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Summary of a talk given at the University of Hokkaido. Sapporo, Japan, 7 May 1996

QUANTUM COMPLEX GRASSMANNIANS AND BC TYPE
MULTIVARIABLE ¢-ORTHOGONAL POLYNOMIALS

MATHIS S, DIIKHUZEN

Department of Mathematics, Faculty of Science,
Kobe University, Kobe. Japan

Here we shall be concerned with harmouic analysis on some quantum analogues
of the complex Grassmannian U(n)/U(n —1) x U(l), which is a compact irreducible
Hermitian symmetric space of rank [ with symmetry group G = U(n). Let u=1g
denote the space of Hermitian n x n matrices. G acts on u via the adjoint action
X = TXT". Let J € u be a Hermitian matrix with two distinct eigenvalues
occurring with multiplicities n — [ and [ respectively. Then the stabilizer subgroup
of J in G is conjugate in G with K = U(n)/U(n —1) x U(l) and the G-orbit of J
is isomorphic with the complex Grassmannian G /K.

We shall now discuss a quantum analogue of the above picture. Fix 0 < ¢ < 1.
Let A, = A,(U(n)) denote the quantized algebra of functions on the unitary group
with canonical generators t;;. Similar to the classical situation, there is a quantized
algebra A, (K) together with a surjective Hopf *-algebra morphism A, — A, (K).
There is a natural right coaction of A,(K) on A,. We denote by A, (G/K) the
subalgebra of A, (K )-invariant functions in A,. The comultiplication on A, restricts
to a left coaction of A, on A (G/K). In short, we now have a quantum analogue of
the complex Grassmannian G/R and its transitive U (n)-action. Our main objective
will be to analyse the quantum symmetric space (G/K), and its zonal spherical
functions.

Before proceeding to do this, let us first note that (G/K), can also be realized
as a quantum adjeint orbit in a quantum space of g-Hermitian matrices. Indeed,
there is a natural x-algebra C; generated by elements z;; satisfying 2}, = x;; such
that in the limit ¢ — 1 one recovers the algebra of polynomial functions on u(n).
The commutation relations between the x;; are given by a certain matrix equation
involving Jimbo's R-matrix and X = (&r;;). This equation is known in quantum
integrable systems theory as the reflection equation. The assignment X — TXT",
when written out in terms of the generators x;; and #;;, defines a left coaction
of A, on the algebra C,. Let J™ denote the n x n matrix defined by J* :=
diag(1,....1,0,....0) (the entry 1 occurring n — [ times). Then J* satisfies the
reflection equation (with X replaced by J), in other words the assignment r;; —
Jff defines a C-valued #-algebra homomorphism on the non-commutative algebra
Cq. We shall call J™ a “classical point™ in the quantum space of g-Hermitian
matrices. The algebra of functions on the corresponding quantum orbit can be
naturally identified with A (G/K).

Typeset by ApgS-TEX



Using the classical branching rules for the subgroup K C G, one can prove in a
fairly straightforward way that, for any irreducible finite-dimensional corepresenta-
tion V' of A,, the subspace Vi of A,(K)-fixed vectors is at most one-dimensional.
The irreducible corepresentations V" with non-zero A,(K')-fixed vectors are labelled
by the same subset P of dominant weights as in the classical case. Let H denote
the subalgebra of A,(K')-biinvariant functions in A,. It has a canonical multiplicity-
free simultaneous eigenspace decomposition H = B, . P H(A) under the action of
the center of the quantized universal enveloping algebra U4, = U, (gl(n). For every
A € Py, fix a non-zero element ) € H(A) and call it a zonal spherical function. It
can be proved that H is generated by [ algebraically independent and commuting
elements m; € H (1 < i < 1). In particular, H is commutative. By sending m;
to the i-th elementary symmetric polynomial in the algebra Clxy.... .2 of poly-
nomials in ! variables r,,....x;, one obtains an algebra isomorphism of H onto
the algebra of symmetric polynomials in the variables z;,....#;. Under this iso-
morphism, the zonal spherical functions p are mapped onto a (scalar multiple of)
the multivariable little ¢g-Jacobi polynomials [S1] for certain values of the multi-
plicity parameters. These results on the quantum Grassmannian (G/K), and its
zonal spherical functions are joint work with J.V. Stokman and will appear in a
forthcoming paper [DS]. The case I = 1 was dealt with by Noumi, Yamada and
Mimachi [NYM]. In this case, the rank of the symmetric space G/K is equal to 1
and the corresponding zonal spherical functions are expressed as one-variable lit-
tle g-Jacobi polynomials, which are a straight-forward g-analogue of the classical
Jacobi polynomials.

Let us devote a few words to the proof of the above results, since it has some
intrinsic interest and is radically different from the method used in [NYM]. As
discussed above, the quantum Grassmannian (G/K’), can be regarded as the quan-
tum adjoint orbit containing the “classical point™ J>. It turns out that there are
other quantum adjoint orbits of Grassmannian type that are non-isomorphic with
(G/K),. More precisely, there is a one-parameter family of n x n matrices J? (o
real) satisfying the reflection equation. Each J7 defines a “classical point™ in the
quantum space of g-Hermitian matrices and a corresponding quantum orbit. These
quantum orbits, however, cannot be written as the quotient of the quantum unitary
group by some stabilizing quantum subgroup. What one can do, though, is write
down an infinitesimal stabilizer. More precisely, there is a two-sided coideal £ C U,
such that the algebra of functions on the quantum orbit through J7, when naturally
identified with a subalgebra of A, coincides with the subalgebra A,(¢°\G) of left
t%-invariant functions in A,. This subalgebra has a multiplicity-free decomposition
under the natural coaction of A, and the irreducible corepresentations occurring
with non-zero multiplicity are labelled by P. In the limit ¢ — oc, the matrices
J? tend to J>. The notions of #”-invariance and A, (K )-invariance coincide in the
limit.

Given the above, one is naturally led to study left #7-invariant and right £7-
invariant functions in A,. These functions form a subalgebra H'”7), which again
naturally decomposes as a direct sum of one-dimensional subspaces H(A) (A € Pg).
Fix non-zero elements py € H(\) and call them zonal (o, 7)-spherical functions.
Under restriction to the (classical) maximal torus T € U,(n), the algebra H'*'7) is




mapped injectively onto the algebra of W-invariant Laurent polynomials in certain
variables zy,... ,x;, where W is the Weyl group of the restricted root system BC|
of the symmetric space G/K. The images of the >y under restriction to T coincide
np to a scalar multiple with a subfamily of multivariable Askey-Wilson polynomials
[K2] depending on two continuous parameters o, 7 and two discrete parameters n,
I. This can be proved by computing the radial part of a suitable Casimir element
C € Uy and showing that it essentially coincides with Koornwinder’s second-order
partial g-difference operator [K2], which is diagonalized by the multivariable Askey-
Wilson polynomials. These results on the quantum Grassmannians (87\G), are
joint work with M. Noumi and T. Sugitani and were announced in [NDS]. A detailed
treatment with full proofs of the rank one case (quantum projective spaces), for o
either finite or infinite, can be found in [DN].

In the one-variable case, it has been known for some time (cf. [K3]) that lit-
tle g-Jacobi polynomials (for the full range of parameters) can be recovered from
Askey-Wilson polynomials p,(x:a.b,c.d | ¢) by suitably rescaling the parameters
a,b,e,d and the variable z and sending one of the parameters to zero. Stokman
and Koornwinder [SK], [S2] recently showed that, in a similar way, multivariable
little g-Jacobi polynomials [S1] can be regarded as a limit case of multivariable
Askey-Wilson polynomials [K2]. The key observation now is that this limit transi-
tion corresponds on the level of quantum Grassmannians to the limit & — oc. This
enables one to prove that H is commutative and polynomial in [ generators and to
identify the zonal spherical functions as little g-Jacobi polynomials.
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An approach to Marden’s conjecture for
finitely generated Kleinian groups

KEERE—

Lie # PSL,C OBEEER 7% Klein BELFRR 5, Klein BEaRIZHB T A&
b EEL RO EIZRIZIET 5 Ahlfors FETH 5.

FAB 1 EEOHERER Klein BEIZOWT, FOMREACCU{x} ECU
{oo} &HETH B A, Lebesque BIEE 0 TH 2 DMNNTH 5 Yo

= OF i Lars Ahlfors 25 30 £ L ERTICHER723 D THH I bbb H T, K
PItBEE R TwiEWw, BHLEEIZLD, ZOFHEIL torsion-free 2 Klein
BOKMIOVWTEINEFSTHALI L DNE, TOHE. Ahlfors TR
2. 2R® Marden FREZ# Z LIZ/EFE SN ST LAY, Richard Canary |2
LoT, 1993 FITFEBH S NIz,

FH 2 G R2EED torsion-free, BRAER Klein FLTHEE, B2 4ES
H?/G & almost compact TH 5 ) o

B =T, BZHEAED almost compact THb LV DIE, 5 compact
ZREO, ARLFAHETHLLEVIBTH S,

HWIEEIZZ O Marden FPEEZEEHICHETLZL2HELMERXER
TED, BROBBOBMAAL LT, RDIILDDOREZ, £FTEZ
BIFMIEhR S5 void, HY/G A% compression body & B4 7% core *EBT 5
BEDARTHAZ EWbh b, FITH?/G 2RRIT | ORGEFRELE L -
T L % metric balls €, € Cy C ... D exhaustion & LTET., —H.
H?/G |Z1Z dise-busting geodesic £\ 9, &1L ALY G OEHERES
AT VE ) ARSI FEET A LN b, CODLILEHDE]
SEELyET S, 3T H?/G 5% almost compact T%h { & NHADIE, HER
D i lZ2WVT, C;? handles 7F Ciypy DH T, knot B link LTWAHAET
HhHo LMLEAMSL, TD LS5 7% handle DFZyAT essential IZEE LT
X, H?/G 12212 ) almost compact 127% %, 87 knot L 72 handle DH 2,




AEENAZ LIE, geodesic knot @ simplicity 2R 5. £72. link L7z
handles F1 12~ % essential IZEEF N5 &\ ) BENFERD ( [TOWTEL L
TA5E, B HEREYECFEIELS, Eo T, H/G T almost compact
TR TERZLLWVWI bR S,

PLEASEBAHOKETH 555, OB IIRIEZESINTELT . 4
BINZEDTVWAFTH S,



BN D & % IR D RE OFEE
R 3 CORTRAFHER)

HMEAEH OB 5 Gk LS K B o SRR E A2 2 KB 2 & § 5 90008
BDOIZITRATHY) PRPERHOHRET VICEELHE LD, FNIEK
OTOHEEMA R T L RREBIERTH 26N,

I %X [0,1] [0,00) (—o0,00) DWFhhbL § % 2¢ DX 5T
LT 5.8 EDOETH A= (Aij)ijes BLUME a(z): I - R IZH
L TCROMEREBD HERNOED 2B x(t) = {zi(t)} ZHEERAD
HHUWIAR LV

dl‘g(t) = ZA,‘jIj(int + a(z;(t))dW;(t) (i € S).
JES

ST {(Wilt)bies BV LT 77 VillEi ThH D, Z OREFBRE x(t) =
{z:(t)} DA u(t,dx) ZROERHTBEXOHTH S,

%(t, x) = L*u(t,x) (t>1,x € I9),

[+
(1
A

Lf(x) = % 3 a(itaf% +3°05 Aijz)) g—i-

ic€s T 4e§ je§

HEMEROH AILHGE DO BR IR a(z) LT A ICLoTWAHVS
RHEEHODbNBEZLIZH D, ZORFETIIROMBIZ >V THEER
D HIHROBREDFERZER L2,

(1)EEFHETRTROLME(EFFTHIE—FLBROLWVWOT
TRTCOEEFHAERLBTSH &)

( 2)HLEDOHHEAZET) (& CICHED VYT ) 7IREDNT A—=F 1
M3 % W AT )

( 3)AMRA L ERADOMF (FIRAR & HERARO TV T— F iyZHE)IE 42
KRGOV AHRZBEZHAXIELLEEAyr —VCRAZ LIZLY 8
BRADIN T—F W2 BBETE5,)



2RTENFROFBIE L HU HBTER

1996.6.12 "BfIEF K AN B

4, #SU°H (knot), pd (braid) o X5 ABRTE ey —0#E - FEEHWEN
H(FHROFEAFRCTDODATET WS, APERATRUCEBOWER, 1970 ERKH» L1
wohh, FOFLEETTF vy 7L— FERE, 3SKTHINERYFERXROT I 72—
2R E L BT 2 2D A ATFER L LTERHE AT 3.

—7%, BUEEOM) b FERE, SUEOBEX ) LEBK, 1980 ERFIHE DL LBA CHF
RENdE5Chok. ML) B ISEE) LRFEHCESBMRCH B TH 525, NHER
~DILHEVSETH, £ Bi-EHE L5, MEOMBEEMR, HERE FHcrIELA
VASEE AN E W T X .

crtis HobRER L +olbHCcowT, BETcoMEoRL # @+ 5.

1. 1&KICH¥R

HOAVARZERCHET 2N T TCOMECLI ST, 2RTNFROBE L 1 R EROBE -
DRic, KEXABEUARFET I CLEDh>TE A 22T, 7, 1 KTHERCOWTHA
bR TwaEAHRELMECHENTT .

| RTEBOBAYA Ko s bRV ElA VDL LT, Zoi/NEM (Ui HocElEw
5) pELLNSA, FAHMcBLTROEEBKY L. [EXB IhbEh BH~0HEKER &
T 5.

18 ( Sharkovskii 1964 ) HAREEKC vy L2 7 2 F—HF LTFHEN I EBEFREEI NS, b
L fAEMAE . cH2BMAELTH, fRvrrazxFx—BFcBL2 L)/ hEWEEDOH
REmickdL, m Z2EWETEHAE L L.

FoEHICE->T, ABREE2ORETEVEANASL bV 2ALE, fREREOAMAE 2L
CERDNDBH, Tt [ BNERAC  BHE THECL2FRRLTVS. FR KRoHFEHR
R b 3r-o.

EFE ( Bowen and Franks 1976. Misiurewicz 1979)
fortaedhrnzritan—%h(f) &nl Lk,
h(f)>0<+= fKEMid2 0¥ ChAWEMELFESTS.

B ) ECHLWERE b0 b0 L LT, AMAOERELD 52, BREOF L WHA *
Ky v ra72x—0EROHELCHT sHEIRELERT TS 5,



2. 2IRKCER VO IFZEE

| REBEROBMS ISR B cEinis 2RTOHE, oMl b EHAWTE
A3 DI BR foEEBRHEMAK DEL, fREHETE. n KO b 1rbh 30 b % K
#Hordh (n-braid) 2 w5, BEEFTBIESS 220 n KD b 2FEEL 2 AT L E, ZoR
(ERSHRICBET 5 REE % n KA B (n-braid type) & 5.

=8 St fOERATRELL, n2 SO :Se+5 HEERdp % fKERT A4/ T
E— fi:D=D0<t<1) %2120FB5. (ZDX5%A 7 PE—RBRFET I EHBAONT
w3) cosE, M Dx|[0,1]] A0 n KoEORE D

U (£(S) x {t})

<<l

B KOS EERT S chrEHMOLEE MS.f) ¢RL, SOMPBEIL ).

Bechilsic, 15E0SBE, AN ERREOWB L XCBEAIRIAERLHEREL Y -
Twre. (B0 22 0XRECHEN < n 2 RABRDWEL k& 2 ORPCHRESHFE]
EF). 2&ktoBech, Frb2EA VO ‘DR FHCLAEETCHL. conME, #H#
HEORKERICHET2=—21+y + 3—2 } Y RELFENR B b0 %, My 0BRCHRT
ZrrickoTHBONS ok ¥, DHEOFRBEE L TERAEHRS (FAKD) LT, A
RRAr#E, #7 7 7 7 ( psendo-Anosov ) ®o 2 M0 b 0 AHFELET 5.

B (AEAIC Thurston ICX 3) SoOMDHEIbHS. f) 23 pA KD % H 2.
= (1) h(f)>0
(2) fEEWORZ ZEREORME b D.

COEME, 1 KT CHRILT2HEN TR £ Moy tEEXHA, T MHRK & MpA
K| tEBERANT2RTCTHRBRICKILITIZLEZARLTWS.

LlEoftic, S0 BICOWTKRD L 5 AFERTbOHTE L.

(1) oL #EHDHET2T7A= ) Kok, REZCCIMERRILTwEE, —RickoX
fric B A LR 5.

(2) pPARRSD % b0 b oMM AL IRENKD LN TS (SOFMAEHERE> 50 & ¥ (Boyland
1984), tS =3 B0 LEFXSSEHE ( Matsuoka 1986 ) 72 &).

(3) vrra7xx—0EHO 2 RIEMEELRAAATbh, BANARRIEHTY 5.

(4) b oERAAGHIEECTH 2 Burau EREHWT, BE0 r e sy 7r2¥H (R
WEa VR BRELhTWS.

(5) Burau fiHlmp 227 pAE@BEEZHWT fOT Y b rE—D FhboFHiizgz b . (Fried
1986 )

(6) MO HFREREZHNT, » Iy NEROHECFTEERARMER LT VA 2 1 ER
OHEFHBERTFRON TV, B, Y4 X ' ERoBRE2 —MoMER Lo NFERICIIRL
Tw3. ( Boyland )

X

P. Boyland, Topological methods in surface dynamics, Topology and its Appl., 58 (1994). 223-
298.
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Some applications of combinatorics (especially finite geometry)
to group cochomology

Colloquium
Hokkaido University
26 June 1996

Stephen D. Smith
University of Illinois at Chicago

Recently group cohomologists have become interested in sporadic simple groups,
discovering connections with certain exotic behavior in algebraic topology.
Some of their work involves group geometries defined by p-local subgroups
(normalizers of p-groups) --- which had already been studied to explain exotic
phenomena in group theory.

The talk surveys three areas of applications of these geometries to group cohomo
logy:

1) Vanishing of H"1 of certain modules
2) Expressions of H"*(G) as the INTERSECTION of H"* of certain subgroups
3) Expressions of H**(G) as the ALTERNATING SUM of H"* of certain subgroups

It is emphasized that not only can the group theory assist in computation of coh

omology,
but also the cohomology illuminates the study of the group structure.
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BEsEORIEIE, EAMIC TEHBE) §52¢2HBICLTWA. &XKIZ, BARETE,
Mg, T¥3LTy BF—U—FTH3. COTHAZX, TRTHPE (Hb20iEd
SLEMNCTED) ) TERENTWAREWSHEETHD. £3IT, Thik, WEZDS
B THD. LEDST, MTERREZHBET I LVWSDH, RELE-T, 2O
HOWEBICIET 2. HREZMOBM S TELICHBET I LT, BEIEATIE, HEEFE
Bbhah, 2OREIRFEOELCLST, BHIhTWEELLhTWA L, EiE
FHRBTHAD.

LHL, ZhiEH<FET ThhbhPEBHRICEELTWS] EWSRHEDLDEET
HD. CORITONTIE, BREEZBLIBIDHZDT, DUFLLFHATS. YEFRL
ZORPODONDNWARBDPHFEET A LZ2E>TWVWADIT TRV, WEDLZ A, BE¥E
DOHRCHSESIT, PWEHRAIDIEIZIPICEN. FLT, BFEOLRIPOREBRNHALE
ETACLHBEETHD. BREDLS REWRHR2HREBRNFEIH > TENOIEE
L&n?ﬁauﬁnﬁﬁb&h.(%@ﬁ%tﬁ%ﬁ%%a%i#z%#ﬁitﬁmﬁ%
THD

it RBHNIE, ZOLRHPTELZEDNIZIVWESICEDNSE D, UOIEEFD TR
VW, BERS, PEERNS, bDhbhDBEETZEODEE—2D MIEF)V) PESIPD
PoERVWHETHE. (CTTCOEFINENWD ZLIRIEEIRBERTHESTED, BER
BHREZE5EZTWADITERW) CoZkid, YEBRZFEELTY, T<IChbr3.

9, MozTchbhbhoE#iziE UL TaEamH riddchiEzE2d%. Jhid,
3 T3, MTBIZ>TWARICHH, BHEEHEINZ2RICHDIZ THIBTS1 WD
BHTHD. Fiid, BRERMERETCIEESDNY RTEBTWLWB LW ERIRL,
REERELTWAZ LICRSE. 2H3RET &, bhibhid, lZELCTLD, AR
ONWTOIERESIBIEDNTERNWCLICRS., BEPIRTLIDIC, ARADBEEES 2>
TWaD, rhZidbroir\WI &ilird., ZhEZ s, BEFMEICMICRASD
DOEBDBCRRVED, ARDPEET A LI ITHERDOTH A, HIZWZIEX, SRR
ey, MORAGIPOBENDNIZINWC LIRS, RALDPOMEODETNVIEHNIE,
Zzhhrbhbhbdd Lk, § iy, PEMRE, DhbhBEFEETIETINVD
2T T/ TiEhnwa iichs., 8 bAA, HRICBRERHDOD L TOFETH . &
D5, MNEFIVEHIELT, EFNEEALANIL LTW ZEBAETHHH, CC
TRAIw 772, FELEVWDIX, MORZZRIZENICHEL LS LTHE, BDAETIV
T3 FE L kg Lk, EERYE, BMHhETFNVTIRERT SRIRS.

EFNDBHEEH L LTHIE, EFNMDBENETHIDPEMNAS LT EHDIYURDIET
HD. ZORDPT, WHNOHDEITELZ2ODEHATHS. PWHERIZ, Th & IZHER
CEREFFEOR Tk Z2EMICHITMAZZENTEDEINE, WSBLTHKRELTS
CEMTED. Thbid, FEALRKRIR.

MR I RBEFNVEDZDPEVWAE, FREEETS. LR3I
LS, WHhAEENUDEEETERVWEVNSETIDERICONDE. BBSA,
CHhIZIF LAY TARTOPEENDHILEVWETIVTH S, MEETNVDPNANARE
KT, BhEEFNTHEZLIEABORZOERZANE, HHTHS. T2 THEIC
LTWADIE, EFIVELTIERL, ETNVICRSTVWAREIDETTH 5.

DIZDOWTIEBBASBARENL L NS EZ S5 TRV, DICDOWTORBBIE SRV &
Zbh3d. bbb, BEOEHNLLTOHHETH 3.
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COBE, BELLTHFLWLDOBTTETEINWRWL., LIrL, BEERIEE, WEE
TOBEDRAIZ, BR2DTH5D. PITATHLD.

hASHESZIRNIE, 2REETEREINE. LZAPDhDIWDYREEICT DI,
Fro B iIZRICH) WS TH 3. 2REHEDOL B3 EDICEBIESLETCIXRL.
BURERESKHNT LIV, T, EHEERILERV. B, +98>WEREST
HhiE, EBOBESLEBITER. TOLHIC, 2WREAKLEEFRIZPITOVTHINAN
AREDRHDIDTHD.

INTHHLVWSIOTIERL (ChIEETHIM) , RICHLEDIDIT L AHLGEE
b A

HybAA, WEFTORETHLDHIEHOFHFEI LY ZETHREEZDPREEWVWSET, &
EMiEHIBREZERINTWE. LA L, ERORDP THIEMDO AP ELEI R X
FEAEBGENEZEERVWLESICEBDNS.

ZIT, X5, HEERX, MOREORDPTH =2 —0 DR A (EHEOEN
) LTWBADPWRWHAETTEE S, LRETS. COREDOZLUMICIIREMDDH 5
D, BAEFTEDL BN, BiRECRTEZD, 2EATWALRBIIELL.

ZOEIICRET R L, BHRoiddix, EH2DREREKLEDORY PNVEBORD HNVIEE
gwaﬁia:aﬁf%%.:nm;%t,ﬁt%16%<®ﬁ%ﬁ,%ﬁﬁ@ﬁﬁtﬁ

T3,

FeZiE, ThAZHANSGELS) LW HEDRRIX, Z8HED IFH by &0
SHMETERTESL, THE) X, 2BEOKRIINIETS. AP THhACHAPLEES
% BARELEOD=2—DO DRI -2 2TRTELD. Fh2EZ, VSoBs%
BiaLrz., ChERDNWIEFNTIVWESEEZLD. JZIHBHDIE, BEDHAZDRE
SOHTHD. LIL, CLIEOREL LTIE, FOBEFLHREOEXREN TRWESZHI
32, LOWSHEEIESZ. 2Fh, PAVATHNh, PETHIh, tEETHNH, DAZ
BEBNIE, FRIEVATHELEZILTHEIDPH, DAZOHZERIEEERNTIERL.
COHAEERIOLELTILIE, ZHREDHERBRTIE, THY MEHFHINZHDIZHIET
. BBICWZIE, ERERSTIILTHS.

HbBA, LTHRRELSIC, COEHICIX, (FREENCET2) HEMEI RV, L
PANE, ZFOBLZICE-T, ThAZHELS) LWSEEIPEDD S 3. FEEEMNE
B ThAZHELZ ) LW H e LIS LW 0I, BOER2E, FFRZE,
ICEBZEWVWHSOH, bhbhDiBTHS.

BEEMICIT, B2 ORBEFEDEEFFHERLAREITZEIATWA I LIRS, CO%E
BERTH D, ZHEELLTO) WEBAL, NI VR INS2—2 ) v KR
BIoHn T 2EMLS D, V- AR ERTE S (FHFOFEMMX) . U2, HE
EFOEBRRESHATITEREZN2ESEMuICHH S. ABEICERTIRERZDEBICIE, &
KHEDZHED PN LVWESITH B, Liohl, DOMELZREDHEIX, T<
ey, LIESLOM, HEICEEALRZDESEATVW D LEDNS.
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0. Gelfand ([2], [3]) (& h @A SNTF T A< ¥ KL O—EBRMEST HENXR
DEBHEERAPODICTH LRI, TOFHLIRESFAAIEVERETSH A,

1. V% C LOFRKRTERZ MIVERM, X 2V 50 k RHSZEMEEro%57
FSATVEHEETS. X FOERBEXIMVE X x AWV O BE1OBFE L %
WeXIZBIFAZ7AN—DANW ERBHDELTEDS. COLE, 8 G=S5L(V)
X ICEBHIMEBLTSEY, LR X Lo G EALEERETHS. L OYETICHE
BT AMGERZEOLRTBOBR Dy £55. GO L~OEBRERESGLT, -
MOWREE g = Lie(G) —» (X, Dxz) (a— L) PEZH. GOWKF—FRA K &—
SEFEL t= Lie(K) £55. WbW®A5 V7 7 v MEBRAAERIT L O = RAM
BMETHERMSFRATHY, €>T Dy MBICHIEL TV, FHIEKROFE
LTwa:

(1) M¢= Dx,p/(J + Tace Dx,0(0F — €(a))).

CITEREED (—2ERLE) e DR, T J & Dy PHD G REEAT TN
ThH5h.

2. ROBBEHFHADHBERTHAS: Dy O GREEATTVOREL, 5 (T7—
THNBELIREND) g NBEOHSTINFEOEAE, 1 1IIHEL, TOHFKEDELT, Lk
ICTTE J EBAERSMBECHIETS. -T, UTDL ) RIENFEZLNS.
G % C LoOEELERMREE, P%* G ORPERGIHL L, —BEEHKEX=G/P
REZXD. g= Lie(G), p= Lie(P) £B<. p DIEE N 12 LT X LOENESTER
FOR Dy, BLV) —RBOERH g — (X, Dxy) (a— 3) BEE S (1] B8).
DEE, Dy, D GAREEAFTTVOEEE, N ICHIET 5 1RTT p MFFLFHLT
TEBA o INBE M()\) OBSMBEORELIE, 1M 1IZHIETS. Jy & Dxpy DG T
BEAFTVTH->T, M)\ OBKERFNFCHIETL0LTEH. K & G DOH
HABEL L, vt=Lie(K) DIIE £ xBRL &, JE Dy, INEF

(2) Myge= Dxa/(Jy+ Tace Dxa(0) — E(a)))



() DVEODIIRIZZ>TW A, LA L, Q) FEAVHERTHA:-0IZIZ G, P,
A\ K, BEUTiORYFE)FTLEARTNEEOH ., B, A DP—HLS, Jida=0
TH5.

LT, PORZEREFTRLFEIELRLILICTS. COHEICIHE p OFEEDL
CRAEBEEADD-T, A\c A 23T 5 J, DEBHERVEETS.

FADHRIIROLBN: HHED N e AIIH LT, GOJNOBHREHEHEQ =Q,\ B
LU Lie(Q) OIE = py THoT, UTOLEEFHATIOFERS. YV =G/Q LD
BIAHMERZEDOB CTHoTp \HIET 2S5 D% Dy, £T5. £ Dy, IBEN IZHLTE
DT F VB R(N) A Dy, NEE(DBHE) L LTEE S, Nuke = Dy Sace Dy (08—
£(a)) £BL. TOLZBRLERE Myge — R(Nuge) WEES. (T Myge I
MIET A HAFEBROBOMASERESAB). 18612, Y ¥ERED K #uEr5
B%bIE, MygeldI RO/ 3I-FRTHA (INICL NWBEMITBRRTLTHS I LA
b)),

ZZ 3K

[1] A. Beilinson, J. Bernstein, Localisation de g-modules, C. R. Acad. Sci. Paris, 292
(1981), 15-18.

(2] I. M. Gelfand, General theory of hypergeometric functions, Soviet Math. Dokl., 33
(1986), 573-577.

(3] I. M. Gelfand, S. I. Gelfand, Generalized hypergeometric equations, Soviet Math.
Dokl., 33 (1986), 643-646.

[4] M. Kashiwara, Representation theory and D-modules on flag varieties, Astérisque.,
173-174 (1989), 55-109.

[5] T. Tanisaki, Certain differential equations on Hermitian symmetric spaces, preprint
1996.



On absolute CM-periods
HHBZ (FAH)

K # CM tk, F %# K ORKESSMEET S, x % 2 Kikk K/F xicsy s FY o
Hecke character, Lp(s,x) % x @ L E#HE¥ 5.

B ZDEE

CONJECTURE A.
P ~ Q2 H pilo,0)
o€ty

AFMENSL. ZZI2 py 13 Shimura [2] THASH7: period symbol THY, K ICL21E
R b T —_WEHEOR BT A L WERENS. Ji 1T K 256 C O~
DAMEGLEOREEET. a, be C kL, a~bid b#0,a/be Q £ &7

f # K o integral ideal £ L, K ® modulo | ® ideal group % I{(K) £#<. A it
Ii(K) @ character T

a’l

|a?]

Y a=1 mod *f

A(a)) = TI(

oed
RaltETH. 222 ® i3 K @ CM-type, t, 13 non-negative integers Th M, p ik
complex conjugation Tdhs. (ZDLH% A % [[(K) ofifalRELv).)

THEOREM (SHIMURA [1], [2]). m € Z %%, Vo € ® 2¥ LT, m = {; mod 2,
—ty <m <ty BHITELIE

L(m/[2,\) ~ weﬂpﬁ'(z te - 0, ®), e=m[F: Q]+ ) to.
aed aed

Z® Theorem ZH\WT, Conjecture A A BEEBRTHT I LA TES. HKERTHE, F
E AR KA TR R R Bl DV TR 7eAs, & 2 TIifli#i% example ##HWTHT ).

Wit K = Q(V3+2v21), F = Q(V2) £4%. K ot 2 THY, ideal
(V2) #5438 L7z K @ prime ideal P, #* non-principal class #52%. o € Jg %

(V3+2v24)° =/3—-2v2i Cgws. Theorem T, =2,¥Yo € &, f= (1) &L,
CM-type £ LT & = {id, o}, {id,op} L&oTHLNS [|(K) O character ZZhEh
My Ao EFB. X 13 \(P2) = +1 KELT 2 5E) 0D FA%BH 5. Theorem 124 Y

L1, M) ~mpg(2-id+2-0,id+0),  L(1,X) ~w'pg(2-id +2-0p,id + op)



ThHaH, px OWHEHV5 L ([2], Theorem 1.1)

L(l,A])L(l,Ag) -~ “TB H PK(U'aC")
cEJK

Hbi . s Conjecture A & L(1, ) L(1,\p) ~ o P? LiiECH 5. BdlFHEc LY

W L(L,AD)L(L, ) _ { 3/2%,  Mi(P2) = Aa(P2) =1,
m4p? V2/(2%-3), Ai(P2) = Xa(P2) = -1

AN DT LA suggest ahb. (# 30 Hi—8T%.)

ZOMZ%  DEIH G, (1) OB & 5 REOAEEE TFHT 521, P 2 Galois #O{EH
5% ev “absolute CM-period " & & THAERE A; 12191 Galois BER{EH S5 L &
WI EHRREEND. TOFHED 1 2OFEX{LESATBI ).

A1y Agy ooy Ap i Ii(K) Of4EFEC, Shimura ®OE# L Conjecture A 2°6 py O
HEHWT

n

II L(m/2, X)) ~ w4 Pe

=1
PNt TB S A e€271Z LT 5.
CONJECTURE B. 182 o € Aut(C) 3L T, 1| ORER ( #H-T

?: L(TR/Q, )\l) o H:l: L(m 23‘\?
( ].‘TAPE‘ ) =0 l?rE‘lP/c )

LY 3L,
PROBLEM. ( X ORIcHE > TWAHD,
2B LR, —HOMEERTH 2.
THEOREM. K #°1f 2 kfko L %, Conjecture B 131 L.
COHEITIE C IZBAICHETE S, K 240 CM #olEd motive BERIZL D
( DEHHREEITHRTES.
ik
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W 1 —TEBET 7 1 >) —BOELKER
IHE#SE (dbK - )

B, LvoThbIMEDZ RN ETH, AV BT 747 ) B
OEEZFHOLERBLOERICOVTH o tHAVEE 2RO LD
THEWT LT T, TRIEEEBRADAERAERE HEROSFEEFERE DK
R TT,

XoiTiE KAV FRRZRT L. AV, T4bbsl, 0IEAKHA (KHEE
IZE2T) KAV HBRRROBOLERE L2 5 £\ ) OH1980 EATHOTES
27— VO (D—E5S) Thol=bIF TTH, FIICIHEEMN2TEDY ~
FEBIAET B 2—TEHEEBHLET. bIPLIETHEL(FEEIL:
Yo V=C[tj;7 21,0dd] £V ) EREHDOZHARZEHWL I T, VLD
eSO/ 0t t;(MTH) (5 2 1, odd) IZHERRTENA XNV ) —FR%E
2 LETH, ShIC THEERE OFKES NIy -5 AP Th
5, FHESEIens AVD VEORKEFE X525, £\ ) DA 1978 4F
? Lepowsky & Wilson DFER T L7z, ZEERRHE V) ORKEEHT =1 FRH
DUEDT, ZOHEETIA P REFENLEEIPNT T, COXKFADITA D
SRR CHLNTVT,

PEOLEKIIE N FTo ST Tagbag lZHEMIL—bF, § = ag+ oy RERE NV —
FCY. B q=pP LD A FAIZA+SEE P L W) EHRT, AV T4 b
EFENF T R ZA NOLEITEET A b AEE S Weyl HEOFLIEIC
oTWET, FEHAZ—ILORERIE, VEICEERRRLER L -L &HKY
IA P DTZA MR FVHRERIOY v 7’k = (r,r—1,7r—2,...,2,1)
(r € N) IZfHHiiT 52 2—THKTS 26N, Zhbid KAV HFEXROF K
SHEAMERLCTEVIHETL L ST TYa—TEELEE>TWAEDIL,
VbW AMHERE LTOY 2—TEEZNM G = (2] + 25+ )i EAVT
HEXELAZLDOTT,
FITRIZROLHILRMEEZEZ T LI, VOO A b XT MV
a—TEEERAVWTEDL HITHERINLLESLINIVBEHAY2L—THE



HERRVERSOTWVADT—RERTEINAZ LIZDAN T, ‘B
B 2 RD L)V OHFMETT, KIS, Y YA ESXAEFDY 2~
THEBUL ty,12,83,... DFHRICL), VOTTLLIZEY F®A, FZ2TYa—
TEHEICBWT“FT "thh=ty=tg=--=0 BT VOTE2{ N F¥,
DL LFHRETHOLNLSERY ‘B2 —TEE LT, —#
SR - TEEIR YT MY P VSR T, EOTIA MIET B
35 26NV Y THED “2-core” T RNiTbhh 4, $7-, ZHEELT
WEDT—RMBIHEELTNRTBY, Lo Ty M b EEOEELESIC
EFERMEPLEICRY 5. TOLDIAEIZY ¥ 7 HFD “2-quotient” & \»
ISV ULEELRDNET, COLHITLTHEONLRET, —BOBH Y 2 —
7 EE* BT % &, Littlewood-Richardson 2588 L ¥ 5,

COBYDZEZBFELLAVEBWEY, CoOBRBERRFZZT 2T,
HHBORER, V25 -KROHBTHICHT 2558HE5252 L2
bhoTwET, AV TL L AD® AD 120w T IZIZEMOBEHT
ErZldbhoTVET, XL ADTR, Ya—-TEETRZ{TYa—
TOQER EVILDOHETIA IR MVELTBELET, 8 LVE
THTLHEHBTZALELTVET,
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T84S A 14 H ()
(ALK

1 SREREO~ TR

# T Lascoux-Leclerc-Thibon IZ X W {FHFEDO A~y FBD q B 1 OLZRO
BT OBITINEHAL TWAOTIRHARWVWR?, LTFRENLIHHET ALY
ZLANRBBENFLE, ChIEBRFHOBEEEZHEIZ27ALTY X
ATYT, ZORKTHIOBFHEAVWESOBRTIIOTREZBHERT S HiEL
FNRIUTIZT 774 Y~y TROBEICIHREINDIDEHALES, £Z
TEDNAIDIERT 774 v~y FBROZBROBMHRROBR T HBUERD
FiE, TROLEHET 77 A v~ rBEZZDOTIE) T BFHOK
HRBLECDOZFERA, F—LRDOEFBEOOMEDORNTHAZIN
TEFBERE Gm,L,n) O~y FBERVWDHZETY, ThzHAnwsl
WED, EENCET 77 A~y FROTRTORRERVRES, #ih
AY, BMORFBEOBERRE (integrable highest weight representation) & #
UK ZENTREEL 2V F9, =7 EEMD,

EX 1.1 "7 A—F qge F* BEXWv,...,um € F REXDONELE,

G(m,1,n) O~y 7BEIX, ROERTEEXBERTERSIND F-RET
B,

(a1 —vi)(ay —vg)++- (a3 —vm) =0,

(ai —q)(ai+q ") =0 (i>2),



a1a2a,102 = 01020,
Ai0i4 1@ = G100y (2 2> 2),
aia; = aja; (§ =1+ 2).

ST—MRIZ, R Z2F[BHAR. K 2T 0E, F #R&EL L. R Lo
BMAICKHLT, TA@K II¥EMZN, A@F BZHEMTIEIRV,] WD
KREEXDH L, HRBEHRLIITINDAQK-MBEO a2 o FTA 71D
AQF-MBED T Z v FTA I H~DEBREREINET, D&, &4
OBEFIMBERZEEICE > TIAFIRT LI L ZOTH 2 BT L LUET,

EBZTVOIE, A B Gm,1,n) O~y FRT, ¢ 11 OFRE r-FiR,
Viyeo sV B3 2 O, R E LT, Clvyy...,Vm,q] ZA(¢*,...,¢%,q) I
BWTHBAHELER, 2Lok b EORBFRETY, Z0LE, AQ K-INE
HWEFTTOERLOMETEILS DP>TWVWEDT, ZORKTRNTTHER
LHOETHMN AQ F-IB R /o U TATIHEDO VNV TELICERT
Xk tichET,

2 BT

BaxBpBELTo0E, AY, BMOBFHTY, T-EATIRBEERL,
lower crystal base DX ) 72D T, KWL LTHEHKROLDOZHEALE T,

Ale;)) =g ®1-§-‘u""®e,,
A(ft) =f®v +1® f;

TUINHEOI ) RAEINT T 7I3L<HBATNDEHIICROBEEZD
LELTEBENET,

filby @ by) :




ET, G(m,1,n) O~y RO/ Z TA T E#HELOBRREADITIE,
2] LRV, L(A) ZV V1D 7 4y 7 ZZRO m FET ¥ Y VRO ZERICHE
HIABET, T TUEROBKREERIZLD L(A) OER L =T %KL
KL rBIORBALOBREEORKTY, ZhbiEER2ICYHEOE
ECeRdEhEd, LT, ZOBBLBREEOT VY ARBARICL Y,
LRV D74y 7 EZBO m BEOT v I NVE~OBRTFHOER L EORER
BFRUEREESRENICEZ LN DT TT,

3 EH

ETUTTHREIR., 10r-RR @2 &, ¢ OF, vy :=¢™,..., 05 =g B
BEEN TS EEREL, ZOLEOERBEURBO~y FRE H, L 1< Z
LELET,

HL, RNFA—EBREOX ) IR LEhTOWARITIE, B CERR
FEHRFR Clvi,- - -, Vi A vi—v1,0Vin—vmq-q) PEIEEOREZEDE 2
hE H, &K ZLéLET, UTRETTR, Hy - MBEORT I nd s
FA o BE K(H,). B BEORT 708 w74 Bk K(H,) X
2T, 2 LELLOBEICHAER CtiEkENTWSbD L LET, £
LT, ¢n: KH,) — K(H,) 25985 ®8L LET. ZOLE,

#WE 3.1 (1) H, IT¥EHR,
(2) BEf9 H-magix, (A= (0\O,...,0M) || X |=n} THFTA T XERN
b, B AT L, T AMBEE () Lh<,

K(H) L KH) #Fnth, K(H, & KH,) OXHERMOLTO n
chi-aEfmE LET, {(SV])} ORHEEL (A} & ZLicLET, %
=, o &, o, OBRBEBOEFEL LET,

ETHRIADRBD v=1~OFFLL LT, KH) X7 774V —
®o(AY)) oERELBET, TAbb,

E® 3.1 YUZEE L= (D, A™) oz 3, AE) 0 ofz) 1T
bz) FIHICHB L&, EZ Z/rZitD, z DRRLEVIBDE,

r(z) = ic@) — a(z) + b(z) (mod r)
TED D,




WH 3.2 ¢ f; # KH) LCERSNAKROL ) RIERRET 5,
ed= Y p fr= Y p

(M= r(u/N)=i

THE, RN ARSOEREZEMIMZDZ LIk > T, KH)* I
g(AD)-mBERER TN B,

ST, LEOHERHEDD & TERIZIKO L HIC2) 9,

i 4]

(1) Im(p") ZZ=R2Y v VRIF CER S NS K(H)* OKERER IS,

(2) ni & vy U PO H OBEEEL TS, A=T A EBL & K(H)*
R Y= b A OBEKBRESEY =4 MnEE L(A) & FE,

(3) K(Hy,) HBERMBENLRIEEL bON, ZhOWREEX, LoRR
2k, L(A) OE#EE (Lusztig @ canonical basis) (Z—83 %,

FEEOMBE A FITIZL21ICREB 20T, A, (i) Lusatig i
LHRFBOBMAER, (i) Ginzburg IC X B7 7 74 ~v 7 BOBELIM
BEOSMTAIMRAL, (i) (AHEMKERZBWET 774 U~y S BOEENE
OBMEIMEK, D3 OOBREZVELLET, T 0EEE2 B LICLTSH
BTN EHRTHAITNITY ALR2EZDZENTEEY, Chddim=10
/& . Lascoux-Leclerc-Thibon &> TWiT7 A TY XAl Y 4,
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Schur duality for Cartan type Lie algebra ¥,
and transformation semigroup ¥,,.

By Kyo Nishiyama
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Cartan type Lie algebras are Lie subalgebras of algebraic vector fields on a flat affine
space [, where [ is a field of characteristic zero. They are Z-graded, simple Lie algebras
with polynomial growth. By the result of Kac and Mathieu, Lie algebras with such properties
are known to be (1) finite dimensional simple Lie algebras; (2) their loop algebras; (3) Witt
algebra; and (4) Cartan type Lie algebras.

Irreducible representations of a Cartan type Lie algebra g were studied extensively by
Rudakov and Kostrikin in 1970%s. If an irreducible representation admits a weight decom-
position with respect to Euler’s degree operators, then it is a lowest weight module or its
dual except the only one case g = W,. Therefore, the description of the irreducible rep-
resentations are quite easy. However, it is rather difficult to do analysis on them because
representations of W, are not semisimple.

In the previous research, we found an interesting phenomenon on the tensor product
representations of g = W, , which is one of the four series of Cartan type Lie algebras. Since,
by definition, W, is a Lie algebra of all the derivations on the polynomial ring P[z,,---, z,] of
n-variables, W, acts naturally on P = P[z,,---,z,]. Form the m-fold tensor product @™ P.
Then the full commutant algebra of W, in @™ P becomes a finite dimensional algebra. So
we expect simultaneous decomposition of @™ P as a module of W, and its finite dimensional
commutant algebra.

To be more precise, let us assume that yn < n. Then the full commutant algebra of W,
in find (@™ P) becomes the semigroup ring of the transformation semigroup ¥, which is a
semigroup consisting of all the maps from the finite set [m] = {1,2,---,m} to itself. In the
talk at Hokkaido University, I discussed on the decomposition of @™ P as a representation
of W, x T,,. Unfortunately, the representations of W, and §,, are not semisimple, and even
worse, @™ P admits a composition series of infinite length. However, we can still get a control
on the irreducible quotients of @™ P.

Let U/ be a representation of W, xT,, and # @Y an irreducible representation of W, xT,,..
Then we say that 7 @ ¥ has quotient multiplicity k in U if

dim Homwy, vz, (U,r@ %) =k
holds. Further, we say that {/ is quotient multiplicity free if

dim Homw, vz, (U7 @) < 1




for any irreducible representation = @ ¥. With these terminologies, we can state our main
result.

Theorem 1 If m < n, then @™ P is quotient multiplicity free. There is a one-to-one cor-
respondence between the subsets of irreducible representations W 3 m + ¥ € T/, which is
defined by the following property:

dim Homw, xz,, (8" P,m @ £) = 1.

Note that the above correspondence 7 3 ¥ cannot be bijective. However, we can give
it in terms of Young diagrams or, equivalently to say, partitions of various sizes. The
correspondence is an explicit one, hence we obtain a realization of irreducible representations
of W, as irreducible quotients of @™ P.

Let GGL, act on V = C" as its defining representation and G,, act on its m-fold tensor
product @™V by the permutations of coordinates. Then Schur duality says that there is a
correspondence between the irreducible representations of G'L,, and G,, via Young diagrams.
Weyl became the first mathematician who pointed out the machinery works for two mutually
commutant algebras which are semisimple. Our theorem is a generalization of their theory
to non-semisimple and infinite dimensional algebras.

On the other hand, our method is under strong influence of series of works of Howe.
He developed correspondences of representations of various pairs of reductive groups, which
are called Howe duality. Although the groups are reductive, their (g, K')-modules, which
are infinite dimensional, are not semisimple. So he needed to consider irreducible quotients
to establish one-to-one correspondence. Since our theorem is proved by using the similar
technique, it is the same as Howe’s in its spirit.

Our theory also applies to the finite dimensional Lie superalgebra W, (we use the script
letter W to avoid the confusion). In this case, the whole representation space becomes finite
dimensional and we expect an explicit description of composition series. The duality for Lie
superalgebra W, is now studied by H. Wang.

Acknowledgment. This work has been inspired by the explicit calculations done by
H. Wang for Cartan type Lie superalgebras. The author expresses sincere thanks to him.
He also thanks the organizer, Prof. Hiro-fumi Yamada, of the talk at Hokkaido University.



Cycles on complex Shimura varieties
Bernhard Runge, Osaka University

In this lecture we study moduli spaces of principally polarized abelian varieties with a given
algebra L of complex multiplications. Then H(L) = {r € H, ;L C End’(A,)} is a connected
complex submanifold of the Siegel upper half space H,. We consider L as a subalgebra of M,,(Q)
using the rational representation. Let I'(L) be the normalizer of L in the modular group I';. We
call L the Shimura type, because such varieties were studied by Shimura [Sh]. Then I'(L)\H(L) is
the associated moduli variety of Shimura type L. Moreover, we study the Satake compactification,
i.e. the closure A(L) of I'(L)\H(L) in the Satake compactification A, = Proj(A(Iy)) of I'y\H,.
Similar to modular forms we define modular forms of Shimura type L. The ring A(L) of modular
forms of Shimura type L defines the Shimura variety A(L) = Proj(A(L)) algebraically.

In the elliptic case the modulus 7 of the elliptic curve E; = C/(Z + Z7) is a (zero-dimensional)
Shimura variety, if E, has complex multiplication. In [Sh] Shimura gave a description of Shimura
varieties in arbitrary dimension using spaces of complex matrices H}, HZ and H3, and gave a
classification of the possible algebras of endomorphisms using sophisticated matrix calculations.
We use a real model of the Siegel upper half space to describe Shimura varieties more directly as
subvarieties of I'j\H,. This allows to classify the endomorphism algebras by a careful dimension
analysis avoiding matrix calculations. Moreover, the real (or algebraic) model behaves functorial in

a natural way with respect to morphisms of endomorphisms algebras.

For our purpose it turns out to be convenient to consider an algebraic model of the Siegel upper
half space. A period matrix 7 induces by

o
¥

an isomorphism
2
¢T :R°? — C*

and
M, = ¢;1ig,
defines the corresponding complex structure on R?9. As a matrix we have

<A 4
- = +pgT P a p
H,37=p+1 M=(pq_ TP ):( )
eI TEPTHEIEN = )
Proof. We have i = 7¢”! — pg~!, hence
i(z—7y) = (pg Py +qy —pg~'e) - 7(¢"'py — ¢ ')

O

The matrices M, are elements in Sp(2g,R) and satisfy I'I:f: = —M, = M,™!. Instead of M, we
furthermore define S, = —M,J and get an isomorphism of complex manifolds

H, = {Sr € Sp(2g,R); S; symmetric and positive definite }




2 Runge

In terms of matrices the bijection is given by
i +pg7'p pg!
Hy>r=p+i Sy = (q 5 &
5 P i ¢ 'p q”!

The proof is easy and therefore omitted. We call this the real (or algebraic) model of the Siegel
upper half space. The Rosati anti-involution restricts to an involution on Hj (in the standard model
T+ —771),

The group Sp(2g,R) acts on H, by

A B

_ -1 _
o<T>=(A7+ B)(Cr+ D)™ foro = (C D

) € 5p(29,R) and T € H.

This corresponds to the action
geM,=oM,o}

on matrices of type M, and
ago S-r = anﬂ't

on the real model. Remark that
ceM,=0S,Jo"! =08,0'J = (008;)J,

hence the actions are equivariant. We will freely use 7, M; or S, to denote an element of the Siegel
upper half space in the standard model or the real model. For our purpose the algebraic model is
more appropriate.

1

—— =1
One easily checks that for M, = ( _;;q_l q-:??p p) = (: ?) and for an element M =

(—AC _DB) € Matyy(Z) we have

M € End(A;) <= (A+7C)r =B +7D
= MM, =MM
< Aa— By =aA-(C
—Ca+Dy=v4A-46C
AB — Bé = —aB +BD
- CB+ Dé=—-vyB+46D

This leads to the following definitions for an algebra L C M,(Q)

H(L) = {r € Hy;IM, = M.l for.all l € L}
I'(L) = {0 € I'y;0L = Lo}
Moreover we consider the diagram -

P(L\H(L) < I,\H,
n n
AL) < A

where A(L) denotes the closure of I'(L)\H(L) in the Satake compactification Ay. We call A(L) the
Shimura variety of type L. We remark that H(M ) is H(L) for L = Q(M) in the new notation.
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It is proved in [R2] that the map L ~ I'(L)\H(L) is an equivalence of categories of admissible
algebras with Rosati-equivariant embeddings in M>,(Q) and irreducible varieties parametrizing
principally polarized abelian varieties with L C End®(A-).

Finally we give an application to the theory of Shimura curves and Picard varieties. For more defails
we refer to [R1,2].
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