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Explicit formulas for the twisted Koecher-Maaf3
series of the Duke-Imamoglu-Ikeda lift and their
applications

Hidenori Katsurada
Muroran Institute of Technology

Abstract
We give an explicit formula for the twisted Koecher-Maafl series of
the Duke-Imamoglu-Tkeda lift. As an application we prove a certain alge-
braicity result for the values of twisted Rankin-Selberg series at integers
of half-integral weight modular forms.

1 Introduction

It is an interesting problem to give an explicit formula for the Koecher-Maaf}
series of a Siegel modular form F for the symplectic group Sp,(Z), and several
results have been obtained (cf. Bocherer [B], Ibukiyama and Katsurada [I-K1],
[I-K2], [I-K3]). Such explicit formulas are not only interesting in its own right
but also have some important applications in the theory of modular forms. For
example, we refer to [B-S], [D-I], [Miz]. Now we consider a twist of such a
Koecher-Maaf} series by a Dirichlet character x. As for this, in view of Saito
[Sail] for example, we can naturally consider the following Dirichlet series:

x (22721 det T)ep (T)
e(T)(det T')® ’

s Fx) =Y

T

where T runs over a complete set of representatives of SL,(Z)-equivalence

classes of positive definite half-integral symmetric matrices of degree n, cp(T)

is the T-th Fourier coefficient of F' and e(T") = #{U € SL,(Z);T|[U] =T}. We

will sometimes call L*(s, F, x) the twisted Koecher-Maaf series of the second
kind.

On the other hand, Choie and Kohnen [C-K] introduced a different type
of “twist”. For a positive integer N, let SL, n(Z) = {U € SL,(Z);U =
1, mod N} and en(T) = #{U € SL, n(Z);T[U] = T}. For a primitive
Dirichlet character x mod N, the Koecher-Maa$} series L(s, F, x) of F' twisted
by x is defined to be

_ X(tr(T))C (T)
L(s, F,x) = XT: W’



where T' runs over a complete set of representatives of SL,, n(Z)-equivalence
classes of positive definite half-integral symmetric matrices of degree n. In
[C-K], Choie and Kohnen proved a meromorphy continuation of L(s, F,x) to
the whole s-plane and a functional equation (cf. Theorem 2.1). Moreover they
got a result on the algebraicity of its special values (cf. Theorem 2.2.) We shall
call L(s, F, x) the twist of the first kind.

In this paper we give explicit formulas for the twisted Koecher-Maaf} series
of the first and second kinds associated with the Duke-Imamoglu-Tkeda lift and
apply them to the study of the special values of the Rankin-Selberg series for
half-integral weight modular forms. We explain our main results more precisely.
Let k and n be positive even integers such that n > 4 and 2k —n > 12. For a cus-
pidal Hecke eigenform h in the Kohnen plus subspace of weight k—n/1+1/2 for
I'v(4), let I, (h) be the Duke-Imamoglu-Tkeda lift of & to the space of cusp forms
of weight k for Sp,,(Z). Moreover let S(h) be the normalized Hecke eigenform of
weight 2k —n for SLy(Z) corresponding to h under the Shimura correspondence,
and FE,, /511/2 be Cohen’s Eisenstein series of weight n/2 + 1/2 for I(4). We
then give explicit formulas for L(s, I,,(h), x) and L*(s, I,(h), x) in terms of the
twisted Rankin-Selberg series R(s, h, Ey, /241/2,m) of h and E,, 51 /2 and twisted
Hecke’s L-function L(s, S(h),n")of S(h), where n and " are Dirichlet characters
related with x. It is relatively easy to get an explicit form of L*(s, I,,(h), x). In
fact, by using the same argument as in Ibukiyama and Katsurada [[-K2], we
can easily obtain its explicit formula (cf. Theorem 4.1). On the other hand, it
seems nontrivial to get that of L(s, I,,(h),x) (cf. Theorem 6.1), and we need
some explicit formula for a certain character sum associated with a Dirichlet
character (cf. Theorem 5.6). Using Theorem 6.1 combined with the result of
Choie-Kohnen, we prove certain algebraicity results on R(s,h, By a41/2,7) at
an integer s = m (cf. Theorems 7.1 and 7.2), which were announced in [Kal.
We note that the algebraicity of the special values of such a Rankin-Selberg
series at half-integers was investigated by Shimura [Sh3]. However there are few
results on the algebracity of such values at integers. As an attempt, Mizuno
and the author [K-M] proved linear dependency of Rankin-Selberg L-values of
a cuspidal Hecke eigenform belonging to Kohnen plus subspace of half integral
weight and the Zagier’s Eisenstein series of weight 3/2. Our present result can
be regarded as a generalization of our previous result.

Notation We denote by e(r) = exp(2my/—1z) for a complex number x.
For a commutative ring R, we denote by My, (R) the set of (m,n)-matrices
with entries in R. For an (m,n)-matrix X and an (m,m)-matrix A, we write
A[X] =X AX, where X denotes the transpose of X. Let a be an element of R.
Then for an element X of M,,,(R) we often use the same symbol X to denote
the coset X mod aMy,,(R). Put GL,,(R) = {A € M,,(R) | det A € R*}, and
SL,(R) = {A € M,,(R) | det A = 1}, where det A denotes the determinant
of a square matrix A and R* is the unit group of R. We denote by S, (R) the
set of symmetric matrices of degree n with entries in R. In particular, if S is
a subset of S,(R) with R the field of real numbers, we denote by Ss¢ (resp.
S>0) the subset of S consisting of positive definite (resp. semi-positive definite)



matrices. The group SL,(Z) acts on the set S, (R) in the following way:
SL,(Z) x S,(R) 3 (g9,A) — 'gAg € S,(R).

Let G be a subgroup of GL,(Z). For a subset B of S,(R) stable under the
action of G we denote by B/G the set of equivalence classes of B with respect to
G. We sometimes identify B/G with a complete set of representatives of B/G.
Two symmetric matrices A and A’ with entries in R are said to be equivalent
with respect to G and write A ~g A’ if there is an element X of G such that
A’ = A[X]. Let £,, denote the set of half-integral matrices of degree n over Z,
that is, £,, is the set of symmetric matrices of degree n whose (i, j)-component
belongs to Z or %Z according as ¢ = j or not.

2 Twisted Koecher-Maaf] series

(O, -1,
Put J, = < 1, o,
zero matrix of degree n, respectively. Furthermore, put

Spn(Z) = {M € GLyn(Z) | Jo[M] = J,}.

) , where 1,, and O,, denotes the unit matrix and the

Let [ be an integer or a half-integer, and N a positive integer. Let I’én)(N)
be the congruence subgroup of Sp,(Z) consisting of matrices whose left lower
n x n block are congruent to O,, mod N. Moreover let x be a Dirichlet char-

acter mod N. We then denote by SJEZ(F()(”)(N),X) the space of modular forms
of weight ! and character x for Fén)(N),X), and by @l(FO(n)(N),X) the sub-
space of My (I, é") (N), x) consisting of cusp forms. If x is the trivial character
mod N, we simply write %I(Fén)(N)7x) and Sl(F()(n)(N),x) as %I(Fén)(N))
and 61(Fé") (N)), respectively. Let k be a positive integer, and let F(Z) €
Mi(Spn(Z)). Then F(Z) has the Fourier expansion:

F(Z)= Y er(D)e(t(T2)),

TeL, >0

where tr(X) denotes the trace of a matrix X. For N € Z~, put SL, n(Z) =
{U € SL,(Z) | U = 1,, mod N}, and for T € L, put ey(T) = #{U €
SL, n(Z) | T[U] =T}. For a primitive Dirichlet character x mod N Let

L(s, F,x) = 3 x(tr(I)er(T)

Pelns T8 (Z) en(T)(det T
be the twisted Koecher-Maaf} series of the first kind of F' as in Section 1. The
following two theorems are due to Choie and Kohnen [C-K].

Theorem 2.1. Let F € &;,(Sp,(Z)), and x a primitive character of conductor
N. Put

(s) = @m) 7 [[#V20(s - (i - 1)/2),
i=1



and
As, F,x) = N*7(x) ' m(s)L(s, F,x)  (Re(s) >>0),

where () is the Gauss sum of x. Then A(s, F,x) has an analytic continuation
to the whole s-plane and has the following functional equation:

A(k - SvFa X) = (_1)nk/2X(_1)A(S?F7X)'

Theorem 2.2. Let F' and x be as above. Then there exists a finite dimensional

Q-vector space Vg in C such that
Lim,F,x)m "™ € Vg

for any primitive character x and any integer m such that (n +1)/2 < m <
kE—(n+1)/2.
Now let

Z x (2272 det T)ep (T)

L*(s,F,x) = e(T)(det T)®

TeELr~o/SLn(Z)

be the twisted Koecher-Maaf} series of the second kind of F' as in Section 1. We
will discuss a relation between these two Dirichlet series in Section 5.

3 Review on the algebraicity of L-values of ellip-
tic modular forms of integral and half-integral
weight

In this section, we review on the special values of L functions of elliptic modular
forms of integral and half-integral weights. For a modular form g(z) of integral
or half-integral weight for a certain congruence subgroup I" of SLy(Z), let Q(g)
denote the field generated over Q by all the Fourier coefficients of g, and for
a Dirichlet character n let Q(n) denote the field generated over Q by all the

values of 7.
First let -
f(z) =Y er(m)e(mz)
m=1

be a normalized Hecke eigenform in & (SL2(Z)), and x be a primitive Dirichlet
character. Then let us define Hecke’s L-function L(s, f, x) of f twisted by x as

L(s, f,x) = Z cr(m)x(m)ym=2.

m=1

Then we have the following result (cf. [Sh2]):



Proposition 3.1. There exist complex numbers uy(f) uniquely determined up
to Q(f)* multiple such that

L(m, f,x)
2mv/=1)m7(x)u;(f)

for any integer 0 < m < k — 1 and a primitive character x, where 7(x) is the
Gauss sum of x, and j = + or — according as (—1)"x(=1) =1 or —1.

€ Q(f)Q)

Corollary. Under the above notation and the assumption, we have
L(m7 fv X)ﬂ-im € Qu](f)

for any integer 0 < m < k — 1 and a primitive character x.

We remark that we have L(m, f, x) # 0 if m # k/2, and L(k/2, f, x) # 0 for
infinitely many .

Next let us consider the half-integral weight case. From now on we simply
write F()(l)(M) as [o(M). Let

hi(z) = Z ch, (m)e(mz)

be a Hecke eigenform in &, /2(I(4)), and

ha(z) = Z Chy(m)e(mz)
m=0

be an element of My, 1/2(10(4)). For a fundamental discriminant D let xp be
the Kronecker character corresponding to D. Let x be a primitive character
mod N. Then we define

E(sa hl; h2a X) = L(2S - kl - k2 + 1,(4}) Z Ch,y (m)chz (m)X(m)m_su

m=1

where w(d) = x";*2x2(d). We also define R(s,hy, ho, X) as

R(S7 h17 h27X) = L(28 - kl - k2 + 17X2) Z Chl (m)ch2 (m)X(m)m_é

m=1

Now let S(h1) be the normalized Hecke eigenform in &g, (SL2(Z)) correspond-
ing to hy under the Shimura correspondence. Then the following result is due
to Shimura [Sh3].

Proposition 3.2. Assume that k1 > ko. Under the above notation we have

R(m + 1/2, hl, hg, X)
u_ (S(hn) yr () ke H2m /]

for any integer ko < m < ky — 1 and a primitive character x.

€ Q(h)Q(h2)Q(x)



Proof. Let N be the conductor of x. Put
hay(2) = D eny(m)x(m)e(mz).
m=0

Then ha, (z) € My, 11/2(4N2, x?). We can regard hy as an element of &, 41 /5 (Ip(4N?)).
Then the assertion follows from [[Sh3], Theorem 2]. O

Corollary. Assume that ¢y, (n), cn,(n) € Q for any n € Zo. Then there exists
a one-dimensional Q-vector space Uy, 1, in C such that

R(m+1/2,hy, hy, x)7m 2™ € Uh, by

for any integer ko < m < ky — 1 and a primitive character x.

4 Explicit formulas for the twisted Koecher-Maaf3
series of the second kind of the Duke-Imamoglu-
Ikeda lift

Throughout this section, we assume that n and k are even positive integers.
Let h be a Hecke eigenform of weight k& —n/2 + 1/2 for I'H(4) belonging to the
Kohnen plus space. Then h has the following Fourier expansion:

h(z) = Zch(e)e(ez),
where e runs over all positive integers such that (—1)*~"/2¢ = 0,1 mod 4. Let
S(h)(z) = > csmy(m)e(mz)
m=1

be the normalized Hecke eigenform of weight 2k — n for SLs(Z) corresponding
to h via the Shimura correspondence (cf. [Ko].) For a prime number p let
fp be a nonzero complex number such that 3, + 3, = pR /2 200 (p).
For a non-negative integers | and m, the Cohen function H(l,m) is given by
H(l,m)=L_,,(1—1). Here

LD(S)
¢(2s—1), D=0
_ ) L(s.xpi) Y mla)xpy (a)a™*c1-25(f/a), D #0,D=0,1mod 4

alf
0, D = 2,3 mod 4,



where the positive integer f is defined by D = D f? with the discriminant D g
of K = Q(v/D), p is the Mébius function, and o,(n) = Zd‘n d®. Furthermore,

for an even integer [ > 4, we define the Cohen Eisenstein series Ej ;1 /2(z) by

Eip1)2(2) = Z H(l, e)e(ez).
e=0

It is known that Ej;/5(2) is a modular form of weight I+1/2 for I(4) belonging
to the Kohnen plus space.

For a prime number p let Q, and Z, be the field of p-adic numbers, and
the ring of p-adic integers, respectively. We denote by v, the additive valuation
on Q, normalized so that v,(p) = 1, and by e, the continuous homomorphism
from the additive group Q, to C* such that e,(a) = e(a) for a € Q. For a
p-adic number ¢ put B

&p(c)=1,-1or0
according as Q,(v/¢) = Qp, Qp(1/¢)/Q, is quadratic unramified, or Q,(1/¢)/Q,
is quadratic ramified. We note that £,(D) = xp(p) for a fundamental discrimi-
nant D. For a non-degenerate half-integral matrix 1" over Z,, let

by(T,5) = > ey(tr(TR))p~r(Hr (1)
Resn(Qp)/Sn(Zp)

be the local Siegel series, where p,(R) = [RZ} + Zy : Zy]. Then there exists a
polynomial F,(T, X) in X such that
n/2
bp(T,s) = Fp(T,p~") (1= p~*) (1 = &(T)p"* =) [J (1 = p%7%)
i=1

(cf. [Kil],) where &,(T) = gp((fl)”/2 det T). For a positive definite half integral
matrix T’ of degree n write (—1)™/2det(27) as (—1)"/2 det(2T) = dpf2 with by
a fundamental discriminant and f; a positive integer. We then put

cr, ) (T) = en(for|) [T (" /27128,y 0) By (1, p= (0271,
p

We note that ¢, () (T") does not depend on the choice of 3,. Define a Fourier
series I,(h)(Z) by

L(h)(Z)= Y crm(T)e(tr(T2)).

TeELn<o
In [I] Tkeda showed that I,(h)(Z) is a Hecke eigenform in & (Sp,(Z)) and its
standard L-function L(s, I,,(h), St) is given by

n

L(s, I,(h),St) = ((s) [ L(s + k — i, S(h)).

i=1
We call I,,(h) the Duke-Imamoglu-Tkeda lift (D-I-I lift) of h.



Theorem 4.1. Let x be a primitive Dirichlet character mod N. Then we have

n/2—1
L*(SvFv X) = CnR(Svha En/2+1/2aX) H L(2S - 2],5(}1)7)(2)
j=1

n/2
+dnch(1) H L(23 - 2.7 +1, S(h)a X2)7

j=1
where ¢, and d, are nonzero rational numbers depending only on n.

To prove Theorem 4.1, we reduce the problem to local computations. For
a,b € Q) let (a,b), the Hilbert symbol on Q. Following Kitaoka [Ki2], we
define the Hasse invariant €(A) of A € S,,(Q,)* by

eA)= I (aia))y
1<i<j<n

if A is equivalent to a1 L--- La, over Q, with some a1, as,...,a, € Q. For

T € Sp(Zy)e, put TO = 2717, F{(T, X) = F,(T©, X), and so on. Then for
non-degenerate symmetric matrices A of degree n with entries in Z, we define
the local density a,(A) = (A, A) representing A by A as

ap(A) =271 lim pom D24 4,(A, A),

a— 00

where
Aa(A,A) = {X € Mn(zp)/paMn(Zp) | A[X} —-Be paSn(Zp)e}a

Furthermore put

MA) = > }4

!
wegia 4)

for a positive definite symmetric matrix A of degree n with entries in Z, where
G(A) denotes the set of SL,(Z)-equivalence classes belonging to the genus of
A. Then by Siegel’s main theorem on the quadratic forms, we obtain

M(A) = 5,227 det APTD/2 H (At
P

where e, = 1 or 2 according as n = 1 or not, and &k, = H?z/? I'c(24) (cf.

Theorem 6.8.1 in [Ki2]). Put
Fp=A{do € Zy | vp(do) <1}
if p is an odd prime, and

Fo={dp € Z2 | dg =1 mod 4, or dy/4 = —1 mod 4, or va(dy) = 3}.



For d € Z) put

Sn(zpvd)
= {T € 8,(2Z,) | (-1)"/?det T = p*d mod Z}" with some i € Z},

and Sy, (Zp, d)y = Sp(Zp,d) N Sp(Zp), for z = e or 0. Put L) = S, (Z,)> and
E%O,;)(d) = Sp(Z,,d)N Es%. Let ¢, be the constant function on L) , taking the

value 1, and €, the function on L, assigning the Hasse invariant of A for

A€ L), We sometimes drop the suffix and write ¢,, , as ¢, or ¢ and the others
if there is no fear of confusion. From now on we sometimes write w = &' with
Il =0or 1 according as w = ¢ or €. For dy € F, and w = e with { = 0,1, we

define a formal power series Pfl?;(do,w, X,t) in t by

(B, X)

w(B)th(dCt B),
ap(B)

P7(L(,)12(d0aw7X7t) :K‘(d(%nal)il Z
BeL®), (do)

where
k(do,n,1) = K(do,n, 1), = {(=1)""F2/8((=1)"/22, dg )2 } %=,
Let F denote the set of fundamental discriminants, and for [ = £1, put
FO = {dy € F | ldy > 0}.

Theorem 4.2. Let the notation and the assumption be as above. Then for
Re(s) > 0, we have

L*(s,I,,(h)) = kp2"stim
x{ Z Ch(|d0|)|do|n/47k/2+1/4 H Pé?,l(do, tp, ap7p75+k/2+n/4+1/4)((p))

doe F((=D"/?) P

+ (71)n(n+2)/8

XY (=122, doYacn(|dol) do| /YT PO do, €, ap, p /AT A ()}
doeF(=D"/?) P

Proof. Let T € S;,(Zyp)e- Then the T-th Fourier coefficient c;, () (T') of I, (h)
is uniquely determined by the genus to which T' belongs, and, by definition, it
can be expressed as

e,y (T) = en (P () /22 T FO(T, o)
P

We also note that

0)\k—n/2— 0)|—(k/2—n/d— /A
(f%))k /2 1/2:|b§~)| (k/2—n/4 1/4)(detT)(k/2 /4—1/4)



for T € S,(Z,) Hence we have

€>0"

72(0)
Cln(h)(T/) k/24n/4—1/41,(0)|k/2—n/4—1/4 Fp (T, ap)
—— - =detT [0 | -
2 ’ H op(T)

T'eG(T)

Thus, similarly to [I-K1], Theorem 3.3, (1), and [I-K2], Theorem 3.2, we obtain

L(s, In(h)) = ma2" 7 %0 ep(|do|)|do|/*7H/2 41/
doeF((=1D"/?)

X{H PT(L?[),(dO, Lp,apjpfs+k/2+n/4+l/4x(p))
p

(=) ((—1)" 22, do)2 [ | P (do, ps cp, ™ A A (p)) ).

p

This proves the assertion.

Proposition 4.3. Let dy € F,, and & = g(do). Then

(p't)veio)
Gryj2—1(p72)(1 — p~/2&)

(1 +t2p—n/2—3/2)(1 + t2p—n/2—5/253) _ thQp_n/Q_Q(X —|—X_1 _|_p1/2—n/2 +p—1/2+n/2)
(1 _ p—QXtQ)(l _ p—QX—1t2> H’:if(l _ t2p—2i—1X>(1 _ t2p—2i—1X—l)

PO (dy, 1, X, t) =

X

)

and

1 &
Onj2—1(p=?) (1 = p~"260) (1 = 2p=2 X)(1 = 2p=2X 1)

P,go)(do,f,X, t) =

O 1

Proof. Put Hy = ( . 0
k

> , and for d € Z; put

D = {x € Moy (Zy) | det(Hy[z]) € dp'Z;" with some i € Zxo}.

We then define Zay(u, e, d) as

ZQk(uvglad):/DEI(Hk[m])\det(Hk[m])\‘;,_kdx

with w = p~°, where | * |, denotes the normalized valuation on Q,, and dz is

the measure on May ,(Qp) normalized so that the volume of Moy ,(Zy) is 1.
Moreover put

1
ZQk,e(uaalvd) = Q(ZZk,n(uvgla d) + ZQk,n(_uaglad))7

10



and )
Zog o(u, e, d) = i(sz,n(U,El,d) — Zopn(—u, ', d)).

Then it is well known that

n v — b 2762'pTap7k vp(de
Zok (o) (s €', (=1)"2p 2 dg) = 6, (p7 ") Y p(a(T))(pkt) plded™)
TeL!(do) :

for dy € F,, where z(dy) = e or o according as v,(dy) is even or odd. Recall

that P .
(1—p ML — p2kt2h)
1 —&(27020T)p=hin/2

by (27020, p=F) = AT, pF)

and

FO(T, p*) = plk/2+ (/)0 (et )=y (do)) F50) (T, ket (r41)/2)

Hence we have

(1—p "I —p 220
1— g(gféz,pT)p—k+n/2

Z2k,x(d0)(ua€l7 (—1)"2p=(d0)dy) = ¢, (p~1)

><p(k:/Q—(n—&-l)/4)1/p(cl(J)PT(LO) (d07 El,p_k+(n+1)/2, up—k/2+(n+1)/4).

Let T'(do,w, X, t) denote the right-hand side of the formula for w = ! (I =0, 1)
in the proposition. Then, by [[Sai2], Theorem 3.4 (2)], we have

(1—p M TIT - p 2420

Z2k,1:(do)(ua€la( )n/2 ~vp(do) dO) ¢Tl( ) 1— S(T)p,k+n/2

Xp<k/2_<n+l)/4)Vp(dD)T(d0, €l7p—k+(n+1)/2 up—k/2+(n+1)/4).

(Remark that there are misprints in [Sai2]; the (¢~ 1), on page 197, lines 9 and
15 should be (¢71),..) Hence we have

PO (dy, el p=FH 4D /2 4y =k/240 (4 0/4) gy ol =Rt )/2 gy, —k/ 24 (4 1) /4

for infinitely many positive integers k. Hence we have

PT(LO)(d07517X’ t) = T(do,&'l,X, t)

Proof of Theorem 4.1. ,
Put Q = {w,}, and let do € (") put

P(s,do, 2, X) HP(O) (do, ep, ap, p~*TH/ZER/AT Ay ().

11



Then by Proposition 4.3, we have

P(Sa dOa {Lp}a X)

n/2—1 n/2
= |do| = HH/2 A8 (do) T C(20)L(n/2,xay) ] L(2s + 2 — n, S(h), x?)
=1 =0

xL(2s —n+1,S(h), x*) JJ{Q + p7 2 x(0)*) (1 + Xa, (0)*p > *x(p)?)

—Xdo ()P TE T3 2x(p)? By (1 + p* /2728 ) (1 + p~ /2287 1))

We note that L(s,h) and L(s, Ey,/241) can be expressed as
L) = L@s.50) 3 clldoDldol* TLA-X(1ycrsag, () /27172),
doeF((=D"/?) P

and
L(s, Epay1) = ((25)C(2s —n+ 1)

X Z L(1 —n/2,Xa,)|do|* H(1 — a (p)p"/2 1729,

doe F((=1)"/?) P

and therefore, we easily see that L(s, h, E, /2112, x) can be expressed as

L(Sa hv En/2+1/27 X) = L(237 S(h)a X2)L(28 —n-+ ]-» S(h)v X2)
x> ldol ™ e(|dol)x(do) L(1 = n/2, Xay )
doeF((=1)"/?)

< JTAQ+ 72 x(0)?) (1 + xa0 ()02 2x(0)?)

_Xdo(p)p_28+k_3/2X(p)2ﬂp(1 +p1/2—n/26p—1)(1 +p—1/2+n/2ﬁp—1)}

(cf. [Sh1], Lemma 1.) Thus, by remarking the functional equation

L(1 = n/2,x4,) = 2" "7 "/20(n/2)|do| "~V 2 L(n/2, x(ay),

we have
S° enlldo])|do| TP (s, do, {1}, X)
doeF((=1D"/?)
n/271 2”/2_17'['”/2 ’I’L/271 5
= H ((Zi)WL(s,h,En/QH/Q;X) H L(2s —2i +mn,S(h),x°).
i=1 i=1

On the other hand, if dy # 1, by Proposition 4.3, we have

P(s,do, {ep},x) = 0.

12



Thus if n = 2 mod 4, for any dy € F(—D"),

P(s,do,{ep},x) =0.
If n = 0 mod 4, by Proposition 4.3, we have

n/2—1 n/2

P(s,1,{e,},x) = ¢(n/2) H ¢(2i) [] L(2s — 2+ 1, S(h), x?).

i=1

Thus the assertion follows from Theorem 4.2. O

5 Relation between twisted K-M series of the
first and second kinds

Let N be a positive integer. Let g be a periodic function on Z with a period N
and ¢ a polynomial in ¢1, ..., ¢,. Then for an element v = (a3 mod N, ....,a, mod N) €
(Z/NZ)", the value g(¢(ay,...,a,)) does not depend on the choice of the rep-
resentative of u. Therefore we denote this value by g(¢(u)). In particular we
sometimes regard a Dirichlet character mod N as a function on Z/NZ.

For a Dirichlet character x mod N and A € £,,¢, put

hAX)= Y x(te(AL)).

U€SL,.(Z/NZ)

As was shown in [[K-M], Proposition 3.3], the twisted Koecher-Maaf} series of
the first kind of a Siegel modular form can be expressed in terms of h(A4, x)
as stated later. Therefore we shall compute h(A, x) in the case where A is an
element of £,,5¢9. For A = (aij)mxm € Sm(Z/NZ) and c € Z/NZ, put

RN(A,¢) = {X = (¥ij)mxm € Mn(Z/NZ) | Z > tapTiatip —c=0
i=1 a,f=1

and det X —1 = 0}.

Then we have

hAx)= Y x(0)#(Rn(A,c)).

c€Z/NZ

From now on let p be an odd prime number and F}, be the field with p-elements.
For S € S,,,(F,) and T € S, (F},) put

A(S,T)={Y = My n(F,) | YS Y =T7}.

For an element S € S,,(F},) with m even put x(S) = (M) )

p

13



Lemma 5.1. Let S € S, (F,)*.
(1) Let T € S,.(F,) withm > r.
(1.1) Let r be even. Then

#A(S’ T) :prmfr(’r‘+1)/2(1_X(S)p*m/2)(1+X((_S)J_T)p(r7m)/2) H

m—r+l<e<m—1
e even

or

#A(S,T)=p™ 2T (1 -p7)

m—r+1<e<m—1
e even

according as m is even or odd.
(1.2) Let r be odd. Then

BA(S,T) =g TP xS [ a-p)

m—r+l<e<m—1
e even

or

HA(S,T) = p TR x((=S) LT ™2 [ (=7
m—r+l1<e<m-—1
according as m is even or odd. In particular, for c € F, we have
—1)™/2det S
#A(S,C) :pm/Q—l(pm/2_ (( ) 5 € ))

or

- - —1)m+D/2¢det S

p

according as m is even or odd.
(2) We have

S (L1072 05)

HA(S,0) = p/2 (g2 — (
p p

or

#A(S,0) = p™ !
according as m is even or odd.

Proof. The assertions (1) and (2) follow from [[Kil], Theorem 1.3.2], and [[Kil],
Lemma 1.3.1], respectively. O

Proposition 5.2. Let A=a1L--- Lay, with a; € F},. For c € F put

Mp(A,¢) ={Z = (2i;) € Sm(F}) | det(Z) =1and c— Y a2 = 0},
i=1

14



and

) (m—2)/2
Yp = pm 7m(m+1)/2(1 _pfm/2) H (1 _p72e)
e=1
or
) (m—1)/2
Ymp = pm —m(m+1)/2 H (1 _ p—Qe)
e=1

according as m is even or odd. Then we have

#Ry(A, ¢) = Y p#Mp(A, c).

Proof. Let ® : GL,(F,) — Sm(Fp) N GLy(F,) be the mapping defined by
®(X) = X'X. Then by Lemma 5.1, we have #®71(Z) = 2v,,, for any Z €
S (Fp) N SLy(F,). We note that det X = £1 for any X € ®~1(Z). Hence we
have #(®~1(Z) N SLy,(Fp)) = Ym p- Moreover we have

tr(*X AX) = tr(AX'X),

and hence X € R,(4,c¢) if and only if ®(X) € M,(A4,c). This proves the
assertion. O

We rewrite M, (A4, c) in more concise form. Let p be a prime number and !
be a positive integer dividing p — 1. Take an [-th root of unity (; and a prime
ideal p of Q(¢;) lying above p. Let a be an integer prime to p. Then we have

aP=V/V = ¢/ mod p with some i € Z. We then put <a) = (}. We call (*>
P/ P/

the [-th power residue symbol mod p. In the case [ = 2, this is the Legendre

symbol, and we write it as <*) as usual. We note that this definition of the

power residue symbol is different from the usual one, and depends on the choice
of p and (; except the case [ = 2. We denote by (%) the Jacobi symbol for a

positive odd integer. Let x be a primitive Dirichlet character of conductor NN.
We assume that N is a square free odd integer, and write N = p; --- p, with
p1,---,pr prime numbers. Put l; = I, ,, = GCD(m,p; — 1). For an r-tuple
I = (1,19, ,4,) of integers put

T *
X(ir,esir) = X | I ()
i=1 \Pi

For two Dirichlet characters x and n mod N we define J,,,(x,7n) and I,,(x,n)

ij
l

J

TmOem) = Y x(det Z)n(1 - tx(2))
ZE€Sm(Z/NZ)
and
In(om) = > x(det Z)n(tx(2)).
ZeSm(Z/NZ)

15



By definition, Jp,(x,7n) is an algebraic number. We note that Ji(x,n) is the
Jacobi sum J(x,n) associated with x and 1. We also define J,,,(x) as J(x) =
I (X X)-

Lemma 5.3. Let n be a primitive character mod p. Let ¢ € F, and S € S;(F})
of rank r. Let S ~ So L O;_, with det Sq # 0. Put

Iyse= Y n(S['w]+o).

!
wer

Assume that r is odd, and that n® # 1. Then

—(r * —1)(r+1)/2 det S, c
In,s,c—pl<+1>/2J<n,<p>><( ) ) °)n<c><p).

Assume that r is even, and that n # 1. Then

- <(—1)T/2 det SO> n(o).

In,S,c =p D

/2
Here we make the convention that <(1)%t&)) =14r=0.

Proof. We have
Iy.s,.c= plir 7,S0,c
Hence we may assume that » = [. Then

Inse= Z n(u)#A(S,u — c).

u€eFy

Let | be odd. Then by Lemma 5.1,

- - —1)E=D/2(y — ¢) det S
HA(S,u — c) = pt=D/2(pl 1>/z+(( ) (u—c) ))_

p
Hence we have

_ —1)+D/2 Qet S u—-c
Iy =pto0r (CLE008) 57 4 (20,

u€Fy, p

Since n? is nontrivial, we have I, 5. = 0 if ¢ = 0. If ¢ # 0, then

%0 (59)=(5) 5 (57




Let | be even. Then
—1)/2det S —1)/2det S
e e i e I8
where ag = 1 or 0 according as u = c or not. Hence

—1)¥2det S
Iys.c= Pl/z <()p> n(c).

Corollary. Let d € F,. Then we have

d\"
In,S,cd = n(d) <p) In,S,o

Proposition 5.4. Let n be a primitive character mod p. For Zy € S;_1(F}) and
zy € Fp, put
I(thll) = Z ’17(<tzul) Zul)l))
weM;_1,1(Fp)

(1) Assume that 1 is even, and that n*> # 1. Then

* —1)/2det Z z

1Z1,) =220 (5)) (SIS aen 2 (2.

p p p

(2) Assume that | is odd, and that n? # 1. Then

—1)=D/2 det 7,
p

I(Zluzll) :p(l_l)/2 (( ) ’I'](det lell)~

Proof. We note that

VA .
det( t'ul) ;Ull > = —Ad.](Zl)[w} +det lelly

where Adj(Z) is the (I — 1) x (I — 1) matrix whose (7, j)-th component is the
(4,)-th cofactor of Z;. We also note that det(—Adj(Z)) = (—1)!~!(det Z;)' 2.
Thus the assertion follows directly from Lemma 5.3 if det Z; # 0. If det Z; = 0,
then rankg (Z;) < 1, the assertion follows also from Lemma 5.3. O

Theorem 5.5. Let x be a primitive character mod p. Let | = GCD(m,p — 1),
and ug be a primitive l-th root of unity mod p. Let A € Sp,(F)p).

(1) If x(uo) # 1, then we have h(A,x) = 0.

(2) Assume that x(ug) = 1. Fiz a character X such that X™ = x.

(2.1) Let m be even. Then

-1

h(Av X) = Ym,p Z Am,i,p%(i) (det A)Jmfl (%)7
=0
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»
(2.2) Let m be odd and assume that x> # 1. Then

where Ay, p = p(m72)/2(_1)m(p71)/4<](2(i)7 ( ))

-1

h(Av X) = Ym,p Z Am,i,pi(i(i) (det A)Jmfl (%)7
=0

where p(mfl)/Z(71)(m71)(1’71)/4_

Proof. If A = O,, then we have h(A,x) = 0. Hence we assume that A # O,,.
Then we may assume that A =a; Ll --- Lay,,_11d with d # 0. Put

My (A,c)
Z1 w m
= {(Zl,w) S Sm,1<Fp)XMm,1)1(Fp) | det tow d_l(l _ 22_11 aizﬁ) c’ = 1}.
Write Z € S (F)) as Z = (Z jl) with Z1 € Sp_1(F,),w € My_11(F,), z €

w

F,. Then the mapping Sy, (F,) 3 Z — (¢ Z1, ¢ w) € Sp1(Fp) X Mp—11(Fp)
induces a bijection from M, (4, ¢) to M, (A, ¢), and hence #M,,(A, c) = #M, (A, c).

Put N
K(A) =) #My(A,c)x(0).
Assume that x(ug) # 1. Then we have

K(A) = Z X (cuo)#M, (A, cug).

ceF,

We note that M, (4, cug) = M, (A, ¢). Hence we have
K (A) = x(uo) K (A).

Hence we have K(A) = 0.

Assume that x(up) = 1. Then we can take a Dirichlet character ¥ such
that Y™ = x. First assume that det A = 0. Then we may assume that we have
A= AyL0 with Ay € Sy—1(F}p). Let Pr_1,m, be the set of (m — 1) x m matrices
with entries in F}, of rank m — 1. Then for each X; € P,,_1,, there exist exactly

p™ 1 elements Xo € M ,,,(F),) such that ( §1 ) € SL,,(F),). Hence we have
2

hA,x)=p™ " D x(Ao[Xa)).

X1€Pm—1,m

Let m be even. Then we can take an element a € F) such that x(a) # 1.
Moreover we can take Uy € GL,y,(F),) such that ‘UyUy = al,, in view of (1.1)
of Lemma 5.1. Hence

hAX) =p™" > X(AdX1To]) = x(@)h(A, x).
X1€Pm-1,m
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Hence we have h(4,x) = 0. Let m be odd and assume that x? # 1. Then we
can take an element o € (F;)” such that y(a) # 1. Moreover we can take
Uy € GL,(F,) such that 'UyUy = al,, in view of (1.2) of Lemma 5.1. Thus
by the same argument as above we have h(A, y) = 0. This proves the assertion.
Next assume that det A # 0. We may assume that

A=1,,_11d
with d = det A. Then we have
K(A) =" #M,y(A o)X (c™).

Hence we have

K(A) = 37 Xdet (200 iy )
(Z1,w)

where (Z1,w) runs over elements of S,,,_1(Fp) X My,—1,1(F)) such that

(%) det< il} (1 _“’tr(Zl)) ) =u™

. : Zy w
X
with some u € F*, and for such a matrix ( tw o d=N(1 — te(Z1))

exactly ! elements u of F), satistying (*). We have

-1 i
L lor0
> (3)

i=0 l

> , there exist

according as v = u" with some u € F,* or not. Hence we have

-1

K(A) = Z?(det (tzul; d*1(1—wtr(zl))))

=0

Z 0 i
det (%i d’l(lftr(Zl)))
p

l

-1
~ z w
= E X(i)(det (tulj d*l(l—tr(Zl))>)
=0

Put
-1

K(A)i = X (det (t’Z'ul) d’l(liutr(Zl))))
1=0

We note that Z?i) # 1 for any ¢. Hence by Proposition 5.4 we have

K(A)i=Amip >, Xiy(det )X, (det Z1)X;, (1 — tx(Z1)),
Z1E€Sm—1(Fp)
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m—1
where )?(ki) = X() (%) . This proves the assertion if m is odd. Assume

that m is even. Then it is easily seen that the set {X(; (%) =} of Dirichlet

characters coincides with {X é;(l). Moreover 55%1) # 1 for any 4. This proves the
assertion. O

Theorem 5.6. Let N = p;y ---p,. Let x be a primitive Dirichlet character mod
N. Let ug; be a primitive l;-th root of unity mod p;. Let A € S, (Fp).

(1) If X (ug ;) # 1 for some i. Then we have h(A, x) = 0.

(2) Assume that X (ug;) = 1 for any i. Fir a character X such that Y™ = x.
(2.1) Let m be even. Then we have

T

h(A,x) = [J(-)m@-D/apim=272,

i=1

l1—1 lr—1
*

XY Ririae i) (det A)T (X o) (N))Jm—l(i(il,iz,m,m)-

i1=0 ir=0

(2.2) Let m be odd, and assume that x? is primitive. Then we have

r

(A, x) = [J(-1)m-De=n/apm=/2,

i=1

-1 -1
X Z e Z %(il,’iz,--- ’ir)(det A)Jmfl(%(il,’iz,“- ,i,,.))'
i1=0  i,=0
Proof. We note that J,,(n1,m2) = [1i_, Jm(ngpi), népi)) for primitive characters

2

n and 7 mod N. Moreover 77 is primitive if and only if 77 £ 1 for any
1 <4 < r. Thus the assertion follows from Theorem 5.5 and [[K-M], Lemma
3.2]. O

Now we give explicit formulas for J,,(x,n) and I, (x,n).

Proposition 5.7. Let x and n be primitive characters mod p. Assume that
X2 # 1. Put ¢;u(x,n) = 1 or 0 according as x™n =1 or not.
(1) Assume that m is odd. Then

I (01) = em(30) (;)(m_m P2 = 1)1 (2) )

(2) Assume that m is even. Then

L0 = em0) (;)m/2p<m2>/2<p—1>x<—1>J<x, ()t (2) o
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Proof. By Proposition 5.4, we have

1 plm=n/2 (D00 if m is odd
m\X> m p(7ﬂ*2)/2 (w) J(Xv (%)) if m is even,
where
det Z o\
I = Z X (Zmm ) x(det Z7) ( ¢ 1> N(zmm + tr(Z1)) (z ) )
zmm €EFp p p
Z1€Sym 1 (Fp)*
Then we have
det Z )"
= X G z) () gz (22)

Zmm € FpS
Z1E€Sm—_1(Fp)*

Put Y; = —2,1 7. Then det Yy = (—1)™"'21~™ det Z,. Hence we have
-1 m—1
I = (-1 (52

det Y1

X Z X (Zmm)" 1 (Zmm) Z X(detY1)<

zmmEFpX Y1€Sm_1(Fp)*

) 7(1 — tr(¥2)).

We have
Z X(Zmm) "N (Zmm) =p—1or 0

X
Zmm €Fy

according as x""n is trivial or not. This proves the assertion. O

Proposition 5.8. Let x and n be as in Proposition 5.7.
(1) Assume that m is odd. Then

(_1)(m71)/2

Im(x,m) = ( )

) p(mfl)/Q

) AT 06 X™ M) T (x (;) o)+ 0(=1)In-1(x (*> M}

p

(2) Assume that m is even. Then

T (1) = (_1>m/2 PRI (x, (*>)

P P
x{J(x (;) X" (;) m)Jm-1(x (;) ;) 4+ n(=1)Im-1(x <;) M}
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Proof. By Proposition 5.4, we have

e plm=1)/2 # if m is odd
m\X,M) = m + m) X 1)\
p(m=2)/2 (%) J(x, (%)) if m is even,

T = > (detzl> (zmm>m_1 X (Zmm)x(det Z1)n(1—2mm—tr(Z1)),

Z2mm € Fp,z2zmm#1 p p
Z1€Sm_1(Fp)X

and

n= 5 () e zn-n(z)

Z1E€8m_1(Fp)*
Then we have J;, = n(—1)I,_1( (:;) . Moreover

7 m—1
o= 3> X(zam) (det 1) (z’”’”> x(det Zy)

2mm €Fp,2mm#1
Z1€Sm 1 (Fp)*

XN(1 = Zpm)n(1 — (1 — zmm)*ltr(Zl)).
Put Y7 = (1 — zyum) ' Z;1. Then det Y = (1 — 2 ) ™ det Z;. Hence we have

P m—1 1— 2 m—1
Tu= 5 ) (22) T (F2) 1 )™ 0 )

Zmm €Fp p P
det Y;
X Z < 1> X(det Yl)ﬁ(l —tr(Yl))~
VieSma(F)x N P
This proves the assertion. 0

Theorem 5.9. Let x be a primitive character mod p.
(1) Let m be odd, and assume that x> # 1.
(1.1) Assume that x™ # 1. Then

i (m—1)/2 i i1
* -1 _ * m *
Jm(x( ) LX) = () P2 g (x () ™) T (X () LX)
P P P P

(1.2) Assume that x™ = 1. Then

6 (G) o=t (3) () (G () 0
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(2) Let m be even.
i1
(2.1) Assume that x™ (%) # 1. Then

w3 0= (3) ) o) e () e ()0

i+1
(2.2) Assume that x™ ( ) = 1. Then

*
p

I (X (;)z . X) = x(=1)p" M (x (;) (;))Jm—z(x (;)i 2 X)-

Proof. Let m be odd. Then, by (1) of Proposition 5.8, we have

A\ _qy\ (m-D/2 s
T (X () LX) = () pm=b/
P P

< {I(x (p) X (X (p)+ 0+ X (D (x (p)+ 0

Thus the assertion holds if x™ # 1. Assume that x™ = 1. Then by (2) of
Proposition 5.8 and (2) of Proposition 5.7 we have

e (3) 0= (3) e () ()
xJ(x <;)i,xm_l (;)i)']m—2(x (;)z ) X)-

s (3) et (5= () (3) - (5) - (3)

This proves the assertion.
Let m be even. Then, by (2) of Proposition 5.8, we have

mie(3)0=(3) ) ()
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< {J(x (p)xm (;)mwm_l(x (p)+ 20+ XD (x (p)+ oy

it+1 it+1
Thus the assertion holds if x™ (%) # 1. Assume that x™ (%) = 1. Then
by (1) of Proposition 5.7 and (1) of Proposition 5.8, we have

% i+1 _1 (m—2)/2 /o

p

and

RSAES
—
<
=
3
/~
hSIEY
N——
<
+
=
S~—
Il
|
—-
N
'S‘L
—
<
+
=
Il
—
o
=]
(oW

We note that J(x (

J(x (;)Hl XM = J(x (;)M i X (;)Hl) =x(-1) (_plyﬂ =x(-1).

This proves the assertion.

Corollary. Let x be a primitive character with an odd square free conductor N.
Assume that x? is primitive. Then the value J,,(x) is nonzero.

Proof. The assertion follows directly from the above theorem if N is an odd
prime. In general case, the assertion can also be proved by remarking that

Im(x) =1y n Jm(x®)) and that X(p)2 # 1 for any p|N. O
To compare our present result with the result in [K-M], we give the following:

Proposition 5.10. Let x be a primitive Dirichlet character mod p. Assume
that x% # 1. Then we have

(o) (= () o

Proof. Put
I= Z x(z(1 = 2) —w?).

(z,w)EF?

Then by using the same argument as in the proof of Theorem 5.5, we have

r=a06(5) X -2 ()

p z€Fp p
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On the other hand, we have

I= ) x(—=y*—w’+1/4).

(y;w)eF?

Hence by Lemma 5.3 we have

This proves the assertion. O

By virtue of the above proposition, we see that Theorem 5.6 coincides with
[K-M], Proposition 3.7 in case m = 2.

Now let
F(Z)= Y cr(Ae(tr(AZ))
A€Ly>0

be an element of My, (Sp,(Z)) and let x be a Dirichlet character mod N. Assume
N # 2. Then by [[K-M], Proposition 3.1], we have

) cr(A)h(4, X)

L(s,F,x) = e(A)(det A)s

A€Lp>0/SLn(Z)
Thus by Theorem 5.6 we easily obtain:

Theorem 5.11. Let N,p;,li,up; (i = 1,---,r) and x be as in Theorem 5.6,
and let F' be an element of My, (Spn(Z)).

(1). If ) (ug ;) # 1 for some i. Then we have L(s, F,x) = 0.

(2). Assume that xP?)(ug ;) = 1 for any i. Fiz a character X such that X" = x.
(2.1) Let n be even. Then we have

T

L(s, F,x) = [[(=1)" 2@/,

i=1

l1—1 Ir—1

— e 7~ L e ~
X Z Z X(il,..-,u)@ )J(X(i1,~~ Jir)s (N))Jn—l(X(i1,~~~,ir))L (s, F, X(il,ig,m,ir))-

i1=0 1-=0

(2.2) Let n be odd, and assume that x* # 1. Then we have

T

L(s, F,x) = H(_l)(nil)(mil)ﬂl'}%,pi

i=1

li—1 Ir—1

XD D X i @D Iaot Rz, i) L (8, F X iz, )
i1=0 i,=0
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6 Twisted Koecher-Maaf} series of the first kind
of the DII lift

By Theorems 4.1 and 5.11, we obtain the following.

Theorem 6.1. Let k and n be positive even integers such that n > 4, 2k —n >
12. Let h(z) and E, /2412 be as in Section 4. Let N be a square free odd integer,
and N = p1---p, be the prime decomposition of N. For each i = 1,--- 7 let
l; = GCD(n,p; — 1) and up; € Z be a primitive l;-th oot of unity mod p;.

(1) Assume xP)(u;) # 1 for some i. Then L(s, I,(h),x) = 0.

(2) Assume P (u;) =1 for any i. Then

1—1 lr—1
*

L(s, I,(h), x) = 2"X(2") Z Z J(X(ir e in)» (N>)Jn—1(5(v(i1,--~ i)

11=0 i-=0

n/2—1
X{Cn,NR(SahvEn/2+1/2a%(i1,-~~,ir)) H L(2S—2],S(h)75('%h,ﬂr))
j=1
n/2
tdpnen(1) [T L(2s = 25+ 1,8(h).XFi, i)
j=1

where cp, v and d,, n are nonzero rational numbers depending only on n and N,
and X is a character s.t. X" = x.

Remark. In the case n = 2, an explicit formula for L(s, Is(h), x) was given by
Katsurada-Mizuno [K-M].

7 Applications

Let hy and hy be modular forms of weight k1 + 1/2 and ks + 1/2, respectively,
and x be a Dirichlet character . In Section 2, we reviewed on the algebraicity of
the values R(m, hy, ha, ) at half integers. We then naturally ask the following
question: _
Question. What can one say about the algebraicity of R(m, hy, ho, x) with m
an integer?

As an application of Theorem 6.1, we give a partial answer to this question.
We note that

R(s,h1, ha, x) = (1 — 272 htka=132(0)) "1 R(s hy B, X)

if the conductor of x is odd. Hence it suffices to consider the above question for
R(m, hy, ha, x) with integer m if k; + ko is even.
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Let k and n be positive even integers such that n > 4, 2k —n > 12. Let h(z)
and E, /511/2 be as in Section 4. For a Dirichlet character x of odd square free
conductor N = pq - - - p,., we define

-1 Ir—1

R(X)(S, h, En/2+1/2 Z Z J X(“ cip) ( ))m

11=0 i,=0

n/2—1
XR(‘S’ h7 En/2+1/27 X(ih“.,ir)) H L(2S - 2]7 S(h)7 X%@‘l,m 7iT))7
j=1
where [; = GCD(n, p; — 1) as in Theorem 6.1.

Theorem 7.1. There exists a finite dimensional Q-vector space WhE, 21,
C such that
R(X) (m, hv En/2+1/2)

ﬂ-mn

€ Wik

i 241/2

for any integer n/2+1 <m < k—n/2—1 and a character x of odd square free
conductor such that x™ is primitive.

Proof. Put

-1 lr—1

MO (s, S(1) = 3"+ 30 I Reinon i (5 )1 Otin )

i1=0 1,,=0

n/2
< ] L(2s = 25 + 1, 8(h), (X(iy - i))%)-

Jj=1

Then by Corollary to Proposition 3.1, we have

MW (m, S(h))

ﬂ-mn

€ Qu_(S(h))"2a /4,
By Theorem 6.1, we have
L(m, I,(h), x"™)
= 2" (2") {en, N RO (m, hy By yai172) + dpven (1M (m, S(h))}.
Hence by Theorem 2.2, we have

RO (m, h, By, 241/2)

ﬂ-mn

€ Qui ®g Vi, (n) + Qua

with some complex numbers u; and wuz, where Vi (5) is the Q-vector space
associated with I,(h) in Theorem 2.2. This proves the assertion. O

By the above theorem, we immediately obtain the following:

27



Theorem 7.2. Let d > dimg Wh k,,,,,,,- Let mi,ma,--- ,mq be integers such
thatn/24+1 < my,ma, -+ ,mqg < k—n/2—1 and x1, X2, , Xa be Dirichlet char-
acters of odd square free conductors Ny, Na,--- , Nq, respectively such that x7
R(Xl)(ml, h, En/2+1/2)
o e

18 primitive for any i = 1,2,---d. Then the values

b

are linearly dependent over Q.

R(Xd)(md7 h, En/2+1/2)
ﬂ_mdn

Corollary. In addition to the notation and the assumption as above, assume
thatn = 2 mod 4. Write N; as N; = H§;1 Dij with p;; an odd prime number, and
R(mi7 hu En/2+1/27 Xi(ail,m ,a”,’i))

letl;j; = GCD(p;;j—1,n). Then the values { }
1<i<d,0<a;1<li1—1,,0<air, <lir,

ﬂ_Qmi
are linearly dependent over Q. In particular, if X1, X2, - , Xa are Dirichlet char-
acters of odd prime conductors pi,pa, - - ,pd, respectively such that xi* is prims-

a;
tive for anyi = 1,2, - - - d, then the values { R(m;, h, Ey, j241/2, X (i)l )T T2 i< d0<a; <l —1

are linearly dependent over Q, where l; = GCD(n,p; — 1) fori=1,--- d.

2 J—
Proof. By Theorem 1.1, the value Ln(m’s;fﬁ)(f(f;"“ in) belongs to Qu. (S(h))/2~1g—n"/4+n/2,
and in particular if n = 2 mod 4, then it is nonzero for any x. Moreover, by

il

Corollary to Theorem 5.10, J(X(i - i,)> (7)) In—1(X(i1 - ,i,)) 18 nON-zero and
belongs to Q. Thus the assertion holds. O

As another application of Theorem 7.1, we also have a functional equation
for RO (s, h, E,, /241/2). Namely, by Theorem 3.1 we obtain:

Theorem 7.3. Let h be as above. Let x be a primitive character of odd square
free conductor N. Assume that n = 2 mod 4, and that x" is primitive. Put

R (s, h, Eyjaq1/2) = N7 (") (s)RX (s, b, Eyjo41/2)s

where T(x™) is the Gauss sum, and

Tals) = (2m) 7 T #0920 (s — (i - 1)/2).
i=1

Then R(X)(s, h,Ey/241/2) has an analytic continuation to the whole s-plane,
and has the following functional equation:

R (k= s,h, By arny2) = RY (s, hy By oy 9).

Remark. (1) As functions of s, the Dirichlet series
{R(s,h, Ep o412, Xi(j))}lgigr,Ogjgli—l are linearly independent over C.

(2) In the case of n = 2, this type of result was given for R(m, h, F5,5) with
E3,y Zagier’s Eisenstein series of weight 3/2 by [K-M].

(3) The meromorphy of this type of series was derived in [Sh3] by using so
called the Rankin-Selberg integral expression in more general setting, but we
don’t know whether the functional equation of the above type can be directly
proved without using the above method.
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