(

√
λτ)fθ,nτ dτ ,

J24[fn](r) =
in(1− |n|)r|n|

|n|
√
λ

∫ ∞

r
τ1−|n|Lµ(

√
λτ)fr,n dτ ,

J25[fn](r) = − inr2

|n|
√
λ
Lµ(

√
λr)fr,n(r) ,

J26[fn](r) = − inr|n|

|n|
√
λ

∫ ∞

r

d

dτ

(
τ2−|n|Lµ(

√
λτ)

)
fr,n dτ .

Proof. By usingKµ(z) =
µ−1
z Kµ−1(z) − dKµ−1

dz (z) from (327) and by the integration by
parts, we have

J11[fn](r) =
(|n| − µ)r|n|√

λ

∫ ∞

r

∫ ∞

τ
s−|n|Kµ−1(

√
λs) ds Iµ(

√
λτ)gn dτ

− r|n|√
λ

∫ ∞

r
τ1−|n|Kµ−1(

√
λτ)Iµ(

√
λτ)gn dτ .

(133)

Similarly, fromKµ−1(z) = −µ
zKµ(z)− dKµ

dz (z) and by the integration by parts, we see

J13[fn](r) =
(µ2 − |n|2)r|n|√

λ

∫ ∞

r

∫ ∞

τ
s−1−|n|Kµ(

√
λs) ds Iµ+1(

√
λτ)fθ,nτ dτ

+
(|n| − µ)r|n|√

λ

∫ ∞

r
τ1−|n|Kµ(

√
λτ)Iµ+1(

√
λτ)fθ,n dτ .

(134)

Next, the identityIµ(z) =
µ+1
z Iµ+1(z) +

dIµ+1

dz (z) from (324) and the integration by parts
yield

J14[fn](r) =
(|n|+ µ)r|n|√

λ

∫ ∞

r

∫ τ

r
s−|n|Iµ+1(

√
λs) dsKµ(

√
λτ)jn dτ

− r√
λ
Iµ+1(

√
λr)

∫ ∞

r
Kµ(

√
λτ)jn dτ

+
r|n|√
λ

∫ ∞

r
τ1−|n|Kµ(

√
λτ)Iµ+1(

√
λτ)jn dτ .

(135)
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Similarly, we have fromIµ+1(z) = −µ
z Iµ(z)+

dIµ
dz (z) due to (324) and from the integration

by parts,

J15[fn](r) =
(|n|2 − µ2)r|n|√

λ

∫ ∞

r

∫ τ

r
s−1−|n|Iµ(

√
λs) dsKµ−1(

√
λτ)fθ,n dτ

− µ+ |n|√
λ

Iµ(
√
λr)

∫ ∞

r
Kµ−1(

√
λτ)fθ,nτ dτ

+
(µ+ |n|)r|n|√

λ

∫ ∞

r
τ1−|n|Kµ−1(

√
λτ)Iµ(

√
λτ)fθ,n dτ .

(136)

Sincegn = µfθ,n + infr,n andjn = µfθ,n − infr,n, the sum of the last terms in each of
(133) - (136) is given as

r|n|√
λ

∫ ∞

r
τ1−|n|Lµ(

√
λτ)
(
|n|fθ,n − infr,n

)
dτ , (137)

whereLµ(z) is given as (131). Then the term (137) is equal to, by the divergence free

conditioninfθ,n = −fr,n − r
dfr,n
dr ,

in(1− |n|)r|n|

|n|
√
λ

∫ ∞

r
τ1−|n|Lµ(

√
λτ)fr,n dτ −

inr2

|n|
√
λ
Lµ(

√
λr)fr,n(r)

− inr|n|

|n|
√
λ

∫ ∞

r

d

dτ

(
τ2−|n|Lµ(

√
λτ)

)
fr,n dτ .

(138)

Collecting these facts, we obtain (132). The proof is complete.

In the following lemmas we focus on theL∞ − L∞ estimate, although it is possible to
obtain theL∞ − L1 estimate as in the previous lemmas of this section. In Lemmas 3.14
and 3.15 below we always assume thatn ∈ Z \ {0}, ℜ(µ) > |n|, andλ ∈ Σπ−ϵ for some
ϵ ∈ (0, π2 ). The constantC in the estimates depends only onϵ, n, andµ.

Lemma 3.14 Let l = 18, · · · , 23, and letfn ∈ PnC∞
0 (Ω)2. Then

sup
r≥1

r−1|Jl[fn](r)| ≤
C

|λ|
∥fn∥L∞(Ω) . (139)

Proof. (i) Estimate ofJ18[fn]: Letℜ(
√
λ) ≥ r−1. Then (334) and Lemma A.3 imply

|J18[fn](r)| ≤ C|λ|−
1
2 r|n|

∫ ∞

r
|λ|−

3
4 τ−

1
2
−|n|e−τℜ(

√
λ)|

√
λτ |−

1
2 eτℜ(

√
λ)|gn|dτ

= C|λ|−
3
2 r|n|

∫ ∞

r
τ−1−|n||gn| dτ , (140)

which yields forℜ(
√
λ) ≥ r−1 andl = 18,

r−1|Jl[fn](r)| ≤
C

|λ|
∥fn∥L∞(Ω) . (141)
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On the other hand, ifℜ(
√
λ) ≤ r−1 then (334) and (335) together with Lemmas A.2, A.3

give

|J18[fn](r)| ≤ C|λ|−
1
2 r|n|

(
|
∫ 1

ℜ(
√

λ)

r

∫ ∞

τ
| + |

∫ ∞

1

ℜ(
√

λ)

∫ ∞

τ
|
)

≤ C|λ|−
1
2 r|n|

( ∫ 1

ℜ(
√

λ)

r
|λ|−

ℜ(µ)−1
2 τ2−|n|−ℜ(µ)|

√
λτ |ℜ(µ)|gn| dτ

+

∫ ∞

1

ℜ(
√

λ)

|λ|−
3
4 τ−

1
2
−|n|e−τℜ(

√
λ)|

√
λτ |−

1
2 eτℜ(

√
λ)|gn|dτ

)
≤ Cr|n|

∫ 1

ℜ(
√
λ)

r
τ2−|n||gn| dτ + C|λ|−

3
2 r|n|

∫ ∞

1

ℜ(
√

λ)

τ−1−|n||gn| dτ . (142)

Then it is easy to check (141) forℜ(
√
λ) ≤ r−1 andl = 18.

(ii) Estimate ofJ19[fn]: By the inequality∫ ∞

τ
s−1−|n||Kµ(

√
λs)| ds ≤ τ−1

∫ ∞

τ
s−|n||Kµ(

√
λs)| ds ,

the proof is a minor modification of the proof of the estimate forJ18[fn] above. Thus we
omit the details.

(iii) Estimate ofJ20[fn]: Letℜ(
√
λ) ≥ r−1. Then (339) and Lemma A.3 imply

|J20[fn](r)|

≤ C|λ|−
1
2 r|n|

∫ ∞

r

(
|λ|

|n|−1
2 + |λ|−

3
4 τ−

1
2
−|n|eτℜ(

√
λ)
)
|
√
λτ |−

1
2 e−τℜ(

√
λ)|jn| dτ

≤ C|λ|
|n|
2
− 5

4 r|n|
∫ ∞

r
τ−

1
2 e−τℜ(

√
λ)|jn| dτ + C|λ|−

3
2 r|n|

∫ ∞

r
τ−1−|n||jn| dτ , (143)

which yields the estimate (141) forℜ(
√
λ) ≥ r−1 andl = 20. In the caseℜ(

√
λ) ≤ r−1 we

divide the integral into
∫ 1

ℜ(
√

λ)
r

∫ τ
r and

∫∞
1

ℜ(
√

λ)

∫ τ
r and then apply (338), (339), and Lemmas

A.2, A.3, which leads to

|J20[fn](r)|

≤ C|λ|−
1
2 r|n|

∫ 1

ℜ(
√

λ)

r
|λ|

ℜ(µ)+1
2 τℜ(µ)+2−|n||

√
λτ |−ℜ(µ)|jn| dτ

+ C|λ|−
1
2 r|n|

∫ ∞

1

ℜ(
√

λ)

(
|λ|

|n|−1
2 + |λ|−

3
4 τ−

1
2
−|n|eτℜ(

√
λ)
)
|
√
λτ |−

1
2 e−τℜ(

√
λ)|jn| dτ

≤ Cr|n|
∫ 1

ℜ(
√
λ)

r
τ2−|n||jn| dτ + C|λ|

|n|
2
− 5

4 r|n|
∫ ∞

1

ℜ(
√

λ)

τ−
1
2 e−τℜ(

√
λ)|jn| dτ

+ C|λ|−
3
2 r|n|

∫ ∞

1

ℜ(
√

λ)

τ−1−|n||jn| dτ .
(144)

Then one can derive from (144) the estimate (141) also for the caseℜ(
√
λ) ≤ r−1 and

l = 20.
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(iv) Estimate ofJ21[fn]: By the inequality∫ ∞

τ
s−1−|n||Iµ(

√
λs)| ds ≤ τ−1

∫ ∞

τ
s−|n||Iµ(

√
λs)| ds ,

the proof is a minor modification of the proof of the estimate forJ20[fn] above. Thus we
omit the details.

(v) Estimates ofJ22[fn] andJ23[fn]: We will give a proof forJ23[fn]. Letℜ(
√
λ) ≥ r−1.

Then we have from Lemma A.3,

|J23[fn](r)| ≤ C|λ|−
1
2 |
√
λr|−

1
2 erℜ(

√
λ)

∫ ∞

r
|
√
λτ |−

1
2 e−τℜ(

√
λ)|fθ,n|τ dτ

≤ C|λ|−1r−
1
2 erℜ(

√
λ)

∫ ∞

r
τ

1
2 e−τℜ(

√
λ)|fθ,n| dτ , (145)

which yields forℜ(
√
λ) ≥ r−1,

r−1|J23[fn](r)| ≤
C

|λ|
∥fθ,n∥L∞(Ω) . (146)

If ℜ(
√
λ) ≤ r−1 then we have from Lemma A.2,

|J23[fn](r)| ≤ C|λ|−
1
2 |
√
λr|ℜ(µ)

( ∫ 1

ℜ(
√
λ)

r
|
√
λτ |−ℜ(µ)+1|fθ,n|τ dτ

+

∫ ∞

1

ℜ(
√
λ)

|
√
λτ |−

1
2 e−τℜ(

√
λ)|fθ,n|τ dτ

)
≤ Crℜ(µ)

∫ 1

ℜ(
√
λ)

r
τ2−ℜ(µ)|fθ,n| dτ

+ C|λ|
ℜ(µ)

2
− 3

4 rℜ(µ)

∫ ∞

1

ℜ(
√

λ)

τ
1
2 e−τℜ(

√
λ)|fθ,n| dτ .

(147)

Hence (146) holds also in the caseℜ(
√
λ) ≤ r−1. The estimate ofJ22[fn] is obtained in

the same manner, and the details are omitted here. The proof is complete.

Lemma 3.15 Let l = 24, 25, 26, and letfn ∈ PnC∞
0 (Ω)2. ThenJ24[fn] = 0 if |n| = 1,

and

sup
r≥1

r−1|Jl[fn](r)| ≤
C

|λ|
∥fr,n∥L∞(Ω) . (148)

Proof. (i) Estimate ofJ24[fn]: It is clear thatJ24[fn] = 0 if |n| = 1, so we assume that
|n| ≥ 2. Firstly we observe from Lemma A.2 and Lemma A.3 that

|Lµ(
√
λr)| ≤ C|λ|−

1
2 r−1 (149)

holds for allr ≥ 1. Then we have

|J24[fn](r)| ≤ C|λ|−
1
2 r|n|

∫ ∞

r
τ1−|n||λ|−

1
2 τ−1|fr,n| dτ

≤ C|λ|−1r∥fr,n∥L∞(Ω) , (150)
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where|n| ≥ 2 is used.

(ii) Estimate ofJ25[fn]: From (149) we have

|J25[fn](r)| ≤ C|λ|−1r|fr,n(r)| . (151)

Hence the results are straightforward. In particular, we haveJ25[fn](1) = 0 if fn ∈
C∞
0 (Ω)2.

(iii) Estimate ofJ26[fn]: Firstly we observe from (327) that

Lµ(z) =
(
− µ

z
Kµ(z)−

dKµ

dz
(z)
)
Iµ(z) +Kµ(z)

(
− µ

z
Iµ(z) +

dIµ
dz

(z)
)

= −2µ

z
Kµ(z)Iµ(z) +Kµ(z)

dIµ
dz

(z)− dKµ

dz
(z)Iµ(z)

= −2µ

z
Kµ(z)Iµ(z) +

1

z
. (152)

Therefore, we see

d

dz

(
z2−|n|Lµ(z)

)
=

d

dz

(
z1−|n|(−2µKµ(z)Iµ(z) + 1)

)
= (1− |n|)z−|n|(− 2µKµ(z)Iµ(z) + 1

)
− 2µ|z|1−|n| d

dz

(
Kµ(z)Iµ(z)

)
, (153)

while

d

dz

(
Kµ(z)Iµ(z)

)
=
(
− µ

z
Kµ(z)−Kµ−1(z)

)
Iµ(z) +Kµ(z)

(µ
z
Iµ(z) + Iµ+1(z)

)
= −Kµ−1(z)Iµ(z) +Kµ(z)Iµ+1(z) . (154)

Then Lemma A.2 implies

| d

dz

(
Kµ(z)Iµ(z)

)
| ≤ C|z| (155)

for any|z| ≤M with C depending only onM andµ, while for z| ≫ 1 we have from (154)
and the expansion (330),

| d

dz

(
Kµ(z)Iµ(z)

)
| ≤ C|z|−2 . (156)

Thus, the identity (153) together with the estimates (155) and (156) yields

| d

dz

(
z2−|n|Lµ(z)

)
| ≤ C

(
(1− |n|)|z|−|n| + |z|2−|n|) , |z| ≤ 1 ,

| d

dz

(
z2−|n|Lµ(z)

)
| ≤ C

(
(1− |n|)|z|−|n| + |z|−1−|n|) , |z| > 1 .

(157)

Therefore, ifℜ(
√
λ) ≥ r−1 then (157) yields

|J26[fn](r)|

≤ C|λ|−1+
|n|
2 r|n|

∫ ∞

r

(
(1− |n|)|

√
λτ |−|n| + |

√
λτ |−1−|n|)|fr,n| dτ

≤ C|λ|−1r∥fr,n∥L∞(Ω) . (158)

38



Here we have used the fact that the coefficient1 − |n| is zero when|n| = 1. In the case

ℜ(
√
λ) ≤ r−1 we decompose the integral into

∫ 1

ℜ(
√

λ)
r and

∫∞
1

ℜ(
√
λ)

, and then by applying

(157),

|J26[fn](r)|

≤ C|λ|−1+
|n|
2 r|n|

(∫ 1

ℜ(
√
λ)

r

(
(1− |n|)|

√
λτ |−|n| + |

√
λτ |2−|n|)|fr,n| dτ

+

∫ ∞

1

ℜ(
√
λ)

(
(1− |n|)|

√
λτ |−|n| + |

√
λτ |−1−|n|)|fr,n| dτ) (159)

≤ C|λ|−1r|n|
(
(1− |n|)r1−|n| + |λ|

∫ 1

ℜ(
√

λ)

r
τ2−|n| dτ + |λ|

|n|−1
2

)
∥fr,n∥L∞(Ω) , (160)

which impliesr−1|J26[fn](r)| ≤ C|λ|−1∥fr,n∥L∞(Ω) also forℜ(
√
λ) ≤ r−1. The proof is

complete.

We are now in position to establish the estimates forVn[Φn,λ[fn]] andcn,λ[fn]. Note
that we always assumeα ̸= 0, thus,ℜ(µn(α)) > |n| holds and the estimates we have
established so far can be applied.

Proposition 3.16 Let 1 ≤ q < p ≤ ∞ or 1 < q ≤ p ≤ ∞, and letλ ∈ Σπ−ϵ for
someϵ ∈ (0, π2 ). Then there is a positive constantC = C(α, n, ϵ, p, q) such that, for any
fn ∈ PnC∞

0,σ(Ω),

∥Vn[Φn,λ[fn]]∥Lp(Ω) ≤
C

|λ|1+
1
p
− 1

q

∥fn∥Lq(Ω) , (161)

|cn,λ[fn]| ≤
C

|λ|1−
1
q (1 + |λ|

1
2q )

∥fn∥Lq(Ω) . (162)

Proof. Setwn = Φn,λ[fn]. Firstly we recall thatVn[wn] = Vr,n[wn]e
inθer+Vθ,n[wn]e

inθeθ,
whereVr,n[wn] = in

r ψn[wn] and Vθ,n[wn] = − d
drψn[wn]. Thus, by the definition of

ψn[wn], we see

Vr,n[wn](r) =
in

2|n|r

(
1

r|n|
(
− cn,λ[fn] +

∫ r

1
s1+|n|Φn,λ[fn](s) ds

)
+ r|n|

∫ ∞

r
s1−|n|Φn,λ[fn](s) ds

)
,

(163)

and

Vθ,n[wn](r) = − 1

2r

(
1

r|n|
(
− cn,λ[fn] +

∫ r

1
s1+|n|Φn,λ[fn](s) ds

)
− r|n|

∫ ∞

r
s1−|n|Φn,λ[fn](s) ds

)
.

(164)

Here we recall that

cn,λ[fn] =

∫ ∞

1
s1−|n|Φn,λ[fn](s) ds .
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Then Lemma 3.6 and Lemma 3.9 show that

I[fn](r) :=
1

r|n|+1

(
− cn,λ[fn] +

∫ r

1
s1+|n|Φn,λ[fn](s) ds

)
= − 1

r|n|+1

17∑
l=10

Jl[fn](1) +
1

r

9∑
l=1

Jl[fn](r)

= − 1

r|n|+1

∑
l=11,13,14,15

Jl[fn](1) +
1

r

8∑
l=1

Jl[fn](r) , (165)

by the cancellation−r−|n|J17[fn](1) + J9[fn](r) = 0 andJ10[fn](1) = J12[fn](1) =
J16[fn](1) = 0 by their definitions. Then we have from Corollary 3.12 (i),

∥r−1
8∑
l=1

Jl[fn]∥Lp(Ω) ≤
C

|λ|1+
1
p
− 1

q

∥fn∥Lq(Ω) , 1 ≤ q ≤ p ≤ ∞ , (166)

for anyλ ∈ Σπ−ϵ with ϵ ∈ (0, π2 ). As for the other terms in (165), we have from Corollary
3.12 (iii),

∥ 1

r|n|+1

∑
l=11,13,14,15

Jl[fn](1)∥Lp(Ω) ≤
C

|λ|1−
1
q (1 + |λ|

1
q )
∥fn∥Lq(Ω) , (167)

for 1 ≤ q < p ≤ ∞ or 1 < q ≤ p <∞. Hence, (166) and (167) gives

∥I[fn]∥Lp(Ω) ≤
C

|λ|1+
1
p
− 1

q

∥fn∥Lq(Ω) (168)

for 1 ≤ q < p ≤ ∞ or 1 < q ≤ p <∞. Next we have from Lemma 3.9,

II[fn](r) := r|n|−1

∫ ∞

r
s1−|n|Φn,λ[fn](s) ds = r−1

17∑
l=10

Jl[fn](r) . (169)

Hence, Corollary 3.12 (i) and (ii) imply that

∥II[fn]∥Lp(Ω) ≤
C

|λ|1+
1
p
− 1

q

∥fn∥Lq(Ω) (170)

for 1 ≤ q < p ≤ ∞ or 1 < q ≤ p < ∞. Combining (168) and (170) with the expressions
(163) and (164), we have proved (161) expect for the casep = q = ∞. Sincecn,λ[fn] =
II[fn](1), the estimate (162) with1 ≤ q < ∞ andℜ(

√
λ) ≤ 1 follows from (170) with

p = ∞. On the other hand, ifℜ(
√
λ) ≥ 1 and 1 ≤ q < ∞ then fromII[fn](1) =∑17

l=10 Jl[fn](1) =
∑

l=11,13,14,15 Jl[fn](1) + J17[fn](1) and (167) we have

|cn,λ[fn]| ≤
C

|λ|
∥fn∥Lq(Ω) + |J17[fn](1)| . (171)

Noting |J17[fn](1)| = |J9[fn](1)| by their definitions, we use Lemma 3.7 (3) and the inter-
polation theorem, which leads to

|J17[fn](1)| ≤
C

|λ|1−
1
2q

∥fn∥Lq(Ω) . (172)
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Hence (162) has been proved for1 ≤ q <∞.

It remains to show (161) forp = q = ∞ and (162) forq = ∞. Firstly let us go back to
(165). Then we apply Lemma 3.13 to rewrite

∑
l=11,13,14,15

Jl[fn](1) =

26∑
j=18

Jl[fn](1) =

24∑
j=18

Jl[fn](1) + J26[fn](1) , (173)

where we have usedJ25[fn](1) = 0 due to the conditionfn ∈ C∞
0 (Ω)2. Then Lemma 3.14

and Lemma 3.15 show

|Jl[fn](1)| ≤
C

|λ|
∥fn∥L∞(Ω) , l = 18, · · · , 26 . (174)

Collecting (165), (166), and (174), we obtain

∥I[fn]∥L∞(Ω) ≤
C

|λ|
∥fn∥L∞(Ω) . (175)

Next we have from Lemma 3.9 and Lemma 3.13,

II[fn](r) := r|n|−1

∫ ∞

r
s1−|n|Φn,λ[fn](s) ds

= r−1
(
J10[fn](r) + J12[fn](r) + J16[fn](r) + J17[fn](r) +

26∑
l=18

Jl[fn](r)
)
.

(176)

Then Lemmas 3.10, 3.14, and 3.15 show that eachr−1Jl[·] in (170) is bounded from
L∞(Ω)2 toL∞(Ω) with the estimateC|λ|−1 of its operator norm. Thus we have

∥II[fn]∥L∞(Ω) ≤
C

|λ|
∥fn∥L∞(Ω) . (177)

Thus, (175) and (177) together with the expressions (163) and (164) lead to

∥Vn[Φn,λ[fn]]∥L∞(Ω) ≤
C

|λ|
∥fn∥L∞(Ω) , (178)

as desired. Finally, the estimate (162) for the caseq = ∞ follows from (177). The proof is
complete.

Recalling the structure of the resolvent in (79), we also need to estimateVn[Kµn(
√
λ ·)]

andFn(
√
λ;α). We start from the estimate ofVn[Kµn(

√
λ ·)].

Proposition 3.17 Let 1 < p ≤ ∞ and letλ ∈ Σπ−ϵ for someϵ ∈ (0, π2 ). Then there is a
positive constantC = C(α, n, ϵ, p) such that the following statements hold. Ifℜ(

√
λ) ≤ 1

then

∥Vn[Kµn(
√
λ ·)]∥Lp(Ω) ≤

C

|λ|
ℜ(µn)

2
+ 1

p

, (179)

while ifℜ(
√
λ) ≥ 1 then

∥Vn[Kµn(
√
λ ·)]∥Lp(Ω) ≤

Ce−ℜ(
√
λ)

|λ|
3
4
+ 1

2p

. (180)
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Proof. (i) Let ℜ(
√
λ) ≤ 1. If ℜ(

√
λ) ≤ r−1 then we have from (333) and (335) together

with ℜ(µ) > |n|,

r−|n|−1

∫ r

1
s1+|n||Kµn(

√
λs)| ds ≤ C|λ|−

ℜ(µn)
2 r1−|n| , (181)

and

r|n|−1

∫ ∞

r
s1−|n||Kµn(

√
λs)| ds ≤ C|λ|−

ℜ(µn)
2 r1−ℜ(µn) ≤ C|λ|−

ℜ(µn)
2 r1−|n| . (182)

In particular, we have

|dn[Kµn(
√
λ ·)]| ≤

∫ ∞

1
s1−|n||Kµn(

√
λs)|ds ≤ C|λ|−

ℜ(µn)
2 , (183)

and the definition ofVn[Kµn(
√
λ ·)] implies that for1 ≤ p ≤ ∞,

sup
1≤|x|≤ 1

ℜ(
√

λ)

|x|
2
p |Vn[Kµn(

√
λ ·)](x)|

≤ C sup
1≤r≤ 1

ℜ(
√
λ)

r
2
p

(
r−|n|−1|dn[Kµn(

√
λ ·)]|+ r−|n|−1

∫ r

1
s1+|n||Kµn(

√
λs)|ds

+ r|n|−1

∫ ∞

r
s1−|n||Kµn(

√
λs)| ds

)
≤ C|λ|−

ℜ(µn)
2

− 1
p . (184)

On the other hand, if1 ≥ ℜ(
√
λ) > r−1 then we have from (332) and (334),

r−|n|−1

∫ r

1
s1+|n||Kµn(

√
λs)| ds ≤ Cr−|n|−1

(
|λ|−1− |n|

2 + |λ|−
ℜ(µn)

2
−1
)

≤ C|λ|−1−ℜ(µn)
2 r−|n|−1 , (185)

and

r|n|−1

∫ ∞

r
s1−|n||Kµn(

√
λs)| ds ≤ C|λ|−

3
4 r−

1
2 e−rℜ(

√
λ) ≤ C|λ|−

1
2 e−rℜ(

√
λ) . (186)

Hence, as in the calculation in (184), the estimates (183), (185), and (186) yield for1 ≤
p ≤ ∞,

sup
1

ℜ(
√

λ)
≤|x|

|x|
2
p |Vn[Kµn(

√
λ ·)](x)|

≤ C sup
1

ℜ(
√

λ)
≤r

(
|dn[Kµn(

√
λ ·)]|+ |λ|−1−ℜ(µn)

2 r
2
p
−|n|−1

+ |λ|−
1
2 r

2
p e−rℜ(

√
λ)

)

≤ C|λ|−
ℜ(µn)

2
− 1

p , (187)

whereℜ(µn) > |n| ≥ 1 and 2
p − |n| − 1 ≤ 0 are used. By the interpolation theorem the

estimate (179) follows from (184) and (187). The proof is complete for the caseℜ(
√
λ) ≤ 1.
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(ii) Let ℜ(
√
λ) ≥ 1. In order to obtain the factor|λ|−

1
2p in (180) we need to rewrite

the terms ofVn[Kµn(
√
λ ·)] suitably by using Lemma A.1. In view of the definition of

Vn[Kµn(
√
λ ·)] it suffices to the estimates the terms

I(r) =
1

r|n|+1

(
−
∫ ∞

1
s1−|n|Kµn(

√
λs) ds+

∫ r

1
s1+|n|Kµn(

√
λs) ds

)
, (188)

II(r) = r|n|−1

∫ ∞

r
s1−|n|Kµn(

√
λs) ds . (189)

We apply the identityKµn(z) = −µn+1
z Kµn+1(z) − dKµn+1

dz (z), see (327), toI, which
leads to

I(r) = − µn + 1√
λr|n|+1

(
−
∫ ∞

1
s−|n|Kµn+1(

√
λs) ds+

∫ r

1
s|n|Kµn+1(

√
λs) ds

)
− 1√

λr|n|+1

(
−
∫ ∞

1
s1−|n| d

ds
Kµn+1(

√
λs) ds+

∫ r

1
s1+|n| d

ds
Kµn+1(

√
λs) ds

)
= − 1√

λr|n|+1

(
− (µn + |n|)

∫ ∞

1
s−|n|Kµn+1(

√
λs) ds

+ (µn − |n|)
∫ r

1
s|n|Kµn+1(

√
λs) ds

)
− 1√

λ
Kµn+1(

√
λr) .

(190)

Similarly, the termII is rewritten as

II(r) = −µn + |n|√
λ

r|n|−1

∫ ∞

r
s−|n|Kµn+1(

√
λs) ds+

1√
λ
Kµn+1(

√
λr) . (191)

Therefore, we have from Lemma A.3,

|I(r)| ≤ C

|λ|
1
2 r|n|+1

∫ ∞

1
s|n||

√
λs|−

1
2 e−sℜ(

√
λ) ds+

C

|λ|
1
2

|
√
λr|−

1
2 e−rℜ(

√
λ)

≤ C

|λ|
5
4 r|n|+1

e−ℜ(
√
λ) +

C

|λ|
3
4 r

1
2

e−rℜ(
√
λ) , (192)

and similarly,

|II(r)| ≤ C

|λ|
5
4 r

3
2

e−rℜ(
√
λ) +

C

|λ|
3
4 r

1
2

e−rℜ(
√
λ) ≤ C

|λ|
3
4 r

1
2

e−rℜ(
√
λ) . (193)

Since theLp(Ω) norm of the functionr−
1
2 e−rℜ(

√
λ) (note that we regard it as a radially

symmetric function inΩ, as before) is bounded from above byC|λ|−
1
2p e−ℜ(

√
λ) when

ℜ(
√
λ) ≥ 1, we have for1 < p ≤ ∞,

∥Vn[Kµn(
√
λ ·)]∥Lp(Ω) ≤ C∥I∥Lp(Ω) + C∥II∥Lp(Ω) ≤

C

|λ|
3
4
+ 1

2p

e−ℜ(
√
λ) .

Here we have used|λ|−
5
4 ≤ |λ|−

3
4
− 1

2p for ℜ(
√
λ) ≥ 1 and1 ≤ p ≤ ∞. The proof is

complete.

We have now proved the boundedness ofTn,α andRn,α as follows, which completes
the proof of Proposition 3.4.
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Corollary 3.18 The mapsTn,α, Rn,α : C \ R− → L(PnL2
σ(Ω)) defined as(75) and (76)

are locally bounded.

Proof. The assertion is a direct consequence of Propositions 3.16 and 3.17 by the density
argument, forTn,α(λ)fn = −cn,λ[fn]Vn[Kµn(

√
λ·)] andRn,α(λ) = Vn[Φn,λ[fn]]. The

proof is complete.

Collecting Propositions 3.16, 3.17, and the formula (79), we obtain theLp − Lq esti-
mates for the resolvent as follows.

Theorem 3.19 Let 1 ≤ q < p ≤ ∞ or 1 < q ≤ p ≤ ∞. Letλ ∈ ρ(−Aα|PnL2
σ
) ∩ Σπ−ϵ

for someϵ ∈ (0, π2 ). Then there is a positive constantC = C(α, n, ϵ, p, q) such that the
following statements hold. Letfn ∈ PnC∞

0,σ(Ω). If ℜ(
√
λ) ≤ 1 then

∥(λ+Aα|PnL2
σ
)−1fn∥Lp(Ω) ≤

C

|λ|1+
1
p
− 1

q

( |λ|−
ℜ(µ)

2

|Fn(
√
λ;α)|

+ 1
)
∥fn∥Lq(Ω) , (194)

while ifℜ(
√
λ) ≥ 1 then

∥(λ+Aα|PnL2
σ
)−1fn∥Lp(Ω) ≤

C ′

|λ|1+
1
p
− 1

q

( |λ|− 3
4
+ 1

2p
− 1

2q e−ℜ(
√
λ)

|Fn(
√
λ;α)|

+ 1
)
∥fn∥Lq(Ω) .

(195)

In particular, (194)and(195)hold for all fn ∈ PnC∞
0,σ(Ω)

∥·∥Lq(Ω) .

Remark 3.20 For1 ≤ q <∞ we have

PnC∞
0,σ(Ω)

∥·∥Lq(Ω)
= PnLqσ(Ω) =

{
f ∈ Lqσ(Ω)

∣∣ f = Pnf
}
. (196)

Proof of Theorem 3.19.As is stated in the proof of Proposition 3.4, we have for anyfn ∈
PnC∞

0,σ(Ω),

(λ+Aα|PnL2
σ
)−1fn = −

cn,λ[fn]

Fn(
√
λ;α)

Vn[Kµn(
√
λ ·)] + Vn[Φn,λ[fn]] . (197)

Letℜ(
√
λ) ≤ 1. Then Propositions 3.16 and 3.17 yield

∥
cn,λ[fn]

Fn(
√
λ;α)

Vn[Kµn(
√
λ ·)]∥Lp(Ω) ≤

|cn,λ[fn]|
|Fn(

√
λ;α)|

∥Vn[Kµn(
√
λ ·)]∥Lp(Ω)

≤ C

|Fn(
√
λ;α)|

|λ|−1+ 1
q
−ℜ(µn)

2
− 1

p ∥fn∥Lq(Ω) ,

and

∥Vn[Φn,λ[fn]]∥Lp(Ω) ≤
C

|λ|1+
1
p
− 1

q

∥fn∥Lq(Ω) .

Thus the estimate (194) holds. The estimate (195) also follows from Propositions 3.16 and
3.17 in the similar manner. The proof is complete.
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3.3.2 Estimates for vorticity

In order to solve the nonlinear problem (INSα) we need the derivative estimate for the
resolvent(λ + Aα|PnL2

σ
)−1. By the divergence free condition and the no-slip boundary

condition it suffices to study the estimates for the vorticity. To this end we first estimate
Φn,λ[fn].

Lemma 3.21 Letλ ∈ Σπ−ϵ for someϵ ∈ (0, π2 ) and letfn ∈ PnC∞
0,σ(Ω). Then it follows

that

∥Φn,λ[fn]∥Lp(Ω) ≤
C

|λ|
1
2

∥fn∥Lp(Ω) , 1 ≤ p ≤ ∞ . (198)

Here the constantC depends only onα, n, ϵ, andp.

Proof. The definition (58) forΦn,λ[fn] leads to a decompositionΦn,λ[fn] =
∑4

l=1Φ
(l)
n,λ[fn],

where

Φ
(1)
n,λ[fn](r) = −Kµn(

√
λr)

∫ r

1
Iµn(

√
λs) gn ds ,

Φ
(2)
n,λ[fn](r) = −

√
λKµn(

√
λr)

∫ r

1
Iµn+1(

√
λs) fθ,nsds ,

Φ
(3)
n,λ[fn](r) = Iµn(

√
λr)

∫ ∞

r
Kµn(

√
λs) jn ds ,

Φ
(4)
n,λ[fn](r) =

√
λIµn(

√
λr)

∫ ∞

r
Kµn−1(

√
λs) fθ,nsds .

(i) Estimate ofΦ(1)
n,λ[fn]: By changing the order of the integration we have from (340) and

(341),

∥Φ(1)
n,λ[fn]∥L1(Ω) ≤ 2π

∫ ∞

1

∫ ∞

s
|Kµn(

√
λr)|r dr |Iµn(

√
λs)| |gn| ds

≤ C

∫ max{ 1

ℜ(
√
λ)
,1}

1

(
|λ|−1 + |λ|−

ℜ(µn)+1
2 s1−ℜ(µn)

)
|
√
λs|ℜ(µn)|gn| ds

+ C

∫ ∞

max{ 1

ℜ(
√
λ)
,1}

|λ|−
3
4 s

1
2 e−sℜ(

√
λ)|

√
λs|−

1
2 esℜ(

√
λ)|gn| ds

≤ C|λ|−
1
2 ∥gn∥L1(Ω) . (199)

Here we have used the factℜ(µn) ≥ 1 and thus|λ|−1s−1|
√
λs|ℜ(µn) ≤ C|λ|−

1
2 if 1 ≤ s ≤

1/ℜ(
√
λ). Next we give the estimate ofL∞ norm. Letℜ(

√
λ) ≤ r−1. Then Lemma A.2

and (342) imply

|Φ(1)
n,λ[fn](r)| ≤ C|

√
λr|−ℜ(µn)|λ|

ℜ(µn)
2 r1+ℜ(µn)∥gn∥L∞(Ω) ≤ C|λ|−

1
2 ∥gn∥L∞(Ω) .

(200)

If ℜ(
√
λ) ≥ r−1 then we have from Lemma A.3 and (343),

|Φ(1)
n,λ[fn](r)| ≤ C|

√
λr|−

1
2 e−rℜ(

√
λ)
(
|λ|−

1
2 + |λ|−

3
4 r−

1
2 erℜ(

√
λ)
)
∥gn∥L∞(Ω)

≤ C|λ|−
1
2 ∥gn∥L∞(Ω) . (201)
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The estimates (199), (200), and (201) imply thatΦ
(1)
n,λ[·] is bounded fromL1(Ω)2 toL1(Ω)

and fromL∞(Ω)2 to L∞(Ω) with the estimateC|λ|−1/2 of its operator norm. Hence, by

the interpolation theoremΦ(1)
n,λ[·] is bounded fromLp(Ω)2 toLp(Ω) for all 1 ≤ p ≤ ∞ with

the same estimate.

(ii) Estimate ofΦ(2)
n,λ[fn]: The proof is parallel to that forΦ(1)

n,λ[fn]. Thus we omit the details.

(iii) Estimate ofΦ(3)
n,λ[fn]: By changing the order of the integration we have from (342) and

(343),

∥Φ(3)
n,λ[fn]∥L1(Ω) ≤ 2π

∫ ∞

1

∫ s

1
|Iµn(

√
λr)|r dr |Kµn(

√
λs)| |jn| ds

≤ C

∫ max{ 1

ℜ(
√

λ)
,1}

1
|λ|

ℜ(µn)
2 s2+ℜ(µn)|

√
λs|−ℜ(µn)|jn| ds

+ C

∫ ∞

max{ 1

ℜ(
√
λ)
,1}
s
(
|λ|−

1
2 + |λ|−

3
4 s−

1
2 esℜ(

√
λ)
)
|
√
λs|−

1
2 e−sℜ(

√
λ)|jn| ds

≤ C|λ|−
1
2 ∥jn∥L1(Ω) . (202)

Letℜ(
√
λ) ≥ r−1. Then Lemma A.3 leads to

|Φ(3)
n,λ[fn](r)| ≤ C|

√
λr|−

1
2 erℜ(

√
λ)

∫ ∞

r
|
√
λs|−

1
2 e−sℜ(

√
λ) ds∥jn∥L∞(Ω)

≤ C|λ|−
1
2 ∥jn∥L∞(Ω) . (203)

On the other hand, ifℜ(
√
λ) ≤ r−1 then Lemma A.2 and Lemma A.3 yield

|Φ(3)
n,λ[fn](r)| ≤ C|

√
λr|ℜ(µn)

(∫ 1

ℜ(
√

λ)

r
|
√
λs|−ℜ(µn) ds

+

∫ ∞

1

ℜ(
√

λ)

|
√
λs|−

1
2 e−sℜ(

√
λ) ds

)
∥jn∥L∞(Ω)

≤ C|λ|−
1
2 ∥jn∥L∞(Ω) . (204)

As in the proof forΦ(1)
n,λ[·] above, the estimates (202), (203), and (204) show thatΦ

(3)
n,λ[·]

is bounded fromLp(Ω)2 to Lp(Ω) for all 1 ≤ p ≤ ∞ with the estimateC|λ|−1/2 of its
operator norm.

(iv) Estimate ofΦ(4)
n,λ[fn]: The proof is parallel to that forΦ(3)

n,λ[fn]. Thus we omit the
details. The proof of Lemma 3.21 is complete.

Next we estimate theLp norm of the modified Bessel functionKµ.

Lemma 3.22 Let 1 ≤ p ≤ ∞ and letλ ∈ Σπ−ϵ for someϵ ∈ (0, π2 ). Then there is a
positive constantC = C(α, n, ϵ, p) such that the following statements hold. Ifℜ(

√
λ) ≤ 1

then

∥Kµn(
√
λ ·)∥Lp(Ω) ≤

C

|λ|
ℜ(µn)

2
+ 1

p
− 1

2

, 1 ≤ p ≤ 2 , (205)

∥Kµn(
√
λ ·)∥Lp(Ω) ≤

C

|λ|
ℜ(µn)

2

, 2 ≤ p ≤ ∞ . (206)
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On the other hand, ifℜ(
√
λ) ≥ 1 then

∥Kµn(
√
λ ·)∥Lp(Ω) ≤

Ce−ℜ(
√
λ)

|λ|
1
4
+ 1

2p

, 1 ≤ p ≤ ∞ . (207)

Proof. Letℜ(
√
λ) ≤ 1 and1 ≤ p <∞. Then Lemma A.2 and Lemma A.3 imply

∥Kµn(
√
λ ·)∥pLp(Ω) ≤ Cp

∫ 1

ℜ(
√

λ)

1
|
√
λr|−pℜ(µn)r dr + Cp

∫ ∞

1

ℜ(
√

λ)

|
√
λr|−

p
2 e−prℜ(

√
λ)r dr

≤ Cp|λ|−
pℜ(µn)

2

∫ 1

ℜ(
√
λ)

1
r1−pℜ(µn) dr +

Cp

p|λ|
. (208)

Thus, usingℜ(µn) > |n| ≥ 1 andℜ(
√
λ) ≤ 1, we obtain (205) and (206). The estimate

for the casep = ∞ follows in the similar manner. Next we consider the caseℜ(
√
λ) ≥ 1.

Then Lemma A.3 yields for1 ≤ p <∞,

∥Kµn(
√
λ ·)∥pLp(Ω) ≤ Cp

∫ ∞

1
|
√
λr|−

p
2 e−prℜ(

√
λ)r dr ≤ Cp

|λ|
p
4

∫ ∞

1
r1−

p
2 e−prℜ(

√
λ) dr

≤ Cpe−pℜ(
√
λ)

|λ|
p
4
+ 1

2

. (209)

The estimate for the casep = ∞ directly follows from Lemma A.3. The proof is complete.

We are now in position to prove the estimates for the vorticityrot (λ+Aα|PnL2
σ
)−1fn,

and hence, for the derivative∇(λ+Aα|PnL2
σ
)−1fn.

Theorem 3.23 Let 1 ≤ q ≤ ∞ and letλ ∈ ρ(−Aα|PnL2
σ
) ∩ Σπ−ϵ for someϵ ∈ (0, π2 ).

Then there is a positive constantC = C(α, n, ϵ, q) such that the following statements hold.
Letfn ∈ PnC∞

0,σ(Ω).

(1) If ℜ(
√
λ) ≤ 1 and1 ≤ q ≤ 2 then

∥rot (λ+Aα|PnL2
σ
)−1fn∥Lq(Ω) ≤

C

|λ|
1
2

( |λ|−
ℜ(µn)

2

|Fn(
√
λ;α)|

+ 1
)
∥fn∥Lq(Ω) . (210)

(2) If ℜ(
√
λ) ≤ 1 and2 ≤ q ≤ ∞ then

∥rot (λ+Aα|PnL2
σ
)−1fn∥Lq(Ω) ≤

C

|λ|1−
1
q

( |λ|−
ℜ(µn)

2

|Fn(
√
λ;α)|

+ 1
)
∥fn∥Lq(Ω) . (211)

(3) If ℜ(
√
λ) ≥ 1 and1 ≤ q ≤ ∞ then

∥rot (λ+Aα|PnL2
σ
)−1fn∥Lq(Ω) ≤

C

|λ|
1
2

( |λ|− 3
4 e−ℜ(

√
λ)

|Fn(
√
λ;α)|

+ 1
)
∥fn∥Lq(Ω) . (212)

Moreover, except for the end point casesq = 1,∞ the above statements (1), (2), and (3)
hold also for∥∇(λ+Aα|PnL2

σ
)−1fn∥Lq(Ω).
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Proof. We recall that (79) and (35) imply

rot (λ+Aα|PnL2
σ
)−1fn = −

cn,λ[fn]

Fn(
√
λ;α)

Kµn(
√
λr)einθ +Φn,λ[fn](r)e

inθ (213)

in the polar coordinates. Hence, (210), (211), and (212) follow from Proposition 3.16,
Lemma 3.21, and Lemma 3.22. Then the estimate of∥∇(λ + Aα|PnL2

σ
)−1fn∥Lq(Ω) for

1 < q <∞ is derived from the inequality

∥∇h∥Lq(Ω) ≤ C∥roth∥Lq(Ω) for h ∈W 1,q
0 (Ω)2 ∩ Lqσ(Ω) . (214)

The proof is complete.

3.4 Resolvent estimates inQnL
2
σ(Ω) andP±1L

2
σ(Ω) by energy method

The resolvent estimates in Theorems 3.19 and 3.23 highly depend on the Fourier mode
n. To overcome this difficulty we use the energy method for the resolvent estimates in
QnL

2
σ(Ω) in Section 3.4.1. The key observation here is that the Hardy-type inequality does

hold inQnL
2
σ(Ω) as long as|n| ≥ 1, which follows from Lemma 2.2. In Section 3.4.2 we

also apply the energy argument to the resolvent problem inP±1L
2
σ(Ω), which is used to

investigate the zero points ofFn(
√
λ;α) for |n| = 1 and|α| ≪ 1 later in Section 3.6.

3.4.1 Estimates inQnL
2
σ(Ω) for n ≥ 1 by energy method

The main result of this section is the following theorem.

Theorem 3.24 Letn be any positive integer satisfying|α| < n. Then the following state-
ments hold.

(1) The spectrumσ(−Aα|QnL2
σ
) is included in the set

{
z ∈ C

∣∣ |ℑ(z)| ≤ − |α|
n− |α|

ℜ(z)
}
. (215)

(2) The perturbed Stokes semigroup{e−tAα}t≥0 in QnL
2
σ(Ω) satisfies the estimates

∥e−tAαf∥L2(Ω) ≤ ∥f∥L2(Ω) , t > 0 , f ∈ QnL
2
σ(Ω) , (216)

∥∇e−tAαf∥L2(Ω) ≤ Ct−
1
2 ∥f∥L2(Ω), t > 0 , f ∈ QnL

2
σ(Ω) . (217)

Here the constantC depends only onα andn. Moreover, for1 < q ≤ 2 ≤ p < ∞ it
follows that

∥e−tAαf∥Lp(Ω) ≤ Ct
− 1

q
+ 1

p ∥f∥Lq(Ω) , t > 0 , f ∈ QnL
2
σ(Ω) ∩ Lq(Ω)2 , (218)

where the constantC depends only onα, n, p, andq.

Remark 3.25 By the density argument we have from (216) and (218),

lim
t→∞

∥e−tAαf∥L2(Ω) = 0 for all f ∈ QnL
2
σ(Ω) . (219)
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Proof of Theorem 3.24.To prove (215) let us compute the numerical range of−Aα|QnL2
σ
,

denoted byW (−Aα|QnL2
σ
):

W (−Aα|QnL2
σ
)

=
{
⟨−Aαv, v⟩L2(Ω)

∣∣ v ∈ DL2
σ
(Aα) ∩QnL

2
σ(Ω) , ∥v∥L2(Ω) = 1

}
.

(220)

From−Aαv = P∆v − αP
(
U⊥rot v

)
we have

⟨−Aαv, v⟩L2(Ω) = −∥∇v∥2L2(Ω) − α⟨U⊥rot v, v⟩L2(Ω) , (221)

and hence, the Schwartz inequality and|U(x)| ≤ |x|−1 imply

|ℑ⟨−Aαv, v⟩L2(Ω)| = |α| |ℑ⟨U⊥rot v, v⟩L2(Ω)| ≤ |α| ∥rot v∥L2(Ω)∥|x|−1v∥L2(Ω) . (222)

Sincev ∈W 1,2
0 (Ω)2 ∩ L2

σ(Ω) we have∥rot v∥L2(Ω) = ∥∇v∥L2(Ω), while from the fact the
function|x|−1 is radially symmetric the velocityv ∈ QnL

2
σ(Ω) satisfies

∥x|−1v∥2L2(Ω) =
∑

|l|≥n+1

∥|x|−1Plv∥2L2(Ω) =
∑

|l|≥n+1

∫ 2π

0

∫ ∞

1

1

r2
(
|vr,l|2 + |vθ,l|2

)
r dr dθ

≤
∑

|l|≥n+1

1

(|l| − 1)2
∥∇Plv∥2L2(Ω).

Here we have used Lemma 2.2 in the last line. Then the identity (28) yields

∥x|−1v∥2L2(Ω) ≤
1

n2
∥∇v∥2L2(Ω) . (223)

Collecting (222) and (223), we have

|ℑ⟨−Aαv, v⟩L2(Ω)| ≤
|α|
n

∥∇v∥2L2(Ω) , v ∈ DL2
σ
(Aα) ∩QnL

2
σ(Ω) , n ≥ 1 . (224)

The similar calculation yields

ℜ⟨−Aαv, v⟩L2(Ω) = −∥∇v∥2L2(Ω) − αℜ⟨U⊥rot v, v⟩L2(Ω)

≤ −(1− |α|
n

)∥∇v∥2L2(Ω) , v ∈ DL2
σ
(Aα) ∩QnL

2
σ(Ω) , n ≥ 1 .

(225)

Combining (224) and (225), we obtain for|α| < n,

|ℑ⟨−Aαv, v⟩L2(Ω)| ≤
|α|
n

(
− n

n− |α|
ℜ⟨−Aαv, v⟩L2(Ω)

)
= − |α|

n− |α|
ℜ⟨−Aαv, v⟩L2(Ω) , (226)

which gives the estimate of the numerical range of−Aα|QnL2
σ
. Since we have already

known the sectoriality of−Aα, the spectrumσ(−Aα|QnL2
σ
) is included in the set given in

(215) by [27, V-3, Theorem 3.2], and the estimate (225) also implies that{e−tAα}t≥0 is a
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contraction semigroup inQnL
2
σ(Ω) when |α| < n. To derive the derivative estimates for

the semigroup let us consider the resolvent problem forλ ∈ ρ(−Aα|QnL2
σ
):

λv +Aαv = f , v ∈ DL2
σ
(Aα) ∩QnL

2
σ(Ω) , f ∈ QnL

2
σ(Ω) . (227)

From (224) and (225) we have

|ℑ(λ)| ∥v∥2L2(Ω) ≤
|α|
n

∥∇v∥2L2(Ω) + ∥f∥L2(Ω)∥v∥L2(Ω) , (228)

ℜ(λ) ∥v∥2L2(Ω) + (1− |α|
n

)∥∇v∥2L2(Ω) ≤ ∥f∥L2(Ω)∥v∥L2(Ω) . (229)

In particular, we have for|α| < n,

(
|ℑ(λ)|+ |α|

n− |α|
ℜ(λ)

)
∥v∥2L2(Ω) ≤

n

n− |α|
∥f∥L2(Ω)∥v∥L2(Ω) ,

which implies

∥(λ+Aα|QnL2
σ
)−1f∥L2(Ω) ≤

1

|ℑ(λ)|+ |α|
n−|α|ℜ(λ)

n

n− |α|
∥f∥L2(Ω) , (230)

whenλ belongs to the sector{z ∈ C | |ℑ(z)| > − |α|
n−|α|ℜ(z)}. Moreover, in this sector we

have from (229) and (230),

(1− |α|
n

)∥∇(λ+Aα|QnL2
σ
)−1f∥2L2(Ω)

≤ 1

|ℑ(λ)|+ |α|
n−|α|ℜ(λ)

n

n− |α|
∥f∥2L2(Ω)

+max{−ℜ(λ), 0}
( 1

|ℑ(λ)|+ |α|
n−|α|ℜ(λ)

n

n− |α|
)2∥f∥2L2(Ω) .

(231)

Now let us recall the representation ofe−tAα |QnL2
σ

in the Dunford integral

e−tAα |QnL2
σ
=

1

2πi

∫
γ
etλ(λ+Aα|QnL2

σ
)−1 dλ , t > 0 . (232)

Hereγ = γκ is the curve{λ ∈ C | | arg λ| = η , |λ| ≥ κ}∪{λ ∈ C | | arg λ| ≤ η , |λ| = κ}
for someη ∈ (π2 , π) and0 < κ ≪ 1, oriented counterclockwise. We takeη close toπ2 so

thatγ belongs to the sector{z ∈ C | |ℑ(z)| > − |α|
n−|α|ℜ(z)}, and we denote byγ0 the limit

curve obtained by takingκ = 0. Then forf ∈ QnL
2
σ(Ω) we have from (231) and by taking

κ→ 0,

∥∇e−tAαf∥L2(Ω) ≤
1

2π

∫
γ0

∥etλ∇(λ+Aα)
−1f∥L2(Ω) | dλ|

≤ C

∫ ∞

0
r−

1
2 e−ctr dr∥f∥L2(Ω) ≤ Ct−

1
2 ∥f∥L2(Ω) , (233)

which proves (217). Finally we will show (218). To this end let us consider the adjoint
operatorAα|∗QnL2

σ
of Aα|QnL2

σ
in QnL

2
σ(Ω). It is easy to see thatAα|∗QnL2

σ
= A∗

α|QnL2
σ
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holds, and sinceAαv = Av + αP
(
U · ∇v + v · ∇U

)
we have a representation ofAα|∗QnL2

σ

in QnL
2
σ(Ω) such as

D(Aα|∗QnL2
σ
) =W 2,2(Ω)2 ∩W 1,2

0 (Ω)2 ∩QnL
2
σ(Ω) ,

Aα|∗QnL2
σ
u = Au− αP

(
U · ∇u+

∑
j=1,2

Uj∇uj
)
, u ∈ D(Aα|∗QnL2

σ
) . (234)

As in the derivations of (225), we have

ℜ⟨−A∗
αu, u⟩L2(Ω) = −∥∇u∥2L2(Ω) + αℜ⟨

∑
j=1,2

Uj∇uj , u⟩L2(Ω)

≤ −∥∇u∥2L2(Ω) + |α|∥∇u∥L2(Ω)∥|x|−1u∥L2(Ω)

≤ −(1− |α|
n

)∥∇u∥2L2(Ω) . (235)

Here we have used (223) in the last line. Letu ∈ D(Aα|∗QnL2
σ
) be the solution to the

resolvent equation

λu+A∗
αu = g , g ∈ QnL

2
σ(Ω) , (236)

for λ ∈ {z ∈ C | |ℑ(z)| > − |α|
n−|α|ℜ(z)}. Sinceλ̄ belongs toρ(−Aα|QnL2

σ
) we al-

ready knowλ ∈ ρ(−A∗
α|QnL2

σ
). Moreover, the estimate (230) implies that there isϵ0 =

ϵ0(n, α) ∈ (0, π/2) such thatΣπ−ϵ0 ⊂ {z ∈ C | |ℑ(z)| > − |α|
n−|α|ℜ(z)} and

∥u∥L2(Ω) = ∥(λ+A∗
α)

−1g∥L2(Ω) ≤
C

|λ|
∥g∥L2(Ω) , λ ∈ Σπ−ϵ0 . (237)

Here the constantC depends only onα andn. Hence (235) and (237) yield

(1− |α|
n

)∥∇u∥2L2(Ω) ≤ ℜ⟨A∗
αu, u⟩L2(Ω) = −ℜ(λ)∥u∥2L2(Ω) + ℜ⟨g, u⟩L2(Ω)

≤ C

|λ|
∥g∥2L2(Ω) , λ ∈ Σπ−ϵ0 .

Now we have proved the estimate

∥∇(λ+Aα|∗QnL2
σ
)−1g∥L2(Ω) ≤

C

|λ|
1
2

∥g∥L2(Ω) , λ ∈ Σπ−ϵ0 . (238)

Let us back to the estimate of(λ + Aα|QnL2
σ
)−1. Let λ ∈ Σπ−ϵ0 . Let 1 < q < 2 and

1
q +

1
q′ = 1. Then we have for anyf ∈ QnL

2
σ(Ω) ∩ Lq(Ω)2 andg ∈ QnL

2
σ(Ω),

|⟨(λ+Aα)
−1f, g⟩L2(Ω)| = |⟨f, (λ̄+A∗

α)
−1g⟩L2(Ω)|

≤ ∥f∥Lq(Ω)∥(λ̄+A∗
α)

−1g∥Lq′ (Ω)

≤ C∥f∥Lq(Ω)∥∇(λ̄+A∗
α)

−1g∥
1− 2

q′

L2(Ω)
∥(λ̄+A∗

α)
−1g∥

2
q′

L2(Ω)

≤ C

|λ|
3
2
− 1

q

∥f∥Lq(Ω)∥g∥L2(Ω) . (239)
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Here we have use the Hölder inequality in the second line, the Gagliardo-Nirenberg inequal-
ity in the third line, and (237) and (238) in the last line. By the duality the estimate (238)
implies that

∥(λ+Aα)
−1f∥L2(Ω) ≤

C

|λ|
3
2
− 1

q

∥f∥Lq(Ω) , λ ∈ Σπ−ϵ0 (240)

for f ∈ QnL
2
σ(Ω) ∩ Lq(Ω)2. Therefore, as in the calculation in (233), we have

∥e−tAαf∥L2(Ω) ≤ C

∫ ∞

0
r
− 3

2
+ 1

q e−ctr dr∥f∥Lq(Ω) ≤ Ct
− 1

q
+ 1

2 ∥f∥Lq(Ω) (241)

for all f ∈ QnL
2
σ(Ω)∩Lq(Ω)2. Here the constantC depends only onα, n, andq. Then for

1 < q < 2 ≤ p <∞ andf ∈ QnL
2
σ(Ω) ∩ Lq(Ω)2 we have from the semigroup property,

∥e−tAαf∥Lp(Ω) ≤ C∥∇e−tAαf∥
1− 2

p

L2(Ω)
∥e−tAαf∥

2
p

L2(Ω)
≤ Ct

− 1
2
(1− 2

p
)∥e−

t
2
Aαf∥L2(Ω)

≤ Ct
− 1

q
+ 1

p ∥f∥Lq(Ω) , (242)

where we have also used the Gagliardo-Nirenberg inequality, (233), and (241). The proof
is complete.

3.4.2 Estimates inPnL2
σ(Ω) for |n| = 1 by energy method

ForT > 0 set

β(T ) =

∫ T

0

1

τ
e−

1
τ dτ . (243)

Note that there are positive constantsC1 andC2 such that

C1 log T ≤ β(T ) ≤ C2 log T , for all T ≥ e . (244)

Lemma 3.26 Let |n| = 1 and letv ∈W 1,2
0 (Ω)2 ∩PnL2

σ(Ω). For anyT > 0 it follows that

|⟨U⊥rot v, v⟩L2(Ω)| ≤
1

T
∥∇v∥L2(Ω)∥v∥L2(Ω) + β(T )∥∇v∥2L2(Ω) . (245)

Proof. We firstly assume thatv ∈ PnC∞
0,σ(Ω) with |n| = 1 and then extendv by zero to

the whole spaceR2. Let v = vr,ne
inθer + vθ,ne

inθeθ and rot v = wne
inθ in the polar

coordinates. From the identity|U⊥ · v| = r−1|vr,n| in the polar coordinates we have

|⟨U⊥rot v, v⟩L2(Ω)| ≤
∫ 2π

0

∫ ∞

1

1

r
|wn(r)| |vr,n(r)|r dr dθ

Then for anyT > 0 we see1r = 1
r (1− e−

r
T ) + 1

re
− r

T ≤ 1
T + 1

re
− r

T , which gives

|⟨U⊥rot v, v⟩L2(Ω)| ≤
1

T
∥rot v∥L2(Ω)∥v∥L2(Ω)

+ ∥rot v∥L2(Ω)

( ∫ 2π

0

∫ ∞

1

∣∣1
r
e−

r
T vr,n(r)

∣∣2r dr dθ) 1
2 .
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By applying the mean-value theorem we have

|1
r
e−

r
T vr,n(r)| ≤

∫ 1

0
e−

r
T |(vr,n)

′
(σr)| dσ ,

and hence the Minkowskii inequality and the condition(vr,n)
′
(r) = 0 for 0 ≤ r ≤ 1 imply

( ∫ 2π

0

∫ ∞

1

∣∣1
r
e−

r
T vr,n(r)

∣∣2r dr dθ) 1
2 ≤

∫ 1

0

( ∫ 2π

0

∫ ∞

1
e−

2r
T |(vr,n)

′
(σr)|2r dr dθ

) 1
2 dσ

=

∫ 1

0

1

σ

( ∫ 2π

0

∫ ∞

1
e−

2τ
Tσ |(vr,n)

′
(τ)|2τ dτ dθ

) 1
2 dσ

≤
∫ 1

0

1

σ
e−

1
Tσ dσ

( ∫ 2π

0

∫ ∞

1
|(vr,n)

′
(τ)|2τ dτ dθ

) 1
2

≤ β(T )∥∇v∥L2(Ω) .

Here we have used Lemma 2.2 in the last line. Thus, the inequality (245) follows for any
v ∈ PnC∞

0,σ(Ω) by the identity∥∇v∥L2(Ω) = ∥rot v∥L2(Ω), and then for generalv ∈
W 1,2

0 (Ω)2 ∩ PnL2
σ(Ω) by the density argument. The proof is complete.

Theorem 3.27 Let |n| = 1. Fix anyT > 0 and let |α|β(T ) < 1. Then the spectrum
σ(−Aα|PnL2

σ
) is included in the set

{
z ∈ C

∣∣ |ℑ(z)| ≤ − 3|α|β(T )
1− |α|β(T )

ℜ(z) + 3|α|3β(T )
2T 2

(
1− |α|β(T )

)2 +
α2

2T 2β(T )

}
. (246)

Proof. Let us estimate the numerical range

W (−Aα|PnL2
σ
) =

{
⟨−Aαv, v⟩L2(Ω)

∣∣ v ∈ DL2
σ
(Aα) ∩ PnL2

σ(Ω) , ∥v∥L2(Ω) = 1
}
.

(247)

By using Lemma 3.26 we have from∥v∥L2(Ω) = 1,

|ℑ⟨−Aαv, v⟩L2(Ω)| = |αℑ⟨U⊥rot v, v⟩L2(Ω)|

≤ |α|
T

∥∇v∥L2(Ω) + |α|β(T )∥∇v∥2L2(Ω)

≤ 3

2
|α|β(T )∥∇v∥2L2(Ω) +

|α|
2T 2β(T )

, (248)

and

ℜ⟨−Aαv, v⟩L2(Ω) ≤ −∥∇v∥2L2(Ω) + |αℜ⟨U⊥rot v, v⟩L2(Ω)|

≤ −
(
1− |α|β(T )

)
∥∇v∥2L2(Ω) +

|α|
T

∥∇v∥L2(Ω)

≤ −1− |α|β(T )
2

∥∇v∥2L2(Ω) +
α2

2T 2(1− |α|β(T ))
. (249)

Combining (248) and (249), we observe thatW (−Aα|PnL2
σ
) is included in the set (246),

and hence, so is true for the spectrumσ(−Aα|PnL2
σ
). The proof is complete.
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The next corollary shows that when|α| is sufficiently small the standard energy method
provides a bound of the spectrum except for an exponentially small region (with respect to
|α|) near the origin. However, it should be emphasized here that this lack of the information
on the spectrum in the exponentially small region is nothing but the essential difficulty in
obtaining the stability result as in Theorems 1.1 and 1.3, for it reflects the absence of the
Hardy inequality such as (9) in the two-dimensional case.

Corollary 3.28 Let |n| = 1. Then for anyκ ∈ (0, 12) there are constants̃δκ, cκ ∈ (0, 1)

such that if|α| ≤ δ̃κ then the spectrumσ(−Aα|PnL2
σ
) is included in the set{

z ∈ C
∣∣ |ℑ(z)| ≤ −κℜ(z) + κα2e

− cκ
|α|
}
. (250)

Proof. In Theorem 3.27 let us takeT = e
1

N|α| with N ≫ 1 and|α| ≤ N−2. Then we have
from (244),

0 <
C1

N
≤ |α|β(T ) ≤ C2

N
≪ 1

8
, (251)

if N is large enough depending on the numerical constantC2. Therefore, by Theorem 3.27
the spectrum is included in the set{

z ∈ C
∣∣ ℜ(z) ≤ 0 , |ℑ(z)| ≤ −6C2

N
ℜ(z) + α2e

− 2
N|α|

}
∪
{
z ∈ C

∣∣ ℜ(z) > 0 , |ℑ(z)| ≤ −3C1

N
ℜ(z) + α2e

− 2
N|α|

}
,

and thus, forN ≥ 6C2
κ it is included in the set{

z ∈ C
∣∣ ℜ(z) ≤ 0 , |ℑ(z)| ≤ −κℜ(z) + α2e

− 2
N|α|

}
∪
{
z ∈ C

∣∣ ℜ(z) > 0 , |ℑ(z)| ≤ −κℜ(z) + κN

3C1
α2e

− 2
N|α|

}
.

SinceκN ≥ 6C2 ≥ 3C1 we conclude that

σ(−Aα|PnL2
σ
) ⊂

{
z ∈ C

∣∣ |ℑ(z)| ≤ −κℜ(z) + κN

3C1
α2e

− 2
N|α|

}
. (252)

By the choice ofN and|α| we havee−
1

N|α| ≤ e−N , which leads to

N

3C1
e
− 1

N|α| ≤ N

3C1
e−N ≤ 1

if N is large enough. Then (252) implies that

σ(−Aα|PnL2
σ
) ⊂

{
z ∈ C

∣∣ |ℑ(z)| ≤ −κℜ(z) + κα2e
− 1

N|α|
}
. (253)

HereN = N(κ) is taken large enough depending only onκ and the numerical constants
C1, C2. Thus the assertion of Corollary 3.28 holds withcκ = N−1 and δ̃κ = N−2. The
proof is complete.
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3.5 Estimates of{e−tAα}t≥0 under nonzero condition onFn(
√
λ;α)

In the next lemma we study the asymptotic behavior ofFn(
√
λ;α) for |λ| ≪ 1. The

conditionα ̸= 0 is essentially used, which ensures the propertyµn = µn(α) /∈ Z.

Lemma 3.29 Letα ∈ R \ {0} and fixn ∈ Z \ {0} andϵ ∈ (0, π2 ). Then there is a constant
δ = δ(α, n, ϵ) ∈ (0, 1) such that the following statements hold.

(1) For λ ∈ Σπ−ϵ ∩ {z ∈ C | |z| ≤ δ } the functionFn(
√
λ;α) is expanded as

(µn + |n| − 2)Fn(
√
λ;α) =

πλ−
µn
2

21+µn sin(µnπ)

( 1

Γ(−µn + 1)
+ o(1)

)
, 0 < |λ| ≪ 1 .

(254)

(2) For λ ∈ Σπ−ϵ ∩ {z ∈ C | |z| ≥ δ−1 } the functionFn(
√
λ;α) is expanded as

Fn(
√
λ;α) =

√
π

2
λ−

3
4 e−

√
λ
(
1 +O(|λ|−

1
2 )
)
, |λ| ≫ 1 . (255)

Remark 3.30 Let ϵ ∈ (0, π2 ). Combining the expansion (254) and Theorem 3.24 with
Proposition 3.2, we can conclude that for anyα ∈ R \ {0} there isrα,ϵ > 0 such that
Σπ−ϵ ∩Brα,ϵ(0) ⊂ ρ(−Aα). This fact will be essentially used in the proof of Theorem 1.6
below.

Proof of Lemma 3.29.(1) Firstly we note thatKµn(
√
λ) has an expansion such as

Kµn(
√
λ) =

πλ−
µn
2

21+µn sin(µnπ)

( 1

Γ(−µn + 1)
+O(|λ|

1
2 )
)
, 0 < |λ| ≪ 1 (256)

by the identity (53) and the definition ofIµn in (52). Then, in view of (345), it suffices to
show

√
λ

∫ ∞

1
s2−|n|Kµn−1(s

√
λ) ds = o(|λ|−

ℜ(µn)
2 ) , 0 < |λ| ≪ 1 . (257)

We apply Lemmas A.2 and A.3 to obtain forλ ∈ Σπ−ϵ with |λ| ≪ 1,

|
√
λ

∫ ∞

1
s2−|n|Kµn−1(s

√
λ) ds|

≤ C|λ|
1
2
( ∫ 1

ℜ(
√

λ)

1
s2−|n||

√
λs|−ℜ(µn)+1 ds+

∫ ∞

1

ℜ(
√

λ)

s2−|n||
√
λs|−

1
2 e−sℜ(

√
λ) ds

)
≤ C|λ|−

ℜ(µn)
2

+1

∫ 1

ℜ(
√

λ)

1
s3−|n|−ℜ(µn) ds+ C|λ|−1+

|n|
2 . (258)

Sinceℜ(µn) > |n| ≥ 1 for α ̸= 0, the estimate (258) implies (257). Hence (254) holds.

(2) By applying (330) we obtain for|λ| ≫ 1,

Fn(
√
λ;α) =

√
π

2
λ−

1
4

∫ ∞

1
s

1
2
−|n|e−s

√
λ
(
1 + kµn(s

√
λ)
)
ds . (259)

A direct calculation shows that∫ ∞

1
s

1
2
−|n|e−s

√
λ ds = λ−

1
2 e−

√
λ
(
1 +O(|λ|−

1
2
)
, |λ| ≫ 1 , (260)
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while from |kµn(s
√
λ)| ≤ C|λ|−

1
2 s−1,

|
∫ ∞

1
s

1
2
−|n|e−s

√
λkµn(s

√
λ) ds| ≤ C|λ|−

1
2

∫ ∞

1
s−

1
2
−|n|e−sℜ(

√
λ) ds

≤ C|λ|−1e−ℜ(
√
λ) . (261)

Hence (255) follows from (259), (260), and (261). The proof is complete.

Proof of Theorem 1.6.Fix α ∈ R \ {0}. Letm = mα be the integer satisfying|α| < m ≤
|α|+ 1, and setθα ∈ (0, π2 ) asθα = Arctan |α|

m−|α| . We recall thatAα is diagonalized as

Aα = A|L2
σ ,rad

⊕Aα|QmL2
σ
⊕
(
⊕1≤|n|≤m Aα|PnL2

σ

)
.

For the partA|L2
σ ,rad

we have nothing to prove, for it is just the Stokes operator in the invari-
ant subspaceP0L

2
σ(Ω), which is a nonnegative self-adjoint operator satisfying all estimates

of (16), (7), and (8). As for the partAα|QmL2
σ
, since|α| < m holds by the choice ofm,

the statement (1) of Theorem 3.24 implies that the sectorΣπ−θα is included in the resolvent
setρ(−Aα|QmL2

σ
). Moreover, the resolvent estimate (230) for−Aα|QmL2

σ
in Σπ−θα yields

that

∥(λ+Aα|QmL2
σ
)−1v∥L2(Ω) ≤

C

|λ|
∥v∥L2(Ω) , λ ∈ Σπ−ϵ , v ∈ QmL

2
σ(Ω) (262)

for any ϵ ∈ (θα,
π
2 ), whereC depends only onα and ϵ. We have already proved the

estimates (7) and (8) for{e−tAα |QmL2
σ
}t≥0 in Theorem 3.24.

It remains to consider the partAα|PnL2
σ

with 1 ≤ |n| ≤ m. If the assumption (15) holds
for someϵ0 ∈ (θα,

π
2 ) then the sectorΣπ−ϵ0 is included in the resolvent setρ(−Aα|PnL2

σ
)

with 1 ≤ |n| ≤ m by Propositions 2.12 and 3.2. Thus it suffices to show the estimates
such as (16), (7), and (8) forAα|PnL2

σ
with 1 ≤ |n| ≤ m. Let 1 ≤ q < p ≤ ∞ or

1 < q ≤ p ≤ ∞, and letfn ∈ PnC∞
0,σ(Ω). By Theorem 3.19 and Lemma 3.29 there is

δ ∈ (0, 1) such that

∥(λ+Aα|PnL2
σ
)−1fn∥Lp(Ω) ≤

C

|λ|1+
1
p
− 1

q

∥fn∥Lq(Ω) , (263)

holds for allλ ∈ Σπ−ϵ0 satisfying either|λ| ≤ δ or |λ| ≥ δ−1. On the other hand, since
|Fn(

√
λ;α)| is continuous with respect toλ in C \R− and since there are no zero points of

Fn(
√
λ;α) in Σπ−ϵ0 by the assumption, there isκ > 0 such that

|Fn(
√
λ;α)| ≥ κ for all λ ∈ Σπ−ϵ0 satisfying δ ≤ |λ| ≤ δ−1 . (264)

Hence we conclude from Theorem 3.19 that (263) holds for allλ ∈ Σπ−ϵ0 . In particular,
we obtain (263) withp = q = 2 for all fn ∈ PnL2

σ(Ω), which proves (16), and thus the
C0-analyic semigroup{e−tAα |PnL2

σ
}t≥0 defines a bounded semigroup inPnL2

σ(Ω), i.e.,

∥e−tAαfn∥L2(Ω) ≤ C∥fn∥L2(Ω) , t > 0 , fn ∈ PnL2
σ(Ω) . (265)

The similar uniform bound is valid also inLqσ(Ω) with 1 < q < ∞. To obtain theLp − Lq

estimates of{e−tAα |PnL2
σ
}t≥0 for 1 ≤ q < p ≤ ∞ we use a representation ofe−tAα |PnL2

σ

in the Dunford integral

e−tAα |PnL2
σ
=

1

2πi

∫
γ
etλ(λ+Aα|PnL2

σ
)−1 dλ , t > 0 . (266)
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Hereγ = γb is the curve{λ ∈ C | | arg λ| = η , |λ| ≥ b}∪{λ ∈ C | | arg λ| ≤ η , |λ| = b}
for someη ∈ (π2 , π) and0 < b ≪ 1, oriented counterclockwise, andη is taken so thatγ
belongs to the sectorΣπ−ϵ0 . We denote byγ0 the limit curve obtained by takingb = 0.
Then (263) yields for anyfn ∈ PnC∞

0,σ(Ω) and1 ≤ q < p ≤ ∞,

∥e−tAαfn∥Lp(Ω) ≤ C

∫
γ0

|λ|−1− 1
p
+ 1

q etℜ(λ)| dλ| ∥fn∥Lq(Ω)

≤ C

∫ ∞

0
r
−1− 1

p
+ 1

q e−tr cos ϵ0 dr∥fn∥Lq(Ω)

≤ Ct
− 1

q
+ 1

p ∥fn∥Lq(Ω) , t > 0 . (267)

By the density argument the estimate (267) is extended to allfn ∈ PnLqσ(Ω), and the
estimate (7) has been proved. Arguing similarly, we have from Theorem 3.23 and Lemma
3.29 that

∥∇(λ+Aα|PnL2
σ
)−1fn∥L2(Ω) ≤

C

|λ|
1
2

∥fn∥L2(Ω) , λ ∈ Σπ−ϵ0 , fn ∈ PnL2
σ(Ω) ,

(268)

which leads to

∥∇e−tAαfn∥L2(Ω) ≤ Ct−
1
2 ∥fn∥L2(Ω) , t > 0 (269)

by using (266) as in the derivation of (267). Then (8) withq ∈ [1, 2) follows from (267)
and (269) due to the semigroup property. The proof of Theorem 1.6 is complete.

3.6 Analysis of zero points ofFn(z;α) with |n| = 1 for |α| ≪ 1

The aim of this section is to show the nonexistence of zero points ofFn(
√
λ;α) for the

case|n| = 1 and |α| ≪ 1 in a certain sector, which leads to Theorem 1.3 by virtue of
Theorem 1.6. By Corollary 3.28 we have already shown that there are no zero points of

Fn(
√
λ;α) in the domain{λ ∈ C | |ℑ(λ)| > −κℜ(λ) + κα2e

− cκ
|α| } for κ ∈ (0, 12) and

|α| ≤ δ̃κ ≪ 1. Hence it suffices to focus on a small domain close to the origin at most,
e.g., in some algebraic order such as|λ| ≤ |α|k for somek > 0. To this end we need
a delicate asymptotic analysis based on the known asymptotic expansion of the modified
Bessel function. Let us recall thatµn(α) = (n2 + iαn)

1
2 , which satisfiesℜ(µn(α)) > |n|

for α ̸= 0. We start from the following lemma.

Lemma 3.31 Let |n| = 1 and setζn = ζn(α) = µn(α) − 1. Fix ϵ ∈ (0, π2 ). Then for any
z ∈ Σπ−ϵ it follows that

Kµn(z) =
Γ(1 + ζn)

z

(z
2

)−ζn
− π

2

∞∑
m=0

1

(m+ 1)! Γ(m+ 1− ζn)Γ(m+ 2 + ζn)

× Γ(m+ 2 + ζn)− (m+ 1)Γ(m+ 1− ζn)

sin(ζnπ)

(z
2

)2m+1−ζn

− π

2

∞∑
m=0

1

m! Γ(m+ 2 + ζn)

1

sin(ζnπ)

{(z
2

)2m+1−ζn −
(z
2

)2m+1+ζn} .
(270)
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In particular, if |α| ≪ 1
2 then for anyz ∈ Σπ/2 with |z| ≤ 1

2 the following expansion holds:

Kµn(z) =
Γ(1 + ζn)

z

(z
2

)−ζn +R(1)
n,α(z) (271)

with

|R(1)
n,α(z)| ≤ −C|z|1−ℜ(ζn) log |z| . (272)

HereC is a positive constant independent ofα andz.

Proof. By the definition ofIµ(z) in (52) and the relation (53) we see

Kµn(z)

=
π

2

1

sin(µnπ)

{ ∞∑
m=0

1

m!Γ(−µn +m+ 1)

(z
2

)2m−µn −
∞∑
m=0

1

m!Γ(µn +m+ 1)

(z
2

)2m+µn

}
= −π

2

1

sin(ζnπ)Γ(−ζn)
(z
2

)−1−ζn

− π

2

1

sin(ζnπ)

∞∑
m=0

{
1

(m+ 1)!Γ(m+ 1− ζn)

(z
2

)2m+1−ζn − 1

m!Γ(m+ 2 + ζn)

(z
2

)2m+1+ζn

}
(273)

Then (270) follows by using the identity

Γ(−s)Γ(1 + s) = − π

sin(πs)

for the first term in the right-hand side of (273). The estimates (272) is derived from the fact
lim
α→0

ζn(α) = 0 by Lemma B.1 and the estimates for0 < |ζn| ≤ 1
4 such as

|Γ(m+ 2 + ζn)− (m+ 1)Γ(m+ 1− ζn)

sin(ζnπ)
|

= |(m+ 1 + ζn)Γ(m+ 1 + ζn)− (m+ 1)Γ(m+ 1− ζn)

sin(ζnπ)
| ≤ C(m+ 1)! ,

and

|
(z
2

)2m+1−ζn | ≤ C|z|2m+1−ℜ(ζn) ,

| 1

sin(ζnπ)

{(z
2

)2m+1−ζn −
(z
2

)2m+1+ζn}| ≤ C|z|2m+1−ℜ(ζn)|Log z
2
| .

Here, the first inequality can be shown by using the expression of the Gamma function
Γ(ξ) =

∫∞
0 e−ttξ−1 dt for ℜ(ξ) > 0. In the last inequality the functionLog z = log |z| +

i arg z, −π < arg z < π, is the principal branch of the logarithm ofz in Σπ−ϵ. The proof
is complete.

Lemma 3.32 Let |n| = 1 and setζn(α) = µn(α) − 1. If |α| ≪ 1
2 then for anyz ∈ Σπ/2

the following identity holds:∫ ∞

0

1

tζn(t2 + 1)

(
1 +

2t

z(t2 + 1)

)
e−

z
2
(t+ 1

t
) dt =

1

z

π
2 ζn

sin(π2 ζn)
+R(2)

n,α(z) , (274)
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whereR(2)
n,α(z) satisfies

|R(2)
n,α(z)| ≤ C . (275)

HereC is a positive constant independent ofα andz such that|α| ≪ 1
2 andz ∈ Σπ/2.

Proof. We rewrite the left-hand side of (274) as

(L.H.S) of (274)=
2

z

∫ ∞

0

t1−ζn

(t2 + 1)2
dt+R(2)

n,α(z) ,

where

R(2)
n,α(z) =

2

z

∫ ∞

0

t1−ζn

(t2 + 1)2
(
e−

z
2
(t+ 1

t
) − 1

)
dt+

∫ ∞

0

1

tζn(t2 + 1)
e−

z
2
(t+ 1

t
) dt .

Then we observe that

2

∫ ∞

0

t1−ζn

(t2 + 1)2
dt =

∫ ∞

0

τ−
ζn
2

(1 + τ)2
dτ = B(1− ζn

2
, 1 +

ζn
2
)

=
Γ(1− ζn

2 )Γ(1 +
ζn
2 )

Γ(2)

= Γ(1− ζn
2
)Γ(

ζn
2
)
ζn
2

=
π
2 ζn

sin(π2 ζn)
.

HereB(x, y) =
∫ 1
0 t

x−1(1− t)y−1 dt is the Beta function andΓ(x) is the Gamma function,
while we have used the well-known formulas

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
, Γ(1 + x) = xΓ(x) , Γ(x)Γ(1− x) =

π

sin(πx)
.

It remains to estimateR(2)
n,α(z). Whenℜ(z) > 0 we have

|e−
z
2
(t+ 1

t
)| ≤ 1 , |e−

z
2
(t+ 1

t
) − 1| ≤ |z|(t+ 1

t
) ,

which yields for|α| ≪ 1
2 ,

|R(2)
n,α(z)| ≤ 3

∫ ∞

0
t−ℜ(ζn)(t2 + 1)−1 dt ≤ C ,

sinceζn(α) → 0 asα → 0. In particular, the constantC is independent ofα andz such
that|α| ≪ 1

2 andz ∈ Σπ/2. The proof is complete.

Lemma 3.33 There isδ > 0 such that for anyζ ∈ C with |ζ| ≤ δ we have

Log
(sin( ζ2π)

ζ
2π

Γ(1 + ζ)
)
= −ζγ(ζ) , (276)

whereγ(ζ) satisfies

γ(ζ) = γ +O(|ζ|) , |ζ| → 0 (277)

with the Euler constantγ = 0.57721 · · · .
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Proof. When|ζ| is small enough both
sin( ζ2π)

ζ
2π

andΓ(1 + ζ) are close to1, which gives

Log
(sin( ζ2π)

ζ
2π

Γ(1 + ζ)
)
= Log

(sin( ζ2π)
ζ
2π

)
+ Log

(
Γ(1 + ζ)

)
. (278)

Now let us recall that product formulas

sin z = z
∞∏
m=1

(1− z2

m2π2
) ,

1

Γ(1 + ζ)
= (1 + ζ)eγ(1+ζ)

∞∏
m=1

(1 +
1 + ζ

m
)e−

1+ζ
m ,

which shows for|ζ| ≪ 1,

Log
(sin( ζ2π)

ζ
2π

)
=

∞∑
m=1

Log (1− ζ2

4m2
) , (279)

Log
(
Γ(1 + ζ)

)
= −Log (1 + ζ)− γ(1 + ζ)−

∞∑
m=1

{
Log (1 +

1 + ζ

m
)− 1 + ζ

m

}
. (280)

Next we use the expansion

Log (1 + z) =

∞∑
k=1

(−1)k−1

k
zk , |z| < 1 . (281)

Firstly (279) and (281) yield

|Log
(sin( ζ2π)

ζ
2π

)
| ≤

∞∑
m=1

( |ζ|2
4m2

+O(
|ζ|4

m4
)
)
≤ C|ζ|2 . (282)

To estimate (280) we also recall the formula for the Euler constant

γ =

∞∑
m=1

{ 1

m
− Log (1 +

1

m
)
}
,

which implies

Log
(
Γ(1 + ζ)

)
= −Log (1 + ζ)− γζ −

∞∑
m=1

{
Log (1 +

ζ

m+ 1
)− ζ

m

}
. (283)

Then (281) and (283) lead to

Log
(
Γ(1 + ζ)

)
= −Log (1 + ζ)− γζ −

∞∑
m=1

{ ζ

m+ 1
− ζ

m
+O(

|ζ|2

(m+ 1)2
)
}

= −Log (1 + ζ)− γζ + ζ +O(|ζ|2)
= −γζ +O(|ζ|2) . (284)

Collecting (278), (282), and (284), we obtain (276)-(277). The proof is complete.

We are now in position to prove the nonexistence of zero points ofFn(z;α) with |n| = 1
and|α| ≪ 1 in an algebraically small region|z| ≤ |α|2.
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Proposition 3.34 Let |n| = 1. Then for anyϵ ∈ (0, π2 ) there isδϵ > 0 such that if|α| ≤ δϵ
thenFn(z;α) ̸= 0 for z ∈ Σπ

2
−ϵ ∩Bα2(0). HereBr(0) = {z ∈ C | |z| < r}.

Proof. We will prove the assertion by a contradiction argument. Let|n| = 1 and assume that
there existsz0 ∈ Σπ

2
−ϵ ∩ Bα2(0) such thatFn(z0;α) = 0. Setζn = ζn(α) = µn(α) − 1.

Note that lim
α→0

ζn = 0 holds by (347). From the hypothesisFn(z0;α) = 0, Corollary A.8

implies

Kµn(z0) =

∫ ∞

0

1

tµn−1(t2 + 1)

(
1 +

2t

z0(t2 + 1)

)
e−

z0
2
(t+ 1

t
) dt .

Then Lemma 3.31 and Lemma 3.32 yield

Γ(1 + ζn)

z0

(z0
2

)−ζn =
1

z0

π
2 ζn

sin(π2 ζn)
−R(1)

n,α(z0) +R(2)
n,α(z0) .

That is, for small|α|,

{sin(π2 ζn)
π
2 ζn

Γ(1 + ζn)
(z0
2

)−ζn − 1
} 1

z0
= R(3)

n,α(z0) ,

|R(3)
n,α(z0)| = |

sin(π2 ζn)
π
2 ζn

(
−R(1)

n,α(z0) +R(2)
n,α(z0)

)
| ≤ C

(285)

with C independent of|α| ≪ 1 and|z0| ≤ α2 ≤ 1
2 . Here we have used

1

2
≤ |

sin(π2 ζn)
π
2 ζn

| ≤ 2

for sufficiently small|ζn|. Let γ(ζn) be the function in Lemma 3.33, and set

z̃0 = z̃0(ζn) =
eγ(ζn)

2
z0 . (286)

Sinceγ(ζn) = γ +O(|ζn|) for |ζn| ≪ 1 andz0 ∈ Σπ
2
−ϵ, we have

c1 ≤ | z̃0
z0

| ≤ c2 , | arg z̃0| <
π

2
− ϵ

2
(287)

for some positive constantsc1 andc2 independent of|α| ≪ 1 and |z0| ≤ α2. Using the
identity

sin(π2 ζn)
π
2 ζn

Γ(1 + ζn)
(z0
2

)−ζn =
(eγ(ζn)

2
z0
)−ζn = z̃−ζn0 ,

we have from (285) and (287),(
z̃−ζn0 − 1

) 1
z̃0

= R(4)
n,α(z0) , |R(4)

n,α(z0)| ≤ C (288)

with C independent of|α| ≪ 1 and|z0| ≤ α2. We set

g(ζn, z̃0) = −ℜ(ζn) log |z̃0|+ ℑ(ζn)θ(z̃0) , θ(z̃0) = arg z̃0 . (289)
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The identity (289) is also written aslog |z̃0| = − 1
ℜ(ζn)

g(ζ0, z̃0) +
ℑ(ζn)
ℜ(ζn)

θ(z̃0), which yields

z̃−ζn0 = e−ζnLog z̃0 = eg(ζn,z̃0)eiω(ζn,z̃0) , (290)

where

ω(ζn, z̃0) = −
(
ℜ(ζn) +

ℑ(ζn)2

ℜ(ζn)
)
θ(z̃0) +

ℑ(ζn)
ℜ(ζn)

g(ζn, z̃0) . (291)

Note that Lemma B.1 implies

ℑ(ζn)2

ℜ(ζn)
= 2 +O(|α|2) , |α| ≪ 1 . (292)

(i) Case|g(ζn, z̃0)| ≤ κ|ℑ(ζn)| |θ(z̃0)| for 0 < κ ≪ 1
2 : In this case we have from (347),

(287), and (292),

|ω(ζn, z̃0)| ≤
(
ℜ(ζn) + (1 + κ)

ℑ(ζn)2

ℜ(ζn)
)
|θ(z̃0)| < π , (293)

if |α| andκ are sufficiently small. Here the smallness ofκ can be chosen depending only on
ϵ as long as|α| ≤ δϵ ≪ 1. We fix thisκ in the argument below. The estimate (293) implies
that eiω(ζn,z̃0) can be close to1 only whenω(ζn, z̃0) is close to0. On the other hand, the
identity (289) and the present condition (i) lead to

| − ℜ(ζn) log |z̃0|| ≤ (1 + κ)|ℑ(ζn)| |θ(z̃0)| ,

and hence, Lemma B.1 and (287) give

|θ(z̃0)| ≥ − 1

1 + κ
|ℜ(ζn)
ℑ(ζn)

| log |z̃0| ≥ −c|α| log |α| , (294)

as long as|z̃0| ≤ c2|z0| ≤ c2α
2. Thus for|α| ≪ 1 we have from (291),

|ω(ζn, z̃0)| ≥
(
ℜ(ζn) +

ℑ(ζn)2

ℜ(ζn)
)
|θ(z̃0)| − |ℑ(ζn)

ℜ(ζn)
| |g(ζn, z̃0)|

≥
(
ℜ(ζn) + (1− κ)

ℑ(ζn)2

ℜ(ζn)
)
|θ(z̃0)|

≥ |θ(z̃0)| ≥ −c|α| log |α| . (295)

Here we have also used Lemma B.1, (292), and (294). Since3
4 ≤ eg(ζn,z̃0) ≤ 5

4 in the
present case (i), the identity (290) combined with the estimates (293) and (295) implies

|z̃−ζn0 − 1| = |eg(ζn,z̃0) cos
(
ω(ζn, z̃0)

)
− 1 + ieg(ζn,z̃0) sin

(
ω(ζn, z̃0)

)
|

≥ −c′|α| log |α| (296)

for somec′ > 0 independent of|α| ≪ 1 and|z̃0| ≤ c2α
2. Therefore, we have

|
(
z̃−ζn0 − 1

) 1
z̃0

| ≥ −c′|α| log |α|
c2|α|2

= − c′

c2|α|
log |α| , (297)

which goes to∞ as|α| → 0 and thus contradicts with (288) if|α| is small enough.
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(ii) Case|g(ζn, z̃0)| ≥ κ|ℑ(ζn)| |θ(z̃0)|, whereκ ∈ (0, 12) is fixed as in (i): We further

divide into two cases: (1)|θ(z̃0)| ≤ −1
2

ℜ(ζn)
|ℑ(ζn)| log |z̃0| and (2)|θ(z̃0)| > −1

2
ℜ(ζn)
|ℑ(ζn)| log |z̃0|.

In the case (1) we have from (289),

|g(ζn; z̃0)| > −ℜ(ζn) log |z̃0| − |ℑ(ζn)||θ(z̃0)| ≥ −1

2
ℜ(ζn) log |z̃0| . (298)

The triangle inequality and (290) yield from (298) and (347),

|z̃−ζn0 − 1| ≥ | |z̃−ζn0 | − 1| = |eg(ζn,z̃0) − 1| ≥ 1

e
min{1, |g(ζn, z̃0)|}

≥ 1

e
min{1,−1

2
ℜ(ζn) log |z̃0|}

≥ −cα2 log |α| , (299)

where we have used|z̃0| ≤ c2α
2. Hence, we have for|α| ≪ 1 and|z0| ≤ α2,

|
(
z̃−ζn0 − 1

) 1
z̃0

| ≥ −cα2 log |α|
c2|α|2

= − c

c2
log |α| , (300)

which goes to∞ asα → 0, and we have arrived at the contradiction with (288) if|α| is
small enough. Next we consider the case (2) of (ii). In this case we simply compute

|g(ζn, z̃0)| ≥ κ|ℑ(ζn)| |θ(z̃0)| ≥ −κ
2
ℜ(ζn) log |z̃0)| . (301)

Then, exactly as in the case (1), we can derive the lower bound

|
(
z̃−ζn0 − 1

) 1
z̃0

| ≥ −cκ
c2

log |α| , (302)

which contradicts with (288) for|α| ≪ 1. Collecting these, we conclude that there are no
zero points ofFn(z;α) with |n| = 1 in Σπ

2
−ϵ ∩ Bα2(0) if |α| ≤ δϵ ≪ 1. The proof is

complete.

Proof of Theorem 1.5 (4).Fix arbitraryϵ ∈ (0, π2 ). Since|α| is assumed to be small, by
Theorem 1.6 it suffices to show that there are no zero points ofFn(

√
λ;α) in Σπ−ϵ \ {0}

for |n| = 1. Let δϵ/3 ∈ (0, 1) be the number in Proposition 3.34. If|α| ≤ δϵ/3 then

Fn(
√
λ;α) ̸= 0 for anyλ ∈ Σπ−ϵ \ {0} with |λ| ≤ α4, since we have

√
λ ∈ Σπ

2
− ϵ

3
and

|
√
λ| ≤ α2 in this case. On the other hand, Corollary 3.28 implies that the set

D(α) :=
{
λ ∈ C

∣∣ |ℑ(λ)| > −κℜ(λ) + κα2e
− cκ

|α|
}
,

κ =
1

2
min{| tan(π − ϵ)|, 1

2
} ,

(303)

is included in the resolvent setρ(−Aα|PnL2
σ
) for |n| = 1 and|α| ≤ δ̃κ. Hence, by Propo-

sition 3.2 we conclude thatFn(
√
λ;α) ̸= 0 for all λ ∈ D(α) if |n| = 1 and|α| ≤ δ̃κ. The

definition ofD(α) in (303) shows that there isδ′ϵ ∈ (0, δϵ/3] such that if|α| ≤ δ′ϵ then

Σπ−ϵ \ {0} ⊂ D(α) ∪Bα4(0) . (304)

Therefore,Fn(
√
λ;α) ̸= 0 for λ ∈ Σπ−ϵ \ {0} if |α| ≤ δ′ϵ and |n| = 1. The proof is

complete.

Proof of Theorem 1.3.In the proof of Theorem 1.5 (4) above we have just proved that the
assumption (15) of Theorem 1.6 holds for sufficiently small|α|. Hence Theorem 1.3 is a
direct consequence of Theorem 1.6. The proof is complete.
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4 Nonlinear stability for the case|α| ≪ 1

In this section we will prove Theorem 1.1 by using the estimates for the perturbed Stokes
semigroup obtained in Theorem 1.3.

Proof of Theorem 1.1.(Existence) Firstly let us assume thatv0 ∈ L2
σ(Ω)∩Lq(Ω)2 for some

q ∈ [32 , 2]. We will solve (INSα) by applying the contraction mapping theorem. To this end
we introduce the space-time norm

∥v∥X,q =
∑
k=0,1

sup
t>0

(1 + t)
1
q
− 1

2 t
k
2 ∥∇kv(t)∥L2(Ω) , (305)

and we set

XR2,Rq ,q =
{
v ∈ C([0,∞);L2

σ(Ω)) ∩ C((0,∞);W 1,2
0 (Ω)2)

∣∣
lim
t→0

t
1
2 ∥∇v(t)∥L2(Ω) = 0 , ∥v∥X,2 ≤ R2 , ∥v∥X,q ≤ Rq

} (306)

for fixedR2, Rq > 0. We also set forv ∈ XR2,Rq ,q,

H[v; v0](t) = e−tAαv0 −
∫ t

0
e−(t−s)AαP

(
v(s) · ∇v(s)

)
ds , (307)

H0[v0](t) = H[0; v0](t) = e−tAαv0 . (308)

By Theorem 1.3 we have

∥H0[v0]∥X,q ≤ C
(
∥v0∥L2(Ω) + ∥v0∥Lq(Ω)

)
, (309)

where the constantC depends only onα and q. Moreover, sinceDL2
σ
(Aα) is dense in

L2
σ(Ω) and

∥e−tAαf∥
W 1,2

0 (Ω)
≤ C∥e−tAαf∥D

L2
σ
(Aα) ≤ C∥f∥D

L2
σ
(Aα) ,

we have from (7) that

lim
t→0

t
1
2 ∥∇e−tAαv0∥L2(Ω) = 0 , v0 ∈ L2

σ(Ω) . (310)

Next we estimate the nonlinear term. Letv, w ∈ XR2,Rq ,q. Then fork = 0, 1 we have from
Theorem 1.3,

∥∇k

∫ t

0
e−(t−s)AαP

(
v(s) · ∇w(s)

)
ds∥L2(Ω)

≤ C

∫ t

0
(t− s)−

1
4
− k

2 ∥P
(
v(s) · ∇w(s)

)
∥
L

4
3 (Ω)

ds . (311)

We recall that the Helmholtz projection is bounded also fromLp(Ω)2 toLpσ(Ω) for 1 < p <
∞; [43]. Then the Ḧolder inequality and the Gagliardo-Nirenberg inequality yield

∥P
(
v(s) · ∇w(s)

)
∥
L

4
3 (Ω)

≤ C∥v(s)∥L4(Ω)∥∇w(s)∥L2(Ω)

≤ C∥v(s)∥
1
2

L2(Ω)
∥∇v(s)∥

1
2

L2(Ω)
∥∇w(s)∥L2(Ω) , (312)
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and thus, by the definition of the norm∥ · ∥X,q we have

∥∇k

∫ t

0
e−(t−s)AαP

(
v(s) · ∇w(s)

)
ds∥L2(Ω)

≤ C

∫ t

0
(t− s)−

1
4
− k

2 s−
3
4 (1 + s)

−( 1
q
− 1

2
)
ds ∥v∥X,2∥w∥X,q .

(313)

Then we see ∫ t

0
(t− s)−

1
4
− k

2 s−
3
4 (1 + s)

−( 1
q
− 1

2
)
ds ≤ Ct−

k
2 ,

while for t > 1,∫ t

0
(t− s)−

1
4
− k

2 s−
3
4 (1 + s)

−( 1
q
− 1

2
)
ds ≤ Ct−

1
4
− k

2

∫ t
2

0
s−

3
4 (1 + s)

−( 1
q
− 1

2
)
ds

+ C(1 + t)
−( 1

q
− 1

2
)
∫ t

t
2

(t− s)−
1
4
− k

2 s−
3
4 ds

≤ Ct
− k

2
− 1

q
+ 1

2 .

Hence we obtain∑
k=0,1

sup
t>0

(1 + t)
1
q
− 1

2 t
k
2 ∥∇k

∫ t

0
e−(t−s)AαP

(
v(s) · ∇w(s)

)
ds∥L2(Ω)

≤ C0∥v∥X,2∥w∥X,q .
(314)

Here the constantC0 is taken depending only onα if q ∈ [32 , 2]. On the other hand, from
(311) withk = 1 and (312) we also have

lim sup
t→0

t
1
2 ∥∇

∫ t

0
e−(t−s)AαP

(
v(s) · ∇w(s)

)
ds∥L2(Ω)

≤ C∥v∥X,2 lim sup
t→0

sup
0<s<t

s
1
2 ∥∇w(s)∥L2(Ω) = 0 , (315)

which implies, together with (310), that

lim
t→0

t
1
2 ∥∇H[v; v0](t)∥L2(Ω) = 0 , v ∈ XR2,Rq ,q , v0 ∈ L2

σ(Ω) . (316)

By using Theorem 1.3 it is not difficult to see thatH[v; v0] belongs toC([0,∞);L2
σ(Ω))

and toC((0,∞);W 1,2
0 (Ω)2) for all v ∈ XR2,Rq ,q andv0 ∈ L2

σ(Ω), where the behavior

lim
t→0

t1/2∥∇v(t)∥L2(Ω) = 0 has to be used for the nonlinear term in order to show the con-

tinuity in L2
σ(Ω) at t = 0. This argument is standard and thus the details are omitted here.

Now let us takeR2 = 2∥H[0; v0]∥X,2 andRq = 2∥H[0; v0]∥X,q. By (309) if ∥v0∥L2(Ω)

is small enough thenC0R2 ≤ 1
8 holds, whereC0 is the number in (314). Then, collect-

ing (310), (314), and (316), we have proved thatH[·; v0] is a mapping fromXR2,Rq ,q to
XR2,Rq ,q. Furthermore, since the nonlinear term is a bilinear form, the estimate (314) and
the choice ofR2 imply thatH[·; v0] is a contraction mapping onXR2,Rq ,q. Hence there
exists a uniquev ∈ XR2,Rq ,q such thatv(t) = H[v; v0](t) for t ≥ 0, which is the solution
to (INSα). Note that the smallness is required only for∥v0∥L2(Ω) here. By considering the
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caseq = 2 above, we have shown that for anyv0 ∈ L2
σ(Ω) with ∥v0∥L2(Ω) ≪ 1 there exists

a unique solutionv ∈ C([0,∞);L2
σ(Ω)) to (INSα) satisfying

sup
t≥0

∥v(t)∥L2(Ω) + sup
t>0

t
1
2 ∥∇v(t)∥L2(Ω) ≤ C∥v0∥L2(Ω) ≪ 1 . (317)

Finally let us prove (6) for this solutionv. For eachN ≫ 1 let us takev0,N ∈ C∞
0,σ(Ω)

so that∥v0 − v0,N∥L2(Ω) ≤ N−1. Since∥v(N)
0 ∥L2(Ω) is also sufficiently small for suf-

ficiently largeN , the above argument shows that we can find the unique solutionv(N) ∈
X
R

(N)
2 ,R

(N)
3/2

,3/2
to (INSα) with v0 replaced byv0,N , whereR(N)

2 = 2∥H[0; v
(N)
0 ]∥X,2 ≤ 1

4C0

andR(N)
3/2 = 2∥H[0; v

(N)
0 ]∥X,3/2. Then (309) and the bilinear estimate (314) withq = 2

imply that

∥v − v(N)∥X,2 ≤ ∥H[0; v0]−H[0; v0,N ]∥X,2 + ∥H[v; 0]−H[v(N); 0]∥X,2
≤ C∥v0 − v0,N∥L2(Ω) + C0(R2 +R

(N)
2 )∥v − v(N)∥X,2

≤ C

N
+

1

2
∥v − v(N)∥X,2 ,

and hence,

∥v(t)− v(N)(t)∥L2(Ω) + t
1
2 ∥∇

(
v(t)− v(N)(t)

)
∥L2(Ω) ≤

2C

N
, t > 0 . (318)

On the other hand, sincev(N) ∈ X
R

(N)
2 ,R

(N)
3/2

,3/2
we have

lim
t→∞

(
∥v(N)(t)∥L2(Ω) + t

1
2 ∥∇v(N)(t)∥L2(Ω)

)
= 0 . (319)

Combining (318) with (319), we obtain (6) by takingN → ∞ aftert→ ∞.

(Uniqueness) Letw ∈ C([0,∞);L2
σ(Ω)) be another solution to (INSα) satisfyingt1/2∇w(t) ∈

L∞(0,∞;L2(Ω)). It suffices to showv(t) = w(t) for t ∈ (0, T0] with T0 ≪ 1, since we
can repeat the same argument fort > T0.

Step 1. lim
t→0

∥H[w; 0](t)∥L2(Ω) = 0: To prove this we observe that{e−tAα}t≥0 defines

a C0-analytic semigroup inLpσ(Ω) for any p ∈ (1,∞) as the perturbation of the Stokes
semigroup{e−tA}t≥0 in Lpσ(Ω). This is easily shown by using the regularityU ∈ L∞(Ω)2,
and the details are omitted here. Using this fact one can show thatH[w; 0](t) converges to
0 weakly inL2

σ(Ω) by the density argument. On the other hand, sincee−tAαv0 converges
to v0 in L2

σ(Ω) ast→ 0, the assumptionw ∈ C([0,∞);L2
σ(Ω)) implies thatH[w; 0](t) =

w(t)− e−tAαv0 actually converges to0 strongly inL2
σ(Ω) ast → 0. Thus we have proved

the claim.

Step 2.lim
t→0

t1/4∥w(t)∥L4(Ω) = 0: From the integral equation and the regularity assumption

of

w ∈ C([0,∞);L2
σ(Ω)) , t1/2∇w(t) ∈ L∞(0,∞;L2(Ω)) ,

we can show as in (314) that

H[w; 0](t) ∈W 1,2
0 (Ω)2 , t > 0 , t1/2∇H[w; 0](t) ∈ L∞(0, 1;L2(Ω)) .

66



Then, by the interpolation and Step 1 we have

t
1
4 ∥H[w; 0](t)∥L4(Ω) ≤ C∥H[w; 0](t)∥

1
2

L2(Ω)

(
t
1
2 ∥∇H[w; 0](t)∥L2(Ω)

) 1
2

→ 0 (t→ 0). (320)

On the other hand, as in (310), it is straightforward to seelim
t→0

t1/4∥e−tAαv0∥L4(Ω) = 0,

which shows the claim by (320).

Step 3.v(t) = w(t): Now let us compute the differencez(t) = v(t) − w(t), wherev(t)
is the solution to (INSα) constructed in the existence proof above. In particular,v satisfies
lim
t→0

t1/2∥∇v(t)∥L2(Ω) = 0. Thenz(t) satisfies the integral equation

z(t) = −
∫ t

0
e−(t−s)AαP

(
z(s) · ∇v(s)

)
ds−

∫ t

0
e−(t−s)AαP

(
w(s) · ∇z(s)

)
ds .

Thus, by using Theorem 1.3 as above and also using the inequality of the form

∥P
(
f · ∇g

)
∥
L

4
3 (Ω)

≤ C∥f∥L4(Ω)∥∇g∥L2(Ω) ,

we have fort ∈ (0, T0],

t
1
4 ∥z(t)∥L4(Ω) + t

1
2 ∥∇z(t)∥L2(Ω) ≤ C sup

0<t<T0

t
1
2 ∥∇v(t)∥L2(Ω) sup

0<t<T0

t
1
4 ∥z(t)∥L4(Ω)

+ C sup
0<t<T0

t
1
4 ∥w(t)∥L4(Ω) sup

0<t<T0

t
1
2 ∥∇z(t)∥L2(Ω) .

(321)

Hence, ifT0 is small enough we conclude thatz(t) = 0 in (0, T0], as desired. The proof of
Theorem 1.1 is complete.

A Formula of modified Bessel functions

In this appendix we collect some basic results on the modified Bessel functions of second
kind. LetIµ(z) andKµ(z) be the modified Bessel functions of orderµ defined as (52) and
(10), respectively.

Lemma A.1 It follows that

2
dIµ
dz

(z) = Iµ−1(z) + Iµ+1(z) , (322)

2µ

z
Iµ(z) = Iµ−1(z)− Iµ+1(z) , (323)

dIµ
dz

(z) = −µ
z
Iµ(z) + Iµ−1(z) =

µ

z
Iµ(z) + Iµ+1(z) , (324)

and that

2
dKµ

dz
(z) = −Kµ−1(z)−Kµ+1(z) , (325)

2µ

z
Kµ(z) = −Kµ−1(z) +Kµ+1(z) , (326)

dKµ

dz
(z) = −µ

z
Kµ(z)−Kµ−1(z) =

µ

z
Kµ(z)−Kµ+1(z) . (327)
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Proof. These are well known; see, e.g., [1, Chapter 4]. We note that (324) follows from
(322) and (323), and similarly, (325) follows from (326) and (327). The details are omitted
here.

Lemma A.2 Letℜ(µ) > 0. Then for anyM > 0 there is a constantC = C(M,µ) > 0
such that if|z| ≤M then

|Iµ(z)| ≤ C|z|ℜ(µ) , |Kµ(z)| ≤ C|z|−ℜ(µ) . (328)

Proof. The assertion immediately follows from the definition ofIµ in (52) and the relation
(53), including the caseµ = 1, 2, · · · . The proof is complete.

Lemma A.3 Let ϵ ∈ (0, π2 ). Then there is a constantC = C(ϵ, µ) > 0 such that if
z ∈ Σπ

2
−ϵ and|z| ≥ 1 then

|Iµ(z)| ≤ C|ℜ(z)|−
1
2 eℜ(z) , |Kµ(z)| ≤ C|ℜ(z)|−

1
2 e−ℜ(z) . (329)

Moreover, for|z| ≫ 1 the following expansion holds.

Iµ(z) =
1√
2πz

ez
(
1 + lµ(z)

)
, Kµ(z) =

√
π

2z
e−z
(
1 + kµ(z)

)
,

|lµ(z)|+ |kµ(z)| ≤ C|z|−1 .

(330)

Proof. The estimate (329) follows from (328) and (330), while (330) is well known; see [1,
Chapter 4.12]. The proof is complete.

Lemma A.4 Let k = 0, 1 andℜ(µ) > |n|, and letϵ ∈ (0, π2 ). Then there is a constant
C = C(ϵ, µ, n) > 0 such that the following statements hold.

(1) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≥ τ−1 then∫ r

τ
s1−k+|n||Kµ−k(

√
λs)| ds ≤ C|λ|−

3
4 τ

1
2
−k+|n|e−τℜ(

√
λ) . (331)

(2) If λ ∈ Σπ−ϵ andr−1 ≤ ℜ(
√
λ) ≤ τ−1 then∫ r

τ
s1−k+|n||Kµ−k(

√
λs)|ds ≤ C

(
|λ|−1− |n|−k

2 + |λ|−
ℜ(µ)−k

2
−1τn|−ℜ(µ)

)
. (332)

(3) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≤ r−1 then∫ r

τ
s1−k+|n||Kµ−k(

√
λs)| ds ≤ C|λ|−

ℜ(µ)−k
2 r2τ |n|−ℜ(µ) . (333)

(4) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≥ r−1 then∫ ∞

r
s1−k−|n||Kµ−k(

√
λs)| ds ≤ C|λ|−

3
4 r

1
2
−k−|n|e−rℜ(

√
λ) . (334)

(5) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≤ r−1 then∫ ∞

r
s1−k−|n||Kµ−k(

√
λs)| ds ≤ C|λ|−

ℜ(µ)−k
2 r2−|n|−ℜ(µ) . (335)
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Proof. (1) We have from Lemma A.3,∫ r

τ
s1−k+|n||Kµ−k(

√
λs)| ds ≤ C|λ|−

1
4

∫ ∞

τ
s

1
2
−k+|n|e−sℜ(

√
λ) ds

≤ C|λ|−
3
4 τ

1
2
−k+|n|e−τℜ(

√
λ) .

(2) We divide the integral into
∫ 1

ℜ(
√

λ)
τ and

∫ r
1

ℜ(
√

λ)

, and the second term is bounded from

above byC|λ|−1− |n|−k
2 , due to (331). On the other hand, ifλ ∈ Σπ−ϵ andsℜ(

√
λ) ≤ 1

then|s
√
λ| ≤ C, whereC depends only onϵ. Hence, by using Lemma A.2 the first term is

estimated as∫ 1

ℜ(
√
λ)

τ
s1−k+|n||Kµ−k(

√
λs)|ds ≤ C

∫ 1

ℜ(
√

λ)

τ
s1−k+|n||

√
λs|−ℜ(µ)+k ds

≤ C|λ|−
ℜ(µ)−k

2

∫ 1

ℜ(
√

λ)

τ
s1+|n|−ℜ(µ) ds

≤ C|λ|−
ℜ(µ)−k

2
−1τ |n|−ℜ(µ) .

Here we have used the conditionℜ(µ) > |n|.
(3) The proof is very similar to (332), where Lemma A.2 is used. We omit the details.

(4) We have from Lemma A.3,∫ ∞

r
s1−k−|n||Kµ−k(

√
λs)|dsC ≤ C|λ|−

1
4

∫ ∞

r
s

1
2
−k−|n|e−sℜ(

√
λ) ds

≤ C|λ|−
3
4 r

1
2
−k−|n|e−rℜ(

√
λ) .

(5) We divide the integral into
∫ 1

ℜ(
√

λ)
r and

∫∞
1

ℜ(
√

λ)

, and the second term is bounded from

above byC|λ|
|n|+k−1

2
− 1

2 , due to (334). Sinceℜ(µ) > |n| ≥ 1 andℜ(
√
λ) ≤ r−1 we have

|λ|
|n|+k−1

2
− 1

2 = |λ|−
ℜ(µ)−k

2
+

ℜ(µ)+|n|−2
2 ≤ C|λ|−

ℜ(µ)−k
2 r−ℜ(µ)−|n|+2. Next we estimate the

integral
∫ 1

ℜ(
√

λ)
r . Lemma A.3 yields∫ 1

ℜ(
√
λ)

r
s1−k−|n||Kµ−k(

√
λs)|ds ≤ C

∫ 1

ℜ(
√

λ)

r
s1−k−|n||

√
λs|−ℜ(µ)+k ds

≤ C|λ|−
ℜ(µ)−k

2 r2−|n|−ℜ(µ) .

Here we have used the assumptionℜ(µ) > 1 (for |n| = 1). Collecting these, we obtain
(335). The proof is complete.

Lemma A.5 Let k = 0, 1 andℜ(µ) > |n|, and letϵ ∈ (0, π2 ). Then there is a constant
C = C(ϵ, µ, n) > 0 such that the following statements hold.

(1) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≤ τ−1 then∫ τ

1
s1−k+|n||Iµ+k(

√
λs)| ds ≤ C|λ|

ℜ(µ)+k
2 τ2+|n|+ℜ(µ) . (336)
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(2) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≥ τ−1 then∫ τ

1
s1−k+|n||Iµ+k(

√
λs)| ds ≤ C|λ|−

3
4 τ

1
2
−k+|n|eτℜ(

√
λ) . (337)

(3) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≤ τ−1 then∫ τ

r
s1−k−|n||Iµ+k(

√
λs)| ds ≤ C|λ|

ℜ(µ)+k
2 τℜ(µ)+2−|n| . (338)

(4) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≥ τ−1 then∫ τ

r
s1−k−|n||Iµ+k(

√
λs)| ds ≤ C

(
|λ|

|n|+k
2

−1 + |λ|−
3
4 τ

1
2
−k−|n|eτℜ(

√
λ)
)
. (339)

Proof. (1) We have from Lemma A.2,∫ τ

1
s1−k+|n||Iµ+k(

√
λs)| ds ≤ C

∫ τ

1
s1−k+|n||

√
λs|ℜ(µ)+k ds

≤ C|λ|
ℜ(µ)+k

2 τ2+|n|+ℜ(µ) ,

as desired.

(2) We divide the integral into
∫ max{ 1

ℜ(
√
λ)
,1}

1 and
∫ τ
max{ 1

ℜ(
√

λ)
,1}, and the first term is bounded

from above byC|λ|−
2+|n|−k

2 , due to (336). The second term is bounded from above by using
Lemma A.3,∫ τ

max{ 1

ℜ(
√

λ)
,1}
s1−k+|n||Iµ+k(

√
λs)| ds ≤ C|λ|−

1
4

∫ τ

1

ℜ(
√

λ)

s
1
2
−k+|n|esℜ(

√
λ) ds

≤ C|λ|−
3
4 τ

1
2
−k+|n|eτℜ(µ) .

(3) As in the proof of (1), we have from Lemma A.2 andℜ(µ) > |n|,∫ τ

r
s1−k−|n||Iµ+k(

√
λs)| ds ≤ C|λ|

ℜ(µ)+k
2

∫ τ

r
s1−|n|+ℜ(µ) ds

≤ C|λ|
ℜ(µ)+k

2 τ2+ℜ(µ)−|n| .

(4) We divide the integral into
∫ max{ 1

ℜ(
√
λ)
,r}

r and
∫ τ
max{ 1

ℜ(
√
λ)
,r}, and the first term is bounded

from above byC|λ|
|n|+k

2
−1, due to (338). As for the second term, we have from Lemma

A.3,∫ τ

max{ 1

ℜ(
√

λ)
,r}
s1−k−|n||Iµ+k(

√
λs)|ds ≤ C|λ|−

1
4

∫ τ

1

ℜ(
√

λ)

s
1
2
−k−|n|esℜ(

√
λ) ds

≤ C|λ|−1+
k+|n|

2

∫ τℜ(
√
λ)

1
s

1
2
−k−|n|es ds .

For anym > 0 there isC = Cm > 0 such that
∫ N
1 s−mes ds ≤ CmN

−meN for all N > 1.
Therefore, the last term is bounded from above by

C|λ|−1+
k+|n|

2 |τℜ(
√
λ)|

1
2
−k−|n|eτℜ(

√
λ) = C|λ|−

3
4 τ

1
2
−k−|n|eτℜ(

√
λ) .

The proof is complete.
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Remark A.6 A similar argument as in the proof of Lemma A.4 and Lemma A.5 yields the
following estimates forℜ(µ) > 1 andk = 0, 1.

(1) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≥ r−1 then∫ ∞

r
s|Kµ−k(

√
λs)| ds ≤ C|λ|−

3
4 r

1
2 e−rℜ(

√
λ) . (340)

(2) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≤ r−1 then∫ ∞

r
s|Kµ−k(

√
λs)| ds ≤ C

(
|λ|−1 + |λ|−

ℜ(µ)+1
2 r1−ℜ(µ)

)
. (341)

(3) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≤ r−1 then∫ r

1
|Iµ(

√
λs)|sk ds ≤ C|λ|

ℜ(µ)
2 r1+k+ℜ(µ) . (342)

(4) If λ ∈ Σπ−ϵ andℜ(
√
λ) ≥ r−1 then∫ r

1
|Iµ(

√
λs)|sk ds ≤ Crk

(
|λ|−

1
2 + |λ|−

3
4 r−

1
2 erℜ(

√
λ)
)
. (343)

Lemma A.7 LetFn,µ be the function defined as

Fn,µ(z) =

∫ ∞

1
s1−|n|Kµ(sz) ds , ℜ(z) > 0 , µ ̸= 0 . (344)

Then it follows that

(µ+ |n| − 2)Fn,µ(z) = Kµ(z)− z

∫ ∞

1
s2−|n|Kµ−1(sz) ds . (345)

Proof. The identity (327) implies

Kµ(sz) = −sz
µ

dKµ

dz
(sz)− sz

µ
Kµ−1(sz) = − s

µ

d

ds
Kµ(sz)−

sz

µ
Kµ−1(sz) .

Hence, we have from the integration by parts,

Fn,µ(z)

=
1

µ
Kµ(z) +

2− |n|
µ

∫ ∞

1
s1−|n|Kµ(sz) ds−

z

µ

∫ ∞

1
s2−|n|Kµ−1(sz) ds

=
1

µ
Kµ(z) +

2− |n|
µ

Fn,µ(z)−
z

µ

∫ ∞

1
s2−|n|Kµ−1(sz) ds ,

which gives (345). The proof is complete.

Corollary A.8 LetFn be the function defined as(12). Let |n| = 1. Then

(µn − 1)Fn(z) = Kµn(z)−
∫ ∞

0

1

tµn−1(t2 + 1)

(
1 +

2t

z(t2 + 1)

)
e−

z
2
(t+ 1

t
) dt . (346)

Hereµn = µn(α) is defined as(11).
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Proof. By Lemma A.7 with|n| = 1 we have

(µn − 1)Fn(z) = Kµn(z)− z

∫ ∞

1
sKµn−1(sz) ds .

Then (10) and the Fubini theorem lead to∫ ∞

1
sKµn−1(sz) ds =

1

2

∫ ∞

0

∫ ∞

1
se−

sz
2
(t+ 1

t
) ds t−µn dt .

Thus the assertion follows from∫ ∞

1
se−

sz
2
(t+ 1

t
) ds =

2t

z(t2 + 1)

(
1 +

2t

z(t2 + 1)

)
e−

z
2
(t+ 1

t
) .

The proof is complete.

B Behavior of µn(α) for |α
n
| ≪ 1

In this appendix we state the asymptotic behavior ofµn(α) for |αn | ≪ 1.

Lemma B.1 Setµn(α) = (n2 + iαn)
1
2 . Thenµn(α) satisfies the expansion for|α

n
| ≪ 1

as follows.

ℜ(µn(α)) = |n|
(
1 +

α2

8n2
+O(|α

n
|4)
)
, (347)

|ℑ(µn(α))| =
|α|
2

(
1 +O(|α

n
|2)
)
. (348)

Proof. The assertion easily follows from the representation

ℜ(µn(α)) = |n|

√√√√1 +
√

1 + α2

n2

2
,

|ℑ(µn(α))| = |n|

√√√√√1 + α2

n2 − 1

2
.

The details are omitted here. The proof is complete.
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