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SYMPLECTIC REALIZATIONS OF POISSON MANIFOLDS

PING XU

For a symplectic manifold M, an important construct is the Poisson bracket, which is defined
on the space of all smooth functions and satisfies the following properties:

1. {f,g} is bilinear with respect to f and g;

2. {fag} = —{g,f}, (skew-symmetry);

3. {h,fg} = {h, f}g+ f{h,g}, (the Leibniz rule of derivation);

4. {f,{g,h}} + {g9,{h, f}} + {h.{f,9}} = 0, (the Jacobi identity).
The best known Poisson bracket is perhaps the one defined on the function space of R?" by:

1) (.9} = Z(SJ%~%§—§ -

Poisson manifolds appear as a natural generalization of symplectic manifolds: a Poisson manifold
is a smooth manifold with a Poisson bracket defined on its function space. The first three properties
of a Poisson bracket imply that in local coordinates a Poisson bracket is of the form:

—~ _0f dg
el = Z " Bz, dz;’
i,y=1

where m;; may be seen as the components of a globally defined antisymmetric contravariant 2-
tensor m on the manifold, called a Poisson tensor or a Poisson bivector field. The Jacobi identity
can then be interpreted as a nonlinear first order differential equation for 7 with a natural geometric
meaning. The Poisson tensor 7 of a Poisson manifold P induces a bundle map ** :T*P — TP
in an obvious way. The rank of the Poisson structure at a point z € P is defined as the rank of
the bundle map at this point. If the rank equals the dimension of the manifold at each point, the
Poisson structure reduces to a symplectic structure which is also called non-degenerate. In general,
the image of the cotangent bundle under 7# defines a general distribution in the sense of Stefan
and Sussmann, which is, however, completely integrable. Each maximal integral submanifold is
symplectic and called a symplectic leaf. In other words, one can think of a Poisson manifold as
a union of symplectic manifolds (usually of varied dimensions) fitting together in a smooth way,
which is a result due to Kirillov [5].

The classical Poisson bracket (see Equation (1)) was first introduced by Poisson in the early
nineteenth century as a tool for classical dynamics. Jacobi [2] realized the importance of these
brackets and elucidated their algebraic properties, and Lie [6] began the study of their geometry.
After a long dormancy, Poisson geometry has become an active field of research during the past 30
years or so, stimulated by connections with a number of areas, including harmonic analysis on Lie
groups, infinite dimensional Lie algebras, mechanics of particles and continua, singularity theory,
and completely integrable systems, to mention just a few examples.
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2 PING XU

In general a Poisson manifold is singular in the sense that its rank may vary accroding to points.
A useful method to “desingularize” a Poisson structure is to use the so called symplectic realization,
which can be traced back to Lie who used the name “function group”. In [6], Lie defined a “function
group” as a collection of functions of the canonical variables (g1, ,gn,p1,"** ,Pn) Which is a
subalgebra under the canonical Poisson bracket and generated by a finite number of independent
functions ¢y,--- ,é,. In modern language, this means that R” has a Poisson structure induced
from the canonical symplectic structure R?" in the sense that ® = (41, ,4;) : R — RT
is a Poisson map. Generally, a symplectic realization of a Poisson manifold P, as defined by
Weinstein, is a Poisson map from a symplectic manifold X to P which is a surjective submersion.
Lie proved that such a realization always exists locally for any Poisson manifold of constant rank.
The local existence theorem of symplectic realizations for general Poisson manifolds was proved by
Weinstein in 1983 [9]. The proof was highly nontrivial and used the local structure theorem for
Poisson manifolds. Subsequently, in 1987, Karasev [3] and Weinstein [10] proved independently
the existence of a global symplectic realization for any Poisson manifold. In fact, they found that
by a suitable choice, such a realization admits automatically a local groupoid structure which is
compatible with the symplectic structure in a certain sense. The global form of this notion is what
is now called a symplectic groupoid. Symplectic groupoids have their own origin in quantization
theory [4]. However, it has been quite mysterious why the groupoid structure and symplectic
structure enter into the picture of a Poisson manifold in such a compatible and striking manner.

On the other hand, Poisson groups have been intensively studied as a classical limit of quantum
groups. The theory of Poisson groups established a precise relation between Poisson structures on
the groups and their infinitesimal invariants, Lie bialgebras. In order to understand symplectic
groupoids using the techniques of Poisson group theory and to unify both theories in a general
framework, Weinstein in 1988 introduced the notion of Poisson groupoid. Lie bialgebroids were
introduced and studied by Mackenzie and myself [7] in 1994 as the infinitesimal invariants of Poisson
groupoids: given a Poisson groupoid G, the Lie algebroid of the underlying Lie groupoid, together
with the Lie algebroid structure on the dual A*G, form a Lie bialgebroid. Lie bialgebroids are
found to be connected with various subjects in Poisson geometry ranging from Poisson-Nijenhuis
structures to Dirac structures; However, it has remained an unsettled problem for quite while
whether an arbitrary Lie bialgebroid can be integrated to a Poisson groupoid.

In this talk, I will give an affirmative answer to this question. I will start with some background
material on Poisson geometry including Poisson group theory. The main theorem is that a Lie
bialgebroid structure on the Lie algebroid of a (suitably simply-connected) Lie groupoid can be
integrated to give a Poisson groupoid structure on the underlying groupoid [8]. This result extends
the well-known result that a Lie bialgebra (of finite dimension over R or C) is the Lie bialgebra
of a Poisson group [1]. At the other extreme, it also shows that if a Poisson manifold P has
a cotangent Lie algebroid which integrates to a Lie groupoid G == P, then G has a symplectic
groupoid structure integrating the Poisson structure of P. In particular, we obtain as a consequence
a new proof of the existence of symplectic realizations for general Poisson manifolds.

Within this general framework, the geometric origin of the symplectic and groupoid structures
on a symplectic groupoid becomes transparent. Given a Poisson manifold P, its cotangent bundle
T*P carries a Lie algebroid structure. The canonical Lie algebroid structure on its dual, that is,
the tangent bundle TP, induces a Poisson structure on its groupoid (assuming the groupoid exists
and is a-simply connected), which is symplectic in this case. The compatibility condition between
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these two Lie algebroid structures then assures the compatibility condition between the groupoid
and symplectic structures which makes it into a symplectic groupoid.
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Phase Field Modeling of Crystal Growth

Robert F. Sekerka
Carnegie-Mellon University

Abstract

The physical and mathematical basis of the phase field model for solid-
ification of a pure material will be presented in terms of an entropy functional
that depends on an order parameter and a gradient entropy in that param-
eter. An alternative phase field model without an order parameter and a
gradient entropy that depends on the squared gradient of the internal energy
will then be formulated, and shown to be isomorphos with the Cahn-Hilliard
equation. These models will be contrasted, and it will be conjectured that
the latter model corresponds to local equilibrium at the crystal-melt inter-
face. This conjecture will be explored by means of numerical solutions and
matched asymptotic expansions for a few one-dimensional problems.



Notes on Galois Extensions with Inner Galois Groups
GEORGE SZETO
Mathematics Department, Bradley University, Peoria, Illinois 61625 U.S.A.

Let S be aring with 1, G a finite inner automorphism group of S, G = {gy, g»,
.o++8n}, &i(s) = U;sU;! for some U; and all sin S, and nisa unitin S, SO the subring of
the elements fixed under cach g; in G. We denote sG by R, and the projective group ring
of G over R with a factor set {:GXG-sthe set of units in R by RGf; that is, RGf is a ring
with an R-basis {Uj /i=1, 2, ..., n} rUj = Ujr forall rin R and UjUj = f(nggg)Uk where
&i8j = &- THEOREM I. The following statements are equivalent: (1) Sisa G-Galois
extension of R with Galois system {n”'Uj, Ui'}. (2) S=RGy. (3) {Ui} are linearly
independent over R. (4) {gp#R;} are linearly independent in Hom(S,S) over R, where
Ri(s) = sUj lor each i. When such an S is also an Azumaya algebra over its center C
contained in R, the following statements are equivalent: THEOREM 2. (1) RGis an
Azumaya C-algebra. (2) RGyis an H-separable extension of R and R is a separable C-
algebra. (3) S isa G-Galois extension of R with Galois system {n-1Uj, Uj‘l} and R is an

Azumaya C-algebra.

Let S be a ring satisfying the hypotheses as given by Theorem 2, the set of all
separable subalgebras of S contained in R (or containing R), and & the set of separable C-
subalgebras of S containing CGy (or contained in CGy). Then the map h: £—¢f) by B—>

B(CGy) forany B in & is bijective with the inverse map p: A—» AR for any A in &,
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T. IImanen. ~A Strong Maximnm Principle for Singnlar Minimal Hypersurfaces™

If M is a stable minimal hypersmrface of multiplicity one. then all the tangent cones
of M have multiplicity onc. The proof is a modification of a corresponding proof
of L. Siinon for arca-minimizing hypersurfaces.

Corollary: if Vi. Vo are stationary integral n-varifolds in R"+! such that ™% (spt
Vi Nspt Va) = 0. then actually spt Vi Nspt Vo = . Furthermore. if the supports
are disjoint but approach closely in one place. and are each connected, then they
approach closely everywhere (in the sense of Hausdorff distance). These results are
proven by interposing stable minimal hypersurfaces.
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in a nonlinear free boundary problem"
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Travelling waves for a diffusion equation

with periodic inhomogeneity

A f—
BRUEREKFHRLFER

1 3IC®IC

HRARIZBWTIE, 49FORA - & CEMBEANORE ORER E, LK
Lo TEDS B HEE<BREINATWVS. ZLT, IhooBfE2Rbd a3 %
TEAKHBEFNMNEHZH, BIEMNTORATWVWS. O£, “RERZEANICX
5T —ETH2” EWIREDHLTHEHINTWVS, HEBOBHZIZBLWTIE, B
BHREMYURKIC R THE2EBZBATEINT—AHEL, THOIVSHMTESLEZ N
ETFND, ERICLHDERNT—F LB LADES LTIV MO TEBEEOH
WEEBEFINELTIHESINTVLS.

N BREOEMMNERNKES< B2 L, —FKRETTIESIIPEYEMER
RN, FOBMTRESAZFNRVEIBIEITEARBAKNBERINS T
HAHADEMGEEIND. T BEEZALBNIIEI BRI LEICE>THERMICEZHD
EHREHET LW MER, L% - AMFRITHBO THEKEN,

AME T, ZEMAICEMNSE-REZ S DORETT, MBICLZENEDLD
CEBRTANEVSIBEZMOES . &1, F—HKHOME LEHIC X 2B O &k
R (P HE) EOBBREEREL, EOLO R LESHOEH/EMBATESZNAEL
I T AMEELSZS.

BRI, RO LD %M 1 RO ABRESZEZS.

1 1
w, = -(;-(;)-(a(m)u;)z+£—2f(u,e), z€R, t>0. (1)
EEL. e RASAEREDNT A—F THY #ﬁ%iﬁéf(u;e) &0 <e< 1

1



EHLu=0BLPu=1 2LELERICLONLERTHD,u=1 LW RKE
Mu=0EWSREBEDBRETHZET S (RENAKERER). £, a(z) B
FEEMBEET, ToRNAMZ L>0 &9 5.

a(z) PEBHIEROBS, (1) RO &S R EMEI— B TRER L5,
m=mm+§ﬂw¢ z€R, t>0. @)
CDEE, B e TR UEEK co(e) M—BITEE- T,
O ——"

LW B TRENAMMSEET 5 ENAENTVS (1. 20X, BHBEEX
Pl — R CRDMEETEREIER, HER (2) OEM—EICX D, BEEic
FAUHE CEOROEET .

az) BERTHRVES IR, bRO—EHRW - —EEECETT5RBEELA

B, SEXERRMBEROBEND S, b(z) = d'(z)/alz) HHBEENT WEEI
VT B 7 R T ST T B MATEIE L, b(z) B BREREL 2D &, T T
AWRFE LD, RDDICEEMRIHET 5 Z &ARBEI N TV,

BE. HER (1) O u(z,t) PECETRR TS S &1, u REKTEL, &5,
B30 THRVWERT REELT,

U-(I,f."l-T):U(:CHL,t), (Ist)ERsz

MDD EEWS. £, c=L)T % BUETEMR v OFHEEE VWD, B5
Mz, ETEBISRELETEMRTHS.
SEQLLEITHMIZ, c> 0 DEZHEANETL, c <0 DEZTEANETT 5.

LT, EMIE f i3, ROREZHLETHOLT 5.

(F1) f(uie) B B 0<e <1 RMLT, bxIEI[MOEAO,((e), 1 DB, TN
51, 0<((e) <1 BHET;

(F2) £ED 0<e < 1 KHL, f(u;e) > 0 for u € (—o00,0) U (C(g),1), flu;e) <0
for u € (0,{(g)) U (1, +00);

(F3) £ED 0<e <1 ITAL, fu(0;¢) <0, fulC(e);e) >0, fullie) <0



(F4) fol f(u;0)du = 0, -/Glfe(u; 0)du > 0.

R HP EL T, flue) =u(l—u)(u—(1/2-¢)) BT 5N 5. KiE (F1)-(F4)
DOFT, HERKX (2) OHETHEMBOEE co(c) 1, IED M K P_I’I%CQ(E) =c >0 %
HD.

2 EHR

HER (1) ORLUETREOFEBLVIIFEICHLTROBEREEL. £EL,
b(z) := d'(z)/a(z) FEFHIC 0 TRVET 5.

EE A

(i) maxeer b(z) < co MKV IDETS. CDEE, HHEDEK £, HEELT,
O<e<e B5IE, HBR (1) ORLETHRMTHICETT 2 ONEET 3.

(ii) mingerb(z) > —co BEDIDET B, TDEE, HHEDEK e NEELT,
0<e<e BOE, HER (1) OREMETEM TEICETT 5 bONELET 5.

EE B.
EH A ICEo>THSNEL (1) ORUETRICHL, TOFEHEE c 2D T
le| < eole) MRRILT B.

EE C.

(i) maxzerb(z) > co MRDIMUDET S, ZDEE, HDHIEDERK 3 NEEL T,
0<e<e; BEE, AEK (1) ORMETERTHICETIS2bOREELE
W, 51, e e (0,6) IKRLT, HERX (1) OKEVLHEM £ T

lim v*(z) =1, lim v*(z)=0
T—+—00 T—++00

EHIETHONEET S.

(ii) mingerb(z) < —co RN LD ET S, CDEE, BHEDERK 4 WEELT,
0<e<ey B, HRR (1) ORLEFERTEICEGTT 2 bOREELR



W, 512, He e (0,eq) LT, HER (1) OREFHMH ° T

- ~& - : ~€ —
z-l-lvr—nmv (:L’) =0 zllrl-l—noou (3:) =

EAHTHOONFET S.

ERBICXD, AHKARE—REZMA &S ZORLETROEDES I, 2EH
I — BRI P 2 EDETHROES LD BBV EAtbMN2. DED, ZMFENK
RIFE-HEEMASZETHOEROEYHEIES RS,

T, EHABLV EE C ZMHIEDESILICLD,

r;}giiril b(z) < —cp < max b(z) < ¢o (3)

BHT LD b(z) I L TR, AICHEDREMET SR IIEET 508, £ EDRELE
AHRIEEELRBRNI EWREND. LENoT, TOLIBIE—HREEZMAS LT,
BEOHBICREAEE TSNP AMICRERL RV D RS (B O —AEH)
FEDHT EMTES.

AR (1) 3, BB RERICE D AMRREEAEEE S D RC LR
w = (d(z)ug)r + El—zf(u; g), zeR, t>0. (4)

CERENS. LiEntsT, FER (4) KL THEBORKEINKD D,

S & 3k

(1] P. C. Fife and J. B. McLeod, The Approach of Solutions of Nonlinear Diffusion
Equations to Travelling Front Solutions, Arch. Rational Mech. Anal. 65 (1977),
335-361.



SURFACE-LINK D7 Vb A4 FERRIZDWVWT

S E-—

PN AR N

J. W. Alexander & A. A. Markov DEBIIFHUHBERE 7L 1 FEGEE 180 L
THEELEHZRZLTT. Alexander DFERIL [LD L) LiUH - AL 7L A
FOMAOERTES] S LxEiEL, Markov DERIE [0 L5471 Fidd
HIAEHDEZRTIEE—EE L] LI BDTT. HVFELT, FUHEMETSIC
27 L4 FO Markov OZEARZC L 5 EMEH ( Markov ZKEEER) z@~HUTRW
SEWIANET. TOKET, LA, #UH - AHFEOFBOTREICED F L
oL, mbARELRBFEE LTI, V.F.R. Jones 2% U°H - #AHOH L WEEHAAE
mERBRLI L. (Jones FHERORRBEUHEROCy /v b EbRET. )

kL2 2REICOPVWTERET. 2KL (BLUEKRL) D7V A FidsFssE
LHETEXRSNMFREENTVEY. 2RTOHKUVHERICI E{vvFT550i1 0.
Viro &5 2RE7 V4 FOBSTY. (ERZENLANICFERKOBEZA L. Rudolph (2
ENFIRENTVET. I 2RTOMVEH L) $EBORTOKEUH L OB EHZE L
TWE LA, )

EH1 (Viro). 1EED surface-link 132 RTC7 V1 FOMAOHIERTE S,

EH2 (K). EED surface-link ZHH 2 KTV A FOMBLOHICERLTE 5.

BWHi2RITET LS FIZZLA P4V FE—CERTELWIEEM 2 KT 7L 1 FOHLE
5o TV E 4]



2 k| 3

EH 2 OIoH & LT surface-link (2KTHUE - #A4H) BOREOUFHY
T. #UH - AHBOHHoTE, 3 AT LOBAITIZOWTIE M. Kervaire (24 0
KBS aProTwE L, R 1RTOLEES S TR/ L I 1T Alexander
¢ E. Artin DEBICE W AP oTwET. 2RTCOHELETHPMYERSNTOIRTT
2, EH2OHM2AKTLT VA FEREHAVWTHERE2TICRIILE L.

EH3 (K). 220 (H#) 2kT7 VA FOMAYEMEL surface-link &3 720D
VBt H A EERER (714 FAY PE— -« BB - REERB L UZ0H
W) #ENMRTHEFRLEL T VA FTHAZLTHA.

Fd. YO RIFHM2ATLT VA Fb I F CHRER - REMERLHET &, 2K
L7 VA FIZ7VA FA4Y PE—TERTES.

EH1 (EM2) LEM 3 Alexander & Markov @R IZH M T 5 2 Ktk UH
FEGE 2RTCT VA FERZ R CHERTY. Iz T surface-link DAL E %K
TAHAILIISHROBETY.
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A& CHERICOVT
AR R AR AS: WHURHEBIIORE /N ST

kI 2E < HERR ( reasoning about knowledge ) 12U A SEFEEF bR SN TE A
WEEO—DODFEETH %, R TIE, ALAERRL Y A7 4% POMERE ¥R LR
7 — AR BEFOMREF LA BIabd IS ICh-TE7, #HiETIE, TF@
W CHEROMED BELERIIDVWTEHR, 2XIF0HROLEST L > TV A HH
i X UF Kripke IS L 2 EHGREBET L. KRBV { 2D DIEHT L S BOMROFHHIIZ2
WTHBR7z,

KAVHEICIBI 2 oTWAHER, WS LIUHINL, FAFNREL TR DT E—
BIZOVWTOHIME ZD DD T EDFEOREICHT 22 LIt TEIhbhTna e
ZAoND, L72AoT, BHMZHEGROREAZHEII OV TOREBZ ED TV L 251213,
[k E132ATHED. [MoTWwE| AR [FELTWS | SLEEHETHLZ LI
ZEDE ) RMFEESH L0, SHICREFVHLILEHBII [MIoTwa ]| 2Lk T4
TWh ] TEXEGYPRML TV | CERFEHNCLDIIRBUYS L0 EE, HoH
LTV LENH L,

ZITC[pTHHI LR (FRLAZE D) HoTWE | ZE%E K¢ LWIHIRERELT
FL, K EvIimBEEEOD OMENMEEZARTAS, BFOREARICHRIEE K 128
TOLRYZABEBAEOTMAZZ EICE VBSOS AERIE [ARORE] L XiZhs, =
DHBOREIIERMERELTIZT VAP F VAL X OB SE0 & - BHEREOERZD S
LR DI 2 TWVD, HBHBRHEILOWTIRSHRRIC R > TH L BERZHEEDTE IS
FTTIBAICTHREB I 2D TEY, Lo THROBHEOERERE LTORHIZC N
SOBREFHTLIENTE D, & ICHHMREDERR TH % Kripke DI (X 7212,
TREHRTRR L b LTI 2) 2 HMMOREOHEBOIOICHWDL Z EHTEEIC R S,

ECHTHENGZHREZBIZI)HE. BoOMMIST Tt ADm#Mie bMbh 28-
TV X I 2RELFV, EHIT, MAIFRFOMBERSENLZ TR o TWE D LD, HICF
AROHBEMADSEN T HoTVEDEVI T L OB RS, FNERBIICHGE
BAOBIZED & 5 LILMMHIHLPIZE D, BRMERTELIEINESTL B, BEID,
AYIT=2%NTHa3Ias—TarR, RORBLZLICHLALZBRITAICC 10X
728 ) BB EEICHDoTL b, CHOOMBEOGHFICHMOBREEITH VL Z L8
TEDLDTH b,

IO &5 ICAMOREONRIE, MICE  HROBEN LM 120 v TOHAR 7 Hi#
RHIZTANEN, EhE L diZ (Ml oF¥ 4+ 3y 2 %2WHE., T4obb. MEOKED
TOEA, ECK FRRBENDPoLLLEZIIINITH TV (o) MEET. @
MOBKEZEEL TV EW) T OLR, KO BRETA2LEYD S, ZoOMEIIH LTI
AGMEGRL ST L RAPH 5, COHEGRIE FEHEMHER. & ICBEMIUHER ( cumulative
reasoning ) £ bHERIZWHRLTE Y, HENRZEROBFO—2 AT 2 BRI 2 2008 H
& L THEBRENY,

bBE5A, DEICEARZE 32T L M) CHTLMED S —8aTLi%kv, L
ML, BEREEDPOOIOLHIRT7Tu—F%, (M@ TR 40HB¥FEDL-D
b:ﬁﬁb;} % t#if‘(‘%o



Compact quotient manifolds of domains in a compact complex
3-dimensional projective space and the Lebesgue measure of limit sets

ERRFRTEH S

1 Klein ##

T, EERIRTOBEICHOVWTEAEY, BRIKTOHRSE
IZoNWTIE, BUWERRABEIC L.V. Ahlfors 2818, £ OFFEFICL-T
B ANEBBRINTWET, B4 IAYSIIZhOREEZ LW O TR, ..

| KTERFRZE P ICERT 5 1 kKol ¥E#RE PGL(2,C) OF
RAERRHIB T 2E2%9, bL. P IChdRz LXTOEFU &8
HoT, EEDgeT\ {1} XL gU)NU=0 THD L X, 2z IBF
TEFETHDL L WVWWET, BETERRAZES 1 KTHEEREOR
RARZESEEE Klein #EMEOEY, 1 KEOBEE, BATFERR
BAENLRHEBIT. PGL(2,C) ORMAFEREZ ONHH—FEICRE
2H0OTY, ZOEKO P! TOMESZBIRES (limit set ) L VWE
F, n=2 RWEUEOEESICIE, n KTHEEHICH< n RITHEER
BOBRERRBYTEICKH LTRRICEZS L. BATER LV I DI
BT Ciidh v /A, TTHHLUE%, MOBET 2EHTH, [T
OEEREGHERAOLE] LV OF—ICIEERERFZT. TICk>T
—BlpEbhrn tbnry £+, 2 ¢ o< B R ERRE
O % (FTEEAD)RELTHRE L, (T,Q) FLEI I LICLET,

2 ([,Q) OFl
EFPFERIKTICOVTRREL £ 9, ZOHAE Ahlfors IZ X 5RO
EBENHRH T,

PILIA—IVADRE. T 1HEEO Klein #, Q 3% OEA HEGE/2 RIK
LLEY, c0rE, QOT Ik E%ER Q/T i AREO= 37 b
) — VE O disjoint RFERIC. HREONXZBET 2EH L ERIREL

RS ICE L TiX Ahlfors IC X 2RO TR HY £,

FIIH—INADFE. Klein#o EREET P! £ TR Lebesgue
measure 1% zero TH5H 9,



—F5. ZOFREYR—FTH L% [EH] oRFEE LT, =
DO FEORKILT D Klein BENHH LV Klein B2 185K 95 Klein & E
B (Combination Theorem) O FENRBL ML TWET, ZHITEA
THEGERROEENR ED X D REKICRDO0E, BORKE S > LB
VAN TTRE LY, REM2RER MESR] ©F, ZusHvEgRT
THBBRESOREZFFME 5 Z L258 Maskit IZX>THB I RbhTinE
T (M]). ShOBERZ3KRTTITI Z LKL, TN ZORED
ABEROTTR, £EBHBHLEROLEIERY ET,

®E. I'; i3 PGL(4,C) © ARAEKLRFZHETH- T, HEZR P* O
HOEREARIKIC Q; ICEE AR LICERTEGRICER L. Q,/T; 3R
MO NeTD, EEL j=1,2 Th-T, {XiER»RH-TH
v, HicQ; BC 1 KEHEERZECLEETH. ZOLE B
3Oy C PGL(4,C) & 3 OBEERELRERQ C PP Lidh-T,
I3~y xTy, THY, Ty i Qs Lic BEALRLS BERERGICERL TV
%, Bizh L, P\ Q, j=1,2 ® Lebesgue measure 7% & %12 zero 72 &%
P3\ Q3 @ Lebesgue measure % zero \Z72%.

AEBAIE, Maskit O H O L B EITWE 23, @ik MEREF) 233 Wt
THEBENES L 25T (—iic MERER] THHEKRT CEREKE
T, BIEOHRMRE D RDPBHHNHY £HA) . K [K3) ICIEMERE
EEFLWIEALRD Y £9. [K2] i3, M4 Of, BLOEFICOWTS
Bl LBUWET,

[K2] Kato, Ma., Factorization of compact complex 3-folds which
admit certain projective structures, Tohoku Math. J. 41 (1989),
359-397.

[K3] Kato, Ma., Compact quotient manifolds of domains in a com-

plex 3-dimensional projective space and the Lebesgue measure
of limit sets, Tokyo J. Math. 19(1996), 99-119.

(M] Maskit, B., On Klein’s combination theorem III, Ann. Math.
Studies 66 (1971) 297-316.



Foliations on surfaces with GSS

Georges DLOUSSKY
October 30, 1997

It is well known that primary Hopf surfaces admit global vector fields.
Hopf surfaces appear as a special case of the class of minimal compact com-
plex surfaces containing global spherical shells (shortly denoted by GSS) :
They admit an open embedding of a neighbourhood of the sphere $° in C?
with connected complement and were introduced by Ma.Kato([KA]). The
case by(S) > 1 has been investigated by several authors ([KA] , [D1], [D2],
[KH1], [N1] ). Although the construction is, like for Hopf surfaces, quite sim-
ple, the description of the geometric properties is deeply related to the study
of normal forms for singular germs of mappings F = Ilo : (C%,0) — (C%,0)
which factorize through a finite number of blowing-ups.

In [DK] the situation of generic and Inoue surfaces § has been investi-
gated: They all admit a unique global singular foliation. It is induced by a
global vector field (in fact by a holomorphic C*-action) if and only if § is
a Inoue surface. The crucial point is the construction of normal forms for
the associated germs F' = Ilo. These germs are exactly those for which the
trace t7(S) = tr DF(0) of the tangent mapping satisfies 0 < [ir(5)| < L.
Assuming the existence of a GSS we recover the classification of semi-super
attractive germs which is implicitely given in [E].

This lecture (see [DO]) is devoted to the more complicated situation
of surfaces with ¢r(S) = 0, i.e. to the case of germs F' = Ilo where the
sequence of blowing-ups is not generic. For example, in the sequence of
quadratic transformations there may be intersection points of components of
the exceptional divisor which are blown up. Our main result is the following

Theorem: Let S is a minimal compact complex surface with a GSS.
Then there is always a global singular holomorphic foliation on S. Further-
more we have:

1) If bp(S) > 1, then S admits at most two foliations. There are two
foliations if and only if S is a Inoue-Hirzebruch surface.



2) There are surfaces § with tr(S) = 0 admitting a global holomorphic
C-action. In this case S is never Inoue-Hirzebruch.

We remark that this result contributes to the problem of classifying
surfaces with non-trivial global holomorphic vector fields. (see also [CHK],
[GH], [Hau] and references in these papers)

In [HO] J.Hubbard and W.Oberste-Vorth study the dynamical system
associated to a Henon automorphism H of C2. The attraction bassin U, of
H may be completed with an infinite family of rational curves to a manifold
M. The quotient of M by the infinite cyclic group generated by H is a
compact surface § with GSS, by(S) = 3 and ¢r(S) = 0. This article may
be considered as a generalization of [HO], since we obtain similar results for
every second Betti number b; > 0 and every germ F = Ilo.

The talk is organized as follows:

1) Basic notions on singular foliations.

2) Basic facts about surfaces containing GSS.

3) Foliations on surfaces with GSS: Using the Brunella formulas for sin-
gular foliations we derive a linear system with coefficients in Z fullfilled
by the numerical tangent divisor ie the positive divisor Dy associated to
a global section §# € H%(S,0 ® O(~Dy) ® L),L € Pic®(§) of the sheaf
of vector fields twisted by a flat line bundle. Hence we obtain numeri-
cal obstructions for the existence of sections H%(S,0 ® O(-D;) ® L) and

H°(S,~K ® O(~D_g)® L). The relation DS, = DR + D, where D is the

sum of all rational curves shows that D_?K is a divisor if and only if DQ isa
divisor. If there is no numerical obstruction, an explicit pa.ra.metriza.t;on of
the flat line bundles Pic°(S) by C* allows to find a unique complex number
& such that H°(S,K~' ® L*) # 0. Considering logarithmic deformations
8§ — U, we obtain a holomorphic function x on U.

The heart of the proof is a precise description of the quadratic transfor-
mations associated to singular and regular sequences of self-intersections. It
allows us to define an invariant k(S) € N having the following property: For
curves C such that Og € Sc is not the intersection of two rational curves,
there is a holomorphic function f¢ in a neighbourhood of O¢ which satisfies
the functional equation

fo(Fo) = f&°.
This function yields readily:

¢ a global singular foliation F on §,
e a twisted closed logarithmic 1-form w € H%(S,Q(Log D) ® L*(5)),

2



e a plurisubharmonic function Ge (called Green function) on the univer-
sal covering space S of S, which is pluriharmonic outside the rational
curves

e a first step towards the classification of (super attractive) singular
germs of mappings F' = Ilo : (C?%,0) — (C2,0) with two zero eigen-
values .

It is possible to describe the leaves of the foliation in the complement of
the rational curves. They are isomorphic to C and dense in the level sets
of the Green function. Here a solenoid phenomenon similar to that in [HO]
oceurs.

4) Existence of global vector fields: A twisted vector field 8 € H°(S,0®
O(=Dg) ® L) is a vector field if and only if the flat line LA5) is trivial.
Given a surface §, we embed § in a logarithmic family § — C* such that
there is a non-constant holomorphic function A : C* — C* with A(u) =
A(S,). This function being surjective, the flat line bundle is trivial over
the (non-empty) hypersurface {A = 1}. Consequently, for surfaces over this
hypersurface there are global holomorphic vector fields.
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semi-hyponormal fEZRDARY kLR

& Rt (FR)IIKF)

Let H be a complex Hilbert space and B(H) be the set of all bounded linear op-
erators on M. T' € B(H) is p-hyponormal if (T*T)? > (TT*)?. Let T' = U|T| be the
polar decomposition of 7'. p-hyponormal operator T satisfies N(T'—z) C N (T — =2)*)
and 04(T) = 0j4(T). If p = 1, then T is called hyponormal. If p = 3, then T"is called
semi-hyponormal. We assume that U is unitary. There are three methods growing up p.

(1) S; = U|T'|P is hyponormal operator.

(2) Sz = |T|2U|T|% is (p + i)-hyponormal (Aluthge transformation).

(3) S5 = L=1(U) + 4|T|?* is hyponormal (L~*(U) = (U + 1)(U — 1)~ : inverse Cayley
transformation).

(1) is applied, for example, the extension of Putnam’s inequality. That is
Srpe p 2p-1
T'TyY —(TT*)? <—/ P~ drd.
lrry - @yl < B[ e

(2) This case holds that o(Sz) = o(T). There are many applications.
(3) is applied, for example, the proof of the following: The eigenspaces of |T'| are reduce
U.

If T is semi-hyponormal, then for re® # 0 it holds that
(T —re®)* (T —re?) = (|T| —=r)> + r(U — €°)|T|(U — e?)* + r(|T| = |T")).

And the following theorem is important for the study of spectral properties of p-
hyponormal operators.

Theorem 1. Let R be a set of C, T'(t) be an operator-valued function of ¢ € [0, 1] which
is continuous in the norm topology, m(t € [0,1]) be a family of bijective map from R
onto 7(R) and for any fixed 2 € R, 7(z) be a continuous function of ¢ € [0,1] such
that 7y is the identity function. Suppose

7a(T(t)) N T(R) = n(0a(T(0)) N R)



for all ¢ € [0,1]. Then, for all ¢ € [0, 1],
a(T(t)) N »(R) =7n(e(T(0)) NR).

Theorem 2. Let T'= H + iK be hyponormal with K > 0 and 7(T") = (H + 2)(H —
i)"1K. Also let 7(z +1y) = (z+1i)(z — i)'y (y > 0). Then 7(T) is semi-hyponormal
and it holds that

o(7(T)) = 7(a(T)).
Next we define the generalized polar symbols of T. Let T'= U|T| be semi-hyponormal
with unitary U. We let S;(|T]) = s -fll_'{gle““|T|U“. For 0 < k < 1, we denote
Ty = U{kSS(IT)) + (1 — k)S; (|T])}- Then we have

Theorem 3. Let T'= U|T| be semi-hyponormal with unitary U. Then

o) = |J o(Ti).

0<k<1

Next, let U = (U, ..., U,) be a commuting n-tuple of unitary operators and A > 0.
We define operators Q; : B(H) — B(H) as Q;(T) =T —U,TU; (j=1,...,n).

[Def.] (U, A) : p-hyponormal tuple <= Q;,---Q;, A* >0
for all 1 Sh<p<<jmln

For p-hyponormal tuple (U, A), we let S;(T) =s- Jim UTUY,
and we denote, for 0 < k <1,

(kS + (1 — k)8; )pA = {kS] (A%) + (1 — k)S; (A%)} 3.

and we denote, for k = (ki,...,k,) € [0,1]*, Ax = [[(k;S; + (1 — k;)S; )pA.

=1
The Xia spectrum ox(U, A) of p-hyponormal tuple (U, A) is defined by

ox(U,A) = U o;a(U, Ax).
ke[o,1]»

Then, by D. Xia, B. P. Duggal, M. Cho and T. Huruya, we have

Theorem 4. Let (T3,...,T,,) be a doubly commuting n-tuple of p-hyponormal opera-
tors. Let T; = U;|T;| be the polar decomposition. We assume that every U, is unitary.
Let A= |T1|---|T,|. Then (U, A) is p-hyponormal tuple and

n

4 2p -1 1
T*T:\P TETEI € —=— | won P ai
| I I(( j 3 = (T} _-,) )| < (2ﬂ)“f ﬁx( ’A)'r dfy - - dO,dr.

J=1



CONTINUOUS VECTOR FIELDS AND THOM’S
ISOTOPY THEOREMS

K.BEKKA

R.Thom introduces the notion of vector fields controlled by tubular
neighbourhoods and proves that this vector fields are integrable. After
he extends the Ehresmann’s isotopy theorem to singular spaces more
precisely to the so called Thom-Mather stratified sets.In this talk we
proves a "stronger” version of the 1°* isotopytheorem.This version is
obtained by integrating continuous controlled vector fields. At first
we prove that a necessary and sufficient condition on the stratification
to obtain such vector field is that stratification is C-regular i.e. the
control functions satisfies the Thom condition (ay).The proof of inte-
grability of such vector field is more direct since it is co! ntrolled and
continuous.Finally we construct such vector field by lifting a smooth
vector field over a mapping submersive on the strata.The homeomor-
phism obtained by this method is not only smooth on the strata, but
also have the following property:the image of a C-regular substratified
set by this homeomorphism is C-regular. Now, what about the sec-
ond Thom'’s isotopy theorem?Unfortunately the lifting of a continuous
controlled vector field by a Thom map is not in general continuous.a
simple example is given by:

example Let f : R? — R? defined by f(z,t) = (2*(2? + t*),t)we
obtain a Thom stratification of f by stratifying R? in thesourceand the
target by t—axis and it’s complement.Let v = (0,1) be the constant
vector fields in the target(it is controlled by p(X,T) = |X|?), then it’s
unique lift £is defined by £ = (3357, 1) onR*—{t—azis} and £ = (0,1)!
on the t — azxis ;is not continuous on the diagonal A = {(z,t) € R*|z =
t}. This is due to the fact that po f is not a Thom function i.e. the
result of composition of Thom maps is not in general a Thom map.

Now if we take instead of p, the following control function: p'(X,T') =
/T4 + 4| X| — T? where (X, T) are the coordinates in the target.Then
p' o f(z,t) = 22% is a Thom function.It follows that every continuous
vector field controlled by p’can be lifted to a continuous vector field
controlled by p(z,1) = z?

Date: 5 November 1997.



2 K.BEKKA

We obtain the following result for Thom maps :Every continuous
controlled vector field in the target admits a continuous lift if and only
if the composition of the Thom map with any control function in the
target is a Thom map.This bring us to the following question:Is it
always possible to obtain such lift after a suitable choice of the control
functions in the target or refining the stratification of the map?

UNIVERSITE DE RENNES I, CAMPUS BEAULIEU 35042 RENNES (FRANCE)
E-mail address: bekka@univ-rennesi.fr
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Unbounded Toeplitz Operators
in the Fock Space.

JAN JANAS

In recent years theory of bouded Toeplitz operators in the Fock space was
B studied intensively, [3] [4] [5] . Unbounded Toeplitz operators in B were
introduced by Bargmann in his well known paper [1] but only for very special
symbols.

A general class of symbols was considered by Berezin in [2]. Below we shall
give a short review of (mostly ours) results on unbounded Toeplitz operators
in B.

Let LP(u)(p > 1) be the Banach space of L? integrable functions in C" with
respect to the Gaussian measure du(z) = 7" exp(—|z|?)dV, here dV is the
Lebesgue measure in C". Let P be the orthogonal projection from L?(y) to the
Bargmann-Segal space B of all entire functions which belong to L?(p). B is the
Hilbert space with the orthonormal basis fi(z) = zf/k', k = (ky,---, k) € N™.
Given a measurable function ¢ on C" one defines the Toeplitz operator T, in
B by

T,f = P(¢ - f)-
The domain D(T,) of T, is defined as the intersection B N D(M,,), where M,
is the multiplication operator : f — ¢ - f.
In what follows we concenrate on the following questions. How to find the
adjoint operator T;;, when Toeplitz operators are closed, essentially selfadjoint
and when their resolvent is compact.

1 COMPUTING T;.

In order to describe the adjoint of T, we need the next definition. We define
the operator Il, in B by

I, (z) = ] o(a)f(a) exp(z, a)dp(a),



where (z,a) = ) ;_, zx@k. Then we put

D(IL,) = {f € B, / il Fa}exple,a)dida) €8

It turns out that for entire symbols ¢ one can prove, that T, = II,, see [6]. The
problem of computing T for entire ¢ has already been studied by Newman
and Shapiro in [9].

The following result gives a sufficient conditions on entire ¢ which allow to
compute T3, see [7].

THEOREM 1.1 Let E be the linear span of {e.(z) := exp(z,a),a € C" }.
Assume @ is an entire function satisfying the following conditions : E C D(T,)

(*) D(T,) C D(T,w),s e; N®
(**) ol (w)| [l (- + w)ll 5 < +oo,

where () = D%y is the derivative of order s.
Then T = Il5.

REMARK 1.2 The conditions (*) and (**) are not necessary for the equality

T = IIy, see [7]. For p not necessary entire only a partial result is known (7]

THEOREM 1.3 If © satisfies the condition
lo(2) — p(w)| < Cexp(|z — w|*/4),
then T, = T.
In particular for such ¢, Tz must be closed.

2 WHEN T, IS CLOSED 7 .
This question turns out be delicate. Even very simple symbols ¢ defined
T, is not closed in general (e.g.(z1,29) = Z1Z3). Here is a condition which
guarantees closedness of T, see [8].

(W]



THEOREM 2.1 If ¢ is a complex Borel function on C" and D is a core for
T, , then the following conditions are equivalent,
(i) T, is closed
(ii)  there exist ¢ > 0 such that

lefI* < e(lIFII* + 1T £I*), f € D.

For particular symbols ¢ one can prove more [8, Th.2.2]
Let ¢ be a complex Borel function in C" s.t.

o(z) = @(|z1], -+, |2nl)-

Then T, is closed iff there exists ¢ > 0 s.t.

"‘70fk"2 S C(l i I((Pfk: fk)l“!)a
k=0,1,---
3 SELFADJOINTNESS.

The problem of selfadjointness of T, for general symbol ¢ is rather hopeless.
We only have the following special results :

THEOREM 3.1 Let ¢ be a real volued Borel function in C". Then T, is
selfadjoint (essentially selfadjoint) provided

i) n=1 and g(2) = [p(2)P,
it) there are positive numbers t1,---,t, such that

where p(-) is a polynomial

.’eitnezn) f— 93(31, . '.,zﬂ)

So(eltlezl? ..
for almost all z € |BC™ (w.r. t[V]). Moreover, we have
T, = T;P = Il,.

One can prove another criteria for selfadjointness of T}, but we don’t formulate
them here, see [8].



4 WHEN THE RESOLVENT R(A,T,) OF T, IS COMPACT ?

The above question has not been studied in depth. The following sufficient
conditions for positive answer has been found, see [6].

THEOREM 4.1 The resolvent R(\,T,) is compact provided that
(i) @isreal valued and Illim le(2)] = 400,

(i) / Rep(2)|f(2)2du(z) > cllgradf|?, ¢> 0
where ||gradf|[? = 2, | DefI?
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