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本論文の要旨

多腕バンディット問題とは，与えられた行動の選択肢から一つを選び，対応

した報酬を得るというラウンドを繰り返す設定において，報酬の合計（累積

報酬）を最大化する問題である．ただし，選んだ行動に対する報酬しか情報

はフィードバックされず，他の行動を選んでいたら報酬はいくらであったか

は明らかにされない．そのため，情報収集のための探索とそれまでに得られ

ている情報を使った知識利用をバランス良く行う必要がある問題として知ら

れている．この問題において，ある回数ラウンドを繰り返す場合に，累積報

酬を最大化する選択ルール（方策）を設計する研究がなされてきた．

方策の設計は，報酬がどのように生成されるかに大きく影響される．大

きく分けて確率的に生成されるという設定と，方策を知っている敵が選ぶと

いう設定がある．本研究ではより応用範囲の広い確率的な設定のみ扱う．ま

た，累積報酬そのものは問題依存であり，方策の評価指標として適切でない

ため，最適な方策（期待累積報酬最大の方策）との期待累積報酬の差である

リグレットで方策を評価する．

多腕バンディット問題の方策として，今までに様々な方策が提案され，その

リグレット解析がなされてきた．主なものとしては，UCB (Upper Confidence
Bound)方策や KL-UCB (Kullback-Leibler UCB)方策 のような期待報酬の
信頼上界に基づくもの，最適ではない行動の誤選択率を直接制御するDMED
(Deterministic Minimum Empirical Divergence) 方策，事後確率分布に基づ
いてサンプリングした値で行動を評価する Thompson Samplingが知られて
おり，それぞれリグレットの上界が証明されている．

一方，バンディット問題における理論限界，つまり厳密なリグレット下界

も証明されている．実際，上で主なものとして挙げた 4つの方策のうちUCB
方策を除く 3つの方策は，それらのリグレット上界の支配項はラウンド数
T の関数としてみた場合，下界の支配項と漸近的に係数まで一致する．リグ
レット上界が下界と漸近的に一致する方策は，漸近最適方策 (Asymptotically
Optimal Policy)と呼ばれており，KL-UCB方策，DMED方策及びThompson
Samplingは漸近最適方策であると言える．
本論文では，多腕バンディット問題の一般化である「予算制約付き多腕

バンディット問題」及び「マッチング選択バンディット問題」に関して，主

にリグレット解析を行う．予算制約付き多腕バンディット問題では，2つの
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方策を提案し，それらの有効性をリグレット解析及びシミュレーション実験

により示す．また，マッチング選択バンディット問題に関しては，既存の方

策であるLLR (Learning with Linear Rewards)方策のリグレット上界を改善
する．

予算制約つき多腕バンディット問題とは，行動の選択に際しコストが発

生し，コスト総和が決められた予算を超えるまでのあいだ，ラウンドを繰り

返すことのできるバンディット問題である．本論文では，行動毎にコストが

異なるのみでなく，それが未知の確率分布に従って確率的に定まる場合を扱

う．このバンディット問題に対するリグレット下界を示すと共に，KL-UCB
方策と UCB方策をこの問題設定に合うようにそれぞれ拡張した KL-UCB-
SC (KL-UCB for Stochastic Costs)方策及び UCB-SC (UCB for Stochastic
Costs)方策を提案し，リグレット上界を求め，シミュレーション実験により
有効性を示す．

KL-UCB方策が予算制約のない普通のバンディット問題の漸近最適方策
であるように，KL-UCB-SC方策もまた，予算制約付き多腕バンディット問
題の漸近最適方策であることを，リグレット上界を分析することにより示

す．KL-UCB-SC方策はリグレット評価においては高性能であるが，各々の
行動に対する選択指標値を計算するのに最適化問題を解かなければならず，

計算効率のよい実装が難しいという問題点がある．一方，UCB-SC方策は，
漸近最適方策であることを証明できないものの，各々の行動に対する選択指

標値の計算式が閉形式で書けるため，計算効率の良い実装が可能である．シ

ミュレーション実験では，これらの理論評価を裏付ける結果が得られたほか，

KL-UCB-SCの変種である KL-UCB-SC+は，既存手法の中で最も性能が良
いとされている BTS (Budgeted Thompson Sampling)と同等の性能を示し
た．また，UCB-SCはこれら 2つの方策よりかは実験によるリグレット性能
も劣るものの，計算効率はこれらより良く，変種のUCB-SC+は計算効率の
良い他の方策（PD-BwK, UCB-BV1）よりも良いリグレット性能を示した．
マッチング選択バンディット問題は，各ラウンドにおいて完全 2部グラ

フにおける最大マッチング（共通の端点を持たない最大辺集合）の 1つを選
択し，選択した辺集合に対応する報酬を得る設定の問題である．この問題は，

全ての辺の集合から，条件を満たす辺集合を選択する組み合わせバンディッ

ト問題の一種である．報酬は辺毎に発生し，選択した辺集合の辺各々から報

酬が得られるという半バンディット (semi-bandit)設定を扱う．本論文では，
M ≤ N を満たす自然数M,N に対し，完全 2部グラフKM,N 上のマッチン

グ選択バンディット問題において，既存方策である LLR方策のリグレット
上界をΘ(M2/3)倍改善する．



Contents

1 Introduction 1

2 The Classical MAB Problem 5
2.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.1.2 Cumulative Expected Pseudo-Regret . . . . . . . . . . 6

2.2 Policies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.1 The UCB (Upper Confidence Bound) . . . . . . . . . . 7
2.2.2 KL-UCB (Kullback-Leibler UCB) . . . . . . . . . . . . 8

2.3 Regret Analysis of UCB Family . . . . . . . . . . . . . . . . . 9
2.3.1 Known Facts . . . . . . . . . . . . . . . . . . . . . . . 9
2.3.2 Regret Analysis of the UCB . . . . . . . . . . . . . . . 10
2.3.3 Regret Analysis of KL-UCB . . . . . . . . . . . . . . . 13

2.4 Lower Bound of Regret . . . . . . . . . . . . . . . . . . . . . . 14

3 Budgeted Multi-Armed Bandit Problem 16
3.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . 16

3.1.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.1.2 Considering a Stopping Time on Regret . . . . . . . . 17

3.2 Related Works . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Policies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.3.1 KL-UCB-SC . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3.2 UCB-SC . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 Analytic Results . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.4.1 Dissimilarity of an Action between the Best Action . . 27
3.4.2 Upper Bound of the Expected Regret for KL-UCB-SC 28
3.4.3 Upper Bound of the Expected Regret for UCB-SC . . . 37

3.5 Lower Bound of Regret . . . . . . . . . . . . . . . . . . . . . . 38
3.5.1 Comparison with other policies . . . . . . . . . . . . . 42

3.6 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.6.1 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

iii



CONTENTS iv

3.6.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4 Matching-Selection Bandit Problem 47
4.1 Problem Definition . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2 LLR (Learning with Linear Rewards) . . . . . . . . . . . . . . 49
4.3 Regret Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Conclusion 58



List of Tables

3.1 Pairs (Xi(t), Yi(t)) of distributions for actions i . . . . . . . . . 44
3.2 Computation time [µs] per round averaged over 100 runs. . . . 45

v



List of Figures

3.1 The empirical regret curves averaged over 100 independent
runs with B = 10 000 for scenarios M and H. . . . . . . . . . . 46

vi



List of Algorithms

1 The Classical Multi-Armed Bandits . . . . . . . . . . . . . . . 6
2 Budgeted Multi-Armed Bandits . . . . . . . . . . . . . . . . . 17
3 Matching-Selection Bandits . . . . . . . . . . . . . . . . . . . 48

vii



Chapter 1

Introduction

Suppose the situation that repeats selection of an action from a given set of
actions, and receives a reward corresponding to the selected action without
obtaining any information abount the other actions. In this situation, the
knowledge available for choosing a current action is limited to the past selec-
tions and rewards. Here, we call such a situation as “multi-armed bandits”
or “bandit environment”. In the multi-armed bandits, a rule for choosing
next action, based on the knowledge, is called policy.

The classical multi-armed bandit problem is a problem (or one-player
game) on the multi-armed bandits, in which rewards are generated accord-
ing to action-specific probabilistic distributions, and a player attempts to
maximize his/her cumulative reward over the whole trials [1–3]. The clas-
sical multi-armed bandit problem is just like a problem of the gambler who
faced a number of slot machines in a casino. A slot machine is sometimes
called as “one-armed bandit”, since the conventional mechanical slot ma-
chine has a lever (arm) to spin the reel, and it mostly robs the wealth of
the player. This is why such a problem is called the “multi-armed bandit
problem”. Historically, the classical multi-armed bandit problem was firstly
formulated. After that, a problem without the stochastic assumption on the
reward (e.g. adversarial bandits [4,5]) and a problem with different goal (e.g.
best arm identification [6]) have been formulated. These problems are named
with a word “bandit” since they can be seen as extensions, generalizations
or variants of the classical multi-armed bandit problem. The situation called
“multi-armed bandits” here is the common essence of all the problem which
are named “bandit”.

Nowadays, several policies are designed for the classical multi-armed ban-
dit problem. UCB (Upper Conficence Bound) family, such as the UCB
(Auer’s UCB1 [3]) or KL-UCB [7,8] (Kullback-Leibler UCB) are based on an
optimistic estimation of an expected reward for each action. DMED [9, 10]

1



CHAPTER 1. INTRODUCTION 2

(Deterministic Empirical Minimum Divergence) maintains a candidate of
best action. Thompson Sampling [1, 11] is usually implemented as a ran-
domized algorithm.

As a quantitative evaluation of a policy for the multi-armed bandit prob-
lem, expected cumulative pseudo-regret is used. Cumulative pseudo-regret is
defined as a difference between cumulative reward gained by the best policy
and that gained by a given policy. The best policy is the policy who max-
imizes his/her expected cumulative reward, according to the hidden reward
distribution. On the classical multi-armed bandit problem, a policy who
chooses the best action regardless to the past is the best policy, where the
best action is an action whose expected reward is highest. The upper bounds
of expected cumulative pseudo-regret of above-mentioned four policies (UCB,
KL-UCB, DMED, Thompson Sampling) are theoretically proved [3, 7, 11].

On the other hand, one may be curious how small we can make the ex-
pected cumulative pseudo-regret. In general, expected regret cannot be zero,
since if the expected regret of a policy is zero, then it means that the policy
knows the best action without playing all the other actions. Fortunately, the
answer of the question is known for the classical multi-armed bandit problem,
in other words, the tight lower bound of regret of strongly consistent policy
is proved [12]. Strongly consistency demands policy to that work well for any
situation. Detailed definition of strong consistency is in the main article.

In this thesis, we consider a property of policies called asymptotic opti-
mality. If the expected regret of a given policy is equal to the lower bound
of expected regret in the regime that the total number of plays goes to in-
finity, then the given policy is asymptotically optimal. As you can read,
the asymptotic optimality is very strong condition. But, surprisingly, three
of above-mentioned policies (KL-UCB, DMED, Thompson Sampling) satisfy
such an optimality [7, 9, 11]. Consequently, these three policies are called
asymptotically optimal policies.

In this thesis, we mainly do regret analysis for two generalized multi-
armed bandit problems. First one is about a budgeted multi-armed bandit
problem [13], which introduces a concept of cost in multi-armed bandit prob-
lem. Latter one is about a matching-selection bandit problem [14], a specific
instance of the combinatorial bandit problem.

A budgeted multi-armed bandit problem is one kind of multi-armed ban-
dit problem that incurs a cost when choosing an action and stops repetition
if cumulative cost exceeds a given budget. This problem has several variants
according to the generation model of cost. The earlier one assumes that
the cost is constant that depends on just only the action [15, 16]. Later, a
model that cost is generated according to action-aware distribution, has been
proposed [13, 17]. we focused on the action-aware probabilistic model. For
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this problem, we proposed the policy KL-UCB-SC (KL-UCB for Stochastic
Costs) and proved its asymptotic optimality. This is proved by two steps.
The first step is to prove the upper bound of expected regret of KL-UCB-
SC. The second step is to prove the lower bound of expected regret over any
strongly consistent policies for the budgeted multi-armed bandit problem.

Unfortunately, an efficient implementation of KL-UCB-SC is not known.
Consequently, KL-UCB-SC requires so much computation time, which can
be problematic. A prohibitive computation time for KL-UCB-SC came from
the fact that the index to be computed for KL-UCB-SC is obtained by solving
a complicated nonlinear optimization problem. For this problem, we further
propose a policy UCB-SC (UCB for Stochastic Costs). UCB-SC is derived
from KL-UCB-SC by the same procedure which is used for deriving the UCB
from KL-UCB. We show that the index to be computed for UCB-SC can be
written in a closed-form.

Therefore, UCB-SC can make decisions very rapidly compared to KL-
UCB-SC. Of course, UCB-SC suffered a little too much expected regret as a
compensation of computation speed.

In order to confirm the empirical characteristics of our proposed policies,
we conduct a number of computational simulations. We report that the
results of these simulations support the theoretical results. More precisely,
an average regret by KL-UCB-SC+ was very small, UCB-SC+ worked as
well as KL-UCB-SC+ in a kind of ideal situation, and UCB-SC+ runs with
one thousandth computation time in comparison with KL-UCB-SC+. The
plus-ed policies are the variants of the original policies that are made by
applying a well-known tune-up technique [7, 9, 18].

A combinatorial bandit problem is the multi-armed bandit problem in
which a player can choose a set of actions (which satisfies given condition)
simultaneously [14, 19–22]. In this problem, a reward is generated for each
chosen action and its total will be accumulated. The goal of a player is to
maximize the cumulative reward.

There are two kinds of reward observation models for the combinatorial
bandit problem. First one is called “full-bandit”. In this setting, a reward is
observed as a scalar, that is, the sum of all the received rewards from chosen
actions for the selected set of actions [22]. Second one is called “semi-bandit”.
In this setting, rewards from chosen actions can be observed individually [14,
19–21]. This thesis focuses on semi-bandit setting.

Matching-selection bandit problem is a one specific class of combinato-
rial semi-bandit problem, where a set of action is written as an edge set of
complete bipartite graph KM,N (N ≥ M ≥ 1) and each selection (subset of
edge) must satisfy matching constraint.

On combinatorial (semi-)bandit problem, the difficulty of the regret anal-
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ysis depends on the combinatorial structure. For instance, if a constraint be-
longs to the matroid (basis) constraint, a tight lower bound of expected regret
was shown and an asymptotically optimal policy is already designed [23]. We
remark that “multiple plays” setting [19, 24, 25], in which a set of m actions
can be chosen for a given m, can be written as a matroid constraint. On the
other hand, as for a matching constraint, computationally efficient policies
are proposed [14,20]. But a non-trivial lower bound of expected regret is still
unknown, although such a constraint belongs to a special case of matroid
intersection.

In this thesis, we analyzed a policy LLR [20] (Learning with Linear Re-
wards), which is a policy for general combinatorial semi-bandit problem in
the case with matching-selection bandit problem by introducing a new tech-
nique. As a result, an upper bound of expected regret became smaller than
known result for matching-selection bandit problem by a factor of Θ(M2/3).

This thesis is organized as follows.
We summarized our results in this chapter.
Chapter 2 reviews some fundamental results on the classical multi-armed

bandit problem. This chapter contains the definition of the classical multi-
armed bandit problem, definitions and regret upper bounds of several well-
known policies, and the tight lower bound of regret over any strongly consis-
tent policies.

In Chapter 3, we consider a budgeted multi-armed bandit problem. This
chapter is mainly dedicated to show that a policy KL-UCB-SC is asymp-
totically optimal. Definition and derivation of UCB-SC, a computationally
efficient variant of KL-UCB-SC is also included. At last of this chapter,
results of computational experiments are reported.

In Chapter 4, we consider a matching-selection bandit problem. In this
chapter, we show an upper bound of expected regret of LLR that is smaller
than the known result in a matching-selection bandit problem.

Finally, Chapter 5 concludes this thesis.



Chapter 2

The Classical Multi-Armed
Bandit Problem

2.1 Problem Formulation

2.1.1 Definition

The classical multi-armed bandits is a kind of one-player repeated stochas-
tic game, described in Algorithm 1 as a form of pseudo-code. At each time
t, a player chooses one element I(t) from the given action set A, then re-
ceives a scalar reward XI(t)(t) according to the time and chosen action. This
procedure is repeated until the time reaches fixed number of decision T .

In the classical formulation, an action set A is set to finite set. We will
write the size of action set as K = |A| and write each action as an integer 1
to K.

We assume that reward Xi(t) have finite support for all i ∈ A and t =
1, 2, . . . . Without loss of generality, the support is assumed to be the unit
interval [0, 1]. Moreover, we assume that the rewards are stochastic. For
each action i ∈ A, there is a probabilistic distribution νi on [0, 1]. Given
this, when an action i is chosen at time t, reward is generated as Xi(t) ∼ νi.
Any distinctive pair of reward are stochastically independent. We will write
the expected reward of action i as µi = E[Xi(t)]. The best action ∗ ∈ A is
defined as an action whose expected reward is maximum, that is,

∗ = argmax
i∈A

µi.

For simplicity, the best action is assumed to be unique.
As of choosing an action for time t, the player only can use past decision

and according reward up to time t− 1 as a knowledge. Bringing the knowl-

5
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edge, a rule for choosing action is called policy. More formally, let H(t) be
the history of a game up to time t, defined as

H(t) =
{(

I(s), XI(s)(s)
)}t

s=1
.

Then a policy is defined as an infinite sequence of map1 π = π1, π2, . . . , where
πt : (A× [0, 1])t−1 → A is used to choose an action at time t. Namely,

I(t) = πt(H(t− 1)).

In order to design a policy, we should settle the quantitative objective to
be maximize or minimize. Actually, several objective have been considered
on the same framework. Among them, the most conventional objective of
the player is the maximizing of cumulative reward Gπ(T ), defined as

Gπ(T ) =
T∑
t=1

XI(t)(t).

Algorithm 1 The Classical Multi-Armed Bandits

Require: A: Action set.
1: for t = 1, . . . , T do
2: Choose I(t) ∈ A.
3: Receive a reward XI(t)(t).
4: end for

2.1.2 Cumulative Expected Pseudo-Regret

As described earlier, the grand objective of the policy is the maximizing
cumulative reward. From the theoretical viewpoint, the quality of the policy
is measured by the cumulative expected pseudo-regret of policy π, defined as

Rπ(T ) = E[Gπ(T )−Gπ∗(T )].

where
π∗ = argmax

π∈Π
E[Gπ(T )]

and Π is the collection of any kinds of policy. We simply call cumulative
expected pseudo-regret as regret hereafter.

1In general, policy can be randomized. But we solely focus on deterministic policy
throughout this paper.
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This quantitative is the expected difference of the cumulative reward
gained by the optimal policy π∗ and that gained by a given policy π to
be assessed. The optimal policy is the policy whose expected cumulative
reward is maximal. On the classical setting, the optimal policy is the policy
who chooses the best action for any time t. Namely,

πt(·) = I(t) = ∗.

The regret has a following simple alternative form

Rπ(T ) =
∑

i : ∆i>0

∆i E[Ni(T )] (2.1)

where ∆i = µ∗ − µi and

Ni(t) = #{s ≤ t | I(s) = i}.

Ni(t) is the count of the event of action i is chosen until the time t. Since
the optimal policy always chooses the best action, choosing the non-best
action is said to be a mistake. Hence, the quantity Ni(t) for non-best action
i is considered as a number of mistake caused by choosing an action i. In
addition, ∆i correspond to the regret per decision caused by choosing an
action i. Thus, the regret is seemingly a weighed sum of expected number of
mistake. Consequently, the essential part of regret is the expected number
of mistake E[Ni(T )], as in Eq. (2.1).

2.2 Policies

2.2.1 The UCB (Upper Confidence Bound)

The UCB [3], originally called as UCB1 perhaps be the most famous policy
for the classical multi-armed bandit problem.

Let

µ̂i,n =
1

n

∑
s : Ni(s)≤n,I(s)=i

XI(s)(s).

be an estimator of µi using n samples and

µ̂i(t) =
1

Ni(t)

∑
s≤t,I(s)=i

XI(s)(s).

be an estimator of µi after tth decision. Clearly, we have

µ̂i(t) = µ̂i,Ni(t).
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These notations are used interchangeably according to the context.
At time t, the UCB chooses an action I(t) who maximizes some value

ui(t).
I(t) = argmax

i∈A
ui(t) (2.2)

The value ui(t) is sometimes called as action evaluation index. This frame-
work is widely used for various policies. Therefore, a difference of policies
are emerged in a definition of evaluation index ui(t).

Especially for the UCB, arm evaluation index ui(t) is defined as

ui(t) = µ̂i(t− 1) +

√
η ln(t)

2Ni(t− 1)
, (2.3)

where η is nonnegative real value. Here we employed an parametrized version
in order to make later discussion easier. The detailed discussion of the η will
be in later.

2.2.2 KL-UCB (Kullback-Leibler UCB)

Same as the UCB, KL-UCB uses Eq. (2.2) to determine the next action with
different definition of evaluation index ui(t).

First we define a function U(µ, L;K) as
U(µ, L;K) = max{x ∈ [0, 1] | K(µ, x) ≤ L}.

for µ ∈ [0, 1], L > 0, and a function K : [0, 1]× [0, 1]→ R+
∗ (= {x | x ≥ 0}).

By using the function U(µ, L;K), action evaluation index for KL-UCB is
defined as

ui(t) = U

(
µ̂i(t− 1),

η ln(t)

Ni(t− 1)
,KB

)
(2.4)

where KB is the Kullback-Leibler divergence of Bernoulli distribution B(q)
from Bernoulli distribution B(p), that is,

KB(p, q) = p ln

(
p

q

)
+ (1− p) ln

(
1− p

1− q

)
.

This index can be computed by algorithms for root finding of nonlinear
function, such as Newton-Raphson iteration.

Let us consider a valiant of KL-UCB that uses KN (p, q) = 2(q − p)2 for
the argument of U , then we can immediately have

U(µ, L;KN ) = µ+

√
L

2
. (2.5)

By replacing the µ and L to µ̂i(t−1) and η ln(t)/Ni(t−1), as used in Eq. (2.4)
respectively, it goes back to Eq. (2.3), the arm evaluation index of the UCB.
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2.3 Regret Analysis of UCB Family

2.3.1 Known Facts

Here we just list several facts used for proving upper/lower bound of expected
regret.

Fact 1 (Hoeffding’s inequality [26]). Let X1, . . . , Xn be the i.i.d. random
variables taking values in [0, 1] having common mean µ. Let

µ̂n =
1

n

n∑
s=1

Xs.

Then, for any a ≥ 0,

Pr{µ̂n ≥ µ+ a} ≤ exp(−2na2)

and

Pr{µ̂n ≤ µ− a} ≤ exp(−2na2).

Fact 2 (Chernoff-Cramer’s inequality). Let X1, . . . , Xn be the i.i.d. random
variable taking values in [0, 1] having common mean µ. Let

µ̂n =
1

n

n∑
s=1

Xs.

Then for any ε ≥ 0,

Pr{KB(µ, µ̂n) ≥ ε} ≤ exp(−nε).

Fact 3 (Pinsker’s inequality). For all p, q ∈ [0, 1], the following inequality
holds:

KB(p, q) ≥ KN (p, q).

Fact 4 (Markov’s inequality). For any random variable X with a non-
negative support and a > 0,

E[X] ≥ a · Pr{X ≥ a}

holds.
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Fact 5 (Maximal law of large numbers [27]). Let X1, . . . be i.i.d. random
variables with positive mean. if

1

n

n∑
t=1

Xt

converges to µ almost surely as n→∞, then

1

n
max
s≤n

s∑
t=1

Xt

also converges to µ almost surely as n→∞.

2.3.2 Regret Analysis of the UCB

As in Eq. (2.1), an essential part of expected regret is the E[Ni(T )], an
expected number of mistake up to time T for all i 6= ∗. Following theorem
shows a upper bound of that when a parameter η was chosen conservatively.

Theorem 1. On the classical multi-armed bandit problem, if the action is
chosen according to the UCB with η > 2,

E[Ni(T )] ≤
2η ln(T )

∆2
i

+
η

η − 2
.

holds for any action i 6= ∗.

Proof. An event I(t) = i 6= ∗ can be decomposed into three events.

{I(t) = i} ⊆

{
µ̂i(t− 1)−

√
η ln(t)

2Ni(t− 1)
> µi

}

∪

{
µ̂∗(t− 1) +

√
η ln(t)

2N∗(t− 1)
< µ∗

}

∪

ui(t) > u∗(t) :

µ̂i(t− 1) < µi +

√
η ln(t)

2Ni(t− 1)

µ̂∗(t− 1) > µ∗ −

√
η ln(t)

2Ni(t− 1)
.


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The probability of the first event can be bounded as

T∑
t=1

Pr

{
µ̂i(t− 1)−

√
η ln(t)

2Ni(t− 1)
> µi

}

=
T∑
t=1

t−1∑
n=1

Pr

{
µ̂i,n > µi +

√
η ln(t)

2n
,Ni(t− 1) = n

}

≤
T∑
t=1

t−1∑
n=1

Pr

{
µ̂i,n > µi +

√
η ln(t)

2n

}
.

By Hoeffding’s inequality (Fact 1), we find that

Pr

{
µ̂i,n > µi +

√
η ln(t)

2n

}
≤ t−η.

Hence,

T∑
t=1

t−1∑
n=1

Pr

{
µ̂i,n > µi +

√
η ln(t)

2n

}
≤

t∑
n=1

t−η

≤
T∑
t=1

t1−η. (2.6)

Assume that η ≥ 2, then by indefinite integral, Eq. (2.6) can be upper
bounded as

T∑
t=1

t1−η ≤
∞∑
t=1

t1−η

≤
∫ ∞

0

t1−ηdt

= − 1

2− η
=

1

η − 2
.

In summary, if η > 2,

T∑
t=1

Pr

{
µ̂i(t− 1)−

√
η ln(t)

2Ni(t− 1)
> µi

}
≤ 1

η − 2
. (2.7)

The upper bound for the second event can be bounded as

T∑
t=1

Pr

{
µ̂∗(t− 1) +

√
η ln(t)

2N∗(t− 1)
< µ∗

}
≤ 1

η − 2
. (2.8)
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by the same procedure for the first event.
The third event can be simplified as{

∆i ≥ 2

√
η ln(t)

2Ni(t− 1)

}
.

Hence, for any integer Zi ≥ 1,

T∑
t=1

I

{
∆i > 2

√
η ln(t)

2Ni(t− 1)

}

=
T∑
t=1

t−1∑
n=1

I

{
∆i > 2

√
η ln(t)

2n
,Ni(t− 1) = n

}

≤
T−1∑
n=1

T∑
t=n+1

I

{
∆i > 2

√
η ln(T )

2n

}
· I{Ni(t− 1) = n}

≤ Zi +
T−1∑
n=Zi

I

{
∆i > 2

√
η ln(T )

2n

}
T∑

t=n+1

I{Ni(t− 1) = n}

The second term goes zero when

Zi ≥
2η ln(T )

∆2
i

,

since

2

√
η ln(T )

2Zi

≥ 2

√
η ln(T )

2

∆2
i

2η ln(T )

= ∆i.

In summary we have,

T∑
t=1

I

{
∆i > 2

√
η ln(t)

2Ni(t− 1)

}
≤
⌈
2η ln(T )

∆2
i

⌉
≤ 2η ln(T )

∆2
i

+ 1 (2.9)
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Finally, putting Eq. (2.7), Eq. (2.8), and Eq. (2.9) together, we get

E[Ni(T )] = E

[
T∑
t=1

I{I(t) = i}

]

≤ E

[
T∑
t=1

I

{
∆i > 2

√
η ln(t)

2Ni(t− 1)

}]

+
T∑
t=1

Pr

{
µ̂i(t− 1)−

√
η ln(t)

2Ni(t− 1)
> µi

}

+
T∑
t=1

Pr

{
µ̂∗(t− 1) +

√
η ln(t)

2N∗(t− 1)
≤ µ∗

}

≤ 2η ln(T )

∆2
i

+ 1 +
2

η − 2

=
2η ln(T )

∆2
i

+
η

η − 2

if η > 2.

With a help of Eq. (2.1) and Theorem 1, we immediately have an upper
bound of expected regret for the UCB.

Corollary 1. Let π be the UCB with η > 2. On the classical multi-armed
bandit problem,

Rπ(T ) ≤
∑

i : ∆i>0

(
2η ln(T )

∆i

+
2η∆i

η − 2

)
.

holds.

As shown in later, this analysis is not tight. But, due to its simplicity,
this kind of proof technique is still useful if one only curious whether the
expected regret is bounded by O(ln(T )) as a function of T .

2.3.3 Regret Analysis of KL-UCB

We will show an upper bound of expected regret for KL-UCB.

Theorem 2. On the classical multi-armed bandit problem, if the action is
chosen according to KL-UCB with η = 1,

lim
T→∞

E[Ni(T )]

ln(T )
=

1

KB(µi, µ∗)
,
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hence,

E[Ni(T )] ≤
ln(T )

KB(µi, µ∗)
+ o(ln(T ))

holds for any action i 6= ∗.

Proof. See [8].

Same as the UCB, Theorem 2 immediately derives an upper bound of
expected regret for KL-UCB.

Corollary 2. Let π be KL-UCB with η = 1. On the classical multi-armed
bandit problem,

Rπ(T ) ≤
∑

i : ∆i>0

∆i

KB(µi, µ∗)
ln(T ) + o(ln(T ))

holds.

The same proof can be applied for the UCB with in case of η = 1,

Corollary 3. Let π be the UCB with η = 1. On the classical multi-armed
bandit problem, then

lim
T→∞

E[Ni(T )]

ln(T )
=

1

KN (µi, µ∗)
=

1

2∆2
i

,

holds for any action i 6= ∗. Hence,

Rπ(T ) ≤
∑

i : ∆i>0

ln(T )

2∆i

+ o(ln(T ))

holds.

In comparison of Corollary 1 and Corollary 3, later achieved asymtotically
smaller upper bound by a factor of 8.

2.4 Lower Bound of Regret

When we discuss about the lower bound of expected regret, we should focus
only on the policies that works fine for any situation. Such a concept is
formulated as “strong consistency”, defined in the following.
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Definition 1 (Strong consistency). A policy is strongly consistent if, for any
suboptimal action i and p > 0

lim
T→∞

E[Ni(T )]

T p
= 0

holds for any distributions.

We will write a collection of strong consistent policies as Π∗ ⊂ Π.
Under a strongly consistent condition, a lower bound of expected regret

were proved.

Theorem 3. Let the rewards be drawn from Bernoulli distributions with
parameters {µi}i∈A. For any strongly consistent policy, any suboptimal action
i 6= ∗, E[Ni(T )] is lower-bounded as:

lim
T→∞

E[Ni(T )]

ln(T )
=

1

KB(µi, µ∗)
.

In other words,

E[Ni(T )] = (1− o(1))
ln(T )

KB(µi, µ∗)
.

Proof. See [12] or [27].

Corollary 4. Let the rewards be drawn from Bernoulli distributions with
parameters {µi}i∈A. Then the regret is lower-bounded as:

lim
T→∞

inf{Rπ(T ) | π ∈ Π∗}
ln(T )

=
∑

i : ∆i>0

∆i

KB(µi, µ∗)
.

In other words,

inf{Rπ(T ) | π ∈ Π∗} =
∑

i : ∆i>0

∆i

KB(µi, µ∗)
ln(T )− o(ln(T )).

Compared to the bounds proved in Theorem 2 and Theorem 3 (or corre-
spond corollaries), following optimality of KL-UCB can be shown.

Corollary 5. On the classical multi-armed bandit problem, if all reward dis-
tributions are Bernoulli, then KL-UCB is asymptotically optimal. That is,
the coefficient of the logarithmic factor of regret as a function of total number
of plays T cannot be improved. More formally, the following equation is true
if π is KL-UCB.

lim
T→∞

Rπ(T )

inf{Rπ′(T ) | π′ ∈ Π∗}
= 1



Chapter 3

Budgeted Multi-Armed Bandit
Problem

3.1 Problem Formulation

3.1.1 Definition

The budgeted multi-armed bandits [13] is described as an one-player game
in which a player repeatedly chooses one of actions among given action set
A until he/she uses up a budget. At each round t = 1, 2, . . . , a player
chooses an action I(t) ∈ A, and then he/she pays a cost YI(t)(t) ∈ [0, 1] and
receives a reward XI(t)(t) ∈ [0, 1]. The rewards Xi(1), Xi(2), . . . and costs
Yi(1), Yi(2), . . . of an action i are i.i.d. random variables and are drawn from
corresponding distributions with means µi and τi. The realizations Xi(t)
and Yi(t) of unchosen actions i 6= I(t) are not revealed to the player. For
analytical reasons,we assume that µi, τi ∈ (0, 1). Let τmin and τmax denote
min{τi | i ∈ A} and max{τi | i ∈ A}, respectively. Let

Ct =
t∑

s=1

YI(s)(s)

be the total cost. The player immediately stops choosing actions at the round
when the total cost Ct exceeds the budget B. The game is summarized in
the form of the pseudo-code in Algorithm 2.

Let us study the player’s policy π = π1, π2, . . . for choosing action I(t) =
πt(H(t − 1)). For budgeted bandits, the history would be represented as a

sequence of 3-tuple H(t) =
{(

I(s), XI(s)(s), YI(s)(s)
)}t

s=1
and each map for

time t should be πt : (A × [0, 1] × [0, 1])t−1 → A. We evaluate policy π by

16
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Algorithm 2 Budgeted Multi-Armed Bandits

1: t← 1
2: C0 ← 0
3: while Ct−1 ≤ B do
4: Choose an action I(t) ∈ A.
5: A cost YI(t)(t) is revealed.
6: Ct ← Ct−1 + YI(t)(t)
7: if Ct ≤ B then
8: Receive reward XI(t)(t).
9: t← t+ 1.

10: end if
11: end while

using regret, which is defined in the following. Let

T (B) = max

{
t :

t∑
s=1

YI(t)(t) ≤ B

}
be the final round when the player could gain a reward. The cumulative
reward of the player who follows policy π is

Gπ(B) =

T (B)∑
t=1

XI(t)(t).

Let
π∗ = argmax

π∈Π
E[Gπ(B)]

be the best policy where Π denotes any collection of the policy. Then, the
performance of a policy π is measured by the pseudo regret

Rπ(B) = E[Gπ∗(B)]− E[Gπ(B)].

3.1.2 Considering a Stopping Time on Regret

Unlike to the classical problem, an exact evaluation of Rπ(B) can be quite
hard because in some cases choosing an action of the best reward per cost
may be suboptimal.

Instead of regret for not taking the best policy π∗, we can consider regret
for not choosing the best action in terms of the reward per cost. The optimal
action ∗ ∈ A is defined as

∗ = argmax
i∈A

µi

τi
.
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We assume that the optimal action is unique for simplicity. Accordingly, the
regret per unit cost for choosing suboptimal action i is considered to be

∆i =
µ∗

τ∗
− µi

τi
.

Let

Ni(t) =
t∑

s=1

I{I(s) = i}

denote the number of rounds action i is chosen before round t, where I{·} is
the indicator function. We define the following quantity

R̃π(B) =
∑

i : ∆i>0

τi∆i E[Ni(T (B))].

While this quantity is not identical to the pseudo regret, the following theo-
rem shows that it only differs by a constant from the pseudo regret 1. Thus
we again define this amount as the regret.

Theorem 4 (Lemma 2 by [17]). For any policy π of the budgeted multi-armed
bandits with budget B, we have∣∣∣Rπ(B)− R̃π(B)

∣∣∣ ≤ 2
µ∗

τ∗
. (3.1)

The regret can be minimized by a policy that minimizes E[Ni(t)] for
suboptimal actions i 6= ∗ and t ≥ 1. In the analysis, we first bound E[Ni(t)],
then convert it into a regret bound.

It is not still straightforward to bound the regret by using bounds of
E[Ni(T )] for a given T because T (B) varies among runs. The following
lemma, which implicitly bounds T (B), relates the regret and E[Ni(T )] for
some fixed T .

Lemma 1. For any policy π, we have

R̃π(B) ≤
∑

i : ∆i>0

τi∆i

(
E
[
Ni

(⌊
2KB

τmin

⌋)]
+

K2

2τ 2min

)
+ o(1) (3.2)

and

R̃π(B) ≥
∑

i : ∆i>0

τi∆i E
[
Ni

(⌊
B

2Kτmax

⌋
+ 1

)]
− o(1), (3.3)

where o(1)s are considered as functions of B.
1Note that, Lemma 2 by Xia et al. [17] shows only one side (i.e., regret upper bound)

of the absolute value. However, their lemma essentially depends on the fact that the total
budget used by any policy lies in (B − 1, B], and it is easy to use this fact to obtain a
regret lower bound.
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Proof. Let Yi,s denote the cost Yi(t) for the player’s s-th choice of action i.
We first derive Ineq (3.2). For T = 1, 2, . . . , let zT = τminT/(KB). Then we
have

Pr{T (B) ≥ T} = Pr

{
T (B) ≥ zTKB

τmin

}

≤ Pr


⋃
i∈[K]


⌈

zT B

τmin

⌉∑
s=1

Yi,s ≤ B




≤
∑
i∈A

Pr


⌈

zT B

τmin

⌉∑
s=1

Yi,s ≤ B


≤
∑
i∈A

Pr

 1⌈
zB
τmin

⌉
⌈

zT B

τmin

⌉∑
s=1

Yi,s ≤ τi −
zT − 1

zT
τmin


since

B⌈
zTB
τmin

⌉ ≤ τmin

zT
≤ τmin

zT
+ τi − τmin = τi −

zT − 1

zT
τmin.

Then by Hoeffding’s inequality (Fact 1), we find that

Pr

 1⌈
zTB
τmin

⌉
⌈

zT B

τmin

⌉∑
s=1

Yi,s ≤ τi −
zT − 1

zT
τmin


≤ exp

(
−2
(
zTB

τmin

)(
zT − 1

zT

)2

τ 2min

)

= exp

(
−2
(
(zT − 1)2

zT

)
τminB

)
.

Consequently,

Pr{T (B) ≥ T} ≤
∑
i∈A

exp

(
−2
(
(zT − 1)2

zT

)
τminB

)
= K exp

(
−2
(
(zT − 1)2

zT

)
τminB

)
(3.4)

≤ K exp

(
−2τminB

(
τminT

KB
− 2

))
. (3.5)
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For any action i, we have

E[Ni(T (B))] =
∞∑

T=1

E[Ni(T )] Pr{T (B) = T}

≤

⌊
2KB
τmin

⌋∑
T=1

E[Ni(T )] Pr{T (B) = T}+
∞∑

⌊
2KB
τmin

⌋
+1

T · Pr{T (B) = T}

since Ni(T ) ≤ T . The first term can be bounded as

⌊
2KB
τmin

⌋∑
T=1

E[Ni(T )] Pr{T (B) = T} ≤

⌊
2KB
τmin

⌋∑
T=1

E
[
Ni

(
2KB

τmin

)]
Pr{T (B) = T}

= E
[
Ni

(
2KB

τmin

)] ⌊
2KB
τmin

⌋∑
T=1

Pr{T (B) = T}

≤ E
[
Ni

(
2KB

τmin

)]
. (3.6)

The second term will also be decomposed into two terms.

∞∑
T=

⌊
2KB
τmin

⌋
+1

T · Pr{T (B) = T}

=
∞∑

T=
⌊
2KB
τmin

⌋
+1

T · Pr{T (B) ≥ T} − T · Pr{T (B) ≥ T + 1}

=

(⌊
2KB

τmin

⌋
+ 1

)
Pr

{
T (B) ≥

⌊
2KB

τmin

⌋
+ 1

}
+

∞∑
T=

⌊
2KB
τmin

⌋
+2

Pr{T (B) ≥ T}

Now we can get

Pr

{
T (B) ≥

⌊
2KB

τmin

⌋
+ 1

}
≤ Ke−τminB

using Eq. (3.4) and following fact

z⌊ 2KB
τmin

⌋
+1

=
τmin

(⌊
2KB
τmin

⌋
+ 1
)

KB
≥ 2.
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Consequently,(⌊
2KB

τmin

⌋
+ 1

)
Pr

{
T (B) ≥

⌊
2KB

τmin

⌋
+ 1

}
= o(1) (3.7)

as a function of B. From Eq. (3.5), last term will be bounded as

∞∑
T=

⌊
2KB
τmin

⌋
+2

Pr{T (B) ≥ T} ≤
∞∑

T=
⌊
2KB
τmin

⌋
+2

K exp

(
−2τminB

(
τminT

KB
− 2

))

= K
∞∑

T=
⌊
2KB
τmin

⌋
+2

exp

(
4τminB −

2τ 2minT

K

)

= Ke4τminB ·
exp

(
−2τ2min

K

(⌊
2KB
τmin

⌋
+ 2
))

1− e−2τ2min/K

≤ Ke4τminB ·
exp

(
−2τ2min

K

(
2KB
τmin

+ 1
))

1− e−2τ2min/K

= Ke4τminB ·
exp

(
−4τminB − 2τ2min

K

)
1− e−2τ2min/K

= K · e−2τ2min/K

1− e−2τ2min/K
. (3.8)

Up to here, Eq. (3.8) is bounded by a constant independent to budget B.
Moreover, its simpler upper bound can be shown as

K · e−2τ2min/K

1− e−2τ2min/K
≤ K2

2τ 2min

,

since e−x/(1− e−x) = 1/(e−x − 1) ≤ 1/x for any x ≥ 0.
Putting Eq. (3.6), Eq. (3.7), and Eq. (3.8) together, we find

E[Ni(T (B))] ≤ E
[
Ni

(
2KB

τmin

)]
+

K2

2τ 2min

+ o(1).
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Consequently, we find

R̃π(B) =
∑

i : ∆i>0

τi∆i E[Ni(T (B))]

≤
∑

i : ∆i>0

τi∆i

(
E
[
Ni

(
2KB

τmin

)]
+

K2

2τ 2min

+ o(1)

)
=

∑
i : ∆i>0

τi∆i

(
E
[
Ni

(
2KB

τmin

)]
+

K2

2τ 2min

)
+ o(1),

which proof the Eq. (3.2).
Next we derive Ineq. (3.3). First, we have

Pr

{
T (B) ≤

⌊
B

2Kτmax

⌋}
≤ Pr


⋃
i∈A


⌊

B
2Kτmax

⌋∑
s=1

Yi,s ≥
B

K




≤
∑
i∈A

Pr


⌊

B
2Kτmax

⌋∑
s=1

Yi,s ≥
B

K


≤
∑
i∈A

Pr

 1⌊
B

2Kτmax

⌋
⌊

B
2Kτmax

⌋∑
s=1

Yi,s ≥ τi + τmax


since

B

K

1⌈
B

2Kτmax

⌉ ≥ 2τmax ≥ τi + τmax.

Then by Hoeffding’s inequality (Fact 1), we find that

Pr

 1⌊
B

2Kτmax

⌋
⌊

B
2Kτmax

⌋∑
s=1

Yi,s ≥ τi + τmax

 ≤ exp

(
−2
⌊

B

2Kτmax

⌋
τ 2max

)
.

Consequently,

Pr

{
T (B) ≤

⌊
B

2Kτmax

⌋}
≤
∑
i∈A

exp

(
−2
⌊

B

2Kτmax

⌋
τ 2max

)
≤ K exp

(
−2
(

B

2Kτmax

+ 1

)
τ 2max

)
(3.9)
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For any action i,

E[Ni(T (B))]

=
∞∑

T=1

E[Ni(T )] Pr{T (B) = T}

≥
∞∑

T=
⌊

B
2Kτmax

⌋
+1

E[Ni(T )] Pr{T (B) = T}

≥ E
[
Ni

(⌊
B

2Kτmax

⌋
+ 1

)](
1− Pr

{
T (B) ≤

⌊
B

2Kτmax

⌋})
≥ E

[
Ni

(⌊
B

2Kτmax

⌋
+ 1

)]
+ E

[
Ni

(⌊
B

2Kτmax

⌋
+ 1

)]
Pr

{
T (B) ≤

⌊
B

2Kτmax

⌋}
By using Eq (3.9) and a fact Ni(T ) ≤ T for any T ≥ 1, the second term can
be bounded as

E
[
Ni

(⌊
B

2Kτmax

⌋
+ 1

)]
Pr

{
T (B) ≤

⌊
B

2Kτmax

⌋}
≤
(

B

2Kτmax

+ 1

)
K exp

(
−2
(

B

2Kτmax

+ 1

)
τ 2max

)
=

(
B

2τmax

+K

)
exp

(
−2
(

B

2Kτmax

+ 1

)
τ 2max

)
= o(1),

as a function of B.
Then we find that

R̃π(B) =
∑

i : ∆i>0

τi∆i E[Ni(T (B))]

≥
∑

i : ∆i>0

τi∆i

(
E
[
Ni

(⌊
B

2Kτmax

⌋
+ 1

)]
− o(1)

)
=

∑
i : ∆i>0

τi∆i E
[
Ni

(⌊
B

2Kτmax

⌋
+ 1

)]
− o(1).

With the help of Lemma 1, we can derive the upper/lower bound of regret
as a function of the budget B if we succeeded to derive the upper/lower bound
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of E[Ni(T )] for fixed T . Compared with the analysis by Xia et al. [17], that
always takes the budget into consideration, Lemma 1 makes the analysis
much easier.

3.2 Related Works

As for the budgeted multi-armed bandits, KUBE [16], the näıve extension
of the UCB, is the first consistent policy that solves the bandit problem in
the case of constant (but action-dependent) costs. In this case, the true op-
timal policy is to choose actions following to the solution of a corresponding
unbounded knapsack problem. Although (fractional-) KUBE does not solve
unbounded knapsack problems with estimated mean rewards, the strong con-
sistency is proved. [13] extended the problem so as to allow the action costs
to be distributed.

UCB-BV family [13] and PD-BwK [28] are policies of the näıve “two-
bound approach” for this problem. BTS [17], which is based on Thompson
sampling, is the currently best policy for this problem. Our policy improves
its regret upper bound by a factor of four and we show that our bound is the
best possible.

3.3 Policies

3.3.1 KL-UCB-SC

In this section, we propose the policy KL-UCB-SC (KL-UCB for Stochastic
Cost multi-armed bandits). Like other UCB policies, KL-UCB-SC calculates
an index ui(t) of each actions i and chooses the action that maximizes the
index. Namely,

I(t) = argmax
i∈A

ui(t) (3.10)

where ties are broken in an arbitrary way. In the following, we define ui(t)
that takes the uncertainty of the rewards and the costs into consideration.
Let the empirical mean reward and cost up to n samples be

µ̂i,n =
1

n

∑
s : Ni(s)≤n,I(s)=i

Xi(s)

and

τ̂i,n =
1

n

∑
s : Ni(s)≤n,I(s)=i

Yi(s)
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respectively. We also define the empirical mean reward and cost up to time
t as

µ̂i(t) = µ̂i,Ni(t) =
1

Ni(t)

∑
s≤t,I(s)=i

Xi(s)

and

τ̂i(t) = τ̂i,Ni(t) =
1

Ni(t)

∑
s≤t,I(s)=i

Yi(s).

Then the index ui(t) will be calculated as

ui(t) = U

(
µ̂i(t− 1), τ̂i(t− 1),

ln(t)

Ni(t)
,KB

)
,

where U(µ, τ,D,K) is defined by following nonlinear optimization problem

U(µ, τ, L,K) = max

{
x

y
: (x, y) ∈ [0, 1]2,K(µ, x) +K(τ, y) ≤ L

}
.

Intuitively, the feasible solution {(x, y) | K(µ, x) + K(τ, y) ≤ L} represents
the two dimensional region where (x, y) is within L from (µ, τ) in terms of
the pseudo-distance d((µ, τ), (x, y)) = K(µ, x) +K(τ, y).

The advantages of the index ui(t) are that (i) the confidence bound de-
rived from the KL divergence using Cramer-Chernoff inequality (Fact 2) is
tighter than the one derived from quadratic divergence using Hoeffding’s in-
equality (Fact 1), as is understood from Pinsker’s inequality (Fact 3). More-
over, (ii) ui(t) incorporates the uncertainties of the reward and the cost into
a single formula: the probability that both the empirical reward and the em-
pirical cost deviate from the true mean reward and cost is intuitively small,
and thus ui(t) is defined by using the sum of the two divergences.

3.3.2 UCB-SC

As described in Section 2.2.1, The UCB for classical multi-armed bandit
problem can be derived by replacing the divergence function of KL-UCB. A
policy UCB-SC can be defined as exactly the same way, that is,

I(t) = argmax
i∈A

U

(
µ̂i(t− 1), τ̂i(t− 1),

ln(t)

Ni(t− 1)
;KN

)
.

In comparison of the UCB and KL-UCB, an advantage of the UCB is
fast computation time. It is due to an action evaluation index for the UCB
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has a closed-form. Hence, we expected that an action evaluation index of
UCB-SC has a closed-form. Following theorem shows a closed-form of an
action evaluation index for UCB-SC.

Theorem 5.

U(µ, τ, L;KN ) =


µ+ τ√

µ2+τ2−L/2

√
L/2

τ − µ√
µ2+τ2−L/2

√
L/2

(τ > L/2)

∞ (otherwise)

(3.11)

Proof. First we consider the case of τ >
√

L/2. From a viewpoint of geome-
try, U(µ, τ, L;KN ) is the maximum gradient u among those of the two lines
ux−y = 0 whose Euclidean distance from (τ, µ) is exactly

√
L/2. Hence, by

using a formula of the distance between a point and a line, U(µ, τ, L;KN ) is
the larger solution u of the following equation

|uτ − µ|√
u2 + 1

=

√
δ

2
,

which is solved by quadratic formula as

u =
µτ +

√
(L/2) (µ2 + τ 2 − L/2)

τ 2 − L/2
. (3.12)

By multiplying
τ − µ√

µ2+τ2−L/2

√
L/2

τ 2 − L/2

to the denominator of Eq. (3.12), it will immediately be the same as a de-
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nominator of Eq. (3.11). The numerator will be

(
µτ +

√
(L/2)(µ2 + τ 2 − L/2)

)τ − µ√
µ2+τ2−L/2

√
L/2

τ 2 − L/2


=

µτ 2 − µ2τ
√

L/2√
µ2+τ2−L/2

+ τ
√
(L/2)(µ2 + τ 2 − L/2)− µ(L/2)

τ 2 − L/2

=
µτ 2 − µ(L/2)

τ 2 − L/2
+

τ
√

(L/2)(µ2 + τ 2 − L/2)− µ2τ
√

L/2√
µ2+τ2−L/2

τ 2 − L/2

= µ+
τ
√
L/2

(√
µ2 + τ 2 − L/2− µ2√

µ2+τ2−L/2

)
τ 2 − L/2

= µ+
τ
√
L/2

(
µ2+τ2−L/2√
µ2+τ2−L/2

− µ2√
µ2+τ2−L/2

)
τ 2 − L/2

= µ+
τ
√
L/2 τ2−L/2√

µ2+τ2−L/2

τ 2 − L/2

= µ+
τ√

µ2 + τ 2 − L/2

√
L/2,

which is the same as a numerator of Eq. (3.11).
In case of τ ≤

√
L/2, the objective function can take arbitrarily large

value since a feasible solution of U(µ, τ, L;KN ) contains a point (µ, 0).

Although Eq. (3.11) is available for a closed-form action evaluation index
for UCB-SC, we derived Eq. (3.11), since an action evaluation index for the
UCB can be expressed as µ+

√
L/2 (Eq. (2.5)). Note that the denominator

an numerator of Eq. (3.11) do not correspond to x and y of U(µ, τ, L;KN )
respectively.

3.4 Analytic Results

3.4.1 Dissimilarity of an Action between the Best Ac-
tion

This section is devoted to show the upper bound of regret when a player
obeys KL-UCB-SC. Let

Di = min
a>0

(KB(µi, aµ∗) +KB(τi, aτ∗)) .
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This quantity characterizes how different the best action ∗ from the given
action i.

In the context of standard multi-armed bandit problem, Lai and Rob-
bins [12] showed that a strongly consistent algorithm must choose action i
until the number of draws Ni(t) satisfies ln(t) ' Ni(t)KB(µ̂i, µ∗). Note that
the quantity Ni(t)KB(µ̂i, µ∗) can be considered as the negative logarithmic
likelihood that the parameter of arm i is µ∗, and thus the strong consistency
requires that the parameter of action i is not as good as the one of the opti-
mal with significance level 1/t. In our case, each action i has two parameters
µi, τi, and Di measures the difference between action i and an action with
its expected reward aµ∗ and cost aτ∗. Since aµ∗/aτ∗ = µ∗/τ∗, if action i had
parameters aµ∗, aτ∗, it was as good as the optimal. Choosing action i until
ln(t) ' Ni(t)min (KB(µ̂i, aµ∗) +KB(τ̂i, aτ∗)) checks that the true parameters
of arm i is unlikely to be aµ∗, aτ∗ for any a > 0, and thus its expected reward
per cost does not exceed µ∗/τ∗. In this sense, Di is the essential quantity for
the budgeted bandit problem.

3.4.2 Upper Bound of the Expected Regret for KL-
UCB-SC

In this section, we prove an upper bound on the expected number E[Ni(T )]
of selections of action i in the first T rounds for any i 6= ∗ and T ≥ 1.
When suboptimal action i is chosen, either of the following two events occurs:
underestimation of the optimal action or overestimation of the suboptimal
actions i. Lemma 3 and 5 bound these two events respectively.

The first bound is about the former event. For sufficiently small ε > 0,
let µ∗(ε) = µ∗− ε and τ∗(ε) = τ∗ + ε. Because the optimal action is expected
to be chosen frequently, it is unlikely that the index of the optimal action is
below µ∗(ε)/τ∗(ε)(< µ∗/τ∗).

Precede to show the main statement, we prepare a number of propositions
and lemmas.

Proposition 1 ( [9]). Let f(µ, µ1) = (µ− µ1)
2/(2µ(1− µ1)). Then,

KB(µ2, µ)−KB(µ2, µ1) ≥ f(µ, µ1) > 0 (3.13)

holds for any 0 < µ2 ≤ µ1 < µ < 1 and

KB(τ2, τ)−KB(τ2, τ1) ≥ f(τ1, τ) > 0 (3.14)

holds for any 0 < τ < τ1 ≤ τ2 < 1.
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Proof. The proof of Eq. (3.13) is in the original paper [9]. Eq. (3.14) can be
proved in the same way.

Proposition 2. For any a > 0, the following inequality holds:

∞∑
k=1

kme−ak ≤


m!ea

am+1
(m ∈ N)

1

a
(m = 0).

Proof. Since kmeak ≤ (x+ 1)me−ax holds for all k − 1 ≤ x ≤ k,
∞∑
k=1

kme−ak ≤
∫ ∞

0

(x+ 1)me−axdx

≤ ea

a

∫ ∞

a

(z
a

)m
e−zdz

≤


eaΓ(m+ 1)

am+1
(m ∈ N)

1

a
(m = 0).

Lemma 2. Let ε > 0 be sufficiently small. Let F µ
n (x) = Pr{µ̂∗,n ≤ x} and

F τ
n (y) = Pr{τ̂∗,n ≥ y}. Then, the following equations hold.

∞∑
n=1

∫ µ∗(ε)

x=0

exp (nKB (x, µ
∗(ε))) dF µ

n (x) = O(ε−4)

∞∑
n=1

∫ τ∗(ε)

y=1

exp (nKB (y, τ∗(ε))) dF
τ
n (y) = O(ε−4),

∞∑
n=1

(∫ µ∗(ε)

x=0

exp (nKB (x, µ
∗(ε))) dF µ

n (x)

·
∫ τ∗(ε)

y=1

exp (nKB (y, τ∗(ε))) dF
τ
n (y)

)
= O(ε−6).

Proof. We first derive the second equation. By using integration by parts,
we obtain∫ τ∗(ε)

y=1

exp (nKB (y, τ
∗(ε))) dF τ

n (y)

= [exp (nKB (y, τ∗(ε)))F
τ
n (y)]

τ∗(ε)
y=1 +

∫ τ∗(ε)

y=1

−d exp (nKB (y, τ∗(ε)))

dy
F τ
n (y)dy.
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The first term can be bounded as

[exp (nKB (y, τ∗(ε)))F
τ
n (y)]

τ∗(ε)
y=1 = F τ

n (τ∗(ε))− exp (nKB (1, τ∗(ε)))F
τ
n (1)

≤ F τ
n (τ∗(ε))

= Pr{τ̂∗,n ≥ τ∗ + ε}
≤ exp(−nKB(τ∗(ε), τ∗))

by using Cramer-Chernoff inequality (Fact 2). The second term is bounded
as follows:∫ τ∗(ε)

y=1

−d exp (nKB (y, τ
∗(ε)))

dy
F τ
n (y)dy

=

∫ 1

y=τ∗(ε)

n

(
ln

(
y

τ∗(ε)

)
− ln

(
1− y

1− τ∗(ε)

))
· exp (nKB (y, τ∗(ε)))F

τ
n (y)dy

Here we have

exp(nKB(y, τ∗(ε)))F
τ
n (y) ≤ exp (nKB (y, τ

∗(ε))− nKB (y, τ
∗))

≤ exp (−nf (τ∗(ε), τ∗))

by Proposition 1. Then,∫ 1

y=τ∗(ε)

n

(
ln

(
y

τ∗(ε)

)
− ln

(
1− y

1− τ∗(ε)

))
· exp (nKB (y, τ∗(ε)))F

τ
n (y)dy

≤
∫ 1

y=τ∗(ε)

n

(
ln

(
y

τ ∗(ε)

)
− ln

(
1− y

1− τ∗(ε)

))
· exp (−nf (τ∗(ε), τ∗)) dy

= n ln

(
1

τ ∗(ε)

)
exp(−nf(τ∗(ε), τ ∗)).

Thus, we obtain

∞∑
n=1

∫ τ∗(ε)

y=1

exp (nKB (y, τ∗(ε))) dF
τ
n (y)

≤
∞∑
n=1

(
exp(−nKB(τ∗(ε), τ∗)) + ln

(
1

τ∗(ε)

)
n exp(−nf(τ∗(ε), τ∗))

)
≤ 1

K(τ∗(ε), τ∗)︸ ︷︷ ︸
O(ε−2) (by Pinsker’s inequality)

+ ln

(
1

τ∗(ε)

)
exp(f(τ∗(ε), τ∗))

f 2(τ∗(ε), τ∗)︸ ︷︷ ︸
O(ε−4) (by the definition of f)

= O(ε−4).
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Using the same argument yields

∞∑
n=1

∫ µ∗(ε)

x=0

exp (nK (x, µ∗(ε))) dF
µ
n (x) = O(ε−4).

Similarly, we have

∞∑
n=1

∫ µ∗(ε)

x=0

exp (nKB (x, µ∗(ε))) dF
µ
n (x) ·

∫ τ∗(ε)

y=1

exp (nKB (y, τ
∗(ε))) dF τ

n (y)

≤
∞∑
n=1

(
exp(−nK(µ∗(ε), µ∗)) + ln

(
1

1− µ∗(ε)

)
n exp(−nf(µ∗, µ∗(ε)))

)
·
(
exp(−nKB(τ∗(ε), τ∗)) + ln

(
1

τ∗(ε)

)
n exp(−nf(τ ∗(ε), τ∗))

)
≤ 1

KB(µ∗(ε), µ∗) +KB(τ∗(ε), τ∗)

+ ln

(
1

τ∗(ε)

)
exp (KB(µ∗(ε), µ∗) + f(τ∗(ε), τ∗))

(KB(µ∗(ε), µ∗) + f(τ∗(ε), τ∗))
2

+ ln

(
1

1− µ∗(ε)

)
· exp (KB(τ∗(ε), τ∗) + f(µ∗, µ∗(ε)))

(KB(τ∗(ε), τ∗) + f(µ∗, µ∗(ε)))
2

+ 2 ln

(
1

1− µ∗(ε)

)
ln

(
1

τ∗(ε)

)
· exp (f(µ∗, µ∗(ε)) + f(τ∗(ε), τ∗))

(f(µ∗, µ∗(ε) + f(τ∗(ε), τ∗))
3

= O(ε−6).

We are ready to give a main statement.

Lemma 3. Let ε > 0 be sufficiently small. Then, the following equality holds:

T∑
t=K+1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)

}
= O(ε−6). (3.15)
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Proof. We have,

E

[
T∑

t=K+1

I
{
u∗(t) <

µ∗(ε)

τ∗(ε)

}]

=
T∑

t=K+1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)

}

≤
T∑

t=K+1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)
, µ̂∗,N∗(t) > µ∗(ε)

}

+
T∑

t=K+1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)
, τ̂∗,N∗(t) < τ∗(ε)

}

+
T∑

t=K+1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)
, µ̂∗,N∗(t) < µ∗(ε), τ̂∗,N∗(t) ≥ τ∗(ε)

}
.

The first summation is bounded by

T∑
t=1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)
, µ̂∗,N∗(t) > µ∗(ε)

}

≤
T∑
t=1

Pr

{
KB
(
τ̂∗,N∗(t), τ∗(ε)

)
>

ln(t)

N∗(t)
, τ̂∗,N∗(t) ≥ τ∗(ε)

}

≤
T∑
t=1

t∑
n=1

Pr{t < exp (nKB (τ̂∗,n, τ∗(ε))) , τ̂∗,n ≥ τ∗(ε), N∗(t) = n}

=
T∑

n=1

E

[
T∑

t=n

I{t < exp (nKB (τ̂∗,n, τ∗(ε))) , N∗(t) = n} · I {τ̂∗,n ≥ τ∗(ε)}

]

≤
T∑

n=1

E
[
exp (nKB (τ̂∗,n, τ∗(ε))) · I {τ̂∗,n ≥ τ∗(ε)}

]
=

T∑
n=1

∫ τ∗(ε)

y=1

exp (nKB (y, τ∗(ε))) dF
τ
n (y)

= O(ε−4),

where the last equality is by Lemma 2. In the same manner, we upper-bound
the second summation as

T∑
t=1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)
, τ̂∗,N∗(t) < τ∗(ε)

}
= O(ε−4)
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and the third summation as

T∑
t=1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)
, µ̂∗,N∗(t) ≤ µ∗(ε), τ̂∗,N∗(t) ≥ τ∗(ε)

}

≤
T∑
t=1

Pr

 KB(µ̂∗,N∗(t), µ∗(ε)) +KB(τ̂∗,N∗(t), τ∗(ε)) >
ln(t)

N∗(t)
,

µ̂∗,N∗(t) ≤ µ∗(ε), τ̂∗,N∗(t) ≥ τ∗(ε)


≤

T∑
t=1

t∑
n=1

Pr

{
t < exp(nKB(µ̂∗,n, µ∗(ε)) + nKB(τ̂∗,n, τ∗(ε))),

N∗(t) = n, µ̂∗,n ≤ µ∗(ε), τ̂∗,n ≥ τ∗(ε)

}

=
T∑

n=1

E

[
T∑

t=n

I{t < exp (nKB(µ̂∗,n, µ∗(ε)) + nKB(τ̂∗,n, τ∗(ε))) , N∗(t) = n}

· I{µ̂∗,n ≤ µ∗(ε), τ̂∗,n ≥ τ∗(ε)}

]

≤
T∑

n=1

E [exp(nKB(µ̂∗,n, µ∗(ε)) · I{µ̂∗,n ≤ µ∗(ε)}
· exp(nKB(τ̂∗,n, τ∗(ε)) · I{τ̂∗,n ≥ τ∗(ε)}]

=
T∑

n=1

∫ µ∗(ε)

x=0

exp (nKB (x, µ∗(ε))) dF
µ
n (x)

∫ τ∗(ε)

y=1

exp (nKB (y, τ∗(ε))) dF
τ
n (y)

= O(ε−6),

where the last inequality is by Lemma 2.
In summary, we obtain

T∑
t=K+1

Pr

{
u∗(t) <

µ∗(ε)

τ∗(ε)

}
= O(ε−6).

The second bound is on the overestimation of the suboptimal action i 6= ∗.

Lemma 4. Let ε > 0 be sufficiently small and

N̄i(ε) = min

{
n : U

(
µi + ε, τi − ε,

ln(T )

n
;KB

)
<

µ∗(ε)

τ∗(ε)

}
for any suboptimal action i 6= ∗. Then N̄i(ε) is bounded as:

N̄i(ε) =
1 +O(ε)

Di

ln(T ) + 1. (3.16)
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Proof. Since

U

(
µi + ε, τi − ε,

ln(T )

n
;KB

)
<

µ∗(ε)

τ∗(ε)

is equivalent to

(aµ∗(ε), aτ∗(ε)) /∈
{
(x, y) : KB(µi + ε, x) +KB(τi − ε, y) ≤ ln(t)

n

}
for all a > 0, N̄i(ε) is expressed as

N̄i(ε) = min

{
n : min

a>0

(
KB (µi + ε, aµ∗(ε)) +KB (τi − ε, aτ∗(ε))

)
>

ln(T )

n

}
.

Because a that minimizes KB (µi + ε, aµ∗(ε) + KB (τi − ε, aτ∗(ε)) lies2 in an
interval

Γi =

(
µi + ε

µ∗(ε)
,
τi − ε

τ ∗(ε)

)
,

there exists a constant hi that satisfies
3

KB (µi + ε, a(µ∗ − ε)) ≥ KB(µi, aµ∗)− hiε

and

KB (τi − ε, a(τ∗ + ε)) ≥ KB(τi, aτ∗)− hiε

for any appropriate a and sufficiently small ε. Thus,

N̄i(ε) ≤ min

{
n : min

a>0
(KB(µi, aµ∗) +KB(τi, aτ∗))− 2hiε >

ln(T )

n

}
≤ ln(T )

Di − 2hiε
+ 1

=
ln(T )

Di

1

1− 2hiεD
−1
i

+ 1

≤ 1 + 4hiεD
−1
i

Di

ln(T ) + 1

2Let fα,β(a) = KB(α, βa). Then, fα,β(a) is decreasing for a < α
β and increasing for a >

α
β . Using this fact, we can know that fµi+ε,µ∗(ε)(a)+fτi−ε,τ∗(ε)(a) is decreasing for a < µi+ε

µ∗(ε)

and increasing for a > τi−ε
τ∗(ε) , which means a that minimizes fµi+ε,µ∗(ε)(a) + fτi−ε,τ∗(ε)(a)

lies in the interval Γi. Note that µi+ε
µ∗(ε)

< τi−ε
τ∗(ε)

holds for sufficiently small ε > 0 because
µi+ε
τi−ε < µ∗(ε)

τ∗(ε)
holds for sufficiently small ε > 0 by the optimality of (µ∗, τ∗).

3Let g1(ε, a) = KB (µi + ε, aµ∗(ε)), g2(ε, a) = K (τi − ε, aτ∗(ε)). Then,

hi = sup
a∈A,ε≤ε0

max

{
∂g1(ε, a)

∂ε
,
∂g2(ε, a)

∂ε

}
,

which is bounded for sufficiently small ε0 > 0, is enough for all ε ≤ ε0.
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holds by using the fact that (1− x)−1 ≤ (1 + 2x) for x ∈ [0, 1/2].

Lemma 5. Let ε > 0 be sufficiently small. Then, the following equality holds
for any suboptimal action i 6= ∗:

T∑
t=K+1

Pr

{
I(t) = i, u∗(t) ≥

µ∗(ε)

τ∗(ε)

}
=

1 +O(ε)

Di

ln(T ) +O(ε−2).

Proof. Since I(t) = i 6= i∗ implies u∗(t) ≤ ui(t), we have

T∑
t=K+1

I
{
I(t) = i, u∗(t) ≥

µ∗(ε)

τ∗(ε)

}

≤
T∑

t=K+1

I
{
I(t) = i, ui(t) ≥

µ∗(ε)

τ∗(ε)

}

=
T∑

t=K+1

t∑
n=1

I
{
Ni(t) = n, I(t) = i, U

(
µ̂i,n, τ̂i,n,

ln(t)

n
;KB

)
≥ µ∗(ε)

τ∗(ε)

}

≤
T∑

n=1

T∑
t=n

I
{
Ni(t) = n, I(t) = i, U

(
µ̂i,n, τ̂i,n,

ln(T )

n
;KB

)
≥ µ∗(ε)

τ∗(ε)

}

≤
T∑

n=1

I
{
U

(
µ̂i,n, τ̂i,n,

ln(T )

n
;KB

)
≥ µ∗(ε)

τ∗(ε)

}
(3.17)

Moreover, (3.17) is transformed as:

T∑
n=1

I
{
U

(
µ̂i,n, τ̂i,n,

ln(T )

n
;KB

)
≥ µ∗(ε)

τ∗(ε)

}

≤ N̄i(ε) +
T∑

n=N̄i(ε)+1

I
{
U

(
µ̂i,n, τ̂i,n,

ln(T )

n
;KB

)
≥ µ∗(ε)

τ∗(ε)

}

≤ N̄i(ε) +
∞∑

n=N̄i(ε)+1

(I{µ̂i,n ≥ µi + ε}+ I{τ̂i,n ≤ τi − ε}) (3.18)

where the last transformation is derived by using the fact that {µ̂i,n < µi +
ε, τ̂i,n > τi − ε, n ≥ N̄i(ε)} implies

U

(
µ̂i,n, τ̂i,n,

ln(T )

n
;KB

)
≤ U

(
µi + ε, τi − ε,

ln(T )

n
;KB

)
<

µ∗(ε)

τ ∗(ε)
.
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Taking the expectation of (3.18) yields

E

[
T∑

t=K+1

I
{
I(t) = i, u∗(t) ≥

µ∗(ε)

τ∗(ε)

}]

≤ N̄i(ε) + E

 ∞∑
n=N̄i(ε)+1

(I{µ̂i,n ≥ µi + ε}+ I{τ̂i,n ≤ τi − ε})


≤ N̄i(ε) + 2

∞∑
n=1

exp(−2nε2)

≤ N̄i(ε) + 2

∫ ∞

0

exp(−2ε2x)dx

≤ N̄i(ε) +
1

ε2
,

where we used Hoeffding’s inequality (Fact 1). Using Lemma 4 completes
the proof.

By using these lemmas, we upper-bound the number of the selection of
suboptimal action i.

Theorem 6. Let π be the KL-UCB-SC. Then for any suboptimal action
i 6= ∗, T ≥ 1, and sufficiently small ε,

E[Ni(T )] =
(1 +O(ε)) ln(T )

Di

+O(ε−6)

holds.

Proof. Ni(T ) can be decomposed into the following terms:

Ni(T ) ≤ 1 +
T∑

t=K+1

I
{
u∗(t) <

µ∗(ε)

τ∗(ε)

}
+

T∑
t=K+1

I
{
I(t) = i, u∗(t) ≥

µ∗(ε)

τ∗(ε)

}
.

(3.19)
Then, the proof is immediately completed by taking the expectation and
using Lemma 3 (for bounding the second term) and Lemma 5 (for bounding
the third term).

Using Lemma 1, we immediately get following corollary, a upper bound
of a regret of KL-UCB-SC as a function of budget B.

Corollary 6. Let π be the KL-UCB-SC. Then the regret is upper-bounded
as:

R̃π(B) =
∑

i : ∆i>0

τi∆i ln(B)

Di

+ o(ln(B)).
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Proof. The following holds by Theorem 6 with ε = (ln(B))−1/7 for sufficiently
large B and Lemma 1.

R̃π(B) ≤
∑

i : ∆i>0

τi∆i

(1 +O(ε))
ln
(

2KB
τmin

)
Di

+O(ε−6) +
K2

2τ 2min

+ o(1)

=
∑

i : ∆i>0

τi∆i(1 +O(ε))
ln(B) + ln

(
2K
τmin

)
Di

+O(ε−6)

=
∑

i : ∆i>0

τi∆i ln(B)

Di

+ o(ln(B)).

3.4.3 Upper Bound of the Expected Regret for UCB-
SC

In the exactly same manner, we can prove an upper bound of expected regret
for UCB-SC. For UCB-SC, an action dissimilarity from the best action is
defined as

D′
i = min

a>0
(KN (µi, aµ∗) +KN (τi, aτ∗)) .

Unlike to the that for KL-UCB-SC, it can be expressed in a closed-form.

Lemma 6.

D′
i =

2τ 2∗
µ2
∗ + τ 2∗

τ 2i ∆
2
i .

Proof. From the definition of D′
i,

Di = min
a

(KB(µi, aµ∗) +KB(τi, aτ∗))

≥ min
a

(
2(aµ∗ − µi)

2 + 2(aτ∗ − τi)
2
)

=
2(µiτ∗ − µ∗τi)

2

µ2
∗ + τ 2∗

=
2(∆iτiτ∗)

2

µ2
∗ + τ 2∗

,

where the right hand side of the second last equality is the square of the
distance from a point (µi, τi) to a line x = (µ∗/τ∗)y in the x-y plane.

Note that by Pinsker’s inequality (Fact 3), Di > D′
i holds for any i 6= ∗.

The upper bound of expected regret for UCB-SC is proved as follows.
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Theorem 7. Let π be the UCB-SC. Then the regret is upper-bounded as:

R̃π(B) =
∑

i : ∆i>0

τi∆i ln(B)

D′
i

+ o(ln(B))

=
∑

i : ∆i>0

1

2

((
µ∗

τ∗

)2

+ 1

)
ln(B)

τi∆i

+ o(ln(B))

Note that the upper bound proved in Theorem 7 holds even if the policy
was KL-UCB-SC, since Di > D′

i.

3.5 Lower Bound of Regret

Following a similar discussion to the one in [12], we first introduce the notion
of strong consistency. Then, we derive a lower bound for the number of
choices that all strongly consistent policies must have.

Definition 2 (Strong consistency). A policy is strongly consistent if, for any
suboptimal action i and p > 0

lim
T→∞

E[Ni(T )]

T p
= 0

holds for any distributions.

We will write a collection of strong consistent policy as Π∗.

Theorem 8. Let the rewards and costs be drawn from Bernoulli distribu-
tions with parameters {µi, τi}i∈A. For any strongly consistent policy, any
suboptimal action i, and any ε > 0, E[Ni(T )] is lower-bounded as:

E[Ni(T )] = (1− o(1))
ln(T )

Di

.

Proof. For any suboptimal action i and small positive constant ε > 0, there
exist distribution parameters µ′

i and τ ′i such that µ′
i ≥ µi, τ

′
i < τi,

µ′
i

τ ′i
>

µ∗

τ∗
>

µi

τi
,

and

KB(µi, µ
′
i) +KB(τi, τ

′
i) ≤ (1 + ε)min

a>0
(KB(µi, aµ∗) +KB(τi, aτ∗))

= (1 + ε)Di. (3.20)
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In the following, we consider a modified bandit problem such that the pa-
rameters of action i is not (τi, µi) but (τ

′
i , µ

′
i). Note that, unlike the original

bandit problem, in the modified bandit problem the optimal action is not
action ∗ but action i.

Let pX(x) and pY (x) be the probability density functions (PDFs) of
Bernoulli distributions B(µi) and B(τi) respectively. Moreover, let qX(x)
and qY (x) be the PDFs of B(µ′

i) and B(τ ′i) respectively.
For the sequence of random variables {(Xi,s, Yi,s)}Ts=1, where {Xi,s} and

{Yi,s} are the i.i.d. samples from B(µi) from B(τi) respectively, define the
empirical log-likelihood ratio function

ELLR(n) = ln

(
pX(Xi,1) · · · pX(Xi,n) · pY (Yi,1) · · · pC(Ci,n)

qX(Xi,1) · · · qX(Xi,n) · qY (Yi,1) · · · qY (Yi,n)

)
=

n∑
s=1

(
ln

pX(Xi,s)

qX(Xi,s)
+ ln

pY (Yi,s)

qY (Yi,s)

)
Note that

E
[
ln

pX(Xi,s)

qX(Xi,s)
+ ln

pY (Yi,s)

qY (Yi,s)

]
= KB(µi, µ

′
i) +KB(τi, τ

′
i)

holds.
Let Pr′ and E′ be the probability and expectation with respect to the

modified bandit problem. For any event ET ,

Pr′{ET} = E [I{ET} exp (−ELLR(Ni(T )))] (3.21)

holds.
Define two events

AT = {Ni(T ) ≤ S(T )}
and

BT = {ELLR(Ni(T )) ≤ (1− ε′) ln(t)}
where ε′ ∈ (0, ε) and

S(T ) =
(1− ε) ln(T )

KB(µi, µ′
i) +KB(τi, τ ′i)

.

In the following, we first derive Pr{AT} = o(1) and then a lower-bound of
E[Ni(T )].

By using Eq. (3.21) and the definition of AT and BT , we have

Pr′{AT , BT} = E[I{AT , BT} exp(−ELLR(Ni(T )))]

≥ E[I{AT , BT} exp(−(1− ε′) ln(T ))]

= Pr{AT , BT}T−(1−ε′).
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Then,

Pr{AT , BT} ≤ T 1−ε′Pr′{AT , BT}
≤ T 1−ε′Pr′{Ni(T ) ≤ S(T )}
= T 1−ε′Pr′{T −Ni(T ) ≥ T − S(T )}.

By using the Markov’s inequality (Fact 4), we obtain

Pr{AT , BT} ≤ T 1−ε′E
′[T −Ni(T )]

T − S(T )
.

On the modified bandit problem, the optimal action is not ∗ but i. There-
fore, the strong consistency of the policy requires

E′[T −Ni(T )] = E′

[∑
j 6=i

Nj(T )

]
= o(T p)

for any p > 0. By using this we obtain

Pr{AT , BT} = o(1). (3.22)

Moreover, let B̄T be the complement event of BT . We have

Pr{AT , B̄T}
= Pr {Ni(T ) ≤ S(T ),ELLR(Ni(T )) > (1− ε′) ln(T )}

≤ Pr

{
max
s≤S(T )

ELLR(s) > (1− ε′) ln(T )

}
= Pr

{
1

S(T )
max
s≤S(T )

ELLR(s) >
1− ε′

1− ε
(KB(µi, µ

′
i) +KB(τi, τ

′
i))

}
Using Fact 5, and the expectation of ELLR(s),

lim
T→∞

1

S(T )
max
s≤S(T )

ELLR(s)→ KB(µi, µ
′
i) +KB(τi, τ

′
i) a.s.

and, using the fact that (1− ε′)/(1− ε) > 1, we obtain

Pr{AT , B̄T} = o(1). (3.23)

By (3.22) and (3.23), we have

Pr{AT} = Pr{AT , BT}+ Pr{AT , B̄T} = o(1). (3.24)
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Finally, E[Ni(T )] is lower-bounded as:

E[Ni(T )] ≥ S(T ) · Pr{Ni(T ) ≥ S(T )}
= S(T )(1− Pr{AT})

=
(1− ε) ln(T )

KB(µi, µ′
i) +KB(τi, τ ′i)

(1− o(1))

≥ 1− ε

1 + ε
(1− o(1))

ln(T )

Di

≥ (1− o(1))
ln(T )

Di

,

where the last inequality holds by choosing sufficiently small ε > 0 that
converges to 0 when T →∞.

Similar to the upper bound, this lower bound on the number of choices
does not immediately derive a regret lower bound as a function of the budget
B.

Corollary 7. Let the rewards and costs be drawn from Bernoulli distributions
with parameters {µi, τi}i∈A. Then the regret is lower-bounded as:

inf
{
R̃π(B) | π ∈ Π∗

}
=

∑
i : ∆i>0

τi∆i ln(B)

Di

− o(ln(B)).

Proof. Similar to the proof of Theorem 6, using Theorem 8 and Lemma 1,
we find that

R̃π(B) ≥
∑

i : ∆i>0

(1− o(1))τi∆i

Di

ln

(
B

2Kτmax

)
− o(1)

=
∑

i : ∆i>0

(1− o(1))τi∆i

Di

(ln(B)− ln (2Kτmax))− o(1)

=
∑

i : ∆i>0

τi∆i ln(B)

Di

− o(ln(B))

These two corollaries immediately give us the following optimality of the
KL-UCB-SC:

Corollary 8. On a budgeted bandits with stochastic costs, if all reward/cost
distributions are Bernoulli, KL-UCB-SC is asymptotically optimal. That is,
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the coefficient of the logarithmic factor of regret as a function of budget B
cannot be improved. More formally, Let π be the KL-UCB-SC, Then the
following equation is true.

lim
B→∞

Rπ(B)

inf{Rπ′(B) | π′ ∈ Π∗}
= 1.

3.5.1 Comparison with other policies

For a budgeted multi-armed bandits with stochastic costs, a number of poli-
cies, such as UCB-BV1 [13] and BTS [17] have been proposed. The same
as we did, the upper bounds of expected regret on their policies have been
proved.

Remark 1. For the budgeted multi-armed bandits, the leading terms in the
known upper bound of expected regret are:

BTS [17] ∑
i : ∆i>0

2

(
µ∗

τ∗
+ 1

)2
ln(B)

τi∆i

.

UCB-BV1 [13] (λ = τmin)∑
i : ∆i>0

(
2 + 2/τmin +∆i

τmin

)2
τi ln(B)

∆i

,

derived from their intermediate result

E[Ni(T (B))] =

(
2 + 2/τmin +∆i

∆iτmin

)2

ln(T (B)) +O(1)

and Eq. (3.2).

These bounds and the bound we derived for KL-UCB-SC are not natu-
rally comparable. But by comparing bound for UCB-SC (Theorem 7) with
those in Remark 1, the regret bound improves at least by a factor of four on
the best known one (proved for BTS [17]). Moreover, as described earlier, in
comparison of the proved upper bound for KL-UCB-SC and UCB-SC, the
upper bound for KL-UCB-SC is always smaller. These facts immediately
conclude that the upper bound proved for KL-UCB-SC was essentially bet-
ter than shown in Remark 1. Although this fact does not conclude that these
previously-proposed policies are not asymptotically optimal even if the re-
ward/cost distributions are Bernoulli (in other words, they have worse regret
than KL-UCB-SC), it implies that our analysis is essentially tighter than the
existing ones.
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3.6 Experiments

3.6.1 Setup

We conduct a numerical simulation using simple models in order to confirm
the characteristics of UCB-SC compared to KL-UCB-SC and the effective-
ness of UCB-SC and its variant compared to other existing policies. We
compared the following five policies in our experiments: KL-UCB-SC, KL-
UCB-SC+, BTS [17], PD-BwK [28] and UCB-BV1 [13]. KL-UCB-SC+ is
a version of KL-UCB-SC that uses ln(t/Ni(t − 1)) instead of ln(t), which is
inspired by the KL-UCB+ policy for the classical multi-armed bandits [18].
The introduction of the denominator Ni(t − 1) does not change the asymp-
totic property because for any suboptimal action i, Ni(t− 1) = O(ln t) holds
almost surely and thus ln(t/Ni(t − 1)) is still O(ln t), while it generally im-
proves a finite-time performance [7, 18]. BTS is an extension of Thompson
sampling that draws reward and cost parameters from Beta distributions at
each round and greedily chooses the estimated optimal action based on the
drawn parameters. Note that BTS corresponds to the posterior sampling
if and only if rewards and costs are Bernoulli. But for BTS, the last two
policies also belong to the UCB family and choose action i with the highest
index, where the indices of action i at round t in the individual policies are
defined as follows:

PD-BwK [
µ̂i,Ni(t) +

(√
Cradµ̂i,Ni(t)/Ni(t) + Crad/Ni(t)

)]
≤1[

τ̂i,Ni(t) −
(√

Cradτ̂i,Ni(t)/Ni(t) + Crad/Ni(t)
)]

≥0

UCB-BV1
µ̂i,Ni(t)

τ̂i,Ni(t)

+
(1 + 1/λ)

√
ln(t)/Ni(t)[

λ−
√

ln(t)/Ni(t)
]
≥0

where [x]≥θ = max{x, θ}, [x]≤θ = min{x, θ}. The parameters of PD-BwK
and UCB-BV1 are set to Crad = 0.25 ln(KB) and λ = τmin respectively4.

Simulations are done using two scenarios (reward/cost distributions) shown
in Table 3.1. The reward and cost means are set to around 0.5 in scenarios
M and 0.75 in scenarios H. Note that action i in the scenarios M and H has

4To guarantee the regret upper bound shown in [28], setting Crad = Θ(ln(KB)) is
necessary for PD-BwK and Crad = 0.25 ln(KB) is the setting used in the comparison
experiment in [17]. Setting λ = τmin is optimal for UCB-BV1 in terms of the regret upper
bound shown in [13].
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Table 3.1: Pairs (Xi(t), Yi(t)) of distributions for actions i

(a) Scenario M

i (Xi(t), Yi(t))
1 (B(0.5),B(0.5))
2 (B(0.45),B(0.45))
3 (B(0.55),B(0.55))
4 (B(0.45),B(0.55))
5 (B(0.55),B(0.45))
6 (B(0.4),B(0.6))
7 (B(0.4),B(0.5))
8 (B(0.4),B(0.4))
9 (B(0.5),B(0.6))
10 (B(0.5),B(0.4))
11 (B(0.6),B(0.6))
12 (B(0.6),B(0.5))

13 = i∗ (B(0.6),B(0.4))

(b) Scenario H

i (Xi(t), Yi(t))
1 (B(0.75),B(0.75))
2 (B(0.675),B(0.675))
3 (B(0.825),B(0.825))
4 (B(0.675),B(0.825))
5 (B(0.825),B(0.675))
6 (B(0.6),B(0.9))
7 (B(0.6),B(0.75))
8 (B(0.6),B(0.6))
9 (B(0.75),B(0.9))
10 (B(0.75),B(0.6))
11 (B(0.9),B(0.9))
12 (B(0.9),B(0.75))

13 = i∗ (B(0.9),B(0.6))

the same reward-per-cost µi/τi for each i but both µi and τi of scenario H
are 1.5 times larger than those of scenario M.

All experiments were run on a computer with Intel(R) Core(TM) i5
3.2GHz CPU and 16GB 1600MHz DDR3 memory.

3.6.2 Results

Average Regret

The empirical regret averaged over 100 runs on scenario M and H with B =
10 000 are shown in Fig. 3.1, where the empirical regret R̂(B) is calculated
as

R̂(B) =
∑

i : ∆i>0

τi∆iNi(T (B)).

UCB-SC is outperformed by KL-UCB-SC but the difference is small in sce-
nario M compared to that in scenario H, which matches the difference of
theoretical bounds considering tightness of Pinsker’s Inequality. UCB-SC+
performs better than KL-UCB-SC, and performs as well as KL-UCB-SC+ in
scenario M but not so well as KL-UCB-SC+ in scenario H.
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Computation Time

In Table 3.2, we show computation time per round of each policy averaged
over 100 independent runs on scenarios M and H. Note that computation
time per round linearly depends on the number of actions for all the policies.
UCB-SC(+) runs more than 46 000 times faster than KL-UCB-SC(+) on
both scenarios. Furthermore, UCB-SC and UCB-SC+, together with PD-
BwK and UCB-BV1, can be categorized into the fastest policies. Among
them, UCB-SC+ achieves the smallest average regret for both scenarios.

Table 3.2: Computation time [µs] per round averaged over 100 runs.

Policy Scenario M Scenario H
UCB-SC 1.029 1.021
UCB-SC+ 1.030 1.020
KL-UCB-SC 50 196.465 46 202.071
KL-UCB-SC+ 51 081.726 48 109.738
UCB-BV1 0.587 0.588
PD-BwK 0.750 0.743
BTS 4.893 4.883

3.7 Summary

In this chapter, we proposed a policy named KL-UCB-SC for budgeted multi-
armed bandit problem with stochastic action costs. Morever, we developed
a policy UCB-SC from KL-UCB-SC by analogy with the relation between
UCB and KL-UCB on the classical multi-armed bandit problem. Unlike
KL-UCB-SC, UCB-SC has an index of closed form that can be calculated
immediately. We derived a regret upper bound for KL-UCB-SC that holds
for any bounded rewards and costs. The regret bound is optimal in the case
that the rewards and costs are drawn from Bernoulli distributions, which is,
to the best of our knowledge, the first result that addresses optimality in
budgeted multi-armed bandit problem. Furthermore, we demonstrated that
the performance of KL-UCB-SC+, which is a tuned variant of KL-UCB-SC, is
comparable to that of the state-of-the-art policies in numerical experiments.
As for UCB-SC+, a heuristic variant of UCB-SC, performs best in terms of
regret among the four fastest policies, UCB-BV1, PD-BwK, UCB-SC and
UCB-SC+, according to our numerical simulations.
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Figure 3.1: The empirical regret curves averaged over 100 independent runs
with B = 10 000 for scenarios M and H.



Chapter 4

Matching-Selection Bandit
Problem

4.1 Problem Definition

Matching-selection bandit problem can be described as a combinatorial semi-
bandit problem whose action set is represented as an edges of complete bi-
partite graph KM,N . For simplicity, we assume that N ≥ M . We will write
an edge as a tuple of two integer, that is

A = {(i, j) | i ∈ [M ], j ∈ [N ]}.

Moreover, any collection of a subset of action that satisfy matching constraint
asM⊂ P(A), where P is a power set operator.

At each round t = 1, 2, . . . , a player chooses a subset of action set I(t) ∈ A
so as to satisfy maximal matching constraint. Then, a player receives reward
Xa(t) ∈ [0, 1] for each a ∈ I(t). RewardsXa(t) is generated from a correspond
distribution νa identically. We denote a mean of reward from action a as µa.

If a decision I(t) satisfies maximal matching constraint, I(t) behaves like
a M -dimensional vector of [N ]. We introduce a subscript notation Ii(t) of
I(t), which implies

I(t) = {(i, Ii(t)) | i ∈ [M ]}.
These notations are used interchangeably according to the context.

Therefore, a history is defined as

H(t) =
{(

I(s), X(1,I1(s))(s), . . . , X(M,IM (s))(s)
)}t

s=1

and a policy is defined as an infinite sequence of map π = π1, π2, . . . , where

πt :
(
[N ]M × [0, 1]M

)t−1 →M.

47



CHAPTER 4. MATCHING-SELECTION BANDIT PROBLEM 48

Literally,
I(t) = πt(H(t− 1)).

The pseudo-code of matching-selection bandit problem is in Algorithm 3.

Algorithm 3 Matching-Selection Bandits

Require: A: Action set.
1: for t = 1, . . . , T do
2: Choose I(t) ∈M ⊆ P(A).
3: for all a ∈ I(t) do
4: Receive a reward Xa(t).
5: end for
6: end for

The goal of player is maximizing a cumulative reward

Gπ(T ) =
T∑
t=1

∑
a∈I(t)

Xa(t).

In order to assess the performance of a policy, we further introduce expected
regret, defined as an expected difference between the cumulative reward by
the best policy π∗ and that by the given policy π, literally

Rπ(T ) = E[Gπ∗(T )−Gπ(T )].

The best policy π∗ is defined as

π∗ = argmax
π∈Π

E[Gπ(T )]

where Π be the any collection of policies. Same as the classical one, the best
policy is the policy who always chooses the best set I∗, defined as

I∗ = argmax
I∈M

µI ,

where
µI =

∑
a∈I

µa.

We can have an equivalent reduced form of regret

Rπ(T ) = E

[
T∑
t=1

∆I(t)

]
,

where ∆I = µI∗ − µI for any I ∈M. Moreover, we denote ∆min = min{∆I |
I ∈M,∆I > 0} and ∆max = max{∆I | I ∈M}.
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4.2 LLR (Learning with Linear Rewards)

In this section, we describe a policy LLR [20], whose upper bound of ex-
pected regret we improve. The original one was designed for more general
problem, but here we describe the specific version for the matching-selection
bandit problem. It is known that a little modification incorporated in to
CUCB [21] enables a better upper bound of expected regret to be proved,
thus we consider a version of the proof in [21]. Same as other policies for
many kinds of multi-armed bandit problem, LLR chooses a matching who
maximizes evaluation index uI(t), i.e.

I(t) = argmax
I∈M

uI(t).

In order to describe a definition of uI(t), we introduce some notations.
Na(t) is a number of decisions which contains an action a up to time t, defined
as

Let

Na(t) =
t∑

s=1

I{a ∈ I(t)}.

be the number of decisions which contains an action a ∈ A up to time t. We
define an estimator of µa in two kind of forms.

µ̂a,n =
1

n

∑
s : Na(s)≤n,a∈I(s)

Xa(s)

and

µ̂a(t) = µa(Na(t)) =
1

Na(t)

∑
s≤t,a∈I(s)

Xa(s)

First one specifies a number of observation used for estimate, second one
specifies the time t. These notations are used interchangeably according to
the context.

An action set evaluation index uI(t) for LLR is defined as

uI(t) =
∑
a∈I

ua(t),

where

ua(t) = µ̂a(t− 1) +

√
η ln(t)

Na(t− 1)
.
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Here we employed a parametrized version. The original LLR uses η = 3.
A set of action I(t) for LLR can be found by solving a maximum weight

bipartite matching problem. A maximum weight bipartite matching prob-
lem with non-negative real weight can be solved O(N3) time by Hungarian
method [29].

On a general combinatorial semi-bandit problem, an upper bound of ex-
pected regret LLR were proved.

Theorem 9 ( [21]). On a general combinatorial semi-bandit problem, let
K be the number of action and m be the maximum cardinality of the set of
action that satisfies given constraint. Then for LLR,

Rπ(T ) = O
(
m2K ln(T )

)
holds where T is the number of decisions.

On a matching-selction bandit problem over complete bipartite graph
KM,N , clearly we find that K = MN and m = M . Hence, we immediately
have following corollary.

Corollary 9. On a matching-selection bandit problem over KM,N , let π be
LLR. Then,

Rπ(T ) = O
(
M3N ln(T )

)
holds where T is the number of decisions.

4.3 Regret Analysis

This section proves a refined upper bound of regret when a player obeys
LLR on a matching-selection bandit problem on complete bipartite graph
KM,N . In order to show the main statement, we prepare some propositions
and lemmas.

Proposition 3. Assume that a1 ≥ a2 ≥ · · · ≥ aK and 0 < b1 ≤ b2 ≤ · · · ≤
bK for some K ∈ N. Then

K∑
k=1

akxk ≤ a1b1 +
K∑
k=2

ak(bk − bk−1)

holds under the constraints xk ≥ 0 and

k∑
`=1

x` ≤ bk

for k = 1, . . . , K.
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Proof. This is trivial since

(a1b1 + a2(b2 − b1) + · · ·+ aK(bK − bK−1))− (a1x1 + a2x2 + · · ·+ aKxK)

= (a1 − a2)(b1 − x1) + (a2 − a3)

(
b2 −

2∑
`=1

x`

)

+ · · ·+ (aK−1 − aK)

(
bK−1 −

K−1∑
`=1

x`

)
+ aK

(
bK −

K∑
`=1

x`

)
≥ 0

holds.

Proposition 4. For any real sequence a1, a2, . . . , an with 1 ≥ a1 ≥ a2 ≥
· · · ≥ an > 0 and n ≥ 2,

1

a1
+

n∑
k=2

ak

(
1

a2k
− 1

a2k−1

)
+ 1 ≤ 2

an
(4.1)

holds.

Proof. This proof is done by the mathematical induction on n. In case of
n = 2, Eq. (4.1) will be

2

a2
−
(

1

a1
+ a2

(
1

a22
− 1

a21

)
+ 1

)
= a2

(
1

a2
− 1

a1

)
+ a1 − 1 ≥ 0.

Let Eq. (4.1) holds for some n = k, then for n = k + 1, we can find that

1

a1
+ a2

(
1

a22
− 1

a21

)
+ · · ·+ ak+1

(
1

a2k+1

− 1

a2k

)
+ 1

≤ 2

ak
+ ak+1

(
1

a2k+1

− 1

a2k

)
=

2

ak+1

ak+1

ak
+

1

ak+1

− 1

ak+1

(
ak+1

ak

)2

=
2

ak+1

− 1

ak+1

(
ak+1

ak
− 1

)2

≤ 2

ak+1

holds. Therefore, Eq. (4.1) holds for n = k + 1.

Lemma 7. Let Z be a natural number. For any policy,

T∑
t=1

I

∑
a∈I(t)

1√
Na(t− 1)

>

√
M

Z

 ≤ 8M4/3NZ (4.2)

holds.
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Proof. If Eq. (4.2) is true, one of following must be true:

∃a ∈ I(t), Na(t− 1) ≤ 4M1/3Z (4.3)

#{a | Na(t− 1) < 4MZ} ≥M2/3. (4.4)

This can be verified as∑
a∈I(t)

1√
Na(t− 1)

=
∑

a∈I(t),Na(t−1)<4MZ

1√
Na(t− 1)

+
∑

a∈I(t),Na(t−1)≥4MZ

1√
Na(t− 1)

≤M2/3 1√
4M1/3Z

+ (M −M2/3)
1√
4MZ

=
1

2

√
M

Z
+

1

2

√
M

Z
− M1/6

2
√
Z

≤
√

M

Z
.

Eq. (4.3) occurs at most 4M 1/3Z ·MN = 4M4/3NZ times and Eq. (4.4)
occurs at most 4MZ ·MN/M2/3 = 4M4/3NZ times. Therefore, one of them
hold true at most 8M4/3NZ times.

Lemma 8. Let ZI = d2η ln(T )/∆2
Ie. Then,

T∑
t=1

∆I(t) I

∑
a∈I(t)

1√
Na(t− 1)

>

√
M

ZI(t)

 ≤ 32ηM7/3N

∆min

ln(T ).

Proof. Let I(k) denote the kth largest matching I ∈ M ordered by ∆I . Let
K be the number of matchings I inM with ∆I > 0, that is,

∆max = ∆I(1) ≥ ∆I(2) ≥ · · · ≥ ∆I(K) = ∆min > 0

and

∆I(K+1) = · · · = ∆I(|M|) = 0.

Note that
ZI(1) ≤ ZI(2) ≤ · · · ≤ ZI(K)

holds by the definition of ZI .
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Let ak = ∆I(k) , bk = 8M4/3NZI(k) and

xk =
T∑
t=1

I

I(t) = I(k),
∑
a∈I(t)

1√
Na(t− 1)

>

√
M

ZI(k)

 .

Then by Lemma 7, we can verify that

k∑
`=1

x` =
k∑

`=1

T∑
t=1

I

I(t) = I(k),
∑
a∈I(t)

1√
Na(t− 1)

>

√
M

ZI(`)


≤

T∑
t=1

I

∑
a∈I(t)

1√
Na(t− 1)

>

√
M

ZI(k)


≤ 8M4/3NZI(k) = bk.

Thus, by Proposition 3, we have

T∑
t=1

∆I(t) I

∑
a∈I(t)

1√
Na(t− 1)

>

√
M

ZI(t)


=

K∑
k=1

∆I(k)

T∑
t=1

I

I(t) = I(k),
∑
a∈I(t)

1√
Na(t− 1)

>

√
M

ZI(k)


≤ ∆I(1) · 8M4/3NZI(1) +

K∑
k=2

∆I(k)(8M
4/3NZI(k) − 8M4/3NZI(k−1)).
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By the definition of ZI ,

∆I(1) · 8M4/3NZI(1) +
K∑
k=2

∆I(k)(8M
4/3NZI(k) − 8M4/3NZI(k−1))

= 8M4/3N

(
∆I(1)

⌈
2η ln(T )

∆2
I(1)

⌉
+

K∑
k=1

(
∆I(k)

⌈
2η ln(T )

∆2
I(k)

⌉
−∆I(k−1)

⌈
2η ln(T )

∆2
I(k−1)

⌉))

= 8M4/3N

(
K−1∑
k=1

(∆I(k) −∆I(k+1))

⌈
2η ln(T )

∆2
I(k)

⌉
+∆I(K)

⌈
2η ln(T )

∆2
I(K)

⌉)

≤ 8M4/3N

(
K−1∑
k=1

(∆I(k) −∆I(k+1))
2η ln(T )

∆2
I(k)

+∆I(K)

2η ln(T )

∆2
I(K)

+∆I(1)

)

≤ 16ηM7/3N ln(T )

(
1

∆I(1)
+

K∑
k=2

∆I(k)

(
1

∆2
I(k)

− 1

∆2
I(k−1)

)
+ 1

)
.

Using Proposition 4, we have

16ηM7/3N ln(T )

(
1

∆I(1)
+

K∑
k=2

∆I(k)

(
1

∆2
I(k)

− 1

∆2
I(k−1)

)
+ 1

)

≤ 32ηM7/3N ln(T )

∆I(K)

=
32ηM7/3N ln(T )

∆min

.

Up to here, we are ready to show the main statement.

Theorem 10. Let π be LLR with η > 2,

Rπ(T ) ≤
32ηM7/4N ln(T )

∆min

+
MN∆max

η − 2

holds.

Proof. The event that selection of I(t) 6= I∗ can be decomposed into following
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three events.

{I(t) 6= I∗}

⊆

{
∃a ∈ I∗, µ̂a(t− 1) ≤ µa −

√
η ln(t)

2Na(t− 1)

}

∪

{
∃a /∈ I∗, µ̂a(t− 1) ≥ µa +

√
η ln(t)

2Na(t− 1)

}

∪

uI(t)(t) > uI∗(t) :

∀a /∈ I∗, µ̂a(t− 1)−

√
η ln(t)

2Na(t− 1)
< µa

∀a ∈ I∗, µ̂a(t− 1) +

√
η ln(t)

2Na(t− 1)
> µa


First we prove an upper bound about the first event.

T∑
t=1

Pr

{
∃a ∈ I∗, µ̂a(t− 1) ≤ µa −

√
η ln(t)

2Na(t− 1)

}

≤
T∑
t=1

∑
a∈I∗

Pr

{
µ̂a(t− 1) ≤ µa −

√
η ln(t)

2Na(t− 1)

}

=
T∑
t=1

∑
a∈I∗

t−1∑
n=1

Pr

{
µ̂a,n ≤ µa −

√
η ln(t)

2n
,Na(t− 1) = n

}

≤
T∑
t=1

∑
a∈I∗

t−1∑
n=1

Pr

{
µ̂a,n ≤ µa −

√
η ln(t)

2n

}
By using Hoeffding’s inequality (Fact 1), we have

Pr

{
µ̂a,n ≤ µa −

√
η ln(t)

2n

}
≤ t−η.

Then we can find that
T∑
t=1

∑
a∈I∗

t−1∑
n=1

Pr

{
µ̂a,n ≤ µa −

√
η ln(t)

2n

}
≤

T∑
t=1

∑
a∈I∗

t−1∑
n=1

t−η

≤
T∑
t=1

∑
a∈I∗

t1−η

= M
T∑
t=1

t1−η.
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This can be upper bounded by indefinite integral. If η > 2, we find that

T∑
t=1

t1−η ≤
∫ ∞

0

t1−ηdt = − 1

2− η
=

1

η − 2
.

In summary,

T∑
t=1

Pr

{
∃a ∈ I∗, µ̂a(t− 1) ≤ µa −

√
η ln(t)

Na(t− 1)

}
≤ M

η − 2

if η > 2.
The same procedure will leads

T∑
t=1

Pr

{
∃a /∈ I∗, µ̂a(t− 1) ≥ µa +

√
η ln(t)

Na(t− 1)

}
≤ M(N − 1)

η − 2
.

if η > 2.
The upper bound on third event ∑

a∈I(t)\I∗

(
µ̂a(t− 1) +

√
η ln(t)

2Na(t− 1)

)

>
∑

a∈I∗\I(t)

(
µ̂a(t− 1) +

√
η ln(t)

2Na(t− 1)

)
⊆

 ∑
a∈I(t)\I∗

(
µa + 2

√
η ln(t)

2Na(t− 1)

)
>

∑
a∈I∗\I(t)

µa


=

 ∑
a∈I(t)\I∗

2

√
η ln(t)

2Na(t− 1)
> ∆I(t)

 .

This never happens if∑
a∈I(t)

1√
Na(t− 1)

<
∆I(t)

M
√

2η ln(T )

since ∑
a∈I(t)\I∗

2

√
η ln(t)

2Na(t− 1)
> ∆I(t)

 ⊆
∑

a∈I(t)

1√
Na(t− 1)

>
∆I(t)

M
√

2η ln(T )


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holds. Therefore, we can find the upper bound about third term by

T∑
t=1

∆I(t) I

∑
a∈I(t)

1√
Na(t− 1)

<
∆I(t)

M
√
2η ln(T )

 .

This can be upper bounded as

T∑
t=1

∆I(t) I

∑
a∈I(t)

1√
Na(t− 1)

>
∆I(t)

M
√
2η ln(T )

 ≤ 32ηM7/3N

∆min

ln(T )

by Lemma 8.
Finally, putting everything together, we get

Rπ(T ) ≤
32ηM7/3N

∆min

ln(T ) +
MN∆max

η − 2
,

which concludes the proof.

4.4 Summary

We improved the previous best upper bound on the expected regret of LLR
by a factor of Θ(M2/3) for the matching-selection bandit problem on the
complete bipartite graph KM,N . Although this bound is still larger than the
bound proved for the optimally tuned ε-greedy policy by a factor of (M1/3),
that is smallest upper bound among anytime distribution-free policies for
matching-selection problem.



Chapter 5

Conclusion

In this paper, we consider two kinds of multi-armed bandit problem.
First one is a budgeted multi-armed bandit problem. For this problem,

we designed two policies KL-UCB-SC and UCB-SC. As for KL-UCB-SC, we
proved that it is an asymptotically optimal policy for a budgeted multi-armed
bandit problem. Note that KL-UCB-SC is the first policy which has been
proved to be asymptotic optimal. But KL-UCB-SC suffered its prohibitive
computation time. In order to overcome this drawback, we also designed
UCB-SC. In our computational experiments, KL-UCB-SC+ worked almost
the best among the known policies in terms of average regret and UCB-SC+
worked the best among closed-form-based policies, such as UCB-BV1 and
PD-BwK.

As noticed before, in order to calculate an action index for KL-UCB-SC,
we had to solve an optimization problem, which takes more time than existing
policies. An efficient way to compute the index would be an interesting
future work. Although the known upper bound of regret was too large, a
policy BTS, based on Thompson Sampling worked unexpectedly well in our
experiments. Given this, we conjectured that BTS is asymptotically optimal.

Second one is a matching-selection bandit problem, which can be consid-
ered as a special instance of combinatorial semi-bandit problem in the case
with the matching-selection bandit problem using a new technique. For this
problem, we give a refined analysis of a policy LLR, which is for general com-
binatorial semi-bandit problem. As a result, for a matching-selection bandit
problem on complete bipartite graph KM,N , we improved an upper bound of
expected regret by a factor of Θ(M2/3).
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