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EXISTENCE OF WEAK SOLUTION FOR VOLUME PRESERVING
MEAN CURVATURE FLOW VIA PHASE FIELD METHOD

KEISUKE TAKASAO
GRADUATE SCHOOL OF MATHEMATICAL SCIENCES UNIVERSITY OF TOKYO
KOMABA 3-8-1, MEGURO JP-153-8914 TOKYO JAPAN

ABSTRACT. We study the phase field method for the volume preserving mean curvature
flow. Given an initial C' hypersurface we proved the existence of the weak solution for the
volume preserving mean curvature flow via the reaction diffusion equation with a nonlocal
term. We also show the monotonicity formula and the density upper bound for the reaction
diffusion equation.

1. INTRODUCTION

Let U; C R? be a bounded open set and have a smooth boundary M, for t € [0,T). The
family of hypersurfaces {M;};cpo,r) is called the volume preserving mean curvature flow if
the velocity vector v of M, is given by

v=h—(h-v)v on M, (1.1)
where h and v are the mean curvature vector and the inner unit normal vector of M,
respectively, and (h - v) is given by

._ 1 ‘ d-1
(h-v) = Hd1<Mt)/]\/[th vdH" .

Here H?! is the (d — 1)-dimensional Hausdorff measure. By (1.1), this flow has the volume
preserving property, that is

d
—LYU,) = —/ v-vdHT =0, (1.2)
dt »

where £? is the d-dimensional Lebesgue measure. By (1.2), we obtain

din_l(Mt) = —/ h-vdH*™' = —/ (v+ (h-v)v)-vdH*!
t Mt Mt

= - / o> dH* — (R u)/ vovdHT = —/ | dHE
Mt Mt Mi

The time global existence of the classical solution to (1.1) for convex initial data is proved
by Gage [10] (d = 2) and Huisken [12] (d > 2). Escher and Simonett [7] proved the short
time existence of the solution to (1.1) for smooth initial data, and they show that if M
is sufficiently close to a Euclidean sphere, then there exists a time global solution. Li [16]
also proved that if the traceless second fundamental form of initial data is sufficiently small
then there exists a time global solution. Recently, Mugnai, Seis and Spadaro [19] proved
the existence of the global distributional solution for (1.1) by using a variational approach.

(1.3)
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2 K. TAKASAO

Next we mention the approximation of the volume preserving mean curvature flow Via
the phase field method. Let e € (0,1) and Q be the torus, that is Q := T¢ = (R/Z)%.
also use Q to a set [0,1)? € R% Rubinstein and Sternberg [21] considered the followmg
Allen-Cahn equation with a nonlocal term:

W/ £
{ cpt =g - ) LN (@) € 2 x (0,0), o
v (,0) = p5(z), x € Q,
‘ (1 — s%)? W' (p 1 W' (%)
where W (s) := 5 and Ay ( gd(Q) L

(1.4) has the volume preserving property, that is

d >
7 gp dx—/ﬂgot dxr = 0. (1.5)

By (1.5) we obtain

d [elVe? | Wi _/ e e V)
dt/Q 5 + dr = Q(&Vgp Vi + - got>d93

:/Q( AP E W/W))“Di du = /Q(—WHAi)@dx (1.6)

:—/a(goi)de—l—)\i/gofdx:—/s(gpf)de.
Q Q Q

By using the following approximate expressions (see [15])

€2 3
won ~ o [ AVl W0 4y ana [repantts [ cpitan @
o Ja 2 € Q o Ja

(1.6) corresponds to (1.3). Here o := f_ll /2W (s)ds. Bronsard and Stoth [3] studied the
singular limit of radially symmetric solutions of (1.4). Chen, Hilhorst and Logak [6] proved
that the zero level set of the solution of (1.4) converges to the classical solution of the volume
preserving mean curvature flow under the suitable conditions.

Recently, Brassel and Bretin [5] studied following equation:

W/ £
{ e = eAp® — gp ) + A5/ 2W (%), (z,t) € Q x (0,00), (1.8)
306(1’,0) = 906('17)7 WS Q,
where
W' () /ed
/\2 = )\Q(t) = fQ (90 )/E v

Jo V2W (¢f) da

The solution of (1.8) has also the property (1.5). Alfaro and Alifrangis [1] showed the conver-
gence of (1.8) to the classical solution for (1.1). [5] showed that the numerical experiments
via (1.8) is better than (1.4). But (1.8) has not the properties such as (1.6).

Whether the solution for (1.4) or (1.8) converges to the time global weak solution of the
volume preserving mean curvature flow or not is an open problem, due to the difficulty of
estimates of the Lagrange multipliers (see Remark 3.6).

In this paper, we consider the following reaction diffusion equation studied by Golo-
vaty [11]:

W/ £
{ e = eAp® — # + X/ 2W (¢%), (z,t) € 2 x (0,00), (1.9)
" (2, 0) = @5(x), x€Q,
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where

2W (%) (eAp® — W'(¢°) /e) du
2 [ W(g?) dx

Note that by the integration by parts, we have

o = "2l PV P2 + W) /e) da
Jo W(p#) dz

AT = N(t) = — Jo

[11] studied the asymptotic behavior of the radially symmetric solutions for (1.9). Define
k(s):= [; V/2W(r)dr = s — 35 (1.9) has a property similar to (1.5), that is,

d k(¢®) dx = /Qgpfx/QW(tpg) dx = 0. (1.10)

dt Jq
We compute that

d [V W(e) e -
dt/Q 5 + . d:l:—/Q(eVgo'th—l— <pt)d:c

~ [ (~eav + TN gtao — [ e+ xe VATt e (11D
:—/5(<p§)2dx+)\€/<pf\/Wd$:—/5(@)26&,
Q Q Q

where (1.10) is used. By using (1.7), (1.11) also corresponds to (1.3).

The main result in this paper is the time global existence of the weak solution for (1.1)
by using (1.9) (see Theorem 2.5). The weak solution is called L*-flow defined by Mugnai
and Roger [17] and the definition is similar to Brakke’s mean curvature flow [4]. In Propo-
sition 3.3 and Proposition 3.4, we obtain the L? estimates for A* and the generalized mean
curvature. Those are the key estimates for the existence theorem.

The monotonicity formula for the mean curvature flow is proved by Huisken [13]. Ilmanen
proved the e-version of Huisken’s monotonicity formula of the Allen-Cahn equation for the
mean curvature flow [15]. In this paper we show the monotonicity formula for (1.9) (Propo-
sition 3.7). We also obtain the upper density bounds for (1.9) by using the monotonicity
formula (Proposition 3.8).

The organization of the paper is as follows. In Section 2 we set out the basic definitions
and explain the main results. In Section 3 we show some energy estimates for (1.9) and the
L? estimates of the Lagrange multiplier A*. We also prove the monotonicity formula and
density upper bounds for (1.9). In Section 4 we prove the main results.

W' ()
19

2. PRELIMINARIES AND MAIN RESULTS

We recall some notations from geometric measure theory and refer to [2, 4, 8, 9, 22] for
more details. For r > 0 and a € R? we define B,(a) := {z € R||z —a| < r}. Set
wq = L4(B1(0)). We denote the space of bounded variation functions on R% as BV (R?).
We write the characteristic function of a set A C R? as y4. For a set A C R? with finite
perimeter, we denote the total variation measure of the distributional derivative Vx4 by
IVxal|- For measures p and i such that f is absolutely continuous with respect to u, we
write the Radon-Nikodym derivative by Z—ﬁ. For a = (a1, as,...,aq), b= (by,by,...,by) € R?
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we denote a ® b := (a;b;). For A = (a;;), B = (b;j) € R¥™? we define

d
A:B:= Z aijbij.

1,j=1

Let Gi(RY) be the Grassman manifold of unoriented k-dimensional subspaces in R?. Let
S € Gip(RY). We also use S to denote the d by d matrix representing the orthogonal
projection R? — S. Especially, if k = d — 1 then the projection for S € Gy4_1(R?) is given
by S =1 — v ® v, where [ is the identity matrix and v is the unit normal vector of S.

We call a Radon measure on R? x G(R?) a general k-varifold in R?. We denote the set
of all general k-varifolds by V1(R?). Let V € V;(R?). We define a mass measure of V' by

IVI[(A) == V(RN A) x Gx(RY))

for any Borel set A C R?. We also denote
Vi@ = [ o@)avies) for oeC®,
RdXGk(Rd)
The first variation §V : C}H(R% R?) — R of V € Vi(RY) is defined by

WV i(g) :== / Vg(z): SdV(z,S) for ge CHRYRY).
R x G, (RY)

We define a total variation ||§V|| to be the largest Borel regular measure on R? determined
by

16VI(G) = sup{dV (g)| g € Co(G;RY), |g] < 1}

for any open set G C R% If ||[§V]] is locally bounded and absolutely continuous with respect
to ||V, then by the Radon-Nikodym theorem, there exists a ||V||-measurable function h(x)
with values in R? such that

(o)== [ ha)-s@ V@) for g€ CuRER,

We call h the generalized mean curvature vector of V.

We call a Radon measure u k-rectifiable if u is represented by p = OH*| M, that is,
(@) = Jpaddp = [,, #0 dHF for any ¢ € C.(R?). Here M is countably k-rectifiable and
HF*-measurable, and 6 € L], (HF| M) is positive valued H*-a.e. on M. Moreover if 6 is
positive and integer-valued H*-a.e. on M then we call ;i k-integral. For a k-rectifiable

Radon measure 1 = 0H*| M we define a unique k-varifold V' by

/ o(x,8)dV(x,S) = | (o, T,M)0(z)dH (z)  for ¢ € C.(R? x G(RY)),
R x Gy (RY)

Rd

where T, M is the approximate tangent space of M at x. Note that T, M exists H"-a.e. on
M in this assumption, and p = ||V|| under this correspondence. The following definition is
similar to the formulation of Brakke’s mean curvature flow [4]:

Definition 2.1 (L*-flow [17]). Let ' > 0 and {p }+e(0,7) be a family of Radon measures on
RY. Set dyp = dpdt. We call {p }reo.r) L*-flow if the following hold:

(1) py is (d — 1)-rectifiable and has a generalized mean curvature vector h € L?(u;; R?)
a.e. t € (0,7),
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(2) and there exist C' > 0 and a vector field v € L?(u, R?) such that
v(z,t) L Tppy for p-ace. (z,t) € R x (0,7) (2.1)
and

T
[ [ ) duad] < Clll ooy (2.2
0

for any n € C}(R? x (0,7)). Here T, is the approximate tangent space of ji; at z.
Moreover v € L?(u, R?) with (2.1) and (2.2) is called a generalized velocity vector.

Set ¢°(r) := tanh(%) for r € R and € > 0. Then the following hold:

(1) ¢ is a solution for

e(q)* _ Wia) - _ W)
2 - - and qTr = 82 (23)
with ¢°(0) =0, ¢°(£o0) = £1 and ¢5(r) > 0 for any r € R.

(2) By (2.3) we have

/6(615)2 +W§q€) dr:/\/WQidT

2
:/_11\/W(s)d3:0.

Let Uy cC (0,1)? be a bounded open set and we denote My := dU,. Throughout this
paper, we assume the following:

(1) There exists Dy > 0 such that
d—1 M. B
sup P (Mo N Br(x))

2€R4. R>0 wg—1 R

< Dy (Density upper bounds). (2.4)

(2) There exists a family of open sets {U¢}22, such that U have a C? boundary M such
that (Uy, My) be approximated strongly by {(Ug, M¢)}2,, that is

lim LYUpAUg) =0 and  lim [|Vxy
1—00 1—00

= ||Vxu,|| as measures. (2.5)

Remark 2.2. If M is C*, then (2.4) and (2.5) are satisfied.

We extend Uj and M¢ periodically to R Let {¢;}32, be a sequence with ¢; | 0 as i — co.
For U we define
o (2) = dist. (m,Mé),' x € Ué,
—dist (z, Mp), =z ¢ Ug.
We remark that |[Vr.,| <1 a.e. z € R and 7., is smooth near M¢. Let 7, be a smoothing
of r, with |[V7.| <1 and |[V?7,,| < &' in R?, and 77, = r., near M.
Define
0o (z) = ¢ (e (2), =1 (2.6)
We remark that ¢ is a periodic function with period . Then there exists a time global
solution ¢ for (1.9) with the initial data of (see [11]). We remark that [, k(£1)dz =
+2£4Q) = £2. So we may assume that there exists w = w(Up) > 0 such that

2
‘/k(gpéi)dx’ <l 4 il (2.7)
o 3
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Note that by (1.10) we have

2
‘/ (p°i(x, 1)) dx—‘/ dxlgg—w, i>1,t>0. (2.8)

We remark that W'(s) = 1/2W (s) = 0 if s = +1. Hence by the maximal principle we have
Proposition 2.3 ([11]).

sup iz, t)| <1, >1. (2.9)
(z,t)€Qx[0,00)

We denote ¢° := ¢ and extend ¢° periodically to R?. We define a Radon measure i by
5 1 e|lVeE|2  W(ye*
o) = [ o(TEE+ HE Yo,
0 JRrd 2 S
for any ¢ € C.(R?). Moreover we define a Radon measure u° by

1 £|2 €
:_/ / ¢(€|V90| +W(so)>dxdt
ag [0700) Rd 2 19

for any 1) € C.(R? x [0,00)). By the definition of ¢§ we obtain the following:

Proposition 2.4 (Proposition 1.4 of [15]). Let ¢f satisfy (2.6). Then the following hold:
(1) There exists D; = D;(Dy) > 0 such that for any € > 0, we have
: 15(Br())
su Bgr(x)), ————=
xeRd,g>0 {MO( 7(e)) wg—1 R
(2) lim._,o pu5 = HI1| My as Radon measures, that is lim,_,q fRd pdug = fMo ¢ dH* ! for
any ¢ € C.(RY).

(3) lime—0 ©5 = 2xv, — 1 in BVj,.
(4) For any € > 0, we have

} < Dy, (2.10)

12 5
2 €
Set
0 otherwise.

_ f Ve .
W = {'V_ZZEI_V:ZE if [Ve©| # 0,

The main result of this paper is the following:

Theorem 2.5. Let d = 2,3 and Uy C 2 be a open set, where Uy satisfies (2.4) and (2.5).
Assume that ¢° is a solution for (1.9) and the initial data satisfies (2.6). Then there exists
a subsequence ¢ — 0 such that the following hold:
(a) There exists a family of (d — 1)-integral Radon measures {/i }1e[o,00) on R? such that
(al) pf — pu as Radon measures on R? x [0, 00), where du := du,dt.
(a2) pé — u; as Radon measures on R? for any t € [0, 00).

(b) There exists 1 € BVj,.(2 x [0,00)) N Clic([ 00); L1(Q2)) such that
(b1) ¢* —2¢p —1 in L} (2 x [0,00)) and a.e. pointwise.

(b2) w(-,O) = Xu, a.e. on {.
(b3) (Volume preserving property 1) (-, t) is a characteristic function with

/Qw(-,t) dz = £(Uy)

for any ¢ € [0, c0).
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(b4) |V (-, )][(¢) < pe(¢) for any t € [0,00) and ¢ € C.(R%RY). Moreover
spt [|[V(-, t)|| C spt p, for any ¢ € [0, 00).
(c) There exist € € (0,1) and A € L2 (0, 00) such that for any 7' > 0, we have

loc
T
sup / IN()|*dt < oo and A — A weakly in L*(0,T). (2.12)
c€(0,e) JO
(d) There exists g € L?(u; RY) such that
1
lim — =XV 2W (pf)V - O dadt = / g-Ddu (2.13)
€200 JRrdx(0,00) R x (0,00)

for any ® € C.(R? x [0, 00); R?).
(e) {pu}te(o.00) is @ L*-flow with a generalized velocity vector

v=h+g

and

lim/ vs-q)d;f:/ v-Odu
€20 JRdx (0,00) R x (0,00)

for any ® € C.(R? x [0,00); RY). Moreover there exists a measurable function 6 :
0*{tp = 1} — N such that

v=nh-— %)\1/ He%a.e. on 0" {yh = 1}, (2.14)

where v is the inner unit normal vector of {¢(-,t) = 1} on 0*{¢(-,t) = 1}.
(f) (Volume preserving property 2)

/v-udnvwc,wn ~0
Q

for a.e. t € (0,00).

3. ENERGY ESTIMATES

In this section, we show the L? estimates for the multiplier A*. We also prove the mono-
tonicity formula and the density upper bounds for (1.9) by using the negativity of the
discrepancy measure &. In this section we assume that d > 2, Uy C () is a open set, where
Uy satisfies (2.4) and (2.5) and ¢° is a solution for (1.9) and the initial data satisfies (2.6).
Note that we do not need the assumption d = 2, 3 except Remark 3.5 in this section.

We define a Radon measure & by

o) =+ [ o( T - Ty,

for any ¢ € C.(RY). & is called the discrepancy measure. Set &, = &.(x,t) 1= w -

W(e® ()
3

Proposition 3.1. £ (z,t) < 0 for any (x,t) € R? x [0,00). Moreover £ is a non-positive
measure for ¢ € [0, 00).
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Proof. We define a function r : R% x [0,00) — R by

@6($7t> = qs(r(x,t)).
By (2.3) we have

e[Ve©?/2 2 d
———— < |Vr|® on R x[0,00).
wigye =V 0o
€12 2
Hence, if |Vr| < 1 then eIV < 1. Thus we only need to prove that |Vr| < 1 on
W(e®)/e
R? x [0, oo)
Let g(q) := K'(q) = \/2W (q) for ¢ € R. By (2.3) we have
- g(q ) ond g, = (9(q°)r _ 9a(q )Q? (3.1)
£ £ €

By (1.9) and (3.1) we obtain
qrrt - qr‘Ar + qrr‘vﬂz - qrr + )\E
= ¢ Ar+ (fgq(|Vr|2 — 1)+ X°¢
Thus we have
—Ar+ % (|Vr]2 1)+ X°
and 5 )
OVr|? = A|Vr|? = 2|V*r|* + EVT Vg (IVr|> = 1) + %VT - V|Vr|?. (3.2)

Note that V¢ = 0. By the assumption we have |Vr(-,0)| = |V7z] <1 on R% By (3.2) and
the maximal principle we obtain |Vr| < 1 in R4 x [0, 00). O

By (1.11) and (2.10) we have

Proposition 3.2. For any 0 <t} < t3 < oo and € > 0 we have

1 [*
11z, () + ;/ /5|8tg05|2d:cdt = 15, (Q) < Dy. (3.3)
t1 Q

By an argument similar to that in [3], we obtain the following key estimate:
Proposition 3.3. There exist ¢; = ¢;(w, D;) > 0 and €; = € (w) > 0 such that
T
sup / NS()2dt < er(14T). (3.4)
86(0,51) 0

Proof. Let Q; C R? be a open set with a smooth boundary 9 such that Q C Qs and
lims_o dist (9Qs, Q) = 0. Let ¢ = (¢}, ¢?,...,¢%) € CHQs;RY) satisfy ¢ -n = 0 on 99,
where n is the outer unit normal vector of Q5. Multiply (1.9) by V¢© - ¢ and integrate over
(25. Then by the integration by parts we have

Z/ egs, 5, do —/ <E|V;0€|2+W<€¢E)>didex
Qs

7,7=1

=— Xf/ k(p®)div ¢ dx.
Qs
Note that since V(k = /2W (¢*)V¢*® we have

/ AV 2W (%) Ve - (do = /\5/ V(k(¢)) - Cdx = —/\5/ k(p®)div ¢ dz.
Qs Qs

Qs

| v
@ (3.5)
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Let W5 € C°(Bs(0)) be a Dirac sequence and 7 be a solution of the following equation
—An = k(p° ) x W5 — §o, (K( )« Ws) in Qg
=0 on 09, (3.6)
fQ ndx =0
for t > 0. By the standard arguments of the elliptic PDE and (2.9) we have

170, )2y < €2, >0,
where ¢ = ¢3(d,d) > 0. Set ¢ := Vn. Then by (3.5), (3.6) and (3.7) we have

el [ ) (ke 5 s~ ko) 5) de| = 130

3 / K (—div Q) de
S(/Qéewgpsﬁdx)é(/ £

1
[ (i) dr) Cllencan) + 2 Cleran i ()
8

<o ( [ cteiras)’ +1)

where ¢3 = ¢3(d, D1) > 0. We compute that

(3.7)

B(s)— 5 > ~W(s) (3.8)

for |s| < 1. By using the arguments of [23, p161] and ||¢°||. < 1, there exists C' > 0 such
that

sup | |k(¢ (x4 a,t)) — k(¢ (z,1))] dx
lal<d J Qs

(3.9)
<2sup | | (x+ a,t) — o (x,t)| do < CO7.

la|<6 J Qs

By (2.8), (3.8) and (3.9) we compute that

/Qé k(%) (k(sf) * Ws —][

=50+ [ K0~ o= [ (6~ b(e) w Wik(e) do
1

— m(/ﬂ k(¢%) dx>2—l—m/g k(o) dm/Q k(p®) — k(¢°) *x Vs dx
‘ 0 ‘ (3.10)
> s (520 = ([ werae)) = [ wie)as

— C'sup Ik(soe(w +a,1)) — k(¢ (2, 1)) do

la|<6

g (00~ ([ ) -ctesh =

for sufficiently small € and §. By (3.7) and (3.10) we obtain

I\ < 2w_103<</96(g0§)2 dx)% + 1>

k(p®) * \Ifg) dx
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T
/ NP2 dt < 4w 2/ (/g(gog)mxﬂ) dt
0 0 Q

<dw 2 (ous () +T) < 4w ?c3(oDy +T),

and

where (3.3) is used. d

Proposition 3.4. There exist ¢4y = ¢4(w, D7) > 0 such that

/OT/Kf(A@Og_ W§f€)>2d$dt§(34(1+T) (3.11)

for any T'> 0 and ¢ € (0, ¢).
Proof. By (1.9), (3.3) and (3.4) we have

/ / A —W—?)) drdt
g/ﬂ /Qa(<p§)2dxdt+/o /Qa<)\€—v2wg/(¢a)>2dmdt

T 2 e T
<D, + / ()2 / @dmg Dy + 2D, / (A2t
0 Q 0

SDl(l + 261(1 + T)),

where [, 21 Vde < 2u5(Q) < 2Dy is used. O
Remark 3.5. By (3.11), we have
/ > 2
lim inf/ e(Acpa W (;p )> dr < oo forae. t>0. (3.12)
e—0 Q £

Assume that d = 2,3 and there exists a family of Radon measures {1 }tcjo,o0) sSuch that
p; — pe for ¢ > 0. Then by (3.3), (3.12) and [20, Theorem 4.1], we have

1A 5 2
/|h|2d,ut§limiglf/5<Ag05— Wiy )) dr < oo fora.e. t>0,
Q &= Q

e2

where h is the generalized mean curvature for p;.

Remark 3.6. For (1.4), [3] proved the boundedness of sup, fOT()\i)Q dt. But we need the
boundedness of sup, e} fOT()\i)2 dt to obtain (3.11) for (1.4).

Next we show the monotonicity formula. Define

1 _Je—y[?
p= Py,s(f,t) = ¢ 4(SE”> t<s, x,y€ R%.
(Ar(s —1t)) =

To localize the monotonicity formula, we choose a radially symmetric cut-off function n(z) €
C22(B1(0)) with p =1 on B1(0) and 0 <7 < 1. Define

- 1 _Jz— yl?
Ply.s) (X, 1) = prys)(z,t)n(z —y) = e Tl —y), t<s, z,y € R%
(Am(s —t)) =
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Proposition 3.7. There exists c5 > 0 depending only on d such that

t2 1 t2 e
/mM@\ 4/ﬁwmﬂ +%/€”M%ﬂ&@w&%“”% (3.13)
Rd t=to RA =t 2

— t

fory € R and 0 < t; < t.

Proof. First we show

d 1 1 ,
— pdus < — pdes + =(\°)? o dus 1860 45 (Ba (). .
G [ < g [ pdsi e 5002 [ b+ e =T By W) G
Define
. . AV 2W (¢f . W(¢®
L ::gat—/\#:Ago — 6(2 )

Let e, := M + @. By integration by parts we obtain

d /oW (0F
— | e.pdx = / {e-pr — €<LE + X’j#) (Vp-V¢© +pLf)}dx
R4

dt R4

:/Rd {egﬁt . 5ﬁ<LE + wy + 5<wa VE M)

V2W (¢9) ViV (3.15)
<_gﬁA____lEL2<La%__ilt_f_>}dx
€ p
~ EYT X € (Vﬁ ) VSOE)2 L € 2W(908> 2
< - A AV T verw) ,
_/Rd {eg,ot—ire(L Vp-Ve© + P >+4€,0</\ . > }dm
Furthermore by integration by parts we have
/ eL*Vp -V dr = / —e(Ve* @ V¢©) : V25 + e Apda. (3.16)
Rd Rd
Substitution of (3.15) into (3.16) gives
d _ _ . . _ . V@ Vy* .
— | epdx S/ (=&)(0ip + Ap) + €|V I2(3tp +Ap — w—;p V2D
dt Rd Rd |V§0€’ (3 17)
(VoY) 1, / i |
——d —(\° pdr.
+ Vo ) x+2( ) Rdep x
Note that p (without multiplication 7) satisfies the following:
p V" @Ve' o | (Vp-Vyf)?
Ap=——-—— Ap— —————: ——— = 0. 3.18
PR Ty M T TR Y P NP 19

When one computes (3.18) with p instead of p, we obtain additional term coming from
. . . y . 7% d . 1

differentiation of 7. Note that |V’p| < C(j,d)e” ™6=0 for any z,y € R* with |z — y| 1> 3

and j = 0,1. Hence the integration of these terms can be estimated by Cuf(B% (y))e =860

for C = C(d) > 0. Thus we obtain (3.14). By (3.14), Proposition 3.1 and Gronwall’s

inequality we have (3.13). O
Next we prove the upper density ratio bounds of py.

Proposition 3.8. There exists ¢g = cg(d) > 0 such that
pi (Br(z))

Rd-1
for (z,t) € 2 x[0,00), e € (0,61) and 0 < R < 7.

< Dy (1 + t)er 3+ (3.19)
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Proof. We compute that

- c 1 _lz—yl? c
/ py,s<x,0>duo<x>sT / e (o)

(47TS KN

L [ttt = s i — s [ s e G2
7TS 7TS
1/ Dlwd 1(\/4810gl{7 )d_ldk§C7D1,

(4#3)7 0
where ¢; > 0 is depending only on d and the density upper bound (2.10) is used. By (3.3),

(3.13) and (3.20), we have
[ ety duita)
R4
t
<( [ pralr0) duifa) 4 s [ (B
R4 0

S <C7D1 + C5D1t> 661(1+t)

) dr)elieere (321

1
2

for any 0 <t < sand y € Q. Fix R € (0, 1) andsets:t+%2. Then

_ c 1 _le—y|2 c
/Wpy,s(:mf)dm(%)=/R ————=¢ ® n(z—y)du;(r)

d WTRd_l
>/ L g > / L ot L (Baly) o
> —e¢ s > —e¢ Uy = ————U Y))
Br(y) 75 Rd-1 ‘ Br(y) 5 Ri-1 TR f
where n(z — y) = 1 on Bg(y) is used. By (3.21) and (3.22) we obtain (3.19). O
4. EXISTENCE OF L2-FLOW
To prove Theorem 2.5, we use the following theorem:
Theorem 4.1 ([18]). Let d = 2,3 and ¢° be a solution for the following equation:
W/ (pE
{ es = eAp® — % +9°, (z,t) € Q2 x(0,00). (4.1)
" (2, 0) = ¥5(x), z € Q.

We assume that there exists € > 0 such that

1
sw(%@+/ L") dd) < 0
c€(0,6) Qx(0,T) €
for any T > 0. Then there exits a subsequence € — 0 such that the following hold:

1) There exists a family of (d — 1)-integral Radon measures {/t; }+cio o) on R? such that
[0,00)

(a) pf — p as Radon measures on R? x [0, 00), where dy = dpudt.

(b) p — p; as Radon measures on R? for any ¢ € [0, 00).
(2) There exists g € L?(u; R?) such that

1
lim — —g°V© - ddrdt = / g-®du (4.2)
R4 % (0,00)

€200 Jrdx(0,00)

for any ® € C.(R? x [0, 00); R?).
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(3) {t}te(o,00) is a L*-flow with a generalized velocity vector v = h + g and

lim vs-(bd/f:/ v-Ddu
€20 JRdx (0,00) R? x (0,00)

for any ® € C.(R? x [0, 00); R?), where

*LPE Vot .
o = oo Vet #0,
0 otherwise.

Remark 4.2. The boundary conditions of (4.1) of the original theorem is Neumann con-
ditions. But by an argument similar to the proof, we also obtain same results for periodic
boundary conditions (see [17, Remark 2.3]).

Proof of Theorem 2.5. Set ¢° := X\*y/2W (¢*). By (3.3) and (3.4) we have (2.12) and

2
sup / /5 )2 dadt = sup/ (A%) / Wi ddt<261D1(1+T) (4.3)
Q

e€(0,e1) e€(0,e1)

By (2.10) and (4.3), ¢° satisfy all the assumptions of Theorem 4.1. Then (a) of Theorem 2.5
holds and {/ut}ieo,00) is & L*-flow with a generalized velocity vector v = h + g with (2.13).
As a supplement, we show the key estimate (2.2) directly in Proposition 4.3. So we only
need to prove (b), (2.14) and (f).

Next we prove (b). Set w' := G o @', where G(s) :== o' [* /2W(y) dy and ¢
Note that G(—1) = 0 and G(1) = 1. We compute that

2 %
|vw | =0 1|V90| / _1<€@|V2(,0| + (@))

&

Hence by (3.3) we have

Ve (e .
/|Vw t)| dz </ —1<€’ 290| i (‘P)) dz = 15(Q) < Dy (4.4)
Q i

for t > 0. Fix T' > 0. By the similar argument and (3.3) we obtain

T T , il2 i
/ /|atwi|dxdt < 0_1/ / <€z|3t¢| L Wl )) dedt < Dy(1+T).  (4.5)
o Jo o Jo 2 €

By (4.4) and (4.5), {w'}$2; is bounded in BV (Q x [0,7]). By the standard compactness
theorem and the dlagonal argument there is subsequence {w'}°; (denoted by the same
index) and w € BV,.(2 x [0,00)) such that

w' —w in L, (Q x [0, 00)) (4.6)
and a.e. pointwise. We denote 1 (z,t) := lim; (1 + G~! o w'(z,t))/2. Then we have
¢ =2 —1 in L, (Qx[0,00))

and a.e. pointwise. Hence we obtain (b1). By Proposition 2.4 (3) we obtain (b2). We have
¢ — f+lae and ¢ = 1or =0 ae on  x [0,00) by the boundedness of [, W) gy

€

Moreover ¢ = w a.e. on  x [0,00). Thus ¢ € BV,.(2 x [0,00)). For any open set U C
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and a.e. 0 <t} <ty <T we have
/|¢ tQ tl)’dl'< hm/]w t2> ’(,tl)]dx
2 i
Sliminf// | 0w |dtdm<hmmf// azlatgo\ Vite —t1 + W) )dtda: (4.7)
QJty

1—00 i—00 \/H
<CoDiVity — 1y,
where Cy = Cy(n, T) > 0. By (4.7) and £4(Uy) < oo, (-, t) € Ll(Rd) for a.e. ¢ > 0. By this

and (4.7), we may define ¢(-,t) for any ¢ > 0 such that ¢ € ZOC([O o0); L'(2)). Moreover
by (b2), (1.10) and ¢ =1 or = 0 a.e. on Q x [0,00) we have [, ¥(-,t)dx = LY(Up) for any
t > 0. Hence we obtain (b3). For ¢ € C.(Q;R") and ¢t > 0 we compute that

[ éaIvet.ol <timint / oAV s
Q

2
<tmot [o(2TEE L N g [ oy
Q

11— 00 2

Hence we obtain (b4).
Next we prove (2.14). By (4.2), for any ® € C}(R? x [0, 00); RY) we have

1 A ' .
/ g-®dy = lim — —NV2W (@) V' - @ dadt
Qx(0,00)

=00 0 O (0,00)

X , (4.8)
= lim — ~N'Vk(¢") - ®drdt = lim ~ Nk (p")div ® drdt.
1200 0 Jx(0,00) 100 0 JOx(0,00)
Set ¢ 1= lim;_,o, ©'. By (4.8), the Radon-Nikodym theorem and
lim k(¢ _hm/ V2 ds——w—a(w——> a.e. on 2 x (0,00),
1—>00 1— 00
we obtain
o] 1 o
/ g-fbdu:/ A/(¢——>div®dwdt:/ A/wdivq»dxdt
Qx(0,00) 0 Q 2 <4 9)

= [ [reaveeapa= [ A0V, gy,
0 Q Q><(0,oo) dyu

for any ® € C!(R? x [0,00);R?), where v is the inner normal vector of {¢(-,t) = 1} on
1
I{Y(-,t) =1}. Set 0 : 9*{yp = 1} — (0,00) by 6 := <d||V1/;( )”> . By the integrality of p,

0 € N H%a.e. Hence we have (2.14).
Finally we prove (f). By [17, Proposition 4.5] we have

//U v d|[ Vo (-, )| dt = //gomda:dt (4.10)
]Rd

for any T'> 0 and n € C}(R?x (0,T)). By (4.10), (b3) and the periodic boundary condition,

C [ v-vd|Ve(,t)|dt = G | pdrdt = —(2L%Us) —1) | ¢dt=0 (4.11)
[l Lo L
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holds for any ¢ € C1((0,T)). By (4.11) and ||V (-, t)|| = 5[|Ve(:, t)| for any ¢ > 0, we have

/’C/“ vV, ol = /’C/v vd|[Ve(,t)|dt =0

for any ¢ € C}((0,T)). Hence we obtain (f). O

Proposition 4.3. Let all the assumptions of Theorem 2.5 hold and a family of Radon
measures {4 }iecfo,00) Satisfy i — p; as Radon measures for any ¢ € [0,00). Then there
exists a subsequence € — 0 such that (2.2) holds.

Proof. For any n € C}(R? x (0,T)) we compute that

d 13 13 1 (3 13 W/ Spa (3
7 ndp :/ mdut+—/ n(eVso -W+Ls@t> dx
Rd R4 0 JRrd g

<, 1 -, Wiy)
—AﬁWﬁ;@WVﬂ@+gz)
1 W' (g° .
=/ ntdu§+—/ 6n<—A¢€+ (f))wfdwr Vi - v® djig,
R4 O Jrd 19 R4

where dfi§ := £|V¢*[*dz. By (3.3), (3.11) and (4.12), there exists C' > 0 such that

T
‘/ (/ ne dg + Vn-vsd/lf)dt)
0 Rd Rd

SHUHCO (R (0, T)){Mo(Spt n) + pr(sptn)

// AE—W(Q ddt // dmdt)}
sptn € sptn

SC“U”CO (Réx(0,T))-

Note that by (3.3), (3.11) and [20, Proposition 4.9] there exists a subsequence £ — 0 such
that & — 0 as Radon measures for a.e. t € [0,00). Hence i — p; as Radon measures for
a.e. t € [0,00). By (3.3), we have

T
sup / |v°|? djifdt = sup / / e|lof|? dedt < oDy.
e€(0,e1) JO JR €(0,e1) R4

Hence there exist v € L?(u; R?) and a subsequence € — 0 such that

lim/ / O - o dpsdt = / / O - vdu (4.14)
e—0 R4 R4

for any ® € C.(R? x (0,00); R?) (see [14, Theorem 4.4.2]). Hence by (4.13) and (4.14) we
obtain (2.2). d

1
@5 dr — —/ e(Vn - V)i de (4.12)
g Rd

(4.13)
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