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Chapter 1

General Introduction

In the past decade, topologically nontrivial superconductors have attracted enormous at-

tention due to the existence of exotic bound states at their surfaces [1–3]. The early

studies in this context focused mainly on the topological phase of a fully gapped su-

perconductor listed in the tenfold topological classification [4]. The bulk-boundary cor-

respondence suggests the equivalence between the number of the surface bound states

and the absolute value of a topological invariant Z defined in the bulk states [5, 6]. A

unique physical consequence of such a topological superconductor might be the zero-bias

conductance quantization at GNS = (2e2/h)|Z| in an normal-metal/superconductor (NS)

junction [7, 8]. In experiments, however, it is not be easy to observe the conductance

quantization clearly due to following reasons. The invariant Z is usually limited to small

numbers in real fully gaped superconductors, whereas the number of the propagating

channels Nc is much larger than unity in two- or three-dimensional NS junctions. There-

fore the electric current through normal propagating channels would smear the effects of

the resonant transmission through the topological bound states.

Nowadays, it has been widely accepted that a topologically nontrivial phase is real-

ized also in a superconductor whose gap function has nodes on the Fermi surface [9–11].

The most striking feature of such a nodal superconductor is the appearance of flat-band

zero-energy states (ZESs) at its clean surface. It has been well established that the con-

ductance of a NS junction consisting of such a nodal superconductor is quantized at

GNS = (2e2/h)Nclean [12–15]. Here, Nclean is the number of the surface bound states

at the zero energy and is of the order of Nc. In addition to the zero-bias conductance

quantization, the fractional Josephson effect [16–20], the paramagnetic response at a sur-

face [21–26], and the anomalies in heat transport [27] are physical phenomena unique to a

nodal superconductor hosting the flat-band ZESs at its surface. Since Nclean is the same

order as Nc, the effects of the surface bound states on the electromagnetic phenomena

in a nodal superconductor can be more noticeable than those in a fully gapped topologi-
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cal superconductor. Therefore a nodal superconductor is a promising testing ground for

physics of topologically nontrivial superconductivity.

The dimensional reduction is a useful theoretical tool for characterizing a nodal su-

perconductor topologically. In a d-dimensional nodal superconductor, one can still find a

fully gapped one-dimensional partial Brillouin zone by fixing (d−1)-dimensional momen-

tum at a certain point (say k). In such a one-dimensional Brillouin zone, it is possible

to define a winding number w(k) [9, 11]. The nonzero winding number w(k) suggests

|w(k)|-fold degenerate ZESs at a surface for each k. Therefore, Nclean =
∑

k |w(k)| de-
scribes the number of the ZESs at a clean surface of a nodal superconductor. Actually the

existence of degenerate surface ZESs has been suggested in time-reversal unconventional

superconductors [12, 13, 28–30], noncentrosymmetric superconductors [31–35], semicon-

ductor/superconductor heterostructures [36–38], helical p-wave superconductors with in-

plane magnetic fields [39,40], superconductor/topological insulator heterostructures [41],

and superconducting Weyl semimetals [42].

In a real superconductor, however, the potential disorder is inevitable in the vicinity of

the surface or the junction interface. In the dimensional reduction, translational symmetry

is necessary to define the winding number w(k) in the one-dimensional Brillouin zone.

However, such partial Brillouin zone itself is not well defined at all because the momentum

k is not a good quantum number under the potential disorder. Therefore, Nclean can be no

longer used to predict the number of flat-band ZESs at a dirty surface [43]. In other words,

the potential disorder may lift the high degeneracy in the surface ZESs and may wash out

the characteristic transport properties. Such a situation requires a theoretical method that

measures the stability of degenerate ZESs at a dirty surface of a nodal superconductor. We

address such issue in this paper. On the basis of obtained results, we will indicate a way

of observing the topologically nontrivial nature of a nodal superconductor in experiments.

By paying attention to chiral symmetry of a Bogoliubov-de Gennes Hamiltonian [44–

46], we show that a mathematical index, NZES, well characterizes the number of ZESs at

the dirty surface of a nodal superconductor. The index NZES is an invariant defined in

terms of the solutions of the differential equation. Simultaneously, the index is closely

related to the one-dimensional winding number w(k). In mathematics, such integer num-

ber is called Atiyah-Singer index. We will show that the index NZES describes well the

bulk-boundary correspondence of a nodal superconductor with the dirty surface. We

also discuss the zero-bias differential conductance GNS of a normal-metal/superconductor

junction, where the superconductor is characterized by unconventional pairing symme-

tries such as dxy-, px-, and f -wave. By using the lattice Green function technique, we

numerically demonstrate that GNS is quantized at (4e2/h)|NZES| in the limit of strong im-

purity scattering in the normal segment. The analysis in terms of chiral symmetry of the

6
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Hamiltonian enables us to prove the existence of |NZES|-fold degenerate resonant states

in the dirty normal segment and provide a microscopic understanding of the quantization

in the conductance minimum. In addition to the NS junctions, we discuss the stability of

the degenerate ZESs appearing in a px-wave superconductor/dirty normal metal/px-wave

superconductor junction in two-dimension. As a consequence, we demonstrate that the

the degenerate ZESs protected by chiral symmetry cause the fractional Josephson effect

even in the presence of potential disorders. To our knowledge, NZES becomes nonzero

in several nodal superconductors characterized by spin-triplet pairing symmetries. How-

ever, it has been difficult to fabricate spin-triplet superconducting junctions using existing

materials. Nevertheless, we also demonstrate that a superconducting thin-film with the

Dresselhaus [110] spin-orbit coupling [37] shows the prefect conductance quantization due

to the effective px-wave pairing symmetry. The results suggest a way of observing the

drastic transport properties of a topological superconductor in experiments by combining

existing materials.

This thesis is organized as follows. In chapter 2, we discuss the stability of the flat-

band ZESs at a dirty surface of a nodal superconductor [47]. The index NZES is defined in

terms of the chiral eigenvalues of ZESs and is connected to the one-dimensional winding

number w(k) through the Atiyah-Singer index theorem. In chapter 3, we discuss the min-

imum value of the zero-bias differential conductance in a normal-metal/unconventional-

superconductor junction [48]. We analytically prove the quantization of conductance

minimum by taking the chiral property into account. In chapter 4, we discuss the chiral

property of ZESs appearing in a px-wave superconductor/dirty normal metal/px-wave su-

perconductor junction [49]. In chapter 5, we demonstrate the conductance quantization

and the fractional Josephson effect of an artificial superconducting states with Dresselhaus

spin-orbit coupling [50]. We summarize this thesis in Sec. 6.
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Chapter 2

Stability of flat-band zero-energy

states at a dirty surface of a nodal

superconductor

2.1 Abstract

We discuss the stability of highly degenerate zero-energy states that appear at the surface

of a nodal superconductor preserving time-reversal symmetry. The existence of such

surface states is a direct consequence of the nontrivial topological numbers defined in the

restricted Brillouin zones in the clean limit. In experiments, however, potential disorder

is inevitable near the surface of a real superconductor, which may lift the high degeneracy

at zero energy. We show that an index defined in terms of the chiral eigenvalues of the

zero-energy states can be used to measure the degree of degeneracy at zero energy in the

presence of potential disorder. We also discuss the relationship between the index and

the topological numbers.

2.2 Introduction

The discovery of a topological insulator [51,52] had an impact on researchers studying the

physics of superconductivity. The gapped band structures in a superconductor can also

be topologically nontrivial. The bulk-boundary correspondence, which is the interrela-

tionship between the nontrivial topological invariant in superconducting states in the bulk

and the number of gapless states at its surface, immediately ensures the existence of sur-

face bound states. Recently such topologically nontrivial superconductors have attracted

enormous attention due to the existence of exotic surface bound states, some of which are
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composed of Majorana particles [53, 54]. Using the ten-fold classification as a basis [4],

the early studies in this context were devoted to fully gapped topological superconductors

[55–70].

The ten-fold topological classification, however, covers only some real superconductors.

A number of real unconventional superconductors display nodes in the superconducting

gap. Nevertheless, such a nodal superconductor can often host highly degenerate surface

bound states at zero energy (Fermi level). The sign change in the pair potential on the

Fermi surface, which is possible only in the presence of nodes in the gap functions, is

the source of a topologically nontrivial superconducting phase preserving time-reversal

symmetry [12, 13]. When a three (two) dimensional nodal superconductor has the su-

perconducting line (point) nodes, the surface bound states have flat-dispersion in terms

of two (one) dimensional wave number parallel to the surface. A prescription called di-

mensional reduction enables us to topologically characterize such flat zero-energy states

of a nodal superconductor. In a d-dimensional superconductor, it is possible to choose

a one-dimensional Brillouin zone by fixing a (d-1)-dimensional wave number at a certain

point (say k). When the energy spectrum in the one-dimensional Brillouin zone at k are

gapped, we can define the winding number w(k) [9–11]. According to the bulk-boundary

correspondence for each Brillouin zone, a nodal superconductor often hosts degenerate

ZESs at its clean surface. Namely,
∑

k |w(k)|-fold degenerate ZESs are expected at a sur-

face parallel to k. Actually the existence of degenerate surface ZESs has been suggested

in time-reversal unconventional superconductors [12, 13, 28–30], noncentrosymmetric su-

perconductors [31–35], semiconductor/superconductor heterostructures [36–38], helical p-

wave superconductors with in-plane magnetic fields [39, 40] superconductor/topological

insulator heterostructures [41], and superconducting Weyl semimetals [42]. It is widely

accepted that flat ZESs cause various anomalies in low-energy transport such as the zero-

bias anomaly in the conductance of a normal-metal/superconductor junction [12–15]. and

the fractional Josephson effect in a superconductor/insulator/superconductor junction

[16–20]. These phenomena are unique to topologically nontrivial superconductors.

In experiments, however, non-magnetic potential disorder is inevitable in the vicinity

of the surface or junction interface of a superconductor. The one-dimensional Brillouin

zone is not well defined with the disordered potential breaking the translational symmetry.

Therefore, the winding number w(k) can not describe the number of ZESs at the dirty

surface [43]. In other words, the potential disorder may lift the high degeneracy in the

surface ZESs and may wash out the characteristic transport properties. Such a situation

requires a theoretical tool that mesures the stability of degenerate ZESs in the presence

of potential disorders. This paper addresses this issue and will provide experimentalists

with helpful information.
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By paying attention to the chiral symmetry of a Bogoliubov-de Gennes (BdG) Hamil-

tonian [44–46], we show that a mathematical index, NZES, well characterizes the number

of ZESs at a dirty surface. The index NZES is an invariant defined in terms of the chirality

of the surface ZESs and is closely related to the one-dimensional winding number w(k).

We conclude that the indexNZES calculated in a clean superconductor exactly predicts the

degree of degeneracy in ZESs at the dirty surface of a nodal superconductor. Numerical

simulations for several nodal superconductors ensure the validity of the conclusion.

The organization of this chapter is as follows. In Sec. (2.3), we discuss the one-

dimensional winding number for a nodal superconductor preserving chiral symmetry. The

indexNZES is defined in terms of the chiral eigenvalues of ZESs and is connected to the one-

dimensional winding number through the index theorem in mathematics. In Sec. (2.4),

we confirm the validity of our conclusion for several superconductors such as p-, d- and

f -wave unconventional superconductors, and two noncentrosymmetric superconductors.

Section (2.5) provides our conclusion.

2.3 Chiral symmetry and Index theorem

2.3.1 Winding number in a clean superconductor

We begin our discussion with a brief summary of the topological property of a nodal su-

perconductor in the clean limit. The BdG Hamiltonian in momentum space is represented

by,

H0(k) =

[
h(k) ∆(k)

−∆∗(−k) −h∗(−k)

]
, (2.1)

where ξ(k) denotes the M ×M Hamiltonian for an electron, ∆(k) is the M ×M pair

potential and where M represents the number of degrees of freedom for an electron such

as spin and band. The BdG Hamiltonian intrinsically preserves particle-hole symmetry

C H0(k) C−1 = −H0(−k), (2.2)

C = UC K, UC =

[
0 I

I 0

]
, (2.3)

where I is the M ×M unit matrix and K denotes the complex-conjugation operator. We

assume that the BdG Hamiltonian preserves time-reversal or time-reversal-like symmetry

11
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as

T± H0(k) T −1
± = H0(−k), (2.4)

T± = U± K, U± =

[
u± 0

0 u∗±

]
, (2.5)

where u± is an M ×M unitary matrix satisfying u±u
∗
± = ±I. Time-reversal symmetry is

denoted with u−u
∗
− = −I, while time-reversal-like symmetry is denoted with u+u

∗
+ = I.

By combining the particle-hole symmetry operator C and the time-reversal symmetry

operator T−, we can define a operator

S = −iUC U− =

[
0 −iu∗−

−iu− 0

]
, (2.6)

where S is an unitary operator satisfying S2 = +1. The BdG Hamiltonian satisfies

S H0(k) S−1 = −H0(k), (2.7)

which represents chiral symmetry of the Hamiltonian. The chiral symmetry operator for

a case of time-reversal-like symmetry is also defined in a similar way

S H0(k) S−1 = −H0(k), S = −UC U+ =

[
0 −u∗+

−u+ 0

]
, (2.8)

where S is an unitary operator satisfying S2 = +1.

In a superconductor under consideration, the pair potential has nodes on the Fermi

surface. Therefore, it is impossible to define a topological invariant by using the wave

functions of whole Brillouin zone. In a three- (two-) dimension, we assume that the

pair potential has line (point) nodes on the Fermi surface. The nodal point k0 satisfies

det[H0(k0)] = 0. Even in in presence of the nodes, it is still possible to define a one-

dimensional partial BZ by fixing a (d− 1)-dimensional momentum k∥ at a certain point.

When the pair potential in such a partial Brillouin zone is fully gapped, one can define

the one-dimensional winding number as

w(k∥) =
i

4π

∫
dk⊥Tr[S H−1

0 (k) ∂k⊥H0(k)], (2.9)

where k⊥ is the momentum in the one-dimensional BZ. The winding number w(k∥) cannot

be defined when the integral path along k⊥ in Eq. (2.9) intersects the gap nodes k0.

Therefore, we have to choose k∥ so that k⊥ can be kept away from the nodal points.

12
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When w(k∥) is nonzero at k∥, according to the bulk-boundary correspondence, |w(k∥)|-
fold degenerate ZESs are expected at a clean surface parallel to k∥. Thus, the total

number of the ZESs at the clean surface is given by

Nclean =
∑
k∥

′
|w(k∥)|, (2.10)

where
∑

k∥

′ denotes a summation over k∥ excluding the nodal points. Such highly de-

generate surface bound states are called flat-band ZES because the energy dispersion is

independent of k∥. In what follows, we describe the degree of degeneracy in the ZESs at

a dirty surface in the presence of potential disorder.

2.3.2 Zero-energy states at a dirty surface

E

0

�=�1

}�=+1

(a)
E

0

(b)

Figure 2.1: (Color online) (a) Four-fold degenerate zero-energy states (ZESs) in the absence
of random potential. Three of them belong to the positive chiral eigenvalue, (i.e., N+ = 3). One
remaining ZES belongs to the negative chiral eigenvalue (i.e., N− = 1). The four-fold degeneracy
is protected by translational symmetry. (b)In the presence of random potential, a positive and
a negative chiral ZES form a pair and departs from zero energy. However two positive chiral
ZESs remain at zero energy. The index NZES = N+ − N− = 2 represents the number of ZESs
remaining at zero energy in the presence of random potential.

We consider a semi-infinite nodal superconductor occupying x⊥ ≥ 0. The potential

disorder in the bulk region strongly suppresses unconventional superconductivity. Thus,

we assume that the potential disorders exist only near the surface x⊥ ≪ ξS, where ξS

represents the superconducting coherence length. The BdG Hamiltonian in real space

H0(r) is obtained by replacing the momentum k by −i∇r. The non-magnetic random

impurity potential in the vicinity of the surface is represented by

Himp(r) =

[
v(r)I 0

0 −v(r)I

]
, (2.11)

where the random potential v(r) finite only for x⊥ ≪ ξS. The total Hamiltonian is given

13
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by

H(r) = H0(r) +Himp(r). (2.12)

The momentum k∥ is no longer a good quantum number because the impurity poten-

tial breaks the translational symmetry. As a result, it is impossible to define the one-

dimensional winding number w(k∥) in the presence of the potential disorder. However,

the Hamiltonian H(r) preserves the chiral symmetry of the Hamiltonian in Eqs. (2.7) or

(2.8), which is the most important factor in the argument below. The central ingredient

of our theory consists of the following two important properties of the eigenstates in the

presence of chiral symmetry [9] [See also Appendix (A)].

(i) First, the zero-energy states of H are simultaneously the eigenstates of the chiral

operator S. Since S2 = 1, the eigenvalue of S is either γ = +1 or γ = −1. Namely,

a ZES satisfying H(r)φγ(r) = 0 also satisfies Sφγ(r) = γφγ(r). We refer to γ as

the chirality in the following.

(ii) Second, the nonzero energy states of H are described by the linear combination

of the two states: one has γ = +1 and the other has γ = −1. Namely, a nonzero

energy state is described as φE ̸=0(r) = c+χ+(r)+c−χ−(r), where Sχ±(r) = ±χ±(r).

Moreover, the relation |c+| = |c−| always holds [50].

Here we define two integer numbers, N+ and N−, in the clean limit. According to property

(i), we can immediately conclude that each ZES at a clean surface belongs to either the

positive or the negative chiral state. The integer N+ (N−) is the number of ZESs that

have the positive (negative) chiral eigenvalue. [See also Fig. 3.3 (a)]. The total number

of ZESs at a clean surface is represented by N+ +N−, which must be identical to Nclean

in Eq. (2.24).

The stability of the flat ZESs in the presence of impurities can be discussed by using

property (ii). A ZES departs from zero energy only when it can form a pair with its chiral

partner. When N+ > N−, for example, N− negative chiral ZESs can couple to N− positive

chiral ZESs under potential disorder. As a result, they form nonzero energy states whose

number is 2N−. However, N+−N− positive chiral states remain at zero energy even in the

presence of impurities because their chiral partner is absent. The integer number defined

by

NZES = N+ −N−, (2.13)

represents the number of ZESs that remain at a dirty surface. When N+ < N−, the

14
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number of ZESs at a dirty surface is given by N− −N+. Therefore, in general, |NZES| is
the degree of degeneracy at zero energy in the presence of potential disorder. The essence

of this argument is illustrated in Figs. 3.3 (a) and (b) with N+ = 3 and N− = 1. In

Fig. 3.3 (a), we consider four ZESs at a clean surface. In Fig. 3.3 (b), we introduce the

impurity potential at the surface. Although the index NZES is defined in the presence of

translational symmetry, it represents the degree of the degeneracy at zero energy in the

absence of translational symmetry. This is the main conclusion of our paper.

2.3.3 Relation with topological number

At the end of this section, we discuss the topological aspect of NZES. As examined in

Ref. [9], the index theorem relates to the winding number w(k∥) and the number of ZESs

on a clean surface as follows

w(k∥) = ±
[
n+(k∥)− n−(k∥)

]
, (2.14)

where n+(k∥) [n−(k∥)] denotes the number of positive (negative) chiral zero-energy states

at k∥. There are two possible choice for the sign on the right-hand side of Eq. (2.14).

When we consider the surface of a semi-infinite superconductor occupying x⊥ ≤ 0 ,we

should choose the positive sign. On the other hands, we should choose the negative sign

at the surface of a semi-infinite superconductor occupying x⊥ ≥ 0 [9]. However, this sign

has no physical meaning because the number of ZESs is always given by |n+(k∥)−n−(k∥)|.
As discussed in the previous subsection, the index NZES is represented by the difference

between the total numbers of positive and negative chiral ZESs. Therefore, by taking

Eq. (2.14) into account, we find an important relation

NZES =
∑
k∥

′
w(k∥) = ±(N+ −N−), (2.15)

as a result of the index theorem. More specifically, the indexNZES is a topological invariant

defined in terms of the wave function in the superconducting states. Simultaneously it is

an invariant defined in terms of the zero-energy solutions in a differential equation. The

index theorem mathematically bridges the two different invariants. In physics, the index

NZES is an invariant that measures the degree of degeneracy of the ZESs staying at the

dirty surface of a nodal superconductor. In the next section, we check the validity of our

conclusion by performing numerical simulations on tight-binding model.
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2.4 Numerical results

2.4.1 unconventional superconductors

j=1 j=Lx

m=1

m=Ly

Ld Ld

x

y

Figure 2.2: (Color online) Schematic picture of a superconductor on the tight-binding lattice.

We apply the general argument in Sec. (2.3) to the several time-reversal superconduc-

tors in two-dimension. The first example is the three types of unconventional supercon-

ductors characterized by px-, dxy-, and f -wave pairing symmetry. We describe the present

superconductors by the 2× 2 BdG Hamiltonian,

Ĥ0(k) =

[
ξ(k) ∆µ(k)

∆µ(k) −ξ(k)

]
, (2.16)

ξ(k) =
ℏ2k2

2m
− µF, (2.17)

∆px(k) =
∆0

kF
kx, ∆dxy(k) =

∆0

k2F
kxky, ∆f (k) =

∆0

k3F
kx(k

2
F − 2k2y), (2.18)

where the subscript µ = px, dxy, f labels the pairing symmetry, m denotes the effective

mass of an electron, µF is the chemical potential, ∆0 is the amplitude of the pair poten-

tial at zero temperature, and kF =
√
2mµF/ℏ represents the Fermi wave number. The

Hamiltonian satisfies

Ŝ Ĥ0(k) Ŝ
−1 = −Ĥ0(k), Ŝ =

[
0 −i
i 0

]
, (2.19)

which represents chiral symmetry of the Hamiltonian.
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The one-dimensional winding number in Eq. (2.9) can be further simplified to [9, 11]

wµ(ky) =
1

2

∑
ξ(k)=0

sgn[∂kxξ(k)]sgn[∆µ(k)] (2.20)

where the summation is carried out for kx satisfying ξ(k) = 0 with fixed ky. From

Eq. (2.20), the winding number for each pairing symmetry is calculated as

wpx(ky) =

{
1 for |ky| < kF

0 for |ky| > kF,
(2.21)

wdxy(ky) =


1 for 0 < ky < kF

−1 for 0 > ky > −kF
0 for |ky| > kF,

(2.22)

wf (ky) =


1 for |ky| < kf

−1 for kf < |ky| < kF

0 for |ky| > kF,

(2.23)

where kf = kF/
√
2. The total number of topologically protected ZESs at the clean surface

is calculated as

Nclean =
∑
ky

′
|wµ(ky)|, (2.24)

according to the bulk-boundary correspondence. The number of ZESs at the dirty surface,

on the other hand, is evaluated by the index NZES. By substituting Eq. (2.21) - (2.23)

into Eq. (2.15), we obtain the index NZES for each pairing symmetry as

|NZES| =


∑

|ky |<kF
= Nclean for px-wave

0 for dxy-wave∑
|ky |<kf

−
∑

kf<|ky |<kF
̸= 0 for f -wave.

(2.25)

To check the validity of Eq. (2.25), we numerically calculate the eigen energy of an

isolating unconventional superconductor on the two-dimensional tight-binding model as

shown in Fig. 2.2. A lattice site is indicated by a vector r = j a0x + m a0y, where

a0 denotes the lattice constant and x (y) is a unit vector in the x (y) direction. The

number of the lattice site in the x and y direction are denoted by Lx/a0 and Ly/a0,

respectively. In the y direction, the periodic boundary condition is applied. In the x

direction, we apply the hard-wall boundary condition. The wave functions of zero-energy

surface states decay exponentially into the bulk. Therefore, when the system length Lx

17



Satoshi Ikegaya Chapter 2

is much longer than the decay length of the zero-energy states ξS, we can ignore the

couplings between the zero energy states at the left surface (i.e. j = 1) and the right

surface (i.e. j = Lx), As a consequence, we obtain 2×Nclean (2×NZES) zero-energy states

in the clean (dirty) superconductor, where the factor 2 is derived from the contribution

from two different surfaces in the x direction. In the following numerical simulations, we

only consider the enough long system which enables us to ignore the couplings between

the zero energy states at the different surfaces. We introduce the non-magnetic impurity

potential by adding the random on-site potentials v(r) in the outermost Ld/a0 layers in

the x-direction as shown in Fig. 2.2. The amplitude of v(r) is given randomly in the

range of −W/2 ≤ v(r) ≤ W/2. We numerically diagonalize the BdG Hamiltonian on

the tight-binding model which is shown in Appendix (B.1). We fix several parameters as

µF = 1.5t, ∆0 = 1.0t, Lx = 60a0 and Ly = 18a0 where t denotes the nearest-neighbor

hopping integral. The number of the zero-energy states at a clean surface is evaluated

from Nclean in Eq. (2.24). This parameter choice leads to Nclean = 7 for a px- and a

f -wave superconductor, and Nclean = 6 for a dxy-wave superconductor. The number of

the zero-energy states at a dirty surface is evaluated from the index NZES in Eq. (2.25).

In the present parameters choice, we obtain NZES = 7, 0, and 3 for px-, dxy-, and f -wave

pairing symmetry, respectively. In Figs. 2.3(a) - 2.3(c), we show the numerical results of

energy eigenvalues, where the eigen energy is labeled by an integer n. The open symbols

and the filled symbols respectively denote the energy eigenvalues in a superconductor

with clean surfaces and those with dirty surfaces. We chose W = 3.0t and Ld = 5a0

to realize the dirty surfaces. As shown in the open symbols of Figs. 2.3(a) - 2.3(c),

we find 2 × Nclean = 14 zero energy states at the clean surfaces of px-wave and f -wave

superconductor and 2 × Nclean = 12 zero energy states at the clean surfaces of dxy-wave

superconductor. Therefore, our parameter choice satisfies the condition Lx ≫ ξS for all

the zero-energy states. As shown in filled symbols of Fig. 2.3(c), for instance, eight ZESs of

the f -wave superconductor leaves away from the zero energy by introducing the impurity

potentials. Even though, we find that six ZESs still keep staying at zero energy. Since

2× |NZES| = 6 under the present parameter choice, the argument in Sec. 2.3 predicts the

number of ZESs at a dirty surface exactly. Figures 2.3(a) and 2.3(b) show the perfect

agreement between our theory and numerical results. For a px-wave superconductor,

2× |NZES| = 14 states remain at zero energy. In a dxy-wave case, the ZESs are absent at

the dirty surfaces.
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Figure 2.3: Energy eigenvalues of (a) px- , (b)dxy-, and (c) f -wave superconductor are plotted.
In numerical simulation, eigenvalues are calculated in decreasing order labeled by n in the
horizontal axis. In the clean limit, as shown with the open symbols, we find 2 × Nclean = 14
zero-energy states (ZESs) for px- and f -wave cases. For a dxy-symmetry, the two states at a gap
nodal point ky = 0 are leave from zero energy due to the finite size effect. Thus the number of
ZESs becomes 2 ×Nclean = 12. In the presence of potential disorder at two surfaces, as shown
with the filled symbols, the number of the ZESs is identical to 2× |NZES| which is 14 in (a), 0
in (b), and 6 in (c).
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2.4.2 Noncentrosymmetric superconductor I

Secondly, we apply the argument in Sec. (2.3) to the noncentrosymmetric superconductors

(NCSs) in two-dimension. The BdG Hamiltonian for a NCS is given by

Ȟ(k) =

[
ĥ(k) ∆̂(k)

−∆̂∗(−k) −ĥ∗(−k)

]
, (2.26)

ĥ(k) = ξ(k)σ̂0 + g(k) · σ̂, (2.27)

∆̂(k) = i[ψ(k) + d(k) · σ̂]σ̂y, (2.28)

where σ̂ = (σ̂x, σ̂y, σ̂z) and σ̂0 denote Pauli matrices in spin space and the 2 × 2 unit

matrix, respectively. The absence of inversion symmetry leads the spin-orbit coupling

(SOC) potential denoted by g(k) = −g(−k). Furthermore, the pair potential becomes

the admixture of the even-parity spin-singlet component ψ(k) = ψ(−k) and the odd-

parity spin-triplet pair component d(k) = −d(−k) because parity is no longer a good

quantum index [71, 72]. The spin-triplet pairing vector d(k) is set to be parallel to the

polarization vector of the SOC g(k) [71]. The BdG Hamiltonian satisfies

Š Ȟ0(k) Š
−1 = −Ȟ0(k), Š =

[
0 σ̂y

σ̂y 0

]
, (2.29)

which represents the chiral symmetry of the Hamiltonian.

k+

kȂ

kx

ky

Figure 2.4: Two Fermi surfaces under the Rashba SOC are illustrated. The eight nodal points
are indicated by the black dots.

A superconductor with (dxy + p)-wave pairing symmetry is an example of NCS which

host the flat ZES at its clean surface [31,32,43,73]. Under the Rashba type SOC gr(k) =
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α(kyx− kxy) with α being the coupling amplitude, the normal state Fermi surface splits

into the two circles as illustrated in Fig. 2.4, where the two wave numbers

k± = ∓mα
ℏ2

+

√
k2F +

(mα
ℏ2
)2
, (2.30)

characterize the two Fermi surfaces. The pair potential of the (dxy + p)-wave supercon-

ductor is given as

ψ(k) = ∆sf(k), d(k) = ∆tf(k)
gr(k)

αk
, (2.31)

with f(k) = (kxky/k
2) and k =

√
k2x + k2y. In this pair potential, there are eight nodal

points which are located at (±k±, 0) and (0,±k±) as illustrated in Fig. 2.4.

By applying a unitary transformation shown in Appendix (C), it is possible to deform

the BdG Hamiltonian of the (dxy + p)-wave superconductor as

Ȟ ′
0(k) =

[
Ĥ+(k) 0

0 Ĥ−(k)

]
, (2.32)

Ĥ±(k) =

[
ξ±(k) −∆±(k)

−∆±(k) −ξ±(k)

]
, (2.33)

ξ±(k) = ξ(k)± |gr(k)|, ∆±(k) = f(k) [∆t ±∆s] . (2.34)

The chiral symmetry in this new basis is represented as

Ŝ± Ĥ±(k) Ŝ
−1
± = −Ĥ±(k), Ŝ± = ∓σ̂y. (2.35)

By using Eqs. (2.33) and (2.35), the relevant winding number can be calculated as [9,11]

w(ky) = w+(ky)− w−(ky), (2.36)

w±(ky) =
1

2

∑
ξ±(k)=0

sgn[∂kxξ±(k)]sgn[∆±(k)], (2.37)

where the summation is carried out for kx that satisfies ξ±(k) = 0 with fixed ky. From

Eq. (2.36), we obtain

w(ky) =


2sgn(ky) for |ky| < k+

sgn(ky) for k+ < |ky| < k−

0 for |ky| > k−,

(2.38)
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for ∆s > ∆t, and

w(ky) =


0 for |ky| < k+

−sgn(ky) for k+ < |ky| < k−

0 for |ky| > k−,

(2.39)

for ∆t > ∆s. The index NZES is calculated from Eq. (2.15). Since the winding number

satisfies w(ky) = −w(−ky), we immediately find NZES = 0 for both ∆s > ∆t and ∆t > ∆s.

The figure 2.5 shows the eigenvalues of the BdG Hamiltonian for a (dxy + p)-wave

superconductor. The expression of the Hamiltonian on the tight-binding model is given

in Appendix (B.2). We chose parameters as µF = 2.0t, α = 0.1t, ∆s = 0.8t, ∆t = 0.2t,

Lx = 50a0, Ly = 10a0 and Ld = 5a0. The open and the filled symbols denote the

energy eigenvalues of a superconductor with the clean surface (W = 0) and the dirty

surfaces (W = 3.0t), respectively. The present parameter choice leads Nclean = 8. As

shown with the open symbol, we indeed find the 2 × Nclean = 16 zero-energy states at

the clean surface. The random potential at the surfaces completely lifts the degeneracy

at zero energy as shown with the filled symbols. The numerical results agree with the

argument in Sec. (2.3). Since NZES = 0, the flat ZES in a (dxy + p)-wave superconductor

is fragile under the potential disorder. At finte energies, the eigenvalues for dirty surfaces

are always doubly degenerate, which corresponds to the Kramers doublets protected by

time-reversal symmetry.

clean edge

disodered edge

E
n

 / 

�

T

n

-0.4

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

-15 -10 -5 0 5 10 15

|NZES| = 0

Figure 2.5: Energy eigenvalues of a (dxy + p)-wave superconductor are plotted in the same
manner as in Fig. 2.3. A energy is normalized by ∆T = ∆s +∆t. In the clean limit, there are
16 zero-energy states as shown with the open symbols. In the presence of random potential at
the two surfaces, on the other hand, the ZESs are absent as shown with the filled symbols in
agreement with NZES = 0.
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2.4.3 Noncentrosymmetric superconductor II

In a zincblende semiconductor quantum well confined in the [110] crystal direction, the

Dresselhaus [110] type spin-orbit coupling described by gd(k) = βkxz becomes dominant.

The Hamiltonian for the normal states is given by

ĥP(k) = ξ(k)σ̂0 + βkxσ̂z. (2.40)

The electronic states described by Eq. (2.40) have been well studied in spintronics be-

cause they show an unusual spin property called persistent spin helix [74–77]. As shown

in Appendix (D), the persistent spin-helix states can be also obtained in the thin film

growing along the [001] crystal direction [74,75]. In what follows, we discuss the flat ZESs

appearing at a surface of a proximity-induced superconducting Dresselhaus[110] thin film

described by

Ȟ0(k) =

[
ĥP(k) ∆̂P(k)

−∆̂∗
P(−k) −ĥ∗P(−k)

]
, (2.41)

∆̂P = i

[
∆s +∆t

kx
kF
σ̂z

]
σ̂y, (2.42)

where we assume the s-wave pairing symmetry for the spin-singlet component. The

Dresselhaus[110] SOC potential shifts the Fermi surfaces in the kx direction as illustrated

in Fig. 2.6. The center of the Fermi surfaces are located at (±Q, 0) with Q = mβ/ℏ2.
The superconducting gap has four nodes on the Fermi surface when the condition

βkF
µF

>
∆2

s −∆2
t

∆s∆t

(2.43)

is satisfied. The four nodal points are located at

(±rstkF,±kQ), kQ = kF

√
1− r2st + rst(βkF/µF), (2.44)

as indicated by filled circle in Fig. 2.6, where rst = (∆s/∆t). The BdG Hamiltonian

preserves both time-reversal and time-reversal-like symmetry as

Ť± Ȟ0(k) Ť
−1
± = Ȟ0(−k), (2.45)

Ť+ =

[
iσ̂x 0

0 −iσ̂x

]
K, Ť− =

[
iσ̂y 0

0 iσ̂y

]
K, (2.46)

23



Satoshi Ikegaya Chapter 2

kx

ky

QȂQ

Figure 2.6: Fermi surfaces under the Dresselhaus[110] SOC are illustrated. The eight nodal
points are indicated by the black dots. Strictly speaking, the positions of the nodal points
depend on the parameters as shown in Eq. (2.44).

where Ť 2
± = ±1. Therefore we obtain two different chiral symmetry operators as

Š± Ȟ0(k) Š
−1
± = −Ȟ0(k), (2.47)

Š+ =

[
0 −iσ̂x
iσ̂x 0

]
, Š− =

[
0 σ̂y

σ̂y 0

]
. (2.48)

By applying the unitary transformation as

Ȟ ′(k) = Ǔ †
0H0(k)Ǔ0, Ǔ0 =


1 0 0 0

0 0 1 0

0 0 0 1

0 1 0 0

 , (2.49)

the BdG hamiltonian is block-diagonalized into the two 2×2 sectors as Ȟ ′ = diag(Ĥ1, Ĥ2),

Ĥj(k) =

[
ξj(k) −∆j(k)

−∆j(k) −ξj(k)

]
, (2.50)

for j = 1− 2 with

ξ1(2)(k) = ξ(k) + (−)βkx, (2.51)

∆1(2)(k) =

[
∆t
kx
kF

+ (−)∆s

]
. (2.52)
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The chiral symmetry of each block component is represented as

Ŝ±,j Ĥj(k) Ŝ
−1
±,j = −Ĥj(k), (2.53)

for j = 1− 2, where

Ŝ+,1 = σ̂y, Ŝ+,2 = σ̂y, (2.54)

is originated from time-reversal like symmetry, and

Ŝ−,1 = σ̂y, Ŝ−,2 = −σ̂y. (2.55)

is originated from time-reversal symmetry. The definition of the winding number de-

pends on the form of the chiral symmetry operator. From the chiral symmetry operator

originated from the time-reversal symmetry in Eq. (2.55), the winding number is given

by

w(ky) = w1(ky)− w2(ky), (2.56)

with

wj(ky) =
1

2

∑
ξj(k)=0

sgn[∂kxξj(k)]sgn[∆j(k)], (2.57)

for j = 1 − 2, where the summation is carried out for kx satisfying ξj(k) = 0 at a fixed

ky. The winding number in each sector is calculated to be

w1(ky) = w2(ky) =

{
1 for |ky| < kQ

0 for |ky| > kQ.
, (2.58)

Although the winding number in each sector w1(2)(ky) is nontrivial, the relation w(ky) = 0

always holds. As a consequence, we find NZES = 0. The results suggest the degeneracy at

zero energy would be fragile under the potential disorder. However, the winding number

originated from time-reversal-like symmetry can be nontrivial because the winding number

defined with Eq. (2.54) is given as

w(ky) = w1(ky) + w2(ky). (2.59)
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As a result, we obtain

w(ky) =

{
2 for |ky| < kQ

0 for |ky| > kQ.
, (2.60)

Nclean =NZES = 2
∑

|ky |<kQ

. (2.61)

In Fig. 2.7, we show the energy eigenvalues of the NCS with the Dresselhaus[110]

SOC on the tight-binding model. The BdG Hamiltonian used in the numerical simulation

is show in Appendix (B.3). We chose parameters as µF = 1.0t, β = 0.1t, ∆s = 0.1t,

∆t = 0.9t, Lx = 50a0, and Ly = 10a0. This parameter choice leads |NZES| = Nclean = 6.

The results for a superconductor with clean surface show 2 ×Nclean = 12 ZES as shown

with the open symbols. Although we introduce random impurity potential at its surfaces,

the flat ZESs remain unchanged as shown with the filled symbols in agreement with the

relation |NZES| = Nclean. This suggests the validity of our conclusion in Sec. (2.3). The

degeneracy at zero energy is protected by chiral symmetry originated from the time-

reversal-like symmetry.

-0.5

-0.4

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

0.5

-15 -10 -5 0 5 10 15

clean edge

disodered edge

E
n
 / 

�

T

n

|NZES| = 6

Figure 2.7: Energy eigenvalues of a NCS with Dresselhaus[110] SOC are plotted in the same
manner as Fig. 2.3. The results are normalized by ∆T = ∆s + ∆t. The number of ZESs is
12 in the clean case as shown with the open symbols. All of the ZESs keep staying at zero
energy even in the presence of random potential at the two surfaces as predicted by the index
2× |NZES| = 12.
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2.5 Conclusion

We have discussed the effects of the random impurity potential on the degenerate zero-

energy states appearing at the surface of a nodal superconductor preserving chiral symme-

try. A method called dimensional reduction enables us to topologically characterize nodal

superconductors in the presence of translational symmetry. The number of zero-energy

bound states at a clean surface, Nclean, is calculated by using a winding number defined

in a one-dimensional Brillouin zone and is usually much larger than unity proportional

to the surface width. By focusing on the chiral symmetry of the Bogoliubov-de Gennes

Hamiltonian, we show that an index, NZES, characterizes the number of zero-energy states

at a dirty surface. We confirmed our conclusion with numerical simulations on the tight-

binding model. The index NZES is defined by the chiral eigenvalues of zero-energy states.

Simultaneously, NZES is calculated from the winding number in a one-dimensional Bril-

louin zone. The index theorem explains the coincidence of two NZES calculated in the

two different ways. We conclude that NZES measures degree of the degeneracy of zero-

energy states at a dirty superconductor surface [47]. In experiments, potential disorder is

inevitable in the vicinity of the surface. Therefore, our conclusion sends a useful message

to experimentalists in this field as regards choosing a target material.
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Chapter 3

Quantization of conductance

minimum and index theorem

3.1 Abstract

We discuss the minimum value of the zero-bias differential conductance in a normal-

metal/unconventional-superconductor junction. We demonstrate that the zero-bias con-

ductance is quantized at (4e2/h)|NZES| in the limit of strong impurity scatterings in the

normal metal. The integer NZES represents the number of perfect transmission channels

through the junction. An analysis of the chiral symmetry of the Hamiltonian enables us

to understand the relationship between the quantization of conductance minimum and

the Atiyah-Singer index NZES.

3.2 Introduction

The quantization of an observable value in physics is closely related some of the time to

an invariant in mathematics. A good example may be the quantized Hall conductivity

in condensed matter physics [78]. Although the quantization of the Hall conductivity

itself occurs for physical reasons, the quantized value is proportional to a Chern invariant

in a two-dimensional manifold [79]. Another example is the number of gapless states at

the surface of a topologically nontrivial material characterized by a topological invariant

Z [5, 52]. The integer Z depends on the spatial dimensionality and the symmetry class

of the Hamiltonian [4]. The conductance in a junction consisting of such a topologically

nontrivial superconductor is quantized at (2e2/h)Z with Z = 1 for a one-dimensional

class D superconductor [8, 80, 81]. A similar phenomenon has been discussed as regards

superconductors in class BDI with Z being an integer number [81,82]. The Atiyah-Singer
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theorem relates a topological invariant to an invariant defined in terms of solutions of a

differential equation. The index theorem provides the mathematical background to the

quantum anomaly in particle physics. In condensed matter physics, the index theorem de-

scribes the number of gapless modes at a boundary between two chiral superfluids. When

a quantized physical value is described by a mathematical invariant, the quantization

should be robust under various perturbations preserving the invariant. In this paper, we

show a relationship between the minimum value of the conductance in a superconducting

junction and the Atiyah-Singer index.

In this chapter, we discuss the zero-bias differential conductanceGNS in a two-dimensional

normal-metal/unconventional-superconductor (NS) junction, where the normal segment

consists non-magnetic impurities. The superconductor is characterized by unconventional

nodal pairing symmetries such as dxy-, px- and f -wave pairing symmetry. On the basis

of the lattice Green function techniques, we find that the GNS decreases to the quantized

value of (4e2/h)|NZES| with decreasing the normal conductance GN. Here, the integer

number NZES denotes the Atiyah-Singer index that relates the topological property of

an unconventional superconductor with the number of zero-energy states at its dirty sur-

face [47]. In the NS junction, the indexNZES represents the number of perfect transmission

channels in a disordered normal segment. The analysis in terms of chiral symmetry of

the Hamiltonian enables us to explain the robustness of |NZES|-fold degenerate resonant

states in the dirty NS junction and provide the microscopic understanding of the minimal

conductance quantization. To confirm the theoretical prediction by experiments, tem-

perature T must be low so that the thermal coherent length ξT =
√
ℏD/2πkBT is much

longer than the length of the the dirty normal segment, where D represents the diffusion

constant in the normal segment.

3.3 Preliminary

At first, we briefly review the topological property of a nodal unconventional supercon-

ductor. Let us consider the three types of unconventional superconductors with px-wave,

dxy-wave, and f -wave pairing symmetry. We describe the present superconductor by the

2× 2 Bogoliubov-de Gennes Hamiltonian (BdG) in momentum space as

Ĥ0(k) =

[
ξ(k) ∆(k)

∆(k) −ξ(k)

]
, ∆(k) =


∆0kxky/k

2
F for dxy-wave,

∆0kx/kF for px-wave,

∆0kx(k
2
F − 2k2y)/k

3
F for f -wave,

(3.1)
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where ξ(k) = (ℏ2k2/2m) − µF, m denotes the effective mass of an electron, µF is the

chemical potential, ∆0 is the amplitude of the pair potential at zero temperature, and

kF =
√
2mµF/ℏ represents the Fermi wave number. The Hamiltonian satisfies{

Ŝ, Ĥ0(k)
}
= 0, Ŝ = τ̂2, (3.2)

which represents chiral symmetry of the Hamiltonian. Pauli matrices in Nambu space is

denoted by τi for i = 1-3. Since the pair potentials in Eq. (3.1) have nodes on the Fermi

surface, it is impossible to topologically characterize such the superconductors in terms

of wave functions of the whole Brillouin zone. Alternatively, we define a winding number

in a restricted one-dimensional Brillouin zone as

w(k∥) =
i

4π

∫
dk⊥Tr[ŜĤ0

−1(k)∂k⊥Ĥ0(k)], (3.3)

where k∥ (k⊥) is momenta parallel (perpendicular) to the surface we consider. The winding

number w(k∥) is ill-defined when the integration path along k⊥ intersects the nodal points.

Therefore, we have to choose k∥ so that k⊥ can keep away from the nodal points. The

winding number w(k∥) can be nonzero in the finite region of k∥. In what follows, we

consider the surface perpendicular to the x direction. Namely, we chose k⊥ = kx and

k∥ = ky, respectively. According to the bulk-boundary correspondence, the total number

of topologically protected zero-energy Andreev bound states (ABSs) at the clean surface

is calculated by

Nclean =
∑
ky

′
|w(ky)|, (3.4)

where
∑

ky

′ denotes a summation over ky excluding the nodal points.

Next, we discuss the degree of degeneracy in the ABSs at the dirty surface of an un-

conventional superconductor. The random impurity potentials in the bulk region strongly

suppress the unconventional superconducting pair potential. Thus, we assume the poten-

tial disorder exists only near the surface. The BdG Hamiltonian in real space Ĥ0(r) is

obtained by replacing the momentum k by −i∇r in Eq. (3.1). The non-magnetic random

impurity potential in the vicinity of the surface is represented by Ĥimp(r) = v(r)τ̂3, where

the random potential v (r) disappears rapidly with the increases of distance from the

surface. The total Hamiltonian is given by Ĥ(r) = Ĥ0(r) + Ĥimp(r). In the presence of

potential disorders, the winding number w(k∥) is not well defined because the momentum

k∥ is no longer a good quantum number in the absence of translational symmetry. This

implies that w(k∥) cannot predict straightforwardly the number of the ZESs at a dirty
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surface. Nevertheless, it is possible to characterize the flat-band ZESs at the dirty surface

by an alternative index [47]

NZES =
∑
k∥

′
w(k∥). (3.5)

The absolute value of the index NZES coincides with the number of the ZESs at the dirty

surface as long as chiral symmetry is preserved. In the following, we discuss the differential

conductance of a diffusive normal-metal/unconventional-superconductor junction.

3.4 Conductance minimum

j=1 L/a0

m=1

Ly/a0

x

y

superconductornormal-metal

Figure 3.1: (Color online) Schematic image of a NS junction on the tight-binding model.

Let us consider an NS junction on the tight-binding model with the lattice constance

a0 as shown in Fig. 5.1. A lattice site is indicated by a vector r = j x +m y, where x

(y) is vector in the x (y) direction with |x| = |y| = a0. The present junction consists of

three segments: an ideal lead wire (−∞ ≤ j ≤ 0), a normal-metal (0 < j ≤ L/a0) and

a superconductor (L/a0 < j ≤ ∞). In the y-direction, the number of the lattice site is

Ly/a0 and the periodic boundary condition is applied. In the superconducting segment,

we consider the three types of pairing symmetries such as dxy-wave, px-wave, and f -wave

pairing symmetry. The Hamiltonian reads,

HNS = Hkin +Hα +Himp. (3.6)
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The first term in Eq. (3.6) represents the kinetic energy of electrons

Hkin = −t
Ly/a0∑
m=1

∞∑
j=−∞

[
ψ†
r+xψr + r†ψr+x

]
− t

Ly/a0∑
m=1

∞∑
j=−∞

[
ψ†
r+yψr + ψ†

rψr+y

]

+

Ly/a0∑
m=1

∞∑
j=−∞

(4t− µ)ψ†
rψr, (3.7)

where ψr (ψ†
r) is the annihilation (creation) operator of an electron at r, t is the hopping

integral, µ is the chemical potential. The second term Hα (α = dxy, px, f) denotes the

pair potential in the superconducting segment

Hdxy =
∆

4

Ly/a0∑
m=1

∞∑
j=L/a0+1[

ψ†
r+x+yψ

†
r + ψ†

rψ
†
r+x+y − ψ†

r+x−yψ
†
r − ψ†

rψ
†
r+x−y

]
+H.c., (3.8)

Hpx = i
∆

2

Ly/a0∑
m=1

∞∑
j=L/a0+1

[
ψ†
r+xψ

†
r − ψ†

rψ
†
r+x

]
+H.c. (3.9)

Hf = i
∆

4

Ly/a0∑
m=1

∞∑
j=L/a0+1[

ψ†
r+x+2yψ

†
r − ψ†

rψ
†
r+x+2y + ψ†

r+x−2yψ
†
r − ψ†

rψ
†
r+x−2y

]
+H.c., (3.10)

where ∆ is the amplitude of the pair potential. We also introduce the disordered potential

in the normal segment

Himp =

Ly/a0∑
m=1

L/a0∑
j=1

v(r)ψ†
rψr, (3.11)

where V (r) is given randomly in range of the −W/2 ≤ v(r) ≤ W/2. We calculate the

zero-bias differential conductance GNS of the NS junctions based on the Blonder-Tinkham-

Klapwijk formula [83]

GNS =
2e2

h

∑
ζ,η

[
δζ,η −

∣∣reeζ,η∣∣2 + ∣∣rheζ,η∣∣2] , (3.12)
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where reeζ,η and rheζ,η denote the normal and Andreev reflection coefficients at the zero

energy, respectively. The index ζ and η label the outgoing channel and the incoming one,

respectively. These reflection coefficients are numerically calculated by using the lattice

Green’s function technique [84,85,88].

In Fig. 3.2, we plot the zero-bias conductance GNS versus the normal conductance

GN, where GN is calculated by setting ∆ = 0. The parameters are chosen as µ/t = 1.0,

∆/t = 0.01, L/a0 = 30, and W/a0 = 25, respectively. With this parameter choice, the

number of propagating channels NC become nine, and the index NZES becomes NZES = 0,

9, and 5 for dxy-, px-, and f -wave pairing symmetry, respectively. As shown in Fig. 3.2,

the ZBC of dxy-wave NS junction goes to zero in the dirty limit (GN ≈ 0) [7, 87, 87, 88].

In the px-wave case, on the other hand, the ZBC is quantized at (4e2/h)× 9 irrespective

of GN [14, 15]. For the f -wave symmetry, the ZBC decreases to the quantized value of

(4e2/h)× 5 by decreasing GN. By summarizing these numerical results, we can describe

the GNS in the dirty limit as

lim
GN→0

GNS =
4e2

h
|NZES|. (3.13)

The index NZES is originally proposed as the topological index denoting the number of

ZESs at the dirty surface of an isolating unconventional superconductor. In the NS junc-

tion, on the other hand, the quantization of conductance minimum in Eq. (3.13) suggests

the existence of |N |ZES resonant transmission channels in the dirty normal segment. In

the following section, we analytically prove the robustness of |NZES|-fold degenerate reso-

nant states in the diffusive NS junction and provide the microscopic understanding of the

minimal conductance quantization.

3.5 Chirality analysis

In this section, we describe the NS junction in continuous space for simplicity. The

Bogolibov-de Gennes (BdG) Hamiltonian is represented by

ĤNS(r) =

[
ξ(r) + v(r)Θ(−x) ∆α(r)Θ(x)

∆α(r)Θ(x) −ξ(r)− v(r)Θ(−x)

]
, (3.14)

ξ(r) = −ℏ2∇2/(2m)− µ, (3.15)

∆dxy(r) = −∆∂x∂y/k
2
F, ∆px(r) = −i∆∂x/kF, ∆f (r) = −i∆∂x(k2F − 2∂2y)/k

3
F, (3.16)

where m is the effective of an electron, kF =
√
2mµF/ℏ is the Fermi wave number, and

Θ(x) denotes the step function. The NS interface is located at x = 0. The Hamiltonian
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Figure 3.2: (Color online) Zero-bias conductance GNS as a function of the normal conductance
GN is plotted. The number of the samples for the ensemble average is 103.

satisfies {
Ŝ, ĤNS(r)

}
= 0, (3.17)

which represents chiral symmetry of the Hamiltonian. Here we summarize the two im-

portant features of eigenstates of ĤNS(r) preserving chiral symmetry [9].

(i) First, the zero-energy states of ĤNS(r) are simultaneously the eigenstates of the

chiral operator Ŝ. Since Ŝ2 = 1, the eigenvalue of Ŝ is either γ = +1 or γ = −1.

Namely, a zero-energy states satisfying ĤNS(r)φγ(r) = 0 also satisfies Ŝφγ(r) =

γφγ(r). We refer to γ as the chirality in the following.

(ii) Second, the nonzero energy states of ĤNS(r) are described by the linear combination

of the two states: one has γ = +1 and the other has γ = −1. Namely, a nonzero

energy state is described as φE ̸=0(r) = c+χ+(r)+c−χ−(r), where Ŝχ±(r) = ±χ±(r).

Moreover, the relation |c+| = |c−| always holds [50].

Below, we examine the stability of degenerate zero-energy states in the diffusive NS junc-

tion by taking these features into account.

We first analyze the chiral property of the zero-energy Andreev bound states (ABSs)

appearing at the surface of the semi-infinite superconductor occupying x ≥ 0. To do this,

we remove the normal segment (x < 0) and apply the hard-wall boundary condition at

x = 0. By solving the Bogoliubov-de Gennes equation, we obtain the wave function for
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Table 3.1: The key integer numbers are summarized, where P = LykF/π and [· · · ]G is the
Gauss symbol giving the integer part of the argument.

N+ N− NZES

dxy [P/2]G [P/2]G 0
px NC 0 NC

f
[
P/

√
2
]
G

[
P (1− 1/

√
2)
]
G

[
P (

√
2− 1)

]
G

the ABSs as

φS,q(r) =

[
1

−is(q)

]
Xq(x)Yq(y), (3.18)

s(q) = Aα(q)/|Aα(q)|, (3.19)

Xq(x) = sin[pqx]e
−x/ξq , Yq(y) = eiqy/

√
Ly, (3.20)

p2q = k2q − ξ−2
q , k2q = k2F − q2, ξq = ℏ2kF/m|Aα(q)|, (3.21)

Adxy(q) = ∆(q/kF), Apx(q) = ∆, Af (q) = ∆[1− 2(q/kF)
2] (3.22)

where q < kF indicates the propagating channel. The total number of propagating channel

is represented by NC = [(LykF/π)]G, where [· · · ]G is the Gauss symbol giving the integer

part of the argument. As suggested by the chiral property (i), the wave function φS,q(r)

become the eigenstate of Ŝ belonging to its eigenvalue γ = s(q). Here, we define two

integer numbers N+ and N− in the clean limit, where N+ (N−) represents the number of

ABSs with positive (negative) chiral eigenvalue. We count N± for each pairing symmetry

as listed in Table 3.1. For the dxy-wave pairing symmetry, we obtain N+ = N− =

[(LykF/π)/2]G because the ABSs for q > 0 (q < 0) belong to γ = +1 (−1). For the

px-wave pairing symmetry, we find N+ = NC and N− = 0 because γ = +1 for all the

propagating channels. For the f -wave pairing symmetry, we find N+ =
[
(LykF/π)/

√
2
]
G

and N− =
[
(LykF/π)(1− 1/

√
2)
]
G
. The index NZES is related with the chiral eigenvalue

of the ABSs as |NZES| = |N+ −N−| [47]. As a result, we obtain

|NZES| =


0 for dxy-wave,

NC for px-wave,[
(LykF/π)(

√
2− 1)

]
G

for f -wave.

(3.23)

Next, we attach the clean normal segment to the left side of the superconductor

(x < 0). In the absence of potential disorders ( i.e., v(r) = 0), the wave function in the
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normal segment at E = 0 is described by

φN,q(r) =

([
1

rheq

]
eikqx +

[
reeq
0

]
e−ikqx

)
Yq(y), (3.24)

where the normal and Andreev reflection coefficients for the channel q are represented by

reeq and rheq , respectively. From the boundary condition at the NS interface (x = 0), the

reflection coefficients are calculated to be

reeq = 0, rheq = is(q). (3.25)

By substituting Eq. (3.25) into Eq. (3.24), we find that φN,q(r) belongs to the same

chirality of φS,q(r) as ŜφN,q(r) = s(q)φN,q(r). Namely, the Andreev reflection copies the

chirality of the ABSs to the wave functions in the normal segment.

Finally, we introduce the disordered potential v(r) in the normal segment. In the

presence of potential disorders breaking translational symmetry, the channel index q is no

longer a good quantum number. Thus, the high degree of degeneracy in the ZESs of the

clean NS junction seems to be fragile against potential disorders. Nevertheless, the chiral

properties enable us to explain the minimal conductance quantization in Eq. (3.13). The

essence of the argument below is also illustrated in Fig. 3.3. With the d-wave symmetry,

the index NZES = 0 because the relation N+ = N− always holds [See also Fig. 3.3(a)

with N+ = N− = 2]. The potential disorder completely eliminate the degeneracy at zero

energy because two ZESs with γ = +1 and γ = −1 couple to one-by-one and form two

nonzero-energy states according to the chiral property (ii) [See also Fig. 3.3(b)]. This

explains the absence of the proximity effect in a dxy-wave NS junction [7, 87, 87, 88].

In the px-wave case, on the other hand, all ZESs possess the positive chirality γ = +1

[See also Fig. 3.3(c) with N+ = 4]. Therefore, the relation |NZES| = NC always holds.

According to the property (ii), such the pure chiral states cannot form nonzero-energy

states because they need negative chiral ZESs to construct nonzero-energy states [See also

Fig. 3.3(d)]. According to the property (i), the ZESs in the dirty NS junction must be

the eigenstates of Ŝ. We emphasize that the wave function for the normal segment in

Eq. (3.24) can be the eigenstates of Ŝ only when |ree| = 0 and |rhe| = |γ| = 1 is satisfied.

Therefore, the NC-fold degenerate ZESs in the dirty normal metal form the NC perfect

transmission channels there. This fact explains the anomalous proximity effect of a px-

wave superconductor [14, 15, 19, 20]. In the f -wave case, the ZESs belonging to γ = +1

and γ = −1 coexist at the clean NS junction, where the relation N+ > N− holds [See also

Fig. 3.3(e) with N+ = 3 and N− = 1]. By introducing potential disorder, N− negative

chiral ZESs can couple to N− positive chiral ZESs. As a result, they form the nonzero
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Figure 3.3: (Color online) (a)Fourfold degenerate zero-energy states (ZESs) at the clean NS
junction with dxy-wave pair potential. The number of positive chiral ZESs and that of negative
chiral ZESs are the same( i.e., N+ = N− = 2). The fourfold degeneracy is protected by
translational symmetry. (b)In the presence of potential disorders, a positive and a negative
chiral ZES form a pair and departs from zero-energy. As a consequence, the potential disorder
completely eliminate the degeneracy at zero energy. (c)Fourfold degenerate ZESs at the clean NS
junction with px-wave pair potential. All ZESs belong to the positive chirality ( i.e., N+ = 4,
N− = 0). (d)Even in the presence of potential disorders, the ZESs can retain their fourfold
degeneracy because negative chiral ZESs is absent. (e)Fourfold degenerate ZESs at the clean
NS junction with f -wave pair potential. Three of them belong to the positive chirality (i.e.,
N+ = 3). One remaining ZES belongs to the negative chirality (i.e., N− = 1). (f)In the
presence of the disordered potential, the N− negative chiral ZES couples to N− positive chiral
ZES. As a consequence, 2N− ZESs depart from zero-energy. However, N+ − N− = 2 positive
chiral ZESs remain at zero energy because their chiral partner is absent.

energy states whose number is 2N−. However, |NZES| = N+ − N− positive chiral states

can remain at zero energy even in the presence of potential disorder because their chiral

partner is absent [See also Fig. 3.3(f)] . We note that the ZESs can be the eigenstates of

Ŝ only when the Andreev reflection is perfect. Thus, the |NZES|-fold degenerate ZESs in

dirty NS junction form the |NZES| perfect transmission channels there. This explains the

quantization of the conductance minimum at (4e2/h)NZES, where NZES < NC.
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3.6 Conclusion

In conclusion, we have discussed the zero-bias differential conductance in the normal-

metal/superconductor junction, where the superconducting segment is characterized by

unconventional pairing symmetries such as dxy-, px- and f -wave pairing symmetry. The

minimum value of GNS in px- and f -wave NS junction is quantized at (4e2/h)|NZES|.
The integer number NZES represents an Atiyah-Singer index which relates the topological

property of an unconventional superconductor with the number of zero-energy states at

its dirty surface. The analysis in terms of chiral symmetry of the Hamiltonian enables us

to prove the existence of |NZES| perfect transmission channels in the dirty NS junction.

As a consequence, we provide the microscopic understanding of the minimal conductance

quantization including the anomalous proximity effect of a px-wave superconductor.
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Chapter 4

Degeneracy of Majorana bound

states and fractional Josephson effect

in a dirty SNS junction

4.1 Abstract

We theoretically study the stability of more than one Majorana Fermion appearing in

a p-wave superconductor/dirty normal metal/p-wave superconductor junction in two-

dimension by using chiral symmetry of Hamiltonian. At the phase difference across the

junction φ being π, we will show that all of the Majorana bound states in the normal metal

belong to the same chirality. Due to this pure chiral feature, the Majorana bound states

retain their high degree of degeneracy at the zero energy even in the presence of potential

disorders. As a consequence, the resonant transmission of a Cooper pair via the degener-

ate Majorana bound states carries the Josephson current at φ = π − 0+, which explains

the fractional current-phase relationship discussed in a number of previous papers.

4.2 Introduction

Exotic properties of Majorana fermions (MFs) [53, 54] have been a hot issue in con-

densed matter physics. MFs emerge as the surface bound states of topologically non-

trivial superconductors such as a p-wave superconductor [28,55–57], a topological insula-

tor/superconductor heterostructure [58], a spin-orbit coupled semiconductor/superconductor

heterostructure [59–64] and a Shiba chain [68, 69]. Such the Majorana fermion bound

states (MBSs) have attracted much attention from a view of the fault-tolerant topological

quantum computation [89–91]. Thus, the realization of MBSs is a recent desired subject
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in experimental fields [66,67,70].

When two one-dimensional semi-infinite p-wave superconductors are joined in a su-

perconductor/insulator/superconductor (SIS) junction, a pair of MFs staying at the two

junction interfaces form the Andreev bound states. As a consequence, the Josephson cur-

rent exhibits the fractional current-phase (J-φ) relationship of J(φ) ∝ sin(φ/2) at the zero

temperature [18,56]. The fractional Josephson effect is especially important because the

effect provides a way of read-out process in the fault-tolerant topological computation [91].

Here we note that J is always 2π periodic in the direct-current Josephson effect. Thus the

fractional current-phase relationship (CPR) means that the current jumps at φ = ±π. It
has been well known that a ballistic superconductor/normal metal/superconductor junc-

tion with the spin-singlet s-wave pairing symmetry [92–96] and a SIS junction with the

spin-singlet dxy-wave pairing symmetry [12,13,16,17,30] also indicate the fractional CPR.

The unique feature to p-wave junctions is the persistence of the fractional CPR even in

the presence of random impurity potentials [8]. In fact, a theoretical study [19, 20] re-

ported the fractional Josephson effect in a two-dimensional px-wave superconductor/dirty

normal-metal/px-wave superconductor (SNS) junction. In the two-dimensional junction,

more than one MF retains their degeneracy at the zero energy in the dirty normal-metal

and assist the resonant transmission of the Cooper pair at φ = π − 0+. Generally speak-

ing, the large degree of degeneracy in quantum states is a consequence of high symmetry

of Hamiltonian. However it has been unclear what symmetry protects the degeneracy of

the MBSs in a dirty normal metal. We address this issue in the present chapter.

Several previous studies have suggested that chiral symmetry of Hamiltonian is a

key feature to explain the stability of more than one MF at a surface of topologically

nontrivial superconductor [44–46]. On the basis of these novel insight, we will prove the

robustness of the degenerate MBSs in dirty SNS junctions. In addition, we reconsider

the meaning of a phenomenological theory of the fractional Josephson effect, where the

tunneling Hamiltonian between the two edges at either sides of the insulator is described

by HT = −it cos(φ/2)γLγR [18, 56]. Here t is the tunneling amplitude and γL (γR) is

the operator of a MF at the edge of the superconductor on the left (right)-hand side of

the insulator. The Josephson current calculated from J ∝ ∂φ ⟨HT ⟩ exhibits the fractional
CPR. However, this argument may be self-contradicted. The Josephson current flows at

φ = π− 0+ while the tunneling Hamiltonian vanishes. We also try to solve this puzzle in

the present chapter.
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Figure 4.1: Schematic image of the px-wave superconductor/dirty normal metal/the px-wave
superconductor junction.

4.3 chiral symmetry

Let us consider a two-dimensional SNS junction where two superconductors are character-

ized by an equal-spin-triplet px-wave symmetry as shown Fig. 4.1. The junction consists

the three segments: a dirty normal metal (−Lx ≤ x ≤ Lx), and two superconductors

(Lx ≤ j ≤ ∞ and −∞ ≤ j ≤ −Lx). The junction is described by the Bogoliubov-de

Gennes Hamiltonian

Ĥ(φ) = ĤL + ĤN + ĤR(φ), (4.1)

ĤL =

[
ξ(r) ∆

kF
∂x

− ∆
kF
∂x −ξ(r)

]
, (4.2)

ĤR(φ) =

[
ξ(r) ∆eiφ

kF
∂x

−∆e−iφ

kF
∂x −ξ(r)

]
, (4.3)

ĤN =

[
ξ(r) + v(r) 0

0 −ξ(r)− v(r)

]
, (4.4)

ξ(r) = − ℏ2

2m
∇2 − µ, kF =

√
2mµ/ℏ, (4.5)

where m denotes the effective mass of an electron, µ is the chemical potential, and ∆

denotes the amplitude of the pair potential. In what follows, we consider 2 × 2 BdG

Hamiltonian for one spin sector. The phase difference between the two superconductors

is denoted by φ. The random impurity potential in the normal segment is represented by

v(r).
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It is easy to confirm the following relations,

ŜĤLŜ
−1 = −ĤL, (4.6)

(eiφτ̂3Ŝ) ĤR (eiφτ̂3Ŝ)−1 = −ĤR, (4.7)

ŜĤN Ŝ
−1 = −ĤN , (4.8)

(eiφτ̂3Ŝ) ĤN (eiφτ̂3Ŝ)−1 = −ĤN , (4.9)

Ŝ =

[
0 1

1 0

]
= τ̂1, τ̂3 =

[
1 0

0 −1

]
, (4.10)

Eq. (4.6) represents chiral symmetry of ĤL with respect to Ŝ. In the same way, Eq. (4.7)

represents chiral symmetry of ĤR with respect to eiφτ̂3Ŝ. The Hamiltonian in the normal

part ĤN preserves chiral symmetry for both Ŝ and eiφτ̂3Ŝ. When a Hamiltonian preserves

chiral symmetry, the eigenstates of the Hamiltonian have two important features [9, 47].

In the case of Eq. (4.6), for instance, one can prove following properties of eigen states of

ĤL.

(i) The eigenstates of the ĤL at the zero energy are simultaneously the eigenstates of

Ŝ with its eigenvalue (chirality) either γ = +1 or −1.

(ii) On the other hand, the nonzero-energy states of ĤL are described by the linear

combination of two different eigenstates of Ŝ: one has γ = +1 and the other has

γ = −1.

Below, we prove the stability of the highly degenerate zero energy states appearing in the

SNS junction by taking these features into account. We note that the total Hamiltonian

Ĥ preserves ŜĤŜ−1 = −Ĥ for φ being either 0 or ±π.

We first analyze the chiral property of the zero-energy states appealing at the surface

of the two semi-infinite superconductors (x ≤ −Lx and x ≥ Lx). To do this, we remove

the normal segment (−Lx ≤ x ≤ Lx) and apply the hard-wall boundary condition at

x = −Lx and x = Lx. In the y direction, the width of the superconductors is Ly and the

hard-wall boundary condition is applied. By solving the Bogoliubov-de Gennes equation,
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we obtain the wave function for the the zero-energy states as

ψL,n(r) =
1√
Nn

[
1

1

]
Xn,+(x)Yn(y), (4.11)

ψR,n(r) =
1√
Nn

[
ei

φ
2

−e−iφ
2

]
Xn,−(x)Yn(y), (4.12)

Xn,±(x) = sin[qn(x± Lx)]e
±x/ξ, (4.13)

Yn(y) =

√
2

Ly

sin

(
nπ

Ly

y

)
, (4.14)

qn =
√
k2n − ξ−2, ξ = ℏ2kF/m∆, (4.15)

kn =

√
2mµn

ℏ
, µn = µ− ℏ2

2m

(
nπ

Ly

)2

, (4.16)

where n indicates the propagating channels. The wave function ψL,n (ψR,n) represents

the n-th zero-energy state localized at the surface of the left (right) superconductor. The

normalization coefficient is denoted by Nn. The degree of degeneracy at the zero energy

is equal to the number of the propagating channels Nc because a zero-energy state can be

defined for each propagating channel. The derivations of the wave functions are shown in

E. As indicated by the property (i), the zero-energy states in Eqs. (4.11) and (4.13) are

the eigenstates of Ŝ and eiφτ̂3Ŝ, respectively.

The particle-hole symmetry of the total Hamiltonian is represented by

Ĉ H Ĉ−1 = −H, Ĉ = Ŝ K, (4.17)

where K denotes the complex conjugation. Since

ĈψL,n = ψL,n, (4.18)

ĈψR,n = −ψR,n, (4.19)

all the zero-energy states are the Majorana bound states. Thus, at a surface of a px-wave

superconductor, the degree of the degeneracy in MBSs is Nc.
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4.4 zero-energy states in SNS junctions

To analyze the MBSs in a SNS junction, we insert a normal segment described by HN

into the two superconductors. At φ = 0, the wave function ψL,n and ψR,n satisfies

ŜψL,n = ψL,n (4.20)

ŜψR,n = −ψR,n, (4.21)

for all n. Namely, all the MBSs in the left superconductor belong to γ = +1 while those

in the right superconductor belong to γ = −1 as shown in Fig. 4.2 (a). The MBSs at the

surface of the two different superconductors have the opposite chirality to each other. In

a SNS junction, a normal metal connects the two superconductor. MBSs with γ = +1

(MBSs with γ = −1) penetrate into the normal metal from the left (right) superconductor.

As a result, they form nonzero-energy states there. In this way, the penetration of MBSs

into the normal metal lifts the high degeneracy at the zero-energy. In other wards, pairs

of MFs couple back to conventional quasi-particles and the number of such pairs is Nc.

On the other hand at φ = π, one can find

ŜψL,n = ψL,n (4.22)

ŜψR,n = ψR,n. (4.23)

Both ψL,n and ψR,n belong to the same chirality γ = +1 as shown in Fig. 4.2 (b). The

MBSs retain their high degree of degeneracy even in a SNS junction because the zero-

energy states with γ = −1 are absent in the normal metal. According to the property

(ii), the zero-energy states belonging the same chirality cannot form any nonzero-energy

states.

To confirm the argument above, we calculate the wave function in a SNS junction. We

first set the impurity potential v(r) = 0 and solve the Bogoliubov-de Gennes equation at

the zero energy for φ = π,

Ĥ(π)ψ0 = 0. (4.24)
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Figure 4.2: Schematic image for the chirality of the Majorana bound states. (a) At φ = 0,
the left-side MBSs and the right-side MBSs have the opposite chirality each other. (b) On the
other hand, at φ = π, both left-side and right-side MBSs have the chirality γ = +1.

A solution of Eq. (4.24) is given by [See also Appendix (E)]

ψ′
L,n(r) =

[
1

1

] [
aLe

iqnx + bLe
−iqnx

]
ex/ξYn(y), (4.25)

ψN,n(r) =

[[
aN

cN

]
eiknx +

[
bN

dN

]
e−iknx

]
Yn(y), (4.26)

ψ′
R,n(r) =

[
1

1

] [
aRe

iqnx + bRe
−iqnx

]
e−x/ξYn(y), (4.27)

where ψ′
L,n, ψN,n, and ψ

′
R,n are the wave function at the n-th propagating channel in the

left superconductor, the normal metal, and the right superconductor, respectively. By

reflecting the chiral property of the MBSs in two superconductors, the vector structure of

the wave functions in the superconducting segments takes the particular form of ψ′
L(R),n ∝

[1, 1]T. By applying the boundary condition at the two interfaces, we obtain the two
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orthogonal zero-energy states for each propagating channel as

ψ± =
1√
N±

[
1

1

]
ϕn,±(x)Yn(y), (4.28)

ϕn,+(x) =


A+(x) for x ≤ −Lx

sin(knx) for − Lx ≤ x ≤ Lx

B+(x) for x ≥ Lx,

(4.29)

ϕn,−(x) =


A−(x) for x ≤ −Lx

cos(knx) for − Lx ≤ x ≤ Lx

B−(x) for x ≥ Lx,

(4.30)

A±(x) = c± sin{qn(x+ Lx)∓ θ±}e(x+Lx)/ξ, (4.31)

B±(x) = c± sin{qn(x− Lx)± θ±}e−(x−Lx)/ξ, (4.32)

c± =

√
kn{kn ± ξ−1 sin(2knLx)}

qn
, (4.33)

θ+ = arctan

[
qn sin(knLx)

kn cos(knLx) + ξ−1 sin(knLx)

]
, (4.34)

θ− = arctan

[
qn cos(knLx)

kn sin(knLx)− ξ−1 cos(knLx)

]
, (4.35)

where N± is a normalization coefficient. Since we obtain the two zero-energy states for

each propagating channel, the degeneracy of the zero-energy bound states becomes twice

the number of the propagating channel Nc. More importantly, Eq. (4.28) suggests that

all the zero-energy states in SNS junction are the eigenstates of Ŝ belonging to γ = +1.

Next we introduce the impurity potential v(r) into the normal segment. The random

potential modifies the wave function in Eq. (4.28). Actually we cannot analytically de-

scribe how the wave function depends on r anymore. But the vector part of the wave

function [1, 1]T remains unchanged even in the presence of impurity potentials because

v(r) preserves the chiral symmetry. Therefore all the zero-energy states keep their chi-

rality at γ = +1 even in the presence of v(r). According to the property (ii), such

chirality aligned zero-energy states keep their high degeneracy because they cannot con-

struct nonzero-energy states in the absence of their chiral partner belonging to γ = −1.

As a result, the degenerate MBSs form the resonant transmission channels in the normal

metal. The Josephson current at φ = π − 0+ flows through such highly degenerate res-

onant states. Our analysis provides a mathematical background for understanding the

fractional Josephson effect in a dirty SNS junction which was numerically shown in the

previous papers [19, 20].
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4.5 Phenomenological theory

The fractional Josephson effect in one-dimensional SIS can be phenomenologically ex-

plained in terms of the effective hopping Hamiltonian between the two Majorana bound

states. At the edge of isolated semi-infinite p-wave superconductor, the electron operators

at the edges are described by

ΨL = γL, (4.36)

ΨR = ieiφ/2γR, (4.37)

where γL (γR) is the operator of a Majorana fermion at the edge of left (right) supercon-

ductor. The tunneling Hamiltonian between the two edges becomes

HT = −t
[
Ψ†

LΨR +Ψ†
RΨL

]
(4.38)

= −2it cos(φ/2) γL γR. (4.39)

The expectation value of the tunneling Hamiltonian could be

⟨HT ⟩ = −2tC0 cos(φ/2), (4.40)

where we assume that ⟨iγL γR⟩ = C0 is a constant. The Josephson current calculated as

J =
e

ℏ
∂φ ⟨HT ⟩ =

e2tC0

ℏ
sin(φ/2), (4.41)

describes the fractional current-phase relationship. At φ = π − 0+, we obtain

⟨HT ⟩ = −tC0 0
+, (4.42)

J =
e2tC0

ℏ

(
1− (0+)2

8

)
. (4.43)

The Josephson current takes its maximum, whereas the amplitude of the tunneling Hamil-

tonian is proportional to 0+. The Josephson current at φ = π−0+ flows as a result of the

resonant transmission through the junction. Therefore the amplitude of the current is not

proportional to the amplitude of the tunneling Hamiltonian. This argument is valid as

far as φ = π − 0+. At φ = π, the tunneling Hamiltonian vanishes exactly, which leads to

the absence of the Josephson current. In this way, the phenomenological argument using

Eq. (4.38) is consistent with the microscopic theory of the fractional Josephson effect.
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4.6 Conclusion

We have studied the stability of more than one Majorana Fermion appearing in a two-

dimensional superconductor/normal-metal/superconductor (SNS) junction in terms of

chiral symmetry of Hamiltonian, where the two superconductors are characterized by

spin-triplet px-wave symmetry. When the phase difference across the junction φ is ei-

ther 0 or π, the Hamiltonian of the SNS junction preserves chiral symmetry. At φ = π,

the Majorana bound states (MBSs) in the normal metal can retain their high degree of

degeneracy at the zero energy even in the presence of the impurity scatterings because

all of the MBSs belong to the same chirality. As a consequence, the resonant transmis-

sion of a Cooper pair via such highly degenerate MBSs carries the Josephson current at

φ = π− 0+. The physical picture obtained in this chapter well explains the persistence of

the fractional current-phase relationship in a dirty SNS junction, which was numerically

shown in previous papers. We have also discussed a way of understanding the fractional

current-phase relationship derived from a phenomenological tunneling Hamiltonian of a

Majorana Fermion.
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Chapter 5

Anomalous proximity effect in a

superconductor/semiconductor

hybrid system

5.1 Abstract

We theoretically study the transport properties of a superconducting thin film with the

Dresselhaus[110] spin-orbit coupling under an in-plane Zeeman field. In the topologically

nontrivial phase, the Dresselhaus superconductor preserves an additional chiral symmetry

and traps more than one Majorana bound state at is edges. All the Majorana baound

states at an edge belong to the same chirality due to the effective p-wave pairing symmetry.

When we attach a normal metal to the superconductor, such Majorana bound states

penetrate into the dirty normal segment while retaining their high degree of degeneracy

at the Fermi level. As a result, we find that the Dresselhaus superconductor shows the

perfect conductance quantization in a dirty normal-metal/superconductor junction and

the fractional Josephson effect in a superconductor/dirty normal-metal/superconductor

junction.

5.2 Introduction

The proximity effect has been an important issue in the physics of superconductivity. In a

normal metal attached to a spin-singlet s-wave superconductor, penetrating Cooper pairs

form the gap structure in the quasi-particle density of states (DOS) at the Fermi level

(zero energy) and modify low energy properties there [96–99]. In spin-triplet px-wave

superconductor junctions, however, the penetrating Cooper pairs form a zero energy peak

51



Satoshi Ikegaya Chapter 5

in the DOS [19, 100, 101]. This induces various anomalous electromagnetic properties

in the normal metal [14, 15, 102]. This effect is called the anomalous proximity effect.

For instance, a perfect Andreev reflection from a px-wave superconductor into a dirty

normal metal causes anomalous low-energy transport in the x direction such as a zero-

bias conductance quantization in normal-metal/superconductor (NS) junctions [14] and

a fractional current-phase relationship in superconductor/normal-metal/ superconductor

(SNS) junctions [19].

Recently, these characteristic transport phenomena have been investigated in the con-

text of Majorana physics [53, 54] based on the topological classification of materials [4].

In fact, as a consequence of the topologically nontrivial property of the wave function,

the spin-triplet px-wave superconductor hosts more than one Majorana fermion at its

edges [9]. The energy dispersion of the topological edge states is flat as a function of the

wave vector in the transverse direction (say ky ), which represents the high degree of the

degeneracy in the zero-energy states (ZESs). All the ZESs of a px-wave superconductor

belong to the same chiral eigenvalue of the chiral symmetry operator. Such the pure

chiral nature of the px-wave pairing symmetry is responsible for the robustness of highly

degenerate ZESs in the presence of potential disorders [47]. The anomalous proximity

effect stems from the penetration of ZESs into the dirty normal-metal while retaining

their degeneracy [19,48,49,100].

However, it has been difficult to fabricate spin-triplet superconducting junctions using

existing materials. Nevertheless, the rapid progress in the Majorana physics of artificial

superconductors [59–64] and in spintronics for controlling the spin-orbit interaction [74–77]

has diffused the situation. A set of three potentials is needed to realize topologically

nontrivial superconductors artificially, namely the spin-orbit coupling, the Zeeman field,

and the pair potential. Among them, the spin-orbit interaction mainly affects the energy

spectra of the edge states. In InSb or GaAs, for example, the Dresselhaus spin-orbit

interactions are large in films growing along the [110] crystal direction [103]. Theoretical

studies [36, 37] have shown that such artificial superconductors host more than one ZES

similar to those of the px-wave superconductor.

In this chapter, we theoretically study the transport properties of the Dresselhaus

superconductors in large magnetic fields by using the lattice Green function method on

the two-dimensional tight-binding lattice. As a result, we find that the Dresselhaus su-

perconductor shows the perfect conductance quantization in a dirty NS junction and the

fractional Josephson effect in a dirty SNS junction. To explain these numerical results,

we analytically demonstrate that the effective Hamiltonian of the Dresselhaus supercon-

ductor in the topologically nontrivial phase is unitary equivalent to the Bogoliubov-de

Gennes Hamiltoanian of the spin-triplet px-wave superconductor [50].
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5.3 Numerical Result

5.3.1 Conductance quantization

First, we numerically demonstrate the anomalous proximity effect of a Dresselhaus super-

conductor. Let us consider a semiconductor thin film with the strong Dresselhaus[110]

spin-orbit coupling fabricated on an insulator/metallic superconductor junction as shown

in Fig. 5.1. A segment on the superconductor is in the superconducting state due to the

proximity-induced s-wave pair potential. We describe the present junction on the two-

dimensional tight-binding model with the lattice constant a0. A lattice site is indicated by

a vector r = jx+my, where x (y) is the vector in the x (y) direction with |x| = |y| = a0.

The present junction consists three segments: an ideal lead wire (∞ ≤ j ≤ 0), a normal

disordered segment (1 ≤ j ≤ L/a0) and a superconducting segment (L+ 1/a0 ≤ j ≤ ∞).

The Hamiltonian reads

HBdG =Hkin +HD +HZ +H∆ +Himp, (5.1)

Hkin =− t
∑
σ=↑,↓

∞∑
j=−∞

M/a0∑
m=1

(
c†r+x,σcr,σ + c†r,σcr+x,σ

)

− t
∑
σ=↑,↓

∞∑
j=−∞

M/a0−1∑
m=1

(
c†r+y,σcr,σ + c†r,σcr+y,σ

)

+
∑
σ=↑,↓

∞∑
j=−∞

M/a0∑
m=1

(4t− µ)c†r,σcr,σ (5.2)

HD =− i
λD
2a0

∑
α,β

∞∑
j=−∞

M/a0∑
m=1

(σ3)α,β

(
c†r+x,αcr,β − c†r,αcr+x,β

)
, (5.3)

HZ =−
∑
α,β

∞∑
j=−∞

M/a0∑
m=1

Vex(σ1)α,βc
†
r,αcr,β, (5.4)

H∆ =
∞∑

j>L/a0

M/a0∑
m=1

∆0

(
c†r,↑c

†
r,↓ +H.c.

)
, (5.5)

Himp =
∑
σ=↑,↓

L/a0∑
j=1

M/a0∑
m=1

Vimp(r)ψ
†
r,σψr,σ (5.6)

where c†r,σ(cr,σ) is the creation(annihilation) operator of an electron at the site r with spin

σ = (↑ or ↓), t = ℏ2/(2ma20) denotes the hopping integral between the nearest neighbor

hopping, m is the effective mass of an electron, µ is the chemical potential, λD represents
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the strength of the Dresselhaus [110] spin-orbit interaction, ∆0 is the proximity-induced

s-wave pair potential at the zero temperature. By tuning the magnetic field B in the x

direction as shown in Fig. 5.1, it is possible to introduce the external Zeeman potential Vex.

The parameters t, µ, λD and Vex are common to the superconductor and the normal metal.

In the y direction, the number of the lattice sites is M/a0 and the hard-wall boundary

condition is applied. The Pauli’s matrices in spin space are represented by σ̂j for j = 1-

3 and the unit matrix in spin space is σ̂0. We introduce the impurity potential given

randomly in the range of −W/2 ≤ Vimp(r) ≤ W/2 in the normal segment (1 ≤ j ≤ L/a0).

superconducting

segment
dirty normal

segment

le
a
d
 w

ir
e

j=1 L/a0 m=1

M/a0

metallic superconductorinsulator

magnetic field

x

y

Figure 5.1: (Color online) Schematic image of the NS junction of a Dresselhaus superconductor.
The superconductor proximitizes the InSb thin film, which is grown along the [110] crystal
direction.

We calculate the differential conductance GNS of the NS junctions based on the

Blonder-Tinkham-Klapwijk formula [83]

GNS(eV ) =
e2

h

∑
ζ,η

[
δζ,η −

∣∣reeζ,η∣∣2 + ∣∣rheζ,η∣∣2]
eV=E

, (5.7)

where reeζ,η and rheζ,η denote the normal and Andreev reflection coefficients at the energy E,

respectively. The index ζ and η label the outgoing channel and the incoming one, respec-

tively. These reflection coefficients are calculated by using the lattice Green’s function

method [84,85,88]. With this method, it is possible to calculate the transport coefficients

exactly even in the presence of random impurity potentials. In Fig. 5.2, we present the

differential conductance of the Dresselhaus superconductor as a function of the bias volt-

age for several choices of the lengths of the disordered segments L, where we choose the

parameters of µ = 1.0t, λD = 0.2ta0, W = 2.0t, M = 10a0, and ∆0 = 0.1t. The results

are normalized to GQ = 2e2/h. In Fig. 5.2(a), We chose Vex = 1.2t, which leads to the

propagating channel number Nc = 5. The differential conductance decreases with increas-

ing L for finite bias voltages. However, the zero-bias conductance is quantized at GQNc

irrespective of L. The results suggest that there are Nc perfect transmission channels in

a disordered normal segment. [48, 100] The conductance quantization at zero bias is an
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aspect of the anomalous proximity effect of a px-wave superconductor. Such anomalous

behaviors can be seen when the Zeeman field exceeds a critical value Vex > Vc =
√
µ2
0 +∆2

0

with µ0 = µ − [1 − cos {π/(M/a0 + 1)}]. With the present parameter choice, we obtain

Vc = 0.92t. On the other hand for Vex < Vc, the conductance quantization is absent as

shown in Fig. 5.2(b), where we choose Vex = 0.5t < Vc. The zero-bias conductance quan-

tization at GQNc is a robust phenomenon in the topologically nontrivial phase described

by Vex > Vc and λD ̸= 0, and is independent of such parameters as M , W , and µ. In the

experiment [66,67], for instance, the condition Vex > Vc may be satisfied under a magnetic

field of less than 1T in InSb nanowires owing to its large g factor and small Fermi energy.

Inversion symmetry in the z direction is broken in the junction shown in Fig. 5.1. In such

case, Rashba spin-orbit interaction λR(kyσ̂1 − kxσ̂2) is not negligible. Unfortunately, the

Rashba term easily destroys the conductance quantization at zero bias because it breaks

chiral symmetry discussed below. To delete the Rashba term, we need to recover inversion

symmetry by attaching an appropriate insulator or the same superconductor on top of

the InSb thin film.
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Figure 5.2: (Color online) The differential conductance is plotted as a function of the bias
voltage for several lengths of disordered segment L in units of a0. In (a), the Zeeman potential
Vex = 1.2t is chosen that is larger than a critical value of Vc = 0.92t. The number of propagating
channels Nc is 5. In (b), we choose Vex = 0.5t < Vc leading to Nc = 6.

5.3.2 Fractional Josephson effect

Second, we study the Josephson effect in the junction shown in Fig. 5.3. The junction

consists three segment: a disordered normal segment (1 ≤ j ≤ L) and two Dresselhaus

superconducting nanowires (∞ ≤ j ≤ 0 and L + 1 ≤ j ≤ ∞). The pair potential for the
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Figure 5.3: (Color online) Schematic image of the SNS junction of a Dresselhaus supercon-
ductor.

left superconductor is described by

HL
∆ =

∑
j≤0

M/a0∑
m=1

(
∆0e

iφc†r,↑c
†
r,↓ +H.c.

)
, (5.8)

where φ corresponds to the phase difference of the pair potential between two supercon-

ductors. The Josephson current is calculated by using the Green’s function method [88].

In Fig. 5.4, we plot the Josephson current at T = 0.001Tc as a function of the phase

difference for several choices of W such as 1.0t, 2.0t and 3.0t, where M = 10, L = 30,

and Vex = 1.5t > Vc. For comparison, we also plot the result for the conventional s-wave

superconductor junction (i.e., Vex = 0 and λD = 0) with a dashed line. The current-

phase relationship for the conventional junction slightly deviate the sinusoidal function.

The results suggest the small contribution of the higher harmonics such as sin(2φ) and

sin(3φ) to the Josephson current. This is the well know behavior of the Josephson cur-

rent in diffusive SNS junction of the metallic superconductor [95]. On the other hand, the

Josephson current in the Dresselhaus nanowires indicates the large contribution of the

higher harmonics to the Josephson current at a low temperature. As a consequence, the

results are close to the fractional current-phase relationship of J ∝ sin(φ/2) irrespective

of W . Such fractional relationship also indicates the perfect transmission through the

disordered normal segment [8, 19,20].

5.4 Effective px-wave pairing symmetry

In this section, we explain why the Dresselhaus superconductor shows the anomalous

proximity effect which is unique to the px-wave spin-triplet superconductor. In what

follows, we consider the Dresselhaus superconductor in the continuous space for simplicity.
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Figure 5.4: (Color online) The Josephson current at T = 0.001Tc is plotted as a function of
the phase difference, where L = 30, M = 10, and Vex = 1.5t. We plot the result for several
choices of W such as 1.0t, 2.0t and 3.0t. We also plot the results for the conventional s-wave
superconductor (i.e. , Vex = 0 and λD = 0) at W = 2.0t with a dashed line. The number of
samples used for the random ensemble average is 500 for all the plots.

The Hamiltonian is represented by

Ȟ0 =

[
ĥ i∆0σ̂2

−i∆0σ̂2 −ĥ∗

]
, (5.9)

ĥ = ξσ̂0 − Vexσ̂1 + iλD∂xσ̂3, ξ =
−ℏ2

2m
∇2 − µ. (5.10)

By using the unitary matrix

Ř =

[
r̂ 0

0 r̂∗

]
, r̂ =

1√
2

[
e−iπ/4 −e−iπ/4

eiπ/4 eiπ/4

]
, (5.11)

the BdG Hamiltonian Ȟ0 is first transformed to

Ȟ ′ = ŘȞ0Ř
† =

[
ĥ′ i∆0σ̂2

−i∆0σ̂0 −ĥ′

]
, (5.12)

ĥ′ = ξσ̂0 + Vexσ̂3 + iλD∂xσ̂2. (5.13)

The Hamiltonian in this basis is represented only by real numbers. Next we apply a

transformation which is similar to the Foldy-Wouthysen transformation [104] to the BdG
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Hamiltonian in Eq. (5.12). Using a unitary matrix

Ǔ =

[
û 0

0 û

]
, û = exp[iŜ], Ŝ =

λD
2ℏVex

pxσ̂1, (5.14)

with px = −iℏ∂x, we transform H ′ into

ǓȞ
′
Ǔ † =

[
eiŜĥ

′
e−iŜ eiŜ(i∆0σ̂2)e

−iŜ

−eiŜ(i∆0σ̂2)e
−iŜ −eiŜĥ′

e−iŜ

]
. (5.15)

The diagonal term of Eq. (5.12) can be expanded as

eiŜĥ′eiŜ = ĥ′ + i[Ŝ, ĥ
′
] +

i2

2!
[Ŝ, [Ŝ, ĥ′]] + · · · , (5.16)

with using the Baker-Housdorff formula. We assume large enough Zeeman potential so

that λDkF ≪ Vex is satisfied where kF =
√
2mµ/ℏ denotes Fermi wave number. From

this assumption, we obtain

eiŜĥeiŜ = ξσ̂0 + Vexσ̂3 +O

[(
λDkF
Vex

)2
]
, (5.17)

within the first order of λDkF/Vex. The off-diagonal term corresponding to the pair

potential is transformed to

eiŜ(i∆0σ̂2)e
−iŜ = i∆0σ̂2 + i[Ŝ, i∆0σ̂2] + · · ·

= i∆0σ̂2 − i
λD∆0

ℏVex
pxσ̂3 +O

(
(λDkF )

2

V 2
ex

)
, (5.18)

where we assume the uniform pair potential (i.e., [px,∆0] = 0). As the result, the BdG

Hamiltonian can be written as

ǓȞ ′Ǔ † =


ξ + Vex 0 −iλD∆0

ℏVex
px ∆0

0 ξ − Vex −∆0 iλD∆0

ℏVex
px

iλD∆0

ℏVex
px −∆0 −ξ − Vex 0

∆0 −iλD∆0

ℏVex
px 0 −ξ + V


+O

(
(λDkF )

2

V 2
ex

)
. (5.19)
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By interchanging the second column and the third one, and by interchanging the second

row and the third one, the Hamiltonian can be deformed as

Ȟeff =Ȟpx + V̌∆, (5.20)

Ȟpx =

[
ĥpx,↑ 0

0 ĥpx,↓

]
, (5.21)

ĥpx,σ =

[
ξ + ssVex −ssiλD∆0

ℏVex
px

ssi
λD∆0

ℏVex
px −ξ − ssVex

]
, (5.22)

V̌∆ =

[
0 i∆0σ̂2

−i∆0σ̂2 0

]
, (5.23)

ss =

{
1 for σ =↑
−1 for σ =↓ .

, (5.24)

where the diagonal components ĥpx,σ are equivalent to the Hamiltonian of the spin-triplet

px-wave superconductor. Therefore, Eq. (5.20) corresponds to the BdG Hamiltonian of the

spin-full px-wave superconductor Ȟpx with the spin-mixing term V̌∆. In the topologically

nontrivial phase Vex > Vc =
√
µ2
0 +∆2

0 with µ0 = µ − [1 − cos {π/(M/a0 + 1)}], all the
spin-↑ states pinch off from the Fermi level and only the spin-↓ states remain at the

Fermi level. Therefore the spin-mixing term V̌∆ does not affect the remaining spin-↓
states at all. In this way, we can shrink the 4 × 4 Hamiltonian Ȟ0 of the Dresselhaus

superconductor to the 2× 2 Hamiltonian ĥpx,↓ of the px-wave superconductor. Therefore,

in the topologically nontrivial phase, physics in the Dresselhaus superconductor is the

same as that of a px-wave superconductor. We assumed the two conditions λDkF ≪ Vex

and Vex > Vc independently. To realize the px-wave superconductor, they can be unified

into one condition λDkF ≪ Vc, which is accessible in the experiment [66, 67]. We also

confirm that such effective px-wave superconductors are realized also in a superconducting

spin-helix thin film [74, 75] with appropriate tuning of the Zeeman field as shown in

Appendix (F).

Finally, we discuss the effect of higher order terms of (λDkF/Vex) which is ignored in

the effective Hamiltonian ĥpx,↓. The effective Hamiltonian ĥpx,↓ preserves chiral symmetry

as

τ̂1 ĥpx,↓ τ̂1 = −ĥpx,↓, τ̂1 =

[
0 1

1 0

]
. (5.25)

As shown in Ref. [47], all the zero-energy states at the surface of a px-wave superconductor

have the same chirality for the chiral symmetry operator τ̂1. Such pure chiral state never
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lift their high degree of degeneracy as long as chiral symmetry is preserved. We note that

chiral symmetry in the original basis represented by

Γ̌0 Ȟ0 Γ̌
−1
0 = −Ȟ0, Γ0 =

[
0 −iσ̂1
iσ̂1 0

]
, (5.26)

where Ȟ0 is the original Hamiltonian in Eq. (5.9). This fact implies that the zero-energy

states are robust under perturbations preserving chiral symmetry even if we take the

higher order terms of (λDkF/Vex) into account.

5.5 Conclusion

We have studied transport properties in junctions consisting of a superconducting thin film

with strong Dresselhaus[110] spin-orbit coupling. The Dresselhaus superconductor under

a large in-plane magnetic field hosts more than one ZES at its edges. These ZESs have

the pure chiral property due to the effective px-wave pair potential. As a consequence,

the Dresselhaus superconductor shows the perfect zero-bias conductance quantization in

a dirty NS junction and the fractional Josephson effect in a dirty SNS junction.
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Conclusion

Exotic properties of topologically nontrivial superconductors have been a central issue

in both physics of superconductivity and that of topological phase of matter. In a fully

gapped topological superconductor, the topological surface bound states have the lin-

ear dispersion. On the other hands, a nodal superconductor hosts the flat-band zero-

energy states(ZESs) which have the high degree of degeneracy at the Fermi level. It has

been widely accepted that such degenerate ZESs of a nodal superconductor cause drastic

anomalies in low-energy electromagnetic phenomena. Therefore, a nodal superconductor

would be a promising testing ground for physics of topologically nontrivial superconduc-

tivity. However, these statements are true as far as the surface or the junction interface

of the superconductor is clean enough.

Quantum mechanics tells us that high degree of degeneracy in quantum states is a

consequence from high symmetry of the Hamiltonian. To characterize a nodal supercon-

ductor topologically, we need to assume translational symmetry. This fact implies that

the high degree of degeneracy in the surface bound states of a nodal superconductor is

a consequence from the translational symmetry. In experiments, however, potential dis-

orders breaking translational symmetry is inevitable in the vicinity of the surface or the

junction interface. Therefore, in a real nodal superconductor, potential disorders may lift

the degeneracy of the ZESs and may wash out the characteristic electromagnetic proper-

ties. In this situation, a theoretical method that measures the robustness of the flat-band

ZESs is desired.

In this thesis, we have established an index theorem that relates the topological prop-

erty of a nodal superconductor with the number of the ZESs at its dirty surface. By

focusing on the chiral symmetry of the Bogoliubov-de Gennes Hamiltonian, we find that

the index NZES well characterizes the number of the ZESs at a dirty surface. The index

NZES is an invariant in terms of the chiral eigenvalues of the ZESs. Simultaneously, NZES

is a topological invariant in terms of the wave functions of the superconducting states.
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We conclude that the index NZES defined in the clean limit exactly predicts the degree of

degeneracy in the ZESs at the dirty surface of a nodal superconductor.

We have also discussed the zero-bias differential conductance GNS of a normal-metal

/ superconductor junction with nodal unconventional pairing symmetries such as dxy-,

px-, and f -wave pairing symmetry. By using the lattice Green function technique, we

demonstrated that GNS is quantized at (4e2/h)|NZES| in the limit of strong impurity

scattering in the normal segment. The analysis in terms of chiral symmetry enables us to

prove the existence of |NZES|-fold degenerate resonant states in the dirty normal metal and

provide a microscopic understanding of the quantization in the conductance minimum.

The index theorem of NZES involves another important aspect. The surface bound

states of a px-wave superconductor are consist of Majorana particles. In the phenomeno-

logical physics of superconductivity, it has been already known that the px-wave super-

conductor shows the anomalous proximity effect which causes the perfect conductance

quantization in a normal-metal/superconductor junction and the fractional Josephson

effect in a superconductor/normal-metal/superconductor junction. The anomalous prox-

imity effect stems from the penetration of the Majorana bound states into the attached

dirty normal metal. However, it had been unclear why the degenerate Majorana bound

states can retain their high degree of degeneracy even in the presence of potential disor-

ders. Our theory based on the index NZES also explains the robustness of more than one

Majorana particle against potential disorders and provide the microscopic understanding

of the anomalous proximity effect of a px-wave superconductor.

Finally, we have studied the transport properties of an artificial nodal superconducting

state which is realized in a semiconductor thin film with strong Dresselhaus[110] spin-orbit

coupling fabricated on a metallic superconductor under large in-plane Zeeman field. To

our knowledge, NZES becomes nonzero in several nodal superconductors characterized by

spin-triplet p- and f -wave pairing symmetries. However, it has been difficult to fabricate

spin-triplet superconducting junctions using existing materials. The previous theoretical

studies have shown that the Dresselhaus superconductor host the flat ZESs similar to

those of the px-wave superconductor. In this thesis, we numerically demonstrate that the

Dresselhaus superconductor shows the zero-bias conductance quantization and the frac-

tional Josephson effect even in the presence of potential disorders. We also demonstrate

that the anomalous proximity effect of the Dresselhaus superconductor is originated from

the effective px-wave pairing symmetry.

In this thesis, we have established a comprehensive theory regarding with the stability

of the flat-band zero-energy states of a nodal superconductor in the presence of potential

disorders. Specifically, we have provided the bulk-boundary correspondence of a nodal

superconductor with the dirty surface. In addition, we have investigated the drastic
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transport phenomena which indicate the way of observing the nontrivial topological nature

of a nodal superconductor in experiments.
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Appendix A

Zero energy states under chiral

symmetry

Here, we briefly summarize the argument in Ref. [9] which shows the important properties

of zero-energy states under a chiral symmetry. We consider the BdG HamiltonianH which

preserves the chiral symmetry

SHS−1 = −H, S2 = 1. (A.1)

The relation is equivalent to

[H2,S] = 0. (A.2)

The BdG equation is given by

HφE(r) = EφE(r). (A.3)

When we consider the eigen equation of H2,

H2χE2(r) = E2χE2(r), (A.4)

Eq. (A.2) suggests that the eigen state χE2(r) is also the eigen state of S at the same

time. Since S2 = 1, we find that the eigen value of S is +1 or −1. Namely the eigen

equation

SχE2γ(r) = γχE2γ(r), (A.5)
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holds for γ = ±1. By multiplyingH to Eq. (A.5) from the left side and by using Eq. (A.1),

we obtain the equation

SHχE2γ(r) = −γHχE2γ(r). (A.6)

We find that HχE2γ(r) is the eigen state of S belonging to −γ. Thus we can connect

χE2+(r) and χE2−(r) as

HχE2γ(r) = cE2γχE2−γ(r), (A.7)

where cE2γ is a constant.

The one-to-one correspondence exists between φE(r) and χE2(r). At first, we consider

zero-energy states χ0γ(r) which satisfies

H2χ0γ(r) = 0, (A.8)

in Eq. (A.4). The integration of r after multiplying χ†
0γ(r) from the left results in∫

dr |Hχ0γ(r)|2 = 0. (A.9)

This means that the norm of Hχ0γ(r) is zero. Therefore we conclude that

Hχ0γ(r) = 0. (A.10)

As a result, we find the relation

φ0γ(r) = χ0γ(r). (A.11)

When a zero energy state is described by φ0+(r) = χ0+(r), the relations in Eqs. (A.7) and

(A.10) suggest that χ0−(r) = 0. Therefore the zero-energy states are always the eigen

states of S.
For E ̸= 0, it is possible to represent φE(r) by χE2±(r). By calculating the norm of

HχE2γ(r), we obtain

E2 = |cE2γ|2 . (A.12)

Multiplying H to Eq. (A.7) from the left alternatively gives a relation

cE2γcE2−γ = 1. (A.13)
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Therefore, we find the relation

HχE2γ(r) = EeiγθE2χE2−γ(r). (A.14)

Although we cannot fix the phase factor θE2 , it is possible to express the states φE(r) for

E ̸= 0 as

φE(r) =
1√
2

(
e−iθE2/2χE2+(r) + sEe

iθE2/2χE2−(r)
)
, (A.15)

sE =

{
1 for E > 0

−1 for E < 0.
(A.16)

The nonzero-energy states are constructed by a pair of eigen states of S: one belongs to

γ = 1 and the other belongs γ = −1. Therefore, the states with E ̸= 0 are not the eigen

states of S.
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Bogoliubov-de Gennes Hamiltonian

on the tight-binding model

We present the BdG Hamiltonian on a two-dimensional tight-binding lattice. The eigen-

values in Sec. (2.4) are by diagonalizing the tight-binding Hamiltonian. The kinetic energy

part and the impurity potential are common for all the superconductors and are given by

Hkin =

ly∑
m=1

∑
α=↑,↓

[
−t

lx−1∑
j=1

(
ψ†
r+x̂,αψr,α + ψ†

r,αψr+x̂,α

)
− t

lx∑
j=1

(
ψ†
r+ŷ,αψr,α + ψ†

r,αψr+ŷ,α

)]

+

ly∑
m=1

∑
α=↑,↓

lx∑
j=1

(4t− µ)ψ†
r,αψr,α, (B.1)

Himp =

(
ld∑
j=1

+
lx∑

j=lx−ld+1

)
ly∑

m=1

∑
α=↑,↓

v (r)ψ†
r,αψr,α, (B.2)

where ψr,α (ψ†
r,α) is the annihilation (creation) operator of a electron at r = ja0x+ma0y

with spin α, t is the hopping integral, and µ is the chemical potential. The unit lattice

vector in the x and y directions are defined by x̂ and ŷ, respectively. The number of the

lattice site in the x (y) direction is represented by lx = Lx/a0 (ly = Ly/a0). We introduce

the impurity potential v (r) in the outermost ld = Ld/a0 layers in the x-direction. The

non-magnetic impurity potential is described by v (r) which is given randomly in the

range of −W/2 ≤ v (r) ≤ W/2.
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B.1 Unconventional superconductors

The total Hamiltonian of the unconventional superconductors is represented as H =

Hkin +Hµ +Himp, where Hµ for µ = p, d and f depends on the pairing symmetry as

Hp =
lx−1∑
j=1

ly∑
m=1

∑
α

i∆0

2

(
ψ†
r+x̂,αψ

†
r,ᾱ − ψ†

r,αψ
†
r+x̂,ᾱ

)
+H.c., (B.3)

Hd =
lx−1∑
j=1

ly∑
m=1

∑
α

sα∆0

4

(
ψ†
r+x̂+ŷ,αψ

†
r,ᾱ + ψ†

r,αψ
†
r+x̂+ŷ,ᾱ

)

−
lx−1∑
j=1

ly∑
m=1

∑
α

sα∆0

4

(
ψ†
r+x̂−ŷ,αψ

†
r,ᾱ + ψ†

r,αψ
†
r+x̂−ŷ,ᾱ

)
+H.c., (B.4)

Hf =
lx−1∑
j=1

ly∑
m=1

∑
α

i∆0

4

(
ψ†
r+x̂+2ŷ,αψ

†
r,ᾱ + ψ†

r+x̂−2ŷ,αψ
†
r,ᾱ

)

−
lx−1∑
j=1

ly∑
m=1

∑
α

i∆0

4

(
ψ†
r,αψ

†
r+x̂+2ŷ,ᾱ − ψ†

r,αψ
†
r+x̂−2ŷ,ᾱ

)
+H.c., (B.5)

where ᾱ is the opposite spin of α and ∆0 is the pair potential at zero temperature. The

factorsα is +1 for α =↑ and is −1 for α =↓. For spin-triplet case, we assume a Cooper pair

consists of two electrons with the opposite spin directions. In Sec. 2.4.1, we diagonalize

the reduced BdG Hamiltonian into 2× 2 Nambu space.

B.2 (dxy + p)-wave superconductor

The Hamiltonian of the (dxy+p)-wave superconductor discussed in Sec. (2.4.2) is described

by adding the Rashba spin orbit interaction HR and the pair potential Hdxy+p to Hkin +

Himp. The spin-orbit coupling term is represented by

HR =− i
λR
2

∑
α,β

ly∑
m=1

lx−1∑
j=1

(σy)α,β

(
ψ†
r+x̂,αψr,β − ψ†

r,αψr+x̂,β

)

+i
λR
2

∑
α,β

ly∑
m=1

lx∑
j=1

(σx)α,β

(
ψ†
r+ŷ,αψr,β − ψ†

r,αψr+ŷ,β

)
. (B.6)
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The pair potential consists of five parts: Hdxy+p = H∆1 +H∆1 +H∆2 +H∆4 +H∆5. The

each parts are represented by

H∆1 =i
∆s

4

∑
α,β

lx−1∑
j=1

ly∑
m=1

(σy)α,β

(
ψ†
r+x̂+ŷ,αψ

†
r,β + ψ†

r,αψ
†
r+x̂+ŷ,β

)

−i∆s

4

∑
α,β

lx−1∑
j=1

ly∑
m=1

(σy)α,β

(
ψ†
r+x̂−ŷ,αψ

†
r,β + ψ†

r,αψ
†
r+x̂−ŷ,β

)
+H.c., (B.7)

H∆2 =− i
∆t

4

∑
α,β

lx−1∑
j=1

ly∑
m=1

(σz)α,β

[
ψ†
r+x̂,αψ

†
r,β − ψ†

r,αψ
†
r+x̂,β

]
+H.c., (B.8)

H∆3 =
∆t

4

∑
α

lx∑
j=1

ly∑
m=1

[
ψ†
r+ŷ,αψ

†
r,α − ψ†

r,αψ
†
r+ŷ,α

]
+H.c., (B.9)

H∆4 =i
∆t

8

∑
α,β

lx−1∑
j=1

ly∑
m=1

(σz)α,β

(
ψ†
r+x̂+2ŷ,αψ

†
r,β + ψ†

r+x̂−2ŷ,αψ
†
r,β

)

−i∆t

8

∑
α,β

lx−1∑
j=1

ly∑
m=1

(σz)α,β

(
ψ†
r,αψ

†
r+x̂+2ŷ,β + ψ†

r,αψ
†
r+x̂−2ŷ,β

)
+H.c., (B.10)

H∆5 =− ∆t

8

∑
α

lx−2∑
j=1

ly∑
m=1

(
ψ†
r+2x̂+ŷ,αψ

†
r,α + ψ†

r−2x̂+ŷ,αψ
†
r,α

)

+
∆t

8

∑
α

lx−2∑
j=1

ly∑
m=1

(
ψ†
r,αψ

†
r+2x̂+ŷ,αψ

†
r,αψ

†
r−2x̂+ŷ,α

)
+H.c. (B.11)

The amplitude of the pair potential for the spin-singlet (-triplet) component is represented

by ∆s (∆t). The Pauli matrices in spin space are represented by σν (ν = x, y, z).

B.3 Noncentrosymmetric superconductor with the per-

sistent helix states

The BdG Hamiltonian for a NCS with the persistent spin-helix states discussed in Sec. 2.4.3

is described by H = Hkin + H110
D + H∆p + Himp. The spin-orbit coupling and the pair
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potential are given by

H110
D =i

λD
2

∑
α,β

lx−1∑
j=1

ly∑
m=1

(σz)α,β

(
ψ†
r+x̂,αψr,β − ψ†

r,αψr+x̂,β

)
, (B.12)

H∆p =
∑
α,β

ly∑
m=1

lx∑
j=1

i∆s(σy)α,βψ
†
r,αψ

†
r,β

+
∑
α,β

ly∑
m=1

lx−1∑
j=1

i
∆t

2
(σx)α,β

(
ψ†
r+x̂,αψ

†
r,β − ψ†

r,αψ
†
r+x̂,β

)
+H.c., (B.13)

where λD denotes the strength of the Dresselhaus[110] spin-orbit coupling.
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Unitary transformation for the

(dxy + p)-wave superconductor

The BdG Hamiltonian of a (dxy + p) superconductor in Sec. (2.4.2) is represented by

Hk =

[
ĥk ∆̂k

−∆̂∗
−k −ĥ∗−k

]
, (C.1)

ĥk = ξ(k)σ̂0 + gr(k) · σ̂, (C.2)

∆̂k = if(k)[∆s +∆t
∆t

αk
gr(k) · σ̂]σ̂2, (C.3)

where gr(k) = α(kyx − kxy), f(k) = (kxky/k
2) and k =

√
k2x + k2y. We first apply a

unitary transformation to U †
kHkUk = H ′

k with

Uk =

[
ûk 0

0 û∗−k

]
, ûk =

1√
2

[
1 ie−iθk

−ieiθk −1

]
, θk = arctan

[
ky
kx

]
. (C.4)

The second unitary transformation

Hγ(k) = U †
0H

′
kU0, U0 =


1 0 0 0

0 0 1 0

0 0 0 1

0 1 0 0

 , (C.5)

73



Satoshi Ikegaya Chapter C

results in

Hγ(k) =

[
Ĥ+(k) 0

0 Ĥ−(k)

]
, (C.6)

Ĥ±(k) =

[
E±(k) −∆±(k)

−∆±(k) −E±(k)

]
, (C.7)

E±(k) = ξ(k)± | gR(k) |, ∆±(k) = f(k)[∆t ±∆s]. (C.8)
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Persistent spin-helix states with

coexistence of Rashba and

Dresselhaus[100] spin-orbit coupling

We shown an alternative way to realize the persistent spin-helix states [74, 75]. Let us

consider the thin film growing along the [001] crystal direction. In such the two dimen-

sional eletron system, the Rashba type SOC gr(k) = α(kyx − kxy) and the Dresselhaus

[001] type SOC g′
d(k) = β′(kxx− kyy) coexist. The Hamiltonian is described as

ĥRD(k) = ξ(k)σ̂0 + ĥR(k) + ĥ100D (k), (D.1)

ĥR = α (kyσ̂x − kxσ̂y) , (D.2)

ĥ100D = β′ (kxσ̂x − kyσ̂y) . (D.3)

When we define

k± =
1√
2
(kx ± ky) , (D.4)

the Hamiltonian is rewritten as

ĥRD(k) = ξ′(k)σ̂0 + ĥ+ + ĥ−, (D.5)

where

ξ′(k) =
ℏ2

2m

(
k2+ + k2−

)
− µF, (D.6)

ĥ± = λ±k±σ̂±, λ± =
1

ℏ
(β ± α) , σ̂± =

1√
2
(σ̂x ∓ σ̂y) . (D.7)
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The strength of the Rashba SOC is tunable by an externally applied electric field. When

we consider a special case of α = β′, which can be experimentally accessible [76, 77], the

Hamiltonian is deformed as

ĥ(k) =

[
ℏ2

2m
(k2+ + k2−)− µF

]
σ̂0 + β′p+σ̂+. (D.8)

The Hamiltonian in Eq. (D.8) is unitary equivalent to that in Eq. (2.40). Therefore the

persistent spin-helix states can also obtained in the thin film growing along the [001] crys-

tal direction. Moreover, as discussed in Sec. (2.4.3), we can expect the flat ZESs at a dirty

surface of a superconducting thin film with coexistence of Rashba and Dresselhaus[001]

spin-orbit coupling.

76



Appendix E

Wave functions of zero energy states

We derive the wave functions of the zero-energy states appearing in the two semi-infinite

px-wave superconductors illustrated in Fig. 4.2. In the y direction, the width is denoted by

Ly and the hard-wall boundary condition is applied. The Bogoliubov-de Gennes equation

is given by

Ĥαφα,E = Eφα,E, Ĥα =

[
ξ(r) ∆eiφα

kF
∂x

−∆e−iφα

kF
∂x −ξ(r)

]
, (E.1)

where the index α = L,R labels the left superconductor (x ≤ −Lx) and the right super-

conductor (x ≥ Lx), respectively. The superconducting phase is given as

φL = 0, (E.2)

φR = φ. (E.3)

The Hamiltonian Ĥα preserves chiral symmetry as

(eiφατ̂3Ŝ) Ĥα (eiφατ̂3Ŝ)−1 = −Ĥα, (E.4)

Ŝ =

[
0 1

1 0

]
= τ̂1, τ̂3 =

[
1 0

0 −1

]
. (E.5)

By solving Eq. (E.1), we obtain the wave function belonging to an energy E as

ψα,E = ϕn(x)Yn(y) (E.6)
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ϕn(x) = c1

[
E + Ω+

−i∆e−iφα(k+/kF)

]
eik+x + c2

[
i∆eiφα(k−/kF)

E + Ω−

]
eik−x

+ c3

[
−i∆eiφα(k−/kF)

E + Ω−

]
e−ik−x + c4

[
E + Ω+

i∆e−iφα(k+/kF)

]
e−ik+x, (E.7)

Yn(y) =

√
2

Ly

sin

(
nπ

Ly

y

)
, (E.8)

Ω± =

√
E2 − ∆2

µ

(
µn −

∆2

4µ

)
∓ ∆2

2µ
, (E.9)

k± = kn

√
1± Ω±

µn

, kn =

√
2mµn

ℏ
, (E.10)

µn = µ− ℏ2

2m

(nπ
W

)2
, (E.11)

where ci (i = 1-4) are numerical coefficients. At E = 0, the wave function is deformed as

ψα,0(x, y) = [ϕα,n,1(x) + ϕα,n,2(x)]Yn(y), (E.12)

ϕα,n,1(x) =

[
ei

φα
2

−e−iφα
2

] [
c′1e

iqnx + c′3e
−iqnx

]
e−x/ξ, (E.13)

ϕα,n,2(x) =

[
ei

φα
2

e−iφα
2

] [
c′2e

iqnx + c′4e
−iqnx

]
ex/ξ, (E.14)

qn =
√
k2n − ξ−2, ξ = ℏ2kF/m∆. (E.15)

We note that the components of ϕα,n,1 and ϕα,n,2 are the eigenstates of the chiral symmetry

operator as

(eiφατ̂3Ŝ)ϕα,n,1(x) = −ϕα,n,1(x), (E.16)

(eiφατ̂3Ŝ)ϕα,n,2(x) = ϕα,n,2(x). (E.17)

First, we calculate the wave function of the zero-energy states in the left superconductor.

We apply the boundary condition in the x direction as

ψL,0(−∞, y) = ψL,0(−Lx, y) = 0. (E.18)
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As a result, we obtain the two zero-energy states for each propagating channel as

ψL =
1√
Nn

[
1

1

]
sin[qn(x+ Lx)]e

x/ξYn(y), (E.19)

where the normalization coefficient is denoted by Nn. In is easy to show that the zero

energy states of left superconductor are simultaneously the eigenstates of chiral symmetry

operator Ŝ with the eigenvalue γ = +1. Next, we consider the right superconductor. By

applying the boundary condition in the x direction as

ψR,0(Lx, y) = ψR,0(∞, y) = 0, (E.20)

we find the wave function for the zero-energy states as

ψR =
1√
Nn

[
ei

φ
2

−e−iφ
2

]
sin[qn(x− Lx)]e

−x/ξYn(y). (E.21)

The zero-energy states of the right superconductor ψR hold γ = −1 for the chiral sym-

metry operator eiφτ̂3Ŝ.
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Appendix F

Effective px-wave superconductor

with coexistence of Rashba and

Dresselhaus[100] spin-orbit coupling

m
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e
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c 
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metallic superconductor

Thin film with

̀=̀

x+

xȂ

Figure F.1: (Color online) Schematic picture of the effective px-wave superconductor with the
coexistence of the Rahba and Dresselhaus [100] spin-orbit coupling.

We propose an alternative artificial superconductor whose Hamiltonian is unitary

equivalent to Eq. (5.9). Let us consider the two dimensional electron system where the

Rashba spin-orbit coupling and the Dresselhaus[100] one coexist. The Hamiltonian is
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represented by

ĥRD = ĥkin + ĥR + ĥ100D + ĥV , (F.1)

ĥkin =
1

2m

(
p2x + p2y

)
− µ, (F.2)

ĥR =
α

ℏ
(pyσ̂1 − pxσ̂2) , (F.3)

ĥ100D =
β

ℏ
(pxσ̂1 − pyσ̂2) , (F.4)

ĥV = −V · σ̂, V = Vxe1 + Vye2, (F.5)

where m, µ, α and β denotes the effective mass of an electron, the chemical potential,

the strength of the Rashba spin-orbit coupling and the strength of the Dresselhaus[100]

spin-orbit coupling, respectively. The unit vectors in spin space is denoted by ej with

j = 1-3. The part of the Hamiltonian ĥV denotes the Zeeman potential induced by the

in-plane external magnetic field. When we define

p± =
1√
2
(px ± py) , x± =

1√
2
(x± y) , (F.6)

the commutation relations among p± and x± become

[xν , pν ] = iℏδν,ν , (F.7)

[xν , xν ] = [pν , pν ] = 0. (F.8)

In this basis, the Hamiltonian is represented as

ĥRD = ĥ
′

kin + ĥ+ + ĥ− + ĥV , (F.9)

where

ĥ
′

kin =
1

2m

(
p2+ + p2−

)
− µ, (F.10)

ĥ± = λ±p±σ̂±, (F.11)

λ± =
1

ℏ
(α± β) , σ̂± =

1√
2
(σ̂2 ± σ̂1) . (F.12)

The direction e+ = (e1 + e2)/
√
2 and e− = (e1 − e2)/

√
2 are orthogonal to each other

in spin space. When the strength of the Rashba spin-orbit coupling α and the strength

of the Dresslhaus spin-orbit coupling β are equal to each other (i.e., α = β), λ− becomes

zero. Such electron systems have been studied in spintronics because they show unusual
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spin property so called spin-helix [74, 75]. In addition, we tune the Zeeman potential as

Vx = −Vy = V/
√
2. The Hamiltonian is constructed by the two orthogonal components

in the spin space as

ĥRD = ĥ
′

kin + λ+p+σ̂+ + V σ̂−. (F.13)

By multiplying a unitary matrix,

d̂ =
1√
2

[
e−iπ/8 ieiπ/8

ie−iπ/8 eiπ/8

]
, (F.14)

the Hamiltonian is transformed into

ĥ
′

RD = d̂ ĥRD d̂†

= ĥ
′

kin − λ+p+σ̂3 − V σ̂1. (F.15)

The Hamiltonian ĥ
′
RD is equivalent to the Hamiltonian with the Dresselhaus [110] spin-

orbit coupling and with the in-plane magnetic field.

Next, we introduce the proximity-induced s-wave pair potential. The BdG Hamilto-

nian for the original basis in Eq. (F.5) is given by

ȞRD =

[
ĥRD i∆0σ̂2

−i∆0σ̂0 −ĥ∗RD

]
. (F.16)

When α = β and Vx = −Vy = V/
√
2, the BdG Hamiltonian is transformed into

Ȟ
′

RD = D̂ĤRDD̂
† =

[
ĥ

′
RD i∆0σ̂2

−i∆0σ̂0 −ĥ′∗
RD

]
, (F.17)

Ď =

[
d̂ 0

0 d̂∗

]
. (F.18)

The BdG Hamiltonian Ȟ
′
RD is unitary equivalent to the BdG Hamiltonian in Eq. (5.9).

Therefore, by applying the unitary transformations introduced in Sec. (5.4), we can obtain

the BdG Hamiltonian of the effective px-wave super conductor in Eq. (5.22). As shown

in Fig. F.1, we have to apply the magnetic field in the x− direction. More generally, by

applying the appropriate unitary transformation, we also obtain the Hamiltonian Ȟ
′
RD
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with

V = V

[
sinϕ√

2
e1 −

sinϕ√
2
e2 + cosϕe3

]
, (F.19)

where ϕ is the arbitrary angle of the magnetic field. Alternatively, it is possible to reach

BdG Hamiltonian in Eq. (5.9) when we prepare the nanowire along the x− direction with

α = −β and

V = V

[
sinϕ√

2
e1 +

sinϕ√
2
e2 + cosϕe3

]
. (F.20)
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