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On stability of steady circular flows in a two-dimensional
exterior disk

Yasunori Maekawa

Abstract We study the stability of some exact stationary solutions to the two-dimensional
Navier-Stokes equations in an exterior domain to the unit disk. These stationary solutions
are known as a simple model of the flow around a rotating obstacle, while their stability has
been open due to the difficulty arising from their spatial decay in a scale-critical order. In
this paper we affirmatively settle this problem for small solutions. That is, we will show that

if these exact solutions are small enough then they are asymptotically stable with respect to
small L? perturbations.

Keywords Navier-Stokes equationstwo-dimensional exterior flows scale-criticality -
stability of stationary flows flow around a rotating obstacle
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1 Introduction

In this paper we consider the two-dimensional Navier-Stokes equations for viscous incom-
pressible flows

du+u-Vu = Au—Vp, divu =0, forz € Q, t>0,
u(z,t) = axt, forz e 02, t>0, (NS)
u(z,0) = up(x), forz e Q.

Hereu = u(t,z) = (ui(t, z),uz(t, z)) andp = p(t, x) are respectively unknown velocity
field and pressure field, ang(x) = (uo,1(x), uo2(z)) is a given initial velocity field. We

use the standard notation for derivative: = 5, 9; = ;2. A = Y 7_, 0%, divu =
J

S5y 0juj, u - Vu = Y5_ u;d;u. The domain® in R? is assumed to be the exterior
domain to the unit disk centered at the origin, i®.= R? \ B;(0) with B,(0) = {z ¢
R? | |z| < r}, while « is a given real parameter and = (—xq, 7).

The initial-boundary value problem (NS) describes a simple model of the flow around
a rotating obstacle. Indeed, the conditior= az on 9 represents the no-slip boundary
condition of the flow around a rotating disk with a constant angular velecikyR, while
the fluid domairt2 does not change under the rotation of the obstacle (disk) due to its radial
symmetry. It is well known that (NS) has an explicit stationary solution
+ 1

T
P(z) = — .

P2

(aU,a?VP)  with U(z) (1)
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This exact solution represents a typical circular flow and provides a fundamental object in
view of fluid dynamics in two dimensions. On the other hand, it has also an important
aspect in view of nonlinear PDEs, for it is invariant under the scalingr) = AU (\x),

Py(z) = A2P(\z), A > 0, which is an invariant scaling for the stationary Navier-Stokes
equations in the whole space. Hence, in a quantitative sense the solution (1) lies in the
balance between the linearity (the Stokes part) and the nonlinearity (the convective part).
It is one of the important themes in nonlinear PDEs to understand the stability property
of global solutions possessing such a scale criticality. However, as is explained later, this
stability problem is a difficult issue in general especially for the two-dimensional Navier-
Stokes equations, due to the lack of the fundamental tool such as the Hardy-type inequality,
which plays a central role in solving the problem in the higher dimensional cases. The aim
of this paper is to study th&? stability of the special stationary solution (1), by which we
reveal a typical structure of the flow around a rotating obstacle and also contribute to the
analysis of the two-dimensional Navier-Stokes equations in a scale-critical framework.

In order to study the stability of the stationary flow (1) we consider the evolution of the
perturbations) = u — aU andp, = p — a?P, which should satisfy

ov+v-Vo=~Av—aU - -Vv—a(v-V)U—-Vp,, divv=0 (2)
for x € Q andt > 0, while
v(xz,t)=0 forzedd, t>0, V=0 =up —alU forz e Q. (3)

We assume that the initial perturbation= uo — aU belongs tolL2(2), where
L2(9) = O35 (@) 1P Ci (@) = {f € CGF(Q)? [divf =0 Q). (@)

Here C5°(Q2) is the set of smooth functions with compact supporfinlit is well known
that the orthogonal projectiof : L?(Q)? — L2(Q), called the Helmholtz projection, is
well-defined and satisfi8Vp = 0 for anyp € L? (Q) such thatVp € L?(Q)?. Then the
Stokes operatort = —PA with the domainD > (4) = W22(Q)2 N W, *(Q)? N L2()
defines a nonnegative self-adjoint operatoi((2); cf. Sohr [44]. A standard way to
analyze the system (2) - (3) is to rewrite it in the equivalent form

dv

E+P(U-V1}) =—-A,v, t>0, v|i=0 = vo , (NS.)

where
Dz (Aa) = D2 (4),

5
Aqv=Av+aP(U-Vo+v-VU), ve Dpa(Ad). ©)

SinceU is smooth and bounded in andIP’(U -Vuo+uov- VU) is a lower order term, the
standard perturbation theory of sectorial operators implies that the perturbed Stokes operator
— A, generates &-analytic semigroup i.2 (Q) for anya € R. Hence we convertNS,)

into the associated integral form

v(t) = e Moy — /t e~ (I=94ap(y(s) - Vu(s)) ds. (INS,)
0

The solution of the integral equationsNS,,) is called a mild solution to the Navier-Stokes
equations (2) - (3). The main result is stated as follows.



Theorem 1.1 For any sufficiently small«| there exists a positive constaat= ¢(a)
such that if||vgl| 2() < € then there exists a unique solutiene C([0,00); L2 (€2)) N

C((0, 00); W, 2(€2)2) to (INS,,) satisfyingt'/2Vu(t) € L(0, 00; L(2)) and
. k .
Jim 2 [ V¥o(t)[|20) = 0, k=0,1. (6)

Remark 1.2 Whena = 0 the decay estimate (6) is well known; (6) with= 0 is proved
by Masuda [37] and (6) witk = 1 is proved by Kozono and Ogawa [30], without any
restriction on the size of the initial data i} (2). In this paper we are interested in the case

a #0.

Theorem 1.1 shows that the stationary solutief, o>V P) is asymptotically stable for
small L2 perturbations ifa/| is sufficiently small. In order to prove the nonlinear stability as
in Theorem 1.1, we need to establish several estimates for the perturbed Stokes semigroup
{et4a},50. The next theorem serves our purpose.

Theorem 1.3 There exists a positive constahisuch that ifja| < § then the following
statement holds. Lét< ¢ < 2 < p < oo. Then it follows that

14,1

le™ 4 fll o) < Ot || fll oy, >0, @)
_1

IVe e fllz) < O 4l fllpagy, >0, (8)

for f € L2(Q) N L4(2)2. Here the constant’ depends only on, p, andg.

Remark 1.4 (1) SetLi(Q) = ng’a(Q)H'”Lq(Q), 1 < q < co. Then, by the density argument
the estimates (7) and (8) hold for dlle LZ(Q),1 < ¢ < 2.

(2) The L? — L estimates for the Stokes semigro{g*“};>o (i.e., @ = 0) in two-
dimensional exterior domains are well known; see Maremonti and Solonnikov [36] and
Dan and Shibata [4, 5]. We will focus on the caseZ 0 in this paper. In fact, the lower
order term of4,, in (5) leads to the disappearance of a logarithmic singularity for the resol-
vent kernel which is present in the case= 0. This is considered as a stabilizing effect due
to the rotation of the obstacle. We will essentially use this property to obtain the resolvent
estimates in Section 3.3. As a result, the constairi (7) and (8) obtained so far is highly
depending ory # 0 and tends teo asa — 0, although (7) and (8) are known to hold for
the limit casex = 0.

Here let us briefly recall some works related to our results.
(i) Existence and stability of stationary solutions with decay ordgr:| 1)

In the case of three-dimensional (fixed) exterior domains the unique existence of station-
ary Navier-Stokes flows satisfying the decay estintater|~!) (for velocity) as|z| — oo
is proved by Finn [12], Galdi-Simader [16], Novotny and Padula [39], and Borchers and
Miyakawa [3] under some smallness and decay conditions on given data, and in Korolev
andSverik [29] the asymptotic profile at spatial infinity is shown to be the Landau solution.
The existence theory in the Lorenz spaces has been established by Kozono and Yamazaki
[33]. The localL" stability of these stationary solutions is established in [3] and Kozono
and Yamazaki [32], while the globdl? stability is shown in [3]. The reader is referred
to recent results by Karch, Pilarczyk, and Schonbek [28] and Hishida and Schonbek [24],
where the global? stability of small global solutions ifi>° (0, oo; L3> (R3)) is obtained.

3



When(2 C R™ is ann-dimensional exterior domain we also recall that the unique existence
of small global solutions ir.>* (0, co; Ly"™(£2)) for given small initial data in.o>°(Q2) is
proved by Kozono and Yamzaki [31] far > 2, while its local stability in the framework of
the Lorentz space is achieved for the case 3 by Yamazaki [45]. Contrary to the higher
dimensional cases, less is known so far for the case of two-dimensional exterior domains.
Indeed, for the two-dimensional exterior problem the unique existence of stationary flows
decaying at spatial infinity has been achieved mainly under some symmetry conditions on
both the domain and given data; see Galdi [14], Russo [41], Yamazaki [46], and Pileckas
and Russo [40], and see also Nakatsuka [38] for a recent uniqueness result. In particular,
Yamazaki [46] obtained the decay orde(|z|~!) for the stationary solutions constructed
there. Recently, Hillairet and Wittwer [19] succeeded in constructing stationary solutions
around the exact solution (1) when the domain is an exterior disk and the angular velocity
|| is large. Note that the stationary solution obtained in [19] asymptotically behaves like
aU(x) as|z| — oco. The argument in [19] is based on the streamfunction-vorticity formu-
lation in the polar coordinates, and our approach in this paper is motivated by their work.
In the two-dimensional case the stability of stationary flows mentioned above is widely
open, even in the case when both the stationary flows and the initial perturbations are small
enough. Related to the stability of scale-critical flows in two-dimensional exterior domains,
we note that the global asymptotic stability of small time-dependent solutions in [31], which
may behave like forward self-similar solutions, has recently established by the present au-
thor [35]. The result of [35] is an extension of the global stability result by Gallay and
the author [17] for the Lamb-Oseen vortex in two-dimensional exterior domains; see also
Iftimie, Karch, and Lacave [25, 26] for a recent stability result of time-dependent global
solutions. The approach used in [25, 17, 26, 35], however, highly relies on a scale-critical
temporaldecay of small global solutions, and therefore, it is not applied to the stability
problem for stationary solutions. As far as the author knows, Theorem 1.1 is the first sta-
bility result for the two-dimensional stationary flows decaying in the scale-critical order
O(lz| ).
(i) Mathematical analysis of the flow around a rotating obstacle

So far mathematical results have been obtained mainly for the three-dimensional prob-
lem, as stated below. As for the nonstationary problem, the existence of global weak so-
lutions is proved by Borchers [2], and the unique existence of time-local regular solutions
is shown by Hishida [20] and Geissert, Heck, and Hieber [18], while the global strong so-
lutions for small data are obtained by Galdi and Silvestre [15]. The spectrum of the linear
operator arising in this problem is studied by Farwig and Neustupa [10]; see also the linear
analysis by Hishida [21]. The existence of steady-state solutions to the associated system
is proved in [2], Silvestre [42], Galdi [13], and Farwig and Hishida [7]. In particular, in
[13] the steady flows with the decay ordex|z|~!) are obtained. On th other hand, the
asymptotic profile of these steady flows at spatial infinity is studied by Farwig and Hishida
[8, 9] and Farwig, Galdi, and Kyed [6]. The stability of these steady solutions is proved in
[15] and Hishida and Shibata [23] in td€ and L4 functional framework, respectively. All
results mentioned above are in the three-dimensional case, and there are still few results for
the flow around a rotating obstacle in the two-dimensional case. The reader is referred to a
recent work by Hishida [22], where the asymptotic behavior of the two-dimensional steady
Stokes flow around a rotating obstacle is investigated in details, and it is shown there that
the leading profile is given by a constant multiple of the circular flow (1).

The crucial difficulty in obtaining Theorems 1.1 and 1.3 is that the following Hardy



inequality is not available in the two-dimensional case:

I e < OVl f e WE2@)2. ©)

]
The inequality (9) is valid ifQ2 is an exterior domain ifR"™ with n > 3, and it is the
most essential tool in showing the stability of stationary solutions decaying in the scale-
critical orderO(|z|~!) as|z| — oo when the dimension is higher than or equal to three.
When () is an exterior domain iiR? the Hardy inequality of the form (9) does not hold
unless one imposes some symmetnbaoith 2 and f, see [14, 38], and the absence of the
Hardy inequality (9) has been a crucial obstacle to achieve the stability result for stationary
solutions decaying liké)(|z|~1), even in the case when both the stationary solution and
the perturbation are small enough. We note that, although the ddmigimssumed to be
exterior to the unit disk in this paper, there is no symmetry condition on the perturbations in
Theorem 1.1. In particular, the approach based on the Hardy inequality (9) is not applicable
to our problem, and we need to overcome this essential difficulty.

The key step in the proof of Theorems 1.1 and 1.3 is to study the spectral property of
the perturbed Stokes operatdy, by focusing on the rotational symmetry of the domain and
the circular flow (1). As will be seen below, the analysis using the streamfunction-vorticity
formulation in the polar coordinates reveals some crucial informations on the spectrum of
A, in L2(Q) even wherja| is not necessarily small. To state the result let us introduce the
modified Bessel function of second kind of orggrdenoted by, which is defined as

K, (z) = ;/ e 3D lqr R(2) > 0. (10)
0
Next we set
pn (@) = (n2 + z'om)% , neZ\{0}, (11)

where the square root is taken so thdf:,, («)) > 0, and we also set
Fo(z;a) = / sl_lanun(a)(sz) ds, R(z)>0, neZ\{0}. (12)
1

We denote byr(—A,) the spectrum of-4, in L2(9), and byoy..(—As) the set of
discrete eigenvalues of A, with finite algebraic multiplicity. We seR_ = {z e R | z <

0} and¥y = {z € C\ {0} | |arg(z)| < ¢}. We use the standard notation for the polar
coordinatesz; = rcosf, o = rsin, r = |x|, andd € [0, 27). Forz € C\ R_ its square
root./z is always taken so thét(,/z) > 0.

Theorem 1.5 Leta € R. Then the following statements hold.
(D)o(—Ay) =R_ U 0gis.(—A,) and

Oagise(—Aa) = {A € C\R_| F,(VXa) =0 forsome ne€Z\{0}}. (13)

(2) The eigenspack, () for the eigenvalug € o4;s.(—Aa) is spanned by V;, x o tnez.(\) »
whereZ,(\) = {n € Z\ {0} | F,(vVX;a) = 0} andV;, , . is the velocity field whose vor-
ticity is given ask,, )(v/Ar)e™? in the polar coordinates.



(38) Each \g € 04isc(—As) is a pole of the resolver(th + A,)~! of order at most two.
Moreover, ifAg € ogisc(—Aq) belongs to the set

{zeC[IS() = ~lalR(2) }, (14)

then )\, is a pole of(\ + A,)~! of order one, that is, it is a semisimple eigenvalue with
multiplicity §Z,,( o) .

(4) For anye € (0, 7) there exists a positive constaitsuch that iff«| < d. then the sector

Y r—c isincluded in the resolvent spt—A,,).

In the statement (1) of Theorem 1.5 the structure of the spectifun,) = R_ U
oaisc(— Ay ) itself is a result from the general perturbation theory of linear operators, for
A, is a relatively compact perturbation of the Stokes operdtathich is nonnegative self-
adjoint in L2(Q2); see Section 2.4. What is striking here is the characterization (13) of
the discrete spectrum as the set of zero pointB,df/)\; ), which is defined as (12) and
is analytic inC \ R_. In general it is not easy to know the distribution of zero points
of F,(v/X; ). Nevertheless, it is possible to determine the eigenspace for each discrete
eigenvalue, as is shown in (2) and (3) of Theorem 1.5. The precise definition of the velocity
Vaaa I (2) is stated in Proposition 3.2. As is observed from the representation of the
resolvent in Proposition 3.4, the order of polegdf+ A,)~!in C\ R_ is related to the
order of zero points oF}, (v/\; a), which is the key to prove (3). We note that the statements
(1), (2), and (3) of Theorem 1.5, which are proved in Sections 3.1 and 3.2, hold without any
restriction on the size af, while (4) is obtained so far only in the case of snjall even
whene is close to7.

Since the continuous spectrum-efd,, lies onR_, the estimate o{e*“‘a }t>0 in The-
orem 1.3 is not trivial even if the spectral stability as in Theorem 1.5 (4) is proved, and
one needs to study the behavior of the resolant A4,)~! for |\| < 1. In fact, we will
observe in Section 3.5 that the estimate of the resolvent hear0 can be obtained for
any size ofa. As a result, the spectral stability does lead to the estimat¢g e };~,
and Theorem 1.3 can be described in a more general form as follows. We denajetsy
closure of the seXiy below.

Theorem 1.6 Leta € R\ {0}. Letm,, be the integer satisfyingy| < m, < |a| + 1 and
setd, € (0, §) asf, = Arctan el Assume that there i% € (0o, 5) such that

ma—la

E,(VXa)#0  forall AeX, o, \{0} and 1< |n| < mq. (15)

ThenX,_., C p(—A4) and the following resolvent estimate holds.

A+ Aa) Mgy < for A € Xp_o, - (16)

<
Al
Here the constant’ depends only on andey. Moreover, the perturbed Stokes semigroup
{e7t4a} 5 satisfies the estimat€®) and (8) for 1 < ¢ < 2 < p < oo with a constant”
depending only om, p, ¢, andeg.

Remark 1.7 (1) Once we have obtained the estimates (7) and (8] dof“ };~¢ then it

is a routine work to show the nonlinear stability as in Theorem 1.1. Hence, the absence of
zero points ofF, (v/); ) as in (15), if it holds, also implies the nonlinear stabilitycdi’

with respect to smalL? perturbations.



(2) Lete € (0, 5). Itis shown that for any € R there isr, > 0 such that
Eﬁ—e N Bra,e (0) - P(_Aa) ) (17)

see Remark 3.30. Hence, even if the linear instability occurs for sartiee curve of the
eigenvalue)(«) satisfyingR(A\(«)) = sup{R(\) | A € oaisc(—Aqa)} Never crosses the
origin.

Theorem 1.6 enables us to reduce the analysis of the perturbed Stokes operator and the
associated semigroup to the study of zero points of the analytic fun&tjon «) in some
sector for a finite number of. This is our key strategy to prove Theorem 1.3. Indeed, in
Section 3.6 we will show that for anyc (0, 5) if |a| is sufficiently small then there are no
zero points ofF, (v/\; ) with |n| = 1 in the secto®,_.. Theorem 1.3 and the statement
(4) of Theorem 1.5 follow from this result and Theorem 1.6. Even for the [egds& 1 the
nonexistence of zero points &,(v/\; a) is in fact highly nontrivial, and we need to use
the asymptotic estimates of the modified Bessel functions and several identities between
special functions.

This paper is organized as follows. In Section 2.1 we collect some basic results on
vector fields in the polar coordinates. In particular, the orthogonal projections associated to
the Fourier modes with respect to the angular variable are introduced. Then the Biot-Savart
law in each Fourier mode is recalled in Section 2.2. The invariant property of the perturbed
Stokes operatod,, is stated in Section 2.3, which leads to a decompositiod pinto the
operators in each Fourier mode. In Section 2.4 we showAhais a relatively compact
perturbation of the Stokes operator il (2). Section 3 is a core of this paper, which is
devoted to the spectral analysis (Section 3.1) and the resolvent analysis (Sections 3.2 and
3.3) of A,. In Section 3.1 we give a characterization of the discrete spectruty, oivhile
the key structure of the resolvent is shown in Section 3.2 (see Proposition 3.4). The detailed
resolvent estimates are obtained in Section 3.3, where we need a long computation based
on the asymptotic estimates of the modified Bessel functions which are collected in the
appendix. The main results in Section 3.3 are Theorems 3.19 and 3.23. In Section 3.4 we
establish some resolvent estimates but with the standard energy method. Then, collecting
the results obtained in the previous sections, we prove Theorem 1.6 in Section 3.5. Section
3.6 is devoted to the linear analysis for the cage< 1, where the main goal is to show the
nonexistence of zero points &, (v/\; ) with [n| = 1 in a suitable sector. The nonlinear
problem is then considered in Section 4, and Theorem 1.1 is proved in this final section.

2 Preliminaries

In order to show Theorem 1.5 we analyze the perturbed Stokes opératior the polar
coordinates

xy=rcosf, x9=rsind, r=lz|>1, 6€]0,2n).

In this section we state some basic results on the vector fields in the polar coordinates.



2.1 Vector fields in the polar coordinates

We set
1
xr
—, e = — = Oge,.

]

Forv € L?(Q2)? we setv, = v - e, andvy = v - e, and thusy = v, e, + vgey. The
operatorsliv androt in the polar coordinates are described as follows.

Lemma 2.1 Letv € W12(Q)2. Then it follows that

1 1
dive = O1uy + doug = =0, (rv,) + —Ogug , (18)
r r
1 1
rotv = Oyug — Gy = ;87«(7”1)9) — ;891)7«, (19)
1
‘VU|2 = lar'Ur|2 + |@TU9‘2 + 72(|3evr - U9|2 + |U7" + 80U9|2) . (20)

Proof. The identities (18) and (19) are straightforward and we omit the proof. The identity
(20) follows from

O = cos 00, (vre, + voeg) — gag (vre, + vgeg)

= ((%UT cos O — (Ogv, — vg)g)ef,« + (arvg cos O — (Dgug + vr)g)eg ,

and

Oov = sin 00, (vrer + ’Ugeg) + g@e (vTer + Ugeg)

cos cosf

= (0rv,n sin @ + (Opv, — vp) )er + (8TU9 sin @ + (Opvg + vy) )eg .

The details are omitted here. The proof is complete.

For eachn € Z we denote byP,, the projection on the Fourier moaewith respect to
the angular variablé, that is,

Prv = Ur,neineer + Ua,nemaee s (21)
where
12 A
Vpp (1) = 5 / vy (1 cos @, rsin 0)6_’”9 de,
T Jo
12 .
von(r) = 5 / vg(r cos 0, rsinf)e” "% dg .
T Jo
Next we set forn € NU {0},
o0
Quu= > Pu. (22)

[n|=m+1



It is easy to see that the right-hand side of (22) convergég {f2)? and each o, Q,, :
L?(2)? — L?(Q)?% is an orthogonal projection. Moreover, the divergence free condition as
well as the no-flux conditior,. - v = 0 on the boundarys? is preserved under the action

of P,,. More precisely, we have

PTZCS,OU(Q) - C(C)),OO'(Q) ’ chg,oa(g) - CE)),OO'(Q) ’

PP = PP, 9,,P =PQ,,. 23)
Therefore, for eaclm € N U {0} we have an orthogonal decomposition/gf(2) as
L2(Q) = L2 ,04(Q) @ QnLi(Q) © (Di<nj<m Puli(Q)), (24)
whereL2 () = PoL2(9) is the space of radially symmetric flows i (12).

Next we recall the action of the Laplace operatah for v € W22(Q)? in the polar
coordinates. The direct calculation using- v,-e, + vgeg Shows that

1 1 2
—Av = < - 8r(;ar(rvr)) - ﬁagvr + 7389”6) €r

1 1, 2 (25)
+ < — 8r(;67~((7“09)) — r—289v9 — ﬂagvr>e9 )
Hence we have an invariant relation
PnA C AP, OnA C AQ,,. (26)
From (23), (24), and (26) the Stokes operator —PA is diagonalized as
A=Al  ©Ag,r2 ® (@1<inj<m Alp,12) - (27)

Here, for an invariant subspacé C L2(Q2) the operatord|x is defined asD(A|x) =
D2 (A)N X andAlx : D(Alx) — X, Alxu = Aufor u € D(A|x). In Section 2.3
we will see that, due to the radial symmetryldfthe perturbed Stokes operatéy, is also
diagonalized as in (27).

The following lemma is a direct consequence of Lemma 2.1 and the definitiBp.of

Lemma 2.2 Letn € NU {0}. For anyv € W12(Q)? it follows that

IVollZ2i) = D IVPavl 72y (28)
nez
1+n? 1+ n? 4n .
VPl = 10,0l + —5—lvral® + 1000 + 5ol = =5 S(vonTrm)
(29)
In particular, we have
n|—1)2 n|—1)2
VPl 2 ol + P o B 20 a0

Remark 2.3 The estimate (30) implies that the Hardy inequality can be violated only in the
Fourier modén| = 1.



2.2 Biot-Savart law in P, L2(Q)

We will analyze the operatad,, by using the streamfunction - vorticity formulation. For
a given scalar fieldv in 2 the streamfunction) is formally defined as the solution to the
Poisson equations: Ay = w in Q, 1 = 0 0n 9. Forn € Z andw € L?() we set

1
o

By using the Laplace operator in the polar coordinates the Poisson equations for the Fourier
moden (with respect to the angular variable) is described as

wp, (1)

2 )
/ w(rcosB,rsinf)e ™0 dp . (32)
0

” 1 . n2
~ty = Ut gtn=we, r>1, (1) =0. (32)

Herey,, = %= andyy — 4% Let|n| > 1. Then the solution), = ¢, [w,] to the

dr?
ordinary differential equation (32) decaying at spatial infinity is formally given as

P [wy](r) ! (— o] + ﬁ /; st 1w, (s) ds + 7™ /TOO sty (s) ds) ,

2] rinl

dp[wy] = /100 st (s) ds.

(33)

The flow V,,[wy,] generated by the vorticity,,, called the Biot-Savart law, is then defined
as

Vo [wn] = V;“,n[wn] 62'm9 e, + Vv@,n [wn] ein@ €9,
in d (34)
V;:n[wn] = 7% [wn] s V@,n[wn} = _Ewn [wn] .

Note thatV},[w,] is well defined at least whert~"lw,, € L'(1,00;C), and it is straight-

forward to see
div Vpwp] =0, rot Vy|w,] = wpe™  in Q,
(35)
e Vplw,) =0 on 0.

Conversely, if the vorticity field of € P,,L2(Q2), |n| > 1, decays fast enough &8 — oo
thenv is given by the Biot-Savart law. To prove this we first observe

Lemma 2.4 Letv € P,WH2(Q)? for somen| > 1. Assume in addition that —"le="?rot v
belongs talL! (1, oo; C). ThenV;, [wy,] with w,, = e~"Prot v satisfies

T ([Vanwn) ()] + [Vonlwn](r)]) = 0. (36)

Remark 2.5 If |n| > 2 then the conditiom’~"le="frot v € L1(1, 00; C) is automatically
satisfied forr € P, W12(Q)2.

Proof of Lemma 2.4Letv = v,, = vmemoer + vg e ey in the polar coordinates. By
Lemma 2.1 we see,, = %8T(T‘U9’n) — “*ury, and thus the integration by parts yields

L7 itinl
10) = i /1 Sl (5) ds
. ’l)g,n(l) |TL| r |n| m T |n|
= vgn(r) — e T Y . s vgm(s)ds—fﬂn' . s, (s)ds,
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and
II(r):= 7‘”1/ st 1M, (s) ds

= —vgn(r)+ \n\r'"_l/ s vg (s) ds — inr'”"l/ sy, (s) ds .
We note that,, € P,L?*(Q)? is equivalent with( (|vrn|* + vg,n|?)r dr < co. Hence it
is easy to see that if, € P,W2(Q)2 then|I(r)| and|II(r)| converge td) asr — oo,
which implies (36) by the definition df;, in (34). The proof is complete.

The next proposition verifies the Biot-Savart low fo W12(Q)2 NP, L2() in the
caseln| > 1.

Proposition 2.6 Letv € W2(Q2)2 NP, L2(Q2) for someln| > 1. Assume in addition that
ri=Inle=nfrot v belongs taL!(1, 00; C). Themv = V,,[wy,] with w,, = e~ Mot v,

Proof. Letv = v, = v, ,e™e, + vy ,eey. Thenw, = e~ "rot v depends only om
andV, [w,] satisfies (35). Them,, = v, — V,[w,] satisfiesdiv u,, = 0 androtu, = 0
in Q, ande, - u,, = 0 on9f2. Henceu,, is harmonic and smooth ift. By writing u,, =
urne™e, + ugp e ey and using Lemma 2.1, we see that, satisfies

" 3, n?—1

—Upp — ;ur,n + Tur,n =0, r>1, Ur,n|T:1 =0.
Let xr € C§°([1,00)), R > 1, be a cut-off function such thatzy = 1 on[1,R], xg = 0
on 2R, o), and||(xr) ||z~ < C/R. Multiplying both sides withy .., and integrating
over(1,00), we have

R 2 > |Urn|2
/ |uTn| xgrdr+ (n —1)/ = rdr
1 1

r2

= —§R/ u;,nar,nX/RT d?“ + 2§R/ u;,nﬂﬁnXR dr
1 1
s 1 ’ / /
= §R/ ‘Ur,n|2(§<XRr) - XR) dr. (37)
1

Lemma 2.4 and the assumptienc P, L%(2) implies that the right-hand side of (37)
converges t® asR — oo. Hence we conclude that.,, = 0, which also impliesi,, = 0
since0 = divu, = L(ru,,) + Lug,, by Lemma 2.1 angh| > 1. The proof is complete.

Corollary 2.7 Let f € P,L*(Q)* for some|n| > 1. Assume thatot f = 0 in Q in the
sense of distributions. Thef = Vp for somep € W2(Q) = {¢ € L2 (Q) | Vq €
L2(Q)2).

Proof. It suffices to show(f,v)r2q) = 0 for anyv € C§o (). Sincef = P,f

by the assumption and sin@g, is an orthogonal projection if?(2)? which satisfies
PnCio(2) C C5o,(€2), we may assume that € P,Cg5, (22). By Proposition 2.6 we
havev = V,,[w,] for somew,, € C§°(1,00). Sincev belongs toCF<, (€2) the streamfunc-

’

tion ¢» must satisfy,, (1) = 1,,(1) = 0. Then, the factv,, is identically zero near = 1

11



implies that,, also vanishes near = 1 due to the equation (32). With the notion of
f=fo=frne™e, + fo ey, we see

T I RE [ R NG T
B SO el .

Let xr € C§°([1,00)) be the cut-off function as in the proof of Proposition 2.6. We re-
call that, by Lemma 2.1yot f = 0 in Q in the sense of distributions is equivalent with
%(rfg,n)' — %"fr,n = 0in (1,00) in the sense of distributions. Then, singgy, €
C°((1,00)) as is already observed, it follows that

/100 (fU"XRw() — fe,n(T)(XIWM)rdr 0.

Therefore,

Fethaer = [ (Fnr) 0= xR0(0) = o (T~ XRIT ) e
= [ ) (F1n) 000) = ST e
1
+ [ Jon) 0w B dr.
= (f,(1 = xr)V)r2(0) +/1 Ffon(r)(XR) Un(r)rdr. (39)

It is straightforward to see that the first term of (39) convergegsds R — co. As for the
second term of (39), we have from,, ()| < Cr~I"l forr > 1,

\/100 Fon(r)(XR) Ya(r)rdr] < CR7Y| fll12@) =0 (R — o0).

Hence,(f,v)2q) = 0 for anyv € C§%(Q2), which impliesf = Vp for somep €
W2(Q). The proof is complete.

2.3 Decomposition of the perturbed Stokes operator,,

In this section we study the perturbation teF(i/ - Vv + v - VU). Let us start from the
following

Lemma 2.8 LetU(x) = % andv € W12(Q)2N L2(Q). Then
P(U-Vv+v-VU) =P(Utrotv) in Q. (40)
Proof. We recall that any, € W12(Q)2 N L2 () satisfies the identity

1
u-Vu = §V\u|2 +utrotu, ut = (—ug,up).

12



We also note that the Helmholtz projectiBris bounded fromL.?(Q)? to L5 (Q) for 1 <
p < oo; cf. Simader and Sohr [43]. Hence, we havedos U + v,

IP’(u . Vu) = P(uj‘rot u) = IP’(UJ‘rot U + vtrotv + Utrot v + vtrot U)
= P(ULI"Ot v+ Utrot v) .
Here we have usetbt U = 0 for z # 0. On the other hand, we have
P(v- Vv) = P(virotv), P(U-VU)=0.

Comparing these identities, we obtain (40). The proof is complete.

By Lemma 2.8 the perturbed Stokes operadgris written as

X

Aav:Av—Fa]P’(Ulrotv), Ut(x) :—W.

(41)

The expression (41) makes it easier to seehaf (1) is invariant under the action of,,.
Indeed, we have

Lemma 2.9 Letn € Z and letv € W2(Q)2. Then it follows that

X X
n\ T %5 = — n . 42
P (‘x|2rotv) \x!QrOtP v (42)
In particular, we have
X
_— e 4
Po(’x‘Qrotv) Vpo, (43)

wherepy = po(|z|) with

S

po(r) = _/ rot Pyv ds.

Proof. Setw = rot v. We note thaﬁmilgw = u,e, With u, = r—1w. Thus, the definition of
P impIiesPn(ﬁw) = r~tw,e™e,, wherew, is as in (31). Sinceot P,,v = wy,e™,
the identity (42) holds. When = 0 we haverot Pyv = wg with wy = wo(r). Hence (43)
follows. The proof is complete.

Proposition 2.10 For eachm € N U {0} the perturbed Stokes operatdk, in L2(Q) is
diagonalized as

Ao = A|L§’md @ Aalonrz @ (Di<pmi<m Aalp,r2) - (44)
Proof. From (23), (27), and Lemma 2.9, the following invariance holds.
PrAa C APy, OmAa C AaQm -

Moreover, (43) implie® (U rotv) = 0 for v € Dy2(Aq) N L2

> rad(£2). Hence we have
Aalpz = Al - The proofis complete.
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2.4 Relatively compactness ofi, — A

Recalling the representation (41), we show 'rdnﬁ(Uirot) is relatively compact with re-
spect to the Stokes operatdr

Lemma 2.11 Setp(z) = (1 + |=|>)'/2. Then it follows that for any € W22(Q)?,
1
|p2 P(Utrot v) z2(0) + |[VP(Urot v) [l 22(0) < Cllrot vz - (45)

Proof. Firstly we recall that the Helmholtz projection is bounded also in the weighted
spaces foll < p < oo if the weight belongs to the Muckenhoupt clads, see Farwig and
Sohr [11, Theorem 1.3]. In particular, the result of [11, Theorem 1.3] leads to the inequality
1Y 2Pfll 120y < Cllp"/%f || 12(, Which yields

1
lp2 P(Uro0t )| 12(0) < Cllrot v]l 120
by the pointwise estimaté/(z)| < |=|~!. As for the derivative estimate, we observe that
IVP(U ot v) | 120y < V(U rot v) || 2(0) + V20l r2(0) »
wherep € L? () with Vp € L?(Q) is the solution to the Neumann problem
Ap = div (ULrot U) inQ), 0J,p= —rotv ondf).

Thus the elliptic estimate for the Neumann problem yialﬂ@pHLQ(Q) < Crotvllwr2(q),
which gives (45). The proof is complete.

By the Rellich theorem Lemma 2.11 implies th#t is a relatively compact perturbation
of the Stokes operatot. To apply the perturbation theory for sectorial operators let us recall
some terminologies in Kato [27]. A closed operafor Dx(7) € X — X in a Banach
spaceX is called semi-Fredholm iR(T'), the range of’, is closed and either the dimension
of the null spacqu € Dx(T) | Tu = 0} or the codimension oR(7) is finite. Then the
semiFredholm domai®Wsx(7T) and the essential spectrum,,(7) of T' are respectively
defined as

Osp(T)={¢ € C|T — ¢ issemiFredholm }, Oess(T) = C\ Ogp(T).

It is well known thatOgr(T) is open and thus.s(7") is closed; see [27, IV-6, pp.242] for
details. Moreover, it € Ogr(T) is an isolated point of (T') then is an eigenvalue (since

the index itself must be zero in this case) and the rank of the spectral projection associated
with A must be finite; this is a consequence of [27, IV-5, Theorems 5.10, 5.28]. In other
words, in that casa is an isolated eigenvalue @f with finite algebraic multiplicity.

Proposition 2.12 The spectruna(—A,,) is equal toR _ U 04;s.(— A4 ), and

Udisc(_Aa) = U Udisc(_Aa |’PHL3) \ K . (46)
neZ\{0}

Remark 2.13 In fact, by arguing as in [10, Lemma 3.3] we can show
‘7685(_1404‘79”@) = ‘7685(_A‘PHL?,) = E, (47)

and hence, (46) is simply replaced by;s.(—A,) = Unez\{o} 0disc(—Aalp,2). Butwe
omit the proof of (47) in this paper, for (46) is enough for our purpose to establish Theorem
1.5.
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Proof of Proposition 2.121t is well known that the Stokes operator, which is self-adjoint,
satisfieso(—A) = R_; cf. Ladyzhenskaya [34]. Furthermore, as in [10, Lemma 2.6]
one can also show that.,s(—A) = o(—A) = R_; for completeness we give a proof
slightly different from [10, Lemma 2.6]. Note that we have already knowndhat—A) C
o(—A) =R_.If A € R_(= o(—A)) belongs taDsx(T) then there is an open bal such
that\ € B C Ogp(T), for Osr(T') is an open set. Then the index-efA — ( is constant in
this connected open s&tby the stability theorem [27, IV-5, Theorem 5.26], and moreover,
the dimension of the null space ofA — ( is also constant itB except for an isolated set
of values of¢ in B; cf. [27, Theorem 3.1]. Sinc®& includes a point of the resolvent set,
the above statements imply that the index-of — ¢ is zero inB, and the dimension of the
null space is also zero il except for some isolated points. Hence theré is BN R_,
which is included inDgx(T), such that, € p(—A). This contradicts withr(—A) = R_,
and we conclude that.ss(—A) = o(—A) = R_. SinceA, is A-compact by Lemma
2.11, we have from [27, IV-5, Theorem 5.35] that(—A,) = 0ess(—A) = R_, which
yieldsOgp(—A,) = C\R_ for anya € R. Note thatC\ R_ is connected and includes the
resolvent set, and thus, the index-efl , — ¢ must be zero for any € C\R_. Moreover, the
dimension of the null space efA,, —( is also zero irC\ R _ except for some isolated points
(see also [27, IV-6, pp. 243]). Hence one can concludedhat(—A,) = C \ R_ consists

of the resolvent set and the isolated pointer6f A, ) which are eigenvalues of A, with
finite algebraic multiplicities. Thus we have prove¢—A,) = R_ U o4.(—A,) and
ogise(—As) € C\ R_. The identity (46) follows fromr(—A,) = R_ U 0gisc(—Aa),
oaise(—As) C C\R_, Proposition 2.10, anddisc(—Ang md) = (). The proof is complete.

3 Spectral analysis ofA4,,

In this section we study the discrete spectrayp.(—A,) in the general case € R. To
this end let us consider the equations

M+ Av=f, AMEC\R_, veED2(Ay), fEL2(Q). (48)

The key idea is to analyze (48) in each invariant subsfade (€2) by using the associated
streamfunction - vorticity formulation, which enables us to obtain a representation formula
for solutions to (48). To this end we firstly assume tifat Cg, (22). By the elliptic
regularity of the Stokes operator it is easy to see that any solution(48) satisfies) €
WH2(Q)? for anyk € N in this case. Let us consider the equations for the vorticity field
w = rot v:

2w —Aw+ aU - Vw =rot f. (49)

L

This equation is easily derived by takingt in (48) and from (41). Frond/(z) = ‘f? the
equation (49) in the polar coordinates is described as

1 1
Mo — (02 + =0, + —0F)w+ —sdw=h, h=rotf. (50)
r r r
Let us assume in addition thatandv belong toP,, L2 (€2) for somen € Z \ {0}, and set

ind ind
f=/fa= fr,neln €, +f0,nem €g,

V=1, = vr,nemeer + vg,nemeeg .
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We haverot f = h = h,e™, rotv = w = w, e, whereh,, andw,, are functions on the
r variable defined as in (31). Then (50) is reduced to

n? +ian

1 / Z’I’L
+ (A + 5 ) Wn = hin m:;vhn-r;nm (51)

r

Let I,(z) be the modified Bessel function of first kind of orger

z > 1 2\ 2m —
Iu<z>:(2)“Z()mm(ﬂ+m+l)(2)2 , zeC\R_. (52)

Herez* = e*°8% andLog z = log |z| + i arg z is the principal branch of the logarithm of
z = |z]e?, - < argz = § < 7, while I'(z) is the Gamma function. For ¢ Z the Bessel
function K, defined as (10) is related g by the formula

_ 7 Loul(z) — 1u(z)
K, (z) = 5 e R(z) > 0. (53)
Note that the right-hand side of (53) gives an analytic extensidi,gt) to C \ R_. Itis
well known thatK,, andI, are independent solutions to the ordinary differential equation

d?w ~1ldw w2

BN S 54
dz2 zdz+( +22)w 0 (54)

with the Wronskian

_! (55)

z

W()—dt(IEMK(Z) 151(2) )
! T;(z) CT:(Z)

Setp,(a) = (n? 4 ian)/?, R(p.(a)) > 0. ThenKMn(a)(ﬁr) andlun(a)(ﬁr) with
R(vA) > 0 are independent solutions to the homogeneous equation of (51) and their Wron-
skian isr~!. As is well known, the functionk,(z) decays exponentially ds| — oo,

R(z) > 0, while I,(z) grows exponentially; see Lemma A.3. Hence the solution to (51)
which decays for — oo is represented as

wn(r> = CnKun(oa)(\/Xr) + (I)n,)\[fn](r) ’ (56)

wherec,, is a constant and

Balful(r) = K (o) (VAT /1 "L o) (Vs (s) ds
o (57)
+I#n(a)(\5r)/ sKM(a)(ﬁs)hn(s) ds,

! (TfH,n)l - 7fr,n .

r

hn

For simplicity of notations we will sometime write,, for u,(«). By performing the inte-
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gration by parts in (57) and by using (324) and (327), we have¢fat P,C§ (Q2),

CI)n,A[fn] (r)
= Kun(ﬁr) ( _ ﬁ/lr dily, (\ﬂs)fgﬂn(s)s ds —in /; Iun(\f)\s)fnn(s) d3>

dz
T L (VAP) ( VA [T VA fun(e)sds  in [ K (VA fal) ds)

= K, (V) ( /1 L (VAS) (fon(s) + infrn(s)) ds
+ ﬁ/j IMnH(ﬁs)fgm(s)sds)
1 VA0 [T VR9) (1a0(o) = inf(3) s
+ fx/roo K, 1(VA8) fon(s)s ds>

(58)

We note that the representation (58) makes sense fof,agyP,, L?(2)? and is equivalent
with (57) if f,, € PaWy?(Q2. If f, € C§,(9) in addition then it is not difficult to
see from the estimates df,(z) (cf. Lemma A.3) that the vorticityv,, which is now
represented as (56), decays exponentially as oco. Hence, Proposition 2.6 implies that
any solutionv € Dyz2(Aa) N P.L2(Q) to (48) forf = f, € PnCgS,(€2), if it exists, must

be given by the Biot-Savart law (34), i.e.~= V,,[w,] with w,, expressed as in (56) for some
constant,,. The determination of the constantis the key in this streamfunction-vorticity
formulation, and it will be revealed in the next section that the possibility to determine
uniquec, is directly connected with the problem whetheis an eigenvalue or a resolvent

of —A,.

3.1 Characterization of discrete spectrum

Let us recall that4;s.(— A, ) is the set of the discrete spectrum-efi,,, i.e, the set of the
isolated eigenvalues of A, with finite algebraic multiplicity. By Proposition 2.12 we have
already known that (—A4,) = R_ U 04is.(—Aq). Set

earlfo] = du[@urlful] = / g, [l (5) ds, (59)

1

where®,, »[f,] is defined as (58). The following lemma is a key to understand the structure
of 0gisc(—Aa)-

Lemma3.1 Let f = f,, € P,CFo,(2) for somen € Z \ {0} and letw, be the function
given ag56) for some constant,. Then the velocity,, [w, ]| defined by the Biot-Savart law
(34)is a solution to(48) if and only ifd,, [w,] = 0, that is,

enFn (V@) 4 canlfa] = 0. (60)

Hered,,[w,], Fn(VA; @), ande, 5[] are defined a¢33), (12), and(59), respectively.
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Proof. Assume that/, [w,,] = V., [w,]ePe, + Vp ,[w,]e™ey is a solution to (48). Then
the no-slip boundary condition dr, [w,,| implies

0= Vo lwp]lr=1 = _(%wn[wn])|7':1 = — /100 st IMw, (s) ds = —dy [wy]

which is exactly (60) by the definition ab,, in (56). Conversely, if (60) holds then the
no-slip boundary conditio,, [w,] = 0 on 95 is satisfied. Since,, belongs toC?, (€2)

the definition ofw,, in (56) implies thatw,, is smooth and decays exponentially at spatial
infinity. Then the velocityV;, [w,,] belongs tolV*2(Q)% N L2(Q) for anyk € N and also

to W, ()2 by the factV,,[w,] = 0 on 0. Therefore,V;[w,] belongs toD: (A4) N
Wk2(Q)? for anyk € N. Setw = w,e™?. Then we observe fromot V,,[w,] = w that

rot (A\Vp[wy] — AV, [wy] + aUtrot Vi, [w,] — f)
= w—Aw+aU  -Vw—rot f =0 in 2,

for w,, is the solution to (51). By Corollary 2.7 therejiss W 12(2) such that
Mo lw,] — AV, [wn] + aUrrot Vi, [w,] — f = —Vp in Q.

Acting the Helmholtz projectiof® on both sides of the above equation, we obtain the equal-
ity AV, [wn] + Ao Vi [wyn] = f. The proof is complete.

The next proposition gives a characterization of the discrete spectrum of

Proposition 3.2 The discrete spectrum efA, [p, ;2 with [n| > 1 and of—A, respectively
satisfy

Odise(—Aalp,r2) \R_ = {A € C\R_| F,(VA;a) = 0}, (61)
and
Taise(—Aa) = {N € C\RZ | F,(VX;a) =0 forsome n€Z\{0}}. (62)
Moreover, the eigenspadé, () for the eigenvalue\ € og4;..(— A, ) is Spanned by
Viratnezaoy s Za(A) = {n € Z\ {0} | Fu(VXia) = 0}, (63)
whereV,, ) o = VulK,,, () (VA )] is defined ag34) with wy, (1) = K, (o) (VA7)
Proof. Firstly we assume thate Dy (A,) NP, L2 () satisfies the homogeneous equation
4 Agv =0, (64)

for someX € C\ R_. SinceA,v = Av + aP(Urrot v) andU+ is smooth and bounded
in Q, we haverot v € W?22(Q) by the elliptic regularity of the Stokes operator. Takifg
in (64), we obtain the equation (49) with = 0 for the vorticity w = rotwv. Writing in
the polar coordinates = w, e, we derive the ordinary differential equation (51) foy,
with h,, = 0, and hence, from (56) we have

wn(r) = cn Ky, () (ﬁr) (65)
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for some constant,,. In particular,w,, decays exponentially as— oo. Then Proposition
2.6 implies the Biot-Savrt law

v = Cnvn[Kun(a)(ﬁ')]
= Vel K (o) (VA )€™y + Vo [ K (a) (VA )] eey, (66)

whereV,,, V..., Vy , are defined as (34). Let us recall that the no-slip boundary condition
v = 0 0ndN requires the condition, V , [K . () (VA)]lr=1 = 0, which is nothing but the
condition

enFn(VAa) = 0. (67)

Therefore, ifA € C\ R_ satisfiesF,,(vA\;«) # 0 thenc, = 0, which givesv = 0
by (66). ThusA + Aulp,r2 in P,L2(Q) is one to one in this case, and we conclude
that A ¢ o4isc(—Aalp,r2). Conversely, iff,(vVA\; ) = 0 for somen € Z \ {0} then
ValK () (v/X-)] is a nontrivial solution to (64) by Lemma 3.1. In particulaiis an eigen-
value of —A,|p, 12, which yieldsA € oyisc(—Aalp,r2(0)) by Proposition 2.12. Hence
we obtain (61), and then also (62) by Proposition 2.12. Next assume j;s.(—A,) and
letv € D2 (Aq) be the associated eigenfunction. We have R_ by (62). Since the
multiplicity of X is finite, P,,u becomes nontrivial only for a finite numberofe Z \ {0}
satisfyingF}, (v/A; a) = 0, and eachP,,v must be a constant multiple &f,[K,, ) (VA )]
by (66). Collecting these facts, we conclude that the eigenspate) is spanned by (63).
The proof is complete.

Next we consider the possible order of each zero poidt,ah/); o), which is related
with the order of the poles df\ + A4,) .

Proposition 3.3 LetA € C \ R_ be a zero point of},(/-; &) such thati= (vA; &) = 0.
Then 2 (vX;a) # 0and X € {z € C\R_ | |3(2)] < —|%|R(2)}. Therefore,) is
a zero point ofF, (1/+; «) of order at most two, and moreover, of order one\it {z €
C\R_ | [3(2)] = —|2|R(=)}.

Proof. For simplicity of notations let us writé,(z) for F,,(z;«) and p, for u,(«). If
R(z) > 0 then we have

F, < 5 K
d (z):/ st ‘”‘i(KHH(sz)) ds:/ s> ‘”'M(sz) ds
1 1

dz dz dz
1 [ 5, d
:Z/1 5% ‘E(Kﬂn(sz)) ds
1 n| —2
= _;Klln(z) + | |Z Fn(z) (68)

Hence, ifF,(20) = 4 (29) = 0, wherez = VA, thenk,, (z0) = 0. If $Ex(z9) =0

in addition, then dﬁgn (z0) must be0 due to (68), which contradicts with (55). Thus,

A8 (2) # 0. Next we setu,(r) = K, (v/Ar), which satisfieso, (1) = K, (V) = 0
as is seen in the above argument. Thegrs a solution to (51) withh,, = 0 which satisfies
the Dirichlet conditionv,, (1) = 0 and decays exponentially as— oco. Multiplying both
sides of (51) (forh,, = 0) with rw,,, we have from the integration by parts,

ol Al + (02 + i0m)| 222 =0, ol = [~ fwn(r)Prar. (69
1
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Taking the imaginary part of (69), we obtain

Wn, (A
g = 2y e (70)

and thus, we conclude that2) — ]%L Then the real part of (69) is written as

(%(A)+Ig!|3(k)l)llwnl\2+ leonl|* = 0. (71)

Sincew, is not a constant function, we must hak¢)) + |%|[3(\)| < 0. The proof is
complete.

3.2 Structure of resolvent inP, L2(Q)

In this section we study a basic structure of the resoly&nt A, |p, 2)~" in P,L2 (),
which is useful to analyze its quantitative properties.

Proposition 3.4 Letn € Z \ {0}. Then there are locally bounded (operator-valued) func-
tionsT, o, Rna : C\R_ — L(P,L2(£2)) such that

ot
Fn(ﬁa @)
Proof.Letf = f,, € Panj;(Q). Setw,, as in (56) for some constaag, which is a smooth

and exponentially decaying function solving (51) for- 1. We takec,, so that (60) holds,
i.e.,

(A+ Aa|73nL?,)_1 = Tna(A) + Rna(A), A€ P(_Aa‘PnL?,) \Ri (72)

1
en=————Ccplfnl, 73
P o) ALfn] (73)
which is well-defined sincé, (v/A; ) # 0 by the assumption € p(—Aqlp,z2) \ R-
and Proposition 3.2. By the choice ©f in (73), Lemma 3.1 implies that, [w,,| belongs to
Drs(Aalp,r2) = W22(Q)2 N Wy*(Q)% N P, L2(Q) and satisfies (48) fof = f,,. Thus
we have from (56), with the notatiqn, = p, (),

()‘ + Aa|73nL§>_1fn = Vn[wn]
= Cnvﬂ[Kun(\F)")] + Val@nalfnl]

- —F(%L)v (VA 4 Val@rlfal] . (79)

Taking (74) into account, we set
Tn,a(A)fn = _Cn)\[fn] Vn,)\,a > Vn,)\,a = Vn[K,un(\/X” ) (75)
Rn,a(A)fn = Vn[q)n,)\[fn]] . (76)

Note thatT,, »()\) fn and R, () f. themselves are well-defined for any € C \ R_
and f,, € P,C§S (). Now we fix any f € P,L2(2) and take a sequendgf ™},
in P,C5%.(Q2) such thatf*) converges tof in P, L2(12). As is observed, for each* we
have the formula such as

A+ Aalp,r2) W = TN 5+ Ry o (V) F5) (77)

Fn(\/Xa @)



By the assumptio\ € p(—Aalp,r2) We see that the left-hand side of (77) converges to
(A+ Aalp,r2) " f in P,LZ(£2). On the other hand, we can show that for ang C\ R

the linear operators,, ,()\) andR,, »()\) are extended to bounded operators frBpL2 ()

to P, L2 (), whose proof requires long calculations and thus is postponed to Section 3.3
below; see Corollary 3.18. Admitting Corollary 3.18, we can take the kmit oo also in

the right-hand side of (77), which convergesﬁgﬁlﬁ—an,a()\)f+Rn,a(/\)f inP,L2(9).
Sincef € P,L2(Q) is arbitrary we obtain the formula (72). In Corollary 3.18 we will
show thatT}, o, Ry.o : C\ R_ — L(P,L2(9)) are locally bounded. Hence, the proof of
Proposition 3.4 is complete by admitting Corollary 3.18.

Corollary 3.5 If \g € 04isc(—As) then itis a pole of the resolvet + A,)~! of order at
most two. Moreover, ik € oqisc(—Aq) belongs to the seftz € C | [S(2)] > —|o| R(2) },
then) is a pole of(A + A,)~! of order one.

Proof. For A € p(—A,) we have) ¢ R_ by Proposition 2.12 and the decomposition
A+ Ay

_ - - (78)
=(A+Alz )7 e (At Aalg,r2) T @ (Sigpizm A+ Aalp,r2) )

holds for eachn € N by Proposition 2.10. On the other hand, by Proposition 3X iE
oaise(—Aq) then )y ¢ R_ and there isn € Z \ {0} such thatF,(vXo;) = 0 and
Vn[KM(a)(\/E-)] is an eigenfunction. In particular, the number of sucts finite since
the multiplicity of )\ is finite. Hence, if we taken large enough, theiy must belong to
p(=Algz )N p(—Aalg,,r2) and the singularity of A + Aq)~" at A = Ao arises only
from a finite number of A\ + Aa]ang)—l such thatl < |n| < m. Therefore, it suffices
to consider the possible singularity 0f + Aq|p,;2) " in C\ R_ for eachn € Z\ {0},
Note thatogisc(—Aalp,2) consists of the poles af\ + A, |p,;2)~". Then Proposition
3.4 implies that the order of any polg € C\R_ of (A\+ A,|p,2) " is less than or equal
to the order of the zero point, of F,,(v/A;a). Hence we conclude from Proposition 3.3
that )\ is a pole of(\ + Aa\ang)—l of order at most two, and moreover, of order one in
the case\p € {z € C | [3(2)| > —|2|R(2) }. The proof is complete.

Proof of (1), (2), (3) in Theorem 1.5 he statements (1) and (2) follow from Propositions
2.12 and 3.2. The statement (3) is proved in Corollary 3.5. The proof is complete.

The proof of the statement (4) in Theorem 1.5 requires detailed computations, which
will be given in Section 3.6 below.

3.3 Resolvent estimates ifP,, L2 (12)

In this section we will establish the estimates of the resolygnt Aa]ang)‘l. As is seen
in (74), we have the formula

Cn,)\[fn]
Fn(ﬁa @)
for A € p(—Aalp,r2) \R_ and f,, € P,L2(), wherec, ,[f] is defined as (59) and

Vo ®na[fn]] is defined as (34) and (58). The main results of this section are stated as
Theorems 3.19 and 3.23.

A+ Aalp,r2) Hfn = — Vil K (VA )]+ Vi [ @ 2 f]] (79)
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3.3.1 LP — LY estimates for velocity

For the moment let us focus on the estimates of the i, \[f,]] in (79). In view of
the definition of the operatd,, in (33) - (34), we need to establish the estimates of the
following terms:

[ rlnle s, [T e @ s 6)

Motivated by the definition o®,, »[f,] in (58), we set forf,, = f, .e"e, + fy ey,

Jn = Mfe,n - infr,n ) gn = Nf@,n + infr,n . (81)

In order to derive the precise estimates for both cases> 0 and|\| — oo it is important
to rewrite (80) in a suitable manner. To this end let us start from the following

Lemma 3.6 Let f,, € P,C5°(22)%. Then we have

1 7 ?
i A 6 ds = 3 (A (82)
r 1 =1
where
Jl[fn](r):—ﬁ / ' / "G, (Vas)ds I, (VAT)ga dr
Rl = -t [ [ KA (V) A5 Ty (VA o

1"|n|

Talfal(r) = - / / s, (VIAs) ds Ky, (VAT)jn dT
Tilfa](r) = P / / s, 11 (VIAs) ds Ky, —1(VAT) fg,7 dr

r‘”‘

Js[fn](r =l / 1+‘"‘I \Fs ds/ K., ( \Fs)]nds
Js[fn](r) = nrnn‘/l s”IunH(\f)\s)ds/r Kun,l(\f)\s)fg,nsds
FENE) = K pr (V) [ a3 fo

Js[fn](r) = TIMTL_H(\/X?”) /OO K n_l(\f)\T)fg’nT dr,

Jo[ful(r) = — |1n| pin+1( / K, —1( \fT)f@anT
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Proof. By the definition of®,, 5[f,] in (58), we have

1 T 1 T s
74n|/1 sl+|n|(1>n,,\[fn](5)d82r|m/ 51+|n|KNn(\f)\s)/l [un(\f)ﬁ—)gndeS
Tlnl/l 1+|n|\fK (\55)/ Iﬂn—i-l(\&T)fe,anTds
L LT s, (VXs) / Ky, (VAT) jin d7 ds

rinl

1

+7’|"|/ 81+|n|ﬁ[un(ﬁ3)/ Kml—l(ﬁT)fe,anTds
1 S

=L+L+I3+1,.

By changing the order of the integration we hdye= .J;[f,]. Similarly, we have for,,

1 T T
I, = _II/ / sTHMVAK, (VAs) ds I, 1 (VAT) fonrdr.
™y T ’

Then the identity%(z) == 1KM_1(z) — K,(2) in (327) implies that
z z

VAK,, (Vs) = Kyt (V2s) = — K, -1(Vs)

which yields from the integration by parts,

I = ””:';l'”'// s, 1 (VXs)ds Ly, 1 (VAT) fopr dr
T|/"{rk+mkf L(VAR) = K, (VAP 1 (VAT g d
=l Jolfal = [ (VAN L (VAT o (@9)

Next we considers. By decomposing the integrd[™ into [ + [* and by changing the
order of the integratiorf,” |7 we have

I3 = J; [fn] + J5[fn] . (84)

Similarly, we have fotly,
1 T T
I4 - / / 81+|n|\fx\fﬂn(\f)\s) ds Kﬂn_1<\F)\T)f9,nT dr
ritt 1o
1 T (o]
+7“”/ stHVAL, (V2s) ds/ K, 1(VA8) fonsds.
1 r

Then we recall the identltydci‘—“( )= _ptl u+1(2) + 1,(z) in (324), which leads to
z

VAL (VA) = P52 (V) D (V9),
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Hence by the integration by parts the tefiris written as

I = |n|/ / WIM 21 fs)dSKun—l(\fT)fGanT

'r'|n|

ok [ V50) s (V1 (VAP
r|n|’n’/ s|n|I“n+1(\[\s)ds /OOKn_l(\f/\s)femsds

I{T‘Hl”‘hnﬂ (VAr) = Ty, ( )\)}/T,OO Ky, —1(VAT) four d7
= J4[fn] + Jﬁ[fn] + JS[fn] + J9[fn]

1 r 85
+ 7an/ Tl+|n‘fun+1(\/XT)Kun71(\/XT)f97nT dr. (85)
1
Collecting these, we obtain (82). The proof is complete.
The next lemma gives the estimates of each opetatdr= 1,---,9 in Lemma 3.6.

The main tools of the proof are the pointwise estimates of the modified Bessel functions
stated in Section A, and what is essential here is the condRign,) > |n| for the order

of the Bessel functions,, and K, . This condition is satisfied due to the definitiop =

pin (@) = (n? 4 ian)'/2. In the lemmas below we will establish the estimatesafinder

the conditionft(x) > |n|, rather than the concrete value @f(«), for generality of the
result and for simplicity of notations. Taking the expressfan= f,. ,e™%e, + fo,eey

into account, we set fof,, € P,C5°(Q)?,

an\Lq(Q)=<27T / (!fr,n(r)\“r\fa,n(r)\q)rdr)q7 1 <q< oo,

”fn||L°°(Q) = 52113 (‘fr,n(r)‘ + ’fO,n(T)‘) .
Lemma 3.7 Letn € Z \ {0}, R(u) > |n|, and letA € X,_. for somee € (0, ). Then
there is a positive constaidt = C'(e, n, 1) such that the following statements hold.
(1) Letl =1,---,6, and letf,, € P,C5(2)2. Then we have
sup ra A ()] < wllanLq ) 1<g<oo, (86)

Sg}f r AL ()] < Cllifallpre) - (87)

(2) Letl = 7,8, and letf,, € P,C5°(2)2. Then we have

/ AL dr < Sl (8)
1 w
sup r AL < Sl full e (89)
r>1 ’/\|
sup 1 L)) < Ol (90)
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(3) Let! = 9 and letf,, € P,,C5°(Q)%. If R(VA) > 1 then
[T [fal (V)] < CIN2 | full 2 (91)
oLl (1) < CINTY il oo ) (92)

Remark 3.8 (1) Although we can derive the estimate &f[f,](r) also forr > 1 or
R(VA) < 1, the estimates (91) and (92) are enough for later use.

(2) We do not need to assume the divergence free conditigiy anLemma 3.7.

Proof of Lemma 3.7(1) (i) Estimate ofJ;[f,]: If R(v/A) < r~! then (333) and Lemma
A.2 yield

I fal(r)] < CrIml A= / r 27l =R0 |/ xR g, | dr
1

< C’r2n|/ T|"‘|gn] dr. (93)
1
Hence, ifR(v/A) < r~! then we have fof = 1,
2 _
ra AL 0] < CIN T fall Lagoy 1<q< oo, (94)
r ISl ()] < Cllfullzr gy - (95)

max{ —+—,1}
If R(VX) > r~! then we divide the integral intg, """ [ and [ 1y f]
R(VN)’

As for the first term, it suffices to consider the cadg/\) < 1 and we apply (332) and
Lemma A.2, which gives

—1_ r
7’_‘”‘ /%(\FX) / ‘
1 T

1
< Crlnl/mﬁ) (A 725 o (A7 L =R qg) |/ R0 g, | dr
1

1 1
e / RO LRG| g, dr + Cr Il AL / N g dr . (96)
1 1
Next we have from (331) and Lemma A.3,

p=In] / ]<Cr_"|)\|_i/ FhHnle=mRON) | /3| ROVD) g
1} T 1

max{#

R(VN)’

§C’r_"|)\|_1/ 7l gl dr 97)
1

Collecting (96) and (97), we obtain (94) and (95) also for the 8¥%sé\) >~ andl = 1.
The estimate for/, [f,,] has been proved.

(i) Estimate ofJ»[f,,]: The proof is the same as in the proof faf f,,], and we omit it here.
(iii) Estimate of J[f,]: If R(v/\) < r~! then (336) and Lemma A.2 yield

s ] (r)] < CrInl A7 / TR || TR0 |, | dr
1

< CrIn / 245, dr (98)
1
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Hence, we obtain (94) and (95) f&(v/\) < r~! andl = 3.
L. . . max{ ——,1} - - -
If R(vVX) > r~* then we divide the integral intg; """ [Tand [T . f].
R(VX)’
As for the first term, it suffices to consider the ca¥e/)\) < 1 and we apply (336) and
Lemma A.2 as in the derivation of (98), which gives

max{—1—,1} 7 _1_
el [ et [T a0 m/D <1 (@9
1 1 1
On the other hand, (337) and Lemma A.3 yield

rIm| / \gcr—lnlw—i’;/ 73+l TRV 73RN, | dr
max{ﬁ,l} 1 1

:C’r_|”|])\|_1/ Al dr (100)
1

The estimates (99) and (100) imply (94) and (95) for the 8¥%sé)\) > ! andl = 3. The
estimate forJs|f,,] has been proved.

(iv) Estimate ofJ4[f,]: The proof is the same as in the proof {81 f,,], and we omit it here.
(v) Estimate ofJs[f,]: Firstly we consider the cas®(v/\) > r~!. Then Lemma A.3
implies

[ EuVAds <€ [ VSR R, s, (101)
Hence, together with (337), we have

)] < Cr N et [ R e R s

T

§C’|)\|_1réer%(ﬁ)/ s_%e_swﬁ)|jn|ds, (202)
which yields (94) and (95) folR(v/A) > r—! andl = 5. Next we consider the case
R(VA) < r~L. We observe from Lemma A.2 and Lemma A.3 that

o0

1
& . RO/
\/ Kums)yndsm/ m/ |

1

R(VN)
_1 o]
<C / O VAR, ds + C / [Vas[~2em RV [ds. (103)
1
T RN

Thus, (336) implies folR(v/\) < r~1,
1
Ll ()] < Crlal 3 52 2 el </ " |V Rs] R, ds
+/ IV s|"ze ROV ds)
1
R(VX)

1
< Cr?H R / O TR ds

r R 1 [ 1 (104)
+C'7“2"”9?(“)|)\|T_Z 5_56_5%(\/X)‘jn|d5.
1

R(VX)

26



Then the direct calculation shows that (104) gives (94) and (95) for theltfaga) < r—!
and/ = 5. The estimate fods| f,,] has been proved.

(vi) Estimate ofJg[f,,]: The proof is the same as in the proof f®[f,], and we omit it
here.

(2) Estimate ofJ;[f,] and Js[f,]: We give a proof of the estimates only fd¢|f,]| here,
since the estimates ok|[f,,] are obtained by the similar argument. By changing the order
of the integration we see

/W\J7[fn](r)|dr</OO/OOTKu_l(ﬁr)ydruw(ﬁﬂ\f,,,nhdn (105)
1 1 T

Then (340) and (341) combined with Lemmas A.2 and A.3 for the estimat@@@{ﬁr)

yield
max{—1— 1} poo 00 0o
R.H.S. of (105)< / R / n / /
1 T max{ T

max{ 1 1}
<C‘)\’_m(u2)+l/ R(VX) Tl—%}t(u)|\/X7_|§R(u)+1|f97n|TdT
1

_1_
%(ﬁ)’l}

max{ —— 1} ()
e [T WA e+ N [ Waalrar
1 1
< O M fonllr) - (106)

Next we have from Lemma A.2, f&t(v\) < r~ 1,

()] < CrVAr R0 [T AR g dr
< CN 02 [ g ar,
1
which implies
r 7 fal ()] < ’i||fn’Lm(Q)> r Tl fal ()] < Cll fall iy (107)
in the caseéi(v/A) < r~!. On the other hand, iR(v/\) > r~! then we have again from
Lemma A.3,
max{m,l} T

|[J7[ful(r)] < Crlﬁr\_ée_r%(mﬂ/l |+ )

max{ m 1}

max{—1—1}
< O trde B ([T a1y rar
1

+/ |\/XT|_%€T§R(\F>\)|f97n|TdT)
max{m,l}

max{ 11}
Ll

o (108)

+ C|>\|_%T%€_T§R(ﬁ) / €T§R(\/X)|fg7n’7'% dr.
max{m,l}
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The estimate (108) leads to (107) also in the ¢agg'\) > 1, for we have

e RVN 13 g7 < C|/\\_%r%em(ﬁ) , %(\F)\) >t
1
ROVN)

which should be used to derive the first estimate in (107). The second estimate in (107) is
straightforward from (108), and we omit the details.
(3) Estimate of/y[f,](1): Let R(v/\) > 1. By using Lemma A.3 we have
[ KA o dr| O [T e O g far, (209
1 1

which implies from Lemma A.3 fof, 11 (v/A) that

AW O [ phetom (110)
1
Hence, we obtain (91) and (92) in the ca¥a/\) > 1. The proof is complete.

Next we estimate the other term in (80). We start from the counterpart of Lemma 3.6.

Lemma 3.9 Let f,, € P,C5°(22)%. Then we have

Il / il \[fu](s) ds = ZJ; Fal(r) (112)

=10

where
Tolful(r) = —rl / P, (Vo) dr / L, (VAr)gn dr .
Julfal(r :—7“|"/ / =g, (VIAs)ds L, (VAT)gn dr
Talfol(r) = =G = )" [P (VA dr [ (VA o
Ts[f)(r) = — (i — n)r nl/ / MK,y (VAs) ds Ly (VAF) fonT AT
Tulful(r) = 7" / / S (Vs) ds K, (VAT) g d
Balfal(r) = G+ ) [ [0 3 (VA s Koy (VAT o
Balfal(r) = 1K s VA [ By (VAT fo .
Talfal (1) = —r L r (VAT) / " Ky (VAT fyr dr

Proof. Since the proof is similar to the one in Lemma 3.6 we only give a sketch of it here.
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From (58) we have
rlnl /OO 31*‘"‘@)”7)\[]“”](3) ds
Inl/ =g, (Vs )/:Iun(\/XT)gndes
—r'"'/ st=MVAK, (Vs) /S Li,+1(VAT) fo ur dr ds
+r|”|/ s, (VAs) / K., (VAT)jin dr ds
+r|"|/ s1IMV/ALL, (V) / K1 (VAT) fordrds

—IIl+IIQ+113—|—II4

As for I, by decomposing the integrd[ into [, + [” and by changing the order of the
integration for the second term we obtain

I = Juolfn] + J11lfn] - (112)

Similarly we rewritel I, as
I, = —r"'/ Tl_‘”|\F)\KMn(\f)\7) dT/ L, -1 (VT) for dr
T 1
—rln/ / 31—|”|ﬁ[{#n(\f)\5) ds I, 11 (VAT) fourdr.

As in the proof of Lemma 3.6, we recall the identity

VAR, (VAs) = 1 LK 1 (VRs) — LKy 1 (V)
Then the integration by parts yields

I, = J12 fn +J13[fn}+‘]16[fn]

113
Sl AR TR TR, U T

Next we sed I3 = Jy4[f,] by changing the order of the integration. Similarly, we rewrite
Il as

Il = 7’"|/ / sV, (VAs) ds K, 1 (VAT) fo T dr

Then the identity

1 a
VAL, (VAS) = B2 1 0 (VR) + T 1 (VAs)

and the integration by parts imply

Iy = Jis[fa) + Jiz[fu] + ™ / h g, (VMK 1 (VAT) foardr . (114)
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Collecting these, we obtain (111). The proof is complete.

As in Lemma 3.7, we will estimate each under the conditiof®(x:) > |n| rather than
the concrete value gf,,(«). Since the termdy¢[f,,] and.Ji7[f,] are the same a%/|f,] and
Js[fn], respectively, it suffices to estimate the other terms.

Lemma 3.10 Letn € Z \ {0}, R(n) > |n|, and letA € X _. for somee € (0, 7). Then
there is a positive constaidt = C'(e, n, 1) such that the following statements hold.

(1) Letl = 10,12, and letf,, € P,,C5°(Q)?. Then

2_ C
sup 77 Nl ()] < YLALEE 1<g<oo. (115)
sggr*luz[fn]m\ < Cllfullprey - (116)

(2) Letl = 11,13,14,15, and letf,, € P,C5°(2)2. Then
Cq

2_
sup 1 Yl fal ()] < I fallzo) 1< g < oo, (117)
sup | Ty fal ()] < Cllfnll 1y - (118)

r>1

Here the constant’, depends only om, n, 1, andg.

Remark 3.11 In fact, the estimate (117) is valid also fer= ~o in the casgn| > 2. But
this L>° estimate does not hold || = 1 andf,, € C5°(22)%. In order to establish the
L*> estimate foln| = 1 we need to use the additional conditidiv f,, = 0, which will be
shown later in Lemmas 3.13, 3.14, and 3.15.

Proof of Lemma 3.10(1) Here we give a proof of the estimates only fA[f,]. The
estimates off}5[f,] are obtained in the similar manner. 1%¢tv/\) < r~'. Then, applying
(335) and Lemma A.2, we have

| Ji0[fa] (r)] < Crinl A= 42 2= Inl=R00 / VAR g, | dr
1
< C’r2_§R(“)/ |gn |77 dr . (119)
1

This estimate implies, faR(v/\) < r~1,

2_ C
ra | J1olfal (r)] < il fallze) 1<q< oo, (120)
r Tl fal ()] < Cll fall i - (121)

Note that (120) and (121) are proved even in the gdsg)\) < 2r~! with a trivial modi-
fication. Thus we next consider the cage/\) > 2r~!. In this case we have from (334),
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Lemma A.2, and Lemma A.3,
max{—2—,1}
n -3 1_in| —r S
ol ()] < CrafErsler oA ([T (g ar

[ (3]l )

1ax{ﬁ,l}

2
gy (At
< C|A[~Hrae R <\ =2 / PO g ) 7

+ |)\|_411/ 73R )‘)|gn|d7'>.
max{—2—,1}

R(VA)’

(122)

Hence, itis easy to see from (122) that (120) and (121) hold also in théXade > 21,
by virtue of the estimates faR(v/\) > 2r~! andR(u) > |n| > 1:

max{—2— max{—2—,1}

VA R(w) VX

/ mov/n ’gn‘T ) dr < CIA[~ D / R(VX) PRERES
1 1

r 3 _3
/ , T e RV g, rdr < Cr= 2™V |g, |1 g
max{ sy}

.
/ 73RV |gn | dT
max{ﬁ,l}

1,1 /" o
< CIA 72 (r 26T%(ﬁ)+/ R g e
max{m,l}

1 1,
< O 22 MV gy e )
Note that the last two estimates are verified by using the factsthat® is monotone in-
creasing fors > 2. The proof of (1) is complete.
(2) (i) Estimate ofJi1[f,] and Jis[f.]: We will give a proof only for.Jy1[f,], since the
proof of Jy3[f,] is similar. LetR(v/A) > r~1. Then (334) and Lemma A.3 imply
ulfal(r)] < I [ el O SR, dr
< C|A[TLrn / —nlg,| dr. (123)
Hence we have foR(v/A\) > r~! andl = 11,
2_q C
ra [ Afal(r)] < WanHLq(Q)v 1<q<oo, (124)

r AL ()] < Cllfallre) - (125)

1
Next we consider the cad¥(v/A) < »~'. Then we divide the integral inter /"l [,"» [

and—r"l [, [*° and the second term is bounded from above by
RO

o0
C’|)\|71r‘"‘ / Tﬁ|"|\gn| dr
1
R(VN)
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as in (123). On the other hand, we have from (335) and Lemma A.2,
1 1
rln’/wﬁ) / | < crll /mﬁ) |)\\*¥T2*IHI*?R(M)|\f)ﬂ-‘%(u)wn’dT

1
< ¢yl / RV 2=l L dr (126)

Collecting these, we obtain (124) and (125) also for the #4s€\) < »—! andl = 11. For
1 1

example, (124) is obtained by usinfg®"> 72-I"l|g,|dr < C|A[~! [[FVY 7=Inl|g,, | dr

and then applying the &lder inequality. The details are omitted here.

(i) Estimate of.Ji4[f,] andJi5[f]: We will give a proof only forJ14]f,], since the proof
of Ji5[fn] is similar. LetR(v/\) > r~1. Then (339) and Lemma A.3 lead to

| J1alfn] (7)]
SCTM/ (W*_ + AT 173l RVNY ||z TRV g dr
<copE-i, ln/ eV dr

(127)
+ oLl / Il dr

which implies (124) and (125) fdR(v/A) > r—! andl = 14. Next we consider the case
R(VA) < r~L. Then we have from (338), (339), and Lemmas A.2, A.3,

‘J14[fn

<7“|"|/§R(f)/ |+rlnl\/ / |

?R(f)

—i—Cr'”'/ 1 (WT‘I+|A|‘%T%“"|eT%(ﬁ))|ﬁr|—%e—7%(ﬁ)|jn|dT
R(VX)

1
< Cyln / RO 2l | dr
(128)

|n|

o0 o0
+CAE i ”l/ ) T_ée_T%(ﬁ)|jn|dT—|—C)\|_1r|"|/ . ", dr
R(VX) R(VX)

Thus it is easy to see from (128) that (124) and (125) holdifoy’\) < »—! andl = 14.
The proof of (2) is complete.

Lemma 3.7 and Lemma 3.10 imply the’ — L? estimates of the operatof[-]. In
the next corollary we always assume the conditians X, _. for somee < (0, 5) and
R(n) > |n|, and the constant’ appearing in the estimates depends onlyepn, u, p,
andg, although these are abbreviated in the statements. We will also identify the function
g = g(r) for r € (1, 00) with the radially symmetric functiog(|z|) in €2, and we denote
by [|gl| zr () the LP norm ofg(|x|) in €.
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Corollary 3.12 (i) Let! € {1,---,8} U {10,12,16,17} and letl < ¢ < p < oo Of
1 < ¢ < p < oo. Then eachr—1Jj[-] is extended to a bounded linear operator fré(2)?
to LP(Q2) and satisfies

It I fal o) < HH 1||anLq : (129)

(i) Letl € {11,13,14,15} andletl < g<p < ocorl < g < p < co. Then each—1J[]
is extended to a bounded linear operator frdf(2)? to LP(Q2) and satisfie$129)

(i) Let! e {11,13,14,15} and letl < ¢ < oo. Then eachJ;-|(1) is extended to a
bounded linear operator fromi4(2)? to C and satisfies

BT (O e p—c— ' (130)
A2 (T + A7)
Proof. (i) The estimates (86) and (115) in Lemmas 3.7, 3.10 imply that eaéh;[ ],
le{l,---,8yuU{10,12,16, 17}, is extended to a bounded linear operator frbhiQ2)? to
weakL!(Q) and fromL>(2)? to L>°(Q2) with the estimate”|\|~! of its operator norm.
Hence, by the Marcinkiewicz interpolation theorem eachJ;[-] is extended to a bounded
linear operator fronm.(Q)? to L4(2) for all 1 < ¢ < oo, and the estimate (129) holds
for p = ¢. Moreover, the estimates (87) and (116) combined with the above result for the
caseg = oo yields that, again by the interpolation theorem, eachJ;[-] is bounded from

L4(2)? to L*°(Q) with the estimateC|)\|1_5 of its operator norm. Then again from the
Marcinkiewicz interpolation theorem eaeh'! J;[-] is extended to a bounded linear operator
from L9(2)2 to LP(Q2) for all 1 < ¢ < p < oo, together with the estimate (129).

(i) The estimate (117) implies that eaeh!J;[-] with [ € {11,13, 14,15}, is extended
to a bounded linear operator frofif (2)? to weak£4(f2) for all 1 < ¢ < oo with the
estimateC|\|~! of its operator norm. Thus by the Marcinkiewicz interpolation theorem
eachr~1J;[-] is bounded fromL?(Q)? to L4(Q)) for eachl < ¢ < oo with the estimate
C|A|! of its operator norm. On the other hand, we observe from (117) gvith 1 and
(118) thatr—1.J;[-] is bounded fromL!(Q)? to LP(2) for 1 < p < oo with the estimate
C|>\|_% of its operator norm. Hence, again from the interpolation theorem eakch|[ ] is
bounded fromL4(02)? to LP(2) for any1 < g < p < oo, with the estimate as in (129).

(i) If R(v/A) < 1 then (130) follows from (i) withp = oco. If R(v/A) > 1 then (130)
follows from (117). The proof is complete.

In Corollary 3.12 thel.>> — L estimate of/;[-] is lacking forl = 11,13, 14,15. For
completeness we will derive the estimate/gf] in L>°(Q2) for f,, € P,C§5,(2) below. As
will be seen in the next lemma, the divergence free conditiofi,gplays an important role
to obtain the estimate ih>°(€2), while such a condition is not necessary in Corollary 3.12.
For simplicity of notations we will writg: for p,, = p, ().

Lemma 3.13 Set
Lu(2) = Ku—1(2)1u(2) + Ku(2) 14 (2) - (131)
Then for anyf,, € P,,Cg%(€2) we have

Julfn] + Jislfnl + J1alfal + J15[fn] = Z Jilfnl (132)
=18
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where

nl — ,r,|n| 00 00
Dslfltr) = PR [ i (V) ds (VA g
—In T|n\ SIS
Jlg[fn]m:w [ [ s R s (VA for d
n ,,,|n| 0 T
Janlfltr) = PRI [ [ (VRs) ds K (VA
nl?2 — T|n\ o pT
J21[fn](7”):(“2\/§2) / / I L (Vs ds Koy (VAT fon
Talul(r) = =T (VA0 / " K (VAr)jndr

Joaz[ful(r) = _kht |n|IM(ﬁr) /00 Ku_l(\f)\T)f,g’nT dr,

N5
in(1— |n)rinl o0
Palfal(r) = W [ L) e,
Jaslfal () = — |Tf Lu(VAT) frn(r).
inrlnl oo
Tulfoltr) = = [ (P )

Proof. By using K,(z) = “7‘11(”_1(,2) dK“ !

parts, we have

(z) from (327) and by the integration by

nl — T\n\ SIS
Julfn](r) = (||\/§)/ / s“"'KM,l(\f)\s) dslu(\f)\T)gn dr

il oo (133)
B iﬁ MK, (VAL (VAT g dr
Similarly, fromK,,_1(z) = —£K,(z) — dﬁi“ (z) and by the integration by parts, we see
(u* = [n|P)rint oo oo
Jis[fn](r) = —-F——"— s Kﬂ(ﬁs) ds I/H_l(\F)\T)f@’nT dr
VA v Jr (134)

n| — p)rinl oo
+7(| |\/§) / T1_|n|KM(\f)\T)IM+1(\f)\T)f97ndT.

Next, the identity/,,(z) = “jlluﬂ(z) + %( ) from (324) and the integration by parts
yield

n plnl poo p7
Jualfn)(r) = (||j—/§)/ / s_|”|I#+1(\F)\s) dSKM(\/XT)jn dr

- eV [T KA (135)
plnl oo
+ ﬁ TlileM(\&T)IM—H(\/XT)jn dr
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Similarly, we have fronT,, ., (z) = —%IM(Z)-F%(Z) due to (324) and from the integration

by parts,

nl2 — r\n| 0o pT
Jis[fal(r) = (’2\/;2)/ / 5_1_|”|I#(\f)\8) ds Ku,l(\f)\T)fg,n dr
_H jﬂ'”' L.(Vr) / T K (VAT) fordr (136)

+ (u—&—]\/nx)rm' /00 T17|n‘KM_1(ﬁT)IM(ﬁT)f97n dr.

Sinceg,, = pfon + infrn andj, = pfo, —inf,n, the sum of the last terms in each of
(133) - (136) is given as

[n| poo
Tﬁ AL (o — i) 7 (137)

where L, (z) is given as (131). Then the term (137) is equal to, by the divergence free
conditioninfg,, = —frn — 1 déj;”,

in(l—]n[)r'”‘ -0l 7 (v dr — Vo
T | LA ’M Lu(VAR) frn(r) -
_ znr‘"‘ d 92— |n‘ - -
n v )y (P

Collecting these facts, we obtain (132). The proof is complete.

In the following lemmas we focus on tHe™ — L°° estimate, although it is possible to
obtain theL> — L' estimate as in the previous lemmas of this section. In Lemmas 3.14
and 3.15 below we always assume that Z \ {0}, ®(x) > |n|, and\ € X, _. for some
e € (0, %). The constan€ in the estimates depends only @m, andj..

Lemma 3.14 Let! = 18,--- ,23, and letf,, € Pano(Q)2. Then

supr L[ fa](r)] < anllLoo ~ (139)
r>1 |)“

Proof. (i) Estimate ofJis[f,]: Let R(v/A) > r—1. Then (334) and Lemma A.3 imply
sl )] < CIA 3 [Nl RO R Mg, o
_ - 2T|n|/ “L-lnl|g 1 dr (140)
which yields forR(v/A) > ! andl = 18,

P < ‘f‘rfnumm. (141)
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On the other hand, R(v/A) < »~! then (334) and (335) together with Lemmas A.2, A.3
give

Dislfal ()] < CIA=3e ] /“(”/ 1/ /

9?f(\f)

<cEl( [77 T |- 2R 5 R0 g

[e.e]

e [T e RO R e RO g, )
1
RN

< ¢l / R o 7l | g | dr + C|A[~ 2] / 7l g, dr . (142)
?R(f)

Then it is easy to check (141) fét(v/)) < »—! andl = 18.
(i) Estimate ofJy9[f,]: By the inequality

/ 8_1_"||K“(\F)\s)]ds<7'_1/ s K L (Vs ds

the proof is a minor modification of the proof of the estimate fe]f,,] above. Thus we
omit the details.
(iii) Estimate of Joo[f,]: Let R(v/A) > r~1. Then (339) and Lemma A.3 imply

| J20[fn] (7)]
<O [ (A RO e RO
< oW Er ln'/ e O dr e [, 04d)

which yields the estimate (141) f(v/\) > r—!andl = 20. Inthe cas&R(v\) < r~ we

divide the integral intof, R/ JTand[> [T and then apply (338), (339), and Lemmas
&e(f
A.2, A.3, which leads to )

| J2o[fn] (7)]

1
< |\ Erh / o M!L“?“TW”*”‘Mﬂ*mwwdr

+C\A\—%rlnl/1 (A + i 2l ROV | /R e ROV 5
R(VX)

5

= "'/ R -l a4 CIN S -l / e T dr
R(VX) (144)

+ O R / 1=l dr
1
R(V)

Then one can derive from (144) the estimate (141) also for the ®ag@) < r~! and
[ = 20.
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(iv) Estimate ofJo; [f,]: By the inequality
/ sl|"]IM(ﬁs)]ds§7'1/ s7I L, (Vs)|ds,

the proof is a minor modification of the proof of the estimate fay|f,,| above. Thus we
omit the details.

(v) Estimates of/2[f,,] and Jas[f,,]: We will give a proof forJas] f,]. Let%(ﬁ) > 1
Then we have from Lemma A.3,

[Tl fa)(7)] < CINH VA3 [R5 gy

< O\t zer RV / r2e RN £, dr (145)

which yields forR(v/ ) > r—1,
C

sl <

| fo.nll oo () - (146)

If R(vA) < r~! then we have from Lemma A.2,

1
(s fu] (r)] < CIN| 72 |VAr R0 ( / S RO £, e dr

r

N / V=2 R0V £y | dr)
1
R(VX)
1
< Opf) [ RN 727 RW)| £y | dr
§R(MT) 3 o 1 (147)
+ OPFTER0 [ e fy dr
1

R(VX)

Hence (146) holds also in the ca®é\/\) < r~!. The estimate offs[f,] is obtained in
the same manner, and the details are omitted here. The proof is complete.

Lemma 3.15 Letl = 24, 25,26, and letf,, € P,C5(Q)2. ThenJoy[f,] = 0if |n| = 1,
and

_ C
supr [ Lfal (] < 51l frnll oo ) - (148)
r>1 |)‘|

Proof. (i) Estimate ofJas[f,]: It is clear that/ay[f,] = 0if |n| = 1, so we assume that
|n| > 2. Firstly we observe from Lemma A.2 and Lemma A.3 that

IL,(VAr)| < C|A[ "2 (149)
holds for allr > 1. Then we have
Tl (0] < O [ be g, ar
< Ol frnlle ) - (150)
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where|n| > 2 is used.
(i) Estimate ofJa5[f,]: From (149) we have

| Jas [fu] (1) < CIN | frn (7). (151)

Hence the results are straightforward. In particular, we hayéf,](1) = 0if f, €
5 ()2,
(iii) Estimate of Jog[f,,]: Firstly we observe from (327) that

Lu(2) = (= 2Ru(2) = STEE)RG) + Ku(a) (- L1+ 22)
= 2R + K2 L) — S ELG)
- —%Ku(z)lu(z) + é . (152)

Therefore, we see

%(22471\1/#(2)) = %(21*‘"‘(—2/11(”(2)[“(2) +1))
= (1—|n)z" (= 2uK,(2) [ (2) + 1) — zuyz\lf\”lé (Ku(2)1,(2)),  (153)
while
%(KM(Z)IM(Z)) = (- gKu(Z) — Ku1(2)) Iu(2) + Ku(z)(gfu(@ + Luit1(2))
= K, 1(2)1(2) + Ku(2) 11 (2) . (154)
Then Lemma A.2 implies
|%(K“(z)lu(z))] <l (155)

for any|z| < M with C depending only o/ andy, while for z| > 1 we have from (154)
and the expansion (330),

(K2 u(2)| < Oz, (156)

Thus, the identity (153) together with the estimates (155) and (156) yields
d

= (L) < (= P+ R, el <1
i (157)
—(FL )] < (= )T T > 1

Therefore, ifR(v/\) > ~! then (157) yields

| Jo6 [ fn] (7)]
< C\A!”'Zr'”/ (@ = VAT VA7) £ dr
< CA ) frnll ey - (158)
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Here we have used the fact that the coefficient |n| is zero whenn| = 1. In the case
1

R(vA) < r~! we decompose the integral in""* and [*, , and then by applying
R(VX)
(157),

| Ja6] fn](7)]
< O I (/m (1 = [n)) Vx| 717 VA 20 £ dr

s [ (= DA VAR dT)

R(VX)

(159)

[n|—1

; )Hfr,numm, (160)

1
< A <<1 ~ i ) [T gy

which impliesr—[Jag[fa](r)] < CIA| 72| frnl
complete.

1 (q) also forR(vA) < r~!. The proof is

We are now in position to establish the estimatesVfgi®,, \[f,]] andc, \[f,]. Note
that we always assume # 0, thus,®(u,(«)) > |n| holds and the estimates we have
established so far can be applied.

Proposition 3.16Let1 < ¢ < p < worl < ¢ < p < oo, and letA € X, _, for
somee € (0, 3). Then there is a positive constafit= C(a, n, €, p, q) such that, for any
fn € PnC§%(€2),

C

‘71_;“fn||Lq(Q) ; (161)
q

IVal@nalfnllll o) < NG

C
|Cn,>\[fn]| < 1_1 T ||fn||L‘1(Q) . (162)
A e (1 + [A]24)
Proof. Setw,, = ®,, \[fn]. Firstly we recall that;, [wy] = V;.,[wy,]e™?e, +Vp . [wn]e™ey,
whereV,. ,[wy,] = %"%[%] and Vp ,[wy,] = —%wn[wn]. Thus, by the definition of
U [wy], we see

Vynlun)(r) = = (1 (= enalful + [ $000150(5) )

- 2nfr \ rinl 1

. (163)
ol [T s, )6 as)
and
ng[wn](r) = —% <|1n( — Cn,)\[fn] + /7" 51+|n|q>n’>\[fn](s) ds)
" ! (164)

_ / Tl L [£2(s) ds> .

Here we recall that

Cnalfn] = /100 81_|n|<1>njx[fn](s) ds.
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Then Lemma 3.6 and Lemma 3.9 show that

I[fn](r) := Tln%( — Cn,)\[fn] + /lr 31+|n‘<1)n’>\[fn](s) ds)

= o S AR + - ST ALA)
=10 =1
o D IR SETA (165)

1=11,13,14,15 =1

by the cancellation-r—1"l.Jy7[£,](1) + Jo[fn](r) = 0 and Jig[f,](1) = Jio[fa](1) =
Ji6[fr](1) = 0 by their definitions. Then we have from Corollary 3.12 (i),

8
C
—1
e Al falll o) < W

=1 a

[ fallLagy, 1<q<p<oo, (166)

forany\ € ¥, _. with e € (0, 7). As for the other terms in (165), we have from Corollary
3.12 (iii),

1 C
I 2 A0l < @), (167)
1=11,13,14,15 A" (14 |A]9)

forl<g<p<ooorl <gq<p< . Hence, (166) and (167) gives

C

‘71_;”fn||Lq(Q) (168)
q

I falllre) < o=

forl<g<p<ooorl <q<p< oo. Next we have from Lemma 3.9,

00 17
II[f)(r) := rinl=1 / s 1D, \[fal(s)ds =17 Y [ fal (7). (169)

r =10
Hence, Corollary 3.12 (i) and (ii) imply that

C
‘inanLQ(Q) (170)

<
Il < o

forl <g<p<ooorl<g<p< oo. Combining (168) and (170) with the expressions
(163) and (164), we have proved (161) expect for the gaseq = co. Sincec, »[fn] =
I1[f,](1), the estimate (162) with < ¢ < oo andR(v/A) < 1 follows from (170) with
p = oo. On the other hand, iR(v/\) > 1and1l < ¢ < oo then fromIT[f,](1) =

11210 Jlfnl (D) = 22is1113,0405 Dilfal (1) + J17[fn] (1) and (167) we have

@

|Cn,)\[fn” S ‘)\‘

| fall Loy + [J17lfal (1] (171)

Noting |Ji7[f»](1)| = |Jo[fn](1)| by their definitions, we use Lemma 3.7 (3) and the inter-
polation theorem, which leads to
C

1
A2

| Jiz[fal ()] < I fallLago) - (172)
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Hence (162) has been proved foxK ¢ < oc.
It remains to show (161) fgr = ¢ = oo and (162) forg = oo. Firstly let us go back to
(165). Then we apply Lemma 3.13 to rewrite

26 24
S I =D A1) = A fal(1) + Jas[fal (1) (173)
1=11,13,14,15 7=18 7=18

where we have useds[f,,](1) = 0 due to the conditiorf,, € C5°(2)%. Then Lemma 3.14
and Lemma 3.15 show

C
[l (D] < WanHLOC(Q), [=18,---,26. (174)

Collecting (165), (166), and (174), we obtain

C
1 fallloe (@) < WanHLOO(Q)- (175)

Next we have from Lemma 3.9 and Lemma 3.13,

TI{fa)(r) = rin=! / s, [ful(s) ds

T

26
=1 (J10[fn](7“) + Jia[ful(r) + J16[ful (r) + Jiz[fn](r) + Z Jilfal (r)) .

1=18
(176)

Then Lemmas 3.10, 3.14, and 3.15 show that each/;[-] in (170) is bounded from
L>(Q)? to L>(£2) with the estimate”|\|~! of its operator norm. Thus we have

C
IIfulll 700 < —
LT[ folll oo () < B

Thus, (175) and (177) together with the expressions (163) and (164) lead to

| frll oo () - (177)

C
[Val@n ]l @) < W\\anLw(Q), (178)

as desired. Finally, the estimate (162) for the acaseoc follows from (177). The proof is
complete.

Recalling the structure of the resolvent in (79), we also need to estifate,, (V') -)]
andF,(vV'\; «). We start from the estimate &f,[K,, (v -)].

Proposition 3.17 Let1 < p < oo and letA € X, . for somee € (0, 5). Then there is a
positive constant = C/(«, n, €, p) such that the following statements holdRifv/\) < 1
then

C
IValF, (VAN o) <~ (179)
2 P
while if R(v/A) > 1 then
Ceiﬁ(ﬁ)
an[Kﬂn(\/X')]HLP(Q) <—5— (180)
|/\|4+2p
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Proof. (i) Let R(v/A) < 1. If R(v/A) < r~! then we have from (333) and (335) together
with R(1) > |nl,

r""l_l/ 81+|n|\Kun(\F)\S)\ds§C\A]‘R(gn)rl_‘n" (181)
1

and

rnl—l/ K, (Vs ds < CIA[T e i R0m) < on =T E L (182)

In particular, we have

K, (VA < [ T K, (VAs)|ds < A S (183)

1
and the definition of/;,[K,,, (v/A )] implies that forl < p < oo,
2
sup x| Vo [Kp, (VA (2)]
1<lel< 50

<C  sup z(f"”"ldn[Kun(ﬁ-)H +T‘“'_1/ sl 1, (VIRs) | ds
1

1<r< éR(f)

+r|”—1/ sl_|”||Kun(\f)\s)|ds)
ER(Hn) 1

<C\ 7 b, (184)

On the other hand, if > R(v/)\) > r~! then we have from (332) and (334),

r_|”|_1/ ST, (Vs) ds < CrrIt = (AT 4 e
1

R
gl —inl=1

< CIAT (185)
and
’”'n'_l/ s, (VAs) ds < CIA 32 M) < O mre VYL (186)

Hence, as in the calculation in (184), the estimates (183), (185), and (186) yield<for
p < o0,

sup  J| [V [ K (V)] ()

wovm <!
<C sup (dn[KM(\f N+ AT 1-Ren) 2 —fn|-1 + ‘)\—érie—r%(ﬁ)>
1 <r
R(VX) =
o (#n) 1
< CJA| v, (187)

whereR(u,) > |n| > 1 and% —|n| — 1 < 0 are used. By the interpolation theorem the
estimate (179) follows from (184) and (187). The proof is complete for theléaga) < 1.
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In order to obtain the facto\r>\|_ﬁ in (180) we need to rewrite

the terms ofV,[K,,, (v/A-)] suitably by using Lemma A.1. In view of the definition of

(i) Let R(VA) > 1.
VoK., (VX )] it suffices to the estimates the terms
I(r)ijw<—/lw g, (Vs) ds—i—/lT sTMK, (V) ) (188)

II(r) = rlnl=1 / b stMK, (Vs)ds. (189)
dBpnt1 (2), see (327), td, which

LK, 1 (2) -

We apply the identityX,, (z) =

/Oo MK, 11(Vs) d8+/lr S‘mKunH(\fS)

leads to
pn + 1 ( —|n
J— S n
1
1 ‘”| d f 1+|n‘ d f
K1 (VAs)ds + K, 1(VAs) ds

)

I(r) = _W
1

1
B ﬁrnlﬂ(_ |
1
_ ~|n|
- \/XT|n|+l( Wnﬂ”)/l s MK, 1(VAs) ds 190
T 1
= ) [ S (VAS) s ) = T (V).
1 VA
Similarly, the term/ [ is rewritten as
n _ o 1
II(r):—'u\;)\‘n‘rl” ! / MK, 1(VAs) ds+TAKMH(\FAr). (191)
Therefore, we have from Lemma A.3,
|I(r)|§10/ sV s 2e ROV g5 1|fry 26 TROVA)
‘)\‘QT\M—H
< 50 e—ER(\fA)_‘_%e—ﬂR(ﬁ)’ (192)
\)\\zr\nlﬂ |Al1r2
and similarly,
C efr%‘:(ﬁ) + 9 ﬂﬂiR(f) c 7r§R(ﬁ) (193)
3 N 1 3 l :
[Al472 |)\‘4 2

II
[I(r)| < NHE:
Since theLP () norm of the function—2e~"*(VY (note that we regard it as a radially
1
- _R(A
“R(A)

symmetric function inQ2, as before) is bounded from above BY\| 2re RN when
R(VA) > 1, we have forl < p < oo
< Clze) + ClH | r) € —5=

[AJ3 T2

(VAN oo

Vi K,
Here we have usefh|"1 < \)\\_%_ﬁ for R(v/A) > 1 and1 < p < oco. The proof is

complete.
We have now proved the boundednesdpf, and R, , as follows, which completes

the proof of Proposition 3.4
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Corollary 3.18 The maps}, o, R : C\ R_ — L(P,L2(2)) defined ag75) and (76)
are locally bounded.

Proof. The assertion is a direct consequence of Propositions 3.16 and 3.17 by the density
argument, forTy, o(\) fn = —can[fulVulK,, (WVA)] and Ry, o(\) = Vi [®,5[f4]]- The
proof is complete.

Collecting Propositions 3.16, 3.17, and the formula (79), we obtaidthe L7 esti-
mates for the resolvent as follows.

Theorem 3.19Lletl <g<p<xorl<g<p<oo. Leth € p(—Aa\ang) N Y
for somee € (0, 5). Then there is a positive constafit= C(a,n, €, p, q) such that the
following statements hold. Lgt, € P, (5% (€2). If R(V/A) < 1 then

R(w)
_ C A~
A+ Aq ' < + 1) [ full Lo 194
(¢ 1P 22) " fallr ) |)\|1+%_% (|Fn(ﬁ;a)\ ) 1 fallzag) (194)
while if R(v/A) > 1 then
3 1 1
- ' AT I e RO
A+ Aq 'fa < +1) || fn :
II¢ 1pr2)” fallLr () )\’H%_% Fo (Vo) ) 1 fnllLae)
(195)

In particular, (194)and (195) hold for all f,, € P,Cge, () 1+,
Remark 3.20 For1 < ¢ < oo we have
PuCao (@) 1Y = P LL(Q) = {f € LUQ) | f = Puf}. (196)

Proof of Theorem 3.19As is stated in the proof of Proposition 3.4, we have for gny
PrCoo (),

Cn)\[fn]
Fn(\/Xv @)

LetR(v/A\) < 1. Then Propositions 3.16 and 3.17 yield

A+ Aalp,r2) o= — Vi K i (VA + Vi [ @A f]] - (197)

H%Vn[f(un(\[\-)]”m(m < MHVH[KM(\A.)]HLP(Q)
c {4l _Run) 1
Smw b P\l fall ey

and

C
[Val@nalfulllr ) < F”fnﬂmm)-
p q

Thus the estimate (194) holds. The estimate (195) also follows from Propositions 3.16 and
3.17 in the similar manner. The proof is complete.
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3.3.2 Estimates for vorticity

In order to solve the nonlinear problemNS,) we need the derivative estimate for the
resolvent(A + Aa|ang)—1. By the divergence free condition and the no-slip boundary
condition it suffices to study the estimates for the vorticity. To this end we first estimate

<I>n,)\[fn]-

Lemma 3.21 Let A € X, for somee € (0, 5) and letf,, € P,Cg,(£2). Then it follows
that

C
[@n ALl Lr) < annHLP(Q) : l1<p<oo. (198)
2

Here the constant’ depends only on, n, €, andp.

Proof. The definition (58) forb,, [f,,] leads to a decompositiahy, »[f,] = >, @S?A [fnl,
where

B L10) = ~K,, (VAr) [ "L (VAs) g ds,
BI0) = VAR (VA7) [ Duia(VAS) fusds.

i)

BU0) = 1 (VA) [ K, (VAs) s,
B lr) = VAL, (VAR [ Ky 1 (VAS) fasds.

(i) Estimate of@i{&[fn]: By changing the order of the integration we have from (340) and
(341),

100 [l g0y < 2 / / K (VAP dr |, (VAS)] [ga] ds
max{m(\lﬁwl} R(pn)+1
< (NI 5 R0 | s R g, s
1

+C’/ ) |)\|_%s%6_5%(\r/\)]\f)\s|_%esm(ﬁ)|gn\ds
wom

_1

< CIA"2||gnll 10y - (199)
Here we have used the faf,,) > 1 and thug\|"Ls~L|v/As|R() < CIA72if 1 < s <
1/R(vV/)). Next we give the estimate di* norm. LetR(v/\) < r—!. Then Lemma A.2
and (342) imply

1 _ R(pn) _1
@[] ()] < CIVAr|R0m) |\ 75 R g ) < CIATE | gull oo ) -

(200)
If %(ﬁ) > 1 then we have from Lemma A.3 and (343),
_1 _, _1 _3 _1 .
@8 [£a) ()] < CIVAFT2e ™RV (IA]72 4 A7 117 2N | g, | oo
1
< CA2|gnllree (o) - (201)
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The estimates (199), (200), and (201) imply tmép ] is bounded from1 ()2 to L (£2)
and fromL>°(Q)? to L>°(Q) with the estimate”|\|~'/2 of its operator norm. Hence, by

the interpolation theorer@fj&[-] is bounded fronL.?(2)2 to LP(Q2) for all 1 < p < oo with
the same estimate.

(i) Estimate of@fﬁ [fn]: The proof is parallel to that fobfi)k[fn}. Thus we omit the detalils.

(iii) Estimate ofég[fn]: By changing the order of the integration we have from (342) and
(343),

1)l 1y < 27 / / L (VAR dr [ K, (VAS)] L] s
1
max{—1—,1} "
o [ o
1

+ C/ . s(|)\|_% + |)\|_%s_%65%(\5‘))|\F)\s|_%e_8%(ﬁ)|jn| ds
max{m,l}

_1,.
< CIAI"2 |l gnllr (@) - (202)

LetR(v/A) > r~1. Then Lemma A.3 leads to

1. —sR
2P\ [fal ()] < CVAr|“2e §R(m/ VA8 727N ds | o )

T

_1,.
< CAT2 gl L) - (203)
On the other hand, iR(v/A\) < r~! then Lemma A.2 and Lemma A.3 yield

1
|(I)7(132\[fn](7")| < C|\f)\r|§R(“n)</mﬁ> v/ xs|Rm) 4
o W e ds)uanum
R(VX)
1 .
< CIAT2dnll Lo (o) - (204)

As in the proof for@i{lﬂ above, the estimates (202), (203), and (204) showdﬂﬁ%t[.]
is bounded fromL?(Q)? to LP(Q2) for all 1 < p < oo with the estimate”|\|~1/2 of its
operator norm.

(iv) Estimate of<I> [fn] The proof is parallel to that fo@ 3) [fn]. Thus we omit the
details. The proof of Lemma 3.21 is complete.

Next we estimate th&” norm of the modified Bessel functidii,.
Lemma3.22 Letl < p < oo and letA € X, . for somee € (0,7). Then there is a
positive constan® = C/(a, n, €, p) such that the following statements hold®ifv/\) < 1
then

C
1K e VA o) € —50 7 » 1<p<2, (205)
AT
VA _c
1K, (VA Lr () < ‘)\’mn) ; 2<p<oo. (206)
2
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On the other hand, iRR(v/A) > 1 then

Ce= RN
1K (VA o) < W 1<p<oco. (207)

2p

Proof. Let R(v/A\) < 1andl < p < co. Then Lemma A.2 and Lemma A.3 imply

1K (VA B <cp/m“ R e B i I
1
1 R(VX)
1
" P
< CPIA[ p%R(u ) /%(f) 1—pR(un) dr+]jM (208)
1

Thus, usingR(u,) > |n| > 1 andR(v/A) < 1, we obtain (205) and (206). The estimate
for the case = oo follows in the similar manner. Next we consider the c$e/)\) > 1.
Then Lemma A.3 yields fot < p < oo,

D o
| K n(\/> )|| < Cp/ |\F7“| e PrROVN), g < |C‘ / rl=5e=PrRVA) gy
1 4
pe—PR(VA)
< C,“ (209)
Natz

The estimate for the cage= oo directly follows from Lemma A.3. The proof is complete.

We are now in position to prove the estimates for the vortieity( A + A, \anz) Lo,
and hence, for the derivatiVé(\ + Aa|p, 12) " fn.

Theorem 3.23Let1 < ¢ < co and letA € p(—Aalp,r2) N X7, for somee € (0, 7).
Then there is a positive constafit= C(«, n, €, ¢) such that the following statements hold.
Let fn € PnCF5, ().

(1) If R(V\) <1landl < ¢ < 2then

§R(ML)
Irot O+ Aol z2) ol < -1 (“'Pi'( Fra D Wl @10
(2) If R(vVX) < 1and2 < g < oo then
o oo, T
[rot (A + Aalp,r2) ™ fallLa@) < |)\\17% (!Fn(\f, ) +1) || fall Loy - (211)
(3) If R(vA) > 1andl < ¢ < oo then
I\~ TeROVN)
[rot (A + Aalp,r2) ™" full La) |)\\ ( Fo/ra) + 1) || full Loy - (212)

Moreover, except for the end point cagses- 1, oo the above statements (1), (2), and (3)
hold also for|| V(A + Aalp, 12) ™' full La)
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Proof. We recall that (79) and (35) imply

Cn,/\[fn]
Fo(VA; )
in the polar coordinates. Hence, (210), (211), and (212) follow from Proposition 3.16,

Lemma 3.21, and Lemma 3.22. Then the estimat§of\ + Au|p,r2) " full L) for
1 < g < oo is derived from the inequality

rot (A + Aalp,r2) " fo = — Ky (V)™ 4 @y 5[ fa] (r)e™ (213)

||Vh||Lq(Q) < CHl“Ot h”Lq(Q) for h e Wol’q(Q)2 N Lg(Q). (214)

The proof is complete.

3.4 Resolvent estimates i®,, L2 () and Py, L2(2) by energy method

The resolvent estimates in Theorems 3.19 and 3.23 highly depend on the Fourier mode
n. To overcome this difficulty we use the energy method for the resolvent estimates in
9, L2(9) in Section 3.4.1. The key observation here is that the Hardy-type inequality does
hold in Q,,L2(2) as long agn| > 1, which follows from Lemma 2.2. In Section 3.4.2 we
also apply the energy argument to the resolvent problef.inZ2 (), which is used to
investigate the zero points &f,(v/); ) for |n| = 1 and|a| < 1 later in Section 3.6.

3.4.1 EstimatesinQ, L2(Q) for n > 1 by energy method

The main result of this section is the following theorem.

Theorem 3.24 Letn be any positive integer satisfying| < n. Then the following state-
ments hold.

(1) The spectruna(— A, o, z2) is included in the set

|

{zeC|[3(z)] < - R(z) }. (215)

n—|al
(2) The perturbed Stokes semigrofp 4= },5¢ in Q,,L2(9) satisfies the estimates

le™™ fll 2y < 12y - t>0, feQ,Li9), (216)
1
Ve ™ fll o) < Ct 2| fllrzy, t>0, f€QuLi(Q). (217)

Here the constan€' depends only ol andn. Moreover, forl < ¢ < 2 < p < o it
follows that

—tA —i41 2 a(0)2
e fllr) < Ct o 2| fllLay.  t>0, f€QuLy()NLIUQ), (218)
where the constan® depends only on, n, p, andq.
Remark 3.25 By the density argument we have from (216) and (218),

Jlim le™ e fll 2y =0 forall fe QuLi(Q). (219)
— 00
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Proof of Theorem 3.24To prove (215) let us compute the numerical range-éf. |0, 1.2,
denoted bW (—Aalg,12):

W(-A4alg,r2)

(220)
= {(~4a0,v) 2 | v € Drz(Aa) N QuL2(@), 0l 2oy = 1}
From—A,v = PAv — a]P’(Ulrot v) we have
(—Aav,v) 2() = = [|V0[|72(q) — (U rot v, v) p2(q) (221)
and hence, the Schwartz inequality dbdx)| < |=|~! imply
|S(= A, 0) 2| = la] [S(U rot v, v) 20y | < | [rot v L2y ll|2] " ol L2(q) - (222)

Sincev € Wy*(2)? N L2(Q2) we havel[rot v 120y = || V|| 2(q), while from the fact the
function|z|~! is radially symmetric the velocity € Q,,L2(Q) satisfies

2m e’}
_ _ 1
lel T olZeey = Do el Piolfegy = D2 / / 2 (foral® + [vg[*)r dr-df

[I|[>n+1 [1|>n+1

1 2
< Z WHVPIUHLQ(Q)'

[1|>n+1

Here we have used Lemma 2.2 in the last line. Then the identity (28) yields
_ 1
Izl ol Z20) < —5IVollZe() - (223)

Collecting (222) and (223), we have

S Aav ) pa@y) < D V). v Dz (AN QULAQ), n2 1. (224)

The similar calculation yields

R(—Aqv,v)12(0) = —||VUH%2(Q) — aR(Utrot v, V) 12(Q)
< —(1- |Z)HV@]%2(Q) ) v € Dra(Aa) N QnL2(Q), n>1.
(225)
Combining (224) and (225), we obtain flr| < n,
o] n
‘\Y<_AQU,U>L2(Q)‘ < ?( - |a|§R<—Aav,v>L2(Q))
__l R(—Aav, v) 120 (226)
n — ’a’ aty ( )7

which gives the estimate of the numerical range-o,|g, 2. Since we have already
known the sectoriality of-A,, the spectruno(—Aa|g, 72 ) is included in the set given in
(215) by [27, V-3, Theorem 3.2], and the estimate (225) also implies{thdt'= } ;- is a
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contraction semigroup i®,, L2(Q) when|a| < n. To derive the derivative estimates for
the semigroup let us consider the resolvent problem\farp(—Aalg, 12 ):

A+ Aqv=f, vED2(Ay)NQuL3(Q), fe€QnLiRQ). (227)

From (224) and (225) we have

|

SO ol 720 < ?”VUH%%Q) + [ fllzz@llvllzz @) » (228)
«
ROV [olai0y + (1~ DIV < Il - (229)

In particular, we have fof| < n,
|l n

(IS + W”f”L%Q)HU”L?(Q) ,

ROV) [0]2200) <

n— o
which implies

1 n
S| + 2L g(n) 7 — af

n—|al

1A+ Aalg,r2) ™ fllzz) < £l L2 » (230)

|a]
n—|al

when belongs to the sectdr: € C | |3(2)] > —
have from (229) and (230),

R(z)}. Moreover, in this sector we

« _
(1= L0190+ Aalo,i2) 7 I
1 n
< il
SO+ 2R n = lal 17120 (231)

1 n
SO + 55R() 7~ o

+ max{—R(\), 0}( )2||f||%2(9) :

Now let us recall the representationafi“=|4 ;- in the Dunford integral
1
e Haly s = ,/et’\()\—i— Adlo.z2)" AN, £>0. (232)
c 2m J, “

Herey = v, isthecurve{\ € C||argA| =n, |A| > k}U{A € C||arg\| <7, |\ = K}
for somen € (3,7) and0 < k < 1, oriented counterclockwise. We takeclose to7 so
thaty belongs to the sectdre: € C | [S(2)| > — o] R(z)}, and we denote by, the limit

n—|al

curve obtained by taking = 0. Then forf € Q,,L2(2) we have from (231) and by taking
Kk — 0,

_ 1 _
Vet ey < 5 [ 1€X0+ 4) 7 2y | N
Yo
R B _1
<c /0 e Al < OF |l . (239)

which proves (217). Finally we will show (218). To this end let us consider the adjoint
operatord, |y ;. of Aafg, 2 in Q,L2(Q). Itis easy to see thata[g ;o = Ablg,r2
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holds, and sincel,v = Av +aP(U - Vo + v - VU) we have a representation 8f,[f, ;»
in Q,L2(Q) such as

D(Aally, 12) = WA(Q)? A WE*(Q)% N QuL2(9),

Aalo,pu=Au—aP(U-Vu+ 3 UjVu)), we DAy 2). 23V
j=1,2
As in the derivations of (225), we have
R(—ALu, u)r2(0) = = VullTaq) + aR( D UjVuy, u)r2(q)
j=1,2
< —[IVullZ2(q) + lall| Vull 2o el ull 220
< (- lyvui . (235)

Here we have used (223) in the last line. ket D(Aq[g LQ) be the solution to the
resolvent equation

Xu+ Aju =g, g€ QuLi(Q), (236)

for A € {z € C|[S(2)] > — o] R(z)}. Since\ belongs top(—Aa|g,r2) We al-

n—|a

ready knowA € p(—A3 o, 12)- Moreover, the estimate (230) implies that theregis=
co(n, ) € (0,7/2) such thatl, , C {z € C[[3(2)| > — 9L R(2)} and

o C
lull 2y = 1A+ A%) " gll2q) < WHQHL%Q)a ANETr ¢ - (237)

Here the constar® depends only o andn. Hence (235) and (237) yield

(03
(1~ L) Tl 0y < Rz 1) 2y = — RO gy + Rl 1) 2

C
< WHQH%%Q) , A€ X -
Now we have proved the estimate

X _ c
IV + Aalg,12) " gl 2 (o) < 7|)\|l lgllz2@), A€ Bre- (238)
2

Let us back to the estimate 6& + Au|g,72) " LetA € X, . Letl < ¢ < 2and
;T 7 = 1. Thenwe have forany € Q,L>(Q) N LY(2)* andg € Q,L2(),

A+ A) ) e = 1 A+ AL) " ) 2o
<l za@ O+ A2 7 gl Lo o

/

V]

<Ol flpao IV + A5)~ gHLz

C
< —5—<IfllLa@yllgll 2 - (239)
RIEEC

HO"" AL)” gHL2(Q)
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Here we have use thedttler inequality in the second line, the Gagliardo-Nirenberg inequal-
ity in the third line, and (237) and (238) in the last line. By the duality the estimate (238)
implies that

_ C
1A+ Aa) " fll 2 < wﬁ“fﬂmm), A E Tr g (240)
2 q
for f € Q,L2(2) N L(Q2)2. Therefore, as in the calculation in (233), we have
841 _141
\|e—tAaf||Lz(ms0/0 P2 vl page) < CE 02 flpay  (241)

forall f € Q,L2(2) N LI(Q)2. Here the constartt depends only o, n, andq. Then for
l<g<2<p<ooandf e Q,Li(Q)N L1N)% we have from the semigroup property,

- 3 1-2 _ 2 —L1q_2y, _t
He tAafHLP(Q) SCHVB tAaf”LQ(?Z)”e tAafHZQ(Q) < Ct 51 p)”e 2Aaf||L2(Q)
141
< Ct | fll Loy (242)

where we have also used the Gagliardo-Nirenberg inequality, (233), and (241). The proof
is complete.

3.4.2 Estimates inP, L2(Q2) for |n| = 1 by energy method

ForT > 0 set

T 1 1
B(T) = / —e T dr. (243)
o T

Note that there are positive constadtsandC5 such that
CylogT < B(T) < Colog T, forall T > e. (244)
Lemma 3.26 Let|n| = 1 and letv € I/VOM(Q)2 NP,L2(Q). ForanyT > 0 it follows that

1
(U000, 0) ey | < IVl 2@y ollzage) + BT IVelagy - (245)

Proof. We firstly assume that € P, C§ () with [n| = 1 and then extend by zero to
the whole spac®?. Letv = v, ,e™e, + vp,eey androtv = w,e™’ in the polar
coordinates. From the identity/ - - v| = 7~!|v,.,,| in the polar coordinates we have

2 © 1
(U roto, 0z < [ [ L) ()l dr a6
0 1

Then for anyl’ > Owe seel = L(1 —e™7) + le77 < L + Le~T, which gives

T

1
(U rotv, ) 2y | < llrot vl zzqay ol z2ge

2m
+Hrotv||L2(Q) / / |fe Tvryn )’ rdrdf)?.

NI
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By applying the mean-value theorem we have

1 . V. :
re Fon)l < [ e Fl(0nn) (o) do
0

and hence the Minkowskii inequality and the conditien,,) (r) = 0 for 0 < < 1 imply

2 - 1 2 1
/ / \ e T, ,(r)|*rdrdg)? < / / / () (o7)|?r dr d6) 2 do
2
/ / / e To vrn (r)[*rdrdd)zd
2 ,
< / Lo do( / / (07 (7)|27 d )
00 0 1

< B[ Vol 2@y

Here we have used Lemma 2.2 in the last line. Thus, the inequality (245) follows for any
v € PpC3o,(82) by the identity||Vv|[ 12y = [[rotv||12(q), and then for general €

W, ()2 N P, L2 () by the density argument. The proof is complete.

l\J\»—A

N

Theorem 3.27 Let |n| = 1. Fix anyT > 0 and let|«|3(T) < 1. Then the spectrum
o(—Aalp,r2) isincluded in the set

Balf(T) gy BaPAOD) o

{zecC ‘ S(2)] < 1 |alB(T) 272(1 — \Oz\ﬁ(T))Z 2726(T) g

(246)

Proof. Let us estimate the numerical range

W(—Aa’PnLg) = {<—Aa%U>L2(Q) ‘ v e DLg(Aa) ﬂPnL?,(Q), HU”L2(Q) = 1} .

(247)
By using Lemma 3.26 we have froff|| 2oy = 1,
|S(— A, v) 12| = [aS(Urot v, v) 12(0) |
< 190 ) + 018 IV01 3o
3 |af
< SlalB(T NVolZe + ST2R(T) (248)
and
R(=Aav,0) 12(0) < = [|V0[[72(q) + [aR(U 0t v, 0) 20y
(1~ olB@) IVl + 2 V020
1 —|a|B(T) 2 a’
<) .
= B ”VUHLQ(Q) + 37201 = [l (1)) (249)

Combining (248) and (249), we observe thel(—A,|p, r2) is included in the set (246),
and hence, so is true for the spectrof-A,|p, 12 ). The proof is complete.
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The next corollary shows that whém| is sufficiently small the standard energy method
provides a bound of the spectrum except for an exponentially small region (with respect to
|ar|) near the origin. However, it should be emphasized here that this lack of the information
on the spectrum in the exponentially small region is nothing but the essential difficulty in
obtaining the stability result as in Theorems 1.1 and 1.3, for it reflects the absence of the
Hardy inequality such as (9) in the two-dimensional case.

Corollary 3.28 Let|n| = 1. Then for anyx € (0, 3) there are constants,, ¢, € (0,1)
such that ifja| < 4, then the spectrum(—Aa|p, r2) is included in the set

{zeC|[S(2)] < —KR(2) + ﬁaze_%\} : (250)
Proof. In Theorem 3.27 let us takB = e ¥« with N > 1 and|a| < N~2. Then we have

from (244),

Ch Cy 1
— < < = —
0< N < la|B(T) < ~ < g (251)

if N is large enough depending on the numerical constaniTherefore, by Theorem 3.27
the spectrum is included in the set

{zeC|R(z) <0, S(z)] < —%@ﬂ%(z) +a2e_ﬁ}

U {z eC ‘ R(z) >0, [S(2)] < —%%(z) +a267ﬁ},

and thus, fotV > % it is included in the set

{2€C|R(z) <0, |3(2)] < —kR(2) + a2e” Fal }

U{zeC|R(z) >0, [3(2)] < —AR(2) + %a%*ﬁ},
1

SincexsN > 6Cy > 3C4 we conclude that

o(~Aalp,12) C {2 € C| ()] < —AR(z) + B2 a2 W} (252)

3C,

By the choice ofV and|a| we havee*ﬁ < eV, which leads to

N __1 N _y
——e Nl < —¢ <1
3C, - 3C4 -

if IV is large enough. Then (252) implies that
o(—Aalp,12) C {2 € C||3(2)] < —kR(2) + rae Fal} | (253)

Here N = N(x) is taken large enough depending only o@nd the numerical constants
C1, Co. Thus the assertion of Corollary 3.28 holds with= N~! ands,, = N~2. The
proof is complete.
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3.5 Estimates of{e~*4=},-, under nonzero condition onF, (v/\; o)

In the next lemma we study the asymptotic behavioFpfv/); o) for [A\| < 1. The
conditiona # 0 is essentially used, which ensures the propgrty= i, («) ¢ Z.

Lemma 3.29 Leta € R\ {0} and fixn € Z\ {0} ande € (0, 7). Then there is a constant
d = d0(a,m,€) € (0,1) such that the following statements hold.

(W) For\ € %, .N{z € C]||z| < 3§} the functionF, (v/); o) is expanded as

A 1
n —E,(VX;a) = : 1)), 1.
(n -+ Il =29 Ea (VX 0) = 5 (g o), 0<A<
(254)
(@QForxe X, .N{zeC]||z| >} the functionF,,(v/); o) is expanded as
Fo(Va) = \/g)\_?le_ﬁ(l +O(N2)), A>T (255)

Remark 3.30 Let e € (0,7). Combining the expansion (254) and Theorem 3.24 with
Proposition 3.2, we can conclude that for amyc R \ {0} there isr, . > 0 such that
Yr—eN By, (0) C p(—Ay). This fact will be essentially used in the proof of Theorem 1.6

below.

Proof of Lemma 3.291) Firstly we note thaKun(\fA) has an expansion such as

_KEn
2

B T ( 1
o 2l gin () \T(— g 4 1)

by the identity (53) and the definition df,, in (52). Then, in view of (345), it suffices to
show

K, (VA) +O(N2)), O0<]A <1  (256)

\FA/ 2R (V) ds = o(ATEP), o< <1, (257)
1
We apply Lemmas A.2 and A.3 to obtain fare ¥, _. with |\| < 1,

’ﬁ/loo s27 MK, 1 (sV) ds|

_1 -
< CINE( [T A s [ s e T g
1 ROV

1
< o~ /”m $BInl=Rlun) g5 1 OA[TIHE (258)
1

SinceR(uy,) > |n| > 1 for a # 0, the estimate (258) implies (257). Hence (254) holds.
(2) By applying (330) we obtain fdn\| > 1,

F,(VXa) = \/z)\_}l / s%_we_sﬁ(l + kun(sﬁ)) ds. (259)
1
A direct calculation shows that

/ sa eV A ds = ATz VA (140N 72),  A>1, (260)
1

55



while from |k, (sv/A)| < C|A| 72571,
|/ s%_ln‘e_sﬁkzun(sﬁ) ds| §C|)\|_%/ s~ Inle=sROVN) g
1 1
< CIA\"Le RV | (261)

Hence (255) follows from (259), (260), and (261). The proof is complete.

Proof of Theorem 1.6Fix o € R\ {0}. Letm = m, be the integer satisfyingy| < m <
|a| 41, and seb,, € (0, 5) asf, = Arctan o] We recall thatd,, is diagonalized as

m—|a]

Ao = AlL2 rad ® Aalg,,12 @ ( Di<in|<m Aa|PnL§) .

For the part4|;: ,., we have nothing to prove, for it is just the Stokes operator in the invari-
ant subspac®, L2 (2), which is a nonnegative self-adjoint operator satisfying all estimates
of (16), (7), and (8). As for the parl,|o,, 2, Sincela| < m holds by the choice ofi,

the statement (1) of Theorem 3.24 implies that the sécfay,_ is included in the resolvent
setp(—Aalg,,r2)- Moreover, the resolvent estimate (230) fer,|o,, 2 in X7y, yields

that

_ C
1A+ Aalg,,z2) 0ll2() < WHUHB(Q) , AET ., vEQLL(Q)  (262)

for anye € (6., 5), whereC depends only orv ande. We have already proved the
estimates (7) and (8) fre—*4« |0, 12 }t>0 In Theorem 3.24.

It remains to consider the pat, |p, 2 With 1 < |n| < m. If the assumption (15) holds
for someeq € (6, 5) then the sectoE,_, is included in the resolvent spt— A, |p, 12)
with 1 < |n| < m by Propositions 2.12 and 3.2. Thus it suffices to show the estimates
such as (16), (7), and (8) fofla|p, 2 With 1 < |n| < m. Letl < ¢ < p < cooOr
1<qg<p< oo, andletf, € Panfa(Q). By Theorem 3.19 and Lemma 3.29 there is
d € (0,1) such that

1 C
A+ Aalp,L2)™ fallor@) € — a1 [ fnllze@) (263)
‘)\’ P q

holds for all\ € ¥, _, satisfying eithef\| < & or |\| > §~!. On the other hand, since
|F,,(v/X; a)| is continuous with respect toin C \ R_ and since there are no zero points of
Fn(ﬁ; a)in 3, _, by the assumption, there is> 0 such that

IF, (VX 0)| > & forall X € Sy, satisfying 6 < [\ <467'. (264)

Hence we conclude from Theorem 3.19 that (263) holds fok &l X,_.,. In particular,

we obtain (263) withp = ¢ = 2 for all f,, € P,L2(Q2), which proves (16), and thus the

Cp-analyic semigrouge 4« |, 12 }+>0 defines a bounded semigroupf L2 (1), i.e.,
HeitAaanLz(Q) < Can”LQ(Q) ) t>0, fn€ PnL?r(Q) : (265)

The similar uniform bound is valid also ibZ (©2) with 1 < ¢ < co. To obtain theL? — L4
estimates of e "« |p 72}, for 1 < ¢ < p < oo we use a representation ef*«|p ;.
in the Dunford integral

1
ety 10 = ,/e”(HAW )7 tdh, >0, (266)
e 2y ~ e
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Herey = yyisthe curve{A € C | |arg A\| =7, [N\ > b} U{A € C||argA| <7, |\ = b}
for somen € (3, 7) and0 < b < 1, oriented counterclockwise, angdis taken so that
belongs to the sectdt,_.,. We denote byy, the limit curve obtained by taking = 0.
Then (263) yields for any,, € P,Cg5,(22) andl < g < p < oo,

11,1
le™* e full oy < C / N e AN || full oo
Yo

RS T OIS SRS
§C/ r pge T tTEO8C0 dernHLq(Q)
0

Y
<Ct | fallzey, t>0. (267)

By the density argument the estimate (267) is extended tg,akk P, LE(2), and the
estimate (7) has been proved. Arguing similarly, we have from Theorem 3.23 and Lemma
3.29 that

||V(>\+Aa|7>nLg)_1anL2(Q)S‘jéﬂfnh?(ﬂ), NE Sy, fu€ PAL2(9),
(268)
which leads to
Ve full o) < Ct 2| full gy, >0 (269)

by using (266) as in the derivation of (267). Then (8) wjtke [1,2) follows from (267)
and (269) due to the semigroup property. The proof of Theorem 1.6 is complete.

3.6 Analysis of zero points ofF;,(z; «) with |n| = 1 for |a] < 1

The aim of this section is to show the nonexistence of zero poinf,6{/\; ) for the
case|n| = 1 and|a| < 1 in a certain sector, which leads to Theorem 1.3 by virtue of
Theorem 1.6. By Corollary 3.28 we have already shown that there are no zero points of

F,(v/X;a) in the domain{\ € C | [S(\)| > —kR(\) + ka2e 1o} for & € (0,1) and

la] < 5,i < 1. Hence it suffices to focus on a small domain close to the origin at most,
e.g., in some algebraic order such|ag < |a|* for somek > 0. To this end we need

a delicate asymptotic analysis based on the known asymptotic expansion of the modified
Bessel function. Let us recall that,(a) = (n? + ian)%, which satisfieR(u, (a)) > |n|

for o # 0. We start from the following lemma.

Lemma 3.31 Let|n| = 1 and set},, = (,(a) = pn(a) — 1. Fixe € (0, F). Then for any
z € Y,_c it follows that

Ky () = HEE) (e
Ty !
2 2= (m+ DIT(m+1—G)T(m+ 2+ )
(Plm4 24 6) = (m+ DI(m 41 - Gn) (22t @70
sin(G, ) 2
T 1 1 ZN\2m+1—Cp, Z\2m n
_QmZ::Om!P(m—F2+Cn) sin((nﬂ){(§)2 +1=Cn (5)2 F14¢ ¥
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In particular, if |a] < % then for anyz € 3. /5 with [2] < %the following expansion holds:

F 1 n n
Ky (2) = D08 (276 ) (o) @11)
with
IR (2)] < —Clz[' ) Tog 2] . (272)

HereC is a positive constant independentoénd z.
Proof. By the definition ofl,(z) in (52) and the relation (53) we see

Kun<z)

(7)2m P i 1 (7)2m+un
2 sin(punm) — m'T —pp +m 4+ 1) 12 L= m!l(pn +m+1) 2
m 1

—1—Cn
~2sm(GmT <—¢n>( )

Tt i 1 (Z)2mei=tn 1 (2)2miG
2sin(Cum) 2= | (m+1)T(m+1-¢,) 2 m!T'(m+ 2+ ¢,) 2
(273)
Then (270) follows by using the identity

s

D(—s)[(1+s) = —

sin(7s)

for the first term in the right-hand side of (273). The estimates (272) is derived from the fact
lin% ¢n(a) = 0 by Lemma B.1 and the estimates fbk |¢,,| < § such as
a—

F'm+4+2+¢)—(m+1)I'(m+1 —(n)’
sin((, )
(m+1+¢)Im+1+¢)— (m+1DI(m+1-¢,)
sin((, )

| <C(m+1)!,

and
Z\2m4+1—Cn m+1— "
()" < et
| 1
sin((,m)
Here, the first inequality can be shown by using the expression of the Gamma function
L) = [, e "¢~ dt for R(¢) > 0. In the last inequality the functiohog z = log |z +

targ z, —m < arg z < m, is the principal branch of the logarithm efin X,._.. The proof
is complete.

{(§)2m+1f<n _ (%)2m+1+cn}| < C|Z|2m+1—§)‘k(cn)|Log%‘ .

Lemma 3.32 Let|n| = 1 and set(,(a) = un(c) — 1. If [a| < 1 then for anyz € 3,/
the following identity holds:

z 1 7T’I'L
et ha =L 2 L per oy (o7

& 1 2t
/0 tCn(t2+1)(1+z(t2+1)) Zsm( Cn)
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whereRff}1 (z) satisfies
[RZL(2)| < O (275)
Here C is a positive constant independentoéind z such thato| < % andz € ¥, .

Proof. We rewrite the left-hand side of (274) as
2 [
L.H.S) of (274)= — R (2)
(LILS)of @74)= 2 [ 7 s+ RE().

where

2 b t].*Cn z 1 o0 1 z 1
RY) = / e (e72 M) 1) dt / E——— G
ma(2) 2 )y (2r1)2 (e ? ) + ) e 2

Then we observe that

o5} tl—(n 00 —Sn " "
2/ dt:/ T - Ba- g Sy
o ( o (

2 +1)2 1+7)2 2 2
ra-9ra+%)
B I'(2)
_r - SypGnyon _ 3G

(
HereB(z,y) = [, t*"'(1—t)¥~' dt is the Beta function antl(z) is the Gamma function,
while we have used the well-known formulas

I'(z)I'(y) — 2T(z . )= s
m, 14+ 2z) =2'(z), D(x)(1 )

B<x7y) -

sin(mx)
It remains to estimatB,(f,zy(z). WhenR(z) > 0 we have
—z(t4+1) —z(4ly 1
‘62 t‘§17 ’62 t_1|§|z|(t+¥)7
which yields for|a| < 1,
n,o

IR®) (2)| < 3/ Ryt < o,
0

since(,(a) — 0 asa — 0. In particular, the constant is independent ofe andz such
that|a| < % andz € X 5. The proof is complete.

Lemma 3.33 There is§ > 0 such that for any, € C with || < § we have

sin(%ﬁ) _
Log (—2-T(1+¢)) = —(1(0)., (276)
27T
wherey(() satisfies
() =~v+0O(¢), <=0 (277)

with the Euler constany = 0.57721 - - -.
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Proof. When|¢| is small enough bothﬁ andI'(1 + ¢) are close td, which gives

NW\

[\C]7as
[\I7as

sin(3)

™

sin(

m)

Log ( I'(1+4¢)) = Log ( ) + Log (T(1+¢)) . (278)

[\S]7a%
[\G]7a%

™

Now let us recall that product formulas

1 P
r(1+¢)

which shows foil{| < 1,

sin($m) > ¢?
Log ( %; )= mZ:1L0g(1 — 4712) , (279)
1+¢, 14¢
Log ([(1 +¢)) = —Log (1 +¢) —v(1+¢) — Z {Log (1 + —) - } (280)
Next we use the expansion
Log (1 + 2) :Z _zk, 2] < 1. (281)
k=1
Firstly (279) and (281) yield
in( S
Log (28D < 3 (KE o0 < e (282)
2 m=1

To estimate (280) we also recall the formula for the Euler constant

o0

1= > —Log(+ )},

m=1

which implies

Log (I(1+¢)) = —Log (1 +¢) —~¢ — Z {Log (1 + mi—l) — %} . (283)
m=1
Then (281) and (283) lead to
_ < ¢?
Log (I'(14¢)) = ~Log (1 +¢) = ¢ - Z_jl{mH m O}

= —Log (1 +¢) —v¢ + ¢+ O(I¢P)
= —C+O0(I¢P). (284)
Collecting (278), (282), and (284), we obtain (276)-(277). The proof is complete.

We are now in position to prove the nonexistence of zero poinks, of; o) with |n| = 1
and|a| < 1in an algebraically small regiop| < |«|?.

60



Proposition 3.34 Let|n| = 1. Then for any € (0, §) there isé. > 0 such that ifjo| < dc
thenF,(z; ) # 0forz € ¥z N B,2(0). Here B, (0) = {2 € C [ |z| <r}.

Proof. We will prove the assertion by a contradiction argument.|ket= 1 and assume that

there exists;y € Xz_. N B,2(0) such thatFy, (zo; o) = 0. Set¢, = (u(a) = pn(a) — 1.

Note thatlin% ¢n» = 0 holds by (347). From the hypothedh$ (zo; «) = 0, Corollary A.8
a—

implies

e 1 2t 20 (4 1
K = 1 2D g,
e (20) /0 e e

Then Lemma 3.31 and Lemma 3.32 yield

M(*”O)*Cn _ 1 56

(G — B (20) + R (20).

"~ 2psin(Z¢n) m

That is, for small«|,

% n 20 "
285
3) sin(36n) ¢ p) 2) 25
|Rn,oz(Z0)‘ - T( - Rma(zo) + Rn,a(ZO))‘ <C
25N
with C independent of| < 1 and|z| < a? < 1. Here we have used
1 sin(5¢p)
§,§‘442i?47|f;2
25N

for sufficiently small|,,|. Let~((,) be the function in Lemma 3.33, and set

eW(Cn)

;- (286)

Zo = Z0(Cn) =

Sincev(Cn) =7 + O(|Gal) for |Gu| < 1 andzg € Xz _., we have

Z T
01§|Z£‘§CQ, |a1‘g20|<** (287)
0

2

N ™

for some positive constants andc, independent ofa| < 1 and|zg| < «?. Using the
identity

(146 (2) = (T = 5
we have from (285) and (287),
GO 13 =BG,  IRAGI<C (289)
with C independent ofe| < 1 and|zg| < a?. We set
9(Cn, Z0) = —R(Cn) log |Z0| + S(¢n)b(Z0) ,  0(20) = arg Zo - (289)
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The identity (289) is also written deg |%| = — git-79(Co, %0) + e 0(%0), which yields

R(Cn)
50—471 = ¢~ nlogZo — p9(Cn%0) giw(Cns0) (290)
where
L S ey L S)
W(Cn, ZO) - _(%(Cn) + éR(Cn) )0(20) + %(gn)g(cnv ZO) . (291)
Note that Lemma B.1 implies
S(6n)? _ 2
R 24+ 0(lal?), |of<1. (292)

(i) Case|g(¢n, 20)| < &[S(G)| 10(20)] for 0 < k < Lt In this case we have from (347),
(287), and (292),

(Gn)?
R(¢n)

if |a| andk are sufficiently small. Here the smallnesswafan be chosen depending only on
easlong asa| < d < 1. We fix thisx in the argument below. The estimate (293) implies
that e*(¢»%0) can be close ta only whenw(¢,, %) is close to0. On the other hand, the
identity (289) and the present condition (i) lead to

| = R(Cn) log [Z0]] < (1 + #)[S(Ca)| 16(20)]

and hence, Lemma B.1 and (287) give

o

|w(Cns Z0)] < (R(Cn) + (1 +5) )10(Z0)| <, (293)

6ol 2 ~ =g e ogléal > —claloglal, (204)
as long ag%g| < ca|20| < c2a?. Thus for|a| < 1 we have from (291),
Cx 2 Cx
(G20 2 (R(G) + )00} 53 9(Gas )
Cx 2
> (R(G) + (1) 3 ) 0Go)
> 10(Z0)| > —cla|log|al. (295)

Here we have also used Lemma B.1, (292), and (294). Sjnee e9(¢n%0) < 3 in the
present case (i), the identity (290) combined with the estimates (293) and (295) implies

|56<n — 1] = €95 cos (w(Cns 20)) — 14 ie9(Cn%0) gin (w(Cns 20))]
> —c'|a|log |al (296)
for somec’ > 0 independent ofn| < 1 and|Zy| < coa?. Therefore, we have
/

—Cn 1 —d|alloglal ¢
o —1)—| > — -
1ct )zo| colal? colal

log|a|, (297)
which goes tox as|a| — 0 and thus contradicts with (288)|if| is small enough.
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(i) Case|g(Cn, 20)| > K|S(¢n)| 10(20)|, wherer € (0, 3) is fixed as in (i): We further

divide into two cases: (1p(Z)| < —%@Eg% log |%| and (2)|0(Z0)| > —%gggzg‘ log |Z].
In the case (1) we have from (289),

- - - 1 -
19(Gn3 20)| > —R(Gn) log [20] — [S(Ga)[10(20)] = =5 R(Cn) log |Z0] . (298)
The triangle inequality and (290) yield from (298) and (347),

— — : L. N
2 =1 = (129 = 1] = [eC2) — 1] > =~ min{1, g(G, Z0) }

1 1
> - min{l, = 3(¢n) log |Z0l}
> —ca’loglal, (299)
where we have us€d| < c2a?. Hence, we have fdn| < 1 and|z| < o?,

—ca?loglal

—Ch 1 c
(2, —1);0| > = loglal, (300)

colal?
which goes tox asa — 0, and we have arrived at the contradiction with (288xif is
small enough. Next we consider the case (2) of (ii). In this case we simply compute

19(Cns 20)| = KIS(Ca)]10(20)] = —g%(ﬁn)bg |20)] - (301)

Then, exactly as in the case (1), we can derive the lower bound
1 CK
1) = > ——1 302
G =1z 1=~ loglal. (302)

which contradicts with (288) fojoe| < 1. Collecting these, we conclude that there are no
zero points off;, (z; &) with [n| = 1in ¥x_ N B,2(0) if o] < 6. < 1. The proof is
complete.

Proof of Theorem 1.5 (4)Fix arbitrarye € (0, 7). Since|a| is assumed to be small, by
Theorem 1.6 it suffices to show that there are no zero points,6¥/\; o) in X, \ {0}
for [n| = 1. Letd. 3 € (0,1) be the number in Proposition 3.34. || < J./3 then
Fu(VAsa) # 0forany A € X, \ {0} with [A| < a?, since we have/A € %z« and
\ﬁ\ < o? in this case. On the other hand, Corollary 3.28 implies that the set
D(a) = {N e C|[S(V)] > —kR(A) + rale 141},
1 (303)

1
K= 5min{|tan(7r —€)|, 5},

is included in the resolvent spt—A,|p, 2) for [n| = 1 and|a| < 4.. Hence, by Propo-
sition 3.2 we conclude thdt, (v/X; a) # 0 for all A € D(a) if |n| = 1 and|a| < é,. The
definition of D(«) in (303) shows that there & < (0, d/3] such that ifler| < 4/ then

Yr—e \ {0} C D(a) U B,4(0). (304)

Therefore,F,,(V\;a) # 0for A € ¥, .\ {0} if |a] < &’ and|n| = 1. The proof is
complete.

Proof of Theorem 1.3In the proof of Theorem 1.5 (4) above we have just proved that the
assumption (15) of Theorem 1.6 holds for sufficiently small Hence Theorem 1.3 is a
direct consequence of Theorem 1.6. The proof is complete.
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4 Nonlinear stability for the case|a| < 1

In this section we will prove Theorem 1.1 by using the estimates for the perturbed Stokes
semigroup obtained in Theorem 1.3.

Proof of Theorem 1.1(Existence) Firstly let us assume thate L2 ()N L4(£2)? for some

q€ [%, 2]. We will solve (INS,) by applying the contraction mapping theorem. To this end
we introduce the space-time norm

E
2

1_1
lollxg = Y sup(L+ )5 262 | VFo(t)l| 20y (305)

h—o 1>0
and we set

XRaRyq = {v € C([0,00); LE()) N C((0, 00); Wy 2 (2)?) |

1 (306)
lim ¢2[[Vo(t)l| 20 = 0, [lvllxe < Ray ollxg < Ry}
for fixed Ry, R, > 0. We also set fov € Xg, r, 4,
t
Hlv; vo](t) = e~ oyy — / e_(t_s)A@P(v(s) - Vu(s)) ds, (307)
0
Hofwo)(t) = HI[0; wo](t) = e~ Aoy (308)
By Theorem 1.3 we have
[ Holvo]llx,¢ < C(llvoll 2y + llvollLaey) » (309)

where the constant’ depends only omv andg. Moreover, sinceD;2(4,) is dense in
L2(Q) and

le™ 4 Fllyraiy < Clle™ Fllp,q (aa) < ClIFID,s (a0)
we have from (7) that
. 1 _
lim 2| Ve Movgll ey =0,  vo € LE(Q). (310)

Next we estimate the nonlinear term. Letw € Xg, g, 4. Then fork = 0,1 we have from
Theorem 1.3,

t
Hvk’/ e_(t_s)A“IP(U(s) - Vuw(s)) ds||r2(q)

0
t 1_k
<C ; (t—s) i 2||P(v(s) - Vw(s))HL%(Q) ds. (311)

We recall that the Helmholtz projection is bounded also fidHf2)? to L5 () for 1 < p <
oo; [43]. Then the Hlder inequality and the Gagliardo-Nirenberg inequality yield

P (v(s) - VUJ(S))HLg(Q) < Cllo(s)ll L@ IVw(s)llr2 ()

1 1
< OlJo() 22y | V() o gy | Vo) 20y . (312)
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and thus, by the definition of the norim || x , we have

t
94 [ (u(s) - Tu(e) s

t 1 _(1_1
<O (t—s) T35 1(1+5) 2 ds ol xz]w]|x-
0

(313)

Then we see

Hence we obtain

t
sup(1 + t)s 25|V /0 e~ UAP (u(s) - V() dsl|2(cy

k=0,1 >0 (314)

< Collvllx2llwllx.q-

Here the constant is taken depending only on if ¢ € [%, 2]. On the other hand, from
(311) withk = 1 and (312) we also have

t
lim sup ¢2 HV/ e_(t_s)AaIP’(v(s) - Vuw(s)) dsll 2.
t—0 0

< C|lvl|x2 limsup sup s7||Vaw(s)| z2) =0, (315)
t—0 0<s<t

which implies, together with (310), that
lim 2| VH[v;00)(8) [ 120) =0, v € Xppryqs w0 € L2(Q).  (316)

By using Theorem 1.3 it is not difficult to see thEtv; vy] belongs taC([0, 0o); L2(£2))
and toC((0, 00); W, *(Q)?) for all v € Xg, g, andvy € L2(Q), where the behavior

%ir% tl/QHVU(t)HL2(Q) = 0 has to be used for the nonlinear term in order to show the con-
_>

tinuity in L2(Q2) att = 0. This argument is standard and thus the details are omitted here.
Now let us takeRy = 2HH[0; UO]HX,Q andRq = 2||H[0; 'U(]]HXg. By (309) if HUOHL2(Q)

is small enough thelWy Ry < L holds, whereC is the number in (314). Then, collect-

ing (310), (314), and (316), we have proved tii&t; vo] is a mapping fromXg, r_, to

XRs R, Furthermore, since the nonlinear term is a bilinear form, the estimate (314) and
the choice ofR; imply that H[-; o] is a contraction mapping oXr, r, 4. Hence there
exists a unique € Xg, r, 4 such thaw(t) = Hv;vo|(t) for t > 0, which is the solution

to (INS,). Note that the smallness is required only f@p || .2y here. By considering the
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casey = 2 above, we have shown that for anye L2 (Q2) with ||vgl|;2(q) < 1 there exists
a unique solution € C([0, 00); L2(9)) to (INS,,) satisfying

SggHv( )zz@ +Supt2HVU( Nizz@) < Cllvollzz) < 1. (317)
t>

Finally let us prove (6) for this solution. For eachN > 1 let us takevy v € Cg5,(€2)
so that|jvg — vonllr2@) < N1 SinceHv(()N)HLz(Q) is also sufficiently small for suf-
ficiently large N, the above argument shows that we can find the unique soluﬂ‘@ne

XR<N) R to (INS,,) with v, replaced by y, whereRg = 2||H|0; vo ]||X2 < 400

$)a:3/2
anngN = 2||H|[0; vo ]HX ;3/2- Then (309) and the bilinear estimate (314) wjth= 2
imply that
lo = o™ |lx2 < 1H[0; v0] — H[0;v0,n]l1x,2 + IIH[v' 0] = H[v"™;0]||x 2
< Clluo — vo vl 2() + Co(Ra + RS o — v ™| x 5

<C i lw—umy
=N 9 v /U X2
and hence,
2C
[o(t) — o™ (#)]] 12 +t2HV( () — v ™))l 12y < - t>0 (318)
On the other hand, sineé’¥) € X we have
RV R 3/2
1
lim ([[v™ ()| r2() + 2 | Vo™ ()] £2()) = 0. (319)

t—o0

Combining (318) with (319), we obtain (6) by takidg — oo aftert — co.

(Uniqueness) Let € C([0, 00); L2(2)) be another solution tdS,,) satisfyingt'/?Vuw(t) €
L>(0,00; L?(2)). It suffices to show(t) = w(t) for t € (0, Tp] with Ty < 1, since we
can repeat the same argument#or Tp.

Step 1. %g% | H[w;0](t)[| L2y = 0: To prove this we observe thge—*4e1,5o defines
a Cp-analytic semigroup it (Q) for anyp € (1,00) as the perturbation of the Stokes
semigroup{e*4},5¢ in L5 (). This is easily shown by using the regularifyc 1>°(Q)?,
and the details are omitted here. Using this fact one can showttheit0](¢) converges to
0 weakly in L2 () by the density argument. On the other hand, sierce'~v, converges
tovg in L2(Q) ast — 0, the assumption € C([0, c0); L2(2)) implies thatH [w; 0](t) =
w(t) — e~*eqq actually converges to strongly in L2 (Q2) ast — 0. Thus we have proved
the claim.

Step 2lim t/4w(t)]| Ly = 0: From the integral equation and the regularity assumption
—
of

w e C([0,00); L2(),  t/2Vuw(t) € L®(0,00; L*(2)) ,
we can show as in (314) that

Hlw;0)(t) € Wy * ()2, t>0, tY2VH[w;0](t) € L>(0,1; L*(Q)).
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Then, by the interpolation and Step 1 we have

N

1 1 1
t3 || Hw; 0(t) || ag) < ClIH[w; 0](8)]1 72 (¢2 [V H[w; 0](£)[| 12(0))
—0 (t—0). (320)
On the other hand, as in (310), it is straightforward to thagtl/4||e_tA“v0HL4(Q) =0,
H
which shows the claim by (320).
Step 3.v(t) = w(t): Now let us compute the differencét) = v(t) — w(t), wherewv(t)

is the solution toINS,,) constructed in the existence proof above. In particulaatisfies
lim t/2([Vo(t)]| 12 () = 0. Thenz(t) satisfies the integral equation
_>

z(t) = —/0 e_(t_s)A“IP’(z(s) . Vv(s)) ds — / e_(t_s)A(’IP’(w(s) . Vz(s)) ds.

0
Thus, by using Theorem 1.3 as above and also using the inequality of the form

P (f - Vg)HLS(Q < Clifllea@lIVall2 ) »

we have fort € (0, Tp],

1 1 1
Fill2(t)a) + 12 V2Dl 2@ < C sup 12| Vo(t)l|ra@) sup ill2(t)] s
0<t<Tp 0<t<Tp

1 1
+C sup tilw(t)|lpiq) sup t2[|Vz(t)l| L2
0<t<Ty 0<t<Typ
(321)

Hence, ifTy is small enough we conclude th&t) = 0 in (0, 7], as desired. The proof of
Theorem 1.1 is complete.

A Formula of modified Bessel functions

In this appendix we collect some basic results on the modified Bessel functions of second
kind. LetI,(z) andK ,(z) be the modified Bessel functions of ordedefined as (52) and

(10), respectively.

Lemma A.1 It follows that

2Z(2) = [y 1(2) + Tura(2), (322)
2102 = 1) — L (), (323)
Ui (2) = L)+ hua2) = ML) + L () (324)
and that
) = Ky (2) ~ Ky (2, (325)
LK) = ~Ku1(2) + Ky (2) (326)
W) = Ku2) — Kpa () = LK)~ K (2). (327)



Proof. These are well known; see, e.g., [1, Chapter 4]. We note that (324) follows from
(322) and (323), and similarly, (325) follows from (326) and (327). The details are omitted
here.

LemmaA.2 Let®(n) > 0. Then for anyM > 0 there is a constan€ = C(M, pu) > 0
such that iflz| < M then

1u(2)] < CJ2*W, K ()] < Ol 770, (328)

Proof. The assertion immediately follows from the definition/gfin (52) and the relation
(53), including the casg = 1,2, - - -. The proof is complete.

LemmaA.3 Lete € (0,3). Then there is a constart’ = C(e,z) > 0 such that if
z € Xz_.and|z| > 1 then

11,(2)| < CIR(2)| "2 | K, (2)] < CIR(2)[ 2 ). (329)

Moreover, for|z| > 1 the following expansion holds.

1 z _ T
I,(2) = \/ﬁe (1 + lu(z)) , Ku(z) = \/;e (1 + ku(z)) ) (330)
()| + ()] < oL

Proof. The estimate (329) follows from (328) and (330), while (330) is well known; see [1,
Chapter 4.12]. The proof is complete.

LemmaA.4 Letk = 0,1 andR(x) > |n|, and lete € (0, 5). Then there is a constant
C = C(e, p,n) > 0 such that the following statements hold.

W) If X e T, _candR(VA) > 7~ then

/ SR, (V)| ds < CIA| 7Rl ROV (331)

@) If X e 2, _candr~t < R(V)) <7 ! then

In|— R~k

[ s IR (VA ds < AT A LR a2)

B)If X e X candR(VA) < r~!then

/ st B, (V) ds < CJA|m T 2l =R (333)
@) If X € B,_ andR(vA) > r~! then

/ T E K (V)| ds < Ol R (334)
(B)If A € £, andR(VA) < r~! then

[ (VR ds < O (335)
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Proof. (1) We have from Lemma A.3,

/ 31*]”'”'\[(“,;{(\&3)] ds < C]/\|*i / sz RHInlg=sROVY) g
< C’/\’—%T%—kﬂn\e—rﬁ(ﬁ) )

e divide the mtegra int an , and the second term Is bounded from
(2) We divide th | q““ df” . d th d is bounded f
ER(W)

above byC|\| =1~ bt , due to (331). On the other handNfe ¥,_. andsR(v/)\) < 1
then|sv/\| < C, WhereC' depends only oa. Hence, by using Lemma A.2 the first term is
estimated as

1

1
/W(ﬁ) Slfk+‘n‘|Kﬂ_k(\/X8)| ds < C/g“f(ﬁ) Sl*k+|n"\/XS|*§R(H)+k ds

.
1
R —k > k VX
<O /m Y gl =R00 g
T
< O~ LRG|

Here we have used the conditiéty) > |n|.
(3) The proof is very similar to (332), where Lemma A.2 is used. We omit the details.
(4) We have from Lemma A.3,

/ sl_k_|"]Kuk(\[\s)\dsCSC]/\r}l/ sz h=Inlg=sR(VX) g

< C]/\|_%r%_k_|"|e_rmﬁ) )

(5) We divide the integral intd; Wf and [*°,_, and the second term is bounded from
m:(f)
above byC|>\\ = “=3, due to (334). Sinc&®(y) > |n| > 1 andR(v/\) < r~! we have
AR = AT R < oA e R0—InH2, Next we estimate the
1

integral [,*">. Lemma A.3 yields

1

1
/ R k=l )¢, (V)| ds < C / RV gl lnl| /x| R+ g g

T

< O~ TEE 2R

Here we have used the assumpti(u) > 1 (for |[n| = 1). Collecting these, we obtain
(335). The proof is complete.

LemmaA.b5 Letk = 0,1 andR(x) > |n|, and lete € (0, F). Then there is a constant
C = C(e, p,n) > 0 such that the following statements hold.
W)IfF X e S, _candR(VA) < 7~ then

/ L=ktnl| 1 (Vs)| ds < O[T 2Rk R0 (336)
1

69



(2)If X € ¥,_. andR(v/\) > 7~ then

/ 31_k+|n|‘fu+k(\r/\3)’ ds < C‘/\‘—%T%—kﬂn\eﬂ}e(ﬁ) . (337)
1

(3)If A€ T, andR(VA) < 7! then

/ 1=k=lnl| L (VAs)| ds < O 7R+l (338)

(AN e T, _candR(VA) > 7~ then

[ (VA ds < (N R ey (339)

T

Proof. (1) We have from Lemma A.2,

/ sETRHN L (V)| ds < C/ sLRFInl | /hs | RIWFE g

1
< C’)\’ SR(“H 72+ R (p) :

as desired.
max{—+—,1}
(2) We divide the integral intg, " ndfmax{ 1)» and thefirst term is bounded
R(VX)’
from above byC'|\|~
Lemma A.3,
/ 51_k+|”‘|fu+k(\ﬁs)\ ds < C’])\|_i / sahHInlesRVA) g
1 1
max{m,l} )

< C!)\|_%T%_k+|”|eT§R(“) :
(3) As in the proof of (1), we have from Lemma A.2 aRdu) > |n/,
/ kol (V) ds < O / SLoImHHR() g g

s T

< AT 2RI

max{—-—r }
(4) We divide the integral intg,, " dfmax{ 1 and the first term is bounded
ROVA)
A.3,
/ sl_k_‘"||fu+k(ﬁs)| ds < C’|)\|_411/ sakInlgsR(VY) g4
1 1
max{ g7y R(VA)

W TR
< C|)\|1+k+2|/ sahInles 4
1

For anym > 0 there isC = C,,, > 0 such thatle sT™esds < Cp, N~™e! forall N > 1.
Therefore, the last term is bounded from above by

C|)\|_1+’“+T'"‘|T%(\f)\)|é—k—\n|eﬁn(f) C|A[~ 573kl TRVD)

The proof is complete.
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Remark A.6 A similar argument as in the proof of Lemma A.4 and Lemma A.5 yields the
following estimates fof(;.) > 1 andk = 0, 1.

(D) If X € X andR(v/\) > ! then

/ S| K, k(VAs)|ds < CIA|"arze ROV (340)

T

(2 If A € 2, andR(v/)\) < ! then

/ oK x(Vs)| ds < C(AL 4 A~ 5 1R (341)

T

(3) If A € ¥, andR(v/\) < ! then

m >
1

(4) If X € ¥, andR(v/\) > ! then

/ |1,(V\s)|s" ds < Crk(|/\|7% + |/\|7%r*%er‘%(ﬁ)) . (343)
1

Lemma A.7 LetF;, , be the function defined as

Fou(z) = /100 s'TMK,(s2)ds,  R(z) >0, p#0. (344)

Then it follows that

(1 +|n| = 2)Fopu(2) = Ku(z) — 2 /1 s27 MK, 1 (s2)ds. (345)

Proof. The identity (327) implies

sz dK, sz s d sz
K,(sz) = _IW(S'Z) — ;Ku_l(sz) = ——aKu(sz) — ;Ku_l(sz).
Hence, we have from the integration by parts,
Fn,u(z)
_ |n! RS oz 2—|n|
= K, (sz)ds s K, _1(sz)ds
,u
2 — ] z / 2=
—KL N L1y N WK ds,
. (2) + m nu(2) . 1(s2)

which gives (345). The proof is complete.

Corollary A.8 LetF}, be the function defined §$2). Let|n| = 1. Then

(bn = 1) Fn(2) = Ky, (2) — /0 tunl(; +1) (1+ z(zt?QiL 1))67%(”%) dt.  (346)

Here i, = pn () is defined agll).
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Proof. By Lemma A.7 with|n| = 1 we have
(n = 1) Fu(2) = K, (2) — z/ sK,,—1(sz)ds.
1
Then (10) and the Fubini theorem lead to

/ sK,, / / e~ Tt D) gt dt |
1

Thus the assertion follows from

sl g2t 1 2t —Z(t+1)
/1 se” 2V i) ds z(t2+1)(+z(t2+1))e2 e,

The proof is complete.

B Behavior of y,(«) for |g\ <1
n

In this appendix we state the asymptotic behavigugfa) for |&| < 1.

LemmaB.1 Setu,(a) = (n? + z’om)%. Thenu, (a) satisfies the expansion fq}%] <1
n
as follows.

Ripta(e)) = Il (14 25 +0(219). (347)
SGm(@)] = 2 (14002 (348)

Proof. The assertion easily follows from the representation

1+4/1+9
Rpn(@) = o\ —5——
N 1+9% -1
[S(pa(@)) = In[\ ~—F—

The details are omitted here. The proof is complete.
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