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Characterization of right left equivalence
of smooth map germs

Takashi NISHIMURA
(Yokohama National University)

For the given two C* map germs f,g : (R",0) — (R?,0), let us consider the following
three conditions.

(i): f and g are right left equivalent.

(ii):

(iii):

There exist a ¢ diffeomorphic map germ s : (R*,0) — (R",0) and a C*° map

germ M : (R",0) — (GL(p,R), M(0)) such that the following (a), (b) and (c) are
satisfied.

(a): f(z)= M(z)g(s(z)),
(b): The C* map germ F' : (R x R”,(0,0)) — (R?,0) having the form

F(z,\) = f(z) — M(x)A
is a C'* trivial deformation of f,
(c): The C* map germ G : (R* x R?,(0,0)) — (R?,0) having the form
Gz, ) = g(z) — M~ (s7 ()
is a C*° trivial deformation of g.

There exist a (> diffeomorphic map germ s : (R",0) — (R",0) and a C* map
germ M : (R",0) — (GL(p,R),M(0)) such that (a), (b) of the condition (ii) are
satisfied.

In this talk, I will prove the following theorems 1 and 2.

Theoreml. Let f,g : (R",0) — (R?,0) be C*° map germs with rank zero. Then, the

conditions (i),(ii) and (iii) are equivalent.

We can see easily that in positive rank case the condition (iii) are not necessarily equivalent
to the condition (i). However, we have:

Theorem?2. The conditions (i) and (ii) are equivalent.

Mather’s classification theorem is a corollary of theorem?2.



ON (, SPACES

RAUNO AUALASKAR
(UNIVERSITY OF JOENSUU, FINLAND)

A new class of functions named (@),, has been recently introduced and studied by
several mathematicians. In the following we give some notations and define these
spaces.

Let A = {z: |2|] < 1} be the unit disk. Let p,(z) = {=% be a M—bius
transformation of A. By g(z,a) we denote a Green’s function log ]12_:3&;] of A with
logarithmic singularity at a € A.

We define the following spaces of functions analytic in A: For p > 0, we set

@ ={ 1350 [[ 17 Py dody < -]

ac
A
and
@po={1: i, [[17 P 0 dray o).
A
For p = 1, we know that ); = BMOA and Q; 0= VMOA. If p > 1, then @, =B

and Qp,0 = Bo , where

B={f:B(f)=sup(1- l2[)If'(2)] < 0}

and
Bo={/: lim (1~ [z)|f'(:)| = 0}

Now B is called the space of Bloch functions and Bj the space of little Bloch
functions. It is well known that BMOA C B and VMOA C By. For parameter
values 0 <. p < g < 1 the spaces have the nesting property

(i) Qp C Q, C BMOA,
(i) Qp,0 C Qq0 CVMOA
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and all inclusions are strict. Also some relations with classical function spaces are
known, for example,

B, C ﬂ Qp,0 for 2 < g < oo,

-2
1 q<p<1

where (analytic) Besov space By is

i f /A £ (L= |22)0=2 dedy < oo}.
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Isotopy invariants of discriminants of smooth stable mappings :Abstract
( on Febrary 18, 1997, at Dept. Math., Hokkaido Univ. )
Torn Ohmoto, Kagoshima University

Given a C™ mapping f from a closed surface Al to 2-plane, we let D{f) denote the descriminant set of
f. say the apparent contour of f . In this talk we are concerned with the topology of apparent contours and
shadows of f.

In Singularity Theory €™ maps f and g are called A-equivalent if there are a diffeomorphism o of the source
and a diffcomorphism 7 of the target such that goo = ro f. We define that fis O™ stable if all maps which are
A-equivalent to f forms an open subset of the mapping space M endrowed with Whitney topology. Now in our
case M = C™( M, F2), and a C™ stable map f : M — B can be characterized s follows . singularities of fare
only of type (1) fold, B2,0 — B?,0, (2, y) — (1, v) = (x2, ), (2) cusp 2,0 — B4 0,(x, y) — (u,v) = (x?—yr, y)
and (3) double fold ( bi-germ of fold types whose contours are transverse to each other ). Hence the apparent
contour of a €' stable map is a set of closed plane curves with finitely many cusp points and transversal double
points ( that is a generic plane front in the sense of Arnold [3] ). We say that two C'™ stable maps f and g
from M to 2 are isotopic if there exist a one parameter family Fi : M x [0,1] — R” such that (1) Fy is €
stable for each 0 <1 < 1, and (2) Fy = f and Fy = g. Obviously isotopic '™ stable maps are A-equivalent to
each other. Here we shall consider isotopy invariants of €™ stable maps.

Let T'is the subset of M consisting of all mappings M — P which is not ("™ stable. In particular, I
can be regarded as an infinite dimensional closed hypersurface in M. Furthermore, the 0-th cohomology group
HY(M — I';72) is nothing but the set of integer valued functions of isotopy classes of €™ stable maps. The aim
of this talk is to explain how to produce numerical isotopy invariants of C™ stable maps by using a certain
stratification of 1I'. The essential idea comes from recent works of Vassiliev, Arnold and Goryunov, which are
concerned with isotopy classifications of knots, generic plane curves and generic mappings from M into B [1],
(2], (3], [4]. In particular, the local invariants , which in the present talk we say Vassiliev type of order one,
are described in terms of 1-parameter bifurcations of multi-germs from 2 to [P?, whose shadows and apparent
contours are depicted bellow ( of. Rieger [5] ) . The generators of the submodule of H" (M — I'; Z) consisting
of all local snrariants can he dotormined by same ealenlation of the rohoundary aperatar of ™ Vassiliev cochain
complex” associated to multi-germs of A, -codim 1 and 2.

generic 1-parameter bifurcations of uni ( multi )-germs

KEFERENCES

1. V.A.Vassiliev,, Cohomology of knol spaces, Adv. Soviet math., Amer. Math. Soc. 1 (1990). 23-69.

2. V.LAmol'd. The Vasgiliev Theary of Diseriminats and Knots, First European Cong. Matli.. Birkhiiuser (1992), 3-29,

. Topological inveriants of plans curves and eaustics,, Univ. Lecture Ser. 5, Amer. Math. Soc. (1994).
4. V.V.Goryunov, Local invarranis of yeneric mappings from surfaces futo 3-spuce, preprint.

5. ).H.Rieger, Family of maps from plone o plane, Jour. London Math. Soc. 36 (1987). 351-369.
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Abstract

Let © be a domain in R"(n > 3), not necessarily bounded, with smooth boundary 9.
Consider the Navier-Stokes equations in  x (0,7) with 0 < T < o0:

g—?—Au+u-Vu+Vp=ﬂ nreN0<t<T,
(N-S) divu=20 inzeN,0<t<T,

u=0 on 91,

ull:ﬁ =a,
where v = u(z,t) = (u'(z,t),---,u"(2,t)) and p = p(z,t) denote the unknown veloc-
ity vector and pressure of the fluid at the point (z,t) € © x (0,T), while a = a(z) =
(a'(z),---,a™(z)) is the given initial velocity vector field. For simplicity, we assume that

the external force has a scalar potential and it is included into the pressure gradient.
We impose the following assumption on the domain ).

Assumption 1. (i) Q is the whole space R"(n > 3);
(ii) Q is the half space R} (n > 3);
(iii) Q is a bounded domain in R™(n > 3) with C**#(u > 0)-boundary 85;
(iv) Q is an exterior domain in R"(n > 3), i.e., a domain having a compact complement

R™\Q with C***(u > 0)-boundary Q.

Assumption 2. The initial data a = a(z) is in L2.

Qur theorem now reads:

Theorem 1. Lel the Assumptions 1 and 2 hold. There ezists a positive constant gg
such that if u is a weak solution of (N-S) in L>(0,T; L™) with the property

(0.1) Hpoup lu@)Ilz < [lu(t)ll: + €0 for ta € (0,T),

t—la—

then u is in C*(Q x (t. — p,t. + p)) for some pu > 0.



Corollary 1. Let the Assumptions 1 and 2 hold. Every weak solution u of (N-5) in
L(0,T; L") with the property (0.1) for all t. € (0,T') belongs to C*(2 x (0,7)).

Corollary 2. Let the Assumptions 1 and 2 hold. Suppose that u is a weak solution
of (N-8) in L®(0,T; L™). If the lefi-hand limit u(t. — 0) = lim¢—,, o u(t) ezists in L™ for
every t. € (0,T), then u € C*Q x (0,7)).

Let us consider another class of weak solutions. We denote by BV (0,T; L") the set
of all functions of bounded variation on (0,7') with values in L™. More precisely, u €
BV(0,T;L™) if there is a constant M such that the estimate

m
D lu(t;) = u(ti-1)lln < M
Jj=1
holds for all partitions 0 = tg < t; < +++ < tyu_1 <ty =T of (0,7). Then we have

Corollary 3. Let the Assumptions I and 2 hold. If u is a weak solution of (N-S) in
BV(0,T; L"), then u € C*( x (0,T)).

We shall next investigate how the L™-norm controls the breakdown of smoothness of
solutions. It was shown by Giga-Maiayaka and Kato that for every a € L7, there exist
T > 0 and a smooth solution u of (N-S) in the class

(0.2) u € C([0,T); L™).

It is also proved by Giga and von Wahl that every weak solution u of (N-S) in the class
(0.2) is regular.
Our characterization of singular time now reads:

Theorem 2. Let the Assumptions 1 and 2 hold. Let u be a weak solution of (N-S)
on Q x (0,T.) in the class (0.2). Suppose that T. is mazimal, i.e., u cannot be ezxtended
to any weak solution of (N-S) in C([0,T"); L™) for T' > T.. Then we have the following
alternative:

(i) limsup ||u(t)||n = +o0;
t‘-*T.—'O

or

(ii) There ewists the weak limit w-lim;—7,_ou(t) = ur, in L7 and u(t) — ur, oscillates
as t — T, — 0 with amplitude greater than ¢q, i.e. there holds

ltim sup [|u(t)|7 — [[ur.]lz > o,

— =

where £q is the same constant as in (0.1).




Existence and Behavior of Solutions for a Weakly Coupled
System of Reaction-Diffusion Equations
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We consider nonnegative solutions of the initial value problem for a weakly coupled
system
w = Au+|z|v?, zeRN.1>0.
e = Av + |z, x€ RV, t>0.
w(x.0) = uplx). rzeRY, (1)
v(x,0) = vglx), z € RN,

where N > 1, p. g2 1 withpg > 1 and 0 < gy < N(p—1). 0 <09 < N(g—1).
For given initial values (ug.vg). let T = T (uy. vg) be the maximal existence time of
solutions. If T = > the solutions are global. We put

_2p+1) j_2({;-%—1} 5 opto

_ o 5, = J14F 02
pg—1" pg—1" pg—=1 """ pg—=1"

"= {f € BC:€(x) 2 0 and limsup |z]|“E(x) < -x} .

far|—o0
I, = {{ € BC:£(x) > 0 and 11i12|11 inf |2|"¢(x) > G} ;
=00
and let S(1)€ represent the solution of the heat equation with initial value &(x):

St = ) [ e gay.
In the following we require
(o). volx)) € I x I™. (2)

Then problem (1) has a unigue. nonnegative solution (u(-. ). v(-.1)) € I% % I* at least
locally in time.
We can show the following four theorems.

Theorem 1 Assume max{ca+ 8.3+ 02} > N. Then T* < ~x for every nontrivial
solution (u(t),v(t)).



Theorem 2 Assume max{co + 8.3 + 62} < N. Suppose also one of the following
two conditions:

(i) ug € I, with a < a+48; or vy € I, with b < [+ by
(1) wplz) or wylx) 2 Ce o+l for some vy > 0 and some C > 0 large enough.
Then T™ < ~ for every solution (u(t).v(t)).

Under the condition max{w + &;.8 + 6} < N. we have p > 1+ (2 + a})/N or
q > 1+ (2+ 09)/N. In the following two theorems we only consider the case ¢ >
1+ (24 o2)/N. Similar results are also obtained when p > 1+ (2+ 0 )/N.

Theorem 3 Assume max{a +6;,4+ 62} < N and g > 1+ (2+03)/N. Let
(wg.vg) € I* x I" with a> a+6. b> 3+ 6. (3)
If luollsc.a + ||v0llsop s small enough. then T = oc and we have
u(z.t) < CS(t) < x>~ w(a.t) < CS(t) <z > (4)

in RY x (0.oc), where a < a and b < b are chosen to satisfy

&+2+O’1
P

a+6 <a<min{N.Np-2-a}, <b<ag—2-a. (5)

Theorem 4 Let (u(t).v(t)) be‘ the above global solution of (1).
(i) If we can choose a =a [or b =0 < N] in (4) and if

| llim |2|"up(z) = A >0 [or I_Ilim |#|"vg(z) = B > Ol . (6)

then
142 |u(x, t) — AS(t)|x|™*| — 0 [m' t"2|v(z.t) — BS(t)|z|~b| = 0] (7)

as t — oo uniformly in R_‘V.
(ii) If we can choose b > N in (4). then

g2 1'0[::'..1} - M{47rt)_'\’ﬂe'L'"I!/“" — 0 ast— ¢ (8)
uniformly on the set {x € RV;|z| < Rt'/?} (R > 0). where
a0
M =/ wo[:r.)d:r+] / || u(z. t)Tdadt < . (9)
R 0 JRN

As for details. see Mochizuki-Huang: Preprint of the same ftitle.
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§1 Introduction

Sobolev 22/ H(R7) = H'(R3;C™) (n > 2, m > 1) L®D 2 XkEX
afu] = Z / { 1-‘“3,,,u a"’:")(!" dx
jk=1
REZXD. B A* e Mu(R) (m REEHTTH) BEET, (A-’") =AM (1 < Vj, k <n) 253HH%
b, C" OMHSZEM V,:=C™ cC™, Vo:=Vi=C™ (0<m <m=my;+my) KHFLT
(A1) a[Jyu] > 1|V ull?,  a[Jou] € —ea||[Vdoul* Vu € HY(RY)

M- Tbo0ET S, ZIT, ||°“ i IR::_ o L?/JV-&, C1,Ca iiiEEﬁl’i‘ﬁL. J1 = IV|$OV=, Ja =
Ov,®Iv,. SO2XRERIR, KOV »HENTEZ OGN BHRMMA {A(D;), B(D:)} EH5 .

Al)= Y A*ag, BE)=- Y A"ig  for £= (&) ER".
Jk=1 k=1

IokE, (Al) LW ROFHDEHIND
(A.0) A@)ly, 2 alEP Iv,, A@)y, < —calél Iv, YEER™
M, EBEOEFNELTH, n=3 LT, m=m; =3 OHEVHEEOFRERCHIEL, (my,m2) = (3,1)
OHEVEREDHIEXCHIET 5.

BT, YUuHFN {A@E),BE} R, =) LN neR* ENT A5 T D ¢ DFVNEER L A%
TIEREIDRDOFEIND .

L(¢)=C" 4+ (CT*+ C¥)(+ C¥¢*, N(Q) =—i(C*™ +C*),

TIT, CF e Mu(R) (G k=1,2) & () =CY wiliizy. £7:, ko (A1), (A.0) KT 554
RELENR
(H1) (] > & (Dl +Vul?), (o] < —é(l|J2ull® + IVIu]l®) Ve e H'(Ry)

with ([u] = f:: {{((C™ + C"D)u, u) + ((C* 4+ C*D)u, Du)} dz (D = %di) :

(H.0) c?|,, >0, €%y, <0, L@y, >0, LK)|y, <0 Y eR
Eunh. —F, FASEROBRIC LI, Lo L) KM LTRORESHERIMONTYS . C2 >
O, L) >0V eR %6,
L(¢) = (I¢ - A" )C®(I¢ - A) (¢ DBFRELT), o(A)CTy
22T A€ M, (C) O—BWICTFET 2. CORBGHRER LR (HO) H50vid (H.1) 2EUHEICE

THRL, ThxEBAROFERX (S TRETHABEDHHEXO HHEMB) IKGHLZw.
*WAGHIEKZE, E-mail: itoficocktail.cas.uec.ac.jp




§2 AEETIIZEXDOMIFE R AAE
(H.0) #IRET .
VeeR

(i) P> O (P € Mn(R) KHLT {k €R; det(L(¢) — kP) # 0} D0 2 FLMEHSE Kp (£ 0) T
3. SOLE, VeeKp KILT, REMAT Agx € Mp(C) BRLLE—DFET 5 -

L(¢) — &P = (I¢ = AL)C(IC - As), o(As) C Ty

BT, A itk K2WT, Kp LTHEBRITN, Kp LTHEBELS.
(ii)ke Kp KA LT
T, :=—i (C:l +C®A;), H,=ReT,
Lo, T R VI— 75, He BERHITFTIELSD. k€ Kp %5, H & (EREZRAD
T) my BOEQOBEHMEE m, MORAOEAME 2. B (H1) 2EET I Tp i (EREEAD
T) my WMOEOBEEFMEE m, MORDEHMEE b 2.

§3 EBHIKHHEXOBBREENDICH

(A.1) #EEL, {A(D:),B(D:)} BLU {A(D:),J1B(D:) + J2} KHT 2 ERGRERHERO HHE
itk (= Rayleigh #) K2oWTEE%17). LORUSHRER L fiv il Rayleigh HORFAX bH LMD
A, TITRED (B oxEET S, UTHEDLYD

Bi(D:) = B(D:),  Bu(D:)=JB(D:)+Ja
LBx, ehFntype | T LR LT 5. (ERGOFERNTRES S OMRALRMA DA LER.)
Vn €S"2C OR: *EEL, u=u(t,z) 7 OR} KittoT g HRAK{EMT 2 EBHAE Rayleigh i (8
Bk>0) ThdE, ult,z)=c*r="=)fka,) (f £0, f(+00) =0, ¢ > 0: {EHLERE) % 2% b 5,
(/187 + A(D:))u=0 in RxR}, B/(D:)u=0 on RxIR} (¢=1Iorl)

DBEL>TWEEERW), TOLE {c,f} O (k IKIZESL%ZW) % n FED type ¢ D Rayleigh
pair LIER. n HEOBRERE c (n) % L) = A(nC) A EED sup Ky, > 0 DEDFHRTED,
0<c<eL(n) (BEER) KBWT Rayleigh BAMTHEEDH 2 0% TO N(nic) EAVTESRL ).

Ne(mie) :i=dim{f; F=0 7243 {c,f} #* 9 58O type ¢ @ Rayleigh pair},

T Tl:) ] mi

Ti(n;c) == [L((,')-—-A(q,(], P=J, Kxit 5 §20)Tca] = (T T
21 1aa

Jma’

T — Ti2T5 Ty iTiaT5'
Tulmiry = ( —iTH' Ty T3

rEDNE, EROBESHRERLXFIATAILICLD, ROFRERTIENTE S,

) , Ti(mie) := T = Ti2T5' T

(i) Ne(mc) =dimkerT,(n;c) for 0<c<ecn(n), e¢=L 1L
) Y Nlme) = Ti(m;cL(n) PROEFHMOBEHK < [m, /2] ife=1,
0<e<er(n) YT Tu(m; en(n)) PRDEFMNMEHK < min{|m/2], m;} ife=1L.
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