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WHAT DOES THE PARTIAL AUTOCORRELATION
FUNCTION LOOK LIKE FOR LARGE LAGS

AKIHIKO INOUE

ABSTRACT. We prove a representation of the partial autocorrelation
function a(-) of a stationary process {X, : n € Z}, in terms of the
AR(o0) and MA (c0) coefficients. We apply it to show what a(n) looks
like for large n, especially, when { X, } is a long-memory process. For
example, if {X,} is a fractional ARIMA(p, d, q) process, then we have
aln) ~d/n as n — occ.

1. INTRODUCTION AND RESCLTS

Let {X,, : n € Z} be a real, zero-mean, weakly stationary process,
defined on a probability space (Q,F, ), which we shall simply call a

3

stationary process. We write y(+) for the autocovariance function of {X,, }:

~v(n) = E[X, X0] (neZ).

i

For { X, }, we have another important function «(+) called the partial auto-
correlation function. Forn =2,3,..., a(n) is the correlation coefficient of
the two residuals obtained after regressing Xy and X, on the intermediate
values Xy,..., X, 1. By the Durbin Levinson algorithm (cf. Brockwell
Davis [BD, Proposition 5.2.1]), we can calculate the value of a(n) easily
(at least numerically) from those of v(0), v(1), ..., v(n), and conversely
the value of ~v(n) from those of v(0), (1), ..., a(n). In this sense, a(:)
has the same information as v(+).

Unlike the autocovariance function ~v(-), no restriction such as nonneg-
ative definiteness is imposed on the partial autocorrelation function af-)
(¢f. Ramsey [Ra]). This suggests a potential advantage of «(-) over v(-) in
time series analysis. It would be therefore desirable to have a dictionary

where properties of v(-), such as the asymptotics, get translated to those
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of a(+), and vice versa. Unfortunately, our knowledge of the relationship
between () and «a(-) has not been so good. The Durbin Levinson al-
gorithm, which is very useful in numerical calculation, is not helpful for
such a purpose. The difficulty comes from the fact that the definition of
partial autocorrelation function involves the prediction from a finite part
of time. This setting makes the analysis of «(+) particularly difficult.

In [I2], the author introduced a method of studying the asymptotic

3

behaviour of |a(n)| as n — oo. It was based on a representation of mean-
squared finite-past prediction error, in terms of the AR(oc) and MA ()
coefficients of the stationary process {X,} ([I2, Theorems 4.5 and 4.6]).
By this method, a surprising regularity in the asymptotic behaviour of
\a(n)| was revealed ([I2, Theorem 2.1]). Subsequently, in [13] and Inoue
Kasahara [IK], this method was applied to the fractional ARIMA (p, d. q)
processes, and it was shown that |a(n)| ~ |d|/n, as n — oo, in this casc.
However, of course, the original object was not the asymptotic behaviour
of |a(n)| but that of a(n) itsclf. Unfortunately, the method of [I2] was
not good cnough for us to rcach the latter.

In this paper, we achicve the original aim. Thus we show what a(n)
looks like for large n. especially, when {X,} is a long-memory process.
For example, if { X, } is a fractional ARTMA(p, d. ¢) process, then we have
a(n) ~ d/n as n — oc (Theorem 1.7). The key development in the
methods is an unexpected representation of af+) in terms of the AR(o0)
cocfficients aj, and the MA(oc) cocfficients ¢, of {X,} (Theorems 1.1-
1.3). This representation cnables us to study «f(:) directly via ap and
¢g. In a sense, it links the theory of finite-past prediction, in which af-)
lives, to the theory of infinite-past prediction, where ay, and ¢, live. The
advantage of this link is that the latter type of prediction theory has been
well developed since the early work of Szego, Kolmogorov, Wiener, Krein,
Beurling, and others. Via the link, we can study our finite-past prediction
problem using the theory of infinite-past prediction.

Notice that such a link between the two types of prediction theories has
already been found in the representation theorem of finite-past prediction
error stated above. In fact, as in the proof of the latter, we prove the

representation of a(-) using a discrete-time analogue of the Seghier Dym



theorem ([I2, Theorem 3.1]; see Theorem 1.5 below). The original Seghier
Dym theorem ([S, D]) concerns the intersection of past and future of a
continuous-time stationary process, and has originated from the work of
Levinson McKean [LM].

We denote by H the closed real linear hull of { X}, : k € Z} in L*(Q, F, P).
Then H is a real Hilbert space with inner product (Y7,Y5) := E[Y1Ys] and
norm ||Y|| := (Y,Y)/2. For I C Z, denote by H; the closed real linear
hull of { Xy : k € I} in H. In particular, for m € Z and n € Z with m < n,
we write H(_ o ), Hyn ooy, and Hy, ) for Hy with I = {k € Z: —oo < k <
my, {k€Z:m <k <o}, and {k € Z:m <k <n}, respectively. For
I C Z, we denote by Py the orthogonal projection operator of H onto H;.
We write Pf = Iy — P, where Iy is the identity map of H. So Pf 18
the orthogonal projection operator of H onto the orthogonal complement
Hi of Hy in H. For Y € H. we may think of P;Y as the best lincar
predictor of Y on the observations X, (k € I), whence PfY =Y — Pry
as its prediction crror.

Throughout this paper, we assume that the stationary process {X,,} is
purely nondeterministic, that is,

(T;% H oo = {0}

or, equivalently, there exists a positive even and integrable function A(-)

on (—m, ) such that

3

~v(n) = / e"NAN)dY  (n € Z) / |log A(0)]df <

(sce [BD, Scct. 5.7] and Rozanov [Ro, Chapter II]). We call A(:) the
spectral density of {X,,}.

We set,
U - — (X'leO) (n = 1)7
. (P[t,H]X,“ P[tnfl}X[)) (n=2.3....),
Vo= IRl (n=1).
Hp[fnfl]XnHZ (TL: 2~3~)

The partial autocorrelation function af(-) of {X,} is defined by

afn) = ({/n (n=1,2,...)

n



(cf. [BD, Sect. 3.4 and 5.2|). Thus, forn = 2,3, ..., a(n) is the correlation
I

coefficient between Pﬁn;l]Xn and P[,l _—

| Xo. We may say that a(n) is the
pure correlation coefficient between Xg and X,.
Using the spectral density A(-) of {X,,}, we define the outer function
o 9, ?

h(-) of {X,} by

z

<1)

7 )__c? — 2

1 ™ iz’Q 5
h(z) := V2mexp {— / ‘ T log A(@)d@} (z € C,

-
(see [Ro| and Ibragimov Rozanov [IR] for background). The function A(-)

is actually an outer function in the Hardy space H?t of class 2 over the

unit disk |2] < 1. Using A(-), we define the MA(oc) coefficients ¢, by
h(z) = Z(:nzn (|z] < 1),
n=0
and the AR(o0) cocfficients a,, by
1 —
- = 1 2" 2| < 1
) nz%a 2 (|2 )

(sce [12, Scct. 4] for background). Both {¢,} and {a,} arc real sequences,

and {¢,} is in 2. We define

m

vyt = Z Chljsm—k (m,j € NU{0}).
k=0
Notice that 67" here is equal to that in [IK] but it corresponds to b;’ﬁ] in
12, 13].
Here is the representation of the partial autocorrelation function a(-)

in terms of the AR(oc) and MA(oc) coefficients.

Theorem 1.1. Suppose that the AR(oc) coefficients a,, salisfy

xXs

(1.1) Z|(J,k| < oc.

Then we have, forn=1,2,...,

(1.2) Un = (co)? Z Z di(n, p)dx—1(n,p),

k=1 p=0

(1.3) Vo= (o)’ > > diln.p)”.
k=0 p=0
1



where, forn € N and p € N U {0}, we define dy(n,p) = dpo,

o
(1.4) di(n,p) = g Uty +pCrny
mq1=0
and, fork =2,3,...,
(1.5)
0 0
U L Mp 1 me mi
di(n,p) = E Unsmy,_, E bty E b, E bl i oCo-
my_1=0 my_o=0 m1=0 v=0

In particular, we have

D Z;;o di(n, p)dy—1(n.p)
> o Z:C;() di(n. p)?

We write > to indicate that the sum does not necessarily converge

(1.6) a(n) = (n=1.2,...).

. oc— . M . .
absolutely, Le., Y 2 = limy oo 1. We need the next variant of

Theorem 1.1 when we consider the fractional ARIMA(p, d, ) processes
with —1/2 < d < 0.

Theorem 1.2. The representations (1.2) and (1.3), hence (1.6), still hold
if all the summations >~ in (1.4) and (1.5) are replaced by > and if
(1.1) is replaced by the following two conditions:

(1.7)

< 00,
k=0

(1.8) Z Jax|?

In the applications, we need to rewrite (1.5). Notice that, under (1.1),
the boundedness of the sequence {¢,}, which comes from the property
{c,} € I?, implics

o<

2

v=0

Collp iy < 00 (n=0,1,...).

Thus, we may consider the following condition under (1.1):

(1.9) S lasttnra =0 (n— ).

=0



We shall see that this condition holds in many cases. Under (1.1), we

define
(1.10) 3(n) = Z Collpin (n=0.1,...).
v=0

Theorem 1.3. We assume (1.1) and (1.9). Then, we have, for n € N
and p € NU{0},

(1.11) di(n.p) = 3(n+p),
(1.12) dy(n, p) Z B(my+n)B(my +n+p),
mq1=0
and, fork=3,4....,
(1.13)
di(n,p) = Z B(myg—1 +n) Z Blmg—1 4+ myg_o+n)
myp_1=0 my_9=0
- Z B(ms +mg +n) Z B(my +my +n)8(my+n+p),
me=0 mq=0

the sums converging absolutely.

The key to the proofs of Theorems 1.1 and 1.2 is to extend [12, Theorem

4.1] properly. For n € Z and k € N, we define the projection operators
Pk by

Pkﬁ — P(foo,nfl} if £ is Odd,
' P if k is even.

Theorem 1.4. Let Y1, Y, € H. Suppose that the spectral density A(+) of
{X,} satisfies

(1.14) /7r A%@) df < oc.

(1) We have
(V1Y) = (D)) vi. (P )

+ Z ((PlkﬁLl)LPlk: L. PllYla (PlkHLl)LPlk: L. Pll}/Q) )
k=1
6



(2) We have, forn =2,3,...,

(P[tnfl]yl : P[énfl]}/z) = ((Pi)LYIT (Pr})L}/Q)

1.16 > ] . . .
(1.16) S (PR BY (PP DY)

k=1
If we put Y] = Y5 in Theorem 1.4(2), then it reduces to [12, Theorem
4.1]. Asin the proof of the latter, the key to the proof of Theorem 1.4 is to

use the following discrete analogue of the Seghier Dym theorem ([S, DJ):

Theorem 1.5 ([I12]). If the spectral density A(-) of {X,,} satisfies (1.14)
then, for every n € N U {0}, we have H o) VH 00y = H -

7

We turn to the results on the asymptotic behaviour of a(n) as n — oc.
We write Ry for the class of slowly varying functions at infinity: the class
of positive, measurable £, defined on some neighborhood [A, oc) of infinity,
such that

lim £(Ax)/é(x) =1 forall A >0

T—20
(scc [BGT, Chapter 1]).
First, we congider the following sctting as a standard onc for long-

memory processes: for £ € Ry and d € (0,1/2),

o £(n) 1/2
1.1 SRR G D S VAP , ).
(L7 earvn B(d. 1 2d) (n = o).

e £(n) 2 dsin(xd)
1.18 PRPAUR L QA S i N
(L18)  an ~m B(d,1 - 2d)

Using [I1, Proposition 4.3] and the equality

(n — o).
m

v(n) = chc\nHv (ncZ)
0

(cf. [12, (5.3)]), we see that (1.17) implies
(1.19) 7(n) ~n?*te(n) (n — o).

Since —1 < 2d — 1 < 0, this implies that the stationary process {X,}

satisfying (1.17) with 0 < d < 1/2 is a long-memory process (cf. [BD,

Scct. 13.2]). The setting (1.17) with (1.18) may scem stringent at first

glance, but, under the conditions (C1), (C2), and (Al) below, (1.17)

(1.19) are equivalent (cf. [I2, Theorem 5.1]). Moreover, the fractional
7



ARIMA((p, d, q) processes with 0 < d < 1/2, which are regarded as stan-
dard models of long-memory processes and we consider below, satisfy

(1.17) and (1.18) for some constant functions ¢ (see Kokoszka and Taqqu
KT, Corollary 3.1]).

Theorem 1.6. For { € Rq and d € (0,1/2), we assume (1.17) and
(1.18). Then the partial autocorrelation function o) of {X,,} satisfies

(1.20) a(n) ~ - (n — 00).

We can write (1.20) as d = lim, . na(n). This suggests a method
of estimation of the parameter d which is important in a long-memory
process. See [IK, Sect. 5] for numerical calculation.

Next we consider the fractional ARIMA processes. For d € (—1/2,1/2)
and p,q € N U {0}, a stationary process {X,} is said to be a fractional
ARIMA(p,d,q) process if it has a spectral density A(+) of the form

(1.21) N O

i | —2d
“ompeeme

(—m <0 <m).
where ¢(z) and ©(z) are polynomials with real coefficients of degrees p,

¢, respectively, satisfying the following condition:
®(2) and ©(z) have no common zcros, and ®(z) # 0 and

1.22
(1.22) O(z) # 0 for all 2 in the closed unit disk {z € C: 2] < 1}.

The fractional ARIMA models were introduced independently by Granger
and Joveux [GJ] and Hosking [Ho|, and have been widely used as use-
ful parametric models describing long-memory processes. See Beran [Be,
Sect. 2.5] and [BD, Sect. 13.2] for textbook treatments. If d € (=1/2,1/2)\
{0}, then the autocovariance function ~(-) of a fractional ARIMA(p, d, q)

process { X, } satisfies

(1.23) () ~ {EEEB } (1 — 2d) sin(rd) 2

-~ (n — o)

it

(sce, c.g.. [13]). In particular, if 0 < d < 1/2, then {X,,} is a long-memory
process. On the other hand, if d = 0. then {X,,} reduces to the ordinary
ARMA(p. q) process (cf. [BD, Chapter 3]), and v(n) decays exponentially

as 1 — OC.



If { X, } is a fractional ARIMA(0, d, 0) process, then we have the follow-

ing simple form of a(n):

(1.24) a(n) = ndd (n=1,2,...)

(scc [Ho, Theorem 1(f)] as well as [BD, (13.2.10)]). From (1.24), we find
that (1.20) always holds in this case whenever d € (—1/2,1/2)\ {0}. We
can also ask what «(n) looks like for large n when {X,} is a general
fractional ARTMA(p, d., q) process with d € (—1/2,1/2)\ {0}. The answer

is again (1.20) as the next theorem shows.

Theorem 1.7. Let p.g € NU {0} and d € (—1/2,1/2) \ {0}, and let
{X,} be a fractional ARIMA (p.d.q) process with partial autocorrelation
function «(-). Then we have (1.20).

As we stated above, carlier work ([I3, TK]) asserts that |a(n)| ~ |d

/n

as n — oc. One nice point of Theorem 1.7 is that the proof is much casier
than that of the carlier result. All these advances in result and proof arce
due to the new representation of af-). In Section 6, we also consider the
casc d = 0 for completeness. Naturally, the result (Theorem 6.1) is that
a(n) decays exponentially as n — oc if d = 0.

Finally we consider the stationary process { X, } satisfying the following
conditions (cf. [12, Sect. 2]):

(C1) cn >0 foralln > 0;
(C2) {c,} is eventually decreasing to zero;
(A1) {an} is eventually decreasing to zero.

In [12], the following extra condition is also required:
(A2) {a, — ani1} is eventually decreasing to zero,

but we do not need it here. Let £ € Ry, and choose a positive constant
B so large that £(-) is locally bounded on [B,oc) (sce [BGT, Corollary
1.4.2]). When we say [ €(s)ds/s = oo, it means that [ ((s)ds/s = cc.

If so, then we define another slowly varying function ‘ by

(1.25) (x) = /90 ()

Jp S
9

ds (v > D)



(sce [BGT, Scct. 1.5.6]). The asymptotic behaviour of £(z) as  — oo docs
not depend on the choice of B since we have assumed that [~ £(s)ds/s =

.
Theorem 1.8. Let —oc < d < 1/2 and £ € Rg. We assume (C1), (C2),
(A1), and (1.19).

(1) If 0 < d < 1/2, then a(-) satisfies (1.20);

(2) if d =0 and [T 4(s)ds/s = oc, then

. n)

1.26 an) ~n " — n — 00);
(1.26) (n) 2] ( );
(3) if d =0 with [T {(s)ds/s < oo or —oc < d <0, then
n2d=1g/,
(1.27) a(n) ~ ™ tn) (n — o).

227 (R)

This theorem is an improvement of [12, Theorem 2.1] in that the latter

considers |a(n)| rather than a(n), under the stronger assumptions (C1)—
(A2). By [I2, Theorem 7.3], this theorem applics to {X,,} satisfying the
following condition:

there exists a finite Borel measure o on [0,1)

(1.28) o
such that v(n) = [ t"o(dt) (ncZ).

As an example, we consider the case v(n) = (14 |n|)**" with —oc < d <
1/2 in Section 5.
We close this section with the remark that all the results in Theorems

1.6 1.8 are unified in

~(n)

afn) ~ ST (n — o)

~

k=-n !
(we refer to [12, Sect. 2 and 6] and [I3, Scct. 5] for the proof). This is

mysterious. It scems likely that something cssential is hidden behind this.

2. PROOFS OF THHEOREMS 1.1 1.4
Proof of Theorem 1.4. (1) We claim that

10



Indeed, by Theorem 1.5 and shift invariance, we have
Hico0) N Hpooy © Hi—oo0) NV Hpp,o0) = Hio,gy:
Hi o) M H ooy C Hi o) N Hip ooy = Hyp s

whence
H_oc0) N Hj1 0y € Hio) M Hpp 1y

However, since {X,} is assumed to be purely nondeterministic, X, and
X are linearly independent in H, so that Hygq N Hj = {0}, Thus (2.1)
follows.

Now the orthogonal decompositions

H - H({%’()} 6 H(*(X),()}?
H = H[L O Hpj )

1,00)
of H imply the orthogonal decompositions

(22) ]H — P(fo()} (: P(,OO_’()}?
(2.3) I = P[L D 1 o)

1,00)

of the identity map [g, respectively. Repeated use of (2.2) and (2.3)

yields, for m =2,3,.. .,

(1) = (P Y. ()92
m—1
k=1
where

As in the proof of [I2, Theorem 4.1, it follows from (2.1) and. c.g., Halmos
Ha, Problem 122] that

s-lim P - .- Pf =0,

m—oC

whence lim,, .., R = 0. Thus (1.15) follows.

(2) For n=2,3, ..., we have the orthogonal decompositions
1 1L —~ 1
Hyyy=H_n1© (H['l,n%l} NH on 1)) -

Hijo1) = Hil o) © (Hiy 1) N Hio)
11



of H+

1] , which in turn imply the orthogonal decompositions

(24) P[tnfl] = P(Lx n—1] ™ D P[tnfl]P(*OC:”*l}’
(25) p[in%l] - p[ © pl = I]P[]OO)

1,00)

of P ,,_1). respectively. Using (2.4) and (2.5) repeatedly, we find that. for
m=23, ...,

(Pln l)/l Pln 13/2) = ((Ri)L}/l(PrlL)L}/z)
m—1
+Z (P Py - DY (DY) Py - PY2) + R
where
R = (Pln ISR Y, Pln n - D,Ys).

In the same way as above, Theorem 1.5 and [Ha, Problem 122] imply

s-lim P™. .. Pl = Py

n
m—oc

Henee we have

r}li%c le n—1] pm_ P YH - le n— lp'lﬂl*'l]Y;H =0 ([ - 12)
so that lim,, ., R = 0. Thus (1.16) follows. O

Proof of Theorem 1.1. (Comparc the proof of [12, Theorem 4.5].) From
(1.1), we have (1.14) (sce [I2, Proposition 4.2]). Hence, it follows from
Theorem 1.4 that, for n=1,2, ...,

(2.6)
Un = ((Pr?)LPI}Xn* (Pr?)LXO)
+ Z ((Pr/f+rl)LPr? U Pan”‘ (Prll,H;l)LPr/f T PI?XO) ’
k=2
(2.7) Vo = [I(P, Lan\2+2|\ (PR Py X

12



Let n € N. Suppose that k is even and > 2. By [I2, Theorem 4.4, we

have, forn=1,2,... and m =0,1,...,

3

P(foo,nf m+n — Zb”“ﬂX*J (Hl()d H[l,nfl} ifn > 2)‘

E ™m ’ e
P[l,oo)Xfm = 7L+J'Xj+r1, (IHOd H[l,nfl} it n 2 2)~
Jj=0
whence
k 1 o E E mMp_1
]jn T Pan = Cp (J/rI,erk,l bn«an,g
mp_1=0 my_o=0

mo i - 3 F
g b, E bt e Xmotn (mod Hyy gy if 0> 2).

mq1=0 mp=0

Since {X,,} is purely nondeterministic, it permits the moving-average

representation of the form

m

X = Z (jmfjgj (’f’l & Z)‘

j=—o0

where {£; : j € Z} is an orthonormal system of H such that

H(foc,m] - H(foc,m} (5) (’fll € Z)

with H(_ . (&) being the closed subspace of H spanned by {¢; :

J < m} (sce [Ro, Chapter II]). Since

m

P(Lfoo,n%l]Xern - Z Cmfjngrn (7” =0,1,... ),

J=0

we have

k+1\ L pk MEg—1
(Pn ) Pn, P X =Co E Antmy_y E anrmk 5

mp_1=0 my_o=0

mo

o>
. § ma E mi E
bn+m1 bn+mo Cimo—j £7+”

=0 mo= 7=0

13
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so that

cody(n, p) (p=0,1,...).

Jeian ka--'Prlep ptn) —
(( n ) n n ,€p+ ) 0 (p: —1,*27...).

Arguing similarly,

. . , ‘odk—1(n, p) (p=0.1,...),
- . Pk+l LPk,_”PZX — Colg—1 ; ;s 5
(i (PT) R+ ) {0 (p=—1.-2....).

Thus, from the Parseval equality, we get

((Pr];:Jrl)LPrlf e P,{Xn, (Pk:le)LPr]:: e Pr?XU)

n

2.8 =
( ) - ((:())2 Z dkﬁ(n7 p)dk‘fl (nvp)v
p=0
(2.9) [P By BaXallP = (c0)* ) di(n.p)*.
p=0

Similarly, we have (2.8) and (2.9) for k odd, and also

(2.10)

((Ps)LHan, (Pf)LX()) = (ep)?dy(n,0) = ((:())QZdl(n,p)do(n,p),
p=0
(2.11) 1(PHYE X2 = (c0)? = (co)? Zdo(mp)Q.
p=0
The assertions (1.2) and (1.3) now follow if we substitute (2.8) and (2.10)
into (2.6). and (2.9) and (2.11) into (2.7). ]

Proof of Theorem 1.2. The condition (1.8) is equivalent to (1.14) (sce [12,
Proposition 4.2]). Morcover, by [IK, Proposition 2.1], we have, for n € N
and m € NU{0},

oC—

FPron-11Ximgn = Z b i Xy (mod Hpy ;47 if n > 2),
=0
P ooy X = Z bt i Xjin (mod Hpy ;47 if n > 2).
§=0

11



Using these equalities, we can prove the theorem as in the proof of Theo-
rem 1.1. We omit the details. O

We turn to the proof of Theorem 1.3. For real sequences {C'(n)}22, €

[ and {A(n)}>, € l', we consider the condition

(2.12) E(n) = 0(n) (n — oc)

3

where

(2.13) E(n) = Z C(v)A(v+ n) (n=0,1....).

v=0

The condition (2.12) implics that, for some positive constant K,
K

(n+1)

(2.14) E(n) < (n=0,1....).
Lemma 2.1. Let {C(n)}2, € I and {A(n)}, € I'. We assume
(2.12). Then, forn,p € NU{0}, we have
(2.15) Z E(mi+n)E(mi+n+p) < o,
=0
and, fork =3,4,...,
(2.16)

oG

Z E(my_1+n) Z E(my_1+mg_o+n)

my_1=0 my_o=0

e Z E(msz+ma+mn) Z E(ms +my+n)E(m +n+p) < oc.
mo=0 m1=0
Proof. (Compare the proof of [IK, Lemma 3.1].) For k € N and n,p,m €
N U {0}, we define Eg(n,p, m) inductively by
Ey(n,p,m) = LEn+p+m),

oG

Eppi(n,p.m) = Z E(m+ mg + n)Ey(n.p,my) (k=1,2,...).

mp =0

We claim that, for £ € N,

(2.17) f: En(n.p.m)? < oo (n.p € NU{0}).

m=0

15



Since the sums in (2.15) and (2.16) are Es(n, p,0) and Ei(n,p,0), respec-
tively, the lemma follows immediately from (2.17).

To prove (2.17), we use induction. By (2.14), we find that (2.17) holds
for & = 1. We assume that (2.17) holds for £ = j. Then by (2.14), we

have

1

2.18 Ei(n.pom) < K _—
219 Bl <K Y

m; =0

Ej(ntpv m?)
Since the operator 7T defined by
- ;i :
T =S —Y (= () € 1
(T) ;m—‘—z—kl (= () )

is a bounded linear operator from {2 to [ (see Hardy et al. [HLDP, Chapter
IX]), the inequality (2.18) implies (2.17) for & = j+ 1. Thus (2.17) follows

by induction. 0

Proof of Theorem 1.5. By Lemma 2.1, we can use the Fubini—Tonelli the-
orem to exchange the order of sums in (1.5), and we get (1.12) and (1.13)
as in the proof of [12, Theorem 4.6]. U

3. Proor or THEOREM 1.6

Let £ € Rpand g € (0,1). Forreal sequences {A(n)}22, and {C(n)}2,.

we consider the following conditions:

(3.1) C(n) ~n 490(n) (n — o0).

. T qsin(mg

(3.2) A(n) ~n 1o ) ﬂ_( ) (n — o0).
We define

B(n) = Z C(v)A(n+wv) (n=1,2,...).

v=0
Proposition 3.1. Let £ € Ry and g € (0,1). We assume (3.1) and (3.2).
(1) We have

sin(mg) n! (n — oc).

B(n) ~
T
16



(2) We have

"

(3.3) Z |C(v)A(n + v)| ~ sin(mq) nt (n — o).
v=0

(3) We have, for s >0 and u > 0,

sin(7g) —1
mn

(4) For cvery r € (1,00), there exists Ny € N such thal
(3.5)

(3.4) B([ns] + [nu] + n) ~ (n — o0).

B([ns] + [nu] + n)| < rsin(rq) nt

-~ 7 s > 0. >0. n> Ny
T a(s+u+1) (520, u=0,n=N)

Proof. (1) follows from [I1, Proposition 4.3]. The conditions (3.1) and
(3.2) imply that C'(n) and A(n) are eventually positive, while, for M € N,

M

Z IC(v)A(n+v) =o(n™) (n — o).

v=0
Thus (2) follows from (1). Since [ns]+ [nu] +n ~n(s+u+1) asn — oo,
(3) follows from (1). Let r € (1,0¢). Since n/([ns] + [nu] + n) tends to
1/(s+u+1), as n — oc, uniformly in s > 0 and w > 0 (cf. [BGT, Theorem
1.5.2]), we may choose Nz € N so that
1 rl/2
<
([ns] + [nu] +n) ~— n(s+u+1)
On the other hand, by (1), we can choose N3 € N so that

(s >0, u>0, n>N,).

/2 sin(mq)

B(n)| <" (n > Nj).

™
If we put Ny := max(Ns, N3), then we have, for s > 0, u > 0, and n > Ny,
r'/? sin(mq) o7 sin(mq) |
no.
w([ns]+ [nul+n) = w(s+u+1)
Thus (4) follows. O

|B([ns] + [nu] +n)| <

Let B(+) be as above. For n € N and p € N U {0}, we define
Dy(n,p) :== 0, Di(n,p):= B(n+p),

Dy(n.p) = Z B(my +n)B(mi+n+p),
m1=0

17



and, for k= 3,4,...,

Dy(n,p) = Z B(mg_1 +n) Z B(my—1 4+ my_o +n)

my_1=0 my_2=0
: Z B(ms+my+n) Z B(ms +my +n)B(my +n+p).
o =0 =0

By (3.3) and Lemma 2.1, these sums converge absolutely, so that Dy (n,p)

are well-defined.

For k= 1,2,... and u > 0, we define fi(u) by
) 1 ) 1 /> ds,
u) = ——, u) = — .
filu) (1l +u) f2(u) 72 /0 (s1+D)(s1+1+u)

and, for k= 3,4,...,

1 & & 1
() i =— dsg_i--- ds|——
) = / - / e

k—2 1 '
X ot
{J;Tl (3m+'l + Sm -+ 1) } (S'l + 1 i “)

We put

Op 1= / fie(u)?du (k=1,2,...).
Ji

)

Then it follows from [I2, Lemma 6.5] that

- 1
Zak,:L’Qk = — arcsin® z (Jz| < 1).
k=1 T

Proposition 3.2. Let £ € Ry and g € (0,1). We assume (3.1) and (3.2).
(1) Forre (1,00) and Ny € N satisfying (3.5), we have

(3.6) |Di(n, [nu))| < n~"{rsin(rq)}* fi(u) (u>0, ke N, n>Ny).
(2) We have, for k € N and u > 0,

(3.7) Di(n, [nu]) ~n~ Hsin(mg) V¥ fr(u) (n — 00).
18



Proof. Suppose that k& > 3 and write Dg(n, [nu]) in the form

Dy(n, [nu]) = / dsp_1-+- / dsy B([sk—1] +n)
Jo Jo

X {H B([smi1] + [sm] + n)} x B([s1] + n + [nu])

m=1

— ket / dsp_ 1 - / ds1B([nsg_1] +n)
Jo 0

X {H B([nsmy1] + [nsm] + n)} x B([nsi] +n+ [nul).

m=1
Applying Proposition 3.1 and the dominated convergence theorem to this.,
we get (3.6) and (3.7). The proofs for the remaining cases k = 1,2 arc

similar. O

With the fact f; € L?(0,oc) in mind, we define 77 := 7! and

Tk = /% Jie(w) feo1(u)du (k=2,3,...).

)
Proposition 3.3. Let £ € Ry and g € (0,1). We assume (3.1) and (3.2).
(1) If 0 <q<1/2, then

(3.8) Z ZD;{,(n,p)Dk,,l(mp) ~ % (n — ).

k=1 p=0

(2) If 1/2 <q <1, then

(3.9) Z ZDk(n,p)Dk,] (n.p) ~ ! ; a (n — oc).

k=1 p=0

Proof. We have

n Z Z Dy(n,p)Di_1(n,p)

k=1 p=0

o oC

=nDi(n,0)+n / Dy(n, [u])Dy—1(n, [u])du
=20

=nDi(n,0) + / nDy(n, [nu)) - nDy_1(n, [nu|)du.
p=2 /0
19



To apply the dominated convergence theorem, we choose r so that
0 < rsin(mg) < 1.

Using Schwarz’s incquality, we sce that

Z{r sin(mq) 2! /% Ji(w) fr1 (u)du
— 0
< Z{r sin(mq) 2 opop1)'?
12

< {Z:ZZ{’ 5111(7?(1)}%72%;1} [Z Arsin(r q)}%ak} < 0.

Hence Proposition 3.2 and the dominated convergence theorem yield

1/2

(3.10) lim n ZZD; n.p)Di_1(n,p) = Z  sin®" 1 (mq).
e k=1 p=0 k=1

By Lemma 3.4 below, the right-hand side is equal to ¢ if 0 < ¢ < 1/2, and
1—¢qif1/2 < g < 1. Thus (3.8) and (3.9) follow. O
Lemma 3.4. For |z| <1, we have >~ mx?* ' = 7 arcsina.

Proof. (Compare the proof of [I2, Lemma 6.5].) For 0 <d < 1/2, let {Y}, :
n € 7} be a fractional ARIMA(0, d, 0) process such that F[(Yy)?] = T(1—
2d)/T?(1—d). We denote by {c,}, {a!,}, and /(+) the sequence of MA (o)
cocfficients, sequence of AR(oc) coefficients, and partial autocorrclation

function, respectively, of {Y,,}. Then we have. for n = 0,1, ...,

, T(n+d) . ['(n—d)d
Th+ D) " T+ DI(l—d)

(see, e.g., [BD, Sect. 13.2]). Let dg(n,p) be as in Theorem 1.1. Recall U,

and V,, from Section 1. Then, since



it follows from Theorems 1.1 and 1.3 and (3.10) that

lim nU, = (¢) 2 lim n g g dip(n,p)dg_1(n,p)
n—oc n—oc
o

k=1 p=0

(o) g 75 sin2F 1 (md).

However, we have
(3.11) Vi, — (c)? (n — oc)
(sce [12, Scct. 4]), hence it follows from (1.24) that

d = lim na(n) = lim nU,/V, = (¢) 2 lim nU,.

n—oc n—oc n—oc

Combining, we obtain Y. 7 sin?* !(7d) = d. The lemma follows if we
substitute 7 !arcsinz with 0 < < 1 into d and usec analytic continua-
tion. []

Remark. From Lemma 3.4, it follows that

1 (2k —2)!
™ 22((h = 1))2(2k — 1)

T = (k=1,2,...).

Proof of Theorem 1.6. The condition (1.18) implies (1.1). Therefore, using
Theorems 1.1 and 1.3, and Proposition 3.3(1), we obtain (1.20). ]

4. PROOF OF THEOREM 1.7

We prove Theorem 1.7. Let {X,,} be a fractional ARIMA(p,d, q) pro-
cess with spectral density (1.21). If d € (—1/2,1/2) \ {0}, then we have

K

(4.1) ep ~mn (70 F((}) (n — o0),

(1.2) 0 (4 I'(d) dsin(rd) (n — 00).
1 w

where

Ky = 0(1)/d(1)

(see [KT, Corollary 3.1]; see also [I3, Sect. 3]). Therefore, if 0 < d < 1/2,

then (1.20) follows immediately from Theorem 1.6.
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We now assume that —1/2 < d < 0. Then (4.1) and (4.2) imply (1.7)
and (1.8), respectively, so that we can use Theorem 1.2, Let dy(n,p) be

as in Theorem 1.2. We define

‘ — = 0),
b, = { ao (n ).

An—1 — Up (n=1,2,...).
and
o>
Wy, = — Z Cpe (n=0,1,...).
k=n+1

Notice that ¢, here corresponds to —¢,, in [IK]. We put ¢ := 1+d. Then,
by [IK, Lemma 4.1] and [KT, Corollary 3.1] (see also [I3, Lemma 2.1]),

we have

Uy ~ n*(l*(ﬁﬁ (n — o0),
I'(q)

a+qlg) gsin(mq)

1 T

(n — oc).

®n ~n

We define

o0

‘37(”) = Z 71}U®v+n+'l (n = ()~ 17 NN )

v=0
Notice that 5_(n) corresponds to —3(n) in [IK]. By [IK, Theorem 3.3]
we have, forn=1,2,... and p € NU {0},

3

(4.3) di(n.p) = 0_(n+p),
(4.4) do(n,p) = Z B_(my+n)8_(my+n+p),
my=0
and, for k=34, ...,
(4.5)
dg(n,p) = Z B_(mg_1 +n) Z O_(my_y +mig_s+n)
myp_1=0 my_2=0

e Z 3 (ms3+ mo +n) Z G (mo+my+n)0_(my +n+p).
mo—() mi=0
Notice that (4.3)—(4.5), together with Theorem 1.2, give a representa-
tion of a(-) in terms of absolutely convergent sums involving the AR(o0)

and MA(oo) coefficients, for the fractional ARIMA(p, d, ) processes with
22



—1/2 < d < 0. Notice also that, in [IK, Theorem 3.3], (4.3) (4.5) are
stated for n > 2 but we can prove the case n = 1 in the same way.

Since 1/2 < ¢ < 1, it follows from Theorem 1.2, Proposition 3.3(2), and
(4.3) (4.5) that

X XX

. 1—q d
(co)fZUn = ZZd; n,p)de_1(n,p) ~ - 1_ ¢ (n — 00),

n
k=1 p=0

which, together with (3.11), gives (1.20). This completes the proof of
Theorem 1.7.

5. PROOF OF THEOREM 1.8
In this section, we assume (C1), (C2), and (Al). Notice that (C1) and
(A1) imply (1.1) (sce [I12, Proposition 4.3]), whence we may define 5(+) by
(1.10).

The next lemma follows immediately from [BGT, Proposition 1.5.9a].

Lemma 5.1. L()M € Ro. If [T (s)ds/s = oc, then £(n)/E(n) tends to 0
asn — oo. If [T (s)ds/s < oo, then £(n) tends to 0 asn — oc.

Proposition 5.2. Let £ € Ry and —oc < d < 0. We assume (1.19).
(1) If d =0 and [ 4(s)ds/s = oc, then

(5.1) co e {2} 2 (0 o),
(5.2) an ~n " 0(n){20(n)} 32 (n — o),
(5.3) 3n) ~ 0 m){20(n)} " (n— o).

d =0 with (s s < oo or—o¢ < d< then

Ifd=20 7 / ] 1< 0, t
o5 o —1/2

(5.4) e ~ 02 (n) {Z 7(1{)} (n — o),

65 @ {7 ) o),
(5.6) B3(n) ~ n?*(n) {Zio “/(k:)};l (n — ).

Proof. The assertions (5.1) and (5.2) follow from [I2, Theorem 5.2|. Using
them, we obtain (5.3) (see [I2, (6.19)]). The assertions (5.4) and (5.5)

follow from [I12, Theorem 5.3]. From them, we get (5.6) (see the proof of

12, Theorem 6.7]). O
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Proposition 5.3. Let £ € Ry and —oc < d < 0. We assume (1.19).
(1) For cvery R € (1,0¢), there exists N € N such that

3([ns] + [nu] + n) - R

(5.7) 3(n) T (sF+u+1)

(s>0, u>0, n>N).

(2) For everyr € (0,1), there exists N € N such that
(5.8)
|3([ns] + [nu] + n)| < mnl (s>0, u>0. n>N).
Proof. By Proposition 5.2 and [BGT, Theorem 1.5.2], we have
3([ns] + [nu] +n)/8(n) — (s +u+1)*! (n — oc)
uniformly in s > 0 and u > 0. Since
(stut+D* P <(s+ut+l1)t

(1) follows. By Lemma 5.1 and Proposition 5.2, we have

(5.9) lim nd(n) = 0.

n—oo

This and (1) show (2). ]

Proposition 5.4. Let £ € Ry and —oc < d < 0. We assume (1.19).

(1) Forr € (0,1), R € (1,00), and N € N satisfying both (5.7) and
(5.8), we have

dg(n, [nul)
B(n)

(2) Forr ¢ (0,1), there exists N € N such thal

‘ < wRrk! fr(w) (u>0, ke N, n>N).

indy.(n, [nu])| < ¥ fr(u) (>0, ke N, n>N).
(3) We have, for k € N and u > 0,
di(n.[nu]) = O(3(n)) (n — o0).
(4) We have, for k € N and u > 0,

di(n, [nu]) = o(n™ 1) (n — o0).
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Proof. Suppose that & > 3. By (C1), (A1), and (5.9), we see that (1.9)

3 3

holds. Hence, using Theorem 1.3, we write dj(n, [nu]) in the form

di(n, [nu)) = / dsp 1+ / ds13([nsg—1] +n)

J0 J0

k—2
X { H n3([nsmi1] + [nsm] + n)} x nd([nsi| +n + [nu]).

m=1
Using this, we get (1) from (5.7) and (5.8). The cases k = 1,2 can be
proved similarly. Now (2) follows from (1) and (5.9), and (3) from (1).
Finally, (4) follows from (3) and (5.9). ]

Proof of Theorem 1.8. Assume that 0 < d < 1/2. Then. from [12, Theorem
5.1], we sce that (1.17) and (1.18) hold. Hence (1.20) follows immediately
from Theorem 1.6. Next assume that —oc < d < 0. For n so large that

3(n) > 0, we write, using Theorem 1.1,

Un L [ di(n, [nu])
o~ — 1+ / —————= - ndg_1(n, |nul)du.
(¢0)?8(n) kz; 0 B(n) k-1 ]

As in the proof of Proposition 3.3, we use Proposition 5.4 and the domi-
nated convergence theorem to get

lim ; '/0 W - ndp_1(n, [nu))du = 0.

n—oc

From this and (3.11), we sce that
LT”

a(n) = —n ~ 3(n) (n — o).

Thus (2) and (3) follow from (5.3) and (5.4), respectively. O

FEzample. Let —oc < d < 1/2, and let {X,} be a stationary process
with autocovariance function of the form ~v(n) = (1 + |n|)=0 =24, Then
{X,} satisfies (1.28) (cf. [12, Example in Sect. 7]). Let a(-) be the partial
autocorrelation function of {X,}. Applying Theorem 1.7 to {X,,}, we get

the following result:

(1) if 0 <d < 1/2, then



(2) if d =0, then

1
an) ~ 2nlogn (10— oc);
(3) if —oc < d <0, then
n2d-1
a(n) ~ (n — o).

{2¢(1 —2d) — 1}

Here ((s) is the Riemann zeta function.

6. ARMA PROCESSES

In this section, we consider the fractional ARTMA (p. 0. ¢) processces, that
is, the ARMA(p, q) processes. Let p, ¢ € NU{0}. and let ®(2) and ©(2) be
polynomials with real cocfficients of degrees p, g, respectively, satisfying

(1.22). Let {X,} be an ARMA(p, ¢) process with spectral density
e

All) = ————+ —m < g < 7).
(6) 27 | 0(c?)]? (= ™)
We put
o max (1/|w]..... 1/ ugl) it g > 1,
o0 if g =0,
where w1, ..., uq are the (complex) zeros of ©(z):
O(z) = const. X (z —uy) - (2 — uy).
From the assumption (1.22), we sce that |ug| > 1 for k =1,..., ¢, whence

R €]0,1). Let o) be the partial autocorrelation function of {X,,}. The
next theorem implies that a(n) decays exponentially as n — oc.
Theorem 6.1. For cvery r > R, we have
(6.1) aln) =00") (n — oo).
Proof. The outer function A(-) of {X,,} is given by h(z) = ©(z)/®(z) for
2| < 1. Hence we sce that, for every r > R,

ayn = O(r") (n — oc).

Moreover, we see that ¢, also decays exponentially as n — oc. Therefore,

(6.1) follows easily from Theorems 1.1 and 1.3. U
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