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RESIDUES OF HOLOMORPHIC VECTOR
FIELDS ON SINGULAR VARIETIES

DANIEL LEHMANN AND TATSUO SuwA

In this article we discuss various residue problems of holomorphic vector
fields on (possibly singular) complex analytic varieties from a unified view point
and summarize mainly the results in [LS] and [LSS].

The basic idea is to generalize the residues of R. Bott for holomorphic
vector bundles with an action of a holomorphic vector field on a complex manifold
([B1]) in two ways: on one hand to the case of virtual bundles (with an action of
a holomorphic vector field, which is a quite different situation than the case of the
virtual normal bundle for a singular foliation used by Baum-Bott in [BB1]), and on
the other hand with basis a singular variety. The method is a generalization of the
one initiated in [Lh2] for a single vector bundle with a non-singular basis.

Let W be a complex manifold of dimension n and V an analytic subvariety
of pure dimension p. Suppose we have a holomorphic vector field X on W leaving
V' invariant and define the singular set ¥ to be the set of singular points of X on V
and singular points of V; ¥ = (Sing(X)NV)USing(V). In this situation, the above
generalization can be done with the assumption that each of the vector bundles
involved has a C'™ extension on a neighborhood of V in W. Let (E, E') be a pair of
X-bundles on V (cf. section 2). With the vanishing theorem away from X, we can
define the residue for each compact component of T and a pair of Chern polynomials
(,9") with the sum of degrees equal to p and, when V itself is compact, the sum
of the residues over the components of ¥ is equal to the characteristic number
of (E,E'") for (¢,¢') (Theorem (2.2)). This naturally includes the single vector
bundle case. When the singularity is isolated, there is a “good coordinate system”
to compute the residues (Lemma (2.9)) and they are expressed as “Grothendieck
residues relative to a subvariety” (Theorem (2.11)).

As applications, we first discuss the residues for the restriction TW|y to V
of the holomorphic tangent bundle of W. If V is now a local complete intersection in
W, the usual normal bundle to the regular part of V in W has a natural extension
Ny on the whole V' and we discuss also the residues for Ny and for the virtual
tangent bundle TV = TW|v — Ny of V. Each of these bundles is equipped with
a natural X-action. The first bundle has an obvious extension, however for the
second and the third we need to further assume that Ny admits a C° extension
on a neighborhood of V. Besides the case V 'is non-singular, this condition is
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satisfied, for example, when V is a hypersurface, a complete intersection or a (global)
complete intersection in the projective space. The residues for Ny generalize the
index introduced by C. Camacho and P. Sad in [CS] for a holomorphic vector field
on a complex surface leaving a (non-singular) curve invariant and are interpreted as
the residues of the vector field X relative to V. The global invariants in this case are
the characteristic numbers of the bundle Ny (Theorem (4.2)). The theory can also
be developed in the case of higher dimensional singular foliations, generalizing the
previous works of several authors (see Theorem (4.6) and the subsequent Particular
cases). The residues for the virtual tangent bundle TV (see Theorem (5.3) and
Proposition (5.6)) include as a special case the topological index of X. Gémez-
Mont, J. Seade and A. Verjovsky ([GSV], see also [BG] [Gz] and [SS]) defined for
a holomorphic vector field on a singular variety and they reduce to the residues
of P. Baum and R. Bott ([BB1] and [BB2]) when V is non-singular. We give an
explicit formula for the residues in the “non-degenerate case” (Proposition (6.2))
and compute various examples in section 7.
We would like to thank X. Gémez-Mont for useful discussions.

1. Local complete intersections

Let W be a complex manifold of complex dimension n = p+ ¢ and V
an analytic subvariety of pure complex dimension p. A “system of reduced local
defining functions” for V is a holomorphic map f : U — C¥, defined on an open set
U of W, such that VN U = f~1(0) and that the ¢ components of f generate the
ideal I(V N U) of holomorphic functions which vanish on V NU. The subvariety V
is said to be a “local complete intersection” (briefly, LCI), if there exists a family
{fa : Uy — C%}, of systems of reduced local defining functions for V such that
Us Ua D V. We denote by TW the holomorphic tangent bundle of W and by Ny
the normal bundle of the regular part V' = V — Sing(V) of V. Recall that (e.g.,
[LS] Proposition 1), if V is an LCI, there exist a natural holomorphic vector bundle
Ny of rank ¢ over V and a bundle map  : TW|y — Ny such that Ny|v: = Ny:
and that we have a commutative diagram with an exact row

; TW|y —— Ny
(11) Tincl. . Tincl.
0 —— TV! —— TW|y» ——— Ny» —— 0,

An LCI subvariety V' of W will be said a “strong local complete inter-
section” (briefly, SLCI), if there exists a C* vector bundle N, defined over some
neighborhood of V in W, whose restriction to V is equal to Ny. The last condition
implies that in a neighborhood of every point of V, N admits a C* trivialization
whose restriction to V' is holomorphic. If V is an LCI and if f : U — CY is a
system of reduced local defining functions, the holomorphic bundle Ny is trivial on
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VvnU and there i 1s a trivialization which, on the regular part of V. N U, is given
by m(5% )i (5 T ) taking the components of f as a part of a local coordinate
system on W. We call it the trivialization associated with f. If, moreover, V is an
SLCI with a C™ extension N of Ny, choosing a smaller U if necessary, there is a
C trivialization of N on U extending the trivialization associated with f. Here
are some examples of SLCI:

(1) If V is a non-singular subvariety, i.e., a submanifold, of W, then clearly it is an
LCI. It is moreover an SLCI. In fact let U be a tubular neighborhood of V with
C* projection p: U — V. Then N = p*Ny is an extension of v with the desired
properties. In this case, however, we do not need to consider the extension N in
the following argument.

(2) Any hypersurface V of W (¢ = 1) is an SLCL In fact, if we set gag = ‘fL, where
{fa} denotes a family of reduced local defining functions, then the system { Jap} of
non-vanishing holomorphic functions satisfies the cocycle condition and it defines a
holomorphic extension N of Ny on the union of the domains U, of the fu's (which
may be assumed to be W). Note that the collection {f,} defines a global section
of N non-vanishing away from V.

(3) A complete intersection, i.e., a subvariety V which is covered by the domain U
of a single system defining functions f : U — CY, is an SLCI. In fact, since Ny is
trivial in this case, it admits a trivial extension N on U.

(4) Let W = CP", the n-dimensional complex projective space with homogeneous
coordinates [Xo, X1, ..., Xn]. Any algebraic set V in CP" which is a (global) com-
plete intersection is also an SLCI.-In fact, by definition, the ideal I(V') of homoge-
neous polynomials in (Xy,...,X,) vanishing on V can be generated by ¢ elements
F1,F;,...,Fy (¢ = codim V). In the affine open subset U; of CP" defined by X; # 0,
VnU; has for defining equations —,f— =0, di = deg F%, 1 < k < q. Therefore, on

U; NU; the change of defining functlons is given by the ¢ X ¢ diagonal matrix with
d d
entries (%) ' s eees (%) ! Thus, denoting by L — CP" the hyperplane bundle
(the dual to the tautological line bundle), N is defined on the whole CP™ by
N = ®Z=1L®dk-

Hence we have ¢(N) = 14 ¢; (V) 4+ + ¢,(N) = 13-, (1 + dkc), where ¢ = ¢;(L).
(5) In general, let NV be a holomorphic vector bundle of rank ¢ over W and V the
subvariety of W defined by a holomorphic section o of N. Suppose ¢ is a regular
section, i.e., a section such that, at each point of V, the germs of its components
(f1,...,fq) with respect to a local (holomorphic) trivialization of N near the point
form a regular sequence (in fact, this is the case if and only if the codimension of

V is ¢). Then V is an LCI, locally defined by f; = --- = f, = 0. Moreover it is an

SLCI with IV itself a holomorphic extension of Ny . (We assume that V is reduced,
to be consistent with the definition in the beginning of this section.)

3



2. Bott residues on singular varieties

Let W be a complex manifold of complex dimension n and V an analytic
subvariety of W of pure complex dimension p, as before. Also, let X be a holomor-
phic vector field on the regular part of V and write £ = Sing(X) U Sing(V'). (Recall
that a singular point of X is either a point where X vanishes or a point where it is
not defined.) ,

A holomorphic vector bundle E — V will be said an “X-bundle”, if
(i) E|v-g is equipped with a holomorphic action of X in the sense of Bott [B1],

i.e., there exists a C-linear endomorphism

bx : C*°(E|ly-g) — C®(E|y-x)
of the space of C™ sections of E over V — ¥ with the properties

Ox(uo) = (Xu)o + ubx (o) for a C* function u,
6x (o) is holomorphic if o is,

(ii) either V is non-singular or there exists a C™ extension E of the bundle E to
some neighborhood of V' in W. ~ :

Let (E,6x) be an X-bundle. A connexion w on E|y_x will be said special
relative to Oy, if its derivation law V satisfies:

Vx(o)=0x(c) forall o € C®(E|y_g),
Vz(o) =0 for a C*® section Z of T(V — X)) and a holomorphic section o.

It is known that such a connection always exists ([B1]).

We denote by A, the Chern-Weil homomorphism defined by a connection w
and by Aw,...w, the Bott’s operator for iterated differences so that do Ay, .., =
Ef:o("l)iAwo-..&:---wk ([B2]). In particular, we have d o Ay = Ay — A,. In
general, let E be a complex vector bundle of rank r and let C[cy,...,c,] denote
the ring of Chern polynomials with complex coefficients. The ring is graded by
deg(c;) = 1 and its homogeneous component of degree d is denoted by Clcy, .. ., crla.
Thus, if ¢ is a polynomial in Clcy, ..., ¢r]q, then Aygu,..w, () is a (2d — k)-form. In
particular, for a connection w on E, A,(y) is a closed 2d-form and its cohomology
class is independent of the choice of the connection and gives the characteristic class
@(E) of E for the polynomial ¢. Note that if the degree of ¢ is 0, i.e., if p=cisa
constant, Ay () = ¢ and Aygw,...w, (@) = 0 for k > 1.

(2.1) Lemma (Vanishing theorem). Let (E,68x) and (E', 8% ) be two X -bundles

on V of respective ranks r and r' and let ¢ € Cley,... ,cr]q and ¢' € Cley, ... s Crt |t
be homogeneous Chern polynomials, defining a characteristic class of dimension 2d
for E and one of dimension 2d' for E'. Supposewy,...,wy are connections on Ely_»
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all special relative to §x and wj,...,w}, connections on E'|y_x all special relative
to 8. If d + d' is equal to the complex dimension p of V, then we have

VAV (‘P) A Aw;...w;,(‘P,) =0.

Note that if £ = p or k' = p, by letting ¢' = 1 or @ = 1, respectively, we
have the vanishing theorem in the single vector bundle case:

Auy...wp (‘P) =0 or Aw;...w;, (()0,) = 0.

The proof of the lemma is an obvious generalization of the single vector bundle case
(sce [B1)) B

- This lemma in particular implies that, for d + d' = p, the cup product
@(E) ~ ¢'(E") of characteristic classes vanishes over V — X. Thus this product
“localizes” near %, in the sense that it has a natural lift to H??(V,V — X) giving
rise to residues in Ho(X) by duality when ¥ is compact. In fact this is done as
follows. o ’

Let 34 be a compact connected component of & and U, an open neighbor-
hood of ¥, in W such that V, — X, is in the regular part of V, V, = U, NV. Also,
let 7, be a compact (real) manifold of dimension 2n with boundary in U, such that
T4 is in the interior of 7, and that the boundary 87, is transverse to V. We write
To=T,0V and 8T, =87, nV.

Now suppose we have two X-bundles (E,f0x) and (E',). We take an
arbitrary connection wq on Ely, (or on E|y, if V is non-smgular) and a connection
w on Ely, _z, special relative to §x. Take also w], and w' similarly for (E', 6 ). Let
¢ € Cley... ,¢r]a and ¢' € Cley,. .. ,cp]a be as in Lemma (2.1) with d + d' = p.
Then, using the integration theory on the Cech-de Rham cohomology ([Lh1], [Lh2))
and the vanishing theorem (2.1), we get the following theorem ([LS] Proposition 2,
[LSS] Lemma 2).

(2.2) Theorem. If we define the residue Ress, (¢(E,8x) - ¢'(E',8%)) by

ReSz;a (‘P(E7 GX) : ‘PI(Ela G,X))
= [ 8@ A8 = [ (800) N Bt () + a9 A By (61)
Ta 0Ty '

then

(i) This number does not depend on the chowes of Ty , w,wa, w', and w!,

(i) Assume V to be compact and let (£4), be the partition of ¥ into connected
components. Then, we have

> Ress, (o(E, 6x) - ¢ (E', %)) = (¢(E) - ¢'(E") ~ [V],



where [V] denotes the homology class of V. In particular, the sum depends only on
V,E,E',p and ¢', but not on X, 0x and 6.

If d = p and ¢’ = 1, we write the residue simply Ress, (¢(F,60x)) instead
of Resz, (¢(E,0x) - 1(E',0)). Thus we have

(2.3 Resz. (¢(B,03) = [ 8a(@)= [ Buun(e)
Ta T,
and the residue formula in Theorem (2.2) (ii) becomes

(2.4) Y Ress, (¢(E, 6x)) = ¢(B) ~ [V]

Also, if d' = p and ¢ = 1, we use similar notation and get similar identities.

As usual, denoting by ¢(E) and c(E') the total Chern classes of E and E',
we define the i-th Chern classe c;(E —~ E') of the virtual bundle E— E' to be equal to
the homogeneous component of degree i in the formal expansion of ¢(E)-¢(E')~1. So
for a polynomial ¢" in C[cf,--- ,c!], "' = r — ', we may define the characteristic
class ¢"(E — E') as the sum of classes of the form p;(E) - ¢!(E'). More precisely,
letting

(2.5) - p:Clef,... seu] = Cley,... e ] @ Clel,. .., cl]
be the morphism generated by the correspondence
I+ +otcms Q4+ +e) -1+ +.+c)

with the terms of sufﬁciently large degree truncated, we may write p(cp") = pip
with ¢; € Cley,... ,¢r] and ¢} € Clc},...,cl]. Then we define ¢'(E — E') =
2 pi(E) ~ ¢i(E') and, moreover, if the degree d" of ¢" is equal to p, we may
define .

(2.6)  Resg, (¢"((E,0x) - (E',0%))) = ZRGSEa (pi(E,0x) - pi(E',0%)) -‘

Thus, from the residue formula in Theorem (2.2) (ii), we have
(2.7) > Ress, (¢"((E,6x) — (E',6%))) = ¢"(E— E') ~ [V].

Now if V is non-singular and if there exists an exact sequence of holomorphic
vector bundles

0—-E'—-E—SE -0

on V, then the characteristc classes of E" and those of E — E' are obviously the
same. Assume furthermore that E" is also an X-bundle with action 6%. If 6% is
equal to the restriction of §x to the sections of E" and if 6% is defined from 6x
by passing to the quotient, it is then less obvious, but true, that the residues of E"
and those of E — E' are also the same ([LSS] Lemma 3):
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(2.8) Lemma (Compatibility of the residues). We have

Ress, (¢"(E",0%)) = Resg, (¢"((E, 9x) (E',6%)))-

We will now give .a formula for the residue in the case ¥, consists of an
isolated point P in V and, near P, X is the restriction of a holomorphic vector field
X defined on a ne1ghborhood of P in W. We also assume that V' is a complete
intersecion near P. Then we have the following lemma ([LS] Theorem 2).

(2.9) Lemma (Existence of a good coordinate system). There exists a local
coordinate system (z1,...,2,) near P in W such that, if we express X as

. i o
X=Za;(zl,...,zn)—é?

=1

and if we denote by (fi,...,f,) a system of defining functions of V near P, the
sequence (@i, ...,ap, f1, ..., fq) is regular, i.e., the set of common zeros of the holo-
morphic functions ay, ..., ayp, f1, ..., f consists only of P.

Let ¢ € Cley,...,¢/] and ¢’ € Cley,...,cn] be homogeneous polynomials
of respective degrees d and d' with d + d' = p. Taking a holomorphic trivialization
(01,...,07) of E on a neighborhood Vp of P, we define the matrix M = (m;;)
whose entries are holomorphic functions m;; on Vp — {P} determined by

(2.10) 0}((0‘,’) = Zr:m,-jaj.

We define the matrix M’ similarly for E'.
In general, for an r x r matrix A, we define ¢;(4),i=1,...,r, by

det (I + t——”z;lA) =1+tc;(A)+ - +1cr(A).

Thus, for a polynomial ¢ in Clecy,...,c,], we may also define p(A), which is a
holomorphic function, if A is a matrix with holomorphic entries. Similarly we
define ¢'(A") for an r' x r' matrix A'.

With these, we have the following theorem ([LS] Remark after Theorem 2,
[LSS] Corollary to Theorem 2 and Lemma 4).

(2.11) Theorem. In the above situation, if we take a coordinate system as in
Lemma (2.9), we have

(M) (M')dzy Adza A -+ Adzy

ayag ---ap

Resp (¢(E, 0x) - o' (B, 0% )) = /r

7



where I' denotes the p-cycle in V given by
P={z[la(z)| = =lap(2)| =¢, fi(2) =+~ = fo2) =0},

for a small positive number €, which is oriented so that df; A --- A dl, is positive,

0; = arg a;.

For the formula in terms of general coordinate system, see [LS] Theorem 1’
and [LSS] Theorem 2.

3. Residues for TW|y

Let W and V be as before and let X be a holomorphic vector field on a
neighborhood of V' which leaves V invariant. Letting X be the vector field on (the
non-singular part of) V induced by X, we define the singular set X as before. Then
TWly is an X-bundle with the action §x _given as follows. Let Y be a C* section
of TW|y on V — E. Taking its extension ¥ to some neighborhood of V — I, we set

(3.1) 0x(Y) = [X,Y]lv-5.

Then it does not depend on the extension and defines a holomorphic action. From
Theorem (2.2), we have the followingtheorem.

(3.2) Theorem. For a compact connected component £, of & and a polynomial
¢ in Cley, . .., cplp, we have the residue Resy, (o(TW|v,0x)) and, if V is compact,
we have

Y " Ress, (¢(TW]v,0x)) = o(TW) ~ [V].

We denote Ress, (¢(TW|v,0x)) by Resz, (¢(TW |y, X)) hereafter.

Now we assume that ¥, consists of an isolated point P, X is defined near

P and that V is a complete intersection near P. If (z1,...,2y,) is a local coordinate
system on W near P, (8;21" ces %) gives a local holomorphic trivialization of

TW|y. Expressing X = Yoy ai%, we compute

aa]
bx ( ) Z 0z; 62,

Hence the matrix M defined by (2.10) is given by M = —J, J = %‘;i:—:‘:;‘;, the
Jacobian matrix of (ay,...,a,) with respect to (21,...,2,). Let ¢ be a polynomial
in Cley, ..., ¢nlp. Then, from Theorem (2.11), we have the following theorem.

(3.3) Theorem. In the above situation, if (21, ...,2,) denotes a coordinate system
as in Lemma (2.9), we have

Resp (p(TW]y, X)) = /F

where I' denotes a p-cycle as in (2.11);

<p(—J)dz1 ANdzg A+ Ndzp

alaz --.ap




4. Residues for Ny (residues of a holomorphic vector field relative to an
invariant subvariety, [LS])

Let W, V, X, X and & be as in the previous section. In this section, we
assume that V is an SLCI so that the bundle Ny admits a C® extension N. Then
Ny is an X-bundle with the action §x given as follows. First, note that any C'*®
section o of Ny over V — ¥ may be written as ¢ = 7(Y") for some section Y of
TW|y-s. Let Y be a C*™ section of TW|y on V — X. Taking an extension VofY
to some neighborhood of V' — %, we set ;

4.1) | bx(0) = (1%, ¥]lv-s).

~ Then this action is well defined and Ny becomes an X-bundle (cf. Remark (4.3)
2° below). From Theorem (2.2), we have the following theorem.

(4.2) Theorem. For a compact connected component ¥, of ¥ and a polynomial
¢ in Cley, . .., ¢q]p, we have the residue Resg, (¢(Nv,8x)) and, if V is compact, we

have ’
Y Resg, (¢(Nv,8x)) = p(Ny) ~[V].

(4.3) Remarks. 1°. We call Resy, (¢(Nv,0x)) the residue of the vector field X

(or of X ) relative to the invariant subvariety V at X, for ¢. It will be sometimes
denoted by Ress_ (¢(Nv, X)).

2°. Theorem (4.2) is valid when there is no global vector fields. More precisely, a
dimension one singular foliation F on W is defined locally by a holomorphic vector
field so that two vector fields defining F differ by multiplication by a non-vanishing
holomorphic function in the common domain of definition. Thus we may patch
together the singular sets of the vector fields defining F to get the singular set
S(F) of F. If V is a subvariety of W invariant by F, i.e., invariant by every vector
field in F, F induces a dimension one foliation Fy on the non-singular part of V.
We set & = (S(F)NV)USing(V). Then, on V — T, there is an action 65, of Fy on
Ny similar to (4.1) ([Lh2] Lemme Fondamental 2.1) and there is also a vanishing
theorem as (2.1). Thus Theorem (4.2) remains true if we replace §x by 8r,. We
denote Ress, (¢(Nv,07,)) by Resg, (¢(Nv,F)) hereafter.

3°. Theorem (4.2) is also readily generalized to the case of higher dimensional
singular foliations on W (see Theorem (4.6) below).

Now we assume that ¥, consists of an isolated point P and that X is defined -
near P. If we let f = (f1,..., f,) be a system of local reduced defining functions of -
V near P, the condition that V is invariant by X is expresed as

g
X(f)=)_cijfi,

i=1

9



for some holomorphic functions ¢;; ([St], [BR]). Denoting by (o4,...,0,) the trivi-
alization of Ny associated with f (see section 1), we have ([LS] Lemma 1 (iii))

q .
Gx(a',') = - Z cj,-aj.

=1

Hence the matrix M defined by (2.10) is given by M = —!C, C = (c;;). Let @

be a polynomial in Cley,...,¢4],. Then, denoting by F the foliation defined by X
(Remark (4.3) 2°), from Theorem (2.11), we have the following theorem.

(4.4) Theorem. In the above situation, if (21,...,2,) denotes a coordinate system
as in Lemma (2.9), we have

o(—C)dzy Adzy A --- Adz,

ajas °°"ap

Resp(p(Nv, F)) = /F

where I denotes a p-cycle as in (2.11).

(4.5) Remark. The right hand side above depends only on F and not on X, in
accordance with Remark (4.3) 2°. Namely, if we take uX instead of X for a non-
vanishing holomorphic function (in fact, any function) u, each a; is multiplied by
u, however, since the matrix C is also mult1p11ed by u, the integrant remains the
same. Note that, on the contrary, if we replace X by uX the right hand side of the
formula in Theorem (3.3) changes in general.

The case of higher dimensional foliations

In the case of higher dimensional foliations, Theorem (4.2) is generalized as
follows. For details we refer to [Sw2]. Let W and V be as above with V an SLCIL.
Also, let F be an s-dimensional singular foliation on W leaving V invariant and set

= (S(F)NV)USing(V).

(4.6) Theorem. Let ¢ be a polynomial in Clcy, ... ,c,] of degree d > p — s.
(i) For a compact connected component X, of ¥ we have the residue

Resza(go(Nv,f)) € Hyp_24(Zo; C),

which depends only on the local behavior of F and V near %,,.
(ii ) If V is compact, we have

Y " (ia). Resz, (p(Nv, F)) = o(Ny) ~ [V] in  Hzps4(V;C),

where i, denotes the embedding £, — V.
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Particular cases

(I) Let W be a (non-singular) complex surface, V a complex curve in W and F
a dimension one singular foliation on W leaving V invariant (p = ¢ = s = 1). In
this case, we have the residue essentially only for ¢ = ¢; and T consists of isolated
points. If V' is non-singular at P, the residue Resp (c;(Nv,F)) coincides with the
index defined in [CS] by C. Camacho and P. Sad (see the case (III) below) and, in
general, it coinsides with the one defined in [Sw1], which is also equal to the one in
[Ln1] by A. Lins Neto, provided V is locally irreducible at P. Also, if V is compact,
we have, by Theorem (4.2),

> Resp(ci(Ny, F)) = ei(Ny) ~ [V] = V2,
Pex '

where V2 denotes the self-intersection number of V in W. This is the formula
proved in [CS] when V is non-singular and is the one in [Sw1], in general. Equivalent
formulas had been obtained for W = CP? in [Ln1] and for W a complete intersection
in CP" in [Sr] by M. Soares. , :

(II) Let V be a hypersurface in W and F a codimension one singular foliation on W
leaving V invariant (¢ = 1, s = p). In this case, we have the residue essentially only
for o = cf, k =1,...,p. When V is non-singular and dim ¥ = p — 1, the residue
Ress, (¢(Nv,F)) is defined and the residue formula as in Theorem (4.6) is proved
by J.-P. Brasselet, B. Gmira [Gr] and A. Lins Neto [Ln2].

(IIT) ¥ V is non-singular, Theorems (4.2), (4.4) and (4.6) reduce to the ones in
[Lh2]. In particular, the formula in (4.4) becomes as follows. When P is a non-

singular point of V, we may take a local coordinate system (z1,...,2,) so that
fi1 = 2py1,..., fg = zn define V near P. Then the invariance condition for V' by X
is that ap41,...,a, vanish on V. Thus (21,...,2,) is a good coordinate system in

the sense of Lemma (2.9). On the other hand, ¢;; and %:—:—3 are equal on V. Hence
denoting by J' the Jacobian matrix %%, we recover the formula

Resp((¢(Nv, F)) = /F

o(=J")dzy ANdza A--- Ndz,
alazoooap ?

in [Lh2] Théoréme 1. Note that the right hand side is expressed as a Grothendieck
residue. ’

5. Residues for TW|y — Ny (residues of holomorphic vector fields on
varieties, [LSS])

Again, let W, V, X, X and ¥ be as in section 3 and assume that V is an -
SLCI as in section 4. Taking as E the bundle TW |y and as E' the bundle Ny with
the X-actions 6x and 6% given by (3.1) and (4.1), from Theorem (2.2), we have
the following theorem (see also (2.6) and (2.7)).
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(5.1) Theorem. For a compact connected component £, of ¥ and a polynomial
¢ in Cley, . .., ¢plp, we have the residue Ress, (¢((TW|v,0x) — (Nv,8%))) and if
V is compact we have

3 Ress, (¢((TWly, 6x) = (Nv, 65))) = o(TWly = Nv) ~ V],

We denote Resz,, (¢((TWlv,0x) — (Nv,0%))) by Resz;a (o(TW |y — Ny, X)) here-
after. We employ further abbreviation and denote the virtual bundle TW |y, — Ny
simply by TV and call it the virtual tangent bundle of V' (in W):

TV = TW|y — Ny.

(5.2) Remark. If X, is in the regular part of V, then, by Lemma (2.8), the residue

Ress, (¢(TV, X)) coincides with that of P. Baum and R. Bott ([BB1], [BB2]) of X
for ¢ at X

Now we assume that ¥, consists of an isolated point P and that X is defined
near P. Let ¢ be a polynomial in Cley,...,cp), and write p(¢) = Y; ¢; - ¢! with
@i € Cley,...,cn] and ¢} € Cley,...,¢,] (see (2.5)). Then, from Theorem (2.11),
we have the following theorem.

(5.3) Theorem. In the above situation, if (21, ..., 2,) denotes a coordinate system
as in Lemma (2.9), we have ‘

Resp(p(1V, X)) = Y /r

@i(=J)pi(=C)dzy Ndzg A+ -- Ndz,
alaz e ap ’
where T' denotes a p-cycle as in (2.11).

In particular, if ¢ = c¢,, denoting by [¢(—J) - ¢(—C)~1]; the holomor-
phic function given as the coefficient of #* in the formal power series expansion

of det ( ——tﬁgJ) - det ( —ti:C’)_1 in ¢, we have

[e(=J) - c(—=C)pdzs Adza A+ Adz,
a1az -+ - ap )

(54)  Resp(c,(TV, X)) = ]F

(5.5) Remark. If P is a regular point of V, we may take a coordinate system
(#1,...,2,) about P as in Particular case (III) in section 4. Then,on V, C = J'

and —ﬁ— =0for:=1,...,gand j =1,...,p. Hence denoting by J" the Jacobian
matrix a(&—’a’—, the formula in (5.3) reduces to .

o(=J")dzy Ndzag A -+ Ndz,

alaZ'” P

Resp((o(TV, X)) = /r

which coincides with the ones in [BB1] and [BB2] expressing the residue as a
Grothendieck residue.
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Now we can show that the residue in (5.4) coincides with the topological
index considered in [GSV] and [SS], recalling that the latter is equal to the total
index of a vector field obtained from X by perturbation on a “canonical” smoothing

of V.

(5.6) Proposition. The residue Resp(cy(T'V, X)) coincides with the topological
index of [GSV] and [SS]. In particular, if P is a regular point of V, then it is equal
to the usual Poincaré-Hopf index at P of the vector field X on V. ‘

The proof is done by first noting that the class c,,(ff’V) is localized by two
different reasons; (1) because of the existence of (natural) X-actions on TW |y and
Ny, away from the singularity, and (2) because of the existence of a non-vanishing
section X of the tangent bundle of V' away from the singularity, and then showing
that these two define in fact the same residue. Since the first gives Resp(cp(TV, X)),
the proof is completed by showing that the residue given by the second is equal to
the index of [GSV] and [SS]. For details, see [LSS] Lemma 5.

6. Grothendieck residues relative to subvarieties

As we have seen in the previous sections, we encounter integrals of the form

h(z)dzy Adzy A -+ A dz,
T a1a2...ap ’

where I' denotes a p-cycle as in (2.11). We give a formula for this integral in
the case V' is a hypersurface and the system (a;,... ,ap) is “non-degenerate” in
the following sense. We refer to, e.g., [GH] for integral representations of usual
Grothendieck residues and their properties.

We denote by O, the ring of germs of holomorphic functions at the origin 0
in C" and let (21,...,2,) be a coordinate system near 0 in C". Also, let a4, ..., an—;
be germs in O, vanishing at 0 and V' a germ of hypersurface with isolated singularity
at 0 in C™ with defining function f. We further assume:

(1) det (a—(a—l’—i’"—l)) (0) # 0, thus (ay,...,a,-1,2,) form a coordinate system.

(21 yeeeyZn—1)
(ii) The linear part of a;, 7 =1,...,n — 1, depends only on z1,...,2n_;.
(iii) In the coordinate system (ai,...,an—1,2,), f is regular in z,. Thus, if we

denote by £ the order of f in z,, we may assume that f is equal to a Weierstrass
polynomial P(z,) of degree £ in z,,.

(iv) When we write
P(zq) = z;, + g1(a')z5 + -+ + g(a')

with g; holomorphic functions in a’ = (a;,...,a,-1) vanishing at @' = 0, the order
of g; is strictly greater than 1 for ¢ > 2.
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(6.1) Remarks. 1°. The condition (iii) implies that (@1,...,an-1, f) is a regular
sequence. ~ ,

2°. If the (tbta.l) order of f is £, then the condition (iv) is automatically satisfied.
3°. If we impose the following condition, in place of (ii), then (iv) is not necessary
(ii) Each a;, ¢ =1,...,n — 1, depends only on z,. “3Zn—1- ’

In fact, we gave a formula as in (6.2) below under the condition (11)' in [LSS]. We
are mdebted to X. Gémez- Mont for suggesting us to replace (ii)’ by (ii).

‘Denoting by T the (n — 1)-cycle in V given by

P={zeV||a(z)=-=lan1(z)| =€},
for a small positive number ¢, which is oriented so that dé; A--- A df,_; is positive,
6; = arg a;, we have the following formula.

(6.2) Proposition. In the above situation, we have, for a holomorphic function h
near (0,

( 1 )""1 h(z)dzy Adza A+ Adzn—y _ £ h(0)
2mv/—1 T a0z - Qp_1 det (3(01,---,%-1)) (0) )

9(21y000y2n =1

Proof. First, denote by z,, the function z, seen as a coordinate belonging to the
system (ai,...,apn—1,2,). We have

) n—1

dz1 /\---/\dzn._l =:5da1 /\°"/\dan_1 +k26ida1 /\---/\da,-/\--'/\dan_l /\dzn,
’ i=1

where 6 denotes the partial Jacobian of (21,...,2n—1) with respect to (ay,..., Gp—1)

and §; that with respect to (ay,...,di,...,an—1,2)) in the coordinate system

(@1,...,84y...,an-1,2,). Note that each term in §; involves g—:;"— for some j =

1,...,n—1. We have nggj,' = ry %%ﬂ- By the condition (ii), $2:(0) = 0 and

thus %%(0) = 0. Hence the proposition is proved if we prove the identity

1 n-l day Adas A-+- Ada,_
(6.3) ( ) /g 12 "= = 2. ¢(0)
27rv/—-1 r 4102+ Qp—1

for an arbitrary holomorphic function g and the identity

(6.4)

/gdal/\---/\dai/\---/\dan_l Adz, —0
I

4102+ Ap-1
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for a holomorphic function g with g(O) 0. To prove these, we consider the
decomposition

P(zn) = H (20 — x(d")).
k=1

Notice that the functions ) themselves are not well defined but that the symmetnc
functions of the ¢4’s are well defined, holomorphic in a' and vanishing at o' = 0.
In particular, s, = Ek__l % has the propertles for each p > 1. Then, denoting by
Ty the (n — 1)-cycle {a' | |a;] = -+ = |an—i| = €} in the a'- space, the integral in
(6.3) is given by '

£
Ek:l g(a,, Sok) dal A d(lz JAREREWAY dan_l
To a10z *+* Ap—1 )

If we write g(a',22) = 3 5, gp(a’)25 with g, holomorphic functions in a', we have

Ei_l gla',or) = Ep>0 gp(a')sp, which is holomorphic in a’ and takes the value
£-9(0) at 0. Hence we get (6.3). To show (6.4), note that, on V, we may write
dzn, = 71 82 dg. Hence the integral in 6 4) is given (up to sign) by

=1 Qda;

Ek—l g(a ,(pk) da1 A daz Ao A dan_l

To alaz *rcln-1

If we express g as before, we have Ek =1 9(d ,or)2ee B = 2 p>0 p+1gp(a')§3’d'— which

is holomorphic in @' and vanishes at 0, because of the assumptions (iv) and g(0) =
0. O

(6.5) Remarks. 1°. If P is a non-singular point of V' and if the coordinate system
(#1,...,2n) is taken so that V is defined by 2, = 0, then, only under the condition
(i), we have the formula in (6.2) with £ = 1. In fact, in this case, we have the
identity (6.4) without the condition (ii), since dz, = 0 on V.

. For the formula in (6 2), it is not necessary to assume that V is invariant by
the vector field Y7L | a; x> az

Applications

Let W, V, X, X and T be as in sections 3 - 5. Here we assume that V is a
hypersurface. For an isolated point P in ¥, under the additional conditions above,
we may compute the residues in Theorems (3.3), (4.4) and (5.3) by the formula in
Proposition (6.2).

Let V be defined by f near P and (z,.. ,zn) a coordinate system about
P as in Lemma (2.9). We write X = Y0 a;22 az and assume that the condi-
tions (i) - (iv) (or (i), (ii)’ and (iii)) are satisfied. Note that under the condition

(ii), the eigenvalues of %(0) are part of those of J(0) = %2—:“%%(0).
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So let /\1, +yAn—1 and Aq,...,An—1, A be the ones for these matrices. By (1),

Aly...yAn~1 are all non-zero, Wthe An may be zero. Since ¢ = 1 in this case, C is
alx 1 matrix. We set v = C(0).

In what follows, for complex numbers );,..., )\, we define ci(A1,. .., M),
t=1,...,7, by /

[Ta+8) =1+t A+ + 76, (A, Ar).

i=1 .
Thus for a polynomial ¢ in Cley, .. .y¢r], we may define p(Ar,...,A,).
(I) Residues for TW|y: For a polynomial ¢ in Cley, ..., cp]n-1 the residue in The-
orem (3.3) is given by

(6.6) Resp(p(TWlv, X)) = £- ﬁf\i\l’_;\_."_)
1 1

(IT) Residue for Ny: In this case, we have the residue essentially only for ¢ = ¢!
and for this polynomial the residue in Theorem (4.4) is given by

n—1

(6.7) | Resp(c! Ny, X)) =€ —L .
. Al e /\n—l

(III) Residues for TV: For a polynomial ¢ in Cley,...,¢n—1]n—1 the residue in
Theorem (5.3) is given by

_ ‘Pz(’\l’ n)')’i
(6.8) Resp(p(TV, X)) = 2_; Ny W
Wheré, foreachi=0,...,n—1, p;isa polynomla.l in Cley, ..., Cpln—i—1 determined

by p(e) = S0 @i - (01) (see (2.5)). In particular, for ¢ = cn_;, we have, from
(5.4),

(6. 9) Resp(cn_1(TV, X)) =/. )‘1 An _)\l(j\l ;:_)17 (An — ’7)

If v = 0, the right hand side in the above is understood to be the limit as ~
approaches 0.

As a special case; if P is a non-singular point of V' and if (21,...,2y) is
taken so that V is defined by z, = 0, then v = ), and (6.6) - (6. 8) become (see
Particular case (III) in section 4, Remarks (5.5) and (6.5) 1°)

A,ees
ReSP(SO(TWIV,.X)) = '(p—/(\'ll—/\—-—l—z for p€ C[Cl, .. -acn]n-—ly

An—1
SV W
AlyevsAn—1)
,\1 ‘e An-—l
We have, in particular, ResP(cn_l(TV, X)) =1

(6.10) Resp(c}™'(Nv, X)) =

Resp((FV, X)) = & for ¢ €Clen,...,cn1lnor.
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7. Examples

(7.1) Example. Let V be a hypersurface in C* = {(z1,...,25)} defined by a
weighted homogeneous polynomial f of type (dy, ..., d,) with 1solated singularity at
the origin 0. For the holomorphic vector field X = 21—1 4 = =, we have X(f) =

and thus V is invariant by X. We asssume that f is regula.r in z,. This 1mp11es
that d,, is a positive integer and f is regular in 2, of order d,,. If we let a; = i
i=1,...,n,(a1,...,an-1, f) is a regular sequence and the conditions (i), (ii)’ and
(iii) in sectlon 6 are satisfied. We have £ = d,, \; = d—' and 4 = 1. Hence, for a
polynomial ¢ in Clcy, ..., ¢cp]n-1, from (6.6), we have

1 1
Reso(¢(TWly, X)) = ¢ (d—ld—) dy-eedy.

Also from (6.7), we have
Reso(c} Y (Nv, X)) =dy -+ dy.

Finally, for a polynomial ¢ in Cley, :..,¢n—1]n—1, from (6.8), we have

n—1
Y 1
Resa(¢(TV, X)) = 3 i (Fr1eeer g )

=0

where, for each ¢ = 0,...,n—1, ¢; is a polynomial in C[ey, ..., cp]n—i—1 determined
by p(p) = E,__O Vi - (cl)z (see (2.5)). In particular, for ¢ = ¢,_;, we have, from
(6.9),

Reso(cn-1(TV, X)) =14 (=1)*"}(dy = 1)(dz = 1) -+ - (dy, — 1).

Note that, since X is transversal to the boundary of the Milnor fiber of f,
Reso(cn—1(TV, X)) is also equal to the Euler number 14 (—~1)*~14 of the Milnor
fiber, where y denotes the Milnor number of f at 0 (see Proposition (5.6) and the
paragraph right before it). Thus we reprove the formula

p=(d—1)(dz — 1)+ (dn 1)

for the Milnor number ([MO] Theorem 1).

In what follows, let W be the three dimensional complex pro_]ectlve space
CP* with homogeneous coordinates [X,Y, Z, T] and V the cone in CP® defined by

X"+Y"+2Z™ =0

for a positive integer m. The singular set of V consists of a single point P; =
[0,0,0,1]. Denote by Ur,Uz and Uy the affine spaces T # 0, Z # 0 and ¥ +#
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0 with respective coordinates (z,y,2) = (%, %, %), (' y,t") = -‘ZZ"-, -}7’, %) and
(z",2",t") = (%,(-, %, %) These three open sets Ur, Uz, Uy cover V since the point
[1,0,0,0] does not belong to V. The defining functions of V are given, respectively,
by fT($7 Y, Z) =z™+y™+27, fZ(w’a yl7t') = (wl)m+(yl)m+1 and fy(.'I)", ZH,t”) =
(2")™ 4+ (2")™ + 1. I we denote by L — CP® the hyperplane bundle, we have
T(CP*) ® 1 =4L and N = L®™ (see section 1). Hence we have

E(TW) ~ [V] = 16m, 2(TW) ~ [V] = 6m,
(7.2)  A(Ny) ~ [V]=m?,
A(TV) ~ [V] = m(m — 4)2, 2(TV) ~ [V] = m(m? — 4m + 6).

(7.3) Example. We take for X, the extension H to the whole CP® of the vector
field :c;% + y;.,a—y + z% in Ur. In Uz and Uy, H is equal, respectively, to —t'% and
—t" '6_?7,'- This vector field has for singular set the union of {P,} and the hyperplane
T = 0, thus ¥ has two connected components: ¥; = {P;} and I, is the curve
{X™+Y™4 2™ =0, T=0}. Let F be the dimension one foliation defined by H
on Ur, by 565,- on Uz and by % on Uy. Then £, does not contain any singularity
for the foliation F, so that we can already assert that (see Remarks (4.3) 2° and
(4.5))
Reszz(cf(NV,H)) = Reszz(cf(Nv,f)) =0.

Now we compute the residues at P;. If we take the coordinate system (21, 23, 23) =
(z,9,2), fr = 22 + 22 + 2% and the coefficients of the vector field H are given by
(@1,02,a3) = (21,22, 23). Thus (a;,az, fr) is a regular sequence and the conditions
(i), (ii)' and (iii) in section 6 are satisfied. We have £ =m, Ay = Ay = A3 = 1 and
v = m. Hence we get, from (6.6) - (6.9),

ResPl(cf(TWh/, H)) =9m, Resp, (c2(TW|v,H)) = 3m,
Resp, (¢3(Ny,H)) = Resp, (¢}(Ny, F)) = m®,
Resp, (2(TV, H)) = m(m — 3)?, Resp, (c2(TV, H)) = m(m? — 3m + 3).

Note that these are also obtained by setting n = 3 and dy = d; = ds = m in
Example (7.1). (Multiplying the vector field by a constant, in this case m, does not
affect the residues.) We have, from (7.2), Theorems (3.2) and (5.1),

Ress, (c1(TW|v, H)) = Tm, Ress, (co(TW |y, H)) = 3m,
Resg, (c2(TV, H)) = m(7 - 2m), Ress, (c2(TV, H)) = m(3 — m).

Note that the values of the residues for TW|y coincide with the ones computed
using Theorem 2 in [B1] (see [LS]).
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(7.4) Example. We let m = 2 and take for X, the extension R to the whole CP®
of the vector field ya% - x% in Ur. In Uz and Uy, R are given, respectively,
by y' 52 — ;c’a%,- and ((z")? + 1)327 + 2"2" 5% + 2"t" 2. Now X consists of
three isolated points: P, = [0,0,0,1], P, = [v=1,1,0,0] and P; = [-/=1, 1,0, 0].
Note that V' is non-singular at P, and P;. We have R(fr) = 0, R(fz) = 0, and
R(fy) = 22" fy and see that V is invariant by R.

1) Residues at P;: If we take the coordinate system (zy, 22, z3) = (z,y,2), fr =22+
235 +23 and the coefficients of the vector field R are given by (ay, az,a3) = (22,21,0).
Thus (a1, az, f1) is a regular sequence and the conditions (i), (i)' and (iii) in section
6 are satisfied. We have £ =2, \; = /=1, \; = —v/=1, A3 = 0 and v = 0. Hence
we get, from (6.6) - (6.9),

Resp, (cg(Tle,R)) =0, Resp,(c2(TW]v, R)) =2,

R)eSP1 (C%(Nv, R)) =0,

Resp, (¢3(TV,R)) =0, Resp, (c2(TV, R)) = 2.
2) Residues at P, and P;: We set € = /=1 at P, and € = —/=1 at Ps. If we take
the coordinate system (z1, 22, 23) = (2",1", fy), the coefficients of the vector field

R are given by (a1,az3,a3) = (¢"21,2"2,22"2;). Since z" is a unit at P;, i = 2,3,
we have A\; = Ay = ¢, A3 = 2¢. Hence we get, from (6.10), for : = 2,3,

Resp, (c%(TW[V,R)) = 16, Resp,(co(TW|v, R)) = 5,
ReSp..(c%(Nv,R)) = 4, )
Resp,(c2(TV, R)) = 4, Resp,(c2(TV,R)) = 1.

Note that the sums of the residues give the values of (7.2) for m = 2,
verifying Theorems (3.2), (4.2) and (5.1).

(7.5) Example. We again let m = 2 and take for X, the linear combination
Xw = aH + bR of the vector fields in Examples (7.3) and (7.4), where w is a real
number with 0 <w < Z, a = cosw, b = sinw. The singular set of X,, is the same
as that of R and again ¥ consists of P, P, and P; as in Example (7.4).

1) Residues at P;: If we take the coordinate system (21,22,23) = (2,y,2), fr =
2} + 23 + 2z} and the coefficients of the vector field X,, are given by (a1,az,a3) =
- (az1+b2g,az; — b2y, az3). Thus (a1, az, fr) is a regular sequence and the conditions
(i), (i)' and (iii) in section 6 are satisfied. We have £ = 2, ¢1(A1, Az, As) = 3a,
c2(A1,A2,A3) = 2a% + 1, ¥ = 2a and A\ Ay = 1. Hence we get, from (6.6) - (6.9),

ReSPl(Cf(TWIV,Xw)) = 18a?, Resp, (c2(TW|v, X)) = 2(24° + 1),
Resp, (cf(Nv,Xw)) = 8a?,
Resp, (H(TV, X,)) = 242, Resp, (ca(TV, X)) = 2.
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2) Residues at P; and Ps: Let ¢ be as in Example (7.4). If we take the coordinate
system (21,22, 23) = (2",1", fy), the coefficients of the vector fleld R are given by
(a1,a2,a3) = (bz" 21, (bz" — a)23,2b2" 23). Since z" is a unit at P;, i = 2,3, we have
A1 = be, Ay = —a + be and A3 = 2be. Hence we get, from (6.10), for i = 2,3,

Resp, (cf(TWlV,Xw)) =0h2 47— ce, RBSP.-(Cz(TW|V,X;,)) R 2abe,
ReSP.'(C%(NV, Xw)) = 4b(b — a(-:),,

3
Resp,(c3(TV,X.)) = b* +3+ 26,  Resp,(ca(TV, X)) = 1,

b
c = a!862-—a2!
Note that we recover the values of Example (7.2) for w = Z. Note also that

the sums of the residues give the values of (7.2) for m = 2, ver1fy1ng Theorems (3.2),
(4. 2) and (5.1).
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