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IEBEAFAEREFHAFHINEE (EA9E11 A1 98 (k) 16:30-17:30)
BB 4 bV : TMacPherson i Verdier & Riemann-Roch & Milnor 31

HE BE (BREXFEYR)

I . L EREAS MUVRO Chern BORRE (S, BEICEX(E, Gauss-Bonnet O
AXEFH T, K-BEEHDP S cohomology-Bi@NDOM—DHRAERD L THEHEEAS.
ME—E(3 258 Gauss-Bonnet DR EH/T I CEMBHTL S, EERTZSEBE XS
BEAZGEATNE, XOBRTXZEHRALT XD Chern B o(X) = (TX) NEBEEHO
%5, LirL., BREAZERDIEAIE. BRVEBESNAZWVED., COFXETIIL Chern FHE
BXhizl\, BREAZHTZHBEO Chern OFFTEL Deligne & Grothendieck (CL > TF
HZh (1969), MacPherson (LK > THEMICERENA (Ann of Math.114, pp.423-432,
1974), TNRIXRDEETH 5.

MacPherson @ E:F % constructible function @ covariant functor &£ 43, €O (FH)
IXPREBSERFEBZTNEC.(I1x) =c(TX)N[X] ) ZFBTEAERC, . F - H.(;Z)
HHE—DOFET 3.

BF Fo#ZMHE. ERNICEAEIEROE T 74 /3—0 Euler-Poincaré 8% &5
ETHD. — /. BFFREIVEHSRERTFHEZR >TSS, 74DE. B/ X - Y
LT, EEBERK [ : F(Y) - F(X) £ f(a) = ao f TEEITDE, 7 BR
EMWFICES, 5, BBEOBBOREMETHS. COREBFLLTO FITHLTX
DEBEEEZAS. B f: X - YV [CHLT, ROBAZARICT I L O ERBERK
fCH.(Y;Z)— HX;Z) I3TFETEN?

FY) -5 HY;Z)
Bl s o
F(X) - H.(X;2Z)
E#&7zE &L Baum-Fulton-MacPherson @ Riemann-Roch ER(ZH L TXRD L S5 5718
S I L >THEEN (PubLIHES 45, pp.101-145, 1975), Verdier [ Y R E /= (Astérisque
36-37, pp.189-228, 1976), M IIIMTE Verdier-Riemann-Roch EFE(FNTINS,

If f: X — Y is a local complete intersection morphism with 7} being the virtual relative
tangent bundle, then the following diagram commutes:

Ko(Y) —— A.Y)q
r[ cryns” |

X

Ko(X) —= A(X)q

FCT. ROMEEEZXSD, If f: X — Y is a local complete intersection morphism with
Ty being the virtual relative tangent bundle, then does the following diagram commute ?:
C.
FY) — HJ(Y;Z)
el o]
F(X) —— H.(X;Z)



f B smooth morphism OIPFEXE YES THB. LML, —RDFEE, FEZILNO
TH3, Thid. BRELEI—R, DEY, YB—EADSREELEEEZAD LMD, EOF
13 X3S RBBEAD complete intersection 72 Y, FORBAL XD Chern-Schwartz-
MacPherson 3 & Fulton-Johnson @) Chern 3(3ZFLWVM 2?1 EWD 2 DDFDEDMEL
A% TH3, LML, BEAEH OTFEHBROBSLCTTIC, 220REIFLIBVI LN
S3, Bof. IIEREADHEF DIFREREBBEAD complete intersection DIFE (IFNES
THEE {EXK) [CLVBENMSRADIINFT—BOMNTH S - EMAS N/ (CRAS Paris
324,pp.67-70, 1996), E-EBRRAZHFH OBHEDIES(I Paclo Aluffi [ (Florida State
Univ. ) IC& YEBENMEREADu—class EFRAVWTHEE N/ (Trans.Amer. Math.Soc. 88T
E). #-oT. LOMEIR TSN+ —EI OfES% ‘Riemann-Roch B OIFHSIEA LD
ETBBDOTHBENRD, BRI, fOBFETHLHICE. [REDTE\VRORHERL
I NIELR 53 : Teonstructible function f.1x 48 locally constant function, Thabb,
fFDET 74 7X—0 Euler-Pincaré #EER D BZAHS locally constant THB 1. R(EH-o LK<
[ fD%& 7 7 4 73— ® Chern-Schwartz-MacPherson 48 locally homologous Td# 1. <D
S OB ES-THDE LT, Fulton-MacPherson @ bivariant theory [CHT < % Euler
morphism A# %, J.-P.Brasselet DEIR (Astérisquel01-102, pp.7-32, 1981) ICK Y, f4S
Euler THhNIE. fOHRBEET B, T, f Hlocal complete intersection morphism TH Y HD
Euler morphism THNIE, 2 DOEMENTERBEBE /¢, (TH)Nf" : H(Y:Z) - H(X;Z)
BHEETACEICHD, TCTHERCO 2 DOERREROZE, = [© - (T)N ["%&
fOMLPDBERANVTRARTERWVMAENDIZETH S, bo EEEMIT(E, smooth
morphism EDF vy TEEMPD LS. fO Whitney stratification & K UF strata DA
SHOBRERANWTERTERWD?2YSN—R p MORELER

u(lp)) = £9(Ip)) — (Zy) 0 F1([p]) = C*M(X) = C™(X)

+bb. XD Chern-Schwartz-MacPherson & Fulton-Johnson @ Chern EDZETH 5.
CEZ TXOMilnor 1 EMERTECT S, > T, YH—R 525 & E(E Milnor iz
X 0 Whitney stratification Z WV TRBRTEANEINEVWDHEILZS. ChICDONWT
(. J.-P.Brasselet, D.Lehmann, J.Seade, A HEF(C K YBRENDDH S, A Parusinski
& P.Pragacz (3B#E OB —REI I )T -8, WA N Milnor D 0 XD
BADxE (degree)., % Whitney stratification (D% strata @) closure ¢ Chern-Schwartz-
MacPherson 3B L U'HK strata DI F—BEZAVWTERBEL TS & (J.Alg.Geometry
4, pp.337-351, 1995) ZH/EICHMN TE L. (FEMIE. “On a Verdier-type Riemann-Roch for
Chern-Schwartz-MacPherson class, Topology and Its Applications (to appear)’ Z$&#.,)
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W Z RO IIRIA LRI AR b VEPHEET A58 13 F05RSICRE S
i, RIAZROME KIBHWAZREIZEVICHELD D). FORVAELKLHALLTRY
MV DRI AT % Poincaré-Hopf DEHMHI G TV A,

Theorem(Poincaré-Hopf)

M % n RIC3 7787 MG SRR, vE M LD C®-~2 b VT TINIEFR S {p1,p2, -+, 0r )
o LT AH. TDEE, M D Euler-Poincaré 8% & | N4 5 519 Poincaré-Hopf 8§

¥ PH(v,p;) & DMIZRAPBLT 5 .

X(M) = Y PH(v,p)

DX, BATAEE LI A U2 A D B4R & LT, Gauss-Bonnet DE
Hdb.

Theorem(Gauss-Bonnet) M % n KL » /37 P EFELSHE. TM = M OERET
B ERVBILT 5 .
x(M) = [ coTM)

ZD& ) LREROBPAIEREMAE L THER L £ 5. £OF. Poincaré-Hopf DFFELIL,
REARSEATZE00 , BTS20 R A & . M Zh Schwartz #8 L . ABFEEUIC—#&1L
S, TNEFNOEMENEL LTOER, MEOMOMRL 2 RS HSEE 2 HE
BB, LT n+k KTHEESHE M IEDAT N o RTHERTESV ICOWTE
A,

%9 . Schwartz fBEUC L T, V BSIMNIBR S OAZRFOHEICRKPHONS |

Theorem(Seade-Suwa) n+ k XTCHEFELHRE M (CHOA Tz n ot 230 P
fRATIRE V OFFRES Sing(V) 3IGLE {p1,---,p } DAL LD E L, vidV—-Sing(V)



TR {prpry -, pe} ERONRT P ABETE. ZOLE,
> Sch(v,pi) = x(V)
i=1

A LD,

RIARBHEEIZ2WT, RO X ) 2R EER 5.
"M EOREEDFERRZ FVE N - M EERIEIM s BFEL T, V=s0) %5
ZDOWE(TM - N)|v % V OBAEER E V. ZOKRT, RERKICH LR RENS !

Theorem(Lehmann-Soares-Suwa) LORTIZB VT, US, = Sing(V) N Sing(v) &
BLE

ZVM%@z/%GM—M

a=1 v

DY LD,
12 Schwartz 8% & IBHEEOBFRIC OV TR S,
S, VOISR TH A & HMj# 13 Poincaré-Hopf 55U —3T 5.

X(V) =Y Sch =3 PH =Y Vir = /Vc,,(V)

Bl % . Gauss-Bonnet DEEE %8 { . V AR H p 282084, W#E D73 Milnor £
wV,p) &> THRALNE. T7bb !

Theorem(Seade-Suwa) X7 b Vo 258 p TSR L LD ET B L
Sch(v,p) — Vir(v,p) = (=1)""u(V, p)
BN ALD.

Theorem(I)(Seade-Suwa) V D4R A DIGLE {pr,po, -+, o} DHAPH D E X
X(V) = [ (™M = Ny) + (=17 (V. p)

A Y L.

PLEIRA 73 V A BRRITCOFFREE L OB G I b BB RETH AH. T DY
EFENFhOBBITFEO Y —HE LTRILSh, 2Dk 3EH (I) DRFRIE Schwartz-
MacPerson-Chern class ¢,(V) & Fulton-Johnson canonical class ¢/ @377 Milnor class
Itk Tt AHE LTHIRING ©
Theorem(II)(Brasselet-Lehmann-Seade-Suwa)

cu(V) = (V) + (=1)"* 3 p(V, Sa)-

(% & D)



Regularity of free boundary for semilinear parabolic
equations

Hi Jun Choe

We consider a semilinear parabolic equation
w—Au=u", v€(0,1)

with initial data u(z,0) = ug(z) > 0. This equation appears in
the reaction diffusion problems, obstacle problems and etc. The
interesting phenomena is that the solution has compact support if ug
has compact support. Furthermore the solution has finite extinction
property. Our main concern is to analyze the free boundary 9{u >
0}. We will show the free boundary consists of horizontal points and
nonhorizontal points. The flat nonhozizontal points will be regular
and consequently we will prove a partial regularity theorem for the
free boundary.



EIREMFIEEREE - EEAL LD !

REAKRFIEFE  \MRE

HIREMBEOMEEEISEH X ILTH 0 1 SHER) FBE L7, pHEERL I THR
W (2 AT R OKIEIRE . 5 R BLE O CEE, Lie WO HHRE, 2 6 HOMIEREIZD
B EEHLDOTHL. HPEEELIGH LTS L OMKD LRGN T0L . [HIRE
WO E CEBEBIEAHTH S | L 29 Schreier FAEDE 4 OHLMEE 2 #<4 2 & (12
Yo TP L, ZitZ B vaC Wielandt. Nagao, O'Nan (2 & - T 6 EaAlBHIEEW L LD,
AE . AIRREEL SSACBEICIRA & E AR AL 6 Eal BEOGEAEN L 72 Curtis, Kantor,
Seitz 2512 & » THAMEES L OHAMBEOW K ThHH 2 BUBIFESE SN 2OMOE5E
it Hering %12 & - THMEE O/ HIIRAE S 2 EOTBIEO5M S 5T L 72. Kantor (X &7
Fok O ERGE R % 4758 L . Kantor, Schacher (& 0] 8 BREF I A FZ RN O ER>DC*
Gz b, b HHEOML Braver BEATEREEC 2 b = & Z3EH] L 72, Hiramine ($4 R
77 4 v TR IR R RE R 4 & O % 8 L7z, Zelmanov (X Schreier
FAL O % H v T Hall-Higman O % ¢ & L TH|ER Burnside F??ﬁ’&i@?fﬁ*&l Fields £
kiBt, CORERTEERYE) L AMRT/EDOLNLEILEZRLTWS,
ek Jfﬁ';ii i #4 4 A% Aschbacher, Guralnick (2 4 BREE(E 2 0 34% 7% o] i B 45 BF T A=
XALD 2 kAL, Kleidman (&8 EBLE 5B 1 4 Kegel-Wielandt T4 % ik L
7. Pyber & H%%n & n DFEAZIZHT L Sylow BHoRe5.2 7L 20 n 0 RED
M5O -3 % #37-- Finkelstein, Kleitman, Leighton (& 2O % BT & T4
BREE 1 F DML O T UL L OB O BB FAET H 2 E % FEW L 72, Gross (34535
BOESH - THLXBNFE Zii-thodC 232, Bt P. Hall P %%
L7 Feit, Seitz (TSN EHEfE% & 2 BHEEE2 L ( ORRD LR E 7. B
&if1i§i@%* LW TO LA 5 ABA 4 L. S5 ICHEMEEONHE LS

JefmsE A LT T 2 L 3B L 72. Stroth (X[E M A E 5SS TR L L L 8L 03
| f_._ Babai (24 FREE. ZS(CEED B A 7S 2 KA T 4 MEF % 5 2 72 Chigira X
% Sylow BEDMES L ZHp(#3) BHCIZETCH LI LW pREETHLLETTRUT
HAHZ xR Lz, TOFRELTpREEFHIZIOVTOD Huppmt f’*ﬂﬁ 53 541 % . Dalla
Volta, Lucchini {3 [ B8 | 2@ 4 30 THERZNL Z 2% Malle, Saxl, Wiegel
(ZIE AR RE I B 2 DIC L EEL LD 2 TTTHEREIL, Us(3) z?: IR iE 3 Eof 2
DILTHER SIS Z & %3 L 72, Kantor, Guralnick (& JE 0] il BLAEEE (X 2 il 0 a7 E 2 B

DUSEETERSINS S L ZFEW L 2" Avad, Ward (& Hall 2'-8F. Hall 3'-88 DAFAEA% 0]
TREE Y e LB 5% TaH S Z & %k L7z, Lubotzky, Pyber, Shalev (15 -2 5717248
B b o 4 BEOEE O F MR R0 4 s DA # o iEE 2 1572 Mann, Shalev (252 6
W6k & OMAR S BOMEOFMNE 5 272 0O &9 (258 MU BEREE O 78
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FZIZQIE DTV AZ L&A L7z,

HERBEO $ % E % iﬁ@%A" G, MREH 288 p & ridliE prD X
FETHE IR LICEoTHELY 77 ’é“fi REOEHF 77+ ). FIREDEK
7 7 7 1% Gruenberg £ Roggenkamp (2L 4 HREOEHMEKIO 2FE0 I — DR, L
LIz EARRBT 7 70ERETCHLIL L AT AT =23 VAT 7 MHEONE

TARELRAMBEOBEMIHT L Z L, HEMETH H Z & 2% Gruenberg, Roggenkamp,
\'Vi”idll]‘i X o TRENTWVD . ¥ ’,'7' 57 £iﬁ|ﬂ$~:ﬁt3¥@ft}»ﬁﬁ:ﬁk EHTAZ LI

Lo THIREEORE OB % 5851 4 Z L 2Bl H % 1V T 272 Gruenberg, Kegel
s ERMT 79720 BN % BI_& DL S & B Frobenius BE (- B8 1230
WHEDAFIRBEMEIZIEEIOEWEE L 54 2 2 2R L7z, Hivy T Williams, Tivori, Yamaki,
Kondrate'v {2 FEHT 7 7 OMEFEr OO 5%, BRI AREEDELT 7 7 OB

OMWEEUL 6 LA T & 2 dh Z L ZGEW L7-. Ziud Gruenberg-Kegel PAREZMPL 722 & (2
5o ERS Janko OHEE JOFHY I 71X 6 HOERR S O 2O RIE Zemlin,
Rust, Tiyori, Yamaki (2 X 4 8 Lo b X OMOMEUNZ BT % Frobenius TAADGEN (24
b TwohH, T 2T Lie EHHOBA N —7 AFEELEHE % L T 5. Tiyori,

famaki (X R 7 7 O 2 THS M OPERE DG 2 #4572 BLARFL ol T 2 A OB
BEZARZSIE3 LT ERS . F/oTivorildd 4 &2 ili7cd 2 v — 7 Ll H{5EE DAEAE -
JELFAED . Chigira, Tiyori di?)/om‘” wili 724 ¥ v —7 % Braver {§EEOFEAF - EHFAED,
FHT 77 2L HHEEEER L7z Brandl, Shi i &EIE> O B R T L8 %
Chigira (TS5 BEOR RASHERET L BE% . %473 L 7. Deng. Shi 1Z2BEO ¥ % #14%
FHOMEBNIZDED OB TERE L 2L OOMEBIC2 T MAbDEHER w2
LRl 3HICEFTHPRITLLEIEOHEHEMEEL 2L EwiEH L7z, T KR,
Chigira, Tiyori, Yamaki (XTHS 2 205 OFEEAT 2 LI E & 2 A TALSZHIET 4 Sylow &f (30T
Pt b LM L, BETIUE [EENEO R CIEIEH 24 Sylow BEILE (2618 2
DI EIIC AL EWTEVILE GG ] £ 29 2 2124 4. Gruenberg, Roggenkamp 7%
EBTZ 97224 L0 1 0FERFNICHAD Hattori OB TLEVTOESE ALK
B, R LD 2 THAIZ TR & X ?n%éil YL THRLT I 7%E2 ., VI 7H9EH
HELDLBEOGEL LWL 29Dl iﬁLL# livori (2 D7 I 745885 THHL T L
YRS T 7 EAETHL LS L L R L TWwa .

199 7HF9H6 HIZ A KIS & @728 - A — VOB O 112 "Nowaday. the
most deep theorems must be the consequences of the classification” & F294iLTH 4L .
. B DEEHEDORRMEBOIR LA DG ITTEHEReHH LTS L L-TY
METIE RV, FHRBAFEOEE 2 WS (2 LARBAMAEEOHER 2 J5H L THIREE,
WIRFEORMOBARERAT LI LPEROBRBICKESEMTALEELTVET.

BEE: AXOFHIHIEI2H 1 6 HOEM IIERFETOBRGER, RPI1Z1 2H8HD
:ltiﬁi}ﬁ?‘('}"ﬁ'ﬁ’@%ﬂlﬁﬁ?ﬁmlﬂﬁ{’ (2(T 'ﬁ(L £4. L Lard, #FEL bICHRERMED

BHERZICHLAZNETT2OMAT A2 EICL L EMKITEVWERBVE T,



Representations of the Rook Monoid
Sapporo - December 1997

Louis Solomon (University of Wisconsin)

0= {1 o500}

S, = group of all permutations ¢ of n
domain(¢) =n  range(c) =n

product: i(o7) = (io)T

Represent o by n X n permutation matrix [o]

1—2 010
o=] 23 o 001]|=][d]
3—1 100

R = set of all injective maps ¢ such that
domain(c) Cn  range(c) Cn

product: i(oT) = (i0)7

domain(oT) = {i € domain(o) | ic € domain(7)}
R D 8, is semigroup with identity (monoid)
Represent ¢ € R by n X n matrix

1—2 010
o= — 00 0]|=]|o]
31 100

R=1{[o] | c € R} entriesin {0,1}  at most one 1 in each row and column
R + placements of non-attacking rooks (as in chess game)
R = monoid (rook monoid) ~ R by o — [o]

Define rank(c) = |domain(c)| = rank of matrix [o]
R* = {0 € R | rank(c) = k}
Rk D S = permutations of {1,...,k}
2
|R¥| = (}) K!
(place k rooks on n x n chessboard; choose rows (}:) ways and columns (2) ways)

IRl = 3o () K

F field char(F)=0
Representation of R is homomorphism ¥ : R — My(F) d some positive integer (1) =1



Examples of irreducible representations:
Ex. ¥(c)=1€ F trivial representation
Ex. Y(o) = [o]

Main points: “no proofs” ; say a little about each point if time permits
(1) Munn’s representation theory and character formula
(2) Character multiplicities
(3) Representation on the polynomial ring Flzy,...,z,]
(4) Representation on tensors; analogue of Schur duality for S, and GL(V')
(5) g-generalization; generators and relations

1. Munn’s representation theory and character formula

W.D.Munn, Matrix representations of semigroups, Proc. Camb. Phil. Soc. 53 (1957) 5-12
W.D.Munn, The characters of the symmetric inverse semigroup, same volume pages 13-18.

A = @B,er Fo monoid algebra

Agree representation of R is same as representation of A

Munn proved A semisimple (not obvious)

Munn constructed all irreducible rep’s of A in terms of irreducible rep’s of S, 0 <k <n
Only one new idea in 1997: construct certain central idempotents of A

Define I®*) = Yik(o)<k o two sided ideal of A

Ascending chain F~JOc...c/tVc®c...cI1W =4

If we know A semisimple 3 unique central idempotent 7 such that I®) = 1(:=1) gy An,
Problem to find 7

For K C n define ex € R by ex = identity map of K
[ex] = Tiex Eu (B matrix units)

Define nx = ¥ ci (—1)~7le; € A (“inclusion-exclusion”)
Show ni € A idempotent and nynx = dyxnx  Define np = ¥ 1=k Nk

Proposition 7 is central idempotent and I®) = 1= @ Ap,. Thus A = BR_o A

Proposition (Munn) An ~ M(:)(FS;:) by an explicit map

[Definition of ¥y : For each K C n choose ux € R: {1,...,k} — K. Let uyp € R: K —
{1,...,k} be the “inverse” of ux. The elements om. with o € R* are an F-basis for Anj.
Let E;; be matrix units indexed by k-subsets of n. If & € RF has domain I and range J,
then propuy;~ € Sy C FSy. Define ¢.(on) = prop; Epy € M(:)(FS;:). ]

Lift representation p of Sy to representation p* of A : apply p to matrix entries

2



Pi. = set of partitions of k
Py indexes irreducible representations of S (up to equivalence) X < p*
Q= U}::u P

Theorem (Munn) {p* | A € Q} is a full set of inequivalent irreducible rep’s of A.

Theorem (Munn’s character formula) For A € Q let x* be character of p*. Let ¢* be
character of p*. If ¢ € R then (*(0) = Sk x(pxouy), sum over all K C n with |K| = ||,
K C domain(c) and Ko = K.

Let X; be character table of S  rows and columns indexed by P

(a,)) entry of X, is xA = x*(¢) if 0 € Sk has cycle structure o

Munn defined character table M for R rows and columns indexed by Q
Need equivalence relation on R to replace conjugacy in Sk

See table for n = 4 in Munn’s paper
M is block upper triangular if rows and columns are suitably numbered

Xﬂ * *
M = : Sy
0 Xl *
Q o0 XO

2. Character multiplicities

Define invertible matrices Y, A, B with rows and columns indexed by Q.
Y = diag[Xn, .. ., X1, Xo)

M = AY M=YB

Thus Y (which is known) and either A or B determine M

Proposition Let o, 3 € Q. Then A,g = (g) where (3) = [li>1 (‘g:) if o has a; parts equal
to 2 and [ has b; parts equal to 7

To describe B use Ferrers diagrams
SO 9

Partition A ~» Ferrers diagram Ex. A= (4,2,1)~ x x p=1(2,1) ~ : x
x
D 0 x x
If A D p define “skew Ferrers diagram” A —p  Ex. A\,pasabove A\—p= 0 x

X
Say A — pu a horizontal strip if no column contains two x’s  as in above Ex.

Proposition By, =1if A D g and A — p is a horizontal strip and By, = 0 otherwise.



Decomposition of characters:
Let 1) be character of a representation of R

Write ¢ = ¥yeo exl?

Problem Compute multiplicity ¢y.  (For S, use orthogonality relations)

Theorem (multiplicity formula): ¢y = Xp_y ¥ ep, Bi) (¥)sp: X*)s, where ( , ) is usual
inner product of characters of Sy.

The multiplicity formula may be applied to compute multiplicities in representation of R
on Flz] = F[z,,...,z,] Then results of computation suggest a stronger theorem: we may
explicitly decompose the R-module F[z].

3. The Representation of R on F[z] = F(zy,...,z,)

Define z;0 = z;, if i € domain(o), z;0 = 0 otherwise
Extend action to F[z] so that o acts as algebra endomorphism

Problem Decompose F|z] into simple R-modules.

Write Flz] = @jeoJ* where J» = isotypic component of type A. By definition J* =
Y ncFlz, Non» N where N* is simple R-module with character ¢*.

Example )\ = (n). Then N* = F with action 16 = 1 for ¢ € S, and 1o = 0 for
o € R—S,. Let A be algebra of S,-invariant polynomials = symmetric polynomials. Then
JA=g-z,A

Construct R-submodules of F[z] from Si-submodules of F[zy,. ..,z as follows. For K C n
with |K| = k choose ux € R: {1,...,k} — K. Define zx € Flz] by 2, = [lkex zx- If
M is Sy-submodule of F[zy,..., x| define M* = ¥ x4 zx(Mpg) C Flz]. Then M* is
R-module. Note that in passage from M to M*, degree is raised by k and dimension is
multiplied by (7).

Theorem Suppose A € Q. Let M* be a simple Sig-module with character x*. Then

JA = S pramr M*. [Proof uses Munn'’s character formula to show 2 and dimension count in
homogeneous components to show = via 3,5, (2) tt/1-t)k=1/1-1t)"]

4. The Representation of R on Tensors; the Analogue of Schur Duality

V' = vector space over F' dimV >n
G = GL(V) = general linear group
V®" is G-module via g(v; ® -+ - @ vy) = gv1 @ - -+ @ gy,

4



Ve is (left) Sp-module via “place permutations” w(v;i ® -+ @ Up) = V1p @+ ® Uny
p: FS, = GL(V®") the corresponding representation

Theorem (Schur) p is faithful and p(FS,) = Homg(V®", V"),

Question Is there an analogous theorem for R? We cannot define o(v; ® -+ @ v,) =
Uig ® -+ ® Ve for o € R because io may not be defined. Use F' as a small “trash basket”
for undefined io as follows.

Let U=FaV
U is G-module via g(c+v) = ¢+ gv
So U®" is G-module in natural way

Define R-module structure: Write o = £xw where K = domain(o) and w € S, (not unique).
fueU=F®V let u= projection on F and let ' = u. Define o(u; @ --- @ u,) =
uf(u}‘m ® - @ ullK) where §(i, K) = 1if i € K and (i, K) = 0 if i ¢ K. This gives a well
defined R-module structure which centralizes action of G. Let p : FR — Homg(U®", U®")
be corresponding representation.

Examples Let n = 3 and suppose ¢ has domain I(¢) = {1,2} with 1o = 2 and 20 = 3.
Then ¢ = £ 23w where w is the permutation 1 — 2 +— 3 — 180 o(u) @ua®uz) = 'u.2®u3®u?.
Foralln,ifc =w € S, then K =nso §(k,K)=1forall k € n and w(u; @ -+ @ up,) =
Urw @ - -+ @ Upy as in classical case.

Theorem p is faithful and p(FR) = Homg(U®", U®").

5. g-generalization; generators and relations

Recall Iwahori’s definition of what is now called the Iwahori Hecke algebra H
G = GL,(F,)

G D B = upper triangular matrices

W = group of permutation matrices ~ S,

S = {s1,...,5p—1} simple transpositions, s; = (7,7 + 1)

For w € W define I(w) = length of w as word in generators S

Bruhat decomposition: G = Uyew BwB

For w € W define T, € FG by T, = |B|™ L ycpun 9

H = @Gyew FT), is an F-algebra with identity

Iwahori found the multiplication table and a presentation

Theorem (Iwahori) H is generated by the T} for s € S. Multiplication is determined by

T — o if l(sw) = l(w) + 1
W) qTew+ (g —1)T, if I(sw) = l(w) — 1.




Theorem (Iwahori) Let T; = T, Then H has presentation

TZ=q+(g-1)T; ifl<i<n-—1
TiTinTi = Ty TiTig ifl<i<n-—2
T,T; = T;T; if |i — j] > 2.

There are analogous theorems with group W replaced by monoid R D W and group G
replaced by monoid M = M,(F,) D G. To state them:

Define » € R by domain(v) = {1,...,n—1} and kv = k + 1.
Rook matrix [v] is a Jordan block; note rank(v*~*) = k.
Analogue of Bruhat decomposition: M = J,cr BoB.
Analogue of length: if rank(o) = k then

I(0) = min {I(w) + l(w') | w,w' € W and ¢ = wv"*u'}

If rank(o) = k, define T, = (¢ — 1)"‘q_(:) Y BB TEFM
G = @ger FT, an F-algebra with identity

Theorem @ is generated by the T for s € S and T,,. Multiplication is determined by

qT, if l(sa)=I(o)
BT ="%Tis if I(so)=1(o)+1
{ @Tee + (g— DT, if l(se)=1(c)—1

TvTa - qI[a}—l{va)Tya

Theorem Let T; = T,, and N = T, Then G has presentation given by the Iwahori relations
together with

Ni+lT;=qu+1 1<i<n—1
fpier—i+l qun-i+l ISZST&—'].
TiN = NT4, l€i<m—2

NN\T3- - T yN = q* !N

To understand the source of these relations look at “g = 1”which gives a presentation for R.
The last formula says, for example, that [vs; -+ s,-;] is idempotent.

X ok %
The diagram
M ~ R
U U
G ~ %4

is part of a general theory of reductive monoids due to M.Putcha and L.Renner (1980- ). The
group of units of a reductive monoid is a reductive algebraic group. For a survey article see
LS, An Introduction to Reductive Monoids, pps 295-352, in Semigroups, Formal Languages
and Groups, ed. J. Fountain, NATO ASI Series C, Vol. 466, Kluwer, 1995.
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Some remark on the level set
flow by anisotropic curvature

Yoshihiro Tonegawa

Department of Mathematics, Keio University

3-14-1 Hiyoshi, Yokohama 223, Japan
tonegawa@math.keio.ac.jp

Abstract

In this talk, we are concerned with evolution problems of hypersurfaces
{T¢}i>0 in R™ governed by the equation

V= —-MQ) (g ;g (%(u)) ¥ ﬂ)

on Iy, where v is the unit normal vector field of I';, V' is the normal velocity
of T'; and the function v = (p1,--+,pn) is positively homogeneous degree
one and represents the anisotropic surface energy density. The function
M : 8" 1 4 R is positive and the function § may depend on the time
variable. The gradient of v, £(v) = 3Z(v), is often called the Cahn-Hoffman
vector in the material science literature, and its divergence corresponds to
the anisotropic mean curvature vector (times -1) with respect to the given
Y.

In late 80's, Chen, Giga and Goto constructed a global in time unique
generalized solution by a level set approach. The regularity of the unique
solution is not known, even for smooth anisotropic curvature energies. In
this talk, we discuss in what way each, or at least almost all, level sets
satisfy the given flow equation, and also discuss various geometric problems
associated with the anisotropic curvature.
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Approximate Lagrangean Coordinates in

Navier-Stokes Problems

R. Rautmann
Universitat Paderborn

We will consider a local smooth solution of the Navier-Stokes initial-boundary
value problem in Lagrangean coordinates. In a 2-grid approach, approximations to
these coordinates lead to a convection-diffusion splitting scheme, the F//2-
convergence of which has been proved in a joint paper with K. Masuda [1994].
Now using the regularizing property of the Stokes resolvent, we show that are our
splitting scheme is convergent even in H>" for any » € [2,00). In addition. explicit

convergence rates have been established.
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G(z) kX

3

G(z) = (87°|z))~! f.- (— sin ¥v + cos Yw, — sin ¢v + cos Yw) " dy: (1)
0
LS (Sygne 1957, Gel'fand & Shilov 1964). 72721 a, b € CHIX U (a,b) = (a;iEijuby | J.k =
bz sy n). THEKOZ bu—0OFEAHAEEECHTS. Thbbzr e B3\ 0IZHLT o, w € 52,
vxw=|z)]"lr LBV, 2n KEHTH N %
B —(w, w)~ (w, ) (w, )" .
W= (—(!', v) + (v, w)(w,w) " (w,v) —(-v,w}(w.w)“l) (2)
AL EH IS TER OB AN TRALSDTINGE pagn = Fa, S3(pa) >0 (a=1...., n) &L,

Ea B p ikt H—EA R b b+ LR L.
B 1 AR G(r) 1
G(z) = (ar|z|)~'3(LA™") ! (3)
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Hexagonal(622) 7 7 ADIEER (Cy11y = Canss =: Cyy. Cagag =: Caz, Chi22 =1 Ca, Criaz = Caoaz =:
Cy3, Cagas = Ciaiaz =: Caq, Cizrz = 27 (Criny — Crizz), €231 = —ege. €11 = €20, EazAIRDRITIX
Cijit = Cjite = Criit, €ijt = €jits €t = Gl LD DOEFVTE R L2o>T Cu, Oy — Cr2. Css,

(C11 + C12)Cay — 2CTy, €11, £33 lLIE & 72 %) DIEARD KB % 7=,

(1] M. Akamatsu and K. Tanuma, Green’s function of anisotropic piezoelectricity, Proc. R. Soc. Lond.
A, 453, 473487 (1997)
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NP-completeness for Calculating Power Indices
of Weighted Majority Games

Yasuko Matsui *

February 19, 1998

Abstract

Weighted voting is frequently used when there is sufficient reason to create or maintain districts which have
nontrivial variations in populations. To analyze weighted voting, there is a weighted majority game in the game
theory. Banzhaf [1] introduced an index, which is called the Banzhaf power index, for measuring an individual’s
voting power. Another value concept for measuring voting power was introduced by Shapley and Shubik (8],
which is called the Shapley-Shubik power index. The Shapley-Shubik power index is a special application of a
more general value concept introduced by Shapley in [7].

In this talk, we prove that both problems for calculating the Banzhaf power index and the Shapley-Shubik
power index for weighted majority games are N'P-complete.

1 Preliminaries

In this section, we give some definitions and notations. There are n players denoted by {1,...,n}. The weighted
magority game is a sequence of nonnegative integers G = (¢;w1,w2,. .., wy) satisfying the condition that w; > 0
and (1/2) Y0, w; < ¢ < 3.1, w;, where each w; denotes the voting weight of player i and the integer ¢ denotes
the quota for the game.

A coalition is a subset of players. A coalition S is called a winning coalition (respectively a losing coalition)
when ¥, qw; > q (respectively }°..qwi < g).

For any coalition S of players, we say that player i is a swing with respect to S if and only if (S, SA{i})
is a pair of a losing coalition and a winning coalition (S;AS, denotes the symmetric difference of 5, and Sa).
The raw Banzhaf power indez denotes the vector 8 = (B, 32,...,3,) such that 3; is equal to the number of
coalitionszi':or which player i is a swing. The Banzhaf power indez is the vector 8* = (B}, 4, ...,/;) defined by
Bt = Bif 2oim1 Bi-

Given a'plermutation 7 defined on {1,2,...,n}, we denote w(i) by m; for each i € {1,2,...,n}. For any
permutation 7 on {1,2,...,n}, we say that player m; is the pivot player with respect to = if and only if the
coalition S = {m,ma,...,mj_1} satisfies that S is losing and S U {m;} is winning. The raw Shapley-Shubik
power index denotes the vector ¢ = (91,2, - ..,¥n) such that ; is equal to the number of permutations defined
on the set of players for which player i is the pivot player. The Shapley-Shubik power indez is the vector
@ = (1,93, ..,¢p) defined by ¢f = pi/nl.

If we calculate the Banzhaf power index conforming to an algorithm by the definition, then the algorithm
requires O(2"n)time. Similarly, a naive algorithm for calculating the Shapley-Shubik power index requires
O(n!n)time. In 1982, Lucas, Maceli, Hillicard and Housman [5] proposed a pseudo polynomial time algorithm
which calculates both the Banzhaf power index and the Shapley-Shubik power index simultaneously.

2 Banzhaf power index

We discuss the problem for calculating the Banzhaf power index.

BZ1

INSTANCE: A positive integer n and a sequence of nonnegative integers (¢; w1, ..., wy) satisfying (1/2) By
g< Z’:':lwi and wy > wy > -+ 2 wy.

QUES’TION: Does the raw Banzhaf power index (81,. .., 8,) of the weighted majority game G = (g;w;,...,wy)
satisfy 4, > 07

n

lw,-<
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We prove N'P-completeness of BZ1 by presenting a polynomial time reduction from the knapsack problem
(KP), which is a well-known N'P-complete problem [3, 4].
KP

ES-TANCE: A positive integer k and a sequence of positive integers (ay,...,a;) satisfying that (1/2) Z‘:;l a;
is an integer.
QUESTION: Is there a subset S C {1,2,...,k} such that ", ca; = (1/2) =%, a7

Theorem 1 BZ1 is N'P-complete.
Corollary 1 Calculating the Banzhaf power index is N'P-hard.

BZ2
INSTANCE: A positive integer n and a sequence of nonnegative integers (g; wy, . .., wy,) satisfying (1/2) Y1, w; <
q<z-l dw1>w2> >w

QUESTION Does the raw Banzhaf power index (fi,. .., 3,) of the weighted majority game G = (q;wy,...,w,)
satisfy By > 327

Theorem 2 BZZ2 is N'P-complete.

3 Shapley-Shubik power index

We consider the following problem.

SS1

INS'I‘ANCE A positive integer n and a sequence of nonnegative integers (g; w, ..., wy) satisfying (1/2) Y0, w; <
g < ywi and wy > wy > -+ > wy,.

QUES'TION Does the raw Sha.pley Shub:k power index (@1,...,9,) of the weighted majority game G =

(gywy,...,wy,) satisfy ¢, > 07

We prove N'P-completeness of SS1 by presenting a polynomial time reduction from problem KP described
in the previous section.

Theorem 3 SS1 is N'P-complete.
Corollary 2 Calculating the Shapley-Shubik power index is N'P-hard.

582

INST'\NCE A positive integer n and a sequence of nonnegative integers (¢; wy, . .. ,w, ) satisfying (1/2) 1L, w; <
ywi and wy > wp > -+ > wp.

QUESﬁON Does the raw Shapley—Shublk power index (¢1,...,¢,) of the weighted majority game G =

(g wy, ..., wy) satisfy p) > a7

Theorem 4 SS2 is N'P-complete.
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COMPOSITION OPERATORS AND THE @, SPACES

RUHAN ZHAO

Talk at Hokkaido University, March 4, 1998

This talk is based on a joint work with Wayne Smith.

Let H(D) be the space of all analytic functions on the unit disk D. Let o : D — D
be analytic. The composition operator C, is defined by C,(f) = foyp for f € H(D).

For a € D, let g(z,a) = log(1/|o.(z)|) be Green’s function for D with pole at
a. where 0,(z) = (2 —a)/(1 — @z). Let dA(z) = dzdy/m be Lebesgue area measure
normalized so that A(D) = 1.

We collect the definitions of the spaces Qp, Qpo (0 < p < ), the weighted
Dirichlet space D, (—1 < p < o), the Bloch space B and the little Bloch space By:

Q= {f € H(D): |fIl3, = sup f £ (2)P9P (2, @) dA(2) < oo};
aeD JD
Qpo={f € H(D): lim ] ' (2) 2P (2, @) dA(z) = 0}.
al—1J/p

D, ={f € HD): Ifls, = [ 1F' ()P og(1/I=D)dA() < oo}
B={f € H(D): |flla=sup(t - 2P ()] <o}
Bo={f € H(D): lim (1~ |sP)|f'()| = O}

It is known that @, = B, for p > 1 (R. Aulaskari and P. Lappan, 1994), @, =
BMOA and Qp, G Qp, for 0 < p1 < p2 £ 1 (R. Aulaskari, J. Xiao and R. Zhao
1995). Moreover, an analytic function f € @Qp if and only if {fo0,: a € D} isa
bounded set in D,,. Thus the @, spaces can be viewed as M&bius invariant versions

of the wighted Dirichlet spaces D,,.
QOur work involves hyperbolic versions of the spaces Q, and D,. Let ¢ be an
analytic self-map of D and define, for p > 0 and a € D,

a7 -
(b‘P;P(a)"'[D (1—'50(2)[2)2g ( 1 )dA( )

We now define the hyperbolic @, and D, classes as follows:
(i) » € QP if and only if sup,ep Py p(@) < o0
(ii) ¢ € Qf , if and only if limjy|1 Py p(a) = 0;
(iii) ¢ € D if and only if ®,,,(0) < co.
We now state our main results:



2

Theorem 1. For each p, 0 < p < co, the following statements are equivalent:
(a) v € Di;
(b) Cy : B — D, is compact;
(c) C,: B — Dy is bounded;

Since the @), spaces can be viewed as Mdbius invariant versions of the spaces
D,, it is reasonable to expect that Mobius invariant versions of the criteria for
C, : B — Dy to be bounded from Theorem 1 will characterize when C,, : B — Q,
is bounded. This turns out to be correct.

Theorem 2. Let 0 < p < oo and let ¢ be an analytic self-map of D. The following
statements are eguivalent:

(2) p€Qp;
(b) C, : B — Q, is bounded;

Theorem 3. Let 0 < p < co and let ¢ be an analytic self-map of D. The following
statements are eguivalent:

(a) S Qg,O:'

(b) Cy, : B — Qpo is compact;

(c) C,: B — Qp o is bounded,

It is also natural to consider composition operators restricted to By and ask
when they map boundedly or compactly into Dp,, @, or Qpo. It is easy to see
that C, : By — By is bounded if and only if ¢ € By. The theorem below can be
viewed as a generalization of this observation to 0 < p < 1. We have not found a
characterization of compactness of the operators in parts (b) and (c) of this theorem.

Theorem 4. Let ¢ be an analytic self-map of D and suppose that 0 < p < oo.
Then
(a) C, : By — D, is bounded if and only if C, : By — D, is compact if and
only if p € Dh;
(b) C,: Bo — Qp is bounded if and only if p € Q4;
(c) Cyp: By — Qpo is bounded if and only if ¢ € Qh N Qp0.

To close this talk, we pose some open questions:

Question 1. What is the function theoretic characterization of when C, : Qp, —

Qp, is bounded or compact?
It is easy to see that C, : B — B and C, : BMOA — BMOA are always

bounded. However, for 0 < p < 1, C, : @, — @, is not always bounded.

Question 2. What is the characterization for the compactness of C, : B — Q,
when p<17

Question 3. Is it true that Qf;l = Q;;a when 0 < p; < pp <17

DEPARTMENT OF MATHEMATICS, FACULTY OF ScCIENCE, KyoTo UNIVERSITY, KyoTo 606-
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HANKEL OPERATORS BETWEEN BERGMAN SPACES

RUHAN ZHAO

Talk at Hokkaido University, March 5, 1998

Let D = {z: |z| < 1} denote the unit disk in the complex plane C. Let A(D) be
the set of all analytic functions in D. For 1 < p < oo, let L?(D) denote the Banach
space of Lebesgue measurable functions f on D with

1£llp = ( [ dA(z))% %0,

where dA(z) is the normalized area measure on D. The Bergman space L} =
LP(D) N A(D). Let H® = {f € A(D) ||flla>= = sup,ep |f(2)l}-

Let P denote the orthogonal projection from L?(D) onto LZ. Given a function
f € LY(D), and g € H*®, the (little) Hankel operator is defined by

hyg = P(£9).

Thus hy is a conjugate linear operator and densely defined on the Bergman space
LE for 1 < p < co.
Recall that, for 0 < @ < oo, the a-Bloch space B contains analytic functions f

satisfying
| fllg= = |£(0)] + sup | (2)|(1 = |2[*)* < o0,

and the little a-Bloch space B§ contains analytic functions f satisfying

lim |21~ |=f")* =0,

Note that, for & = 1, we get the well-known Bloch space B and the little Bloch
space By from the above definitions.
The following result is well-known:

Theorem A. Let f be analytic on D.

(i) The Hankel operator h; is bounded on L? if and only if f € B;
(i) The Hankel operator hy is compact on L if and only if f € Bo.



In this talk, we give a complete description for the bounded and compact Hankel
operators from LZ' to L?? when p; and p; are greater than 1. The results are
naturally splited into two cases. For the case p; < ps, the characterizations involve
a-Bloch spaces and little a-Bloch spaces, which are generalizations of the Bloch
space B and the little Bloch space By. For the case p; > p», the boundedness
and compactness of Hankel operators from L2 to L?? are characterized by another
Bergman space.

Our main results are as follows. The first result is for the case p; < po, which is
a natural generalization of Theorem A.

Theorem 1. Let 1 < p; < ps < co satisfy 1+2/ps —2/py > 0, and let f € A(D).
Then we have

(i) hy: LB — LE? is bounded if and only if f € B1+2/P2=2/m;

(i) hy: LP* — LP* is compact if and only if f € By*t2/P2=2/P1,

The second result is for the case p; > po, which looks, at the first glance, quite
different from Theorem 1.

Theorem 2. Let 1 < p; < p; < 00, let p= ;fl_}%, and let f € A(D). Then the
following statements are equivalent:
(i) hg: LP* — LP? is bounded,
(ii) hy: LB* — LF? is compact;
(i) f e Lf.

In above theorems, we have excluded the end point Ll. This is because in this
case, the problem becomes more subtle. For the case 1 = p; < p; < o0, (i) of
Theorem 1 is still true. But we should replace compactness by the so-called *-
compactness in (ii) of Theorem 1.

For the case p; = po = 1, boundedness and *-compactness of the big Hankel
operator have been characterized by K. R. M. Attele and M. Nowak, which involve
Bloch type functions with logarithmic terms in their definitions. We will give similar
criteria for the little Hankel operator from L] to L..

Maybe the most intriguing case is 1 = pp < p; < co. We are only able to give
a sufficient condition for boundedness and compactness of hy from L to L. when
p> 1.

Note that, in Theorem 1, we have an additional condition 1+ 2/p; —2/p; > 0.
What happens for the case 1 +2/p> —2/p; < 07 We will show that, in this case,
the Henkel operator hy is bounded or compact from L' to L2? if and only if the
derivative of f is in some a-Bloch space or little a-Bloch space.
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