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Abstract

We consider the space of solenoidal vector fields in an unbounded domain Ω ⊂ Rn whose
boundary is given as a Lipschitz graph. It is shown that, under suitable functional setting,
the space of solenoidal vector fields is isomorphic to the n− 1 product space of the space of
scalar functions. As an application, we introduce a natural and systematic reduction of the
equations describing the motion of incompressible flows. This gives a new perspective of the
derivation of Ukai’s solution formula for the Stokes equations in the half space, and provides
a key step for the generalization of Ukai’s approach to the Stokes semigroup in the case of
the curved boundary.
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1 Introduction

In the analysis of incompressible flows the space of solenoidal vector fields in a given domain
Ω ⊂ Rn, n ≥ 2, is clearly a fundamental class to be studied. Under suitable conditions on Ω
and its boundary ∂Ω the space is characterized as the set of all vector fields u = (u1, · · · , un)
such that

div u = 0 in Ω, u · n = 0 on ∂Ω, (1.1)

where n is the unit exterior normal vector to ∂Ω. Since (1.1) is considered as a boundary
value problem of one partial differential equation, it is heuristically expected that the degree
of freedom is n − 1 for the space of solenoidal vector fields. For example, when Ω = Rn

+ =
{(x′, xn) ∈ Rn−1 × R | xn > 0} the equation (1.1) is written as ∂nun = −∇′ · u′ in Rn

+

and γun = 0 on ∂Rn
+, where ∇′ = (∂1, · · · , ∂n−1), u

′ = (u1, · · · , un−1)
⊤, and γ is the trace
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operator to the boundary ∂Rn
+. Thus the normal component un is formally recovered as

un = −
∫ xn

0 ∇′ · u′ dyn, and then the solenoidal vector field is given as an image of the map

u′ 7−→ (u′, −
∫ xn

0
∇′ · u′ dyn). (1.2)

However, this characterization is not useful in practice, for the map (1.2) is in general not
bounded from Xn−1 to Xn, where X is a Banach space of functions in Ω such as the standard
Lebesgue spaces Lp(Ω).

The aim of this paper is to construct an isomorphism between Xn−1 and the space of
solenoidal vector fields in Xn. To be precise, it will be convenient to set up our problem in
an abstract manner. Let Ω be a domain in Rn and let X(Ω) be a Banach space of functions
in Ω satisfying C∞

0 (Ω) ⊂ X(Ω) ⊂ L1
loc(Ω). The space of solenoidal vector fields in (X(Ω))n,

denoted by Xσ(Ω), is defined as

Xσ(Ω) =
{
u ∈ (C∞

0 (Ω))n | div u = 0 in Ω
}∥u∥X(Ω)

. (1.3)

Here we have written ∥u∥X(Ω) for ∥u∥(X(Ω))n to simplify the notation. We call two Banach
spaces X and Y isomorphic if there is a bounded and bijective linear operator L : X → Y .
We write X ≃ Y when X and Y are isomorphic. Then our problem is to show that Xσ(Ω) ≃
(X(Ω))n−1.

In the following paragraph we assume that Ω = Rn or

Ω =
{
(x′, xn) ∈ Rn−1 × R | xn > η(x′)

}
, (1.4)

where η ∈ L1
loc(Rn−1) is a given Lipschitz function, i.e., ∥∇′η∥L∞ < ∞. When Ω is of

the form (1.4) we introduce the anisotropic Lebesgue spaces Y q,r(Ω) as in [15] by using the
homeomorphism Φ : Ω ∋ x 7→ y = Φ(x) ∈ Rn

+:

Φj(x) =

{
xj , 1 ≤ j ≤ n− 1,

xn − η(x′), j = n.
(1.5)

That is, for 1 < q, r <∞ the Banach space Y q,r(Ω) is defined as

Y q,r(Ω) =
{
f ∈ L1

loc(Ω) | ∥f∥Y q,r(Ω) = ∥f ◦ Φ−1∥Lq
yn (R+;Lr

y′ (R
n−1)) <∞

}
(1.6)

with the norm ∥ · ∥Y q,r(Ω). The space Y q,r(Ω) can be naturally defined also for Ω = Rn as

Y q,r(Rn) =
{
f ∈ L1

loc(Rn) | ∥f∥Y q,r(Rn) = ∥f∥Lq
xn (R;Lr

x′ (R
n−1)) <∞

}
. (1.7)

We note that Y q,q(Ω) coincides with Lq(Ω). Our result is stated as follows.

Theorem 1.1. Let 1 < q, r < ∞ and assume that Ω is of the form (1.4) with some η ∈
L1
loc(Rn−1) satisfying ∥∇′η∥L∞ <∞. Then Y q,r

σ (Ω) ≃ (Y q,r(Ω))n−1.

The construction of the isomorphism in Theorem 1.1 is motivated by Ukai [22], and
we have its explicit representation in terms of the Riesz transform ∇′(−∆′)−1/2 and the

Poisson semigroup {e−xn(−∆′)1/2}xn≥0 in Lr(Rn−1). Furthermore, in the case Ω = Rn,Rn
+

this isomorphism from Y q.r
σ (Ω) to (Y q,r(Ω))n−1 has an additional structure; it is a restriction

of a bounded linear operator W : (Y q,r(Ω))n → (Y q,r(Ω))n−1 which enjoys the property

{∇p ∈ (Y q,r(Ω))n | p ∈ L1
loc(Ω) , ∆p = 0 in Ω} ⊂ KerW = {f ∈ (Y q,r(Ω))n | Wf = 0} .

(1.8)
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In fact, the kernel property such as (1.8) plays an important role in the analysis of
the Stokes operator in [22]. Unfortunately, for general case Ω ̸= Rn,Rn

+, the isomorphism in
Theorem 1.1 is not a restriction of the operator satisfying (1.8). Therefore, a natural question
is whether we can construct an operator W : (Y q,r(Ω))n → (Y q,r(Ω))n−1 so that (1.8) holds
and its restriction to Y q,r

σ (Ω) defines an isomorphism from Y q,r
σ (Ω) to (Y q,r(Ω))n−1. Our next

result is as follows.

Theorem 1.2. Let 1 < q < ∞ and assume that Ω is of the form (1.4) with some η ∈
L1
loc(Rn−1) satisfying ∥∇′η∥L∞ <∞. Then there is a bounded linear operator W : (Y q,2(Ω))n →

(Y q,2(Ω))n−1 enjoying the following properties.

(i) W satisfies (1.8) for r = 2.

(ii) The restriction W|
Y q,2
σ (Ω)

: Y q,2
σ (Ω) → (Y q,2(Ω))n−1 is an isomorphism.

When Ω = Rn,Rn
+ the above assertion holds for Y q,r(Ω) with 1 < q, r <∞.

In Theorem 1.2 so far we need a strong condition r = 2 for the space Y q,r(Ω) except
for the case Ω = Rn,Rn

+. This is because the regularity of η assumed here is rather mild,
and moreover, η in Theorem 1.2 is allowed to behave wildly at infinity. For example, the
boundary need not to be asymptotically flat (this means |∇′η(x)| → 0 as |x′| → ∞) and η
may even grow linearly as |x′| → ∞. It seems that the existence of W in Theorem 1.2 is
closely related with the validity of the Helmholtz decomposition in (Y q,r(Ω))n for r = 2 (cf.
[15]), and therefore, the assertion as in Theorem 1.2 might fail for some r ̸= 2 if one does
not impose any other condition than ∥∇′η∥L∞ <∞; see, e.g., [2] for a counterexample of the
Helmholtz decomposition in Lp(Ω) when Ω is of the form (1.4).

In these theorems we concretely construct an isomorphism in terms of the Poisson semi-
group and the Dirichlet-Neumann map associated with the Laplace equations: ∆u = 0 in Ω,
u = g on ∂Ω. This construction is particularly nontrivial when Ω is of the form (1.4) with
η ̸= 0. The key tool here is a factorization of divergence form elliptic operators in [13, 14],
which is considered as an operator theoretical description of the classical Rellich identity [20].

Thanks to (1.8), the isomorphism obtained in Theorem 1.2 is useful in the analysis of fluid
equations. Indeed, it reduces the equations describing the motion of incompressible flows,
which usually consists of n + 1 equations due to the unknowns of the solenoidal velocity
u = (u1, · · · , un) and the scalar pressure p, into the equations of n − 1 dependent variables.
As a typical example, let us consider the Stokes equations

∂tu− ν∆u+∇p = 0, t > 0, x ∈ Ω,

div u = 0, t ≥ 0, x ∈ Ω,

u = 0, t > 0, x ∈ ∂Ω,

u|t=0 = a, x ∈ Ω.

(S)

Here ν > 0 is a viscosity coefficient and a is a given solenoidal vector field. By formally
introducing the Helmholtz projection P and the Stokes operator A = −P∆D with the ho-
mogeneous Dirichlet boundary condition (these are well-defined at least in the L2 functional
framework), (S) is written in the abstract form

du

dt
+ νAu = 0 , t > 0, u|t=0 = a . (1.9)

Let V : (Y q,r(Ω))n−1 → Y q,r
σ (Ω) be an isomorphism. Then by setting

w(t) = (w1(t), · · · , wn−1(t))
⊤ = V−1u(t) ,
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we obtain the reduced equations

dw

dt
+ νBw = 0 , t > 0 , w|t=0 = V−1a , (RS)

where B = V−1AV. If V−1 is a restriction of W on Y q,r
σ (Ω) satisfying (1.8) then we formally

have
B = −WP∆DV = −W(∆D −Q∆D)V = −W∆DV ,

where Q = I − P and ∆D is the Laplace operator subject to the homogeneous Dirichlet
boundary condition. As will be shown in [16], when Ω is of the form (1.4) with a smooth η
our isomorphism provides

B = −∆D + lower order operators in (Y q,2(Ω))n−1.

Furthermore, we have B = −∆D in (Y q,r(Ω))n−1 when Ω = Rn or Rn
+; see Section 3.4. In any

cases, this reduction significantly simplifies the original equations. The idea to achieve such
a reduction is inspired by the derivation of the solution formula for the Stokes problem in Rn

+

in [22], although the characterization of the space of solenoidal vector fields as in Theorems
1.1 and 1.2 is not observed in [22]; see Remark 1.4 (ii) below. When Ω = Rn

+ (and Rn),
due to the relation V−1AV = −∆D, the Stokes semigroup {e−tA}t≥0 associated with −A
is expressed as e−tA = Vet∆DV−1. In terms of the general semigroup theory the relation
e−tA = Vet∆DV−1 represents the similarity or isomorphy between the Stokes semigroup and
the heat semigroup (we say that two semigroups {S(t)}t≥0 in a Banach spaceX and {T (t)}t≥0

in another Banach space Y are isomorphic if there is an isomorphism L : X → Y such that
S(t) = L−1T (t)L; see [4, I. 5.10], and we will write

(
{S(t)}t≥0, X

)
≃

(
{T (t)}t≥0, Y

)
in this

case). That is, we have

Theorem 1.3. Let 1 < q, r < ∞ and let Ω = Rn or Rn
+. Then the Stokes semigroup in

Y q,r
σ (Ω) and the heat semigroup in (Y q,r(Ω))n−1 are isomorphic. That is,(

{e−tA}t≥0, Y
q,r
σ (Ω)

)
≃

(
{et∆D}t≥0, (Y

q,r(Ω))n−1
)
.

Remark 1.4. (i) When Ω = Rn the Helmholtz projection commutes with the Laplace op-
erator. Thus the Stokes semigroup in Y q,r

σ (Rn) coincides with the heat semigroup in the
invariant subspace Y q,r

σ (Rn) ⊂ (Y q,r(Rn))n. It should be emphasized that Theorem 1.3 is
not the same assertion as this fundamental fact. As far as the authors know, the isomorphic
relation stated in Theorem 1.3 is not found in the literature even in the case Ω = Rn.

(ii) In [22, Theorem 1.1] the solution formula for u(t) = e−tAa in Rn
+ is given as

u′(t) = et∆D(a′ + San)− SUet∆D
(
− S · a′ + an

)
, (1.10)

un(t) = Uet∆D
(
− S · a′ + an

)
, (1.11)

where S = ∇′(−∆′)−1/2 and (Uφ)(xn) = (−∆′)1/2
∫ xn

0 e−(xn−yn)(−∆′)1/2φ(·, yn) dyn. In fact,
the map W : (Y q,r(Rn

+))
n → (Y q,r(Rn

+))
n−1 is given as W = E′ + SEn, where E

′u := u′

and Enu := un when Ω = Rn
+. In the argument of [22] the relation (E′ + SEn)e

−tA =
et∆D(E′+SEn) is already found and it is a key to derive (1.10) - (1.11) in [22]. On the other
hand, our argument in Theorem 1.2 reveals that E′ + SEn actually defines an isomorphism
from Y q,r

σ (Rn
+) onto (Y q,r(Rn

+))
n−1, and it is also shown that such a description is generic

for a wide class of domains like (1.4) including the whole space. Moreover, our approach
leads to the isomorphic formulation between the Stokes semigroup in Y q,r

σ (Ω) and the heat
(or perturbed heat) semigroup in (Y q,r(Ω))n−1 as in Theorem 1.3 (or in [16]).
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(iii) When Ω = Rn or Rn
+, it is not difficult to see that the Laplace operator generates an

analytic semigroup in (Y q,r(Ω))n−1. Therefore from Theorem 1.3 we see that the Stokes
operator also generates an analytic semigroup in Y q,r

σ (Ω). For the case r = q, this fact has
already proved in many literature, e.g., [21, 17, 7, 22, 5, 3]. In fact, in the same reason, it
is proved that the Stokes operator admits a bounded H∞-calculus in Y q,r

σ (Ω). See [19, 3]
for the fact that the Laplace (or Stokes) operator in Lp(Ω) (or Lp

σ(Ω) respectively) admits a
bounded H∞-calculus.

(iv) As a by product of our construction of the isomorphism, we obtain a projection onto
the space of solenoidal vector fields in the domain of the form (1.4), which was found in [22,
Remark 1.5] for Ω = Rn

+ and is different from the standard Helmholtz projection; see Remark
3.6.

This paper is organized as follows. In Section 2.1 we give a characterization of Y q,r
σ (Ω)

and in Section 2.2 we recall the result of [13] on the factorization of some class of elliptic
operators. In Sections 3.1 and 3.2 we prove Theorem 1.2. Theorem 1.1 is proved in Section
3.3, while Theorem 1.3 is proved in Section 3.4.

2 Preliminaries

2.1 Characterization of Y q,r
σ (Ω)

In this section we show

Lemma 2.1. Let 1 < q, r < ∞ and assume that Ω is of the form (1.4) with some η ∈
L1
loc(Rn−1) satisfying ∥∇′η∥L∞ <∞. Then

Y q,r
σ (Ω) = {u ∈ (Y q,r(Ω))n | div u = 0 in Ω , u · n = 0 on ∂Ω} . (2.1)

Proof. It suffices to show the inclusion ⊃, for the opposite one is trivial. For convenience we
denote by Lq,r(Ω) the set in the right-hand sie of (2.1). The case Ω = Rn is easy and we
omit the details. Firstly let us consider the case Ω = Rn

+. For u ∈ Lq,r(Rn
+) we introduce its

extension U to Rn as

U(x) = u(x) if xn > 0 ,

U ′(x′, xn) = u′(x′,−xn) and Un(x
′, xn) = −un(x′,−xn) if xn < 0 .

Then the mollification Uϵ = Jϵ ∗ U of U by the radial symmetric mollifier Jϵ is smooth in
Rn and converges to U in (Y q,r(Rn))n as ϵ → 0. Moreover, Uϵ satisfies divUϵ = 0 in Rn

and Uϵ,n = 0 for xn = 0 by the symmetry. Therefore, by considering the restriction of Uϵ on
Rn
+, the problem is now reduced to construct the approximation {vj}∞j=1 ∈ C∞

0,σ(Rn) of u in
Lq,r(Rn

+) when ∇αu belongs to (Y q,r(Rn
+))

n for any multi-index α. For such u we set

w = u′ + Sun , S = ∇′(−∆′)−
1
2 .

Then ∇αw ∈ (Y q,r(Rn
+))

n−1 for any α since the Riesz transform S is bounded in Lr(Rn−1)
for 1 < r < ∞. Let us take a sequence {φj}∞j=1 ⊂ (C∞

0 (Rn
+))

n−1 such that φj → w in

(Y q,r(Rn
+))

n−1 holds. Then we define ψj = (ψ
′
j , ψj,n)

⊤ = V[φj ] as

ψ
′
j = φ

′
j + S(−∆′)

1
2

∫ xn

0
e−(xn−yn)(−∆′)

1
2 (−∆′)−

1
2∇′ · φj(yn) dyn ,

ψj,n = −(−∆′)
1
2

∫ xn

0
e−(xn−yn)(−∆′)

1
2 (−∆′)−

1
2∇′ · φj(yn) dyn .
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As is seen in Section 3.2, V is bounded from (Y p,s(Rn
+))

n−1 to (Y p,s(Rn
+))

n for 1 < p, s <∞
and we can directly check that ∇αψj ∈ (Y p,s(Rn

+))
n for any α, and ψj also satisfies divψj = 0

in Rn
+. Moreover, since φj = 0 near ∂Rn

+, we have dist (suppψj , ∂Rn
+) > 0 by the definition

of ψj . Then we can construct {vj,l}∞l=1 ⊂ C∞
0,σ(Rn

+) so that vj,l → ψj in (Wm,p(Rn
+))

n as
l → ∞ for any 1 < p < ∞ and m ∈ N (see, e.g., [6, Section III]). By the embedding
Wm,p(Rn

+) ↪→ Y q,r(Rn
+) for p = min{q, r} and sufficiently large m, we observe that vj,l is the

desired approximation of u in (Y q,r(Rn))n, since ψj converges to V[w] in (Y q,r(Rn
+))

n, while
V[w] = u by the result of Section 3.2.

Next we consider the case when Ω is of the form (1.4) with nontrivial η. Let u ∈ Lq,r(Ω).
Then ũ = u◦Φ−1 ∈ (Y q,r(Rn

+)
n, where Φ : Ω → Rn

+ be as in (1.5), satisfies divB⊤ũ = 0 in Rn
+

and (B⊤ũ)n = 0 on ∂Rn
+ with the invertible matrix B = (bi,j)1≤i,j≤n defined as bi,j = δij for

1 ≤ i, j ≤ n−1, bi,n = −∂iη for 1 ≤ i ≤ n−1, bn,j = 0 for 1 ≤ j ≤ n−1, and bn,n = 1. Hence,
B⊤ũ ∈ Y q,r

σ (Rn
+) and there is {φ̃j}∞j=1 ⊂ C∞

0,σ(Rn
+) such that φ̃j → B⊤ũ in (Y q,r(Rn

+))
n. Set

ψ̃j = (B⊤)−1φ̃j , which converges to ũ in (Y q,r(Rn
+))

n as j → ∞. Then divB⊤ψ̃j = 0 in Rn
+,

supp ψ̃j is compact, and ψ̃j = 0 near ∂Rn
+. Thus, vj = ψ̃j ◦ Φ ∈ (Y q,r(Ω))n is compactly

supported, and also satisfies div vj = 0 in Ω and vj = 0 near ∂Ω. Then, by acting the
standard mollifier vj,ϵ = Jϵ ∗ vj , ϵ > 0, we see vj,ϵ ∈ C∞

0,σ(Ω) for sufficiently small ϵ > 0.
By the construction vj,ϵ converges to vj in (Y q,r(Ω))n as ϵ → 0, while vj converges to u in
(Y q,r(Ω))n. The proof is complete.

2.2 Elliptic operator of divergence form

In this section we recall the result of [13] for some class of second order elliptic operators of
divergence form. By the coordinate transform (1.5) the Laplace operator ∆ is transformed
to an elliptic operator of divergence form whose coefficients are independent of one variable.
Taking this into mind, we consider the second order elliptic operator in Rn = {(x′, t) ∈
Rn−1 × R},

A = −∇ ·A∇, A = A(x′) =
(
ai,j(x

′)
)
1≤i,j≤n

. (2.2)

Here n ∈ N, ∇ = (∇′, ∂n)
⊤ with ∇′ = (∂1, · · · , ∂n−1)

⊤, and each ai,j is always assumed to
be t-independent. We further assume that A is a real symmetric matrix and each component
ai,j is a measurable function satisfying the uniformly elliptic condition

⟨A(x′)η, η⟩ ≥ ν1|η|2, |⟨A(x′)η, ζ⟩| ≤ ν2|η||ζ| (2.3)

for all η, ζ ∈ Rn and for some constants ν1, ν2 with 0 < ν1 ≤ ν2 < ∞. Here ⟨·, ·⟩ denotes
the inner product of Rn, i.e., ⟨η, ζ⟩ =

∑n
j=1 ηjζj for η, ζ ∈ Rn. For later use we set b =

an,n, which satisfies ν1 ≤ b ≤ ν2 due to (2.3). We also denote by a the vector a(x′) =
(a1,n(x

′), · · · , an−1,n(x
′))⊤.

We write DH(T ) for the domain of a linear operator T in a Banach space H. Under the
condition (2.3) the standard theory of sesquilinear forms gives a realization of A in L2(Rn),
denoted again by A, such as

DL2(A) =
{
w ∈ H1(Rn) | there is F ∈ L2(Rn) such that

⟨A∇w,∇v⟩L2(Rn) = ⟨F, v⟩L2(Rn) for all v ∈ H1(Rn)
}
, (2.4)

and Aw = F for w ∈ DL2(A). Here H1(Rn) is the usual Sobolev space and ⟨w, v⟩L2(Rn) =∫
Rn w(x

′, t)v(x′, t) dx′ dt.
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Definition 2.2. (i) For a given h ∈ S ′(Rn−1) we denote by Mh : S(Rn−1) → S ′(Rn−1) the
multiplication Mhu = hu.

(ii) We denote by EA : H1/2(Rn−1) → Ḣ1(Rn
+) the A-extension operator, i.e., w = EAφ is

the solution to the Dirichlet problem{
Aw = 0 in Rn

+,

w = φ on ∂Rn
+ = Rn−1.

(2.5)

The one parameter family of linear operators {EA(t)}t≥0, defined by EA(t)φ = (EAφ)(·, t)
for φ ∈ H1/2(Rn−1), is called the Poisson semigroup associated with A.

(iii) We denote by ΛA : H1/2(Rn−1) → Ḣ−1/2(Rn−1) =
(
Ḣ1/2(Rn−1)

)∗
the Dirichlet-Neumann

map associated with A, which is defined through the sesquilinear form

⟨ΛAφ, g⟩
Ḣ− 1

2 ,Ḣ
1
2
= ⟨A∇EAφ,∇EAg⟩L2(Rn

+), φ, g ∈ H1/2(Rn−1). (2.6)

Here ⟨·, ·⟩Ḣ−1/2,Ḣ1/2 denotes the duality coupling of Ḣ−1/2(Rn−1) and Ḣ1/2(Rn−1).

Remark 2.3. (i) Eq. (2.5) is considered in a weak sense; cf. [13, Section 2.1]. The proof
of the existence of the extension operator EA is well known. As is shown in [13, Proposition
2.4], {EA(t)}t≥0 is a strongly continuous and analytic semigroup in H1/2(Rn−1). We denote
its generator by −PA, and PA is called a Poisson operator associated with A. (ii) Since A
is Hermite and satisfies the uniformly elliptic condition (2.3), the theory of the sesquilinear
forms [11, Chapter VI. §2] shows that ΛA is extended as a self-adjoint operator in L2(Rn−1).

The next result plays a fundamental role in our argument.

Theorem 2.4. Let A be the elliptic operator defined in (2.2) with a real symmetric matrix
A satisfying (2.3). Then DL2(ΛA) = H1(Rn−1) holds with equivalent norms, and the Pois-
son semigroup {EA(t)}t≥0 in H1/2(Rn−1) is extended as a strongly continuous and analytic
semigroup in L2(Rn−1), where its generator −PA satisfies

DL2(PA) = H1(Rn−1), − PAφ = −M1/bΛAφ−Ma/b · ∇′φ, φ ∈ H1(Rn−1). (2.7)

Furthermore, the realization A′ in L2(Rn−1) and the realization A in L2(Rn) are respectively
factorized as

A′ =MbQAPA, QA =M1/b(MbPA)
∗, (2.8)

A = −Mb(∂t −QA)(∂t + PA). (2.9)

Here (MbPA)
∗ is the adjoint of MbPA in L2(Rn−1).

For the proof of Theorem 2.4, see, e.g. [13, Theorem 1.3, Theorem 4.2]. The identities (2.8)
and (2.9) are considered as an operator-theoretical description of the classical Rellich identity
[20], but when the matrix A is not real symmetric and possesses a limited smoothness the
verification of this identity becomes a delicate problem. The Rellich type identity is verified
and used by [9] when A is real symmetric and by [1] when r2 = 0 without any extra regularity
condition on A. See also [18, 10, 8] for the study of the elliptic boundary value problem in
relation to the Rellich identity.

3 Proof of main theorems

In this section we prove Theorems 1.1, 1.2, and 1.3. We will use the notation given in Section
2.
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3.1 Proof of Theorem 1.2 for general Ω

When Ω is of the form (1.4), through the standard transformation

u = ũ ◦ Φ−1 , g = g̃ ◦ Φ−1 , Φ is as in (1.5) ,

the Laplace equations, −∆ũ = 0 in Ω and ũ = g̃ on ∂Ω, are transformed to the elliptic
equations in the half space

Au = 0 in Rn
+ , u = g on ∂Rn

+ . (3.1)

Here A = −∇ · A∇ and A is a real symmetric and positive definite matrix with a = −∇′η,
b = 1+ |∇′η|2, and A′ = (ai,j)1≤i,j≤n−1 = I ′ (the identity matrix). Note that each coefficient
of A is independent of the yn variable, and hence we can apply the result of Section 2. It
is straightforward to see that the matrix A is written as A = B⊤B, where B =

(
bi,j

)
1≤i,j≤n

with bi,j = δij for 1 ≤ i, j ≤ n− 1, bi,n = −∂iη for 1 ≤ i ≤ n− 1, bn,j = 0 for 1 ≤ j ≤ n− 1,
and bn,n = 1. The matrix B⊤ is the transpose of B. The key point here is that the solenoidal
property in the original variables

div ũ = 0 in Ω , ũ · n = 0 on ∂Ω

is equivalent with

divB⊤u = 0 in Rn
+ , γ(B⊤u)n = 0 on ∂Rn

+ (3.2)

in the new variables, where γ is the trace to the boundary ∂Rn
+. Thus it is natural to introduce

the space Y q,r
σ̃ (Rn

+) as

Y q,r
σ̃ (Rn

+) =
{
ũ ◦ Φ−1 ∈ (Y q,r(Rn

+))
n | ũ ∈ Y q,r

σ (Ω)
}

=
{
u ∈ (Y q,r(Rn

+))
n | divB⊤u = 0 in Rn

+, γ(B⊤u)n = 0 on ∂Rn
+

}
, (3.3)

due to Lemma 2.1.

For a vector v = (v′, vn)
⊤ ∈ Rn−1 ×R we define the (n− 1)× n matrix E′ and the 1× n

matrix En by the relation

E′v = (B⊤v)′ = v′ , Env = (B⊤v)n = vn −M∇′η · v′ . (3.4)

Set

S =
(
∇′ +M∇′ηPA

)
Λ−1
A , K = −Λ−1

A ∇′ · E′ + PAΛ
−1
A En . (3.5)

As is proved in the next key lemma, S andK are extended as bounded operators in L2(Rn−1).

Lemma 3.1. Let j = 1, · · · , n − 1. Then the operators ∂jΛ
−1
A , Λ−1

A ∂j, and PAΛ
−1
A are

extended as bounded operators from L2(Rn−1) to L2(Rn−1). Moreover, for any f ∈ L2(Rn−1)
and v ∈ (L2(Rn−1))n we have

∇′ · Sf = −ΛAPAΛ
−1
A f in Ḣ−1(Rn−1) . (3.6)

Kv = −Λ−1
A ∇′ · (E′ + SEn)v . (3.7)

8



Proof of Lemma 3.1. The fact that ∂jΛ
−1
A and PAΛ

−1
A are extended as bounded operators

from L2(Rn−1) to L2(Rn−1) follows from Theorem 2.4 and the relations

∥M√
bPAf∥L2(Rn−1) = ∥∇′f∥L2(Rn−1) , (3.8)

C1∥∇′f∥L2(Rn−1) ≤ ∥ΛAf∥L2(Rn−1) ≤ C2∥∇′f∥L2(Rn−1) , (3.9)

which are known as variants of the classical Rellich identity [20, 18, 9, 12]; see also [15, Propo-
sition 2] for a short proof in relation with the Helmholtz decomposition. The boundedness
of Λ−1

A ∂j in L2(Rn−1) is then follows from the adjoint relation

⟨Λ−1
A ∂jf, φ⟩L2(Rn−1) = −⟨f, ∂jΛ−1

A φ⟩L2(Rn−1) .

In particular, we have shown that PAΛ
−1
A and S are respectively bounded from L2(Rn−1)

to L2(Rn−1) and from L2(Rn−1) to (L2(Rn−1))n−1. The identity (3.6) follows from (2.8).
Indeed, in this case A′ = −∆′ = −

∑n−1
j=1 ∂

2
j , and (2.8) is written as

⟨∇′g,∇′φ⟩L2(Rn−1) = ⟨PAg,MbPAφ⟩L2(Rn−1)

= ⟨PAg,ΛAφ−M∇′η · ∇′φ⟩L2(Rn−1)

for all g, φ ∈ H1(Rn−1). Here we have used (2.7). Thus we have

⟨PAΛ
−1
A ΛAg,ΛAφ⟩L2(Rn−1) = ⟨(∇′ +M∇′η)Λ

−1
A ΛAg,∇′φ⟩L2(Rn−1) = ⟨SΛAg,∇′φ⟩L2(Rn−1) .

Since the range of ΛA is dense in L2(Rn−1), we finally obtain

⟨PAΛ
−1
A f,ΛAφ⟩L2(Rn−1) = ⟨Sf,∇′φ⟩L2(Rn−1) ,

for f ∈ L2(Rn−1) and φ ∈ H1(Rn−1). Then (3.9) shows (3.6). The identity (3.7) directly
follows from (3.6). The proof is complete.

For φ(·, zn) = φ(z′, zn) we introduce the operator U defined by

(Uφ)(·, yn) = ΛA

∫ yn

0
e−(yn−zn)PAφ(zn) dzn . (3.10)

Hence, for φ ∈ Y q,2(Rn
+) the function Uφ satisfies the equation

∂nUφ+ ΛAPAΛ
−1
A Uφ = ΛAφ in D′(Rn

+) . (3.11)

Now we define the operator Z = (Z ′, Zn)
⊤ : (C∞

0 (Rn
+))

n−1 → (D′(Rn
+))

n as

Z ′[h] = h+ SUΛ−1
A ∇′ · h , (3.12)

Zn[h] = −UΛ−1
A ∇′ · h+M∇′η · Z ′[h] . (3.13)

We will sometimes write Zh for Z[h] to simplify the notation. By the definition of En we
have

EnZ[h] = −UΛ−1
A ∇′ · h , (3.14)

which will be often used in the argument below. Lemma 3.1 leads to some important prop-
erties of the operator Z, which are described in Lemmas 3.2, 3.3, and Corollary 3.4 below.
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Lemma 3.2. Let 1 < q < ∞. Then the operator Z defined by (3.12) - (3.13) is extended as
a bounded operator from (Y q,2(Rn

+))
n−1 to (Y q,2(Rn

+))
n. Moreover, we have

Z[h] ∈ Y q,2
σ̃ (Rn

+) and (E′ + SEn)Z[h] = h for h ∈ (Y q,2(Rn
+))

n−1 . (3.15)

Proof. We firstly note that the maximal regularity estimate

∥PA

∫ yn

0
e−(yn−zn)PAφ(zn) dzn∥Y q,2(Rn

+) ≤ C∥φ∥Y q,2(Rn
+)

holds, which is observed by [15, Remark 5, Proposition 2]. Thus, from (3.8) and (3.9) we
have

∥Uφ∥Y q,2(Rn
+) ≤ C∥φ∥Y q,2(Rn

+) . (3.16)

Hence, combining (3.16) with Lemma 3.1, we see that Z is extended as a bounded operator
from (Y q,2(Rn

+))
n−1 to (Y q,2(Rn

+))
n. Next we observe that

∇′ · Z ′[h] = ∇′ · h− ΛAPAΛ
−1
A UΛ−1

A ∇′ · h in D′(Rn
+) , (3.17)

where Lemma 3.1 was used, and that

∂nEnZ[h] = −∂nUΛ−1
A ∇′ · h = −∇′ · h+ ΛAPAΛ

−1
A UΛ−1

A ∇′ · h in D′(Rn
+) , (3.18)

by the equation (3.11). The equations (3.17) and (3.18) imply divB⊤Z[h] = 0 in the sense of
distributions. Moreover, from (3.14) the trace of EnZ[h] to the boundary ∂Rn

+ must vanish.
The second identity in (3.15) follows from the definition of Z and (3.14). This completes the
proof.

We have a converse of Lemma 3.2, which leads to a characterization of solenoidal vector
fields in terms of the operator Z.

Lemma 3.3. Let 1 < q < ∞. Suppose that v ∈ Y q,2
σ̃ (Rn

+). Then Env = UKv and v =
Z(E′ + SEn)v hold.

Proof. By a density argument we may assume that v ∈
(
Lq(R+;H

1(Rn−1))
)n
. We first show

Env = UKv. To this end we introduce the approximation Kϵ of the operator K, which is
defined by

Kϵ = −(ϵ+ ΛA)
−1∇′ · E′ + PA(ϵ+ ΛA)

−1En . (3.19)

Note that divB⊤v = 0 implies ∂nEnv = −∇′ · E′v ∈ Y q,2(Rn
+). Then we have

Kϵv = ∂n(ϵ+ ΛA)
−1Env + PA(ϵ+ ΛA)

−1Env = (∂n + PA)(ϵ+ ΛA)
−1Env .

Hence, taking into account γEnv = 0 on ∂Rn
+, we have

(Env)(·, xn) = (ΛA + ϵ)

∫ xn

0
e−(xn−yn)PAKϵv(·, yn) dyn , for all ϵ > 0 . (3.20)

We note that, for any f ∈ L2(Rn−1), ΛA(ϵ + ΛA)
−1f converges to f in L2(Rn−1) as ϵ → 0.

Then, since PAΛ
−1
A is bounded in L2(Rn−1) and Λ−1

A ∇′· is bounded from (L2(Rn−1))n−1

to L2(Rn−1) we see from (3.19) that (Kϵv)(·, yn) converges to (Kv)(·, yn) in L2(Rn−1) for

10



a.e. yn ∈ R+. Moreover, it is easy to see supϵ>0 ∥Kϵv∥Lq(R+;L2(Rn−1)) ≤ C∥v∥Lq(R+;L2(Rn−1)).

Hence for any xn ∈ R+ the term (ΛA+ϵ)
∫ xn

0 e−(xn−yn)PAKϵv(·, yn) dyn converges to the limit

ΛA
∫ xn

0 e−(xn−yn)PAKv(·, yn) dyn = (UKv)(·, xn) in H−1(Rn−1) by the Lebesgue convergence
theorem. Thus we have Env = UKv due to the equality (3.20), which then implies from (3.7)
that

Z ′(E′ + SEn)v = (E′ + SEn)v − SUKv = (E′ + SEn)v − SEnv = v′ .

To show Zn(E
′ + SEn)v = vn it suffices to prove EnZ(E

′ + SEn)v = Env. Again from the
definitions of En, Z, and the identity (3.7), we have

EnZ(E
′ + SEn)v = UKv = Env .

This completes the proof.

As an immediate corollary of Lemmas 3.2 - 3.3 we have

Corollary 3.4. Let 1 < q < ∞. Then the operator Z defined by (3.12) - (3.13) is bounded
and bijective from (Y q,2(Rn

+))
n−1 onto Y q,2

σ̃ (Rn
+). Moreover, we have Z−1 = E′ + SEn.

The operator E′+SEn has a special property about its kernel, which plays an important
role in the relation between the Stokes operator and the Laplace operator.

Lemma 3.5. Let 1 < q <∞. Assume that p ∈ L1
loc(R+;L2(Rn−1)) satisfies ∇p ∈ (Y q,2(Rn

+))
n

and Ap = 0 in Rn
+ in the sense of distributions. Then (E′ + SEn)B∇p = 0.

Proof. Firstly we see p(·, xn) ∈ H1(Rn−1) for a.e. xn and ∥p(xn)∥L2(Rn−1) ≤ Cx
1−1/q
n for

xn ≥ 1. Fix zn ∈ (0, 1) such that p(·, zn) ∈ H1(Rn−1) and set P (xn) = e−xnPAp(zn). From
the property of the Poisson semigroup we see supxn>0 ∥P (xn)∥L2(Rn−1) < ∞ and ∇P ∈
Lq(R+;L

2(Rn−1)). Moreover, θ(·, xn) = p(·, xn + zn) − P (xn) solves Aθ = 0 in Rn
+ in the

sense of distribution and θ = 0 on ∂Rn
+. It is not difficult to show the Liouville theorem

within the class of θ above, which leads to θ = 0. Thus we have a representation p(xn+zn) =
e−xnPAp(zn). Then we see from the definition of S and (2.7),

E′B∇p(xn + zn) = SΛAp(xn + zn), EnB∇p(xn + zn) = −ΛAp(xn + zn).

Hence we have (E′+SEn)B∇p = 0 in {(x,′ xn) ∈ Rn
+ | xn ≥ zn}. Since zn ∈ (0, 1) is arbitrary

small, we have (E′ + SEn)B∇p = 0 in Rn
+, as desired. The proof is complete.

Proof of Theorem 1.2. Let us define the bounded linear operators V : (Y q,2(Ω))n−1 →
(Y q,2(Ω))n and W : (Y q,2(Ω))n → (Y q,2(Ω))n−1 as

(Vw)(x) =
(
Z[w ◦ Φ−1]

)
(Φ(x)) . (3.21)

(Wu)(x) =
(
(E′ + SEn)[u ◦ Φ−1]

)
(Φ(x)) . (3.22)

Here Z is defined as (3.12) - (3.13), while E′, En, and S are defined as (3.4) - (3.5). Then
by Corollary 3.4 it follows that Ran (V) = Y q,2

σ (Ω) and V is also invertible. In particular,
V−1 = W on Y q,2

σ (Ω). Finally, W satisfies (i) of Theorem 1.2 by Lemma 3.5. The proof of
Theorem 1.2 for general Ω is complete.

Remark 3.6 (Ukai’s projection). Let V and W be the operators given as (3.21) and (3.22).
Theorem 1.2 implies that the operator

P0 = VW : (Y q,2(Ω))n → Y q,2
σ (Ω) (3.23)
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is a continuous projection from (Y q,2(Ω))n onto Y q,2
σ (Ω). In the case η = 0 (i.e., Ω = Rn

+),
through a short calculation, this projection coincides with the one found by [22, Remark 1.5]:

(P0u)
′ = u′ + Sun − SU(−S · u′ + un) , (P0u)n = U(−S · u′ + un) ,

where S and U are defined as in Remark 1.4 (ii). In the case of general η we have used a
factorization of the elliptic operators. The projection P0 is different from the well-known
Helmholtz projection, which is orthogonal in (L2(Ω))n while P0 is not, as is observed in [22]
for the case η = 0.

3.2 Proof of Theorem 1.2 for Ω = Rn,Rn
+

When Ω = Rn or Rn
+ we can simply take Φ(x) = x, and hence, the isomorphism V coincides

with Z (which is defined as (3.28) - (3.29) below) in both cases. Moreover, the matrices E′,
En, and the operators S, K are respectively defined as

E′v = v′, Env = vn, v = (v′, vn)
⊤ ∈ Rn−1 × R, (3.24)

S = ∇′(−∆′)−
1
2 , K = −(−∆′)−

1
2∇′ · E′ + En. (3.25)

When Ω = Rn the operator U is defined as

(Uφ)(·, yn) = (−∆′)
1
2

∫ yn

−∞
e−(yn−zn)(−∆′)

1
2 φ(zn) dzn, (3.26)

while when Ω = Rn
+ we set

(Uφ)(·, yn) = (−∆′)
1
2

∫ yn

0
e−(yn−zn)(−∆′)

1
2 φ(zn) dzn. (3.27)

With these operators V = (V ′, Vn) is given as in (3.12) - (3.13), that is,

V ′[w] = w + SU(−∆′)−
1
2∇′ · w, (3.28)

Vn[w] = −U(−∆′)−
1
2∇′ · w. (3.29)

On the other hand, the operator W is given as

W = E′ + SEn . (3.30)

Note that, when Ω = Rn
+, the Dirichlet-Neumann map and the Poisson operator coincide

with the fractional Laplacian (−∆′)1/2. It is classical that ∇′(−∆′)−1/2 and (−∆′)−1/2∇′

define the singular integral operators. Hence, for any 1 < r < ∞, the operators S and
K are respectively bounded from Lr(Rn−1) to (Lr(Rn−1))n−1 and from (Lr(Rn−1))n−1 to

Lr(Rn−1). Moreover, it is also well known that the Poisson semigroup {e−t(−∆′)1/2}t≥0 admits
the maximal regularity estimates in Lq(R+;L

r(Rn−1)), 1 < q, r <∞. Hence we have

∥Uφ∥Y q,r(Ω) ≤ C∥φ∥Y q,r(Ω), 1 < q, r <∞, Ω = Rn or Rn
+. (3.31)

Then it is easy to see that the counterparts of Lemmas 3.2 and 3.3 hold with Y q,r(Ω) when
Ω = Rn or Rn

+ as follows.

Lemma 3.7. Let 1 < q, r < ∞ and let Ω = Rn or Rn
+. Then the operator V defined by

(3.28) - (3.29) is extended as a bounded operator from (Y q,r(Ω))n−1 to (Y q,r(Ω))n. Moreover,
we have

Vw ∈ Y q,r
σ (Ω) and WVw = w for w ∈ (Y q,r(Ω))n−1. (3.32)
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Lemma 3.8. Let 1 < q, r < ∞ and let Ω = Rn or Rn
+. Suppose that u ∈ Y q,r

σ (Ω). Then
Enu = UKu and u = VWu hold.

The proof of these lemmas is the same as in Lemmas 3.2 and 3.3, so it is omitted. Theorem
1.2 for Ω = Rn,Rn

+ follows from the next corollary.

Corollary 3.9. Let 1 < q, r < ∞ and let Ω = Rn or Rn
+. Then the operator V defined as

(3.28) - (3.29) is bounded and bijective from (Y q,r(Ω))n−1 onto Y q,r
σ (Ω). Moreover, we have

V−1 = W, where W is defined as (3.30).

3.3 Proof of Theorem 1.1

It suffices to show Y q,r
σ̃ (Rn

+) ≃ Y q,r(Rn
+)

n−1, where Y q,r
σ̃ (Rn

+) is characterized as (3.3) and
is isomorphic to Y q,r

σ (Ω). By (3.3) the correspondence Y q,r
σ̃ (Rn

+) ∋ u 7→ B⊤u ∈ Y q,r
σ (Rn

+)
defines an isomorphism from Y q,r

σ̃ (Rn
+) to Y q,r

σ (Rn
+). Since Y q,r

σ (Rn
+) ≃ (Y q,r(Rn

+))
n−1 by

Theorem 1.2, where the isomorphism is explicit as is stated in Section 3.2, we have Y q,r
σ̃ (Rn

+) ≃
Y q,r(Rn

+)
n−1. The proof of Theorem 1.1 is complete.

3.4 Proof of Theorem 1.3

In this section we prove Theorem 1.3. Firstly let us consider the case Ω = Rn
+. Since the

Poisson operator (−∆′)1/2 and the semigroup {e−t(−∆′)1/2}t≥0 satisfy all of the conditions
(i), (ii), (iii) in [15, Section 3.1] it follows that the space (Y q,r(Rn

+))
n admits the Helmholtz

decomposition, and the Helmholtz projection P : (Y q,r(Rn
+))

n → Y q,r
σ (Rn

+) is well-defined.
Let us define the Laplace operator ∆D in Y q,r(Rn

+) and Stokes operator A in Y q,r
σ (Rn

+) as

DY q,r(∆D) =
{
f ∈ Y q,r(Rn

+) | ∇αf ∈ Y q,r(Rn
+) for |α| ≤ 2, γf = 0 on ∂Rn

+

}
,

DY q,r
σ

(A) = Y q,r
σ (Rn

+) ∩ (DY q,r(∆D))
n,

∆Df = ∆f, f ∈ DY q,r(∆D), Au = −P∆Du, u ∈ DY q,r
σ

(A).

From (3.31) and the Lr(Rn−1) boundedness of the Riesz transform ∂j(−∆′)−1/2, j = 1, · · · , n−
1, it is easy to see from Corollary 3.9 that w ∈ (DY q,r(∆D))

n−1 if and only if Vw ∈ DY q,r
σ

(A).
Thus we have DY q,r

σ
(A) =

{
Vw | w ∈ (DY q,r(∆D))

n−1
}
. Moreover, since div∆DVw = 0 in

Rn
+ in the sense of distributions, we see (I −P)∆DVw is a harmonic pressure, which implies

W(I −P)∆DVw = 0 by Lemma 3.5. Note that ∆D commutes with W = E′ + SEn by the
definitions of E′, S, En in (3.24) - (3.25). Thus we have

V−1AVw = −WP∆DVw = −W∆DVw

= −∆DWVw

= −∆Dw .

Hence V−1AV = −∆D holds as operators in (Y q,r(Rn
+))

n−1, and equivalently, we have
−A = V∆DV

−1 as operators in Y q,r
σ (Rn

+). It is not difficult to see that ∆D generates a
strongly continuous and analytic semigroup in Y q,r(Rn

+), which has an explicit representa-
tion in terms of the n dimensional Gaussian and its reflection with respect to the vertical
variable. Therefore, −A also generates a strongly continuous and analytic semigroup in
Y q,r
σ (Rn

+). In particular, the formula e−tA = Vet∆DV−1 holds. The case Ω = Rn is proved
in the similar way, though this case is simpler due to the fact

(I −P)∆DVw = ∆DVw −∆DPVw = ∆DVw −∆DVw = 0 ,
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where P and ∆D are now realized in (Y q,r(Rn))n. We omit the details here. The proof is
complete.

Acknowledgements. The first author is partially supported by Grant-in-Aid for Young
Scientists (B) 25800079. The second author is partially supported by Grant-in-Aid for Young
Scientists (A) 25707005.

References

[1] Auscher, P., McIntosh, A. and Mourgoglou, M. On L2 solvability of BVPs for elliptic
systems, J. Fourier Anal. Appl. 19 (2013) 478-494.

[2] Bogovskii, M. E., Decomposition of Lp(Ω,Rn) into the direct sum of subspaces of
solenoidal and potential vector fields, Dokl. Akad. Nauk SSSR, 286 (1986) 781-786
(Russian); English translation in Soviet Math. Dokl., 33 (1986) 161-165.

[3] Desch, W., Hieber, M. and Prüss, J., Lp-theory of the Stokes equation in a half space,
J. Evol. Equ., 1 (2001), 115-142.

[4] Engel, K.-J. and Nagel, R., One-Parameter semigroups for linear evolution equations,
Graduate Texts in Mathematics, Springer-Verlag, New York, 2000.

[5] Farwig, R. and Sohr, H., Generalized resolvent estimates for the Stokes operator in
bounded and unbounded domains, J. Math. Soc. Japan 46 (1994) 607-643.

[6] Galdi, G. P., An introduction to the mathematical theory of the Navier-Stokes equations,
Volume I, Linearised steady problems, Revised Ed., Springer-Verlag, New York, 1998.

[7] Giga, Y., Analyticity of the semigroup generated by the Stokes operator in Lr spaces,
Math. Z. 178 (1981) 297-329.

[8] Hofmann, S., Kenig, C., Mayboroda, S. and Pipher J., The Regularity problem for
second order elliptic operators with complex-valued bounded measurable coefficients,
preprint, arXiv: 1301.5209 [math.AP].

[9] Jerison, D., Kenig, C., The Neumann problem on Lipschitz domains, Bull. Amer. Math.
Soc. (N.S.) 4 (1981) 203-207.

[10] Jerison, D. and Kenig, C., The Dirichlet problem in nonsmooth domains, Ann. Math.
(2) 113 (1981) 367-382.

[11] Kato, T., Perturbation Theory for Linear Operators, second edition, Springer-Verlag,
1976.

[12] Kenig, C., Koch, H., Pipher, J. and Toro, T., A new approach to absolute continuity of
elliptic measure, with applications to non-symmetric equations, Adv. Math. 153 (2000)
231-298.

[13] Maekawa, Y. and Miura, H., On domain of Poisson operators and factorization for
divergence form elliptic operators, preprint, arXiv: 1307.6517 [math.AP].

[14] Maekawa, Y. and Miura, H., On Poisson operators and Dirichlet-Neumann maps in
Hs for divergence form elliptic operators with Lipschitz coefficients, to appear in Trans.
Amer. Math. Soc., preprint, arXiv: 1307.8151 [math.AP].

14



[15] Maekawa, Y. and Miura, H., Remark on the Helmholtz decomposition in domains with
noncompact boundary, Math. Ann. 359 no.3-4 (2014) 1077-1095.

[16] Maekawa, Y. and Miura, H., On the Stokes problem in an unbounded domain with
graph boundary, in preparation.

[17] McCracken, M., The resolvent problem for the Stokes equation on halfspaces in Lp,
SIAM J. Math. Anal. 12 (1981) 201-228.

[18] Payne, L. E. and Weinberger, H. F., New bounds in harmonic and biharmonic problems,
J. Math. and Phys. 33 (1955) 291-307.

[19] Prüss, J. and Sohr, H., Imaginary powers of elliptic second order differential operators
in Lp-spaces. Hiroshima Math. J. 23 (1993) 161-192.

[20] Rellich, F., Darstellung der Eigenwerte von ∆u+λu = 0 durch ein Randintegral, Math.
Z. 46 (1940) 635-636.

[21] Solonnikov, V., Estimates for solutions of nonstationary Navier-Stokes equations, J.
Soviet. Math. 8 (1977) 467-529.

[22] Ukai, S., A solution formula for the Stokes equation in Rn
+, Comm. Pure Appl. Math.

40 (1987) 611-621.

15


