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Zeta functions associated to certain families of real symmetric spaces
Hubert Rubenthaler (joint work with Nicole Bopp)

Université Louis Pasteur, Strasbourg

Let (Gr,Vr) be a real form of a prehomogeneous vector space of commutative
parabolic type. We suppose here that the connected group Gr has been choosen appro-
priately. Then it is known that the Gr-open orbits ; (i =1, ..., k) in VR are symmetric
spaces. This means that the generic isotropy subgroups H; of representatives of each £,
are open subgroups of the fixed point set of an involution o; (i = 1,..., k). Suppose that
there exists a continuous representation 7 of Ggr on a Hilbert space H such that 7 has
H;-invariant vectors for each ¢ = 1,..., k. In fact each such vector belongs to the space
(H~*°)H: of H;-invariant vector of the space H~*°, which is the anti-dual of the space
H™> of C*®-vectors of H.

Suppose that for any function f € S(VR) and for any v; € (H~>)": the following
integral converges:

Zi(f,mv) = /;}f(x):rr(:z:)v,-ds:.

This integral is an H~*-valued integral which makes sense since the vector v; is H;-
invariant. For v = (vy,---,w) € (H™®)H1 x (H~®)#2 x ... x (H~*°)H* one can now
define

k
Z(f!""—sy) — Z Zi(fzﬂ'rvi) .
i=1

Let f be the Fourier transform of f. At least for f € C®(UE_,, Q) results by Bruhat
indicate that there should be a functional equation of the following type:

Z(f,mv) = Z(fir@ x ™, A(v)),

where x is the fundamental character of the PV (Gr,Vr) and x™ is the module
of the Gr-action and where A = (A,;) is a k x k-matrix whose entry A;; belongs to
Hom((H )", (H™*)").

Our main theorem asserts that the preceeding fuctional equation is true for f in
the Schwartz space of Vg and for generic 7 in the so-called minimal principal series for
the symmetric spaces GG/H;. This series of representations effectively has H;-invariant
vectors for each i = 1,..., k. Moreover we have computed the matrix A, which plays the
role of a generalized gamma factor, in the canonical bases of the spaces (H~*°) given
by Van den Ban and Oshima.
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[1] J. Fornaess and N. Sibony: Classification of recurrent domains for
some holomorphic maps, Math.Ann. 301 (1995) 813-820.

[2] T. Ueda: Fatou sets in complex dynamics on projective spaces,
J.Math.Soc.Japan, Vol.46 (1994) 545-555.
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§1. PHEE.
(1-1) HHMARL A7 syz-ZMlicd 2848 P(t) = (¢, 2,t°) o< hgbxC L3 %:

C :={(t,t*,t*) e R’|t € R}

LT, C O&A P(t) TOBR L, 8%, TRATOATOEROMESE X LT3

X:=UL:

teR
rorE, X O,y z 2V TOFERXRERD L. (i3, EFARNER
¢ :Rlz,y, 2] = Rlt,u;z— t+u,y— t2 4 2tu, z — 2 + 3t3u

0%, Ker ¢ C Rlz,y, 2] DA FT7 V& LTOERTERD XK. )
(1-2) KEBRARL N RTHEZ LD ERBER

¥ : Rz, y, 2] — R[]

D%, Ker o) OERTERD L.

(08%) © — ty — 2z 12

(i) z — 12,y = 1%, 2 — 8¢

(%) z— 3yt 2z 5
(1-3) (1-1) ® Ker ¢ # Mathematica TR BiTid,
In[1]:= !

F={t+u-x, t\2+2tu-y, t"3+3t'2u-2z}

M={t, u x, ¥y, z};

GroebnerBasis[F, M]
Out[3]:=

{—3z2y2 + 4 + 42%2 — 6zyz + 2%, 2uy® + xy® — d2Pyz + 59z — 2u2? — 2a2%, —2uy? — ay® +
Qurz + 2222 — Yz, ury — T2y + 2y — uz — rz, 2ux? — 20 — 2uy + 3zy — z,u® — 2? + y,t +u — x}
(1-4) fedt: Rt u,z,9,2] DAFTH I = (t+u—mx,t? +2tu—1y, t3+3t2‘u-—z) D,t>u>c>y>z2
LLTEDERFREECETE /L7 F—RESHbEh, 8% o, y,2 LPEERY, —FIHOLSHER
BRHIDDTHS.

§2. BARUIER.
(2-1) # k EOZHEAR k[z1,...,2,] OHBERAOLELZY, LI, BECIEFEMTFS T &I EN=: 0 EFolN
Bhd. ez, > - >x, &THL,

z* =:‘Cr1ll ---ﬂfg" = a= (ah”'aau)
(2-2) MERNEFOER: K(z1, ..., T,] EOBMERIEARF 12, BHR 02,0 € ZL, O2EOKE EOBIE >,
R FERZELLT, 25, LOBBRTH-T, REWIETHOEE I:
(1) > 12 Z%, LORIERF (REEF) TH5. 32bb, £BO o,f € L3, EHLT, a>f,a= B,
Eiid, a > [ OVWTFhrD L2858 D L.
(2) a,B,7 €LY, KHLT, a>f=>a+7>f+7 L23. f
(3) > ix a well-ordering on Z%,. $4bb, 3 OETRAWEROEIREE > KRLT, B/t [
RO,

—d— Typeset by AmS-TEX



(2-3) (3) REBREFMETHS. Tz, (1, 2)0F, (3) & a > 0(Va € Z8,) £423.
(2-4) ##RIEFF (lexicographic order): @ = (a1,...an), = (B1,...,0s) € L, KHLT,

a>lez B BB 1L i <nBFEELT, a; > fi PERD j <i Tl T a5 = f;

TREEDNEF >, ZHFAEFLVS. THEREEIAEF L25.

(2-5) D BEERIEFOH & LT, REAHFHERIER, REMEHEREF, ... 2EXDHD.

(2-6) leading term DE#¥: HPEAMFEZVOL2EETS. e TRRAVWSEHR f = Y, 0.2 €
k[Z1,...,Za) EH LT, ag := max{a € Z%,|aq # 0} % f ® multidegree & XX, EDOH, an,z™° % f

@ leading term & XA T LT (f) &#&<.

§3. VL7 F—£I&.
(3-1) I # {0} 2BAFT N I Cklz1,... @] X LT, I @ leading term &0 d#H4% LT (I) &
&<

LT (I) := {LT (f)|f € I}
LT (I) ot TR Eh B FT7 % (LT (1)) L#<.
(3-2) v 7 r—HEOEH: VL OMEREFLERTS. A F7N I OBREIEE G = {g1,-..,9:}
IO FVTF—RETHD L, REWMETLEEXES:

(LT (g1), .., LT (ge)) = (LT (1))

(3-3) L7 F—HETIIRV: fi = 23-2zy, fo = 2?y—2y*+x LT3 L, lex order with z > y B L
TZD f1, foid (1, f2) OZVTF—EETERN. 25D, I 3 —y-(23—2zy)+z-(22y—20%+1) = 22
Kb, 22 € LT (I) C (LT (I)) #3, LT (f1) = 23,LT (fo) = 2%y ROT, k¥EEHNE 2° ¢
(LT (£1),LT (f2)) #3b#>5.
(3-4) £EXEHE: o TRARVWTRTOAFTN I Cklzy,...,z,) &, FVTF—RIE G 282, ¥k, ¥
LS F—REREOAFTARERTS: I=(G). O
(3-5) RBFZIZ LD LI LTKRDHDIP? ZOBEZDOVE2%5 % 505, Buchberger’s Algorithm: JE#
I B TE S,
(3-6) AL T F—REDER: SHAAFTTNIOIV T F—REC BENTHD 2ix, RO25&6:%ik
TEERES.

(1) £ D p € G izx LT, p @ leading term D#FENE 1

(2) FEDO pe G IZHLT, p DEDEDS (LT (G — {p})) icZ&Ehizv.
(3-7) M7V 7 F—HELO>WCOERE: I C k[zy,...,Tn] 2¥BTRBNAFTLETS., ZOLE, &
Z b HERNERF I T 5807 L 7 —RIESHE—OFET S
(3-8) HAEBTOEZL DHET RS FATR, FL7F—HEEOHE TR, #8007V 7 —REEZRDTNS.
(3-9) HHI7 L 7 F—REDIER: ERTOE X BRE2ODA FTABE LS E 5 BHB IR, ThEho
BV T F—RELZRDT, ZROEBRFELVWHAE S pEHRIUTZ IV

84, WHEEH.

(4-1) HEA FTADEHE: A FT NI C kT, ... ,25) KN LT, k[Tkst1,.. .1 Zn] OALFT N,
It =T VE[Bkggys o 5 T

I OBEBEEATTNLLEIE

(4-2) WEEE: I Cklzy,..., 70 Z2AF7ALL, G % lex order with zy > 25 > -+ > 2, IZHT3
I oXVTF—RELTE. Z0LE, 0<k<n22EED k 23 LT,

Gr:=GnN k[:ﬂk+1, v :In]
LB, G g, I OBk MWEATTN, It =INklzgs, ..., 2p) DFVTF—RELRS,
(4-3) (1-3) ofEFREATS L, lexwitht >u>a2 >y > 2 KELT, I ofMELAFTAL I, =
INR[z,y, 2] & Gy = {—32%y® + 4y® + 422 — 6zyz + 2%} V7 —KEiIz b .

§5. BE Liik.
[1] D. Cox, J. Little, D. O’Shea: Ideals, Varieties, and Algorithms, Springer U.T.M. , 1992
[2] R. Hartshorne: Algebraic Geometry, Springer G.T.M. 52, 1977
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1. Line congruence. We call a 2-parameter family of lines in 3-dimensional
projective space P® a line congruence (#3#). A familiar example is the normal
congruence consisting of normal lines to a surface in 3-dimensional Euclidean space.

Practically. a line congruence is given by a pair of surfaces {x(u.n).y(u.v)}
with common surface-parameter u and v. For each parameter. we associate the
line 7 joining two points z(w. v). y(u.v). and thus obtain a line congruence.

To study line congruence. it is customarily useful to choose two distingushied
surfaces called focal surfaces. Instead of recalling the definition, we give a systei
of differential equations on two unknowns z and y:

Ty, = MY Tuw = ax + by + cx,, + dy,
Yy = NY Yoo =z + by +cz, +dy,.

The two equations on the left say that the tangent line to the surface = along
v-curve is passing the point y and that to the surface y along uw-curve is passing
the point x. This property is equivalent to that the surfaces @ and y are focal
surfaces to the line congruence Ty.

The study of line congruence looking at this system was begun by E.J. Wilezyn-
ski in 1920s.

2. Examples. In this talk I explained my interest in line congruence in conection
with affine and/or projective differential geometry and hypergeometric systews.
Let me give two examples:

Example 1. Let f: M* — R? be an immersion of a surface M into the affine space
R3. The second fundamental form A in Euclidean sense is a conformal invariant
in affine sense. Assume that h is nondegenerate and choose affine coordinates so
that |det(h)| = 1. Then & = (Anf)/n. Ap being the Laplacian relative to h. is
called the affine normal and its differential in R3. Dx§& = —SX for any tangent
vector field X, defines an operator S of T, M at each point . The mean of its
trace H = tr §/n is called the affine mean curvature and the immersion for which
H = 0 is said to be affine minimal.

Like for minimal surfaces in Euclidean space. we have an integral formula,
the affine Weierstrass formula, describing affine minimal surfaces. Assume that h
is definite and let z be conformal coordinates relative to h: then. for each affine
minimal surface, there exists a holomorphic function w such that

f(z) = —% {m A-'ﬁ“f+f (w A dw —7T A :m)}



Then a rotation @ = iw defines another affine minimal surface:
i *
flz) = -1 {w AT — / (w A dw -7 A dw]} .

Tow surfaces f and f are focal surfaces of the line congruence f(z) f(2). Moreover,
the affine normals ¢ for f and € for f are parallel and the conformal structures
of both surfaces are the same. The case where h is indefinite is similarly treated.
Conversely. due to S.S. Chern and C.L. Terng. certain converse statement does

hold.

Example 2. The following system of differential equations is called Appell’s system
Eg:
0.0, +v—1)z —x(0 + 6, + a)(0: + 3)z =0,

0,00, + '}" —1)z—y(0, + 64+ a)(0, + ﬁ")z =,

where 0, = x0d/dx. 8, = yd/dy and «. . f'. 7. and 7" are complex parameters.
The number of independent solutions is 4. Choose a fundamental set of solutions:
say, z1..... z*. Then the mapping (x.y) — z = [z.....2*] into projective 3-space
defines an immersion of the surface parametrized by (x.y). Symbolically, let us
write this surface by z(A). where A denotes the set (. 3.0'.4.9"). Let us now
vary A to A’ by adding integer values to each component. We get a new surface
z(A"). Thus we obtains a line congruence z(A)z(A’). This congruence reflects
the symmetry of the system E, and it is called contiguity relations on one hand
and it provides on the other hand concrete examples of Laplace transformation of
surfaces. The latter was given by K. Okamoto and Y. Kametaka about ten years
ago.

3. Now we need to know how to solve equivalence problem of line congruences.
which principally is due to Y. Se-ashi: namely, how to give fundamental invariants
of line congruence in connection with classical results. Next we reformulate Laplace
transformation in a form desirable for line congruence. The theory of projectively
minimal surfaces and line congruence is promising for further study: several works
by Su Buchin are important and stimulating in this respect.

For details, refer to my notes: “On Line Congruence and Laplace Transfor-
mation.”

(1997.1.29)
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On a relation among minimal models

Daisuke Matsushita

For the study of singularity, it is important to construct “nice” resolution. Every kind
of surface singularity has the special unique resolution called minimal resolution, and
it is very useful for the studying of surface singularity. There exists many attempt to
enlarge this notion for higher dimensional singularity. and Minimal Model Program is
proposed.

DEFINITION. Let X be a germ of singularity. We call X is terminal singularity if
there exists a birational morphism 7 : ¥ — X which satisfies the following conditions:

(1) Y is smooth.
(2) Ky ~7"Kx + ZagE,' a; > 0.

Note that two dimensional terminal singularity is smooth.
DEFINITION. Let X be a germ of singularity. A minimal terminalization of X is a
projective birational morphism 7 : ¥ — X which satisfies the following conditions:

(1) Y has only terminal singularities.
(2) Ky ~7"Kx.

Minimal Model Program says that every kind of singularity has a minimal terminaliza-
tion, and it is proved for three dimensional singularity and toric singularity. A minimal
terminalization has same nice property of a minimal resolution of surface singularity, but
there exist many minimal terminalizations. In this note, we describe a relation among
minimal terminalizations of toric singularity.

THEOREM 1 Let X be an affine toric variety which has only Gorenstein singularities.
Then there exists a toric variety S C HilbP™ and an one-to-one correspondence between
a minimal terminalization 7y : Yy — X and a closed orbit of sy € S such that the fibre
é~1(s)) of the universal family ¢ : Z — S is not contained coordinate hyperplanes x; = 0
of P (20, -, Zn)-

We construct S as follows. From the assumption, we can write
X = SpecClo N Z"] o =Raxq
where A C R? is an integral polytope. Then we define
P, := P1oj @myo ClmA N Z°)).

Assume that n+ 1 = #(A N Z%). There is a natural embedding P — P". We consider
a diagonal action of (C*)"*! on P". and define

:= {closure of Ug(c+yn+: [tPa] in HilbP™}.



On singularities of isotropic submanifolds

S. Janeczko

Let

P = (T*X x T*R¥ njwpny — niwx)
be the product symplectic manifold. Let L € P be a Lagrangian submanifold transver-
sal to the fibers of T*(X x RV) — X x RV. Let S be a subset of T*X we define the
symplectic image of S

L(S) = {n € T*RN : 35¢5(p, i) € L}.
Now instead of L we consider the proper isotropic submanifold I[(za) = L N A, where
A ={@@Ep) : flgA) =0} € P,and f : X X RN — RF If L is generated by
(q,A) — G(g, A) and R" is zero section of T*RN the the pair (&, f) defines an isotropic
variety

[ EL,J\)(RN)

Any isotropic submanifold of T*X locally can be obtained in the above way. This
implies an appropriate equivalence relation in the pairs (¢, f). Classification of singu-
larities of the isotropic projections is going by the standard procedure.

Equivalences: (G4, f;) and (G4, f2) are called [—equivalent iff
G1oS = Gae JHGo fo) +&5  froE— f2€ (J(Ca, ),

where J(G, f) =< 3%] > Eom

Example 0.1 As— fype isotropic varieties -

INOA,

Glq,8,A) = F(q, A) + Bdet( (g, A).

These are sub-Lagrangian cone-like isotropic varieties with singularity set codimension

> 2. Normal form of AsDs isotropic variety in T*R*

G = Mg+ M+ A3+ g2A3 — gah1 — qada + B(6A] + 3g1A3 + gado — 2)7).



Example 0.2 C'— Lagrangian manifolds.

Consider I™ isotropic, I" = R" C (C*™, w), we have

TSN = Tpl 0 (iTp] ) = (Tp) O (Tl )™

Any real (1.e. Tyl = 0) isotropic (C'— Lagrangian) submanifold I™ C (C*" w) is locally

generated by F : C" x R" x C* — C.

F(q.8,A) = flg,A) Zﬂtgt 7, A

where [ is holomorphic and g; are real analytic, moreover {g; — 0} form a real hyper-

surface in the critical set . = {2L(q, \) = 0}.
A,

Assume mnk(gﬁ) = k, then in new variables

oG a6 acs
I ={(pq) € T*X : Ayepn,p = ——”(Q'U A 57(9.0,4) = 0= —
P el

(q,0,A)}.

Anv smooth isotropic submanifold-germ [ € T*X is expressed in the above form for
\ p g

some smooth generating family G. We call (7, ] — Morse family if the smooth map

(r
X xRN 3 (q,\) — (—(q,o,\ ¢ —(q,0,))) € R* x RV

ag A

is nonsingular on the stationary set XL = {(g, ) : %g(q.l]. A) = 0 = ?gfq.[l‘ A}

Quasicaustic Q(I) = nx () of G is defined as

Q(I) = {q: G(q, ®)has a critical point on {0} x R}




