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Go- GEOMETRY IN CONTACT GEOMETRY OF SECOND ORDER
KEIZO YAMAGUCHI

ABSTRACT. In [13],[14],[15], we formulate the contact equivalence of systems of second order
partial differential equations for a scalar function as the Contact Geometry of Second Order
or as the geometry of PD-manifolds of second order, generalizing works [3], [4] of E.Cartan.
Especially, in [13], generalizing the famous Go-models in [3], we observed, for each exceptional
simple Lie algebra X,, we could find the overdetermined system (A,) and the single equation
of Goursat type (By), whose symmetry algebras are isomporphic with X, and formulated this
fact as the Ga-geometry. The main purpose of the present paper is to construct the (local)
models for overdetermined systems (Ay) explicitly for each exceptional simple Lie algebra and
also for the classical type analogy for BD type. We will also give parametric descriptions of the
single equation of Goursat type (By). Our constructions are based on the explicit calculation,
in terms of Chevalley basis, of the structure of the Goursat gradation of each exceptional simple
Lie algebra and each simple Lie algebra of BD type.

1. INTRODUCTION

In his famous “Five variables paper [3]”, E. Cartan investigated the (local) contact equiva-
lence and integration problems of two classes of second order partial differential equations for
a scalar function in two independent variables, following the tradition of geometric theory of
partial differential equations of 19th century. One class consists of overdetermined systems,
which are involutive, and the other class consists of single equations of Goursat type, i.e.,
single equations of parabolic type whose Monge characteristic systems are completely inte-
grable. In fact he reduced the contact equivalence of each class of second order equations to
the equivalence of differential systems ( or Pfaffian systems) on 5-dimensional spaces of rank
2 and 3 respectively. In generic cases he exhibited that the equivalence of differential systems
on 5-dimensional spaces of rank 2 and 3 are Parabolic Geometries of Gao-type (see [14], [15]).
Especially, as the flat models of these Parabolic Geometries, he found out the following facts
in [3]: the symmetry algebras (i.e., the Lie algebras of infinitesimal contact transformations)
of the following overdetermined system (A) and the single Goursat type equation (B) are both
isomorphic with the 14-dimensional exceptional simple Lie algebra Gb.

(A) 9%z 1[0z K %z 1[9% 2
ox2 3 \0y2) = oxoy 2\0y2)
(B) 9r? + 12t*(rt — s°) + 32s® — 36rst = 0,
or in parametric form
L
r=as+ —-a
6
1
s =at — —a’.
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where
02z 02z . 02z
"7 o2 S_axﬁy’ COy?
are the classical terminology.

In [13], we formulated the contact equivalence of second order partial differential equations
for a scalar function as the Contact Geometry of Second Order (see also [14], [15]) and we
observed, for each exceptional simple Lie algebra X,, we could find the overdetermined system
(A,) and the single equation of Goursat type (By), whose symmetry algebras are isomporphic
with X, and formulated this fact as the Gy-geometry. We will first recall this observation in §2.

The main purpose of the present paper is to construct the (local) models for overdetermined
systems (Ay) explicitly for each exceptional simple Lie algebra and also for the classical type
analogy for BD type, which will be carried out in §3 and §4. We will also give parametric
descriptions of the single equation of Goursat type (By) in §5.

See [8], for the recent development of this subject. In contrast to [8], our emphasis will be
laid on the role of the structure of Goursat gradation of each exceptional simple Lie algebra or
of each simple Lie algebra of BD-type. Throughout this paper, we follow the terminology and
notations of our previous papers [12], [13], [14] and [15].

2. (G3-GEOMETRY

2.1. Standard Contact Manifolds. Let g be a finite dimensional simple Lie algebra over C.
Let us fix a Cartan subalgebra b of g and choose a simple root system A = {aq,...,a,} of
the root system ® of g relative to h. Each simple Lie algebra g over C has the highest root
0. Let Ay denote the subset of A consisting of all vertices which are connected to —# in the
Extended Dynkin diagram of X, (¢ = 2). This subset Ay of A, by the construction in §3.3
[12], defines a gradation (or a partition of ®T), which distinguishes the highest root #. Then,
this gradation (Xy, Ag) turns out to be a contact gradation, which is unique up to conjugacy
(Theorem 4.1 [12]). Explicitly we have Ay = {aq,ay} for A, type and Ay = {ay} for other
types. Here ay = as, aq, as for By, Cy, D, types respectively and ay = aw, aq, ag, aq, ag for Gg,
Fy, Eg, E7, Eg types respectively.

Moreover we have the adjoint (or equivalently coadjoint) representation, which has 6 as the
highest weight. The R-space J; corresponding to (X, Ay) can be obtained as the projectiviza-
tion of the (co-)adjoint orbit of the adjoint group G of g passing through the root vector of
. By this construction, Jy has the natural contact structure Cj induced from the symplectic
structure as the coadjoint orbit, which corresponds to the contact gradation (X, Ag) (cf. [12],
§4). Standard contact manifolds (J;, Cy) were first found by Boothby ([1]) as compact simply
connected homogeneous complex contact manifolds.

For the explicit description of the standard contact manifolds of the classical type, we refer
the reader to §4.3 [12].

2.2. GG-geometry. Let (Xy, Ay) be the (standard) contact gradation. Then we have Ay =
{ap} except for Ay type (see above). As we observed in §6.3 in [13], for the exceptional simple
Lie algebras, there exists, without exception, a unique simple root ag next to ay such that
the coefficient of g in the highest root is 3 (see the diagrams below). In the classical cases,
the pair {aj, a3} of simple roots plays the role of ag in BD, type. We will consider simple
graded Lie algebras (Xy, {ag}) of depth 3 and let m = g_3® g_» @ g_1 be its negative part.
We will call this gradation m = g_3 @ g_» @ g_1 the Goursat gradation of type X,. Moreover
we will show that regular differential systems (X, D) of type m satisfy the conditions (X.1) to
(X.3) in §4.3 [14] so that we can construct PD manifolds (R(X), D%, D%) from (X, D). Our
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model overdetermined system (A;) will be the PD manifold of second order constructed from
the standard differential system of type m, where m is the Goursat gradation of type X,.

Explicitly we will here consider the following simple graded Lie algebras of depth 3: (G2, {a1}),
(F4’ {QQ})a (E67 {a4})7 (E7v {043}), (E8> {a7})7 (Bf’ {a17a3}) (f z 3)7 (Dﬁa {al>a3}) (6 2 5) and
(D4, {1, as,a4}). These graded Lie algebras have the common feature with (Ga, {a;}) as fol-
lows: The Goursat gradationm = g _3®g oPg 1 satisfiesdimg 3 =2 and dimg_; = 2dimg_».
In fact, in the description of the gradation in terms of the root space decomposition in §3.3
[12], in each case, we can check that ®3 = {#,0 — ay} such that the coefficient of ay in each
B € ®F is 1 and ®] consists of roots § — 3, § — ap — 3 for each 3 € &5 (see §3 and §4 for
detail). Hence, ignoring the bracket product in g_;, we can describe the bracket products of
other part of m, in terms of paring, by

g 3=W, go=V and g1=WeV"

where dimW = 2 and dimV = s. Here s = 1,6,9,15,27,2¢ — 4 or 2¢ — 5 corrresponding to
X[ = G27 F47 E67 E77 E87 B@ or Dﬁ-

Extended Dynkin Diagrams with the coefficient of Highest Root (cf. [2])

2 2 2
1 O —O——_>O
az ap_1 oy
al
By (g > 2)
—0
2 2 Q-1
1 1
Qg a2
(63} oy
D, (f > 3)

-0 o1 a2 a3 o4
Fy
2 3 4 3 2 1 3 2
O&0—O0
—0 a1 a3 oy as g Qr a1 az —0
a2
Er G
2 4 6 5 4 3 2
a; a3 a4 as  og 7 ag —0
a2
Eg

Thus let (X, D) be a regular differential system of type m, where m is the Goursat gradation
of type X,. Then (X,dD) is a regular differential system of type c¢!(s,2), where ¢!(s,2) =
goPBg1,92=W,g1=VW®®V* is the symbol algebra of the canonical system on
the first jet space for 2 dependent and s independent variables. Namely, there exists a coframe

{1, @, Wi,y Wey Ty, s, ... w5} around o € X such that
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and
{dwlzﬂ/\wljt---%—ﬁf/\ws (mod  wy, wy)

doy =Ty Awp + -+ 75 Aw, (mod @y, wy)

Thus (X, D) satisfies the conditions (X.1) to (X.3) in §4.3 [14]. Hence we can construct the
PD manifold (R(X); D%, D%) as follows: Let us consider the collection R(X) of hyperplanes
v in each tangent space T,(X) at € X which contains the fibre dD(z) of the derived system
0D of D.
R(X)=|J R, CcJ(X,3s+1),
zeX
R, ={v € Gr(T,(X),3s+1) | vDdD(x)} 2 P(T,(X)/0D(z)) = P

Moreover DY is the canonical system obtained by the Grassmaniann construction and D% is
the lift of D. In fact, DY and D% are given by

Dx(v) = p, "' (v) D Dx(v) = p. ' (D()),
for each v € R(X) and = = p(v), where p : R(X) — X is the projection (see §6.2[14] for the
precise argument).

Remark 2.1. Let ¢!(s,t) =g o® g1, 9 2=W,g_1 =V ®W ®V* be the symbol algebra of
the canonical system on the first order jet space for ¢ dependent and s independent variables,
where t = dim W and s = dim V. Let (Y, C) be a regular differential system of type c'(s, ). Let
F(y) be the subspace of C(y) corresponding to W @ V* under the symbol algebra identification
at y € Y. Then, when t = 2, F is well defined subbundle of C' (a covariant system) and (Y, C)
is isomorphic with the canonical system of the first order jet space if and only if F' is completely
integrable (see Proposition 1.5 [10]). Moreover, when ¢ 2 3, F' is always completely integrable
(Theorem 1.6 [10]). So ¢!(s,2) case is very special and the Goursat gradations give special
structures for F' = D such that C' = dD.

Moreover, when (X, D) is the model space (Mg, Dy) of type (X, {ag}), R(X) can be iden-
tified with the model space (Ry, Ey) of type (Xy, {ag, ag}) as follows (here, we understand og
denotes two simple roots «; and ag in case of BD, types and three simple roots aq,a3 and ay
in case of Dy): Let (Jy, Cy) be the standard contact manifold of type (X, {ag}). Then we have
the double fibration;

Ry, —— J,

M,

Here (X, {ay, ag}) is a graded Lie algebra of depth 5 and satisfies the following: dimg_ 5 =
dimg 4, =1,dimg 3 =dimg o = sand dimg_; = s+1. In fact, comparing with the gradation
of (Xy,{ag}), we can check that ®F = {0}, ®F = {0 — ap}, ®T = &, & consists of roots
0 — 3 for each B € ®F and ®F consists of roots ag and 0 — ay — B for each § € ®F (see
§6.2 [14] for BD,-type). Thus we see that ®E, = (7.)7}(C,), 0P E, = (7,);'(0D,) and
OE, = (my)71(D,). We put D! = 0® E; and D? = 0F,. Then (Ry; D!, D?) is a PD manifold of
second order. Tn fact, we have an isomorphism of (Ry; D', D?) onto (R(M,); Dy, , D3, ) by the
Realization Lemma for (Ry, D', 7,, M,) and an embedding of R, into L(.J;) by the Realization
Lemma for (Ry, D? 7., J;). Thus R, is identified with a R-space orbit in L(J;). Moreover,
putting C* = 98 E; and N = 0P E,, (Ry; C*, N) is an IG-manifold of corank 1, which is the
global model of (W;C*, N) below.

Let (X, D) be a regular differential system of type m, where m is the Goursat gradation of
type Xy. Then (X, 0D) is a regular differential system of type ¢!(s,2). Hence, from (X,9D), we
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can construct an IG manifold (W (X); C*, N) of corank 1 and a PD manifold (R(X); D%, D%)
of second order of Goursat type as is explained in §5 [13] or Theorem 6.1 [15]. Thus, from the
standard differential system of type m, we can obtain the single equation of Grousat type (By)
as in §5 (see Remark 6.2 (1) and §8.3 [15] for BD,-type).

2.3. Goursat gradations of Exceptional simple Lie algebras. Let m =g 3®bg o®g_1 be
the Goursat gradation of type X,, where X, is one of the excetional simple Lie algebra. In order
to obtain the structure of m, we will first check, in each case in §4, the following description in
terms of the root space decomposition of m:

@;:{870—0[9}, @;:{617"‘7/68}’ (I);r:{0464‘717---7@6+%a71,---7’73}-
where 0 — (2ay + 3a), Bi — (g + 2a) and 7; — ag are spanned by simple roots other than ay
and ag of Xy such that 0 =8, +ap+v (i =1,...,9).

Then we will calculate the structure of m explicitly by use of the Chevalley basis of X,. By
adjusting the Chevalley basis (especially, for Fg, 7, Eg, by changing the orientation of Chevalley

basis) suitably (see §4 for detail), we obtain the basis {W1, Wa, Z1,..., Zs, Y1, ..., Y, X4, ..., X}
of m satistying the following:

g-3= <{W17W2}>a g2 = <{Z1a"'7Zs}>7 g1 = <{}/1""7Y9)X1)"‘7X8}>
such that

In these basis, we calculate [X;, Y] for 1 < j, k < s in §4.

3. CLASSICAL CASES (BDy-TYPE)

The structure of the Goursat gradation m of type BD,,
m=g 3Dg2Dg

is given by the following brackets among the basis {Wy, Wa, Z1, ..., Zp11, Y1, .o Ypir1, X1, oo, Xpia }
of m;

g3 = <{W1, W2}>, g2= <{ZL Sy Zp+1}>a g1 = ({Yh e Yo, X, 7Xp+1}>
such that

(3.1) [Z,Y)]=0Wh, [Z, X;]=06Wa,  [Xi, Yl =0271, [X1,Yi] = [Xe, Y] = Z,

[XHX]]:[Y;?Y;]:O (1§Z>]§p+1>2§k7k17k2§p+1)7
In fact we obtain these relations through the matrices description of the Goursat gradation of
o(p+3,3) (see §6.2 [14] and §8.3 [15]). The following differential system (X, D) on X = C3*>
describes the standard differential system of type m

D:{TDl:WQ:wl:"':wp_H:O},
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where
( p+1 p+1

w =dwy — (21 + 3> aeye) dyy — Y {2k + (@ + 21yn)} dy,
=2 k=2
p+1 p+1
@y =dwy — (21— § Y awye) der — > {2k — F(wxun + z1ye) } da,
=2 k=2
p+1
w; = dz; + % Z(yk dxy — k. dyy),
k=2
( Wi, = dzp, + %(yl dxy, — xp dyr) + %(yk doy —xidyg), 2=k=p+1).

and (w1, Wa, 21,y Zp1, Y1y« -+ Ypt1s L1 - - -, Tpi1) 18 & coordinate system of X = C**+°, In fact
we have

dwy = dyy ANwi + -+ + dyp1 AWy,

dwy = dxy Nwy + - -+ + dxppr A wpyr,

dwy = dys Ndxg + -+ - 4+ dypi1 A dzpys,

dwy, = dyy Ndxg +dyy Ndey 25 kS p+1),

(3.2)

which is the dual of (3.1). In particular, we have
(9D:{W1:WQ:O}

Now, utilizing the First Reduction Theorem, we will construct the model equation (A) from
the standard differential system (X, D) of type m constructed as above, which is the local
model corresponding to (BDy, {a1,a3}). Asin §2.2, (R(X); DX, D%) is constructed as follows;
R = R(X) is the collection of hyperplanes v in each tangent space T,(X) at z € X which
contains the fobre 0D of D.

R(X)=|J R. C J(X,3p+4),
zeX

R, ={v € Gr(Ty(X),3p+4) |vDID(x)} =P,

Moreover D! is the canonical system obtained by the Grassmaniann construction and D? is the
lift of D. Precisely, D! and D? are given by

D'(v) = p;*(v) D D*(v) = p; (D(2)),

*

for each v € R(X) and = = p(v), where p: R(X) — X is the projection.
We introduce a fibre coordinate A by w = w; + Awy, where

D'={w=0} and 0D = {w, = wy = 0}.

Here (wy, wa, 21, -« s Zp1: Yty - -« s Ypt1, T1s - - - Tpi1, A) constitute a coordinate system on R(X).
Then we have
dw = (dyl + )\d.’El) ANwy~+ -+ (dyp+1 + )\dZEp_H) A Wp+1 + d\ N wa,
Ch(Dl):{w:w2:w1:---:wp+1 :dy1+)\dx1 :--~:dyp+1+)\dxp+1:d)\20 },

DQZ{w:w2:w1:...:wp+1:O} and aDQZ{w:”(,T/'Q:O}_



Thus (R(X); D', D?) is a PD-manifold of seconod rder. Now we calculate

w = wy + Awy
p+1 p+1

= dwy — (214 5 > o) dyr — > {2 + 3(@syn + 21ue) } dyi,
=2 k=2
p+1 p+1

+ Mdwy — (21 — %Zxkyk) dr; — Z{Zk — %(xkyl + zyx) } day ),
=2 k=2

p+1 p+1
= dw1 + )\dwg — (21 + % Z .Clﬁkyk) (dy1 + )\d.iEl) — Z{Zk + %(Ikyl + xlyk)} (dyk + )\dxk)
k=2 k=2
p+1 p+1
+ )‘{(Z Tryr)dry + Z(ka + 21yx)day }
k=2 k=2
p+1 p+1
= d(wy + Mws) = (21 + 5 Y wyn) d(yr + Aen) = > {2+ (g + 2ayn) ) dlys + Aa)
K=2 k=2
p+1 p+1
—{wy — (21 + 3 Zib“k:yk) Ty — Z{Zk + %(xkyl + @1yx) } 2p A
k=2 k=2
p+1 p+1

+ )‘{(Z Tryr)dry + Z(xk?h + 21yx)dxy }
k=2 k=2

Moreover we calculate

p+1 p+1 p+1

)\{(Z Tryk)dry + Z(%yl + T1y)drg ) = Z{)‘ykd(xl T)) + %)‘yld<xk)2}
k=2 k=2 k=2
p+1
= Z{d()\azlxkyk + Ixxiyr) — wizpd(Ayr) — Sznd(Myn)}
k=2
pt+1
= Z{d()\xlxkyk + %/\xiyl) — (z12RyK + %xzyl)d)\ — \r1xpdy, — %/\xidyl}
k=2
pt+1
= Z{d(/\xﬂkyk + %/\xiyl) — (128K + %xiyl)d/\
k=2

— A2 d(yr + A\xg) — %)\xid(yl + Ax1) + Azyzrd(Axy) + %)\mid()\xl)}
p+1
- Z{d()wwwk + %)\:Biyl + %)\2931172) — (z1xpyr + %:Uiyl — %)\xlzi)d)\
k=2
— Azizpd(y, + Azg) — $Azd(yr + Azq)}



Thus we obtain
p+2

@ =dZ — PdX, — ) | PudX;
k=2
where
(7 = wi + Aws + Az P a1 Zig i) + A% 1 Sptl a,
P =w,y — p+11 T2 — —)\xl ZZJF; x%,
Py=2z1+3 ZPH TrYk + )\ ZT; Tl
Pry1 = 2z + Q(xky1 + $1yk) + Az, 2=k=p+1),
X, = A,
| Xit1 =y + Ay (1=izp+1).
Thus

p+2

={dZ - PdX;=0},
=1

and (X1, ..., Xp12,Z, P1, ..., Pyio) constitutes a canonical coordinate system on J = R(X)/Ch (
Putting z; = a;, we solve

’A =X g =X ek (1SiSptl)
=P — Pt akXpr,
zE = Pk+1 - §(akX2 + ale+1) 2=k=p+1),
wy = P + CL1(P2 1 (. Qa‘ka+1)
+ ak{PkJrl - -(@kX2 + ale+l)} + @1 pH ap X,
=P+ Zk:l T 2a1 Zi% ap X 2 er; ap X Zk:2 a1 Xpt1-

Then we calculate

\

( p+1 p+1
w =dPy+ 3 Y apdX; =Y apdXy,
k=2 k=2
Wg = de+1 + ajag Xm — Q dXQ — ka+1 (k‘ = 2, RN V) + 1),
(33) p+1 p+1 p+1 p+1
Wy = dPl + ZadekH + % Z alai Xm — %Z (I% dX2 — Z a1ag ka+1,
k=2 k=2 k=2 k=2
p+1 p+l p+1 p+1
= Z apwy + dP; — Z ami dXq + % Z ai dXy + Z ayay dXpiq.
\ k=1 k=2 k=2 k=2

This implies R(X) is given by the following %(p + 1)(p+ 2) + 1 equations;
Py =0,Pj=06;Ps (3=4,j=p+2),

p+1 p+1
P112P33ZP22,I<:+17 PIQZ_%ZPQQJH—D P17k+1:_P33P2,k’+1 (2§k§p+1)7
=2 k=2
in terms of the canonical coordinate (Xy,..., X490, 2, P1, ..., Pyyo, Pi1,..., Pyiopyo) of L(J).

DY.



4. EXCEPTIONAL CASES

Let m = g_3®g_o®g_1 be the Goursat gradation of type X, where X, is one of the excetional
simple Lie algebra. As in §2.3, we choose the basis {Wy,Wa, Zy,..., Zs, Y1, ..., Y, X4, ..., X5}
of m satisfying the following:

g-3= <{W17W2}>a g2 = <{Z1a"'7Zs}>7 g1 = <{}/1a"'7Y97X1a"'7X5}>
such that
[Zz‘7yj] = 5;-W1, [Zian] = 5§W2 [Xi»Xj] = [Yian] =0 (1 < (%] < 3)

Utilizing the bilinear forms f;(z1, ..., x5 y1,...,ys) fori = 1,..., s, which describes the brackets
[X;, Y] (see the following subsections), we can describe the standard differential system of type
m as follows: Let (wy,ws,21,..., 25, Y15+, Ys, X1, ..., Ts)be the linear coordinate of X = m
given by the above basis of m. Then (X, D) on X = C*%2 describes the standard differential
system of type m

D:{WIZWQZWIZ"':WSZO}7
where ) ,
w1 = dw1 — Z(ZZ —+ %fz) dyi, wWo = dwg — Z(Zz — % z) dl‘l
i=1 i=1
and

w; = dz; — %{fi(xk,dyk) — fildzk, yx) } (i=1,...,s).
In fact we have
dw; = —f;(dx; N\ dyy) (1=1,...,s)
and we calculate

dwl = Z dyl A\ (de + %dfz) = Z dyz A Wi + Z dyl A\ fz(xk, dyk),
i=1 i=1 i=1

dwoy = Z dz; A (dz; — dfi) = Zdl'z' N wi — Zdl'i A fildzy, yr),
=1 =1 =1

Then, from > ., dz; A fi(dey,yi) = 0 and D>, dy; A fi(xy, dyg) = 0 (see below), we obtain
dwy = dyy Nwy +dys AN wg + -+ 4+ dys A ws,
dwy = dxy ANwy + deg Awy + -+ - + dxg N w,
which describes the structure of m. In particular, we have
0D = {w; = wy = 0}

By the First Reduction Theorem, as in §2.2, our model overdetermined system (R(X); D}, D%)
is constructed from (X, D) as follows:

R(X)=|J R, C J(X,35+1),
rzeX
R, ={v € Gr(T,(X),3s+1) |vDID(x)} = P!,
Moreover D% and D% are given by

Di(v) = p;'(v) D D (v) = p ' (D(2)),
for v e R(X), x = p(v), and p: R(X) — X is the projection.
We introduce a fibre coordinate A by w = w; + Awy, where

D'={w=0} and 0D = {w; = wy = 0}.



Here (wy,wq, 21, ..., Zs, Y1, - -, Ys, T1, - - - , Ts, A) constitutes a coordinate system on R(X).

Now we first observe, in each case, that f;(zg, yx) is symmetric in z; and yy, i.e.,
filz1, . xs,y1, oy ys) = filva, oo ys, @1 ... @) for e =1,... s and put

S wifi=2) vig
=1 =1

where g;(i = 1,...,s) are quadratic polynomials in z1, ..., .
Then we can check in each case

gi(@1, ... xs) = s filwr, . @, 21, ), Zfidxi = Zyidgi and Zgi dz; = dg,
i=1 i=1 i=1

for a cubic polynomial g in xy,...,zs. Since g; = 6 and g is a cubic polynomial, we have

39 = Z i G-
i=1

Moreover, since f;(xy, yx) is symmetric in x and y,, we have

Zfi dr; = Zyi dgi, Zfz dy; = le dh;,
i=1 i=1 i=1 i=1

where ;i(y1,...,ys) = gi(y1,-- . ¥s) = 5fi(ye, yx). Taking the exterior derivative of the first
equation and from df; = fi(dxk, yx) + fi(xk, dyy), we have

Z{fz dIk,yk) +fz(xk7dyk }/\dxz Zdyz/\dgza
This implies > 7 dx; A fi(dxy,yr) = 0. Similarly, from the second equation, we obtain
Yoi dyi A filwg, dy) = 0.
Now, for @w = w; + Aws, we calculate

dw = (dy; + Adx1) ANwy + - + (dys + Adxs) A ws + dA A o,

w = W + A\

=1 =1
= dwy + Adwy — Y (2 + 3 f1)(dy; + M) + A fid;
=1 =1
:d<w1—|—)\w2>_{U)2—Z(l'ZZZ—|— xlfl }d)‘ Z Zi + 2fz (yl‘i‘)hfz +)\Zfzd$z
=1 =1

10



Moreover we calculate

MY fiday =N yidgi =N _{d(yi gi) — gi dyi}
=1 =1 =1
= dAY yi9) — O _wig)dA = A gidy;
i=1 =1 =1

=dAY yig) — B i AN =N gidy,
i=1 i=1 i=1

A i: gidy; = A XS: gi d(yi + Ax;) — A(i: ; gi)dA — N i: gid;
i=1 i=1 i=1 i=1

=AY gid(y: + Ax;) — 3gAdA — Ndyg

i=1

= 23" gidlyi + M) — AgdA — d(\g)

=1

Thus we obtain
s+1
w=dZ - PdX,

i=1
where
(Z =wi+Awa+AY 0 ¥igi+ Mg
Pr=wy =33 iz — Ag,
HH:zi—i-%fi—l—)\gi (1=1,...,s),
X =\
\X,-H:yﬁ—)\xi (i:1,...,8),

Hence we have

D'={dZ — PidX,— -+ — Py1dXs1 =01},

and (X1,..., Xs1,2Z, Py, ..., Pyiq) constitutes a canonical coordinate system on J = R(X)/Ch (D*).

Putting z; =a; (i=1,...,s), we solve
A=X1, yi=Xu1—aXy (i=1,...,9),
From f;(ak, Xpi1) = filag, yp + Aag) = fi(ag, yr) + 2Agi(ax), we have
2= Py — %fi_/\gi =Py — %fi(ak,XkH) (i: 1,--.78)

From 3 ;_, xk(%fk + Agk) = > 51 (yk + Azk)gr, we have

wy =P + Zakpk+1 +9X1 — ngXkJrl
k=1 k=1

where g = g(ay,...,as), and gp = gx(a1,...,as) (E=1,...,s).

11



Moreover we calculate

w; = dz; — { fi(@p, dyr) — fi(dzr, y)}
= d{ P11 — 3 filar, Xe1)} — 5{fi(ar, d(Xps1 — arX1)) — fildag, Xp1 — arX1)}
= dPi1 — fi(ar, dXps1) + 5 filag, ar)d X,
=dPi1 — filag, dXki1) + gi(ag, ax)d X, (i=1,...,s)

S

=1
= d(PL+ ) arPrni +9X1 = Y 3k Xew) = Y Prndar + ) fidei + X1dg
k=1 k=1 k=1 =1
=dPy+ ) apdPpi + §dXy — > ged Xy
k=1 k=1
=dPi+ (O awr +2)  grd Xy — 35dXy) + gdXy — Y gudXip
k=1 k=1 k=1

= apwp + dPy = 2§d X1 + Y grd Xy,

k=1 k=1
Thus we obtain

(wi=dPis = filar, dXpn) + GdXy (i=1,....5),

wy =) apwy+dPr = 2§dX0 + ) Ged X,

(4.1) < = =
= dPy+ Y axdPesi +§dXy — Y grdXpsr.
\ k=1 k=1

We will utilize the above formulae to describe our model system for each X,.

In the following subsections, we wil follow Bourbaki [2] for the numbering of simple roots
and descriptions of positive roots. Let us take a Chevalley basis {z,(a € ®);h;(1 i = ()} of
the exceptional simple Lie algebra of type X, and put yg = z_s for § € &+ ( cf. Chapter VII
[5]). We will describe the structure of the Goursat gradation m in terms of {yg}gee+. Moreover
we will regard simple Lie algebras Fg and F; as regular subalgebras of Fg and utilize the root
space decomposition of Eg to describe the structure of the Goursat gradation of Fg and E-.

Remark 4.1. In §3, in the case of BD,-type, from (3.1), the bilinear forms f;(x1, ..., Zps1, Y1, - - -
fori=1,...,p+ 1 are given by

p+1
flzzl'kyk, fe=meyp+ oy (K=2,...,p+1),
k=2

Thus fi(xg,yx) (1 =1,...,p+ 1) are symmetric in z; and y, and satisfy

p+1 p+1 p+1 p+1

> fidri=) yidgi, Y gidwi=dg, 39=> g,
i=1 =1 =1 =1

12
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where

1t 1 P
Zl‘k; g = T1Tk (l{}:2,,p+1), and Z[L’lajk
Moreover g;(zy) = §fz‘($k,$k) for i = 1,...,p+ 1. Hence the actual calculations in §3 are

covered by those in §4. Thus we obtain the uniform description (4.1) of Go-Geometry, which
gives us the parametric form of overdetermined systems (A;) (see the following subsections in
§4), and also gives us the parametric form of the single equation of Goursat type (By) in §5.

4.1. Goursat gradation and model system of type F,. Let m be the Goursat gradation
of type Fy. For (Fy,{as}), we have

OF = {Boy = 2342, By3 = 1342},
OF = {Boy = 1242, By = 1232, Bog = 1222, B19 = 1231, B15 = 1221, B15 = 1220},
ST = {B5 = 1100, Bs = 1110, B1; = 1120, B15 = 1111, B15 = 1121, B17 = 1122,
Be = 0100, Bg = 0110, By = 0120, B1p = 0111, 513 = 0121, 514 = 0122}
where a;asasay stands for the root = Zle a;o; € OT.

We fix the orientation (or sign) of ysz as in the following: First we choose the orientation of
Ya, for simple roots by fixing the root vectors y; = ya, € g_q, for i = 1,2,3,4. For §; € ¢+ (i =
1,...,24), we put y; = ys, and fix the orientation by the following order;
= [y, 92, ve = [y2,u3], ys=1[ys, 05, 2y0 = [y3, 6] Y10 = [y, Ys),
yin = [Y1,%), vz = [Ya,ysl, vz = [Ys,v10), 2y = [Ya, i3], vis = [y, v,

Yie = (Yo, yu1ls Y1 = (W2, yuals Y18 = [Ya, Yis),  y1o = (Y3, visl,  veo = [y2, 17l
Yo = [Ya, vrol, 2920 = (Y3, Y1), Y23 = (Yo, Y], You = [Y1, Yas)-

Then, for example, we calculate

1, ys] = W [yes wsl) = (i, vel, ws] = s, ys] = —vs-

In this way, by the repeated application of Jacobi identities, we obtain

2yos = [—2y22, Y5| = Y21, Ys] = [2¥20, Y11] = [Y19, —¥12] = [—V18, Y15] = [2¥16, Y17)-
and
223 = [—2y22, Y2| = (Y21, —¥s] = (2420, Y| = [y19, Y10] = [—¥18: Y13] = [2y16, Y14]-
Thus, putting
Wi = 2yas, W = 23,
21 = —2Ys, Zy=1vyo, Z3=2yx, Zi=1Y9, L5=—Yis, L= 2Yis,
Yi=vys, Yo=uws, Ys=wu1, Yi=—-vi2, Ys=u15, Ys=ur,
Xi=ys, Xo=-ys, Xz=vyy, Xas=2y10, Xs=1u13, X6=Yua
we obtain the basis {Wy, Wy, Z3,..., Z, Y1,...,Ys, X1, ..., Xg} of m satisfying the following:
973:<{W1,W2}>, 972:<{Z1,...,Zﬁ}>, gfl:<{1/17-'-7}/6>X17---7X6}>
such that
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Then we calculate [X;, Y] for 1 £ 5,k < 6 and obtain
Zy = 2[X3,Y] = —[X5,Y5] = 2[ X6, Y3,
Zy = [Xo,Ys] = [Xy, V5] = [ X5, V4] = [Xe, Yo,
Zy = 2[X1,Ys| = [ Xy, Ya] = 2[X¢, V1],
Zy = [Xo, V5] = [X3,Yy] = [ X4, V5] = [ X5, Y0,
Zs = —[X1,Ys] = [Xo, Ya] = [Xy, Vo] = —[ X5, V1,
Zs = 2[X1,Ys] = [Xy,Ys] = 2[X3, V1]

Here we define the bilinear forms f;(x1,...,26,91,...,¥6)(1 = 1,...,6) as follows;

(f1 = 22396 — x5 Y5 + 276 Y3,

J2 = Taye + T4 Y5 + T5Ys + Tg Yo,

< f3 =221 Y6 + Taya + 226 Y1,

J1=122Ys + T3Ys + Ta Y3 + T5 Yo,

Js = —T1Ys + TaYs + Ta Y2 — T5 Y1,

[ fo =221y3 + 22y2 + 2z3 01,

Observe that f;(xy, yx) is symmetric in zy and y, for i = 1,...,6. Moreover we put
6 6
S wifi=2) vig
i=1 i=1
where the quadratic forms g;(xy,...,26)(: = 1,...,6) are given by
01 = 22506 — 3TE, o = Toxe + TaT5, g3 = 201 T + 377,
01 = ToTs + T3y, 5= —T1T5+ ToTa, go = 2x1 T3 + 213,
Thus we have g;(z1,...,2z6) = gi(xx) = %fi(xk, xy) for i =1,--- 6. Moreover we have
6 6 6 6
Y fidei = yidg, Y gidwi=dg, 3g=>) xig,
i=1 i=1 i=1 i=1
where g(x1,...,zs) is the cubic form given by

g =231 236 + To Ty 5 + 3 (—21 T3 + 376 + 327).
Thus, by (4.1), we obtain
wy = dPs + (2aza¢ — a?))Xm — 2a6d X4 + a5dXe — 2a3d X7,
wo = dPs + (agag + asa5)dX; — agd X3 — asd X5 — asdXg — ad Xy,
=dP, + (2a1a6 + a4)dX1 — 2ad X9 — ayd X5 — 2a1d X5,
wy = dPs + (asas + agaqg)d X, — asdXs — ayd Xy — azdXs — asd X,
ws = dPs + (—ajas + asaq)dX; + asd Xy — ayd X3 — ad X5 + a1d X,
we = dPr + (2a1a3 + a2)dX1 — 2a3d Xy — asd X5 — 2a1d Xy,
Wy = AWy + AWz + -+ - + Agwe+
dP, — (4ayasas + 2asa4a5 — ayai + ajag + azal)dX,
+ (2aza6 — $a3)dX> + (asa6 + asa5)dXs + (2a1a6 + 1a3)d Xy
+ (asas + azas)dXs + (—aras + azaq)dXe + (2a1a3 + 3a3)d X7
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This implies that our model system R(X) of type Fj is given by the following 22 equations;
—DBse = %P47 (=a1), Psr = Psg (= az), Pss = %P27 (= as),
P3g = Pys (Z a4), P35 = —Pag (Z a5), P33 = %PM (Z G6)7
Pay = Po3 = Pos = P3y = Py = Pyg = P57 = Por = Prr = 0,
P17:2P55P66_%P327a Pig = — P35 Pos — PssPs7, Pis = —Ps5P37 — Py Pss,
P14:2P33P66_%P326a Pi3 = — P33 P37 — P35 Ps, P12:%P325—2P33P55,
Py = —4Ps3Ps5 Pog + 2Ps5 Psg Pyr + P, Pog + Pss Py + Pi Pss
in terms of the canonical coordinate (Xy,..., X7, Z, Pi,..., P, Ppy, ..., Prp) of L(J).

4.2. Goursat gradation and model system of type Egs. In the following subsections , let
us fix the root space decomposition of Simple Lie algebra Eg and regard Fg and F; as the
regular subalgebras of Ej.

Let m be the Goursat gradation of type Eg. For (Fg, {ay}), we have

+ _ _ _
O ={ys="1232"1, = 12921}

O = {rgg = 12221 g = 12211 4o = 11221 o0 o 11211 ) = 12210
yap = 01221 Ao = 11210,728_012117724:01%10}7
OF = {y1p= 00100 5, = 00110 40— 01100 o o— 01110 ~ 00111
Yoy = L1100 o 01111 0 11110 50 11111
qp= 00100 ) — 00110 ) — 01100 o 01110 ) — 00111
g = 1LL00 ~py = 0111 o 11110 o) 11111}

where 9§19 9 gtands for the root v = Zle a;a; € . Also we put y9 = 92911 and

73 = 11900 for later use.

We fix the orientation (or sign) of y, as in the following: First we choose the orientation of
Ya, for simple roots by fixing the root vectors y; = Yo, € g_o, for i =1,...,8. For v, € &+ (i =
1,...,38), we put y; = y,, and fix the orientation by the following order;

= [ v Y0 = (Y2, ¥4l Y= [Ya vl vie = [0l vz = [y usls yia = (2, vl
yi5 = [Y2.y12], Y16 = [Ys:yu1l,  vir = [Yasvols  vis = [Ya, vasls  v19 = [Y2, Yue)s Y20 = [2, y17),
Yo1 = [y27y1s], Y22 = Y3, 917]7 Y23 = [ylu y16]7 Y24 y4,y19], Yo5 = [y27yz2], Y26 = [y2, y23]7
Yor = [Y1,Y22], Yos = [ya, y2s], Y20 = (Y2, Y26], Yzo = [y, ¥2r]s  Ya1 = [Us, Yas]s sz = [y3, Yool
Ya3 = [Ya: Ya0), Yaa = [Y1, Y1), Yas = [Ys, ysal, Yz = [Yzysal,  yar = [Yas ysel, yas = [y2, ys7l,

Ys, y6]

[ [
[ [
[ [
[ [

Then, by the repeated application of Jacobi identities, we obtain
Ysg = [—y36;ylo] = [—?J35,y14] = [9347915] = [y33,y19] = [y32,y20]
= [y317y21] = [—y29>y25] [ y287y26] [y24,y30]

Yar = [—y3672/4] = [_2/357%1] = [y34,y12] = [y33>y16] = [y32,y17]
= [y317y18] = [—9297?/22] = [_y28>y23] = [y24,y27],
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Thus, putting

Wi =yss, Wa=uysr,
Z1=—Yse, L2=—Yss, ZL3=1Ys4, Za=1Y33, L5= Y32,

Ze =Ys1, Zr=—Ya, ZL3=—Ys, Z9=You,
Yi=vw0, Yo=wyuu, Ys=u15, Ya=1u19, Y5=1yn0,

Yo =v21, Y7 =12, Ys=1y, Yo=ys0,
X1=vys, Xo=yn, Xs=vwy2, Xa=uw1, X5=u1r,

Xo =18, X7=1y2n, Xg=u, Xo=or,

we obtain the basis {Wy, Wy, Z1,...,Z9, Y1,..., Yy, X1, ..., Xo} of m satisfying the following:
g3={Wi,Wa}), g2=U21,...,%}), 9-1={V1,..., Y, X1,..., Xo})
such that

2. Y| =W, [Zi, X)) =00, (X, X)]=[V,Y)]=0 (1=5i,j209)

X
Then we calculate [Xj, Yy] for 1 < j,k < 9 and obtain
Zl = [X47}/;)] = _[X77}/8] = _[X87}/77] = [XQ;}/;I
Zy = —[X3,Y9] = —[X6,Y7] = _[X7>YG] = —[X9,Y3
Zy = —[Xo,Yo] = [X5,Ys] = [Xg, V5] = —[Xp, V2

Zy= [X1,Y5] = [X5,Y%] = [XeYs] = [Xo, V1],
Zs = [Xs,Ys] = [Xy V5] = [Xe,Ya] = [Xs, V3],
Zs = —[Xo, V7] = [X4,Y5] = [X5,Yy] = —[X7, Y2,
Z7 = —[X1,Ys] = —[ X, Y] = —[ X6, Ya] = —[X5, Y1,

]

Zs =—[X1,Y7] = [X3,Y5] = [X5,Y3] =—[X7, Y,
Zg - [Xlﬂn] = _[X27}/E‘3] - _[X37}/2] = [X47}/1]

Here we define the bilinear forms f;(x1,..., 29, y1,...,%9)(i = 1,...,9) as follows;
(
Ji= ayy — x7ys — w5 yr + Tg Yu,
J2 = —T3Y9 — Te Y7 — T7Ys — T9 Y3,

J3 = —T2Yg + X5 Ys + Ty Y5 — Tg Yo,
Ji= T1Yyo+ T5Ys + Te Y5 + To Y1,
Js = T3Yys+ TaYs+ Teys + Ts Y3,
Jo = —Tayr + T4 Ys + T5Ys — T7 Y2,

Jr=—T1Ys — T2Ys — T Y2 — T Y1,
Je = —T1yr +x3Ys5 + T5 Y3 — T7 Y1,
(fo= T1ys—Zoys — T3y + Tan
Observe that f;(xy, yx) is symmetric in zy and y, for i = 1,...,9. Moreover we put

9 9
S wifi=2) vig
i=1 =1

16



where the quadratic forms g;(xy,...,29)(t = 1,...,9) are given by

g1 = T4X9g — T7Xg, G2 = —X3XT9 — Tex7, (3= T5Xg— T2y,
g1 =T1X9 + T5T6, g5 = T3Tg+ TaTe, J6 = TaT5 — T2T7,
gr = —T1Tg —T2Tg, Qg = T35 — L1L7, (9= T1Ty — T2T3.
Thus we have g;(z1,...,79) = gi(xx) = %fz(xk, xy) for i =1,--- 9. Moreover we have
9 9 9 9
Y fidei = wyidg, Y gidvi=dg, 39=> zig,
i=1 i=1 i=1 i=1
where g(x1,...,x9) is the cubic form given by

g =21X4T9g — X1 T7Tg — TLaL3Lg — TaLgLy + T3 T5T3 + XqT5Tg.

Thus, by (4.1), we obtain

w1 = dPy + (aga9 — arag)d Xy — agd X5 + agdXg + a7d Xy — asd X,
wy = dPs — (asag + agar)dXy + agd Xy + a7d X7 + asdXs + azd X,
wg = dPy + (asag — asag)d Xy + agd X3 — agdX¢ — asdXg + azd X,
wy = dPs + (a1a9 + asag)d X, — agd Xy — agdXe — asd X7 — a1 X9,
ws = dPs + (azag + aqa6)d X, — agd Xy — agd X5 — a4d X7 — azdXo,
we = dPr + (agas — azar)dX; + a7dXs — asd X5 — a4dXg + a9 X,
wy = dPs — (ajas + aza6)dX; + agd Xy + agd X3 + asd X7 + a1d Xy,
ws = dPy + (agas — aja7)dX; + a7dXs — asd Xy — azdXe + a1d Xy,

wg = dPjy + (a1a4 — azaz)dX; — aydXs + a3d X3 + ad Xy — a1d X,
Wy = 1w + Ggwz + * + - + Agwy+
dP, — 2(aya4a9 — ajazag — azazag — asagay + azasag + agasag)dX;
+ (aga9 — azag)dXs — (azag + agar)dXs + (asas — asag)dXy
+ (arag + asag)dXs + (agas + aga)dXe + (agas — asar)dX;
— (a1as + asag)dXs + (azas — ajar)dXo + (a1aq — asaz)dXig
This implies R(X) is given by the following 46 equations;
P5,10 = — Py (I a1); Py = P4,10 (I —az), Py = —Ps,lo (I a3),
Por = Po1o (= au), Pag = P57 (= as), Pss = —DPas (= ag),
Py = P37 (= —a7), Py = —Pog (= ag), Pos = —Psy (: @9)
Pay = Po3 = Poy = Pog = Poy = P33 = P35 = P3g = P3g = Pyy = Py5 = Py = Pig = P55 =0,
Pss = Psg = FPsg = Pos = Fs10 = Prr = Prg = Pr10 = Pss = Ps10 = Pog = Po10 = Pro,10 = 0,
Pr1o = —PrsPsg — Ps 10557, Pro = —P510P20 — PooPag, Pis = P510FPs6 — Prs Pse,
Pr7 = =PrsPyy — Ps7Pag, Prg = —PooPas — PorPs6, P15 = —F5 1025 — Pig Psg,
Pry = —PrsPys — PigPyg, Pi3 = PooPas — PsePag, P2 = —FPagPas — Ps7Pas,
Py = 2(P5 10 FPs7Pas + Ps10 P20 Pag + Prs Poo Pas — PrgPsgPag + PogPig Py + Ps7PioPsg).
in coordinates (Xi,..., X0, 2, P1,..., Py, Pi1,..., Pio1o) of L(J).
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4.3. Goursat gradation and model system of type E;. Let m be the Goursat gradation
of type Fy. For (E7,{as}), we have

+ __ 234321 _134321
(I)3 _{764_ 2 , V63 = }7

O = {ygo = 124321 45 = 123321 o= 123321 40— 123221 0 123221
g = 123210 = 122221 4o 123211 40 122211 50 122111
Ygg = 123210 qp = 123210 00 122210 5o 122110 40— 122100 3

(I);r:{,ylg_lloooo’,ylg LLL000 ) = 111000 50— 111100 40— 111100
Ygp = TLLITL0 g = 112100 o0 111110 0 112110 ) — 112210
gy = PLATLL oy = TLIILL o 112000 o 112210 o 112221
yy = 010000 ) — 011000 ) 011000 ~ o 011100 40— 011100
Yap = OLLITL0 4 = 012100 500 011110 )0 012110 40— 012210

_011111 _011111 _012111 _012211 _ 012221
Y43 y V44 ) V46 » V49 y V52 1 }

where 1 93 g4 95 96 97 gtands for the root v = Zzzl a;o; € OF.

We fix the orientation (or sign) of y, as in the following: For v; € ®*(i = 39,...,64), we put
Yi = Yy, and fix the orientation by the following order;

[yﬁ>y11], Ya0 = [95,3/39], Ya1 = [94,y40], Ya2 = [yg,yu], Ya3 = [y7,y22], Yaqa = [ya,y43],

Yas = (Y7, Yor), Ya6 = [YarYaal,  Yar = (Y2, Yas|, Yas = [Ya, Yaz)s  Yao = (Y7, Y1), Yso = (Y7, Yss],
Ys1 = (Y7, Ysals Ys2 = (Y6, Yaol, W3 = [Us,Ysol, Ysa = (U, Us1ls  Yss = [Ya, Uss], ¥se = [Ys, Yss),
Ys1 = Y2, Uss), Yss = [Ya,Use), Uso = (Y2, Yssl, Yeo = (U5, Ussl,  Yer = Y2, Yol Ye2 = [y, Ye1),
Yo3 = U3, Ye2)s Ye4 = (Y1, Y63),
Then, by the repeated application of Jacobi identities, we obtain
Yea = [—y627913] = [y617y18] = [3/60, —yzl] = [—y597923] = [y587y26] = [—y57, y27] = [_y56>y29]
= [Ys5, Y30] = [~ Y53, Y3l = [Ys0, Yaa] = [Y3s, Yas] = [—Yar, yar] = Y36, Yas] = [~ 35, Ys1] = [~Ya2, Ys4]

yGS—[ 962,y3] [3/61; y12] [960,?/15] [ 3/59,3/16] [3/58,y19] [ 3/5773/22]:[—3/56,3/24]

= [y5572/25] = [—9537928] = [950,931] = [yss,y43] = [—y377y44] = [y36,y46] = [—y35,y49] = [—9327952]
Thus, putting

Wi =ye1, Wa=yss,

Z1 = —Ye2, Z2=1"Y61, 43=1UYe0, Z1=—Yso, ZL5=1UYss,%6= —Ys1, L1= —Ys6, L8 = Ys5
Zg = —Ys3, Z10="Ys0, Z11=Y3s Z12= —Y3r, Z13=1Y36, Z1a= —Y35, ZL15= —Y32,

Yi=w3, Yo=u1s, Ys= -y, Yi=1y23, Ys=2uy2, Ys=Uyor, Yr=1y2, Ys=1ys0,
Yo=wys3, Yio=uyss, Yii=9s, Yio=uyar, Yiz=uwas, Yua=ys1, Yi5=1Yn,

Xi=vys, Xo=-Y12, Xz=uwyi5, Xa=1y16, Xs5=0y19, X¢=2y22, X7=uynu, Xsg=yos,
Xo=1yos, Xio=1ys1, X1 =va3, Xi2=vas, X1z =1vas, X1a=1a0, Xi15=Us

we obtain the basis {Wy, Ws, Z1,..., Z15,Y1,..., Y15, X1, ..., X15} of m satisfying the following:

g3 ={Wi,Wa}), g2={Z1,....2Z5}), o1=({N1,..., Y15, X1,..., Xu5})
such that

iy Lj
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Then we calculate [X;, Y] for 1 £ 7,k < 15 and obtain

7y = —[X7,Y15] = —[ Xy, Y1i4| = [X10, Vi3] = [X13, Y10] = —[X14, Y] = —[ X115, Y7]
Zy = [X5,Y15] = [Xs, Yia] = —[X10, Yi2| = —[X12, Y10o] = [X14, Y5] = [ X115, Y5],
X0, Y] = —[X11, Yio] = [X14, Ys] = [Xu5, V4],
Xog, Y19 = [X12, Yy] = —[X13, Ys] = [X15, V3],
Xo, Y11] = —[X11,Yo] = [X13, Y] = [X1s5, Y2,
X7, Y1) = =[X19,Y7] = [ X3, V5] = [X14, V53],
Zy = —[X1,Y15] = —[X¢, Yio] = [Xg, Y11] = [X11, Y5] = —[X12, Y6] = —[X15, Y]
Zg = [Xo, Y] = —[Xy, Vi3] = [X7, Y] = [X11, V7] = —[Xu3, Ya] = [X14, Y2,
Zy = —[X1,Y14] = [ Xy, Yio] = —[X5, V11| = —[X11,Y5] = [ X1, Yi] = —[X14Y]]
Zio = [ X1, Vi3] = —[Xp, Yio] = —[X3, Y] = —[X11, V3] = —[X1a, V2] = [X13, V1]
Zn = —[X3, Y] = —[ X5, Yo] = [ X7, 5] = [Xs, V7| = —[Xo, V5] = —[ X0, Y3],
Ziy = —[ Xy, Yio] = [Xy, Yo| = —[ X, Y7] = —[ X7, Ys] = [Xo, Yi] = —[X10, Y2
Zi3 = [X1,Yio] = —[ X4, Yz| = [ X5, Ys] = [ X6, Y5] = —[Xg, Ya] = [X10, V1]

Zi = —[X1, Y] = [Xo, V5] = [X3, Y] = [ X, V3] = [Xg, Vo] = —[ Xy, V1]

Zis = —[X1, Y] = [Xo, V5] = [X3,Yy] = [ X4, V3] = [ X5, V3] = —[ X7, V1],

Here we define the bilinear forms f;(xy,..., 215, y1,...,v15)(t = 1,...,15) as follows;

(f1 = —T7Y15 — T9 Y14 + T10 Y13 + T13 Y10 — T14 Y9 — T15 Y71,
Jfo= Tsyis + Te Y14 — Tro Y12 — T12 Y10 + T14Ys + T15 Y5,
3= Tyyis+ TeYa — TroY11 — T11 Y10 + T14 Y6 + T15 Ya,
Ji= T3y15 — T8 Y13 + To Y12 + T12 Yo — T13Ys + T15 Y3,
Js = Toyis +TeY13 — To Y11 — T11 Yo + T13 Y + T15 Y2,
Jo = T3yia+T5Y13 — Tr Y12 — T2 Yr + T13Ys + T14 Y3,
Jr=—T1y15 — Te Y12 + Te Y11 + T11Ys — T12Ys — T15 Y1
Joe = Toyis — Tay13 + Tr Yy + T Yr — T13Ya + T1a Yo,
Jo=—T1Y1a + Tay12 — T5Y11 — T11 Y5 + T12Ys — T1a Y1
J10= T1y13— Tay12 — T3Y11 — T11 Y3 — Ti2 Y2 + T13 Y1
Ji1 = —T3y10 — Ts Yo + TrYs + T Y7 — T Y5 — T10 Y3,
Ji2 = —Tay10 + Ta Yo — Te Y7 — T7 Y6 + T Ya — T10 Y2
J13= T1Yi0— TaYs +T5Ys + T Y5 — TgYa + Ti0 Y1
Jia = —T1Yo + T2Ys + T3Ys + Te Y3 + Ty Y2 — ToY

(f15 = —T1Y7 + Tays T T3Ya + 21Ys + T5 Y2 — X7 Y1

Observe that f;(xy,yx) is symmetric in x and y; for i = 1,...,15. Moreover we put

15 15
S wifi=2) vig
i=1 =1
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where the quadratic forms g;(xy,...,215)(i = 1,...,15) are given by

(1 = —%7 15 — Tg T1a + T10 T13, g2 = T5T15 + Ty T1a — T19 T12, §3 = T4 T15 + Te T14 — T10 L11,
g4 = X3T15 — TgT13 + T9T12, ¢G5 = T2T15 T TeT13 — T9T11, G = T3T14 + T5T13 — T7 T12,
g7 = —T1%15 — TeT12 + Tg T11, gs = T2X14 — T4 13 + T7X11, J9 = —T1 T14 + T4 T12 — L5 11,
gio0 = 1 T13 — T2 T12 — T3T11, G11 = —T3T10 — T5 L9 + T7 Xy, Ji2 = —T2T1o + T4 Tg — T T,

(J13 = T1 210 — T4 Tg + T5 T, G14a = —T1T9 + T2 Xy + T3Tg, G15 = —T1T7 + T2 X5 + T3 Ty.

Thus we have g;(x1,...,215) = gi(zg) = %fi(xk, xy) for i = 1,---  15. Moreover we have
15 15 15 15
Y fidri =) yidg, Y gidwi=dg, 3g=> g
i=1 i=1 i=1 i=1
where g(x1,...,x15) is the cubic form given by
g = —T1X7T15 — T1T9T1g + T1T10T13 + T2 T5 T15 + T2 T8 T1a — T2 T1o T12. + T3 T4 T15

+ T3 XgT14 — T3 L0 T11 — T4 Ty T13 + T4 Tg T12 + T5 Te L13 — L5 L9 T11 — T T7 T12 + T7 Ty L11-
Thus, by (4.1), we obtain
w1 =dPy + 1dX; —
wy = dP3 + god Xy —

(—a15dXg — a14dX 10 + a13d X 11 + a10d X 14 — agd X 15 — a7dXss),
(a15d X6 + a14dXg — a12d X 11 — a10dX13 + agd X5 + a5d X 6),
w3 = dPy + g3d X — (a15d X5 + a1ad X7 — a11d X1 — a10d X 12 + agd X5 + a4d X16),
wy = dPs + §4d X1 — (a15d Xy — a13d Xy + a12d X 10 + agd X3 — agd X4 + azdXis),
ws = dPs + gsd X1 — (a15dX3 + a13d X7 — a11d X109 — ag X1z + asd X 14 + a2d Xss),
we = dPr + Ged X1 — (a14d Xy + a13d X — a12dXg — a7d X153 + asdX14 + azdX15),
= d% + §7d X1 — (—a15d Xy — a12d X7 + a11dXg + agd X12 — asd X13 — a1dX6),
wg = dPy + §sd X1 — (a14d X3 — a13d X5 + a11d Xs + a7d X9 — aydX14 + a2d X15),
wy = dPyg + God X1 — (—a14dX2 + a12d X5 — a11dXs — asd X1z + a4dX13 — a1dXy5),
wig = dPi1 + §10d X7 — (a13dXs — a12d X3 — a11d Xy — agd X1 — asd X135 + a1dX1y),
wir = dPig + g11dX, — (—a10d Xy — agd X + agdXs + a7d Xy — a5d X9 — azdX1y),
w1z = dPy3 + §12d X — (—a10d X3 + agd X5 — a7d X7 — agdXs + asdX19 — aadX11),
wig = dPiy + §13d X1 — (a10dXs — asd X5 + agd X + asd X7 — asd Xy + a1dX11),
wig = dPi5 + §14d Xy — (—agd Xs + agd X3 + agd Xy + azd X7 + asd X9 — a1dXy),
wis = dPig + G15d X7 — (—a7dXs + asd X3 + a4d Xy + a3d X5 + a2d Xg — a1dX3),
Wy = a1w1 + Asws + -+ - + ayswis + AP — 2gd X1 + 1dXs. + -+ - + §15d X1
This implies R(X) is given by the following 121 equations;

—Pg16 = —Piogs = P (= a1), Poae = Pogs = — Pz (= a2), Psig = Pris = — Pz (= as),
Py16 = —Po1a = Proas (Z a4), P316 = Pria = —Pio 12 (Z a5), Py15 = Ps1a = —Fg13 (Z &6),
—Py16=—Pri3=Po1s (=ay), Py1s = —Ps14 = Ps1o (= ag), —Pa15 = Ps13 = —Fs12 (= ag),
P2,14 = —P3,13 = —P4,12 (: alo), —P4,11 = —P6,10 = P8,9 (: a11)> —P3,11 = P5,10 = —P7,8 (: a12)>
Py11=—Ps9=Fsr (= a13), —Popo=Ps9=Pyr (=a1s), —Pag=Pss=Ps5 (= a15),
Poo=Pos=Poy=Pos=Ps=Pr=Pog=Pip=PRi=FP3=P4=P;=PR;=0,
Pyg=Ps10=PFP319=P31u=Pyy=Pyg=PFPig=PFPyg=FPy10=Pi13=Pi1a=PFPs5=0,
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Psg=Ps7=PFPg= D511 =P510= D515 = Fos = Peg = Fs9=Fs11 = P13 = Fs15 =0,
Pro=Prg=Prio=Pr11=Prio=Prig = g = Pgio= P11 = By = P15 =0,
Pyg = Py10= Py11 = Po13 = Py16 = Proj0 = Prog1 = Pioja = Projgs = 0,

P11 = Piiis = Piiie = Piojie = Pioji3 = Piojs = Piais = Piage = 0,

P13,13 = P13,14 = P13,15 = P13,16 = P14,14 = P14,15 = P14,16 = P15,15 = P15,16 = P16,16 =0

P16 = Pa16P316 — Ps1656.16 — PricPsi6, Pias = —PoasPs 16 — Pa155606 — PaisPs 16,
Py = P14 P+ P35P16 — P316Ps15, P13 = Po1alPs16 + Poi5Piie — Po6P15,
P12 = Py14Ps16 — Pois P36 + PoisPaie, Pt = PeaiBPyie — 3115616 + PaiPs 16,
P10 = Py10Pg816 + Ps11P416 — Pai6Ps11, Pio= Pa10Bs16 + o1 Paie — Poi6lan,
Pig=PgPs16 — PoniPais + PsisPsg, Pir= PoioPsi6 — Po11 P16 + Poi6P3,11,

Pieg = PgPs16 — Po11Pais + PonePuin, Prs = PagPsie + Pa11 P15 — P15 P31,

Py = PygPyi6+ Po10Psis — Pojaly, Pig= PagPsi6+ Poi0Ps15 — Poalfs1,

P1o = PygPs16 + P05 — Po11F24

P11 =2(PygPs16Ps 16 + Po1oPo15Ps 16 — Poa1Po14Psi6 — PosPs16Ps16 — Pa10P315 6 16
+ Po14P3 11616 — PogPiiePs 16 — Po10PiisFPs 16 + PoaPui1Ps 16 — Pop1P315P16
+ Py15Ps11 P16 + Po11Ps16Pu15 — PoasPsi6Paiin — PaisPai1Puis + PaaePsi5Pi1),

in coordinates (Xl, e ,X16, Z, Pl, ceey P16, PH, ey P16,16) of L(J)

4.4. Goursat gradation and model system of type Eg. Let m be the Goursat gradation
of type Eg. For (Eg, {az}), we have

— 2465432 2465431
—{7120 3 » V119 3 }

_{,}/118_24gL"’)421’,y117_2425£’>21’,y116:242432177115:24%4321’,)/114_24543217
7113:2324321’,}/12_2354321’7111:13%43217,}/110:231214321,79_1354321’
7108:13%432177107_23433217106:12%432177105:13%33217104_2343221
7103:124213321’710_1343221’,}/100:12333217799:124213221,797:12%33217

_ 1233221 __ 1233221 _ 1232221 _ 1232221 _ 1222221

Yo6 = 2 y Y94 = 1 » Y93 2 y Y91 = 1 , V88 = 1 )
_ 1122221 _ 0122221

V85 = 1 , V82 = 1 7}7
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+ _ _ 0000011 _ 0000111 _ 0001111
] —{%‘5 = 0 y Y66 = 0 y V67 = 0

770:01611117,}/71:01%1111,772_1151111
775:11%11117776201%21117777:12%1111
780:12%21117,781:11%2211,783:12§2111
787:12?22117’789:1232211779():12?3211
798:131213211,}/101_2343211
77:00800107739_0080110’740_00811107
743:01611107,.}/44:01%1110’,)/45:1161110
748:11%11107’749:01%2110775():12%1110
753:12%21107,.}/54:11%2210’,)/55:12§2110
758:12?22107759:12322107’760:12?3210
763:13%32107764:2333210}7

» 768

— 0011111
0

, V73 =

y V78 =
y V84 =

» V92

Ya1

) V46
) V51
) V56
) V61

—_ 0011110
0

201%1110

8
where 1 g4 95 96 9795 gtands for the root vy = >"7_ | a;a; € OF.

We fix the orientation (or sign) of y, as in the following: For v; € ®*(i = 65,..

put y; = y,, and fix the orientation by the following order;

Yes5 = y?;ys]
Y1 = (Y2, Yr0), Y2 =
Y3, Y15, Y18

vz, ysl,
[ ] Y1, Yol
[y3, yrs]
Yss = (Y7, Yso, Ys4
[y2, Ys7]
[y, Yol

Y73 = (Y4, Y71},

Yrr =

Yso = (Y2, Ys7];, Yoo
Yo5 = (Y4, Y92], Y6

Yio1 = [y1,Yos, Y102 = [U3,Yool, Y103 = [Ya, Y100}, Y104 = [Y1, Y102];
Y106 = (Y5, Y103], Yior = [Y1, Y105}, Yio8 = [Ys, Y105], Y109 = (Y4, Y108
[
[

Y111 =

Y116 =

Yoo = (Y6, Yes],  Yor = [Ys: Yool Yes = [Ya; Yer),
[ ] [ I; yra = [y1, ynl,
[Ys, Yrs)s Ym0 = [Yes Yrels  Yso = [Us, Yl
Y6, Ysol,  Yss = [y1,Ys2l, Yse = (Yo, Yss),
[Ys, ys7]s  Yor = [Ya, Yss), Yo2 = Y7, Yool
(Y2, Yoal,  Yor = [Ys Youl, Yos = [U3, Yos),

y4,y115] = [y5,y116], Y118 = [yﬁ,yn?], Y119 =

01211
1
11221
1
12222

1
12332
2

11221
1
12222
1

12332
2

» V69
11

)y V74
11

y V79 =
, V86 =

11

11
» Y95

) V42

) Y4t
) V52
) V57
) V62

10

10

10

_0011111

— 111
1

012
1

123
2

1111

2211

2111

)

Y

)

Y

— 1243211
= 5 ,

— 111
- 1

_0011110

1110

)

— 0122210
1 )

— 1232110
2 )

— 1243210
= 5 ,

Yoo = Y2, Yes], Yro = (Y3, Yes),
Yrs = [y1, Y], yre = [Us,
Ys1 = (Y6, Yrsl, Ys2 = [yr, Yro),
Ys7 = s, Ys], Yss = [U3, Yss),
Yos = (Y7, Yo1), Yos = [Us, Yo1],

Yag

yz,ng] Y112 = [y4,y110] Y113 = [y27y112], Y114 = [ys,ynz],

[97, y118] )

Then, by the repeated application of Jacobi identities, we obtain

= [y4>y96]7 Y100 =

Y105 = [3137 y103]7

y73] )

[?/2, 997]7

Y110 = [yl, 9108],

Y115 =

[y2, Y114

l

Y120 = [987 y119]-

Y120 [ y118,y65] [91177%6] [ y1167y67] = [?/115;3/68] = [y114, —y69] = [_91137y70] = [?/1124/71]
[ylllay72] [yno, —y73] [ylog, ?J74] = [ylos,ym] = [9107,3/76] = [yloﬁ, y77] [?/1057 y78]
= [Y104, —Y79] = (Y103, Yso] = [Y102: Ys1] = (Y100, —¥ss] = (Yoo, —Ysa] = (Yo7, Yss] = [y, Ys7]
[994, ysg] = [993, —ygo] = [991,992] = [y88> —y95] = [y857 y98] = [y82, —ylol]

Y19 = [—Yuis, ¥7) = [Y117, ¥s0] = [—Y116: Yao) = [Y115, Va1] = (Y114, Ya2] = [=Y113, Vas] = [Y112, —Yad]
[y111, —y45] [yuo,ym] = [y109, y47] = [y1087 —y4s] = [y1077 —y49] = [9106, y50] = [9105,%1]
= (Y104, Ys2] = [Y103, —¥s3] = [Y102, —Ys4] = (Y100, Ys5] = (Y09, Ys6] = (Yo7, —Ys7] = [Yo6, —¥ss]
[9947?/59] [y93>y60] = [y91> —y61} = [yss, 962] = [9857 —y63] = [y82>y64]
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Thus, putting

Wi =y120, W2 =ynpo,

Z1=—yus, Zo=UYur, 43=—Yue, Za="Yus, L5=Y4,%6 = —Yus, L7 = Y12,
Zs =yi1, 29 =Y, Zio=Yw9, Z11="Yios, Z12 =Yo7, Z13 = Y106, Z14 = Y105,
Z1s = Y104, 216 = Y103, Z17 = Y102, 218 = Y100, 2419 = Y99, Z20 = Yo7,  L21 = Y96,

Zoa = Yo, L2z =Yo3, Zoa=Yo1, Zas=1Yss, ZL26=Yss, L1 = Ys2,

Yi=ves, Yo=uyes, Ys=Uysr, Yi=Uss, Ys=—Yeo, Yo=1Ur0, Y7=yn,

Ys =yr, Yo=—ym, Yio=-vyn, Yu=vyn, Yio=uvyw Yizs=-ym Y= —Uyms,
Yis = —yro, Yie =yso, Yir=ys1, Yis= —Ys3, Yio= —Uss, Yoo =1yss, Y21 = Ysr,
Yoo = —yso, Yo3 = —Yoo, You =yo2, Yo5 = —Yo5, Yo6=1yos, Yor = —Yi01,

X1=yr, Xo=ys, Xs=uys, Xe=uyn, Xs=uys2, X¢=0us3, X7=—Yu,

Xs = —Yss5, Xo=uyss, X10=yar, X11=—vas, X12=—Yao, X1z=1ys0, X1a=Ys1,

Xi5 = Y52, X6 = —Ys3, X7 = —Ys54, Xig = Y55, X9 = Yse6, Xog = —Ys7, Xo1 = —Yss,

Xoo = ys9, Xoz3 =Yso, Xoa = —VYs1, Xo5=1"Ys2, Xos= VY63, Xov = Ysd,

we obtain the basis {Wy, Wa, Z1, ..., Zo7, Y1, ..., Yo7, X1, ..., Xor} of m satisfying the following:

g3 = <{W1,W2}>, g9 = <{Zl,...,Z27}>, g1 = <{}/1,...,}/277X1,...,X27}>
such that
Z:, ;] = 8;Wh, Zi, X;] = 6; Wy [(Xi, Xl =[Y;, Y] =0 (1=4,j=27)

Then we calculate [X;, Y] for 1 £ j,k < 27 and obtain

7y = —[Xus, Yor] = [Xue, Yag| = —[Xus, Yas| = [Xoo, You] = —[Xag, Yo3]
= —[Xas, Yao| = [Xog, Yao] = —[Xas, Yis] = [Xa6, Yis] = —[Xor, Vi3],
Zy = —[ X1, Yor] = [Xu4, Yag| = —[Xu7, Yas| = [X1g, You] = —[Xa1, Yoo
—[Xa9, Ya1] = [Xa4, Yig] = —[Xos, Yi7] = [Xag, Yia] = —[Xor, Y11,

[
[
[
= —|
Zsy = —[Xy, Yor| = [X12, Yos] = —[X15, Yas] = [X1g, Ya3] = —[ X0, Yai]
[
[
[
[

Zy = —[X7,Yor] = [ X0, Yos] = —[ X5, You| = [Xu7, Yo3] — [Xis, Yo1]
= - X217)/18] = [X237)/17] = _[X247}/15] = [X267}/10] = _[X277Y7]7
Zs = —[Xg, Yor] = —[Xu0, Yo5] = [X12, You| = —[X14, Ya3] = [X16, Yo1]

Zg = —[ X5, Yor| = [ X3, Yas| = —[X15, Yao| = [Xu7, Yao] = —[X1s, Y]
= —[X1g, Yis] = [X0, Yi7] = —[ X2, Y15] = [Xos, Y3| = —[Xor, Y5,
Zy = —[Xy, Yor| = [ X3, Yas| = —[X12, Yao| = [X14, Yoo] = —[X16, Y]
= —[X1g, Yie] = [X20, Y14] = —[Xa2, Y12] = [Xos, Y5| = —[Xor, Y4,
Zg = [Xe, Yaog] = [X7,Yos] = —[Xo, You] = [X11, Ya3] = —[X13, Yai]
= —[Xo1, Yi3] = [Xos, Y11] = —[ X4, Yo] = [Xo5, Y7] = [Xo, Y5,
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Zy = —[X3,Yy| =
= [X17,Yig] =
Zho = [ Xy, Yae] =
= [X19, Vi3] =
Zn = —[X,Yor] =
= —[X16, Y15] =
Z1y = [ X3, Yog| =
—[X17, Y13] =
Zi3 = —[X1,Yor] =
= [X15, Y] =
Z1s = [ X, Yog| =
= [X15, Vi3] =
715 = —[X3,Yos] =
= [X14, Vi3] =
Zig = [ X1, Yae| =
= —[X15, Y11] =
Zir = —[Xy,Yas] =
= —[Xi3, Y12 =
Zig = —[X1,Ya5] =
= [X12, Y11
Z1g = [ X, Yau)
= [X13, Yo
Zyy = [ X1, Yau]
= —[X11, Y] =
Zy = —[Xy, Y] =
= —[X13, 5] =
Zyy = —[X1, Yo3]
= [X10,Yy] =
Zy3 = —[X1, Y] =
= [X11,Y5] =
Zigy = [X1,Y20] =
—[Xo, V3] =
Zigs = —[Xqu] =
= [Xg, Y7] =
Zys = [X1,Y16] =
= [ X3, Y] =
Zyr = —[X1,Y13] =
= —[Xs, V5] =

24

—[Xs, You] = [ X1, Yoo| = —[X14, Yig] = [X16, Y17
—[X1s, Yia] = [Xoo, Yi0] = —[Xo4, Y5] = —[Xo7, V3],
—[ X5, Yas] = [Xo, Yao| = —[X11, Yao] = [Xu3, Y19
—[Xo0, Y11 = [Xag, Yo] = —[Xos, V5] = [Xo6, Y4l

(X3, Yas] = —[ X0, Yao] = [X12, Yis] = —[X15, Yie]

[Xig, Yio] = —[Xo0, Yio] = [Xos, Yz| = —[Xo7, Y2,
(X5, You] = —[ X7, Ya] = [X11, Yig] = —[X13, Y17]
[Xig, Y11] = —[Xo, Y7] = [Xo4, V5] = [Xo, V3],

—[Xs, Ya1] = [X10, Yio] = —[X12, Yi7] = [X14, Y1)
—[X17, Yio] = [X1g, Yi0] = —[Xo1, Y5] = —[Xo7, Y1),
—[ X5, Yas] = [ X7, Yao| = —[ Xy, Yig] = [X13, Y15
—[X1s, Yo] = [Xoo, Y7] = —[Xa3, Y5] = [Xss, Yo,

—[ Xy, You] = —[Xe, Yoo| = —[X11, Yi6] = [X13, Y14
—[Xi6, Y11] = —[Xa2,Ys] = —[X04,Ys] = —[X05, V5],
(X5, Yo1] = —[X7, Yio] = [Xo, Yi7] = —[X11, Y15

(X7, Yo] = —[X19, Y7] = [X21, V5] = [Xas, Y1,

(X4, Yo3] = [Xg, Yao] = [ Xy, Yi6] = —[X12, Y13]

[X16, Yo] = [Xao, Ys] = [Xa3, Ya] = —[Xos, Y2,
—[ X4, Yo1] = —[Xe, Yio] = —[Xo, Yiu] = [X11, Y10
—[X14, Yo] = —[X19, Ys] = —[X01, V3] = —[Xo5, Y1),
= [X3, Yas] = —[ X, Yis] = —[X7, Yig] = [X10, V23]
—[ X6, Y7] = —[Xus, Y6| = [Xos, Y3] = [Xo4, Yo,
—[ X3, Yo = [ X, Yi7| = [ X7, Y14) = —[X10, Y11
[(X14, Y7] = [Xu7, Ys] = —[Xo1, Ya] = [Xo4, Y1,
—[X3, Yao] = —[Xy, Yis] = [X5, Yi6] = —[ X5, Y13
[Xi6, Y5] = —[Xis, Ya] = —[Xo0Y3] = —[ X0, Yo,
= —[Xy, Ya1] = —[Xe, Y15] = —[X7, Y12] = [Xo, Y10]
—[X12,Y7] = —[X15, Ys] = —[ X1, Vo] = —[Xo3, V1],

(X3, Y1io] = [Xy, Yi7] = —[X5, Yiu] = [ X5, Y11
—[X14, Y5] = [X17, Yy = [Xg, Y] = —[ X0, V1],
(X2, Yig] = —[X4, Yis] = [X5, Y1o] = —[ X5, Y
(X2, V5] = —[X15, Ya] = [X1g, Ya] = [Xo0, Y1,

—[Xo, Yi7] = —[X3, Yis5] = —[ X5, Yio] = [X7, Y5

—[X10, Y5] = —[X15, Y3] = —[X17, Y2] = —[X1s, Y1),
[ Xy, Y] = [X3, Y1) = [ Xy, Yig] = [ X, V5]
(X0, Ya] = [X12, V3] = [X14, Yo] = [ X6, Y1),

—[Xo, Y| = —[X5, Yo| = —[X4, V7] = —[ X5, Y]

—[X7, V3] = —[Xo, V3] = —[X11, Y] = —[X13, Y1].



Here we define the bilinear forms f;(xy, ..., zo7, 41, .., y27)(i = 1,...,27) as follows;

f1 = —T13Yor + T16 Y26 — T18 Y25 + T20 You — T22 Y23 — T3 Y22 + Taa Yoo — T25 Y18 + T26 Y16 — Tar Y13,
Jo = —T11Yor + T14 Y26 — T17 Y25 + T19 You — T21 Y22 — Ta2 Y21 + Ta4 Y19 — T25 Y17 + Tae Y14 — Tz Y11,
f3 = —Tg Y27 + T12 Y26 — T15 Y25 + T19 Y23 — T20 Yo1 — T21 Y20 + T23 Y19 — T25 Y15 + T2 Y12 — Ta7 Yo,
fa=—T7yor + T10 Y26 — T15 Y24 + T17 Y23 — T18 Y21 — T21 Y18 + T23 Y17 — T24 Y15 + T26 Y10 — T27 Y,
J5 = —T6Y2r — T10 Y25 + T12 Y24 — T14 Y23 + T16 Y21 + T21 Y16 — T23 Y14 + T24 Y12 — T25 Y10 — T27 Y6,
fo = —T5 Y27 + T8 Y26 — T15 Y22 + T17 Y20 — T18 Y19 — T19 Y18 + T20 Y17 — T22 Y15 + T26 Ys — L7 Vs,

J1 = —T4y27 + T8 Y25 — T12 Y22 + T14 Y20 — T16 Y19 — T19 Y16 + T20 Y14 — T22 Y12 + T25 Ys — To7 Ya,

J8 = Te Y26 + T7 Y25 — Tg You + T11 Y23 — T13Yo1 — T21 Y13 + T23 Y11 — Ta4 Yo + Tas5 Y7 — Tas Yo,

Jo = —T3Y2r — TgYou + T10 Y22 — T14 Y18 + T16 Y17 + T17 Y16 — T18 Y14 + To2 Y10 — T24 Ys — Ta7 Y3,
J10 = T4 Yo6 — T5 Y25 + To Yoo — T11 Yoo + T13 Y19 + T19 Y13 — T2o Y11 + T2z Yo — Tas Ys — T26 Y4,

Ji1 = —T2Yor + Tg Y23 — T10 Y20 + T12 Y18 — T15 Y16 — T16 Y15 T T18 Y12 — T20 Y10 + T23 Y — Tar Yo,
J12 = T3 Y26 + T5You — Tr Y22 + T11 Y18 — T13 Y17 — T17 Y13 + T1g Y11 — T2 Yr + T4 Ys + Tog Y3,

J13 = =21 Y27 — T8 Y21 + T10 Y19 — T12 Y17 + T1a Y15 + T1s Y14 — T17 Y12 + T19 Y10 — T21 Ys — Tar Y1,
J1a = T2 Y26 — T5 Y3 + T7 Y20 — To Y18 + T13 Y15 + T15 Y13 — T18 Yo + Too Y7 — T23 Y5 + To6 Yo,

J15 = —T3Yo5 — Ty Y2a — Te Y22 — T11 Y16 + T13 Y14 + T14 Y13 — T16 Y11 — T22 Y6 — To4 Y4 — T25 Y3,

Ji6 = 1 Y26 + T5 Y21 — T7 Y19 + To Y17 — T11 Y15 — Tis Y11 + T17 Yo — Tig Y7 + T21 Y5 + Tog Y,

Ji7 = —T2 Yo5 + T4 Yo3 + T Yoo + Tg Y16 — T12 Y13 — T13 Y12 + T16 Yo + T20 Y6 + T23 Y4 — T25 Yo,

J18 = —T1 Y25 — Ty Y21 — Te Y19 — To Y14 + T11 Y12 + T12 Y11 — T14 Yo — T19 Y6 — T21 Y4 — T25 Y1,

f19 = Tay2a + T3 Yoz — T Y1s — T7 Y16 + T10 Y13 + T13 Y10 — LT16 Y7 — T18 Y6 + T3 Y3 + Toa Yo,

f20 = T1 Y21 — T3 Y21 + T Y17 + T7 Y14 — Tro Y11 — T11 Yo + T1a Y7 + T17Ye — T21 Y3 + Taa Y1,

Ja1 = —TaYa2 — T3 Y20 — T4 Y18 + Ts Y16 — T Y13 — T13Ys + T16 Y5 — T18 Y4 — T20 Y3 — T22 Y2,
Jo2 = —T1Yo3 — TaYo1 — T Y15 — T7 Y12 + Tg Y10 + T10 Yo — T12 Y7 — T15 Y6 — T21 Y2 — T23 Y1,
J23 = —T1 Y22 + T3Y19 + TaY17 — T5Y1a + Te Y11 + T11 Y — T14Ys + T17 Ya + Ti9 Y3 — Taz Y1,
Joa = 1 Y20 + T2 Y19 — T4 Y15 + Ts Y12 — Te Yo — ToYs + T12 Y5 — T15Ya + T19 Y2 + Too Y1,
Jos = —T1Y18 — Ta Y17 — T3 Y15 — T3 Y10 + TrYs + Ty Y7 — T10 Y5 — T15Y3 — T17 Y2 — T1g Y1,
Jo6 = T1 Y16 + T2 Y14 + T3 Y12 + Ta Y10 + T Ys + Te Yo + T1o Ya + T12 Y3 + T1a Yo + T16 Y1,
Jor = =T Y13 — Ta Y11 — T3 Yo — TaYr — TsYe — T Ys — TrYa — To Y3 — T11 Y2 — T13 Y1,
Observe that f;(xg, yx) is symmetric in z; and y for i = 1,...,27. Moreover we put
27 27
Zl‘ifi = QZyiQi
i=1 i=1
where the quadratic forms g;(x1,...,297)(i = 1,...,27) are given by
g1 = —T13%T27 + T16T26 — T18T25 1+ T20T24 — T22T23,
g2 = —T11%T27 + T14T26 — T17T25 + T19T24 — T21T22,
g3 = —T9To7 + T12T26 — T15T25 + T19T23 — T20T21,
g4 = —T7To7 + T10T26 — T15T24 + T17%23 — T18%21,
g5 = —TeTor — T10T25 + T12T24 — T14T23 + T16T21,
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g6 = —X5To7 + TgTog — T15T22 + T17T20 — T18T19,
g7 = —T4To7 + TgTos — T12T22 + T14T20 — T16219,
g8 = TeXop + Tylos — ToXay + T11T23 — L1321,
g9 = —T3T97 — TgTaq + T10T22 — T14T18 + T16T17,
g10 = X426 — TsTa5 + Loz — T11%20 + L13%19,
J11 = —TaTo7 + TgTog — T10T20 + T12T18 — T15T16,
G12 = T3T96 + T5T2a + T7T20 — ToZ1g + L13T15,

g13 = —X1To7 — TgTo1 + T10T19 — T12T17 + T14%15,
914 = T2T26 — TsT23 + T7lo0 — ToT1g + T13715,

J15 = —X3%25 — T4Toq — TeLog — L11T16 + T13%14,
916 = T1%26 + TsTo1 — T7T19 + L9T17 — L1115,
17 = —T2T25 + TyT23 + T6T2o + T9T16 — T12L13,
18 = —X1T5 — T4T21 — TeT19 — T9T14 + T11T12,
g19 = ToToy + T3X23 — Tel1g — T7x16 + T10T13,

go0 = T1T24 — T3T21 + TeT17 + T7T14 — T10T11,

g21 = —X2T9p — T3To0 — T4T18 + T5T16 — TL13,
oo = —T1T93 — TaT21 — TeX15 — T7x12 + T9T1o,
go3 = —T1T22 + T3T19 + TaT17 — T5T14 + TgT11,

24 = X1T20 + T2T19 — T4T15 + T5T12 — Ty,
gos = —T1T18 — T2T17 — T3X15 — T5X10 + T7Ts,
g26 = T1T16 + ToX14 + T3T12 + L4210 + Tels,

go7 = —X1X13 — T2X11 — T3T9 — X417 — TsTg

Thus we have g;(x1,...,227) = gi(zg) = %fi(a:k, xy) for i = 1,--- ,27. Moreover we have

27 27 27 27
Zfz‘d%’ :Zyidgi7 Zgidxi = dy, 39221‘1‘9@‘7
=1 =1 =1 =1

where g(z1,...,T97) is the cubic form given by

g = — X1X13 %27 + X1 T16 Tog — L1 T18 Tos + T1 Too Tag4 — T1 Tz Tag — T T11 L7, + T2 T14 T
— Lo X17 L5 + XTo T19 Tog — T2 To1 Tog — T3 Tg Toy + T3 T12 Tog — L3 L15 L5 + T3 T1g Tag
— X3 T90 T2l — T4 T7 X7 + T4 X109 T2 — T4 T15 T24 + T4 T17 T2z — T4 18 To1 — X5 Te Tor.
— X5 X109 L5 + X5 T12 Tog — T5 T14 Tog + T5 T16 T21 + L Ly Tog — T T15 T22
+ Xg T17 To0 — T T18 T19 + L7 Tg Tos — T7 T12 Tog + Ty T14 Top — L7 L16 T19
— X3 Tg Tog + T8 T11 T2z — Tg L13 To1. + L9 T10 Ta2 — L9 T14 T18 + T9 T16 T17

— X190 T11 T20 + T10 T13 T19 + T11 T12 T18 — T11 T15 T16 — T12 13 T17 + T13 T14 T15
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Thus, by (4.1), we obtain

wi = dPs + §1d X1 — (—a27dX 14 + a26dX17 — a25d X 19 + a24d X1 — a23d Xo3

— a22d X4 + a20d X o5 — a18d X6 + a16dXo7 — a13dXog),
wy = dPs + §2d X1 — (—a27dX19 + a26dX15 — a25d X 15 + a24d X209 — a22d X 90

— a21dX93 + a19d Xo5 — a17d X6 + a12d Xo7 — a11d Xog),
ws = dPy + §3d X1 — (—a27dX10 + a26d X153 — a25dX16 + a23d Xog — a21d X9

— a0d X + a19dXoy — a15dXo6 + a12d Xo7 — agd Xog),
wy = dPs + §4d X7 — (—a9rdXg + ased X171 — a24d X6 + a93d X5 — a91d X9

— a18d X + a17Xo4 — a15dXo5 + a10dXo7 — a7dXog),
ws = dPs + §5d X1 — (—agrd X7 — agsdX11 + a4d X153 — a3d X5 + a1 d X7

+ a16dXo2 — a14dXoq + a12d Xo5 — a10d Xog — a6dX28)7
we = AP + Ged X1 — (—a27d X + asd X9 — agdX16 + a20d X158 — a19d X 19

— a18d X + a17d Xy — a15dXoz + agdXo7 — asdXog),
wr = dPg + §7d Xy — (—agrdXs + assdXg — agd X3 + aged X15 — a19d X7

— a16d X0 + a14dXo; — a12dXoz + agdXos — asdXsg),
wg = dPy + §sd Xy — (agsd X7 + a25d Xg — a24d X 10 + a23d X152 — ag1d X1y

— a13dX29 + a11d X9y — agdXo5 + a7dXog + agd Xor),
wy = dPyo + §od X1 — (—a27d Xy — a24d Xy + a22d X1y — a18d X 15 + a17d X 17

+ a16dX 18 — a14dX19 + a10d X3 — agdXos — azdXog),
wio = APy + §10d X1 — (ag6d X5 — ag5dXe + axdXig — agdXia + a19d X1y

+ a13dXog — a11dXo1 + agdXoz — asdXog + asdXo7),
w11 = dPiy + g11d X1 — (—a27d X3 + az3dXg — aged X1y + a18dX13 — a16d X6

— a15dX17 + a12d X9 — a10dXo1 + agd Xy — azdXog),
w12 = dPi3 + §12d X1 — (ag6d Xy + aosd X — a2dXg + a18d X192 — a17d X 14

— a13d X8 + a1 dXig — ardXos + asd Xos + azdXor),
w1z = dP1y + §13d X1 — (—a7d Xy — andXg + ay9d X1y — a17dX13 + a;5d X5

+ a14dX16 — a12d X158 + a10d X0 — agd Xoy — a1dXog),
w1y = dPi5 + §14d X1 — (ag6d X3 — ag3d X + adXs — a18d X1 + a15d X 14

+ a13dX16 — agdX19 + ard X9 — asd Xy + aadXor),
wis = dPig + §15d X1 — (—a25d Xy — a24d X5 — a92d X7 — a16d X129 + a14d X1y

+ a13d X5 — andXy7 — agdXoz — asdXos — G3dX26)7
wig = dPi7 + g16d X1 — (ag6d Xy + a21dXg — a19d Xg + a17d X 19 — a15d X1

— a1d X6 + agdX1g — azdXo + a5dXop + a1dXo7),
wir = dPg + §17d X1 — (—a25d X3 + az3d X5 + agd X7 + a16d X 10 — a13dX13

— a12dX14 + agd X 17 + asdXo1 + asdXoy — a2dXs),
wig = dPg + g18d Xy — (—a25dX2 — a21d X5 — a19d X7 — a14d X109 + a12d X2

+ a11dXi3 — agd X5 — agdXog — asdXon — aldX26)7
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wig = dPyo + §19d X1 — (a24d X3 + a3d Xy — a18d X7 — a16dXg + a13d X1

+ a10dX14 — a7d X7 — agd X9 + a3dXog + adXss5), way = dPay + §20d Xy — (as

— a10dX 12 + a7d X5 + agdX1s — azdXo + a1dXss),
wa1 = dPyg + §21d X7 — (—a92d X3 — ag0d Xy — a18d X5 + a16dXe — a13d Xy

— agd Xy + a5d X7 — aydX19 — a3d Xy — azdXa3),
wag = dPa3 + good Xy — (—a23dX2 — a1d X3 — a15d X7 — a12d Xg + a1pd Xy

+ agd X1 — a7d X3 — agd X6 — aadXag — a1dXoy),
woz = dPyy + §23d X1 — (—ag2d Xo + a19d Xy + a17d X5 — a14d X + a11d Xy

+ agd X1y — asd X5 + aydX1s + azd Xy — a1dXo3),
woy = dPys + §o4d X1 — (a90d X5 + a190d X3 — a15d X5 + a12d Xg — agdXo

— agd Xy + a5d X3 — a,d X6 + a2dXo + a1dXy),
was = dPyg + gosd X1 — (—a18d Xy — a17d X3 — a15d Xy — a10dXs + agd Xy

+ a7dXg — asd X1 — azd X6 — a2dXig — a1dXy9),
wag = dPy7 + g26d X1 — (a16d X2 + a14d X3 + a12d Xy + a10d X5 + agd Xy

+ agXg + a4d X1 + azd X3 + asd X5 + a1d Xq7),
wor = dPag + Gord Xy — (—a13d Xy — a11d X3 — agd Xy — a7d X5 — agd X

— a5d X7 — aydXg — a3d X9 — asd X2 — a1dX1y),
Wy = Q1w + -+ - + Agrwor + AP — 29d Xy + §1d Xo + - - - + Gord Xos.

This implies R(X) is given by the following 379 equations;
—Piy9s = Piror = —Pig s = Poros = —Pagoa (= an),
—Pioos = Pisor = —Pigas = Pao2s = —Pao o3 (= ag),
—Pig9s = Pigor = —Pig o6 = Paoos = — P12 (= ag),
—Ps o8 = Pr197 = —Pigos = Pigos = —Pig22 (= a4),
—Pros = —Pi196 = Pi3os = —Pisoq = Pir2 (= as),
—Ps08 = Pyor = —Pig 23 = Pisa1 = —Pro20 (= ag),
—P508 = Pyog = —Pig 23 = Piso1 = —Pi720 (= az),
P7,27 = P8,26 = —P10,25 = P12,24 = —P14,22 (: as),
—Pyog = —Poos = Piios = —Pi519 = Pi71s (= ay),
P5,27 = _P6,26 = P10,23 = —P12,21 = P14,20 (: alo),
—Ps 98 = Pyos = —Pi191 = Pis19 = —Piga7 (= ann),
P4,27 = P6,25 = —P8,23 = P12,19 = _P14,18 (: a12>7
—Ps o8 = —Py29 = Pi120 = —Pi315 = Pis16 (= a13),
P3 o7 = —Ps 04 = Pso1 = —Piog9 = Piais (= a14),
—Pyos = —Ps95 = —Prog = —Pio17 = Piais (= ass),
Py o7 = Ps9o = —Ps 00 = Piois = —Pi2,16 (= a1s),
—P3,26 = P5,24 = P7,21 = P10,17 = —P13,14 (: a17),
— P96 = —Ps90 = —Pr o9 = —Pio15 = Pi213 (= 1),
P3,25 = P4,24 = —P7,19 = _P8,17 = P11,14 (I a19)7
Pros = —Pyo9 = Prigs = Ps15 = —Pi112 (= ax),
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—P395=—Pyog = —Ps519 = Fs17 = —FPo4 (= an),
—Proy = —Ps90 = —Pr16 = —Ps13 = Pig11 (= a),
—P2,23 = P4,20 = P5,18 = _P6,15 = P9,12 (I a23),
Pyo1 = P3og = —Ps16 = Ps13 = —Po 10 (= a24),
—P2,19 = —P3,18 = —P4,16 = —P6,11 = P8,9 (Z a25),

P17 = P35 = Py13 = Ps11 = Prg (= a),
—Pyyy=—Py1o=—Pi19o=—Psg=—Fsr (= axn),
Pog=Pog=Poy=Pos=DPog=DPr7=Pog=PFPog=PFPoig=DP11=Po1o=DP13=0,
Pois = Pog = Pojig = Papo = Paps = P33 = P3y = P35 = P3g = P37 = P33 = P39 =0,
P310=P311 = P313=P314= P316 = P317 = P319= P31 = P304 = Pyg = Py5=Py5=0,
Pyr=Pyg=Pyg=Py11 = Py10= P14 = Py15 = P17 = Py1s = P19 = Py = Pyos =0,
Pss=Ps6=D57=D59=DP510=Ps510=P513= P514 = P515 = P517 = P50 = P501 =0,
P53 = P56 = Pog = Psg = Ps9 = P50 = Po,12 = Ps1a = Po16 = Fo18 = Pe,19 = Fo20 = 0,
Peo1 = Pso3 = Psor = Prp = Prg= Priog=Prin = Prio=Pris = Priy = Pras = Prar =0,
Proo = Proy = Pros = Prog = Pyg = P10 = Ps11 = Pyi2 = Pya = Pyie = Pyjis = Prg =0,
PRoo = Pgos = Pras = Peor = Pog = Py11 = Py13 = Py15 = Py 16 = Por = Pyig = Po9 =0,
Pyog = Pyo1 = Pyag = Pyog = Proji0 = Pro,12 = Pro13 = Pro1a = Proji6 = Pro20 = Pro21 = 0,
Pio22 = Pio2s = Piogs = Progr = Pi111 = Piiis = Prijis = Pijie = Pijir = Piiigs = 0,
Pi119 = P12 = Prips = Prios = Pr1gs = Pigi2 = Piojs = Piojis = Piojis = Prago = 0,
Pi322 = Pigo3 = Piags = Prags = Pioor = Pi313 = Pi315 = Pizje = Pizar = Piz20 = 0,
Pi3o1 = Pi3os = Pi3os = Pi326 = Pi328 = Piaja = Puajgr = Plajg = Piaor = Pras =0,
Pryos = Praos = Prage = Pragr = Pisis = Pisi7 = Pisis = Piso0 = Piso2 = Piss = 0,
Pi505 = Pi526 = Pi528 = Pi6,16 = P16,18 = P16,19 = Pie20 = Pis21 = Pie22 = P24 = 0,
Piga7 = Pigos = Pi7a7 = Pirjg = Piro1 = Piras = Piros = Pi7os = Piros = Pirag = 0,
Pig1g8 = Pig19 = Pigoo = Pig22 = Pigas = Pigos = Pigor = Pigos = Pig19 = 0,

Pigo1 = Prgo3 = Prgos = Prgos = Proor = Prgas = Pagpo = Paga1 = Pao22 = 0,

Proo3 = Pagos = Pogor = Pagag = Po121 = Pa1,23 = Po1a = Po126 = Pa127 = 0,

Po1og = Pagog = Pogos = Pagos = Pagosg = Paoor = Paopg = Pagoz = Pagos =0,

Pa3 o6 = Pazor = Pazog = Poyos = Payas = Pasgs = Paapr = Pogog = Pas o5 = 0,

Pos o6 = Pos o7 = Pas 08 = Pag o6 = Pagor = Pagos = Paror = Pagog = Pagag = 0,

Py o8 = P58 P1498 + P398P1298 + Py 28P10,28 + P5.28% 28 + P 28 P7 28,

Py o7 = Py 07 Pra2s + P37 P12.98 + Pyo7Proos + Ps27P8 28 + P 28 Pr 27,

Py og = P ogPraps + Ps06P12,08 + PyosPro2s — Ps o7 Pr o8 + Ps 08 Pr 07,
Py o5 = Py o5P1498 + P35 P1298 + PiosPsos + PaorProg — PyagPrar,
Pioy = PyosPryog + P395P1098 — P3968808 — P37 P708 + P308P7 97,
Py o3 = P593Piyog + P393P12 08 + Puos s 08 — PyorPs08 + PyogPs o7,
P1 oy = PyosProog — Poo5Pioos + PP os + PoorProg — PaosPra7,
Pio1 = Pyo1Prags + P323P1028 — P326 5528 + P3.27P508 — P393 5 27,
Py oo = P21 P1298 — Po23P10,28 + Po 265628 — Po27P5.08 + Po 28 P 97,
Py 19 = Py19P1428 + P3 238828 — P395P10,28 — 327 P28 + P38 Py 97,
Pi1g = Pa19Pi2os — Pao3Prog + Po o5 Ps.08 + PaorPaog — P g Py oy,
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P17 = Py17Piaog — P33 Pr98 — P o5P5 908 — P326 P08 + P393 25,
P16 = Py19P1o28 — Pop1 PR 08 + Po 04 Fs08 — Poo7P398 + P2 23 P3 07,
Py 15 = Py17Pi2 08 + Po o3 Prog + Po o5 Ps5 98 + Pa o6 Paog — P28 Py 25,
Py 1y = Po4Prygg — P33 Pror — P35 P597 — P3 06 Py 07 + P327Fy 25,
Pr 13 = Py17P1g28 + Poo1 Prog + Po o5 Ps 08 + P06 Py og — P2 og Py 25,
Prio = Py14Pioog + PoosPror + P o5 Ps o7 + P og Paor — Po o7 Py s,
P11 = P17 08 + P19 Pr 08 — Po o4 Pyog — Po o5 P38 + P395 P o3,
Pr 1o = Py14Proos + Poo1 Pror + PopsPs 07 — P06 P3.97 + P 273 9,
Prg = Py17FPs08 — Po19P5 28 — Pao1 Py 08 — P223P398 + P28 P5 23,
Py g = Py 14PR o8 + Po19P7 97 — Po14Pr o7 — Po o5 P3 97 + P 27 P3 25,
Py 7= Po14Prag — Po17Pr o7 + PooaPyos + Poos Py o — P o6 FP3.95,
P g = Py14Fs08 — Po19P5 97 — Pao1Pyor — Paa3P3 a7 + P07 P393,
Pi5 = Py14P508 — Po17P507 — Pa21 Py o5 — Po3P306 + 22613 23,
Pry= Py14Pyog — Po17Pyor + Po19Pios + PoosPs o5 — P o513 93,
P13 = Py14P3908 — Po 17307 — P19 P3 06 — Pa 01305 + P2 0413 23,

Pro= Py14Po28 — Po17P o7 + Po19Ps 06 — P01 P 05 + P23 04,

Piy = 2(Py1aPsosPrags — Poi7Po o7 Prass + PoigPo 26 Prass — P21 Po o5 Prass + Pao3Po 24 Prass
+ Py 14308 P12.98 — Po 173271298 + Po 19326 P12,.28 — Po21P325P12,98 + P24 P393 P12 28
+ P51 PyogPro2s — Poi7 P27 Pro2s + Po19Py 25 Pro28 + P 233 95 P10 28 — 2 253, 23P10 28
+ P14 P5 08 Pg 08 — Po17P5 27 PR 98 — P21 P 255 98 — P2 233,26 P8 28 + P26 3,323 % 28
+ P2 148628 Pr o8 — Po19P5 27 P08 — Pop1 Py o7 Prog — Po o3 P307P7 08 + P o7 P323P7 28
— P 17F6 98 Pr 97 + P2 24Py 95 P 08 + P2 953,26 P6 28 — 12,26 3,256 28 + 2,195 28 Pr 27
— P04 Py 07 P5 08 — P2 95 P3 97 P5 98 + o 97P3 95 P5 98 + P 21 P4 28 P7 07 + P 233 08 Pr 27
— P08 P393 P7 07 + P224 Py 08 P5 07 — Po 26527y 98 + P 2753 26 Py 08 + P 25328 P5 27
— P98 P3 05 P5 07 + Pa 26 P3 08 Paor — Po o7 Ps 98 Py o5 — Pa 98 P3.96 Py a7 + Pa s P3 27 Py 25)

in coordinates (Xl, Ce ,ng, Z7 Pl; ceey ng, P1,17 Ce 7P28,28> of L(J)
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5. GOURSAT EQUATION (By).

Now, utilizing the Second Reduction Theorem , we will construct the model equation (By)
from the same standard differential system (X, D) constructed in §3 and §4, which is the local
model corresponding to the Gourst gradation of type X,. First (W;C* N) is constructed as
follows; W = W (X) is the collection of hyperplanes v in each tangent space T,(X) at x € X
which contains the fibre 0D(x) of the derived system 0D of D, which is same as R(X)

W(X)=J W, cJ(X,3s+1),
zeX

W, = {v e Gr(T,(X),3s+1) | v D dD(x)} =P,

Moreover C* is the canonical system obtained by the Grassmaniann construction and N is the
lift of dD. Precisely, C* and N are given by

C*(v) = v (v) D N(v) = v, (0D(x)),

for each v € W(X) and = = v(v), where v : W(X) — X is the projection.
We introduce a fibre coordinate A by @w = w; + Aws,, where

C*={w=0} and 0D = {w; = wy = 0}.

Here (wy,wa, 21, ..., Zs, Y1, - - -y Ys, L1, - - - , Ts, A) constitutes a coordinate system on W (X). Then
we have

dw = (dy; + Adxi) Awy + - + (dys + Adxs) A ws + dA A s,

Ch(C")={wmw=ws=w1 = =ws=dy; + Mdry = -+ = dys + Adzs = d\ =0 },
N={w=wy=01},
Ch(N)={w=ws=wj = =ws=dy; =+ =dys; =dr; =---=dxs =0 }.

Hence (W(X);C*, N) is an IG-manifold of corank 1 (see §2.2 [15]). Then we can utilize the
integration of @ in §4 (and §3). In particular, by the calculation in (4.1) (and (3.3)), we obtain

s+1
w=dZ - PdX,
(5.1) =1

Ty = dP1 + Z a/kdpk+1 -+ ngI — ngkaJrl
k=1 k=1

where (Xi,...,Xs11,Z, P1, ..., Psy1) constitute a coordinate system of J = W/Ch (C*) and
(X1, Xs41, Z, Py ... Psyq,aq, ..., as) constitute a coordinate system of W. Here we note,
in the case of BD, type,

p+1
o= mk, fe=oan oy (k=2,...,p+1),
k=2

so that
1 p+1 1 p+1
g1:§za%7 gk = aray, (k:277p+1)a and §:§Za1ai-
k=2 k=2

Now our model equation is constructted as follows; Let (R(X); D, D%) = (R(W); Dy, D¥,)
be the Lagrange Grassmann bundle over (W;C* N).

R(W) = U Ry, R,={0 C N(w) | dw |;=0, 0 is maximal},

zeW

31



where C* = {@w = 0}. Moreover D};, and D3, are defined by
Dy (0) = 7.1 (C™(w)) D Dy (0) = 7.7 (0),

for v € R(W),w = ¢q(v) and 7 : R(W) — W is the projection. Namely we collect maximal
isotropic subspaces of (N (w),dw). Infact v = ¢.(?) is a legendrian subspace of (.J, C') such that
v C t(w) = q.(N(w)), where g : W — J = W/Ch (C*) is the projection and ¢ : W — I'(J) is
the canonical immersion (see Theorem 2.1 [15]). Thus we define a map ¢ : R(W) — L(J) by
((0) = g«(0). Then we have

((Ru)={veL(J)|vCwcCClu)}=Lw/v™) = U(s)/Os),

where u = q(w),w = «(w) and L(w/w!) denotes the Lagrange Grassmann manifold of the
symplectic vector space w/w>of dimension 2s. Hence our equation ((R(W)) is the collection of
legendrian subspaces v = ¢.(0) such that v C w = ¢.(N(w)), i.e. v C N(w), for w € W. Since
(X,0D) is a regular differential system of type ¢'(s,2) and of Cartan rank s, we can check that
(R(X); DL, D2%) is a PD manifold of second order on an open dense subset R of R(X) = R(W)
(see Proposition 7.3 [15] for detail) and ¢ : R(W) — L(.J) is an immersion on R.

Now, substituting dP; — Zj: P;dX; (i=1,...,s+1) into (5.1) , we obtain the parametric
description of Goursat equation (By)

(5.2) Py + ZakPkJrl,l +9=0, P+ Zakpk+1,j+1 —-g;=0 (j=1,...,s).
k=1 k=1

In fact we can describe the immersion ¢ : R(W) — L(J) in coordinates as follows (see §4.1
[15] for detail); Let (X1, X1, Z, P1, Piy1, AT, BT S)(1 < i < s) be the coordinate system of
I'(J) induced from a canonical coordinate (X1, ..., X1, 7, P1,..., Psy1) of J (see §2.1 [15]).
Then, by (5.1), «(W) is given by

(53) A'H-l = —a,, Bi-l—l — gi’ S = _g + ZAH—lBi-‘rl — _4§

i=1
Moreover, following the argument in §4.1 [15], we can choose the cooodinate system (X, X1, Z,
Py, Py, a4, Pl ) (124,75 = s) of R(W) so that ¢ @ R(W) — L(J) is given by

S
C Py =Pl CPiy1=0B" + E Pl AT,

Jj=1
s s
* % * * At+1 % AJ+1
CPll_LS+ZZPi+1,j+1LA AT
i=1 j=1

where (X1, Xiy1, Z, P, Pii1, Pi1, Prj1, Piv1 1) (1 S0, < s) is the coordinate system of L(J)
induced from a canonical coordinate system (X1, X;41, 2, P1, Piy1)(1 =i < s) of J.
Then, substituting (5.3) into the above, we obtain

S
* ~ *
CPrit1=0i — E ¢ Piy1j4104,

=1
C*Pp=—49 + Z Z C*Pz'+1,j+1aiaj = —4g — Z(C*Pl,i—i-l - Qi)@i = - ZC*PLH—lai -3
i=1 i=1

i=1 j=1

This gives us (5.2).
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