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ANALYTICITY OF THE STOKES SEMIGROUP IN BMO-TYPE
SPACES

MARTIN BOLKART, YOSHIKAZU GIGA, AND TAKUYA SUZUKI

ABSTRACT. We consider the Stokes semigroup in a large class of domains in-
cluding bounded domains, the half-space and exterior domains. We will prove
that the Stokes semigroup is analytic in a certain type of solenoidal subspaces
of BMO.

1. INTRODUCTION

We will investigate the homogeneous Stokes equations

u—Au+Vr = 0 inQx(0,7)
(1.1) divu = 0 inQx(0,7T)
' u = 0 ondQ2x(0,7T)
w(0) = wo

in a uniformly C3-domain  C R™ (n > 2). The LP-theory for 1 < p < oo of
the Stokes equations is quite well understood if the Helmholtz projection in LP
exists. For this let L2 (Q) be the closure of CZ%(2), the space of smooth solenoidal
vector fields with compact support, in LP(§2). The Helmholtz projection is then
the projection operator from LP(Q) into L2 () derived from the Helmholtz decom-
position. In [Gig81] the second author proved that the Stokes operator generates
an analytic semigroup in L2(Q) if Q is a bounded domain. The same result was
proved in [GHHS10], [GHHS12] for general domains under the assumption that
the Helmholtz decomposition of L2 () exists. For domains not admitting the LP-
Helmholtz decomposition this result is still unknown.

In [AG13] and [AG14] K. Abe and the second author proved similar analyticity
results in solenoidal subspaces of L>°(Q2) for a certain class of domains called ad-
missible. Similar analyticity results in L> by resolvent estimates were obtained in
[AGH15].

In this work we want to generalize these analyticity results to a subspace of
BMO. In order to do so we introduce a norm measuring the mean oscillation of the
function inside the domain and the mean value of the function near the boundary.
We define this BMO-type norm in the following way. Let for f € Li () and

loc
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B C ) the mean value fp be defined as

1
B = Im/Bf(y) dy

For the parameter u € (0, 00] we define the BM O-seminorm

oy = / ~ fow| d.
[ }BMO(Q) B, (ac CQ ,r<jt |B | B )|

We will usually omit 2 in the notation of the seminorm if no confusion may arise.
The space BMO*(Q) is then defined as

BMOM(Q) == {f € Lioe() : [fl5ar0 < 0}

We define for v € (0, 00] the seminorm

[f]y = sup{r‘"/ lf ()| dy : xg € 00,0 <7 < v}.
B (Io)ﬂﬂ
Then

£l Baror = [flgnmo + [l

will be called the BMO-type norm. The space BMO}""(Q) is then defined as the
space of all functions f € Li,.(Q) satistying || fl|pasop» < oo. Let VMO () be
the closure of C2°(Q2) and VMOy'y () the closure of C2%, () with respect to the
norm | - [ parop». Furthermore, let Co,5(92) be the closure of C2, () with respect
to the L>-norm. It is obvious that Cp »(2) — VMO ().

Further we define for p € (1, o)

Fivop = sup / ~ Foo P dy)?,
B, (2)CQ,r<p |B |
= s (7 / i/ (>|pdy>1/p
2o €00,0<r<v B, (x0)NQ

||f||BMog‘=”p = [f]%MOp + [f]Zp-

Note that by the John-Nirenberg inequality the seminorm [f]’ Mop 18 equivalent to
(/1’5 m0 provided that p € (1,00) and p € (0, co].

In [FKSO05], [FKS07] it was proved that for the space L" := L2 N L" if r > 2,
L":=L2+1L" otherwise, there is a bounded Helmholtz projection P, from L ()
to L7(Q) in uniformly C2-domains. Furthermore, it was proved that the Stokes
operator generates an analytic semigroup in L7 (Q). Here L% (Q) is the closure of
C25,(82) in the L-norm. The Sobolev space W, is defined as the closure of C2°(Q)
with respect to the norm || - || g1 == |||z + |V - ||z-. In [FKSO05], [FKS09] it was
proved that for every ug € L"() there is a unique solution u(t) € Wy ()N L% ()
with V2u(t), u(t), Vor € L"(€2). We call such a solution L"-solution.

We are now ready to define the notion of an admissible domain in the sense of
[AG13]. Let Q be a uniformly C?-domain. The domain €2 is then called admissible

if there arer >mn and a _constant C > 0 such that for all matrix-valued functions
f€CHQ) with div f € L"(Q), tr f =0 and 9, f;; = 9jfu (1 <i,4,1 <n)

Slelgdist(x,aQ)KI —P.) (V) (@) < C|fllLe=(a0)
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holds. Examples of admissible domains are bounded domains, the half space
([AG13]) and exterior domains ([AG14]). A layer domain of dimension n > 3
is an example of a domain that is not admissible ([Bell4]) but has a Helmholtz
decomposition in LP ([Miy94]). Furthermore, there are also examples of admissi-
ble domains that do not have a Helmholtz decomposition in L" as constructed in
[AGSS15].

Having these definitions the first and the second author proved in [BG15] that
for the Stokes equations the L°°-norm of the derivatives of the solution can be
estimated by the BM Op-norm of the initial data as in the following theorem.

Theorem 1.1. Let
N(u, ) (x,t) = tY2|Vu(z, t)| + t|V2u(z, t)| + tlu(z, t)| + t|V7r(z, 1)].

Let Q be an admissible, uniformly C®-domain in R™, u,v € (0,00]. Then there exist
a solution operator S to (1.1) and constants C,Ty > 0 depending only on p,v,n
and Q such that
sup [N (u, 7)(,1)[loo < Clluollparop
0<t<Ty

holds for every L"-solution (u,Vr) with uy € Coo (). By density the estimate
holds also for each ug € VMO () with S(t)ug = u and a suitable choice of 7.
The solution operator S is taken so that it agrees with the L?-Stokes semigroup on

Coo(82).

The estimate tl|u.(t)|| parop~ < Clluollparop for t < Ty which is a consequence
of the theorem is the estimate needed for proving the analyticity of a semigroup.
Nevertheless, in our case we have the required estimate but this is not enough to
conclude that the Stokes operator actually generates a semigroup on VM O{f) ’0”’0((2)
since the theorem does not give us sufficient control about the solution u itself. It
is the aim of this paper to close this gap and to show that the Stokes semigroup is
analytic in VMO ().

For this we will need to assume some regularity at the boundary and will make
use of the following property.

Lemma 1.2. Let Q be a uniformly C?-domain. Then there exists a constant R
such that for all x € Q with dist(z,00Q) < R there is a unique projection to a
boundary point x. € 02 such that the line between z. and x is normal to OS2 in x..

Proof. For a proof see [GT77, appendix] and [KP02, §4.4]. O

We define then for a uniformly C?-domain the number R* > 0 to be the supre-
mum of all R satisfying the above for 2 and its complement. This R* is often called
the reach of 9§ ([KP02]).

Our main result then states that in an admissible domain the Stokes operator
generates an analytic semigroup in VMO;'y (Q) for suitable choices of y and v.
The constant C,, ; denotes here a constant depending on the regularity of the
domain which will be defined in section 4.

Theorem 1.3. Let Q C R™ be an admissible, uniformly C3-domain. Let 0 <
v < R and p € (C?Z’Lu7 oo]. Then the Stokes operator generates a Co-analytic
semigroup in VMO ().



The main idea of the proof is deriving estimates for
/ (u(y,t) — uBr(m)(t))2 dy and / u(y,t)? dy
By(z) B (20)NQ

for B,(z) C Q and xo € 99Q. This can be done by using the fundamental theorem of
calculus u(t) = fot us(s) ds—ug, the equality uy = Au— V7 and integration by parts
such that we only need to estimate m and the gradient of u. Via an estimate on
harmonic functions the pressure in this calculation is also controlled by the gradient
of u. By the estimate

1
sup 12 [[Vu(t)|leo < Clluollparop
0<t<Top

of Theorem 1.1 we then obtain for ¢ < T the inequality

lu®ll parop-2ve < Clluoll parop-

Finally, we will need equivalence results between different BM Op-norms to compare
these two norms and get the boundedness in VM Ol‘: o - (). Together with the time
derivative estimate of Theorem 1.1 this yields the anaiyticity of the Stokes operator
in VMO ().

This paﬁer is organized as follows. In section 2 we will prove estimates that will
be needed to get control of the pressure terms that will appear in our calculations.
In section 3 we will prove that we can estimate the BMO-type norm of the so-
lution by another BM O-type norm of the initial data and that the solution is in
VMO (). In section 4 we will prove the required equivalence results of differ-
ent BMO-type norms. In section 5 we will consider the Stokes semigroup in the
half-space and prove the global boundedness of the semigroup and its derivatives.

2. BOUNDARY ESTIMATE FOR THE PRESSURE

In this section we will prove estimates for harmonic functions in order to estimate
the pressure terms in section 3 in a suitable way.

Theorem 2.1. Let Q be a bounded C?-domain and consider the equation

Ar = 0 in Q
g—g = divgng on 0N
Jomdz = 0.

Then there is a constant C' > 0 depending only on C?-regularity of 2 such that
(2.1) 17l 2 00) < Cllgllz2(o0)
holds for all g € L*(0Q) with g-n =0 on 9.

We shall prove this theorem in several steps. We first recall a type of the Necas
inequality. For Lipschitz domains we consider the Sobolev space on the boundary
990. Let H'(9Q) denote the space of all f € L?(9Q) whose weak tangential deriva-
tive Voo f is also in L2(92). We equip this space with an inner product in the same
way as in the definition of H'(Q). The space H*(9Q) (0 < s < 1) is given as the
complex interpolation space [L?(9Q), H'(99)], based on fractional powers of the
self-adjoint operator associated with the inner product of H! ([LM68]). It is well-
known that the trace space H'/2(9Q) of H'(Q) agrees with this characterization
of the interpolation ([LM68]). Let H~*(02) be the the dual space of H*(0%).
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Lemma 2.2 (Necas inequality). Let Q C R™ be a bounded Lipschitz domain. Then
there exists a constant C' depending only on the Lipschitz regularity of 0 such that

(2.2) IVoaflla-100) < Cllfllro0)
for all f € L?(09)), where Vo denotes the weak tangential gradient.

Proof. This can be proved as in [BF13, Theorem IV.1.1] where a similar inequality
has been proved for €2 instead of 2. a

Lemma 2.3. Let Q C R™ be a bounded Lipschitz domain. Then for s € [0,1] there
exists a constant C depending only on the Lipschitz reqularity of Q) such that

(2.3) Voo flla——sa) < Cllflla-+00)
for all f € H'=2(0Q). In particular,
(2.4) IVoaflla-12000) < Cllfllmr200)

for all f € HY?(09).
Proof. We interpolate (2.2) with

IVoafllzzo0) < Cllflla o0)

to get (2.3) by complex interpolation theory ([LM68]). Note that H *(9)
[L2(89), H~(09)] ..

Ol

We next recall the solvability of the Neumann problem

Au = 0 in

(2:5) g—ﬁ = h on 0f)

under the compatibility condition |, 80 hdH" ' = 0. The Lax-Milgram theorem or
even the Riesz representation theorem for a Hilbert space guarantees the existence
of a solution v € H'(Q) for h € H~'/2(9Q). If h is regular, say h € H'/2(9Q) and
if 00 is C?, then v is H?. This is also standard. We just summarize these results
which are for example found in [BF13, Theorem III.4.3] including the case when the
Laplace equation (2.5) is replaced by the Poisson equation Au = f.

Lemma 2.4. Let Q be a bounded Lipschitz domain in R™. For a given h €
H=Y2(0Q) with [y, hdH"™' = 0, there is a unique weak solution u € H'()
of (2.5) satisfying fQ udx = 0. This linear operator h — u fulfills the estimate

(2.6) lull gy < Cllhllg-1/2000)

with C' depending only on Q through its Lipschitz reqularity of € as well as the
second eigenvalue of the Laplacian with Neumann boundary conditions.

Moreover, if Q is C? and h € HY?(0Q), then u € H*(Q). The linear operator
h — u fulfills the estimate

(2.7) [ull2(0) < CllAl 1200
Here, the constant C depends in addition on C?-regularity of ).

The dependence of C' with respect to the second eigenvalue of 2 of the Lapla-
cian with Neumann boundary condition appears when one uses the Poincaré type
inequality to control the L?-norm of u by the L?2-norm of Vu. The estimate (2.6)
together with the well-known trace theorem [BF13, Theorem III, 2.2] and the Necas
inequality yield estimates for v on the boundary.
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Lemma 2.5. Let Q be a bounded Lipschitz domain in R™. Let g € H'/?(0Q) satisfy
g-n =0 ondQ and let m € H'(Q) with [, 7dx =0 be the unique solution of (2.5)
with h = divgq g. Then

(2.8) vl 2 00) < Cllgll rrza0)

with C depending only on the Lipschitz regularity of ) and the second eigenvalue
of the Laplacian with Neumann boundary condition, where v denotes the trace on
on.

Proof. We first notice that f(’)Q hdH™ ! = 0 because g is tangential. By the Necas

type inequality (2.4) we observe that divg € H~'/2(0Q), which guarantees the
existence of an H!'-solution 7 (Lemma 2.4). We now observe by the trace theorem,
(2.6) and (2.4) that

vl 1200y < CrllmllE (@)
< ol divoa gllg-1/2(00)
< C3llgll 1200

which yields (2.8) where C; denotes a constant depending only on 2. Here we only
used Lipschitz regularity of the boundary. ([l

We finally apply a duality argument.

Lemma 2.6. Assume that Q is a bounded C?-domain in R™. Let g and 7 be as in
Lemma 2.5. Then

(2.9) ”'WTHH*U?({)Q) < C||9||H*1/2(8Q)

with C depending only on C?-reqularity of Q as well as the second eigenvalue of the
Laplacian with Neumann boundary condition in €.

Proof. Let uj be the H?-solution (satisfying [, undr = 0) of (2.5) with h €
H'/2(09) satisfying Joq hdH™ 1 = 0. By the Green formula we have

/ (ym)hdH™ ™ — / aluh dH" ™ = / (mAup, — upArn)de =0,
a0 o0 On Q

where yup, is denoted simply by up. Thus

/ (ym)hdH" ! = / (divag g)up dH™ ™' = — / g+ Voqup dH™ L.
o0 o0 o0

This representation yields

/ (ym)h dH" !
o0

By the trace theorem we get

/ (ym)h dH™ !
o

which yields (2.9). O

< |lgllzr-17200) 17V ounll gr1/2 a0 -

< HgHH—l/Q(aﬂ)||h||H1/2(aQ)

Proof of Theorem 2.1. Since the estimate (2.9) guarantees that g — 7 is extend-

able from tangential H~1/2(9Q) to H~/2(9Q), interpolating (2.8) with (2.9) yields

(2.1), where we suppress the trace symbol v. Here we invoke the property that

[HY/2(0Q), H-/2(0Q)], ,, = L*(09) ([LM68]). O
6
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3. BOUNDEDNESS IN BM O-TYPE SPACES

In this section we will prove that the solution operator maps VM Ob 0, . (Q) to
VMO b,a( ) under suitable choices of 11 and v and finally conclude the analyticity
of the Stokes semigroup in these BM O-type spaces. We will distinguish between
small and large balls and use the derivative estimate of Theorem 1.1 in order to
prove this boundedness. It will be easier to do most of the calculations with the
BMOy2-norms since in this case we do not have to take care of the absolute value
in the definition and it enables us to integrate by parts in a way that fits to our
needs.

Since we will also need some control over the mean values we will start with an
estimate on mean values of the solution.

Lemma 3.1. Let p,v € (0,00] and Q an admissible uniformly C3-domain. Then
there are constants C, Ty > 0 which are independent of r,ug and t such that

112
|up, (o) (t) — top, ()] < Ci””OHBMo” v

holds for all solutions u := S(t)ug of (1.1) with ug € VMOy§ (Q), t € (0,Tp) and
B, (z) C Q.

Proof. By the fundamental theorem of calculus, equation (1.1); and integration by
parts we get

B o)~ o) dy

oI /
= (y,s)dsdy
|BT(‘r| B, (x) a
@l Lo
u(y,s) — Vr(y,s)dyds
=B o Jon v, ¢)

1
- |//aB( S ) — m(y, S dH () s

Then we can estimate this in the following way by using the Hoélder inequality
n—1
Ifllrom,) < Iz2@B,) 1fl2@8,), Where |[L]|L2@08,) = Cr2

1
1B, (@) /B, ()
w—l

ou .
< [ n
- r A ,,«n—l ~/BBT(w) |8n (ya S)l + |7T(y, s)n| dsdH (y)

wl [t B
< [ IVl ¢ 0) + () s o o) ds
OB, (x)

r Ornl

u(y,t) — uo(y) dy

c [t _n-1
<& OVl + 775 (o) zom, o) .

We get then by Theorem 1.1, Theorem 2.1 with choosing 7 such that fB @ = 0,

(1.1)1 and the Hélder inequality ||f|[z205,) < 12208, I/l (05,)
7



1
|-BT($)|/BT(I) u(y,t) — uo(y) dy

C ¢ _n—1
S;/ (IVu(s)lloe + =7 || curlu(s) x nl| 255, (2))) ds
0

C t
<< / V()| oo ds
T Jo

c (" .
<— | s 7 |lwlpmoyr ds
™ Jo

1/2
<C——lluollprrop-

O

In the next theorem we obtain bounds for the mean oscillation of the solution in
large balls.

Theorem 3.2. Let 2 C R" be an admissible, uniformly C3-domain, u,v € (0, 00].
Then there are constants C, Ty > 0 depending only on Q,n,u and v such that for
all 0 < r < p and x € Q with B,(x) C Q, t € (0,Ty) and all ug € VMO, (Q)
with u(t) = S(t)uo
el (O dy < O(1 + ) ol
o TN ul\y,t) —up, (= Y Up e
1B (@)] . @t BMOL

Proof. By the fundamental theorem of calculus, (1.1); and integration by parts we
get

[ tutyet) = us 0 dy
B,
= [ttty =, )| XL 0 s )~ o, )

<

/BT(u(Zl,t) —upg,(t)) /Ot(Au(y, s) — Vr(y,s))ds dy‘

tauBT
[, )~ 1) [ 58 ) asay

+ lu(y, t) — up, (t)||L2(B,) luo — woB, |L2(B,)

/Vuy, Wt v+ [ [ .0 = um, ) 3 0) a5 ) s

+

(u(y,t) —up, (t)7(y, s)n) dH" " (y) ds

0B,

+ / (uly, 1) — up, (£)) dy(ug, (t) — vop, )

r

1 1
+§/ \U(y,t)*UBT(t)deJrg/ luo(y,t) — uom, |* dy,
B, B,
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where we can take the second to last term to the left hand side and the last term can
be estimated by r"[uo]’; ;0o Which by the John-Nirenberg inequality is equivalent
to 7™ [uol’s 0. We will use the derivative estimate of Theorem 1.1 for estimating
the other parts. The first term can be estimated by

t
// Vu(y, t)Vu(y, s) dy ds
0 JB,

< /B VD)l / V()] oo ds dy

t
< Crnt_l/ZHUoHBMog’”/ 3_1/2HU0||BM05=” ds
0

< Cr'[luollBarop-

For the second summand we get

[ [t~ um )5t a ) ds
0 JOB,

< /d ), 1) / V()| oo ds dH™ (1)

t
<C [ ulyt) = up 017 ) [ 52 ulaarog - ds
r 0

<Ot Puwllpops [ Tulut) ~ un, (014 0)

r

In order to estimate the third term we estimate the pressure part by using Theorem
2.1, (1.1); and Hoélder’s inequality.

/ / (u(y,t) — up, (£))m(y, $)m) dH (y) ds
0 OB,

t
<Jlu(t) — up, (&) 208, / ()]l 2205, d
0
t
<r(=1/2 ) (t) — uB,,,(t)llLoo(e)Br)/ r(" D72 curlu(s) x 0| < (op,) ds
0

t
<r V() oo / IV u(s)l]oo ds

<Cr™[[uolpop+-

where we used Poincaré’s inequality with constant Cr in B, in the second to last
line. For the fourth term we use Lemma 3.1

/B (u(y,t) — up, (£)) dy(up, (t) — vop,)

£1/2
<[ fulyst) - un, (0P )2 ol arop
B

r

t
< [ July,t) = us, (OF dy + - 5" JuolBspsop -
B

r

9



Thus we have the estimate

t
[ 1u0t) = s, (OF dy <Cr 1+ D) uolyagope + 2 [ fulot) — s, (O dy

r T

+ O gl marop [ fulnt) = up, (0] 1 ).

After taking the term containing ¢ to the left hand side it is left to estimate
Jop lu(y,t) —up, (t)| dH" ' (y). By the trace theorem and Poincaré’s inequality
we obtain

/ u(y,t) —up, ()] dH" " (y) < Cr(/ Va(y, t)]* + [uly, t) = up, () dy)'/?
0B,

r

<oy / Vuly, £)? dy) /2.

r

We see by a scaling argument that C, = C7"/2. Then

o1/ /8 luly, £) — wg, (B)] dH* (y) < CEL2 2| Va(t) | 125,

< CtY 2™ | Vu(t) | oo
< CT”H“OHBMO,@W

such that we finally obtain
t
(Y, 8) — g, (o) () dy < O (1 + ) o] % g
B, (z) r b

O

For boundedness we will need similar estimates for small . These estimates can
be proved in a much simpler way by using Poincaré’s inequality.

Lemma 3.3. Let Q C R™ be an admissible, uniformly C®-domain, u,v € (0,c].
There are constants C, Ty > 0 depending only on Q,n,u and v such that for all r
and x € Q with B.(xz) C Q,t € (0,Ty) and allug € VMO, (Q) with u(t) = S(t)uo
: (9. 8) = s, (O dy < O ol

—_— U —UB (x < C—|u o

|Br ()] JB, (z) v B () Y ¢t 1MollBMOy
Proof. By Poincaré’s inequality in B, with constant Cr and Theorem 1.1 we can
estimate

/B 0 =,y (O dy < / lu(t) — wp, oy (B)]% dy

Br(m)

< c/ r2([Vull2, dy
B, (x)
2

T
< CTnTHUoHBMog%
O

We can now estimate the BM O-part of the BMOp-norm in a suitable way. In
a similar way we will get estimates for the boundary part of the norm. Since
By(z0) N Q for zg € 9Q is not a C%-domain which we will need for the estimate of
the pressure, we need to change the parameter v in a certain way.
10



Theorem 3.4. Let Q C R™ be an admissible, uniformly C3-domain, u € (0, 0],
0 < v < R*/2. There are constants C,Ty > 0 depending only on Q,n,u and v such
that for all zo € 9, r < wv,t € (0,Tp) and all ug € VMOy'y () with u(t) = S(t)uo
1 v
s lu(y, t)|* dy < C(HUOHQBMO,‘,W + [uo]y)-

BT(QC())QQ

Proof. Let B.(x0) NQ C BcC Ba,(20) N Q be a domain with C2-regularity, where
the C2%-regularity of B depends only on v and the C3-regularity of Q. Again by
fundamental theorem of calculus and integration by parts we obtain

[ 1t dy
:/Bu(y,t) /Otgl;(y,s) dsdy—/éu(y,t)uo(y) dy

t
u(yvt)/ Au(yv S) - Vﬂ'(y, 8) ds dy‘ + ||u(t)||L2(B)||u0||L2(B)

‘/ u(y,t) AU(y,) Vr(y,s dsdy‘ /Iu y, t)|° dy

bo wPdy
BZT(IO)QQ

where we take the second summand to the left hand side. The last summand can
be estimated by 7"[ug]75. For the first summand we obtain by using the estimate
lull Lo (Bay (z0)n0) < Cr||Vu||DQ, which follows from the homogeneous boundary
condition, estimating the part with pressure 7 in the same way as in Theorem 3.2
and integrating by parts

o | ' Auly,s) - Vrly,5)ds dy'
STC;(/BVu(y,t)/otVu(y,s)dsdy‘+ /aBu(y,t)/Otgz(y,s)dsdH"1(y)
) [ r(y,s)mds cm“@)\)

oB
C t
<S ([ 1vui [ 1901 ds
B 0

[ Va1V dsan )

+ [t [ et omlas )

O t
<Cluolmsrope + xu®la0) [ 17520 ds

<Clluollprrop»-

Finally we obtain

/B [y, )2 dy < o parop-r + Cluol?y

11



d

Let C, 1 be a constant depending on 2 which will be defined in section 4.
Roughly speaking, C,, 1, measures the degree of shrinkage of transforms from neigh-
borhoods near the boundary to R’f.

Theorem 3.5. Let Q C R™ be an admissible, uniformly C3-domain, 0 < v < R*,
we (C%LI/, o0|. Then there are constants C, Ty > 0 depending only on Q,n,u and

n
v such that for all t € (0,Tp) and all ug € VMO () with u(t) = S(t)uo
u@®)l| Barop+ < ClluollBamorr
holds.

Proof. By Theorem 4.3 that will be proved later we can assume that v < R*/(4C,, 1.).
since the norms with different such v are equivalent. By Theorem 3.2, Lemma 3.3
and Theorem 3.4 we obtain for some Ty and C' depending only on Q,n, u, v

(3.1) lu(®)l Baropa < Clluollsaopr + Cluolys (¢ € (0,T0)).

We will now use two different equivalence results on the BM Op-norms. At first

note that it is immediate from the definition and Hoélder’s inequality that
[u@) || Brrop+ < Cllu®)l Barop2-

Since 2v < R*/(2C,,;) we can use the equivalence between || - ||BMO£’2”2 and

II - ||BMO£L,2L/ that will be proved in the next section (Theorem 4.7) to estimate

Cluo)2y such that we get
lu)l| paropr < Clluollprrog + Clluoll parop= (¢ € (0,To)).

Now we will use the equivalence between || - [|grronv and || - || gpron2 (Theorem
b
4.3) which yields

lu(@) | Brros+ < Clluollsamopr  (t € (0,T0)).
O

Now we have all estimates that are necessary to obtain a semigroup. How-
ever, as in the L>-case Cg%(€2) is not dense in the largest solenoidal subspace of
BMO" (). Thus, in order to get a semigroup on VM Oy () we have to ensure
that the solutions u(t) € VMOyy () for ug € VMO (). This will be done
in the appendix.

We are now able to show our main result, the analyticity of the VM Og" 0.0 (2)-
Stokes semigroup.

Proof of Theorem 1.3. By Theorem 1.1 and the embedding L>(Q) < BMO}""(Q)
we know that the solution operator S(t)ug satisfies the estimate

d C
||£S(t)u0HBMO{:’” < ?HUOHBMOg“” (t € (0,Tp)).
Furthermore, we know by the previous theorem that
(3:2) [S(®)uoll sarog < Colluollprropr (¢ € (0,T0)).

By the appendix we obtain that S(t)ug € VMO () for every ug € VMO ()

and t € (0,7p). From this we can conclude that S(t)ug € VMOyYy () for every

t > 0. This together with the above estimates yields that S is an analytic semigroup.
12



It is left to show that S is a Cy-semigroup. It was proved in Proposition 5.3 of
[AG13] that for all uyp € C2% ()

lim || (£) g — o]l = 0.

If we now take ug € VMOyy (), then there exists by definition of VM Oy, () a
sequence ug* € C2%(€2) such that ug* converges to ug with respect to the BMO;""-
norm. Then we have by (3.2) for t < Tj
1S (t)uo — woll paror~
<[[S()(uo = ug") [ Barop+ + 1S@us" — ug'l| Baror + lluo — ug'l| paros-
<(Co + Dllug" — wollparog + (2 + wn) [S(#)ug" — ug'{|oo-

€

For given € > 0 we choose then m € N such that [|uf® — wollparopr < T
and then o > 0 sufficiently small such that [|S(t)ug’ — ug'llec < 515y for all
0 <t <tg. Then
[1S()uo — uollparor < e
for t < to which proves that S is a Cp-semigroup.
(]

4. REMARK ON EQUIVALENCES OF BM O,-NORMS

In this section we will prove the equivalence results for different BM Op-norms
that were used in the proof of Theorem 3.5.

For these equivalence results we will need a fundamental theorem on BMO-
functions that states that the L'-norm of a function in a large area can be controlled
by the L!-norm of the function in a small area and the BM O-seminorm of f.

Theorem 4.1. Let p € (0,00] and Q C R™ be a domain. Then for all f €
BMO*(Q),a>1,7>0, 1,22 € Q with B.(x1) C Bar(z2) C Q and ar < p holds
the inequality

(4.1) Nl (Bar@e)) < [Bar(@2)|(1+a")[flpr00) T " I1f 122 (B, @1)-
Proof. Let By := B.(21), B2 := Bgr(z2) and fi=f- fB,- By fBl f- f32 dy =
—|B1|fB, we obtain

XN S/B 1 Foaldy

and thus

Ballflyuio > [ 1F = Fldy
By

> [ 1F Fauldy
B
> |B1|fB.|.
From this we can estimate the mean value of f in By by

/5.1 < a"[fgaro-

13



Then we can estimate the L'-norm of f by using estimates on the mean values
together with the L'-norm of f on a small ball.

I sy < W = fBillr sy + |BallfB,]

= fllz1(my) + B2l f5,]
| B

<\ f = Fallirmy) + | Bl fBa] + @”JCHD(BQ

<|Ba|[fsrro + [B2la" [flsao + a" I fllLi sy
= [Ba|(1 + a™)[fI5ar0 + "I f |21 (B, (21))-
O

Since we consider BM O-functions on domains it will be useful to extend those
functions to the more classical BM O-functions on R™. P. W. Jones proved in
[Jon80] the exact condition when this is possible. This condition is in particular
satisfied if the domain is a bounded Lipschitz domain.

Theorem 4.2. Let ) C R™ be a bounded Lipschitz domain. Then there is a
constant C' depending only on Lipschitz reqularity of 02 such that for each f €
BMO> () there is an extension f € BMO®(R"™) such that

[AZrown < Clf1Bmow)-
Theorem 4.3. Let Q C R" be a uniformly C%-domain, vy < vy < R* and p €
[v2,00]. The norm || - || gprop is then equivalent to || - || gprop»:-

Proof. 1t follows immediately from the definition that for 11 < va, [[flgpop= <
I/l arop-+2- Thus it is left to show that

1

L £ dy < Cl | parop
r QﬂBT(a?(])

with a constant C' > 0 independent of zg € 02 and v1 < r < v5. Since vy < r < R*,
every By (o) N C Br(z0) N{2 contains a ball By of radius 11 /4 and the Lipschitz
regularity of Q N B,(xo) is uniform. Thus by Theorem 4.2 there is a uniform

constant C' > 0 such that for all zo € 9Q and all 1 <r < vy there is an extension
of flanB, (z) to f € BMO>(R") with

[flBmo@) < ClflEMo@ns, @) < ClfBaow)-
Since [ |f(y)ldy < vP[f];* we obtain by Theorem 4.1 for v1 <7 < vy that

1 1 _
— |f(y)ldy < — |f(y)| dy
r QQBT(IU) r BT‘(IU)
4V2 — (4l "
<wn(l+ (Tl)n)[f]oBoMO(]R{") Vrln £z (B
< Clfao () + CLfI
with a constant independent of r and xg. (I

We now want to prove the equivalence between BMO}""p and BMO;"”. Our
proof is divided into two parts. One concerning Holder type estimates and one
concerning reverse Holder type estimates which will be the crucial part.

14



Lemma 4.4 (Holder type estimates). Let Q C R™ be a domain, p € [1,00), p,v €
(0,00] and f € BMO}"p(Q). Then f satisfies the following estimate
1 fllBaropr < Cllf oy

for some constant C' = C(n,p) > 0.
Proof. This Lemma is easily obtained by the use of Holder’s inequality. O
For the reverse Holder type inequality we need the John-Nirenberg inequality.

Theorem 4.5 (John-Nirenberg inequality). Let Q C R™ be a domain, p € [1,00),
f € BMO*(). Then, there exists C = C(n,p) > 0 such that

[Barop < Clfparo-

Proof. This inequality is rather different from the original John-Nirenberg inequal-
ity ([JN61]), but it can be obtained from this inequality. O

Let Q C R” be a uniformly C2-domain with Lipschitz constant L and let xo €
9. We define @,, : QN Br«(z0) = R by Oy (2) = (2,20 — ¢, (2')) where ¢y,
is a Lipschitz function with Lipschitz constant L which is a local coordinate of OS2
at xo. Let d(A) denote the diameter of A. Then we define the degree of shrinkage
of Q (denoted by C,, 1) by

sup{ d(®yy (Br(2) NQ)) (27, (Br(x) N Q))
d(B-(z)NQ) ' d(B.(z)NQ)
We remark that this degree depends only on n and L because 2 is uniformly

Lipschitz. Now we want to state the reverse Holder type estimates up to the
boundary.

cx € O, B(x) C Br+(x0),zo € 00}.

Lemma 4.6 (Reverse Holder type estimates up to the boundary). Let Q@ C R”
be a uniformly C?-domain with Lipschitz constant L. Let C,, , denote the degree
of shrinkage of Q. Let v € (0,R*/(2C% )], p € [C} v, 0], p € [1,00), [ €
BMO:""(Q). Then there exists a constant C = C(n,p, L) > 0 such that

(s < CLS]-

Proof. Let o € 02 and r < v be given. We will then write ® for ®,,. Then, by
changing variables

—n P dy) /P
(r /Q e P

—(r " / (f 0 @) (2)[P|To1 | d2) /P
®(QN B, (0))

<o n e [ gea e
SO+ DEOHRBIT [ e R,

where Jgp-1 denotes the Jacobian of ®~1. Let ERi be the x,-odd extension from
R? to R™. We define the function g by g = E]Ri (fo® 1) and set

Qr = 2(QN Bgr(x)) U (—®(Q2N Bgr(zg))) for R=r,R".
15



Then, fQR gdr = 0 for R = r, R*. We want to apply Theorem 4.5, so we check

that g satisfies the assumption of Theorem 4.5, i.e., g € BMO%"1"(Qg-). Take
B(x) C Qg+ with s < u/C,,.1, < C,, pv. There are two cases we have to consider.
(1) Bs(z)NORE =0
(2) Bs(z)NORY #0
In the case (1), we may assume B,(x) C R”.. We remark that g = f o ®~! in this
case. We will show
1

[Bs(@)] /. )
Take arbitrary ¢ € R. Then, by changing variables

/ l9(2) — 9B, ()| dz
B.(x)
s/B o) —eldz L@l (Fo ¥ p, o)

19(y) — 9B, ()| dy < C[f]BMO(Q)

§2/ |fo® 1(2) —c|dz
B, (z)

— / F() — el Jal dy
&—1(Bs(x))
<21+ 1) / 1£(y) — ¢l dy.
®—1(Bs(x))

Let d > 0 be the distance from ®~!(Bs(x)) to the boundary of Br- N Q. If the
diameter of ®~!(B,(x)) is smaller than d, we can take the smallest ball By (z')
with s’ < d < R* and 2’ €  so that ® 1 (B,(x)) C By (2') C Br+(x9) N Q. Then
s’ < Cp,rs < p and we obtain

/ F(y) — el dy < / 1F(y) — el dy.
&—1(B,(z)) B/ (z")

Since ¢ is arbitrary, this implies
1

If the diameter of ®~1(B é(a:)) is bigger than d, then we take a perpendicular from
O~ 1(z) to 99, and let 2’ denote a point at which the perpendicular intersects with
99. Take the smallest ball By (2') C Bg«(xg) which contains ®~1(Bs(x)). Then,

1 smo1
gy*gsmdySCff/ fly) — cldy.
Ba@)] Ju W Bl =gy [ W

By taking ¢ = 0 in the integral,

1
=amvl l9(y) — 9B, ()| dy
|Bs(2)] /B, (x)

|f(y)ldy < Cnra

| () = 9B.()| dy < C[flgp0 < +o0.

/n

R
‘B|[]

1
ot 1
|Bs| s JB_, (z/)n0
We remark that [f]#" is finite because f € BMO"(Q) and f € BMO" Y(Q) is
equivalent to f € BMO} ’R*( Q) by Theorem 4.3. We also remark that
16
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because d(®~1(Bs(z))) < Cy.s. In the case (2), Bs(z) can be decomposed up to
a null set as

By(z) = (Bs(x) NR™) U (Bs(z) N (-R%)) = B' U B

Then, [p () 19(2) = 9B.@)|dz < 2 [ |g(2)[dz + 2 [p. |9(2)| dz. Since the second
term can be estimated in the same way as the first term, we only need to estimate
the first term. By change of variables,

[ sla= [l <0 [ )

Let us take a perpendicular from ®~!(z) to 992, and let 2’ denote the point at which
the perpendicular intersects with 9Q. Take the smallest ball By (z') C Bpg=(xo)
which contains ®~1(B'). Then,

/ 1 (2)dz
o-1(BY)
m 1
<csm L (=) dz
S B (a:’)

i~

<Cs™[fIF < +o0.

As a consequence, we can apply Theorem 4.5 to g and get for the largest ball Bz (%)
satisfying B7(Z) C @, and the smallest ball B,.(z') satisfying Q, C B, (')

(2B [ (F o @ )(2)P d:)! /7

@(QNB;(x0))

r

1
~2I0i1"5 [ 19t~ ga. Pz

<(C1Bx(@)! / 19(2) — g5, o P d2)'/7

T

<©B [ 10 g

<C|B, () / 19(2) — g5 d
BT/ (:C')

<C|B ()" / l9(2)] dz

B /(CE')

T

<Cle(B )" | (fo ()] d=

@ (QNBr(z0))

Here, we used r < C), 17 and v’ < C,, pr. Furthermore, by changing variables

B(B, (a'))| / (f o 1)(2)|dz

&(QN B, (0))

<crr / HOALE
QﬂB,-(wo)

<C[fly-

Therefore, we obtain the reverse Holder type estimates up to the boundary. (I
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Theorem 4.7. Let Q C R" be a uniformly C?-domain with Lipschitz constant
L. Let C, 1 denote the degree of shrinkage of Q. Let v € (O,R*/(?C’ZVL)}, uw e

[C2 v, 0], p € [I,00), [ € BMOy"(Q). Then, || - | Barorp is equivalent to
I I Baropv -
Proof. Lemma 4.4 and Theorem 4.6 imply the equivalence. O

5. BOUNDED ANALYTICITY IN THE HALF-SPACE

In this section we will prove that the Stokes semigroup is a bounded analytic
semigroup in a solenoidal subspace of BMO,*"* (R ). Furthermore, we will obtain

global derivative estimates of the solution.

Theorem 5.1. Let Q = R} be the half-space. Then there is a constant C' which
only depends on the dimension n such that for all ug € VMngdif(Rﬁ)

(5.1) sup lu() rmoge= < Clluoll samrog==,
(5.2) iggtl/QHVu(t)Hoo < Clluoll Baroge==,
(5-3) i;l}gtIIVQU(t)Iloo < Clluollprroge==,
(5-4) iggtﬂut(t)ﬂoo < Clluoll Baroge==,
(5.5) iglgtHVW(t)Hoo < Clluoll parog=-==,

where (u, V) is the solution of the Stokes equations with S(t)ug = u(t). In partic-
ular, S is a bounded analytic semigroup on VMO, 57 (R7).

Proof. We will use that the spaces BMO,~"* (R".) and L>(R"}.) are scaling-invariant.
By Theorem 1.1 and Theorem 3.5 we obtain the existence of some Ty > 0 such that
for all ug € VMO, (RY}) the estimate

sup ([[u(®)llprog= + [N (u, 7)(-,t)lloo) < O lluoll prroge=

0<t<To

holds. By taking u}(z) := uo(\z) as initial data we obtain the same estimate for
uMz,t) = u(Az, \%t) and 7 = Ar(A\z, \2t) with the right hand side O, ||u}) | Brroz=>
which is equal to Cr,[[uo|| paroge->. By the scaling-invariance of the spaces we can
conclude from the estimate for (u*,7*) that

sup  ([lu(t)|l parog=== + [N (u, m)(,t)[|0) < Cylluoll parog==

0<t<A2Ty

for all A > 0 with Cr, independent of A > 0. Since A was arbitrary we can replace
SUPg<¢< 27, DY SUPs~ in the above inequality and get the desired estimates. The
bounded analyticity follows then from the time derivative estimate. O

APPENDIX A

Our goal in this section is to prove a density result. Let A, be the Stokes operator
in the space L, which is constructed in [FKS05], [FKS07].

Theorem A.1. Let Q be a uniformly C%-domain in R"™ (n > 2). For f € D(A,,),
ro > 2, there exists a sequence {fm} C C2%(Q) such that ||f — fullyrrq) — 0 as
m — oo for allr € [2,79).

18



This density result yields the following property for the Stokes semigroup S(t).
Let W;(;(Q) denote the W' 7-closure of CZ%, (Q).

Corollary A.2. Let Q be a uniformly C*-domain and ug € C% (). Then S(t)ug €
W;S(Q) for-allr > 2 and t > 0. In particular, S(t)uo € Co () C VMO, ,(Q)
with p,v € (0, 00].

This follows from Theorem A.1. Indeed, since S is an analytic semigroup in
L7 (Q) we observe that S(t)ug € D(A,,) for t > 0 and ug € L7 (Q). If ug € Co5, (),
then we get S(t)ug € D(ATO) for any 7y > 2. Thus applying Theorem A.1 implies
that S(t)up € Wig (Q) for any r > 2. The remaining assertion follows from the
Sobolev embedding for 7 > n and L>°(Q) < BMO}" ().

The rest of this section is devoted to the proof of Theorem A.1. For this purpose
we need an approximation of the domain €.

For a uniformly C2-domain € of type (o, 3, K) in the sense of [FKS05] one can
easily construct a sequence of uniformly C2-domains €, of type (c, 3, K) such that
Q, C Q, dist(Q,,,00Q) > % and

Q C{z eR":dist(z,Q,,) < —}

2
m
for m € N.

Lemma A.3. For f € D(A,,) with ro > 2 and r € [2,79) there exists a sequence
{fm} C Wy () N L% () such that || f — fllirr ) — 0 as m — oo. Here we
interpret fn, as a function defined on Q by extending via fr, =0 in Q\ Q.

Proof. Let A, . be the Stokes operator in L7(€,,). By the construction of the
operator there exists \g such that if A\ > Ag, then )\—i—flro,m is invertible in f/f,o (),
where A is independent of Q,, since this property only depends on (a, 3, K). We
fix Ag. For f € D(A,,) we define g € L°(Q) by

9= ()‘0 + ATo)f-

We approximate g by gm € C25,(€2) such that [|g — gm|[z-q) — 0 as m — co. We
may assume that supp g,, C Q,, by taking a subsequence. We set

fm = (Mo + Aro’m)_l(gmmm)'

Since f,, € D(Ayym), it is clear that f,, € Wy (Q,) N L% () for all 7 € [2,7].
We extend f,, by 0 and obtain a sequence of functions f,, defined on Q2. By the a
priori estimate of [FKS05],[FKS07] we see that

”meVV?’T(Qm) = CHQmHZr(Qm) (r € [2,70))
with C' depending only on («, 8, K). It is not difficult to show that f,, — f in the
sense of distributions in €2. Since ||gm||z-(q) is bounded by a constant multiple of
9/l 7+ (- this implies that || fi[ly5r1.7 ) 15 bounded. By

IV =Vl IV = Vil T2 IV = Vinlmda

with % = % + % and the same estimate for f — f,, it suffices to prove that
fm — [ strongly in H*(2). We consider H'(Q) equipped with the scalar product
(f.9) = Jo(Xo + Ap)f - g which is equivalent to the standard scalar product in
H(Q).
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Since we already know that f,, — f in the sense of distributions and since
| fnll 1 (©) is bounded, we can conclude that f,, — f weakly in H(2). To obtain
strong convergence it remains to prove that ||fn. g1 — || f|lg:. For this purpose
we observe that

Hme%Il(Q) :/Q (AO+AT0,m)fm'fmdx:/ gmfmd$

m Qm

Since f,, — f weakly in L?(Q2) and g,,, — g strongly in L? we conclude that

Vomll2s — / frgde (m— o).
Q

The limit equals to

116 = [ o+ 4n)f - £ o
Thus f. — f in H'. The proof is now complete. O

Lemma A.4. Let Q C R™ be a domain and 1 < r < co. Let f € Wy (Q) N L% (Q)
with co := dist(supp f,0Q) > 0. Then there exists a sequence fr, € C2%(Q) such
that || fm — fllyyrr = 0 as m — oo.

Proof. Let € > 0 and take some § < min{e, cg/2}. Let ' be defined by
Q' = {z € Q:dist(z,00) > co/2}.

Since f is regarded as an element of EQ (§'), there exists a sequence fi € CZ% ()

such that f, — f in D;(Q’ ). Let g5 be the standard mollifier whose support
is contained in a ball of radius § centered at zero. We define fs = f * g5. We
construct a sequence fr s € C2%(2) by frs = frx * 05 such that fi s converges to

fs in W (Q). Note that the support of fr,5 is contained in © by the choice of €/
and p. We observe that

I f = frsllyrr <N = Fsllyrr + I1fs = Frsllyi
<|f = follyprr + Csllf = frllpr-

For € > 0 we take ¢ sufficiently small such that || f — fs7,1.. < /2 and then choose

ko large enough to obtain for all k > kg that Cs||f — fill;- < e/2. O
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