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1. INTRODUCTION

The theory of Jacobi forms, namely automorphic forms on the Jacobi group and its gen-
eralization to higher degree have been studied by several authors (cf. [0, 27, 18, 19, [§]). In
particular, Shintani introduced the standard L-function attached to a Jacobi form of arbi-
trary degree, and afterward Murase derived in a series of his papers [18| [19] its meromorphic
continuation and functional equation by making use of its integral expression. Moreover,
Murase and Sugano derived in [20] an expression of the standard L-function attached to
a Jacobi form in terms of a power series generated by its eigenvalues of Hecke operators.
In this paper, we derive a local expression of the standard L-function attached to a Jacobi
form in terms of a power series related to its Fourier coefficients. This can be regarded as
an analogue of Andrianov’s identity in [I] for Siegel modular forms. As an application, we
shall also show the rationality theorem for a formal power series related to a polynomial
appearing in the theory of local densities of quadratic forms, which is very similar to the
result obtained in [5] by Bocherer and Sato.

Let us describe our main results precisely. Let p be an arbitrary rational prime. For any
nonzero element a of the field Q, of p-adic numbers, we put

1 if Q(a'?) =Q,,
xp(a) =< —1 if Q,(a*/?)/Q, is unramified,
0 if Q,(a'/?)/Q, is ramified.
Let n be a positive even integer. For each non-degenerate half-integral symmetric matrix B’

of degree n over the ring 7Z, of p-adic integers, we define the local Siegel series with complex
parameter s by

WB =Y e~ BR) m(R)
RESymn(Qp)/Symn(ZP)
where p,(R) = [ZyR + Zy; : Zy], and e, is the standard additive character of Q,. It is

well-known that such a kind of singular series appears naturally within the framework of

Date: February 1, 2009.

This work was partly supported by the JSPS International Training Program (ITP).
1
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studying Fourier coefficients of the Siegel Eisenstein series of degree nm and there exists a

unique polynomial F,(B’; X) in one variable X such that
n/2

(1—p) JJ@—p">)

b,(B'; s) = =1 F,(B'; p™),
P( ) 1_€p(B/)pn/2_S P( )

where &,(B’) = x,((—1)"?det(2B")) (cf. [16]). Let B be a non-degenerate symmetric matrix
of degree n — 1 over a subring R of Z, satisfying the condition

(1) (B +'rgrg)/4 is a half-integral symmetric matrix over R for some rp € R""'.

Then we can associate such a B with a non-degenerate half-integral symmetric matrix

B = ( trgl/Q (B +rti]/53)/4 )

of degree n over R. Here we easily see that the vector rp is uniquely determined by B
modulo 2R"!, and therefore B is uniquely determined by B up to GL,,_;(R)-equivalence.
Then for such a B over Z,, we define a polynomial Fp(l)(B; X) in X by

F)(B; X) = F,(BWY; X)
and put

GV(B; X) = > mp(D) ESD(B[D™']; X) (prX?)ordeldet D),
DEGL—1(Zp)\My—1(Zp)GLi—1(Qy)

where 7,(D) denotes the generalized local Mdbius function, that is, m,(D) = (—1)’p'¢—1/2

(2

1
or 0 according as D € GL,_1(Zy) (%) GL,-1(Z,) for some 0 < i < n —1 or
p

not. We note that these polynomials do not depend on the choice of rg. In addition, we also
define a polynomial B;(,l)(B ; t) in one variable ¢ by /21

(1 _ gp(B(l))pf(nfl)ﬂ t) H (1 _ p—2i+1t2)
B{Y(B; t) := i=1
p G;()l)(B, p—n+1/2 t)

On the other hand, for any positive even integers k and n, let ¢ be a Jacobi form of
weight k& and of index 1 with respect to the Jacobi modular group I'Y_, of degree n — 1, and
o(¢) be a Siegel modular form of weight k£ — 1/2 with respect to the congruence subgroup
F(()nfl)(él) of the Siegel modular group of degree n — 1 corresponding to ¢ under the Eichler-
Zagier-Ibukiyama correspondence o (cf. §2.3 and 2.4 below). Let Dénil)(Z) be the set of all
(n — 1) x (n — 1) matrices with entries in Z whose determinant is a power of p. For each

positive definite half-integral symmetric matrix B of degree n — 1 over Z, we define a power
series Gy, »(B; t) in t by

écb,p(B; t) = Z WP(D) CU(¢)<B[D—1]> (pk t)Ordp(detD)7
DeGL,_1(Z)\DS* Y (2)

where Cy () (B) denotes the B-th Fourier coefficient of o(¢). Then our first main result is
the following:



ANDRIANOV TYPE IDENTITY FOR JACOBI FORMS 3

Theorem 1.1 (cf. Theorem 3.1 below). If ¢ is a Hecke eigenform, that is, a common
eigenfunction of all Hecke operators with Satake p-parameters (Xf;) (p), e\ X((ﬁnfl)(p)), then
for each positive definite half-integral symmetric matriz B of degree n — 1 over Z satisfying

the condition (1), we have

BY(B; p" /%) Gy o(B; 1)

n—1
[Ta- X )" V2 (1 — x P (p)p )
i=1
— Z Cg(¢)(B[W]) p—(k—n—1) ordy (det W) tordp(det W)‘
WeGL,_1(Z)\DY M (z)

This can be regarded as an analogue of the so-called Andrianov identity, which was obtained
within the framework of studying standard L-functions attached to Siegel modular forms of
integral weight (cf. [I], see also [4]). We also note that the above identity for p # 2 can be
derived from a similar result for Siegel modular forms of half-integral weight due to Shimura
and Zhuravlev (cf. Corollary 5.2 in [23], see also Theorem 1.1 in [26]). However, we cannot
use their results to prove the above identity for p = 2.

Next, we explain an application of the above result to the rationality of a certain formal
power series related to the polynomial F,Sl)(B : X). For each non-degenerate half-integral
symmetric matrix B of degree n — 1 over Z, satisfying the condition (1), we define a Laurent
polynomial F\"(B; X) in X by

ﬁ}gl)(B; X) = X—ordp((—l)"/zdet(ZB(l))D(B(l))*l)/QFlgl)(B; p—(n—l—l)/QX)’
and put
GM(B; X, t) = > mp(D) FD(B[D™1]; X)) tordrldet D),
DEGLn—1(Zp)\Mn—1(Zp)GLn—1(Qp)

where 0(B™M) is the discriminant of the quadratic extension Qp<\/(—1)”/2 det(ZB(l)))/Qp.
Then we have a functional equation f,gl)(B; X) = ﬁél)(B; X1 (cf. [9]). Thus Egl)(B; X)

is a polynomial in X + X!, and then éz(,l)(B; X, t) is a polynomial in X + X! and ¢. Now
we put
RM(B; X, t) = > EM(B[W]; X) torde(det W),
WeGLy—1(Zp)\Mn—1(Zp)NGLrn—1(Qp)

Then by applying Theorem 1.1 to the Jacobi Eisenstein series, we obtain the following:

Theorem 1.2 (cf. Theorem 3.4 below). Let n be a positive even integer. If B is a non-
degenerate half-integral symmetric matriz of degree n — 1 over Z, satisfying the condition
(1), then we have

B, (B; p"* 1) Gy (B; X, 1)

T on—1

[[a-pr' X0 —-p X"

j=1

1 .
R\V(B; X, t)
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We note that Bocherer and Sato ([5]) obtained a similar identity for a half-integral symmetric
matrix of degree n. The above identity will play an important role in proving a conjecture
on the period of the Ikeda lift proposed in [10] by Ikeda (cf. [13] [14]).

Acknowledgments. The authors would like to express their hearty thanks to Professor A.
Murase and Professor T. Sugano for their valuable comments and suggestions. They also
thank Professor S. Bocherer for his useful comments.

Notation. We denote by Z, Q, R and C the ring of rational integers, the field of rational
numbers, the field of real numbers and the field of complex numbers, respectively. We put
e(r) = exp(2my/—1z) for any x € C. For each rational prime p, let Q, and Z, be the field
of p-adic rational numbers and the ring of p-adic integers, respectively. We denote by ord,
the valuation of @Q, normalized as ord,(p) = 1, and by e, the continuous additive character
of Q, such that e,(z) = e(z) for any x € Q, which will be called the standard additive
character of Q,. Let R be a commutative ring. We denote by R* the the unit group of R.
We denote by M,, ,,(R) the set of m x n matrices with entries in R. In particular, we write
M, (R) = M,,,(R) and R™ = M, ,,(R). We denote by 1,, 0,, € M,,(R) the unit matrix and
the zero matrix of degree n, respectively. We put GL,(R) = {U € M, (R) | detU € R* },
where det U is the determinant of U. For two matrices X € M, ,(R) and A € M,,(R),
we write A[X] = 'XAX € M,(R), where 'X denotes the transpose of X. Let Sym, (R)
be the set of symmetric matrices of degree n with entries in R. If R is an integral domain
of characteristic different from 2, let Sym) (R) be the subset of Sym, (R) consisting of all
half-integral symmetric matrices of degree n, that is,

S 1= {T — (ty) € Sym, (Frac(m)) | € H (Isi<n), } ,

where Frac(R) is the field of fractions of R. In addition, for any subset S of Sym,,(R), we
denote by §* the subset of S consisting of all non-degenerate elements in S. In particular,
if R is a subring of R, we denote by S (resp. Sso) the subset of S consisting of all positive

definite (resp. semi-positive definite) matrices. For any commutative ring R, the group
GL,(R) acts on the set Sym, (R) in the following way:

GLW(R) x Sym, (R) > (U, A) — A[U] € Sym, (R).

For a subgroup G of GL,(R), and a subset S of Sym,,(R) stable under the action of G, we
denote by S/G the set of G-orbits in S. We define an equivalence relation on Sym,,(R) over
a subring R of R as follows: for any A;, Ay € Sym,(R),

(2) Ay~ Ay &5 Ay = A4[U] for some U € GL,(R)).

For two square matrices X € M,,(R) and Y € M,(R), we write X L Y = (¥,). In
particular, we often write x L Y instead of (z) L Y for any x € R. Then we can simply
write the diagonal matrix with entries zy,--- ,x, in Rby x; L --- L x,.
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2. PRELIMINARIES
2.1. Siegel modular forms of integral weight.
Let G, (R) be the real symplectic group of degree n, that is,
G.(R) :=Sp,(R) = { M € GLy,(R) | ‘MJ,M = J, },

where J, = (% ¢r). For any S € Sym,(R) and A € GL,(R), we put n,(S) = (¢ 1)
and d,,(A) = ((ﬁ L (9% ), respectively. Then we easﬂy see that these elements n, (.S ), n(A)
and J, generate G, (R). The discrete subgroup I',, := Sp,,(Z) = G,(R) N My, (Z ) Gn(R)
is called the Siegel modular group of degree n. For any N € Z~,, we denote by F ( ) the
congruence subgroup of I';, defined by

r{"(N):={(AB)eT,|C=0, (mod N)}.
We denote the Siegel upper-half space of degree n by ), that is,
ni={Z=X++v-1Y € Sym,(C) | Y > 0 (positive definite) }.

For any M = ( B) € Gu(R) and Z € 9, we easily see that j(M, Z) .= CZ + D € GL,(C)
and then we put M( ) :=(AZ+ B)(CZ+ D). As is well-known, this defines a transitive
action of G,,(R) on $,,.

For any k € Z, a C-valued holomorphic function F(Z) on $,, is called a (holomorphic)
Siegel modular form of degree n and weight k if it satisfies the following two conditions:
(i) F(M(Z)) =det(j(M, Z))*F(Z) for any M € I'y;
(ii) F possesses a Fourier expansion of the form
F(Z)= > Ap(B)e(tr(B2)),
BeSym’,(Z)so
where tr denotes the trace of a matrix. If I satisfies the stronger condition Ap(B) =0
unless B > 0 (positive definite), then it is called a cusp form.

We denote by Mg (I',) and Sk (I',,) the C-vector spaces consisting of all (holomorphic) Siegel
modular forms and Siegel cusp forms of degree n and weight k, respectively. For further
details on the facts of Siegel modular forms of integral weight set out above, see [I] or [7].

2.2. Review of the theory of Jacobi forms of higher degree.

In this paragraph, we introduce some basic facts on Jacobi forms of integral weight whose
index is a scalar. For further details on generalities of Jacobi forms, see [0, 18] 19, 27].
2.2.1. Jacobi group and complex analytic Jacobi forms.

Let G, = Sp,(Q) = { M € GL,,(Q) | ‘M J,M = J, }, and we naturally identify G,, with

its image under the natural inclusion

A B

GHBM:<C D)|—>[M] = € Gpia.
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We denote by H,, the Heisenberg group, that is,

1 0|k 1 A
0 1,|fx 0, 0 1, (A p) eQroaQr,
Hn = [(/\uu)v’{] = 1 0 1 0 K€ @
0 1, —tx 1,

Then G := {[(\, 1), 6]-[M] € Gpy1 | [N\ 1), K] € Hay M € G, } is a Q-algebraic subgroup
of G,41 and is called the Jacobi group of degree n. We note that the Jacobi group G is a
semi-direct product G,, x H, of H,, and G,,, and forms a connected non-reductive Q-algebraic
group with the center

Zy =1{1(0,0),x] | k€ Q}.
Then we have the following:

Lemma 2.1. For each [(\, ), k], [N, i), k'] € H,, and M = (A B) € G,,, we have
3) (O g0), 5] [V 1), K] = [0+ Ny ot 1), i+ 7+ 2000,

@) [\, K] [M] = [M] - [OA + uC B + uD), k + (AA + uC) (AB + uD) — Ay.

Proof. Since it is an easy calculation, we omit the proof. O

According to the action of G,+1(R) = Sp,,;(R) on the Siegel upper-half space $,.1, the
group G (R) of real points of G/ naturally acts on the space §,, x C" as follows. For each
g=1[\p), k- [M] € GIR) with M = (4 5) € G,(R) and (7, 2) € H,, x C", we put

g(r, 2) == (M(7), 2(C7 + D)™  + XM ({7) + p).

Here we easily see that this action is transitive and the stabilizer of the point (v/—11,, 0) €
H, x C" in GJ(R) coincides with Z/(R) - K, where K, is the stabilizer of /=11, € 9,
in G, (R), that is,

Koo:{ ( _AB i) € Gh(R) ‘ A++V—-1B is unitary}.

The map g — g{v/—11,, 0) induces a diffeomorphism of G;(R)/(Z/(R)- K) onto $,, x C".

Let [ and m be non-negative integers. For any C-valued function ¢(7, z) on §, x C", we
define the action of g € G/(R) on ¢ by

(@lm 9)(7, 2) = Jimlg, (1, 2)) 7" 6 (g(T, 2)),
where for g = [(\, u), K] - [M], we put
Jim(g, (7, 2)) := det(CT + D)!
xe(—mr — m7['A] — 2mA'z — mA'p+m{(Ct + D) 'CH'(z + AT + p)]).
It is easy to see that for any g; € G/(R) (i =1, 2),

(Dlt,m 91)11,m 92 = Bli,m (9192)-
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In particular, it follows from Lemma 2.1 that for any M, M’ € G,,(R) and [(\, ), ], [N, i), '] €
H,(R), we have

¢|l,m [M] |l,m [M/] = ¢’l,m [MM/]7
Olim [N 1)y K] |t [N 1), K] = @i [N+ N+ 1), 6+ K+ 2200,

Blt,m [M] 1, [\ ) M, 5+ (N, )M (07 67 ) "M, 1) = Aop] = lin [(A 1), 6] [M].
We also define a subgroup of GJ(R) by I') := T, x H,(Z), where H,(Z) is a subgroup of

H,(R) consisting of all elements with integral entries.

Let [ and m be positive integers. A holomorphic function ¢(7, z) on $),, x C" is called a
(holomorphic) Jacobi form of degree n, weight | and index m if it satisfies the following two
conditions:

(i) ¢lmy=¢ foranyyel;
(ii) ¢ possesses a Fourier expansion of the form

o(r, z) = Z co(T, r)e(tr(TT) +1r'z)
TeSym? (Z),rezZ™
with cs(T, ) = 0 unless 4mT —"'rr > 0. If ¢ satisfies the stronger condition c¢4(T, r) =0
unless 4mT — 'rr > 0, then it is called cuspidal.

We denote by Ji () and J7>P(T;) the C-vector spaces consisting of all (holomorphic)
Jacobi forms and cuspidal Jacobi forms of degree n, weight [ and index m, respectively.

As an important example of Jacobi form, we consider Fourier-Jacobi coefficients of Siegel
modular forms of arbitrary degree n > 1. For any k € Z, let F' € M ([',,) possess a Fourier
expansion

F(Z)y= Y Ap(B)e(tr(B'Z)) (ZE€ 9H),
B'eSym} (Z)>0
/

and we put Z = ( tTZ 72_ ) with 7 € 9,1, z € C*! and 7 € $,. Then we have the

so-called Fourier-Jacobi expansion

P((7 ) 5o o

where

(5) Om(T, 2) = > AF(< #72 Tf )) e(tr(T7) +r'z).

TeSym},_,(Z),reZ""1,
4mT—trr>0
We easily see that the m-th coefficient ¢y, € Ji ,n(T7_;) for each m € Z¢. In particular, if
F € Si(T',), then ¢, € ka“;f(rgil).
As another example, if k is an even integer such that & > n + 1, then for each m € Z+,,
we define the Jacobi Eisenstein series of degree n — 1, weight k and index m by

e V(r, 2) = > Jem(v, (7, 2)) (T € Hp_1, 2 € C*7Y,

vePJ AT \TY

n—1
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where
Panl = { [()‘7 :U’)v ’i] ’ [(ég)] S Gifl ‘ C: Onflv )‘ = 0}

We easily see that the right-hand side of the above definition is absolutely convergent and

@,(:;Ll) € J.m(LZ_}). Moreover, Bocherer ([3]) showed that for any m € Z, there exists a
(n—1)

k. m of the above Fourier-Jacobi

certain relation between (‘3("_1) and the m- th coeflicient e

expansion of the Siegel Eisenstein series E ) e My (T',). In particular, when m = 1, we have

Qf(n 1) _ el(cnl 1).

For the purpose of subsequent use, we give an explicit formula for the Fourier coefficients

of e,(:l_l) in case n is even. Let k be a positive even integer such that £ > n + 1. Then the

Siegel Eisenstein series E ) of weight k£ with respect to I, is defined by

E(Z) =Y det(CZ+D)™" (Z€$9,)
(C,D)

where (C, D) runs through a complete set of representatives of the equivalence classes
of coprime symmetric pairs of size n. For each positive definite half-integral symmetric
matrix B’ of degree n, we denote by 0(B’) the discriminant of the quadratic extension
Q(v/(—=1)7/2det(2B’))/Q and put f(B') = v/(—1)"/2det(2B’)/o(B’). 1t is well-known that
f(B') € Z~o. Furthermore, we denote by xp the Kronecker character corresponding to the
above field extension. Then for each B’ € Sym; (Z)~, the B’-th Fourier coefficient A,gn)(B' )
of E,E:") is described as

(6) Al(en)(B/) = S(n, k)L(l - k/Q + n/2, XB/) —(n+1)/2 H F k (n+1)/2)
p|{(B’)
n/2
where &(n, k) = 22¢(1—k)~ HC 14+2i—2k)™", L(s, xp') denotes the Dirichlet L-function

associated with yp/, and =1

fp(B’; X) = X-ordp(f(B’))Fp(B/; p_(”+1)/2X).

We note that if B € Sym,_,(Z)~¢ satisfies the condition (1), then ESD(B; X) = ﬁp(B(l); X).
Thus we have

Proposition 2.1. Under the same assumption as above, let 65;11—1)

ston

possess a Fourier expan-

6;:1_1)(7’, z) = Z cg?l_l)(T, r)e(tr(TT) +r'z).

TeSym? _,(Z),rezn—1

Then for each T € Sym’,_,(Z) such that By = AT —'rr > 0 with r € Z"~*, we have

n k—(n+1)/2 "
ey (T, ) = €, KL =k +n/2, x50) f(BYY) [ B g,

p|§(BY)

1 1 r/2 B 1 r/2 .
where By’ = ( /2 (By -+ trr) /4 ) = < /2 T € Sym (Z)so.
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Proof. Since
¢ (T, 1) = AT (BY),

the assertion immediately follows form the equation (6). O

Returning to the general theory of Jacobi forms, now we consider the action of Hecke
operators on Jacobi forms. Let M € Sp,(Q) and decompose the double coset T'Y MT/ into
the disjoint right cosets:

d
ryMTy) = | |17 g,
i=1

where we denote by d the number of right cosets, that is, d = [[ZMT? : T'/]. Then for any
¢ € Ji.m(T), we define the action of the double coset T’y MT'J on ¢ by

d
Bim Ty ML = " dlim 9,
=1

where the summation on the right hand side of the above is well-defined. We easily see that
for any v € '/,

(@1, m T MT3) 1y = 0o, T MT,
that is, ¢|s,m [y MT;, € Jp m(T;). Moreover, if ¢ € J P (), then @l Ty MT;) € J P (T).

Here we note that each of the double cosets I' MT/ with M € G, (Q) contains a unique
representative of the form

d,(6; L L) =00 L---L6p) Loyt L---168h

with 0 < 01 |---|0,. Moreover, let D =6, L --- L 6, and D' = 6] L --- L 4] be two
diagonal matrices with 0 < 0y |--+|d,, 0 < 07 |---]0,,. We easily see that if (6,, /) = 1,
then for any ¢ € J; ,,(I'7),

¢|l,m Fr{dn(DD/)F;{ = ¢|l7m1—‘7{dn(D)F;{ |l,m F;{dn(D/)P;{-

A Jacobi form ¢ € J; 1(T)) is called a Hecke eigenform if it is a common eigenfunction
of all actions of double cosets 'Y MT'J with M € G,(Q), that is, for any M € G,(Q), the
equation

Bltm Ty MT5 = Mg (M) ¢
holds for some A\,(M) € C. We easily see from the above argument that ¢ is a Hecke

eigenform if and only if it satisfies for any rational prime p and D = p* L --- 1 p* €
Dj(gn)(Z) with 0 < oy <--- < oy,
li,m Tpda(D)T;, = Ag(D) ¢

n

with A(D) € C.
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2.2.2. Jacobi forms on the adele group.

Let A be the adele ring of Q and let ¥, be the character of Q\A such that V() = €(2s)
for any z,, € R. In addition, for each m € Z, we put V'(k) = W (mk) for any v € A. We
denote by G (A) the adele group of the Jacobi group G; defined in the previous paragraph.
Then it follows from the strong approximation theorem for G that

Go(A) = GL(Q)G,(R) K,
where K = H G(Zy).

p<oo
Let [ and m be positive integers. A C-valued function f on G7(A) is called a Jacobi form
of weight [ and index m if it satisfies the following two conditions:
(i) The functional equation

F(1(0,0), 6] 7 g oo ki) = det(j (oo, V=110)) ™ (k) f(9)
holds for any k € A, v € G(Q), g € G (A), ko € Ko and kgy € K ;
(ii) For any (7, 2) € $,, X C", we choose and fix an element g,, € G (R) such that
go(v/—11,, 0) = (7, z) and put
(7) q)f<7-7 Z) = Jl,m(QOO’ (V —11,, 0))f(900)7

with the factor of automorphy J; ,, : G (R) X (£),, x C") — C defined in §2.2.1. Here
we easily see that the value ®; does not depend on the choice of g... Then the func-
tion @ is holomorphic on §),, x C". In particular, if it satisfies the further condition
that

|det(Im(7‘))l/2 exp(—2mm tr (Im(7) ' [* Im(2)]) )@ (7, z)| is bounded on §,, x C",

then it is called cuspidal.

We denote by Jim(G;(A)) and J P (G;(A)) the C-vector spaces of the Jacobi forms and
cuspidal Jacobi forms of weight [ and index m on the group GZ(A), respectively.

It is easy to see that for each f € Ji (G (A)), the associated function @ is an element
of Jim(T;). In particular, if f € J P (G5 (A)), then @ € J°P(T;)). Furthermore we have

Lemma 2.2. The map J; n(GL(A)) o f — ®; € J;n(T7) induces C-linear isomorphisms
Ji.m (G (A)) = Jim(T3) and J5P (G (A)) = 7500 (1),

Proof. Since it is straightforward, we omit the proof. O

2.3. Standard L-functions attached to Jacobi forms.

We study in this paragraph Shintani’s standard L-functions attached to Jacobi forms.
In particular, we derive an explicit formula for the standard L-function attached to the
Jacobi Eisenstein series of index 1. It might be given in a classical way, but here we treat it
adelically.
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Let p be an arbitrary rational prime. For simplicity, we write Gy, G,, K/, K, and Z;/
instead of G;(Q,), G.(Q,), GI(Z,), G.(Z,) and Z7(Q,), respectively. We denote by ¥, and
| % |, the restriction of ¥, to @, and the p-adic valuation of @, normalized as |p|, = p~!,
respectively. Let J7, = 2 (G; , Kg ; U,) be the C-module consisting of C-valued functions
» on Gg satisfying the following two conditions:

(i) The equation
©([(0,0), K] k g k') = W, (k)¢(g)
holds for any x € Q,, k, k' € K,/ and g € GY;
(ii) ¢ is compactly supported modulo Ziv] i

Then .77, forms a C-algebra via the convolution product

(01 % @2)(9) == /Z . p1(g92")pa()dz,

where dz is a Haar measure on Z7/\G? normalized by / dz = 1. The algebra .77, is
Z\Z] K
called the Hecke algebra of (G, KJ) with respect to the additive character W,

We put
Nj;] = { [(0,1),0]d,(A)n,(S) € G;f } peQy, Ae Uy, S€Sym,(Q,) } ,

T,=T(Qp) ={dn(ts L--- L t,) €G, [, €Q; }

and T'(Z,) := T, N K,,, where U,, , C GL,(Q,) is the group of upper unipotent matrices. We
fix Haar measures dn and dt on Né] and 7, respectively normalized by

/ dn =1 and/ dt = 1.
NJnK T(Zp)

We define the module dyy (¢) of t € T, to be the ratio d(tnt ') /dn. Forany a = (a1, -+, @) €
7", we put
To =p™ L -+ Lp* € GL,(Q,),

then we easily see that

5NPJ (7‘-04) =p > i (2n+3—-2i)ay )

Let Xo(7},) be the group of unramified characters of 7}, that is,
Xo(T,) = { x € Hom(T,,, C*)| x is trivial on T(Z,) }.

X

In particular, if n = 1, then Xo(7),) coincides with the group Xo(Q)) consisting of all
unramified characters of Q. For any x € Xo(7},) and ¢ € %, we define the zonal spherical
function &, () by
Wy (i) = Z X H(d (7))@ (dn(7a)),
aeZ™
where

B(t) == 6 ()2 / o(nt)dn (t€T)).

J
NP



12 HIDENORI KATSURADA AND HISA-AKI KAWAMURA

It is shown by Murase that the map ¢ — ©,(¢) gives a C-algebra homomorphism of /7,
to C and that every C-algebra homomorphism of 7, to C is given by ¢ — ©,(¢) for some
X € Xo(7},) (cf. Proposition 4.10 and Theorem 4.15 in [I§]).

On the other hand, for any x € X((7}), let ¢, be a C-valued function on G]{ defined by

0([(0,0), K] mt[(A,0), 0] k) = W, () (x Sy ) (1) charzy (N)

for any K € Q,, n € N[;], tel, \¢c @” and k € KJ, where we denote by charzg the
characteristic function of Z; . Here we note that each x € Xo(7},) can be written in the form

X(dn(t Lo Lt)) = xW () - XM (tn),

with uniquely determined n unramified characters (M), --. , ™ € Xo(Q)). In this case, we
simply write x = (xV), -+, x™). If x = (xV), -+, x™) € Xo(T,), then it satisfies that
(8) 6x([(0,0), k]t [(X,0), 01 k) = W, (k) [ [ x@(ta) [t 7572 2changy ()

=1

for any K € Qp,ne N/, t =d,(ty L--- L t,) €T,, A€ Q) and k € K.

For each rational prime p, we define the action of Hecke algebra 7, on the space J; 1 (G} (A))
by the following: for any f € J; 1(G;(A)) and ¢ € %,

(Feplo) = [ Slar el e (g€ GlA)

A Jacobi form f € J; 1(GZ(A)) is called a Hecke eigenform if it is a common eigenfunction
of all elements of ® J¢,, that is, for any rational prime p and ¢ € J7,, the equation

p
fro=Xi(p) f
holds for some Af(¢) € C. Since for each p, the map A\; : 94, — C gives a C-algebra
homomorphism of 77, to C, it determines a x5 = (chl), cee ch )) € Xo(7},) such that

Ar(p) = Wy, ()

for any ¢ € 77,. We call either the collection (XS” )(p), s X;n) (p)) or (chl)(p) R X}n) (p)™1)
the Satake p-parameters of f. Then for a Hecke eigenform f € J; 1(G](A)), we define the
standard L-function attached to ¢ by

s, f. St) HH{ )1 =P (p)” lp‘s)}l,

p<oo i=1

which was introduced by Shintani in his unpublished paper, and afterward was studied by
Murase (cf. [18, 19]).

By Lemma 2.2, for each element f € J, 1(G(A)) we obtain the associated element ®; €
JPP(Ty). Then we easily have the following relation between the action of the Hecke algebra
7€, on [ and the operation @), ,I') MT; for some M € G,(Z[p™']):
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Lemma 2.3. Let f € J;1(G.(A)). Foranya = (aq, -+, o) € Z" with 0 < ay < -+ <
we have

Dt = Pl F;{dn(ﬂa)r‘r{'
Here ¢, 1s an element of J¢, defined by

() V,(k) if g€ ZJK]dn(ma)K; and g = [(0,0), k] k dp (7o) K/,
Palg) = .
0 ifg¢ Z]K]d,(m)K,],

where K € Q, and k, k' € K[{. In particular, if f is a Hecke eigenform, then ®; is also a
Hecke eigenform in the sense of §2.2.1.

Let ¢ € J;.1(I'7) be a Hecke eigenform corresponding to a Hecke eigenform f € J; 1(GY(A))

via the mapping defined in (7), that is, ¢ = ®¢. Then by Lemma 2.3, we naturally define
the standard L-function attached to ¢ as L(s, ¢, St) := L(s, f, St). Namely,

w050 = [T TT{0 - @0 —e )

p<oo 1=1

where we put Xf;)(p) = ng) (p) for 7 = 1, -+, n.

If ¢ is a cuspidal Hecke eigenform, then the following analytic properties of the standard
L-function L(s, ¢, St) are shown by Murase ([19]):

Lemma 2.4 (cf. [19]). If ¢ € JTP(T)) is a Hecke eigenform, then the standard L-function
L(s, ¢, St) has a meromorphic continuation to the entire complex plane C. More precisely,
put T'c(s) := 2(2m)~*T'(s), and the function

L*(s, ¢, St) = [[Te(s +1—1/2 — i) L(s, ¢, St)
i=1
is meromorphic on C, and satisfies the functional equation

L*(1—s, ¢, St) =, L*(s, ¢, St),

where
. _{ -1 ifn=1,2 (mod4),

1 otherwise.

Remark. Murase derived similar properties for the standard L-functions attached to more
general cuspidal Jacobi forms whose index is a matrix.

On the other hand, we consider the standard L-function attached to the Jacobi Eisenstein
series Gl(nl) € Ji.1(GJ(A)) in the rest of this paragraph.

For any quasi-character £ : Q*\A* — C, we define a C-valued function Qfgg on G(A) by

e ([(0, 1), 5] g[(A, 0), 0] oo Kgw) = €(det(A))20(A) (ooy V—11,,) "
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forany K € A, g = (4 8) € G/(A), ko € K and kg, € K{, where ¢y = ngo,v,

charzn (A) if v=p<oo,
exp(—27A'\) if v = oco.

o) = {
Then we define the Eisenstein series E¢ on G} (A) associated with £ by

Ec(g):= > dvg)  (9€G(A).
YER (Q\G7(Q)
In particular, we denote by Sl(ﬁ) the Eisenstein series on G (A) associated with a special
character &(z) = |z|}, (z € A*). Then we easily see that 81(77;) is an element of .J; 1(GZ(A))
and corresponds to the Jacobi Eisenstein series @l("l) € J;,1(T'J) in the same manner as in

Lemma 2.2. Therefore we also call 51(7711) the Jacobi Eisenstein series of weight [ and index 1.
Then we have

Proposition 2.2. The Jacobi Eisenstein series 51(,7? € J.1(GL(A)) is a Hecke eigenform,
that is, for any ¢ € Q,, 7,

gl(ﬁ) * = Ae(p) 51(,?
with \e(p) € C. Moreover, the Satake p-parameters of 51(,7;) are taken of the form

(pl—(n+1)+i—1/2)

1<i<n

up to inversion.

Proof. For any quasi-character ¢ of Q*\AX, we take a y = (x, ---, x™) € Xo(T}) such
that

i - —(2n+3-2i)/2
(9) X9 (t:) = &(t:) til, (ti€ Q)

for each 1 < i < n. Then by the equation (8) and the definition of ¢N§, we have (bNg = 0.
Therefore it suffices to prove that for any ¢ € 7, and A € Q}, the equation

(10) (&x * ©)([(A,0),0]) = ¢ chargy ()

holds with some ¢ € C*. Indeed, if A € Z, then there exists 0 # p € Zj such that
U, (A'u) # 1. Thus we have

(@x x @)([(X,0),0]) = (¢y *

= (gzﬁx*gp
= \I/p(/\t,u) ¢X @)([(A,O),O]),

and (¢ * ¢)([(X,0),0]) = 0. Now we have proved that the Eisenstein series E¢ is a Hecke
eigenform. Moreover, it follows from the equation (10) that

¢ = (b x0)(1) = / bu(9)olg™")dg

Zy\Gy
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and therefore the eigenvalue Ag() coincides with the zonal spherical function @, (). There-
fore it follows from the equation (9) that

i —(2n+3-21)/2 I—(2n+3—21)/2
X (ts) = &) [l o0 =

(2n+3-2i)/2

for each i. By substituting ¢, = p, we obtain X(i)(p) = p and complete the

proof. O

By Proposition 2.2, we obtain the following conclusion:

Corollary. Let | be a positive even integer such that | > n + 2. Then we have

L(s, &), st) = L(s, &"), 8t) = [[¢(s — 1 + 1/2+i)¢(s + 1 — 1/2 — ).
i=1
In particular, L(s, Slsq), St) and L(s, Gl(’nl), St) converge absolutely for Re(s) > 1 —n —1/2.
In addition, they have meromorphic continuations to the entire complex plane C and satisfy
functional equations under s — 1 — s.

Remark. Let k& and n be positive even integers such that k£ > n + 1. As mentioned in §2.1,

G,(cnl_ Y coincides with the first Fourier-Jacobi coefficient egfl_l) of the Siegel Eisenstein series

Elin) € M (T',,) of degree n and weight k. Thus it follows from Corollary of Proposition 2.2
that

n—1
L(s, ez(,n1)> St) = H H{(l — pF(nt)/2 p—s+i—n/2)(1 _ (pk—(n+l)/2)—lp—s+i—n/2)}—1

p i=1

n—1

= [[zs+k-1/2—4 By,

i=1
where Eéi)_n € Myy_,(I'1). Moreover, replacing e,(:;D by the first Fourier-Jacobi coefficient
¢ € J5P (T _,) of a Siegel cusp form F' € Sy(T',) which is connected to a normalized Hecke
eigenform f € Sy, (I'y) via a lifting procedure due to Tkeda (cf. [9]), then we also obtain a
similar explicit formula for the standard L-function attached to ¢y (cf. [15]).

2.4. Eichler-Zagier-Ibukiyama correspondence between Jacobi forms and Siegel
modular forms of half-integral weight.

For the purpose of the subsequent use, we review in this paragraph that there exists a
natural C-linear correspondence from the space of Jacobi forms of even integral weight and
of index 1 into that of Siegel modular forms of half-integral weight.

For any (7, 2) € 9, xC" and (11, r2) € Q"®Q", we define the theta series of characteristic
(rla TQ) by

Orira) (7, 2) =00 (7, 2) = D" e ((7/2[' A+ 7)) + (A+ 1) (2 +72)) .

AEZN
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In particular, for any r € Z", we put 0,(7, 2) = 07(71)(7', z) = (9((:/)2’0)(27', 2z). We note

that the function 6,(7, z) depends only on r mod 2Z". For a fixed 7 € ), it is known
that (0.(7, 2))rezn/2z» forms a basis of the C-vector space @(Tn) consisting of all C-valued
holomorphic functions 0(z) on C" which satisfy that

0(z + A7+ p) = e(—tr(7['A\] + 2°22))0(2)

for any A\, pu € Z™.

For any 7 € ), we put

0(7) = 0" (r) =05 (27, 0) = > e(r['N)).

AEZ™
Then for any M = (4 5) € Fén) (4), we define the Shimura’s factor of automorphy by

o (M (r
J(M, 7) = JO (M, 1) = eefTAﬁ)»

As is well-known, it follows that
J(M, 7)? = (—1)4etP=1/2 4et(Cr + D).

For any [ € Z, a holomorphic function F(7) on $),, is called a Siegel modular form of
degree n and weight [ — 1/2 if it satisfies the following two conditions:

(i) F(M{(7)) = J(M, 7)2"1F(r) for any M € T\"(4);
(ii) For any M = (¢ })) € T, the function det(C7+ D)~ /2F(M (7)) possesses a Fourier
expansion of the form

det(CT+ D)™ PFE(M(r)) = > Cpu(B)e(tr(Br)/4),

BGSym;‘L (Z) >0

where det(Ct + D)~'*/2 is an appropriately defined single valued function of 7.
If F satisfies the stronger condition Cp p(B) = 0 unless B > 0 (positive definite), it
is called a cusp form. We note that such a F' possesses a usual Fourier expansion

F(r)= Y.  Cr(B)e(tx(Br)).

BeSym} (Z)>g

We denote by M, /Q(Fé") (4)) and S;_, /2(1“((]") (4)) the C-vector spaces of Siegel modular forms
and Siegel cusp forms of degree n and weight [ — 1/2, respectively.

Furthermore, we introduce the generalized Kohnen plus space M, /2(F(()") (4)) consisting

of all elements F' € M;_, /Q(an) (4)) whose Fourier coefficients Cr(B) satisfy the condition
Cp(B) = 0 unless B = (—1)"™ 'rgrg mod 4 Sym?*(Z) for some rg € Z"*,

and put S;:l/Z(F(()”) (4)) := Mltl/Q(F(()n) (4)) N Sl,l/Q(F(()") (4)). These spaces were introduced
by Kohnen ([I7]) in case n = 1, and by Ibukiyama ([§]) for general n.
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Now, we recall an important fact that if [ is even, then there exists a C-linear isomorphism
between the space J; 1(T'7) of Jacobi forms of index 1 and the generalized Kohnen plus space
Mltl/z(F(()")(4)) as follows. Let ¢ € J; 1(I']) possess a Fourier expansion of the form

o(r, 2) = Z co(T, r)e(tr(TT) +r'2).
TeSym? (Z),reZ™,
AT —trr>0
Since for each T € §,,, ¢(7, z) belongs in the space ol generated by (6,(7, 2))rezn jozn, We
have that ¢ can be expressed as a linear combination

$(r.2) = > h(r)6,(7,2)
reZn J27n
with some 2" holomorphic functions (h,(7))rezn 2z on $, whose Fourier expansion is of the
form
he(1) = Z co(T, r) e(tr((T —'rr/4) 7)).

TeSymy, (Z),
AT —trr>0

Then we put
o(@)(r) = Y h(4r).
rezn /27
The following statement is shown by Eichler and Zagier ([6]) in case n = 1 and by Ibukiyama
for general n:

Proposition 2.3 (cf. Theorem 1, 2 in [§]). If | is even, then the map ¢ — o(¢p) gives a
C-linear isomorphism

J(T7) = M, (D57 (4)),
which is compatible with the actions of Hecke operators. Furthermore, its restriction to the
space J'1P(T;)) also induces a C-linear isomorphism

JAP(T]) 2 Sf (057 (4)).

We call it the Eichler-Zagier-Ibukiyama correspondence.

Remark. When [ is odd, the space J; 1(T}) is not isomorphic to the Kohnen plus space

Mltl/Z

skew holomorphic Jacobi forms which was defined by Skoruppa ([24, 25]) in case n = 1 and
by Arakawa ([2]) for general n.

(F(()n)(él)). However, a similar claim is also valid by introducing the space J*%(I';)) of

We easily see by the definition that the Fourier expansion of ¢(¢) can be expressed in
terms of Fourier coefficients of ¢ as

o(@)(r)= > cs((B+'rprp)/4, rp)e(tr(Br)),
BeSym,, (Z)>0

where rp denotes an element of Z™ such that B + 'rgrp € 4Sym’(Z). We note that rp is
uniquely determined by B modulo 27", and then c,((B + 'rprg)/4, rg) does not depend
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on the choice of the representative of rg mod 2Z"™. Moreover, if ¢ coincides with the first
Fourier-Jacobi coefficient of a Siegel modular form F' € M;(I",;1), then we have

a@)r)= Y. Ap(BW)e(tr(Br)),

BeSym,,(Z)>o

where B € Sym?(Z) denotes the matrix defined in §1, and Ax(BW) is the B("-th Fourier
coefficient of F'. In particular, let n and k be positive even integers such that £k > n + 1 and
we take ¢ = e,inl Ve Ji.1(T7_}), then we have the following explicit formula for the Fourier

coefficients of the associated form U(e,(g 1 )) e M, 1/Z(F(()n_l)(él)):

Proposition 2.4. Under the same assumption as in Proposition 2.1, let a(e,(ﬁnl_l)) POSSESS G
Fourier expansion

olely)m = Y G (B)e(ux(Br)).
BeSym,, (Z)>o
Then for each B € Sym;,_(Z)s¢ satisfying the condition (1), we have
Oy (B) = &(n, k)L(L — k+n/2, xpo) {(BO)=02 T EM(B; ph=m072),
p|f(BW)

Proof. If B =4T —'rr with T € Sym}_,(Z) and r € Z"~', then we have

Cln(B) = e (T, ).

Thus the assertion follows from Proposition 2.1. O

3. ANDRIANOV TYPE IDENTITY FOR POWER SERIES ATTACHED TO JACOBI FORMS

Throughout this paragraph, let n and k£ be positive even integers such that & > n 4 1,
and we fix a rational prime p. For a subring R of Z,, we simply denote by Sym,_,(R)™M
the subset of Sym,_,(R)* consisting of all elements which satisfy the condition (1) in §1,
namely,

Sym, ;(R)Y ={B € Sym, ,(R)* | B+ 'rgrpg € 4Sym*_,(R) for some r5 € R"'}.

As mentioned in §1, for each element B € Sym,,_;(R)™), we can associate it with an element

n—1

1 rg/2
1) — B * X
B ( trp/2 (B4 'rgrg)/4 > € Sym,,(R)".

Then for such a B € Sym,,_,(Z,)"), we introduce a modified local Siegel series as follows.
For each R € Sym,,_,(Zy[p~']) and r € Zp~", if R € p~'Sym,,_,(Z,) with [ > 0, then we put

w(Bir) =p (R ) ey(=R[a]+rR'%/2+xR"r/2),

zezZy~t /plzyt
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where p1,(R) = [Z2'R+Z;~" : Z7~'], and we note that the right-hand side does not depend
on the choice of I. Let B € Sym,,_;(Q,) possess B = 4T — 'rr with T" € Sym,_,(Q,) and
r € Zp~'. Then we put

bV (B; t) = > W(R; 1) ey(—tr(TR)) tordnlin(R),
ReSym,,_(Zp[p~1])/Sym,, _1(Zp)
We note that this series coincides with oy (B, t) in [21] if p # 2 and r = 0. As will be shown

later, the above definition does not depend on the choice of T" and r (cf. Proposition 3.1
below).

On the other hand, if m > 1, then for each S € Symy, ,(Z,), T € Sym,, ,(Q,), r € Z~!
and e € Z~q, we put
. (—1LS)[X] + trx, /2
A(S, T, 1) = ¢ X € My p1(Z,) /0 My n—1(Zy) . i} ,
+'xy7/2 =T € p*Sym)_,(Z,)
where x; € Zg_l denotes the first row of X. We easily check that it is well-defined. Further-
1 r/2

more, if both S and < /2 T

) are non-degenerate, then pe(=(=D+n(n=1/2) 4 A (S T r)
1 r/2
tr/2 T

We note that ap (S T, r) coincides with the usual local density o, (—1LS, T') if r = 0. Then
we obtain the following lemmas:

has the same value for any e > ord,,(det ( ) ), which will be denoted by i (S, T, r).

Lemma 3.1. Let B € Sym,_,(Q,)* possess B = 4T — 'rr with T € Sym,_,(Q,) and
re Z;“l. Then we have

bél)(Bu pik+1/2> = Oép(kalv T7 T)7
k—1

—N—
where H,_y = H 1L --- L H with H = (1(/)2 1(/)2) € Sym;(Z,). In particular, b](gl)(B; t) =0
unless B € Sym,,_,(Z,)".

Proof. By Lemma 3.4 of [22], we have
1 . o—k+1/2
bV (B; pF?)
= Z > ey(—R[x] +rR'x/2+ xR'r/2)p~ "D ordrlmn(R))=(n"Nlg (_tr(TR))

xeZn~t jplzn =t

= ZZep x|+ rR'x/2 +xR'r/2)p " Ve,(—tr(TR))p 2k-n
X Z e,(tr(Hy—1[Y|R))

YeMag_2,n—1(Zp)/P'Mag_2,n—1(Zp)

= Z Z Z e, (tr((—='xx + Hy_1[Y] + 'rx/2 + 'xr/2 — T)R)) p~ '3k~ Dn-1)

= H#A(H 1, T, 1) pil((%*l)("*1)*"@*1)/2).
Thus the assertion holds. -
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Lemma 3.2. If B € Sym,,_,(Q,)* possesses B = AT — 'rr with T € Sym,,_,(Q,) and
r € Zy7t, then we have

a,(Hg, B(l)) =(1 —p_k)ap(Hk,l, T, ).

Proof. The proof is similar to that of Proposition 2.4 in [I1], and here we give a sketch of
the proof. For each & = (&) € Z2F, we put
Ac(Hi, BY) = { X € Maxn(Zy) /p"Marn(Zy) | Hi[X] — BY € pSym’(Z,) }
and
Ac(Hg, BY; &) = { X = () € Ac(Hi, BY) | 2 = & (mod p°) for 1 < < 2k }.

We easily see that A.(Hy, BY; €) # ¢ only if € € A.(Hy, 1). Now we fix such a &. Then
we have £ # 0 (mod pZ2*). Thus by Lemma 2.3 in [II], we can take U € GLg(%Z,) and
K € Loy, such that

1

1 1/2 0

Q) ) LK = mU: () K s, Haar (i) U7 = |

1/2 0 P :

0
For each X € A.(Hy,, BWY; &), we write X as X = (¢ |Y) with Y € My, ,,_1(Z,), and write

yi
YasY = | yo | withyy,y2 € Zg_l and Y3 € Moy_2,-1(Z,). Then by an easy calculation,

Y3
we have
y1+y2/2—r/2¢€ peZZ’l
and
~'yiy1 + K[Ya] + "yiye/2 + "yoy1/2 — T € pSym;_,(Z,).
Thus we have

—'yiy1 + K[Y3] 4+ 'ry /2 +'yir/2 = T € p*Sym},_(Z,),

that is, ( }{/1 > € A.(Hyi_1, T, r). Then the mapping ¥ +— < }{/1
3

) induces a bijection
3

between A, (Hy, BWY; €) and A.(Hy_1, T, r). Thus we have
pe(72kn+n(n+1)/2)#Ae(Hk’ B(l))
_ pe(f%ﬂ)#«‘le(Hk, 1)pe(f(Qkfl)(nfl)Jrn(nfl)/Q)#A€<Hk717 T, r)
= au(Hg, 1) ap(Hg—1, T, 1)
= (1—p " a,(Hy1, T, 7).
Therefore the assertion holds. 0

Now by combining Lemmas 3.1 and 3.2, we obtain the following:

Proposition 3.1. For each B € Sym,,_,(Z,)) and s € C, we have
b (B; p ) = (1= p7°) " bp(BY; 5).
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Proof. 1t is well-known that for each B’ € Sym) (Z,)* with n < 2k, the Siegel series b,(B’; s)
in §1 satisfies the equation
by(B; k) = a,(Hy, B).
Then by Lemmas 3.1 and 3.2, we have
b;,l)(B; p—k+1/2) _ (1 . p—k)—l bp(B(l); k?)

for infinitely many k, and therefore the assertion follows. O

Remark. The definition of bél)(B; t) for B = AT —'rr with T € Sym,_,(Q,) and r €
Zp~ does not depend on the choice of T' and r. Indeed, if T € Symj ,(Z,), then the

1 2
vector r is uniquely determined by B modulo QZZ_l, and the matrix < ty /2 Té ) is

uniquely determined by B up to GL,,_1(Z,)-equivalence. Thus by Proposition 3.1, bfgl)(B : t)
is uniquely determined by B. If T' ¢ Sym,_,(Z,), then we have bz(,l)(B ; t) = 0. Furthermore,
if B =4T'—"'r'r" is another expression, then 7" does not belong to Sym} _,(Z,) either. This

proves the well-definedness of b](gl)(B i 1).

Now we put
W= S mD)BD ) (R,
DEGLy-1(Zy)\Dy" ™V (2y)
Then by Proposition 3.1, we obtain the following rationality theorem for the polynomial

Bl(,l)(B; t) defined in §1:

Proposition 3.2. For each B € Sym,,_,(Z,)V), we have

n—1
B (B; "2 B0 (B; p2 1) = [](1 - p72).

i=1

Next, we study the standard L-function attached to a Hecke eigenform and some power
series related to it. For a Hecke eigenform ¢ € J'P*(T')_,), and D € D" (Z), let

i1 T du1 (D)T;_y = Ag(D)b
with Ay(D) € C. Then we define a power series Z,(t, ¢) by
Zp(t, ¢) — Z )\¢(D) tordp(det D)’
DeED" Y (z)

where ED;”_U(Z) denotes the set of all elementary divisors of the form p®* L ... 1 po»-1
with 0 < a; < --- < ay,_1. The following statement is shown by Murase and Sugano:

Proposition 3.3 (cf. Lemma 6.5 in [20], see also Theorem 5.5 in [2]). Let ¢ € Jy.1(T'7_;) be

a Hecke eigenform with Satake p-parameters (Xél)(p), e Xé)n_l)(p)) € C"1. Then we have
n—1 .
1— p2zt2
Zy{t. 6) = e

2 =X @21 =X ) )
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Let

n— V n-
1) { ( v ) € Man_z01(2) \ VW € DUD(Z), ged(V, W) =1 }

where ged(V, W) denotes the greatest common divisor of all entries of V' and W. For each
(5)e 2"V ReSym, (Z[p~']) and (A, \s) € Z" ' & Z"!, we put

thltV ‘ thlRVfl
M = n1(ZIp~t
V,W,R ( 0, | Wy > € Gra(Zlp™))

and
I N 0 A2
0 1,1 N2 0,_
R t _ n—1 2 n—1
(A1, Aa] == [(Ar; Ag), A" Ao] = 00 1 0 € H, 1(Z).
0 0p1| ="M 1,

Then by combining Lemma 2.1 and some easy calculation (cf. [4]), we obtain the following:

Lemma 3.3. We have

D) G (Zp D) = |J  Tidea(D)T],
DeED" Y (z)
= U L mabvaal - Do)
() F oo

where (), R and (A1, A2) run over all representatives of (1,—1 L GL, 1 (Z)\Z"V /GL,_1(Z),
Sy, _y(Z{p )/ WSym, _, ()W, and (20~ &2 +(Z' &2 My, (20 &2 My,
respectively. Furthermore, if Mywgr € I'2_d,_1(D)['J_, with D € ED;”_I)(Z), then we
have ord,(det D) = ord,(det V det W p,(R)).

Therefore, we get the following explicit formula for the actions of Hecke operators:

Corollary. For each ¢ € Jy.1(T;_,), we have

n—1

Z (¢ |11 i (D)) (T,2) = Z Z p(T2EvwR det VETL det TV F
DeED" "V (z) (V) R

X Z e(T['A\1] +2X\%2)

()\1,AQ)E(Z”71®Zn71)/p5V7W7R (anltV@anl)

XO(T[VW T + RIW Y, (2 + M7+ ) VIV,

where () and R run over the sets stated above, and dv,w,r = ord,(det V det Wy, (R)).

Proof. For cach () € "V and R € Sym,_,(Z[p™"]), we have

szlMV,VV,RFifl - Fifldn—l (D)Pifl
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for some D =p*t L ... Lp*-1 € ED;”*U(Z). Then we have

(Zn—l D Zn—l) + (Zn—l D Zn_l)MVJ/V,R/<Zn_1 D Zn_l)MV,W,R
~ (Zn—l D Zn—l) + (Zn—l D Zn—l)dn_l(D>/(Zn—l D Zn—l)dn_l(D)
~ Z"')7"'D.
It follows from Lemma 3.3 that #(Z""!/Z"1D) = p»W.& and ey, ...,e, < dyw.r. Thus we

have a natural surjection 7 from (Z"~t @ Z" 1) /p®vw.r(Z" 1V @ Z"1) to Z"~1/Z" 1D, and
we have #tker(r) = p*n=3)9v.w.r det V. Thus the assertion holds. O

By the above corollary, we obtain the following conclusion:

Proposition 3.4. Let ¢ € Ji 1(T_,) be a Hecke eigenform. If the associated form o(¢) €

MJ_I/Q(Fénfl)(él)) under the Eichler-Zagier-Ibukiyama correspondence possesses a Fourier
expansion

o@)(r)= Y Cow(B)e(t(Br)),

BeSymy, 1 (Zp)>o
then for each B € Symn_l(Z)SR), we have
1 (L= (P2 (1 = X ()~ 121)
_ Z O (BIEV; ) Coy (BIEV T[] p= (b= phords(det V) jordy(det V det W),
(w)

where () runs over the set stated in Lemma 3.5.

2it2

Co(4)(B)

Proof. We put
Ap(t) = Z Fi—ldn—l(D)Fi,1 gordp(det D)
DeED Y (2)

Then by Corollary of Lemma 3.3, we have
(@ 1k 1 M) (T, 2) =D > co(T, 1)
T r
« Z p(k—l) ordp(det V)—k ordp (det W)tordp (det V det W)
(W )E@n1LGLy 1 N2V /L1 (2)
xe(tr(T['W V] + {(r'W=1'V)2))
x > e(tr(T['WR)) tordr k()
ReSym,,_4(Z[p=1])/*WSym,, _,(Z)W
X Z p*(2n73)5V,W,Re(tr<2t)\12 + t(rtwfltv + )\1))\17_>>
Aleanl/p‘sV,W,Ranl,tV

x > e(tr(‘(r'W "V 4+ A A)).

)\QEZn—l/p‘sV,WJQZn—l
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Since
(nfl)é.v’w’R f twfl anl
t/ trrr—1t _ ) D ur S g
Z e(tr("(r'w ="V 4+ A)A)) = { 0 otherwise,
A2 €Zn—1/p°V\W,Rzn—1
and
Z e(tr(T['WR)) ¢ordp (i ()
ReSym,, ;(Z[p~'])/*WSym,,_,(Z)W
et e(tr - [ 1 Tl edym,
(det W)" ) (te(T[ W R)) xR if T 1) € Sy,
= ReSym,, 1 (Z[p~1])/Sym,, _,(Z)
0 otherwise,
we have
(& ]k,1 A Z Z Z pkordp (det V)+(—k-+n-+1) ordy (det W) yordp (det V det W)
T r Vv
()
X > e(tr(TR)) (pt)°rdr (R
ReSym,, 1 (Z[p~'])/Sym,, _,(Z)
X Z p’(”’l)év’W’Rcd)(T[tW], r'W)

M EZn—1/p’ VW, RZn—1.tY/
xe(tr('(r'V +20)2)) e(tr(T[V] + " (r'V 4+ M)M)7)).
For a fixed 9 € Z™ !, we put
Siro) = { M € Z"7} [pPvwrZ MY | 2)\; = 1 mod Z" MV},

and
Sa(ro) = {r € "1 jpPv Wz | #'V = rg mod 27771 }.

1(Z),

For each \; € S;(rp), the map A\; — (2X\; — r9)!V ! induces a bijection between S;(ry) and

Sa(rg). Thus we have

(¢]k,1 A Z Z Z pPordp(det V)+(—k-tn-1) ordy(det W) ordy(det V det W)
° (W)
* > e(tr(TR)) (pt) 3 (r (R p=(n=Divaven

ReSym,, _,(Z[p~'])/Sym,, _,(Z)

X Z co(T["W], r'W)e(tr(*roz)) e(tr(T['V] + (*rorg — (r'V)(r'V)) /4)T))

reSa(ro)

ZZ tr T()T—|— 7"02 Z Z pk‘ordp (det V))+(— k-‘rn—‘rl)ordp(detW) —(n=1)év,w.r

( W ) 7‘652(7"0)

xco((To = roro /D[ VW] + (rr/4)['W], r'W)

X Z e(tr((To — tT0T0/4) [tvfl] —|—t rr/4)R)) (pf)ordp(ﬂp(R))'

ReSym,, _,(Z[p~1])/Sym,, _1(Z)
Then for a fixed r € Z"1/2Z" !, the map
(r 4+ 27271 4 2p°vWRZ Y oV RZTL 5 e L Oy sy € 2 VR
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is a bijection, and we have
co((To = "roro/4)['V W] + ((r + 2u) (r + 2u) /4)['W], (r + 2u)'W)
= c((To = roro /D[ VW] + (rr/4)[W], r'W).

Thus we have
(k1 Ap(8))(T, 2)

Zze(tr(TOT —|—t7'02 Z pkordp(detV —(k—n—1) ordp(detW)tordp(detVdetW)

" (W)
X Z (pt ) (1p ()

ReSym,, ;(Z[p~'])/Sym,, _,(Z)

x > co((To = roro/H[ V[ W]+ (rr/4)['W], r'W)
rezn—1 /2771,
rtV=rg mod 2Z"~1

x oy VR (te(Ty — frore/H)['V ]+ rr /A 4+ wu 1 ur 2+ ru/2) R)).

u€Z/p’V:W,Rzn—1

S

We easily see for an element r € Z" ! that the summation
Z (pt)ordp(u(R)) Z p—(n—1)5v,w,R
RGSymnfl (Z[pil])/Symnfl (Z) ueZn—l/p‘SV,W,RZn—l
xe(tr((Ty — 'roro/4) [V +' rr/d + wu +' ur /2 + ru/2) R))
equals b5 (4Ty—"roro) [tV 1) t) or 0 according as (Ty—troro/4)[(V ~1|+rr/4 € Sym®_,(Z,) or
not, namely, according as (4Ty — ‘roro)['V '] € Sym,,_,(Z,)™ or not. In the former case, the
vector 7 is uniquely determined by T, ro, and V, which will be denoted by ry = r1(Tg, ro, V).
Furthermore we have
4Ty — 'roro) 'V + 'rr)['V] = (4Ty — 'roro) + '(r'V)r'V € 4Sym*_,(Z,),

and we have 7'V = ry mod 2Z"!. Thus we have

(¢|k,1 Ap(t))<7', Z) _ Z Z e(tl"(ToT _,_t 7’02)) Z pkordp(det V)—(k—n—1) ordy(det W)tordp(detVdet w)

o (¥)

Xb;l)((élTo - tToTo)[tvil]; t) C¢((To — t’l"o?”o/4) [tvil][tW] + (%”17”1/4) [tW], TltW).
Now we take an element B € Sym,, ,(Z,)" so that B = 4Ty — rorg with Ty € Sym?*_,(Z,)
and ry € Z"!. Then we have
co(To,m0) = Coe(B), co((To—"roro/H)['V W]+ (rir /O W], riW) = Coo(B['V W),
and
b5V (4T — "roro) [V 1) = B (BIV ;s 1),

Since @lk,1 Ap(t) = Z,(t, ¢) ¢, the assertion follows immediately from Proposition 3.3. O

For each B € Symn_l(Z)>0, let Gy ,(B; t) be the polynomial in ¢ defined in §1. Then

by making use of the same argument as in [4] combined with Propositions 3.2 and 3.4, we
obtain the following:
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Theorem 3.1. Let n and k be positive even integers such that k > n + 1, and let ¢ €
Jr.1(DZ2_,) be a Hecke eigenform with Satake p-parameters (X((;)(p), e, X((bn_l)(p)) e Cr L

Then for each B € Symn_l(Z)%, we have
B} (B; p" "2 ) Go,p(B; 1)

n—1
[T = xS @p 200 — x5 @) p 21
=1

= Z CU(¢) (B[W]) p—(k—n—l) ordy (det W)tordp(dct W) '

WeGL, _1(Z)\D{" ) (2)

For each D € M,,_1(Z)NGL,_1(Q), we define the generalized global M6bius function 7(D)
as [], (D), where m, is the local Mébius function defined in §1. We easily see that this is

a finite product of 7,(D). Then for each B € Sym,*l_l(Z)(;g, we put
Hy(B; s) = > 7(D) Coy(B[D7Y]) det D™+ (s € C),

DEGLnfl(Z)\Mnfl(Z)ﬂGLnfl(Q)
which is a finite sum, and we have ﬁ¢(B; s) = Hp éd),p(B; p~®). In addition, we also put
BWY(B; s) = I, Bl()l)(B; p~®). Then Theorem 3.1 can be restated globally as follows:

Theorem 3.2. Under the same situation as above, we have
B (B; s) L(s, ¢, St) Hy(B; s +n —1/2)

= 2. Co() (BIW]) (dot W) 7572
WEGLy_1(Z)\My, 1 (Z)NGLy, 1 (Q)
Moreover, by applying Theorem 3.1 to the Jacobi Eisenstein series @g?;l) = eg;l) €
Ji.1(T'7_,), we obtain the following conclusion:

Theorem 3.3. Let n and k be as above. Then for each B € Sym,,_(Z,)V), we have
Bé,l)(B; pn71/2t) Gél)(B; pkf(nJrl)/Q’ p(n+1)/2 £)

n—1
H(l —pt pk—(n+1)/2 p(n+1)/2 £)(1 — pj_lp_k+(”+1)/2 p(”+1)/2 )
i=1
— Z ﬁ;l)(B[W]; pk—(n+1)/2) (p(n+1)/2 t)ordp(det W)7

WeGL,—1(Zp)\Dy" ™ (Zy)

where Egl)(B; X) and é;,l)(B; X, t) are polynomials defined in §1.

Proof. By Proposition 2.4, the B-th Fourier coefficient of o(e,(:l_l)) € M;_I/Q(Fén_l) (4)) is
expressed as
k—(n+1)/2 ~ —(n
E(n, K)L(L = k/2+n/2, o) (B2 T EO(B; /2,
p|f(BM)

Thus the assertion follows from Theorem 3.1 and Corollary of Proposition 2.2. 0
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For each B € Sym,,_,(Z,)M, let Rz(gl)(B; X, t) be the formal power series in X + X! and
t, which is defined in §1. Then we obtain the rationality for Rél)(B ; X, t) as follows:

Theorem 3.4. Let n be a positive even integer. Then for each B € Sym,,_,(Z,)"), we have

1 /210 A1)/ .
P > n—1 ’

[ - xo0-p'x"

Jj=1

Proof. We write the both-hand sides of the above equation as power series in ¢ as
R\V(B; X, t) Z A(X

and
B} (B; p"* ') Gy (B X, 1) _ iB(

n—1

[[a-» Xt -p'xty =

Jj=1

where for each i, A;(X) and B;(X) are polynomials in X + X~!. Then by Theorem 3.3, we
have

Ai(pkf(n+1)/2) — Bi<pkf(n+1)/2>

for infinitely many k. Thus we have

for each 7. Therefore we complete the proof. 0

Remark. For a given pair of positive even integers n and k as in Theorem 3.1, let f €
Sor—n(I'1) be a Hecke eigenform, which possesses a Fourier expansion

Zaf NZ (2657)1)

normalized by as(1) = 1. For each rational prime p, we denote by «, the Satake p-parameter
k+(n+1)/2 yuniquely up
to inversion. Then by substituting X = «,, in the main identity of Theorem 3.4, we can

of f, that is, an algebraic number determined by a, + a, ' = az(p) p~

also derive a similar identity to Theorem 3.3 for a power series related to the first Fourier-
Jacobi coefficient of a Siegel cusp form F € Si(I',) which is connected to f under Ikeda’s
lifting procedure (cf. [9]). We note that it will play an important role in a proof of Ikeda’s
conjecture on the period of such a F', which was proposed in [10] (cf. [13], 14]).
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