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Preface

This book is intended to be a self-contained introduction to analytitc foundation of a
level set method for various surface evolution equations including curvature flow equa-
tions. These equations are important in various fields including material sciences, image
processing and differential geometry. The goal of this book is to introduce a generalized
notion of solutions allowing singularities and solve the initial-value problem globally-in-
time in generalized sense. Various equivalent definitions of solutions are studied. Several
new results on equivalence are also presented.

This book contains rather complete introduction to the theory of viscosity solutions
which is a key tool for the level set method. Also a self-contained explanation is given for
general surface evolution equations of the second order. Although most of results in this
book is more or less known, they are scattered in several references sometimes without
proof. This book presents these results in a synthetic way with full proofs. However, the
references are not exhaustive at all.

This book is suitable for applied researchers who would like to know the detail of the
theory as well as its flavour. No familiarity of differential geometry and the theory of
viscosity solutions is required. Only prerequisites are calculus, linear algebra and some
familiarity of semicontinuous functions. This book is also suitable for upper level of under
graduate students who are interested in the field.

This book is based on my Lipschitz lectures in Bonn 1997. The author is grateful to
its audience for their interest. The author is also grateful to Professor Naoyuki Ishimura,
Professor Reiner Schéatzle, Professor Katsuyuki Ishii and Professor Masaki Ohnuma for
their critical remarks on earlier versions of this book. The financial support of the Japan
Society for the Promotion of Science (no. 10304010, 11894003, 12874024, 13894003) is
gratefully acknowledged. Finally, the author is grateful to Ms. Hisako Iwai for careful
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Chapter 0O

Introduction

In various fields of science there often arise phenomena in which phases (of materials) can
coexist without mixing. A surface bounding the two phases is called a phase boundary,
an interface or front dependeing upon situation. In the process of phase transition a
phase boundary is moving by thermodynamical driving forces. Since evolution of a phase
boundary is unknown and it should be determined as a part of solutions, the problem
including such a phase boundary is called in general a free boundary problem. The motion
of a phase boundary between ice and water is a typical example, and it has been well
studied— the Stefan problem. For classical Stefan problems the reader is referred to the
books of L. I. Rubinstein (1971) and of A. M. Meirmanov (1992). The reader is referred
to the recent book of A. Visintin (1996) for free boundary problems related to phase
transition. In the Stefan problem evolution of a phase boundary is affected by the physical
situation of the exterior of the surface. However, there is a special but important class of
problems where evolution of a phase boundary does not depend on the physical situation
outside the phase boundary, but only on its geometry. The equation that describes such
motion of the phase boundary is called a surface evolution equation or geometric evolution
equations. There are several examples in material sciences and the equation is also called
an interface controlled model. Fxamples are not limited in material sciences. Some of
those comes from geometry, crystal growth problems and image processing. An important
subclass of surface evolution equations consists of equations that arise when the normal
velocity of the surface depends locally on its normal and the second fundamental form
as well as on position and time. In this book we describe analytic foundation of the
level set method which is useful to analyse such surface evolution equations including
the mean curvature flow equation as a typical example. We intend to give a symmetric
and synthetic approach since the results are scattered in the literature. This book also
includes several new results on barrier solutions (Chapter V).

We consider a family {I';};>¢ of hypersurfaces embedded in N-dimensional Euclidean
space RY parametrized by time ¢. We assume that I'; is a compact hypersurface so
that I'; is given as a boundary of a bounded open set D, in RY by Jordan-Brouwer’s
decomposition theorem. Physically, we regard I'; as a phase boundary bounding D, and
RN\ D; each of which is occupied by different phases. To write down a surface evolution
equation we assume that I'; is smooth and changes its shape smoothly in time. Let n

7



8 CHAPTER 0. INTRODUCTION

be a unit normal vector field of I'; outward from D;. Let V = V(z,t) be the normal
velocity in the direction of n at a point of I';. If V' depends locally on normal n and the
second fundamental form —Vn of I';, as well as on position x and time t, a general form
of surface evolution equation is

V = f(z,t,n,Vn) on I}, (0.0.1)
where f is a given function. We list several examples of (0.0.1).

(1) Mean curvature flow equation : V' = H, where H is the sum of all principal curvatures
in the direction of n and is called the mean curvature throughout in this book (although
many authors since Gauss call the average of principal curvatures the mean curvature).
The mean curvature is expressed as H = —div n, where div is the surface divergence on
I';. This equation was first proposed by W. W. Mullins (1956) to describe motion of grain
boundaries in annealing metals.

(2) Gaussian curvature flow equation : V = K, where K is the Gaussian curvature of I'y,
that is, the product of all principal curvatures in the direction of n. For this problem we
take n inward so that a sphere shrinks to a point in a finite time if it evolves by V = K.
This equation was proposed by W. Fiery (1974) to describe shapes of rocks in sea shore.

(3) General evolutions of isothermal interface:
B(n)V = —a div {(n) — c(x, 1), (0.0.2)

where 3 is a given positive function on a unit sphere S¥~! and a is nonnegative constant
and c is a given function. The quantity ¢ is the Cahn-Hoffman vector defined by the
gradient of a given nonnegative positively homogeneous function v of degree one, i.e.,
¢ = Vv in R". In problems of crystal growth we should often consider the anisotropic
property of the surface structure of phase boundaries; in one direction the surface is
easy to grow, but in the other direction it is difficult to grow. This kind of thing often
happens. The equation (0.0.2) includes this effect and was derived by M. E. Gurtin
(1988a), (1988b) and by S. Angenent and M. E. Gurtin (1989) from the fundamental laws
of thermodynamics and the balance of forces. Note that if v(p) = |p| and 5(p) = 1 with
¢ =0,a =1, then (0.0.2) becomes V = H. If a = 0, the equation (0.0.2) becomes simpler:

V =—c/f(n) onT, (0.0.3)

This equation is a kind of Hamilton-Jacobi equation. If 7 = 1 and ¢ < 0 is a constant,
this equation describes the wave front propagation based on Huygens’ principle.

(4) Affine curvature flow equation : V = KV or V = (tK)Y/N+D which were ax-
iomatically derived by L. Alvarez, F. Guichard, P.-L. Lions and J.-M. Morel (1993). The
feature of these equations is that it is invariant by affine transform of coordinates. For
this problem we take n inward as for the Gaussian curvature flow equation.



Examples of surface evolution equations are provided by the singular limit of reaction-
diffusion equations as many authors studied. See for example papers of X.-Y. Chen (1991)
and X. Chen (1992).

A fundamental question of analysis is to construct a unique family {I';};>¢ satisfying
(0.0.1) for given initial hypersurface I'y in RY. In other words it is the question whether
there exists a unique solution {I'; };>¢ of the initial value problem for (0.0.1) with I';|;—o =
['y. This problem is classified as unique existence of a local solution or of a global solution
depending on whether one can construct a solution of (0.0.1) in a short time interval or
for infinite time. If the equation (0.0.1) is strictly parabolic in a neighborhood of initial
hypersurface I'y, then there exists a unique local smooth solution {I';} for given initial
data provided that the dependence of variables in f is smooth. It applies to the mean
curvature flow equation and its generalization (0.0.2) with @ > 0 and smooth 3 and ¢ for
general initial data Iy provided that the Frank diagram

Frank v = {p € R"; ~(p) < 1} (0.0.4)

has a smooth, strictly convex boundary in the sense that all inward principal curvature are
positive. For the Gaussian curvature flow equations and the affine curvature flow equation
the equation may not be parabolic for general initial data. It resembles to solve the heat
equation backward in time, so for general initial data it is not solvable. However, if we
restrict ourselves to strictly convex initial surfaces, the problems are strictly parabolic
around the initial surfaces and locally uniquely solvable. A standard method to construct
a unique local solution is to analyse an equation of a “height” function, where the evolving
surface is parametrized by the height (or distance) from the initial surface. See for example
a paper by X.-Y. Chen (1991), where he discussed (0.0.2) with v(p) = |p|, =1, a = 1.
Major machinary is the classical parabolic theory in a book of O. A. Ladyzehnskaja, V.
A. Solonnikov and N. N. Ural’ceva (1968) since the equation of a height function is a
strictly parabolic equation of second order (around zero height) although it is nonlinear.
For (0.0.3) the equation of a height function is of first order so a local smooth solution
can be constructed by a method of characteristics. However, as we see later, such a local
smooth solution may cease to be smooth in a finite time and singularities may develop
even for the mean curvature flow equation where a lot of regularizing effects exist. Since
the phenomena may continue after solution cease to be smooth, it is natural to continue
the solution by generalizing the notion of solution. The level set method is a powerful tool
in constructing global solutions allowing singularities. It also provides a correct notion of
solutions, if (0.0.1) is degenerate parabolic but not of first order so that a ‘solution” may
lose smoothness even instanteneously and that smooth local solution may not exist for
smooth initial data. The analytic foundation of this theory was established independently
by Y.-G. Chen, Y. Giga and S. Goto (1989), (1991a) and by L. C. Evans and J. Spruck
(1991), where the latter work concentrated on the mean curvature flow equation while
the former work handled a more general equation of form (0.0.1). These works were
preceded by a numerical computation by S. Osher and J. A. Sethian (1988) using a level
set method. (We point out that there are two proceeding works implicitly related to level
set method for first order problems. One is by G. Barles (1985) and the other one is by
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L. C. Evans and P. E. Souganidis (1984).) After the analytic foundation was established,
a huge number of articles on the level set method has been published. One of purposes of
this book is to explain the analytic foundation of the level set method in a systematic and
synthetic way so that the reader can access the field without scratching references. For
the development of numerical aspects of the theory the reader is referred to a recent book
of J. A. Sethian (1996). Before explaining the level set method we discuss phenomena of
formation of singularities for solutions of surface evolution equations.

Formation of singularities. = We consider the mean curvature flow equation V = H.
If the initial surface I'y is a sphere of radius Ry, a direct calculation shows that the sphere
with radius R(t) = (RZ —2(N — 1)t)'/? is the exact solution. At time ¢, = R2/(2(N —1))
the radius of the sphere is zero so it is natural to interpret I'; as the empty set after ,.
If Ty is a smooth, compact, and convex hypersurface, G. Huisken (1984) showed that the
solution I'; with initial data I'y remains smooth, compact and convex until it shrinks to
a “round point” in a finite time; the asymptotic shape of I'; just before it disappears is a
sphere. He proved this result for hypersurfaces of R with N > 3 but his method does not
apply to the case N = 2. Later M. Gage and R. Hamilton (1986) showed that it still holds
when N = 2, for simple convex curves in the plane. The methods used by G. Huisken
(1984), and M. Gage and R. Hamilton (1986) do not resemble each other. M. Gage
and R. Hamilton (1986) also observed that any smooth family of plane-immersed curves
that moved by its curvature which is initially embedded curves remains embedded. M.
Grayson (1987) proved the remarkable fact that such a family must become convex before
it becomes singular. Thus, in the plane R? if the initial data [y is a smooth, compact, (and
embedded) curve, then the solution I'; remains smooth (and embedded), becomes convex
in a finite time and remains convex until it shrinks to a “round point”. The situation is
quite different for higher dimensions. While it is still true that smooth immersed solutions
remain embedded if their initial data is embedded, M. Grayson (1989) also showed that
there exists smooth solutions I'; that becomes singular before they shrink to a point. His
example consisted of a barbell: two spherical surfaces connected by a sufficiently thin
“neck”. In this example the inward curvature of the neck is so large that it will force
the neck to pinch before the two spherical ends can shrink appreciably. In this example
the surface has genus zero but there also is an example the surface with genus one the
becomes singular in a finite time. For example if the initial data I'g is a fat doughnut,
then I'y becomes singular before they shrink to a point. Since the outward curvature of
the hole so large that it will force the hole to pinch. Of course if a doughnut is thin and
axisymmetric it is known that it shrinks to a ring as shown by K. Ahara and N. Ishimura
(1993). See also a paper of K. Smoczyk (1994) for symmetric surfaces under rotation
fixing R™ with m > 2.

We consider (0.0.3) with 5 =1 and ¢ = —1 so that (0.0.3) is V' = 1. For this equation
it is natual to think that the “solution” I'; with initial data I'; equals the set of all points
x with dist(z,y) = ¢ that lie in the positive direction n from ['y. If initial 'y has a
“hollow” that I'; becomes singular in a finite time even if I'y is smooth. The solution I’
given by the distance function provides a natural candidate of an extension of smooth
solution after singularities develop. For the second order equation including the mean
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curvature flow, it is not expected that I'; is expressed by a simple explicit function like
a distance function. So one introduce a generalized notion of solutions after singularities
develop.

For the Gaussian curvature and the affine curvature flow equations as for the mean
curvature flow equation if I'y is a strictly convex smooth hypersurface, then I'; is a strictly
convex smooth hypersurface and stays convex until it shrinks to a point. This was proved
by K. Tso (1985) and B. Andrews (1994). (For the affine curvature flow equation the
shrinking pattern may not be a “round point” since the equation is affine invariant so
that there is a solution of shrinking ellipse.) If T'y is convex but not strictly convex, these
equations are degenerate parabolic, so one should be afraid that I'; may lose smoothness
even instanteneously. For (0.0.2) if Frank 7 is merely convex, then it actually happens that
I'; ceases to be C! instanteneously even if initial data I'; is smooth as shown in the work
of Y. Giga (1994). We need a generalized notion of solution to track these phenomena.

Tracking solutions after formation of singularities. = Suppose that singularities
develop when a hypersurface evolves by a surface evolution equation. In what way should
one construct the solution after that? From the geometric point of view, one method may
be to classify all possible sigularities which may appear and then construct the solution
restarting with the shape having such singularities as initial data. This method has a
drawback when it is difficult to classify singularities. In fact, even for the mean curvature
flow equation, the classification of singularities is not completed. (We do not pursue this
topic in the present version of the book. The reader is referred to the review by Y. Giga
(1995a).) On the other hand, in analysis it is standard to introduce a suitable generalized
notion of solutions so that it allows singularities. Such a solution is called a weak solution
or generalized solution.

The notion of generalized solution for the mean curvature flow equation was first
introduced by K. A. Brakke (1978). He showed, how, using geomtrtic measure theory, one
can construct a theory of generalized solutions for variables in R of arbitrary dimension
and co-dimendion. His generalized solution is a kind of family of measure supported in
I'; that satisfies transport inequality in a generalized sense. He proved the existence of at
least one global solution for any initial data. In fact, he showed in an example that one
initial datum may have many different solution. This feature of his theory is related to
the fattening phenomena in the level set method.

The second way to try to construct weak solutions is to study the singular limit of
reaction-diffusion equations approximating the surface evolution equations. For the mean
curvature flow equation, we consider the semilinear heat equation called the Allen-Cahn
equation of the form

ou W' (u)
— —Au+
ot g2
which was introduced by S. M. Allen and J. W. Cahn (1979) to describe motion of
anti-phase boundary in material sciences. Here W is a function that has only two equal

=0 in R" x (0,00) (0.0.5)
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minima; its typical form is W(v) = 1(v? — 1)> and W’ denotes the derivative. In the
Allen-Cahn equation (0.0.5) € is a positive parameter. For given initial data we solve the
Allen-Cahn equation globally in time and denote its solution by u. The equation (0.0.5)
is semilinear parabolic and there is no growing effect for the nonlinear term so it is globally
solvable. We guess that if € tends to 0, u° tends to the minimal values of W, i.e., —1 or 1.
In fact it is easy to check this if there is no Laplace term Awu (unless its value is unstable
stationary point of W). The boundary between regions where the limit equals —1 and 1 is
known to evolve by the mean curvature flow equation up to constant multiplication. This
is well-known, at least formally, by asymptotic analysis. In fact, if the mean curvature
flow equation has a smooth solution, the convergence was proved rigorously in a time
interval where the smooth solution exists by several authors including L. Bronsard and
R. Kohn (1991), P. de Mottoni and M. Schatzman (1995) and X. Chen (1992) in various
setting. It is expected that a weak solution is obtained as a limit of u® (as € — 0) since
uf itself exists globally in time. This idea turns to produce Brakke’s generalized solution
as shown by T. Ilmanen (1993b) and improved by H. M. Soner (1997). Extending these
idea a Brakke’s type generalized solution was also constructed for the Mullins-Sekerka
problem with or without kinetic undercooling as a singular limit of phase-field model and
of the Cahn-Hilliard equation by H. M. Soner (1995) and X. Chen (1996), respectively.
We won’t touch these problems in this book but we note that this method is based on
variational structure of problems and does not appeal to comparison principle which says
that the solution I'; is always enclosed by another solution I} if initially I'y is enclosed by
['G. This is why this method works for higher order nonlocal surafce evolution equation
like the Mullins-Sekerka problem.

A level set method, which is the main topic of this book, is another analytic method
to construct weak solutions. It is based on comparison principle (or order-preserving
structure of the solutions). It does not depend on variational surface evolution equation
(0.0.1) even if other methods fails to apply. For the mean curvature flow equation the
relation between above three methods were clarified by T. Ilmanen (1993) preceded by
the work of L. C. Evans, H. M. Soner and P. Souganidis (1992). We shall explain these
works after we explain the idea of the level set method.

Level set method. To describe a hypersurface, one can represent it as the zero set of
a function, i.e., the zero level set. Compared with the method of representation by local
coordinates, there is an advantage since the zero level set is allowed to have singularities
even if the function is smooth. In other words, a hypersurface with singularities may
be represented by a smooth function. The idea of the level set method is to regard a
hypersurface I'; as the zero level set of some auxiliary function u : RY x [0,00) — R
and to derive an equation which guarantees that its zero level set will evolve by a surface
evolution equation (0.0.1). Many equations will have this property, but if one requires
that not only the zero level set, but also all level sets of the function u evolves by the
same surface evolution equation (0.0.1), then, as in Giga and Goto (1992a), there exists
a unique partial differential equations of form

?: + F(x,t, Vu, V?u) = 0; (0.0.6)
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such an equation is called the level set equation of (0.0.1). Here Vu denotes the spatial
gradient and V2u dennotes the Hessian; F' is a function determined by the values of
(z,t, Vu(z,t), Viu(z,t)).

For example for the surface evolution equation V' =1 its level set equation is

L v =0 (0.0.7)

once we take the orientation n = —Vu/|Vu| of each level set so that V = 0u/0t/|Vul.
For the mean curvature flow equations its level set equation is

5 — |Vl div(;5 ) = 0 (0.0.8)

The idea to represent hypersurfaces as level sets is of course common in differential
geometry. In the present context it goes back to T. Ohta, D. Jasnow and K. Kawasaki
(1982) who used the level set equation (0.0.8) to derive a scaling law for “dynamic structure
functions” from a physical point of view. There were some article on combustion theory
that (0.0.8) was implicit before their paper but is seems that their paper is the first one
to use (0.0.8) effectively. The idea to use (0.0.8) to study motion by mean curvature
numerically was used by S. Osher and J. Sethian (1988).

A level set method for initial value problem of (0.0.1) is summarized as follows.

1°. For a given initial hypersurface I'y which is the boundary of a bounded open set Dj
we take an auxiliary function uy which is at least continuous such that

Iy = {z € RY; up(x) =0}, Dy = {r € RY; up(z) > 0}.

(For convenience we often arrange so that ug equals a negative constant « outside some
big ball.)

2°. We solve the initial value problem globally-in-time for the level set equation (0.0.6)
with initial condition u(z,0) = ug(x).

3°. We then set

I, = {z € RY; u(z,t) = 0},
D, = {x € RY; u(z,t) >0} (0.0.9)

and expect that I'; is a kind of generalized solution.

The first step is easy. The second step is not easy since the level set equation is not
very nice from the point of analysis. If (0.0.1) is parabolic, it is a parabolic equation
but it is very degenerate. There is no diffusion effect normal to its level set since each
level set of u moves independently of the others. Thus classical techniques and results
in the theory of parabolic equations cannot be expected to apply. We do not expect to
have global smooth solution for (0.0.6) even if initial data is smooth. It is necessary to
introduce the notion of weak solutions to (0.0.6). As known by Y.-G. Chen, Y. Giga
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and S. Goto (1989), (1991a) for (0.0.6) and L. C. Evans and J. Spruck (1991) for (0.0.8)
the concept that fits this situation perfectly is a notion of viscosity solutions initiated
by M. G. Crandall and P.-L. Lions (1981), (1983). The reader is referred to the review
article by M. G. Crandall, H. Ishii and P.-L. Lions (1992) for development of the theory of
viscosity solutions. The theory of viscosity solutions applies nonlinear degenerate elliptic
and parabolic single equation including equations of first order where comparison principle
is expected. The key step of the theory is to establish a comparison principle for viscosity
solutions. For (0.0.7) the theory for first order equations applies. For (0.0.8) the equation
is singular at Vu = 0 which is a new aspect of problems in the theory of viscosity
solutions. Since the mean curvature flow equation has a comparison principle or order-
preserving properties for smooth solutions, comparison principle for its level set equation
is expected. It turns out that the extended theory of viscosity solutions yields a unique
global continuous solution u of (0.0.6) with u(x,0) = ug(z) (with the property u(z,t) — «
is compatly supported as a function of space variables for all ¢ > 0) provided that (0.0.1)
is degenerate parabolic and f in (0.0.1) does not grow superlinearly in Vn. To apply
this theory for the Gaussian curvature flow equation we need to extend the theory so
that f is allowed to grow superlinearly in Vn. This extension is done by S. Goto (1994)
and independently by H. Ishii and P. Souganidis (1995). We note that order-preserving
structure of (0.0.1) is essential to get a global continuous solution to (0.6).

The method to construct I'; by 1° — 3° is extrinsic. There are huge freedom to choose
ug for given I'y. Although the solution u of (0.0.6) for given initial data wg is unique, we
wonder whether I'; and Dy in (0.0.9) are determined by I'g and Dy respectively independent
of the choice of ug. This problem is the uniqueness of level set of the initial value problem
for (0.0.6). Since F'in (0.0.6) has a scaling property (called geometricity):

F(z,t, \p, \AX +0op®p) = AF(x,t,p, X)

for all A > 0,0 € R, real symmetric matrix X,p € R¥\{0},2 € R",t € [0,00), the
equation (0.0.6) has the invariance property: u solves (0.0.6) so does 6(u) for every non-
decreasing continuous function 6 in viscosity sense. Using the invariance and the compar-
ison principle, we get the uniqueness of level sets. In other words I'; and D, in (0.0.9) is
uniquely determined by I'y and Dg respectively. It is also possible to prove that I'; is an
extended notion of smooth solution.

Fattening. One disturbing aspect of the solution I'; defined by (0.0.9) is that for ¢ > 0
I'; may have a nonempty interior even if the initial hypersurface is smooth, except for a
few isolated singularities. An example is provided by L. C. Evans and J. Spruck (1991) for
the mean curvature flow equation, where it is argued that the solution in R? whose initial
shape is a “figure eight” has nonempty interior. Such phenomena was studied by many
authors in various setting and several sufficient conditions of nonfattening was provided.
For the mean curvature flow problem it is observed that I'; may fatten (i.e. have empty
interior) even if initial hypersurface is smooth as observed by S. Angenent, D. L. Chopp
and T. Ilmanen (1995) for N = 3, S. Angenent, T. Ilmanen and J. J. L. Velazquez for
4 < N < 8 We do not pursue this problem in this book. If we introduce the notion



15

of set-theoretic solutions, the fattening phenomena can be interpreted as nonuniqueness
of the set-theoretic solution. Such a notion was first introduced by H. M. Soner (1993)
for (0.0.1) when f is independent of = by using distance function from a set. It turns
out to be more natural that a family of set € is a set-theoretic solution of (0.0.1) if the
characteristic function xq, is a solution of its level set solution in viscosity sense. D; and
Dy UT, defined by (0.0.9) are typical examples of set-theoretic solutions. If fattening
occurs, D; and D, UT are essentially different and we have at least two solutions for
given initial data Dy; here D, denotes the cross section at ¢ of the closure of the set
where u is positive in RY x [0, 00) and not the closure of D; in R¥. Intuitively, one can
understand this fattening phenomena as follows. If we approximate I'y from inside by a
smooth hypersurface I'; — T'g (i — o) then taking the limit of corresponding solution '
as ¢ — 00. In particular, one can approximate I'y from the inside and obtain one solution,
and one can approximate I'y from the outside to obtain another solution. If these “inner”
and “outer” solutions coincide, then it follows from the comparison principle that any
sequence will have the same limiting solution. This corresponds the case of nonfattening.
If they are different, there is no preferred smooth solution, and I'; in (0.0.9) will consists of
the entire region between the inner and outer solutions. Thus D; is a minimal set-theoretic
solution while D; UT; is a maximal set theoretic solutions.

There is another notion of set-theoreic solution called barrier solution. Our solution
D, in (0.0.9) is a kind of barrier solution since by comparison principle all smooth evolving
hypersurface ; solving (0.0.1) remains to be contained in D; or RN\ D; for t > tg if 3y, is
contained in Dy, or RV\D,,. In other words (0D); avoids all smooth evolutions. It turns
out that a barrier solution is an equivalent notion of set-theoretic solutions even without
comparison principle for (0.0.6). The notion of barrier solutions was first introduced by De
Giorgi (1990) and T. Ilmanen (1993a) (see also T. Ilmanen (1992)) for the mean curvature
flow equations and many authors develop the theory. However, the above equivalence has
not been observed in the literature so the theory developed here (Chapter V) is new.
This characterization provides an alternative way to prove the comparison principle for
the level set equation in a set theoretic way at least for (0.0.1) with f independent of
z including the mean curvature flow equation. Actually, the idea of the proof is also
useful fo establish the comparison theorem for the level set equation for the crystalline
curvature flow equation in the plane; the equation is formally written as (0.0.2) but the
Frank disgram of v in (0.0.4) is a convex polygon so that (0.0.2) is no longer a partial
differential equation. See M.-H. Giga and Y. Giga (1998a). For the background of motion
by crystalline curvature the reader is referred to a book of M. E. Gurtin (1993) or a review
paper by J. Taylor (1992). We won’t touch this problem in this book except in the end
of §3.8. For the level set method for crystalline curvature flow equations the reader is
referred to papers by M.-H. Giga and Y. Giga (1998a), (1998b), (1999), (2000), (2001), a
review paper by Y. Giga (2000) and references cited there. The idea of barrier solution
provides an alternate proof for the convergence of solutions of the Allen-Cahn equation
to our generalized solution I'y and D, which was originally proved by L. C. Evans, H.
M. Soner and P. Souganidis (1992) by using distance functions. This was remarked by
G. Barles and P. Souganidis (1998). The convergence results are global. For example it
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reads: u®(z,0) = 2xp,(z) — 1 then u® converges to one (as ¢ — 0) on D; and to minus
one outside I'; U Dy, where I'; and D, are our generalized solution defined in (0.0.9). We
do not know the behaviour of u® on I'; if I'; fattens. The Brakke type solution is always
a kind of set-theoretic solution as proved by T. Ilmanen (1993b) and L. Ambrosio and H.
M. Soner (1996) so it is contained in I';. Moreover, T. Ilmanen (1993b) proved that as a
limit Brakke solution is obtained. Thus his method also recovers the above convergence
results on D; and outside of D; U .

The idea of level set method is fundamentally important to study behaviour of solu-
tions. We do not mention any application of the method in the present version of our
book. The reader is referred to a review paper of Y. Giga (1995a).

This book is organized as follows. In Chapter I we formulate surface evolution equa-
tions regorously by defining several relevant quantities. We pay attention to modify the
Gaussian curvature flow equation and related equations so that the equation becomes
parabolic. We also derive level set equations and study their structual properties. We
conclude Chapter I by giving several explicit solutions for typical surface evolution equa-
tion having curvature effects. In Chapter II we prepare the theory of viscosity solution
which is necessary to analyze level set equations. In Chapter II we mainly discuss sta-
bility and Perron’s method. A comparison principle which is always fundamental in the
theory of viscosity solutions is discussed in Chapter III. In Chapter II and III we did
not use geometricity of the equation so that the theory applies other equations including
p-Laplace heat equation. Some of comparison theorems presented in Chapter III are stan-
dard but there are several versions for the equation depending on the space variables. A
coordinate free version seems to be new. In Chapter III we also establish convexity and
Lipschitz preserving properties for spatially homogeneous equations. In Chapter IV we
apply the theory of viscosity solutions to get a generalized solution by a level set method.
In Chapter V we consider set-theoretic approach of the level set method. In particular
we introduce notion of set-theoretic solutions and barrier solutions. We give an alternate
approach to establish comparison results for level set equations. Most of the contents in
Chapter V is new at least in this generality. In this book the level set method is adjusted
so that it applies to evolutions of noncompact hypersurfaces. Also the evolution with
boundary conditions is discussed.

This book is written so that no knowledge of differential geometry is required although
such a knowledge is helpful to understand. No knowledge of the theory of viscosity
solutions is required except standard maximum principle for semicontinuous functions.

Finally, we note that since the level set method of the present version depends on
comparison principle it is impossible to extend directly to higher order surface evolution
equation for example the surface diffusion equation:

V=—-AH onl},

where A denotes the Laplace-Beltrami operator of I';. This equation was analyzed by C.
Elliott and H. Garcke (1997) and J. Escher, U. Mayer and G. Simonett (1997) where local
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existence and global existence near equilibrium are established. Even for curves in plane,
solution behaves differently from that of the curvature flow equation. Embedded curve
may lose embeddedness in a finite time as proved in Y. Giga and K. Ito (1998).
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CHAPTER 0. INTRODUCTION



Chapter 1

Surface evolution equations

There are several interesting examples of equations governing motion of hypersurfaces
bounding two phases of materials in various sciences. Such a hypersurface is called an
interface or a phase boundary. When the motion depends only on geometry of the hy-
persurface as well as position and time, the governing equation is often called a surface
evolution equation or a geometric evolution equation. In material sciences it is also called
an interface controlled model. Although there are several types of surface evolution equa-
tions, we focus on equations of evolving hypersurfaces whose speed depend on its shape
through its local geometric quantities such as normals and curvatures. In this chapter
we formulate such equations. We derive various useful expression of these quantities es-
pecially when the hypersurface is given as a level set of a function. The main goal of
this chapter is to study structural properties of level set equations obtained by level set
formulation of surface evolution equations. We introduce the notion of geometric equa-
tions which is fundamental in a level set method. We also give a few self-similar shrinking
solutions as examples of exact solutions.

1.1 Representation of hypersurface

There are at least three ways in representing (locally) a hypersurface embedded in RY.
These are representation by local coordinates, by zero level set of a function and by a
graph of a function. To fix the idea a set I in R" is called a C™ hypersurface around a
point zq of I' if there is a C™ (m > 1) function u(x) defined in a neighborhood U of x
such that

I'nU ={x € U;u(z) =0} (1.1.1)

and that the gradient

ou ou
VU— (81’1"“78@\;) — <u$17”'u.’EN>

of u does not vanish on I'. We say this representation by a level set representation. If u
can be taken C'*° in U i.e., u is C™ in U for all m > 1, I' is called smooth around zq. If I'
is a (C™) hypersurface around every point xy of T', T" is simply called a (C™) hypersurface.

19



20 CHAPTER 1. SURFACE EVOLUTION EQUATIONS

Of course, by the implicit function theorem, one may assume that I' is locally repre-
sented by a graph of a function. By rotating coordinates and shrinking U if necessary,
there is a C™ function of N — 1 variables defined in a neighborhood U’ of z{, that satisfies

INU = {zy =g(2');2' € U c RV}

with g(xf) = zon, where z = (2, ). This representation is called a graph representation.
If ' is represented by a graph of g, it is represented by the zero level of u = —zy + g(2').

Another representation is by local cordinates and it includes a graph representation as
a special case. It represents a hypersurface I' around xy by the image ¢(U’) of some C™
mapping ¢ (of full rank) from some open set U’ in R¥~! to RY. By full rank we mean
that the Jacobi matrix Vi of ¢ has the maximal rank (i.e., in this case the rank of Vi
equals N —1) at each point of U’. This representation is called a parametric representation
and U’ is called a space of parameters. The equivalence of a level set representation and
a parametric representation is guaranteed by the implicit function theorem.

Tangents and normals. Let I' be a hypersurface around z. A vector 7 in R” is called
a tangent vector of T at x if there is a (C') curve ¢ on T that satisfies ¢ = z, d(/dt = T at
t = 0, where ( is defined at least in a neighborhood of 0. The space of tangent vectors
at x is called the tangent space of I' at x and is denoted T,I'.

We shall calculate T,.I" when I' is represented by a graph of a function. We may assume
that = 0 and that I" is represented by a graph zny = g(2’) around a point z = 0. A
curve ¢ on I' through 0 is of the form

¢(t) = (a(t), g(a(t)))

with a curve o(t) in R¥~! through 0 of RV~1.Note that

o~ (& (oo, ) e w2

where V' denotes the gradient in 2’ and ( , ) denotes the standard inner product in the
Euclidean space. For given 7/ € RY™! there is a curve o that satisfies do/dt = 7" at t = 0
with ¢(0) = 0 so 7 is a tangent vector (of I' at 0) if and only if

T = (T/7 <v,g(0>’ T/>)'

In other words
T, ={(, (V'g(z), 7)), 7 € RN},

which in particular implies that 7,I" is an N — 1 dimensional vector subspace of R".

A unit normal vector n(x) at x of T is a unit vector of R orthogonal to T,I" with
respect to the standard innerproduct ( , ) of RY. It is unique up to multiplier 41 since
T,.I" is an N — 1 dimensional space.

Suppose that I' is a hypersurface around zq € I'. If n(z) is a unit normal vector at
x of I near xy and n depends on z at least continuously, we say that n is a unit normal
vector field of orientation (around xy) of I'. Such a field n is of course exists around .
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To see this we use a level set representation (1.1.1) of T'. For z € T'NU let ((t) be a curve
on I' through = at t = 0, i.e., ((0) = x. Differentiate u(((t)) = 0 in ¢ and evaluate at

t =0 to get
<Vu($), ili(())> =0.

This implies that Vu(z) is orthogonal to T,I'. Since u is C™ (m > 1), Vu is C™ ! and
at least continuous. Since Vu does not vanish around xy,

~ Vu(z)
[Vu(z)|

n(zx) =

is a unit normal vector field around . Here |p| denotes the Euclidean length of vector p,
i.e., [p| = (p,p)"/2. There are exactly two unit normal vector fields around zy. The other
field is of course —n(z) . We take n as above just to fix the idea. If ' is given as a graph
zy = g(2'), setting u(x) = —zy + g(2) yields the upward unit normal:

(=V'g(2'), 1)
(1+ [Vg(x) )12

n(z') = (1.1.2)

In any case if n is a unit normal vector field around zq, then
T,I' = {r € R": (r,n(x)) = 0}

for x € I' around xy. We shall often suppress the words ‘vector field’. If a hypersurface
[ is a topological boundary 9D of a domain D, the unit normal (vector field) pointing
outward from D is called the outward unit normal (vector field).

Evolving hypersurface. Suppose that I'; is a set in RY depending on the time
variable . We say that a family {I';} or simply T; is a (C?™™) evolving hypersurface
around (zo,ty) (with zg € Ty) if there is a C*™™ (m > 1) function u(z,t) defined for
to—0 <t<ty+6, v €U for some § > 0 and some neighborhood U of z in RY such
that

LNU ={z € U;u(z,t) =0} (1.1.3)

and that the spatial gradient Vu of u does not vanish on I';. (This is a level set represen-
tation of I';.) Here by a C?™™ function we mean that derivatives V*3/u is continuous
for k4 2h < 2m, where 9 denotes the h-th differentiation in the time variable and V)
denotes the k-th differentiation in the space variables. If u can be taken C* i.e., C?™™
for all m > 1, we just say that I'; is a smoothly evolving hypersurface around (zg, t). If
['; is a C*™™ (resp. smoothly) evolving hypersurface around all (z,t) with € T'; and ¢
belonging to an interval I, we say that I'; is a C*™™ (resp. smoothly) evolving hypersur-
face on I. In this Chapter we always assume that I'; is a smoothly evolving hypersurface
in some time interval unless otherwise claimed.
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1.2 Normal velocity

Let n be a unit normal vector field of I'; so that it depends on time ¢ smoothly. The
reasonable quantity which describes the motion of I'; is a normal velocity, that is the
speed in the direction of n. Note that there is a chance that each point of I'; moves but
the set I'; is independent of time like a rotating sphere.

Definition 1.2.1.  Let zy be a point of T'y,. Let x(t) be a (C') curve defined on
(to—0,to+ ) for some & > 0 such that z(t) is a point on I'; and z(tg) = xo. The quantity

is called the normal velocity at xqy of I'y at the time ¢, in the direction of n.
As we will see later V' is independent of the choice of curve z(t). We shall give various
expression of V.

Level set representation.  Suppose that I'; is represented by (1.1.3). We shall calcu-
late the normal velocity V' at (xg,to) in the direction of n defined by
VU(:L’Q, to)

t) = ———— 20
n(zo, to) Vu(zo, to)]

Let z(t) be a curve in RY on Ty with x(ty) = z¢. Since I'; is the zero level set of u(-, 1),
u(x(t),t) = 0 for ¢ near . Differentiate u(x(t),t) in ¢ and evaluate at (xg,ty) to get

dx
ut(xo,to) —+ <dt(t0), VU(CL’(), t0>> = 0,

where u; = dyu. Recalling n = —Vu/|Vul, we obtain
uy(20, to)
V=rccFF7—. 1.2.1
|VU(ZEO, to)l ( )

Clearly, this shows that V' is independent of the choice of z(t).

Graph. We shall give a formula for V' when I'; is represented by a graph of a function.
By rotating coodinates we may assume that I'; is expressed as

[, = {oy =g, t);2/ € RV}

around (zo, o), where g(zj) = oy and 2’ = (xy,...,2x-1). If n is taken upward, I'; is
given as a zero level set of
uw(z,t) = —xy + g(2',t)

with n = —Vu/|Vu| as in (1.1.2). Then by (1.2.1) we see

ge(xh, to)

V= .
(14 [V'g(5,t0)[?)1/2

(1.2.2)
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Axisymmetric surface. Suppose now that I'; is obtained by rotating the graph of a
function ¢(z1,t) around zq-axis and that xy is not on the axis. In other words, around
(xo,tp) [y is of the form

Since ['; is regarded as the zero level set of
U(l’,t) =T+ @(xlat)a

the normal velocity V' in the direction of

_ (=m (@or, to), xo/|2gl) _  Vu(wo, to) (12.3)
(1 + (pa, (o1, t0))*)1/2 |Vu(xo, to)|
at (xo,to) is of the form
_ (Pt(xOl»tO) (1 2 4)
(14 (pa, (w01, t0))*) /2
where x = (zg2, -+, zon) and p,, = dp/0x;.
Rescaled motion. If we would like to study the behavior of I'; near =, € RY as t

tends to t, with ¢ < ¢,, we often magnify I'; near (x,,t,) by rescaling. There are of course
several ways to rescale but here we only give a typical example. Let (y, s) be defined by

y=(t, —t)V*(x —z,), s = —log(t, —t) (1.2.5)
for t < t.. Let V denote the normal velocity of
D,={yeRY, y=(t,—t) Y}z —=x,), e}

at (yo, So), where s is regarded as the new time variable. Here the unit normal vector
n(yo, o) of f‘so is taken so that its direction is the same as the unit normal n(zg,ty) of
Iy, at xg, where (g, ty) is determined by (1.2.5) by setting (v, s) = (vo, S0). Let V be the
normal velocity of I'y, at z in the direction of n(zg,%y). Then

1
2

N

V=e2Yy 4 { Y0, N(Yo, S0) )- (1.2.6)

Note that the behavior of I'; as t tends to t, with t < t, corresponds to the large time
behavior of I'y by (1.2.5).

To see this formula we use level set representation of I'; near (xg,ty). Suppose that I’
is represented by (1.1.3). We may assume n(zo, to) is of form

VU(ZL'(), to)

ty) = ———— 20
(7o, to) Vu(zo, o)
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We set
w(ya S) = u((t* - t)l/Q Y+ Ty, t)a §= = log(t* - t)

so that T, is represented as zero level set of w near (yg, o). Since

By, 50) = — o)
’ [Vw(yo, so)|’
the formula (1.2.1) yields
V= ws (Yo, So) '
|Vw(y07 80)‘

A direct calculation shows that

1
(ws T3 (y, Vw >) (0, 50) = €% w(wo,t0), Vw(yo, s0) = €~*/* Vu(wo, to).

These two identities together with representation of V, a1, V yields (1.2.6).
If we consider a little bit general rescaling than (1.2.5) of form

y=(t. — 1) (r — ), s = —log(t, —t) with «a >0,

then

~

V =e =90 v 4o (yy, n(yo, So))
instead of (1.2.6).

1.3 Curvatures

Let I' be a hypersurface in RY. For a point g let 7 be a tangent vector of I' at . Let
X be a (C") vector field on T' around g, i.e., X be a C! function from I' to R" around
x9. Here C! means that X can be extended to a C' function in a neighborhood of zy in
R”. The vector field X needs not be tangential to I'. Let ¢ be a curve on I' that satisfies

d¢

() =m0, G 0)=7
A tangential derivative in the direction of 7 is defined by
d
(D7 X) (o) = - (X(C(E))le=o-

If X is extended to a neighborhood of x; in RY, we observe that
N 0
(D X)(z0) = (T-V)X:ZT]'%X, T =(T1,...TN).
j=1 j

This shows that the operator D, is independent of the choice of the curve (. By the
definition of D, the quantity (7 - V)X is independent of the extension of X outside I
Thus the operator D, is well-defined for any vector field on T'.
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Second fundamental form. Suppose now that I is a (C?) hypersurface around z on
I'. Let n be a unit normal vector field around x. From the level set representation it is
clear that n is C' on I'. For each 7 € T,.I" we set

A7 =—-D.neR".

Since |n| =1,
1
(Arm) = -1 D () =0

so that A7 € T,I'. The linear operator A = A, from T,I" into itself is called the
Weingarten map (in the direction of n(z)). The bilinear form on T,I" x T,I" associated
with A defined by

BJ:(Ta 77) = < AT, n > (1'3'1)

is called the second fundamental form (in the direction of n(z)) at x € T".
To see the geometric meaning of B, for 7, n € T,.I' let ¢ be a function from a neigh-
borhood of the origin of R? to I' C RY that satisfies

96 96

8x1 <0 O) 8 T2

5.-(0,0) =7, ¢(0,0) =

Since
< n(¢(x1, 72)), gqbl (w1, 72) > =0 (1.3.2)

near (z1,22) = (0,0) € R?, differentiating in x5 and evaluating at zero yields

< (SZ(O 0) - v) ggbl(o 0>> +<n, ax?2§x2(0,0)> -0,

(- V)n, 7) +<n, a$?2§$2(0,0)> = 0.

By definition this yields

or

Bu(n T):<n82¢(00)> (13.3)
z\'/5 ) 85(71 8$2 ) . s
In particular B, is a symmetric bilinear form and the Weingarten map A is a symmet-
ric linear operator. Thus its eigenvalues are all real and called principal curvatures of
I at x (in the direction of n(x)). The principal curvatures are denoted i, -, Kn_1.
Differentiating (1.3.2) in z; and evaluating at zero, we get

B.(r. 1) = n. G30.0))

instead of (1.3.3). If |7] = 1, this quantity is called the normal curvature of T in the
direction of 7.
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Surfaces of higher codimension. As well known the second fundamental form is
defined even for any embedded manifold M in RY whose dimension k is strictly less
than N — 1 (i.e., codimension N — k is strictly greater than 1). We briefly review the
definition since it is almost the same as (1.3.1). For the tangent space T, M of M at x
let N,M denote its orthogonal complement in RY. The space N, M is called the normal
space of M at x. Since M has dimension k, the dimension of T, M and N,M equal k
and N — k, respectively. Let n!,--- n¥=* be (C!) vector fields near x € M such that
{n’(2); 1 <4 < N — k} is an orthonormal basis of N, M for every z near z. The second
fundamental form of M at x is defined by

B,(7, n)=—3_ ((Dm')(x), n)n'(z), 7, n € T,M

J=1

as a mapping
B, : .M xT,M — N,M.

As in the same way to derive (1.3.3) we have

9¢

Ot —(0,0) =n,¢(0,0) =z

¢ 9¢
B.(n, 7) = 0,0 ith —(0,0
1) =7 (5 0.0) w2200 -
where 7 denotes the orthogonal projection from RY onto N,M. In particular B, is
symmetric and B, is independent of the choice of n',---, n™"~* forming an orthonormal
basis of N,M for z near x. Note that the definition does not require £ < N — 1. If
k = N — 1, then, as expected

< Bw(Ta n)v n > = BI(Tv 77)7

where B, is the second fundamental form in the direction of n. This shows that B, is a
natural generalization of B,.

Surface divergence. Let X be a C! vectorfield on a hypersurface I. For z € T let
{r% 1 < ¢ < N — 1} be an orthonormal basis of T,I'. The surface divergence of X is
denoted by divp X and is defined by
N—1
(divp X (Do X)(z), 7). (1.3.4)
=1
If we extend X around I' so that VX is well-defined as an N x N matrix, then (1.3.4)

yields
N-1

(divpr X)(z) = trace (Z ™® 7'£> (VX)(z) (1.3.5)

=1
since D, X = (7 - V)X, where ® denotes the tensor product of N-vectors. The definition
of divp X is independent of the extension of X, so the right hand side of (1.3.5) is
independent of the extension of X. Since
N—1

In— ). ™ ® 1° =n(z) ®n(2)
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as matrices, the identity (1.3.5) is rewritten as
(divp X)(x) = trace{(I — n(z) ® n(z))(VX(z))}, (1.3.6)

where I denotes the N x N unit matrix. From (1.3.6) it follows that the surface divergence

is defined independent of the choice of orthonormal basis of T, I" and the orientation n.
The surface divergence divy, X is also defined for a vector field X on an embedded

manifold M of dimension &k in R whose codimension N — k > 1. It is defined as (1.3.4)

ie.,
k

(divar X)(2) = > ((Dre X)(2), 7°),
=1
where {7¢; 1 < ¢ < k} is an orthonormal basis of T, M. As for a hypersurface, divy; X
is independent of the choice of orthonormal basis of T, M which can be proved directly
from (1.3.5) with N — 1 replaced by k.

Mean curvature. Let n be a unit normal vector field around x on a (C?) hypersurface
I'. Let H be the sum of all principal curvatures x1(x),---,ky_1(z) at x in the direction
of n, i.e.,

H = 51(33) +--F F«?Nfl(l’).

We say that H is the mean curvature (of I') at z (in the direction of n). We do not
take the average of principal curvatures although many authors have taken the average to
define the mean curvature since the time of Gauss. Since H is the trace of the Weigarten

map,
N-1 N-1

H= B.(r¢, ) = — (Dye n(z), %) = —(divy n)(z),
=1 =1
where 7° (¢ =1,---,m — 1) is an orthonormal basis of T,I". If N = 2, H is simply called
the curvature at x € I' (in the direction of n) and is denoted .
Even if a manifold M in R" has higher codimension, or its dimension k < N — 1, the
mean curvature is defined as a vector. We say that

N-1
H=)Y B.(r ) eNM
=1
is the mean curvature vector at x € M. By definition of the second fundamental form
and the surface divergence

N—k
Z (divyy n
=1

where n’(1 < i < N — k) is the same as in the definition of B,. If K = N — 1, then by
definition
H=(H, n),

where H is the mean curvature in the direction of n. Since N,I" is one dimensional, the
mean curvature H has all information of the mean curvature vector if we take the sign of
H into account.
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Symmetric curvatures. Let ri(z)---ky_1(x) be principal curvatures at x € T' (in
the direction of n), where ' is a (C?) hypersurface in R". We shall consider elementary
symmetric polynomials of principal curvatures. Let e,,(1 < m < N — 1) denote the m-th
elementary symmetric polynomial of \1, -+, Ay_1, i.e.,

€m(/\17 B )\N—l) = Z iy Ay

where sum is taken over all integers i1, - - - i,,, that satisfies 1 < i1 <4; < -+ <4, < N—1.
In particular

er(A1,  AN_1) = A1+ v,
€N71()\1, T 7)\N71> = A AN

Clearly, the mean curvature is of form
H = 61("{/17 ) KN*l)'
The quantity

K = €N71(H1, T ’fol)

is called the Gaussian curvature. In general we say that

Hm == em</€17 Ty '%N—l)

is the m-th symmetric curvature. Sometimes we consider a little more complicated cur-
vature defined by the ratio H,,/H, with m > ¢. The quantity Hy_1/Hx_o for N > 3 is
called the harmonic curvature since

-1

Hy 1/Hy o= (j\f 1)

=1 Hi

Anisotropic curvatures. It is well-known that the mean curvature H is the change
ratio of surface area of I' per change of volume of D enclosed by T', where T is a (C?)
hypersurface in RY™. If the hypersurface I' has anisotropic structure depending on its
normal direction, it is natural to consider surface energy instead of area. Let vy be a
positive function defined on the unit sphere

SN ={peRN; p|=1}.

We extend vy, on R" so that
v(p) =(@/Ipl) Ipl- (1.3.7)

Clearly, v(p) is positively homogeneous of degree one, i.e.,

Y(Ap) = \y(p) forall A >0, pcRY. (1.3.8)
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Conversely, v satisfying (1.3.8) with v|gnv—1 = 7 is always expressed by (1.3.7). The
surface energy of I' with surface energy density vy is defined by

/Fyo(n)da

where do denotes the surface element. Of course, this is nothing but a surface area
if 70 = 1. We shall define a quantity (called the anisotropic mean curvature) which
describes the change ratio of surface energy of I' per change of volume of D enclosed by
I' as a generalization of the mean curvature.

For a given surface energy density vy let & be the gradient of the homogenization v of
v given by (1.3.7), i.e. £ = V~. The vector ¢ is called the Cahn-Hoffman vector of .
We say

h(z) = —(divr §(n))(z)

is the anisotropic (or weighted) mean curvature of I' at x (in the direction of n) with
respect to surface energy density 7. To define h as a continuous function we need to
assume that v is C? outside the origin. Of course, if 79 = 1, then &(p) = p/|p| so that
¢(n) = n. Thus the anisotropic mean curvature agrees with usual mean curvature when
Yo = 1 as expected.

1.4 Expression of curvature tensors

Let T C RY be a (C?) hypersurface around zy € T'. Let A = A, denote the Weingarten
map in the direction of n(zy), where n is a unit normal vector field on I' around z,. We
shall give a various expression of A and curvatures.

Level set representation.  Suppose that I" is represented by (1.1.1) with

Vu(zo)
= —— 14.1
n(ﬂio) ‘VU($0)| ( )
Then for 7 € T, T’
Vu
A.mOT = —(DTH)<I'O) = (7— . V)W

1 {(T~V)VU— (7 V)V, Vi )

:|Vu| |Vu|2} at r=uwx9. (1.4.2)

It is convenient to introduce the orthogonal projection II,, from 7, R" to T, ,I'. Its matrix
expression is
Ruwe) = 1 — n(x0) ® n(xo)

so that
IL,¢ = Ru@yC, (¢ € TRV =RY,

where ( is regarded as a column vector. Using the notation

R,=1—-pap/lp]* for pcRN, p#0, (1.4.3)
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we observe from (1.4.2) that
1

A, T=
" WVl

R, (V?u)T at zo with p = Vu(x),

where 7 is regarded as a column vector. Since
R,m =71, p=Vu(zy)

by definition, we see
1
A, 7= —— 2 t
oT ]Vu(wo)\Qp(v u(xg))T at  xo
with
Qp(X) = R,XR,, (1.4.4)

where X is an n X n real symmetric matrix. Although R,V?u may not be symmetric,
Q,(V?u) is now symmetric. It is not difficult to see that the symmetric operator A,
from T,,,R" to T,,RY defined by

- 7@Vu(;ro)(v2u(x0))<7 C € T{L‘ORN = RN (145>

is a unique linear operator with the property that
AZOC = AwOHﬂJoC-
We often identify the Weingarten map A, by Axo. By definition Awo is given by a direct

sum of operators

A$0 = A:EO @ 0
corresponding to the decomposition of the tangent space RY = T, RY of form
RY =T, I'® N,,T,

where N, I" denotes the normal vector space at xy. Thus the eigenvalues of AIO consist
of principal curvatures xq,---,ky_1 and 0.

We shall derive the level set representation of various curvatures from (1.4.5). The
mean curvature H at xy € I in the direction of n(x¢) (defined by (1.4.1)) is

H =k +- -+ ky_1+0=trace Azo
1
= — traceQ,(X) with p= Vu(z), X = V?u(x)

Pl
Since R? = R, by (1.4.3) and trace (R,XR,) = trace(R>X), H is of form
1 Vu(zy) @ Vu(x0)> ) )
H = ———— trace|( (] — Vou(z
e (- s

1 Ug, Uy,
= — | | Au— | Ugya, at  x = xg, (1.4.6)
[Vl (( 1§1,zg:‘szv |v“|2) )
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where u,, = Ou/0x;, Uy, = 82u/8$i8x]. and Au = Z;yzl uj;. For m-th symmetric
curvature with m < N — 1 by the form of A, we see

H,, =en(ki, -+, kn_1,0)
where rq, -+, ky_1,0 are eigenvalues of Q,(X)/|p| with p = Vu(zg), X = V2u(xy), since

em(K1,  kn_1,0) = em(K1, -+, KN_1)-
If m = N — 1, then the Gaussian curvature K is of form
K =en_1(k1, "+, kN_1,0) = en(K1, -+, Kn_1,1).

This observation gives a simple representation of the Gaussian curvature

Qp(X) 4P ®p> . p = Vu(z), X = Vu(x) (1.4.7)

p| Ip|?

K = det <

since the eigenvalues of Q,(X)/|p| +p ® p/|p|? are k1, -+, kn_1,1. If we arrange r; <
co < RKn_1, Ki(1 <@ < N —1) is written as

Ki = ki(]% X)a b= VU(%) #0, X = VQU(ZUO)

where k;(p, X) < kao(p, X) < -+ < ky_1(p, X) are the eigenvalues of the linear operator
Qp(X)/|p| the orthogonal complement of the vector p. By this expression it is possible to
express the m-th symmetric curvature by w.

There is another way to derive the level set representation of the mean curvature and
anisotropic mean curvature without using the representation (1.4.5) but using surface
divergence. We set m = —Vu/|Vu| and note that the vector field m is defined not only
on I' but also some neighborhood of I" near xy. By (1.3.6) we observe that

H = —divrn = —trace(({ — n(zo) @ n(zo))(Vm)(zo))
= —trace(Vm(xg)) + trace(n(zo) @ n(zo)(Vm)(zo))

Vu 0
=div | 5= i (20) (5—m) (20), 1.4.8
iv (WU ) (w0) + 19%:9[71 (xo)n; (a:o)(axjm ) (o) ( )
where n = (nq,---,ny), m = (mq,---,my). Since m is a unit vector field near x,
i o 10 X, 10
(o) | 5—m = . — - 1=0.
;m(%) (8% mz> (o) 2 (8@ = m”) (o) 20z; 0

Thus the last term of (1.4.8) disappears and we obtain

i = (o (5t ) ) (1.49)

which is the same as (1.4.6).
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We shall give a level set representation of anisotropic mean curvature. We recall (1.3.6)
to calculate

h = —divré(n) = —trace{(I — n(z) ® n(zo))(VE(m))(zo)}
= —trace(VE(m))(x) + trace{(n(zo) ® n(zo))(VE(m))(zo)},  (1.4.10)

The second term is of form

Z m(m)nj(:ﬁo)g}i(n(xo))%?j(xo)

1<,k £<N

with € = (€1, -+, &N). Since € = Vv and v is posively homogeneous of degree one so that
1(Ap) = My(p), A >0,

differentiating in p, yields
M) = A (p) or () =¢€(p) for 1< L <N,

In other words £f is positively homogeneous of degree zero. Differentiating in A and setting
A = 1 yields the Euler equation
N 856
> pi—(p)=0,1<l(<N (1.4.11)
= Opi
Since 9E°/Op; = OE'/Opy, the second term of (1.4.10) can be rewritten as

> m(aco)nj(xo)gf%(n(xo))a%<o:o>

1<i,j <N

— Z (Z nl(ajo)gfjz (n(azo))> ((;Cw(xo)nj(xo) =0 by (1.4.11).

1<i,j <N \i=1 ]

J

Thus we have
h = —(div £(m))(xo); (1.4.12)

note that this formula holds for any extension m of n in a tubular neighborhood of I" near
xg since we do not use the property |m| = 1. Instead, £ should be a Cahn-Hoffman vector.
If v(p) = |p| so that & = p/|p|, we recover the formula (1.4.9) with m = —Vu/|Vu|. Since
¢ is homogeneous of degree zero, (1.4.12) yields

h = —div(§(=Vu)) (o)
9%y 9%u
= E —Vu(zx
1<i j<N apiapj< ( 0))8.%8%]'

(o). (1.4.13)

(Of course if y(p) = |p|, this again yields (1.4.9).) By (1.4.11) we see R,V?y(p) =
V2v(p) = V2v(p)R,. From (1.4.13) it now follows that

h = wtrace (V2fy(n(:c0))Qn(xo)(VZu)(xo)) with n(zo) = —Vu(zo)/|Vu(zo)|
(1.4.14)
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since 9%v/0p;Op; is homogeneous of degree minus one so that

0%y 1 0%y ( Vu

V) = C1<i, j<N.
3piapj( ) |Vu| OpiOp; ) ’

v -
Using the second fundamental form in (1.4.14) we have
h = trace(V*y(n(z)) Ay, ). (1.4.15)

The formula (1.4.15) may explain a reason why h is sometimes called a weighted mean
curvature.

Graph representation. It is easy to derive formula for the second fundamental form
from (1.4.5) when I is given as the graph of a function. By rotating coordinates we may
assume that I' is expressed as

I'= {2y =g(2), 2’ € R"'}

around xy € I, where g(z()) = zon. If n is taken upward, then I' is given as the zero level
set of

u(z) = —zy + g(2')

with n = —Vu/|Vu| which is the same as (1.1.2). Plugging in (1.4.5) we obtain a formula
of Awo written by g. A general formula is complicated so we do not give it here. However
if Vg'(x}) = 0 so that n(zo) = (0,0, ---,0,1) then the expression of A,, is simple. Indeed
since Vu(zg) = —n(zg), we see

Qoutao(Pate) = (V74 ),

Thus we obtain

A, =V"?(x0)¢, ¢ € RV with ¢ = (¢',¢) € RY. (1.4.16)

We shall calculate the mean curvature H at z( in the direction of n. We plug u in
(1.4.9) to get

i :(div’ (W))($6)+ 0 ( ! (xé))
VI+IVeP on \ Y1+ Vgl
= [ div/ Vg x
_(d (\/ngw?))(”)’ I

where div’ denotes the divergence in 2’ variables.
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Axisymmetric surface. Suppose that I" is obtained by rotating the graph of a func-
tion ¢(zy) around x;-axis and that zy € I' is not on the axis. Around zy € T the
hypersurface I" is of form

N 1/2
-
j=2

If n is taken outward from z;-axis, i.e. n is given by (1.2.3), then I' is given as the zero
level set of

U(ZEl, T ,-TN) =T+ ()0(1‘1>
with n = —Vu/|Vu| (around z,). We obtain a formula of A, written by ¢ by plugging
above u into (1.4.5). However, we do not give its explicit formula. Here we only calculate

the mean curvature H at xy in the direction of n. We plug u in (1.4.9) and using the
formula (1.2.3) to get

0 - 0 Oy B 1 N9 z;
Oy \(L+¢2)"2)  (

_ Prix 1 N -2 . . /)
o (1+ <p121)3/2 o (I+¢2)1/2 7 at ¥ = x¢ = (74, 7g) (1.4.18)
1 x1

where r = |2"| with 2" = (29, -+, 2N).

Gradient of normal vector fields Let n be a unit normal vector field of I' around
7o. Let m be a (C') extension of n to a tubular neighborhood of T around z,. Since

Agy 7= —((7 - V)m)(zo),
for € T, T,

AL = —((TyyC - V)m) (o)
= —(¢- V)m)(zo) + ( ¢, n(z0) )(n(zo) - V)m(zo).

This implies that the matrix expression of Amo (with respect to the standard Euclidean
basis) equals

2
81’2‘

(which should be symmetric since A, is symmetric). If the extension m has the property
that

m;j(zo) + ni(x)(n(zo) - V)my(zo), 1 <d, j< N

((n(xo) - V)m) (o) = 0, (1.4.19)

then one may identify —Vm(xg) by AIO. We shall use the notation Vn by extending n
to a tublar neighborhood of I around z( such that (1.4.19) holds. By this interpretation
—Vn = A,,, so we shall often identify second fundamental form A, with —Vn.

We conclude this section by studying the range of Vn. Let S denote the space of all
N x N real symmetric matrices.
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Lemma 1.4.1. Let x9 be a point in RY. For each p € S¥~! and X € SV there
is a smooth hypersurface I' around z, with the property that n(xy) = p, Vn(zg) =
Q,(X) where n is a unit normal vector field on I' around z( and is extended to a tubular
neighborhood of T' satisfying ((n(zg) - V)n)(zo) = 0.

Proof. We may assume p = (0,0,---,1) by rotation of coordinates and xy = 0 by
translation. The matrix Q,(X) is of form

Y

with Y € SN~1, We set,

1
g(z) = —3 (Y o',2") fora’ ¢ RN

to get g(0) = 0, V'g(0) = 0, V*2¢(0) = Y. Since Vn(zy) = —A,,, the formula (1.4.16)
yields
Vn(zy) = —V?g(0) = Q,(X). O

1.5 Examples of surface evolution equations

We give general examples of equations of an evolving hypersurface whose normal veloc-
ity V' is determined by its normals and second fundamental forms. In general such an
evolution equation is of form

V = f(z, t, n, Vn) (1.5.1)

on an evolving hypersurface I';, where f is a given function and n is a unit normal vector
field of I';. For cosistency with the literature we take the minus of the second fundamental
form A of I'; as an independent variable of f and denote it by Vn. Here V is the velocity
in the direction of n.

1.5.1 General evolutions of isothermal interfaces

For an evolving hypersurface I'; we consider
6(n)V = —a diVth(n) - C(l’,t). (152)

Here ¢ is the Cahn-Hoffman vector of a surface energy density 7o : S ! — (0,00) and (3
is a given positive function on S"!, @ is a nonnegative constant and c is a given function.
We always assume that NV > 2 if a # 0 since the curvature term equals zero when N = 1.
As we observed in (1.4.15), this equation is an example of (1.5.1). If ¢ is independent
of z and a = 1, (1.5.2) is often used to describe motion of isothermal interface; there ¢
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is regarded as bulk free energy difference such as temperature difference in both phases.
The function 1/ is called the mobility. It may be again anisotropic in the sense that it
depends on the direction of normals. The mobility is determined by microstructure of
the hypersurface. Sometimes it is proprotional to 7y, i.e., 87 is constant independent of
n but in general 1/ is not necessarily propotional to vy. The equation (1.5.2) has an
energy structure. Indeed, we set

G(T) :/ a ’yo(n)da+/ cdz (1.5.3)
r D
for a hypersurface I' surrounding D, then (1.5.2) is of the form
B(n)V = —6G /oI,

where G /0T, denotes the change ratio of (free energy) G per change of volume of D in
the direction of n. Here n is taken outward from D. In other words (1.5.2) is a gradient
flow of G.

Mean curvature flow equation.  The equation (1.5.2) includes several interesting
important examples as a special case. If the mobility and the surface energy density is
isotropic with no driving force ¢ and a = 1, then (1.5.2) becomes

V=H (1.5.4)

by rescaling time if necessary (or taking f = v = 1, a = 1, ¢ = 0). This equation is
called the mean curvature flow equation. If N = 2 so that I'; is a curve, (1.5.4) is called
the curve shortening equation. If k denotes the curvature in the direction of n, the curve

shortening equation is of form
V =k. (1.5.5)

For the mean curvature flow equation the energy G in (1.5.3) is the surface area of T
Thus (1.5.4) gives a deformation so that decrease ratio of area is steepest. This is why
(1.5.5) is called the curve shortening equation. Note that the equation (1.5.4) is invariant
under the change of orientation n. In other words the evolution law (1.5.4) is the same
even if we replace n by —n.

Hamilton Jacobi equations. If a = 0, then (1.5.2) becomes
B(n)V = c(x,t). (1.5.6)

This equation is regarded as a special form of the Hamilton-Jacobi equation. Indeed, if
Iy is represented by the graph of a function i.e., zy = g(«',t), then by (1.1.2) and (1.2.2)
the equation (1.5.6) is of the form

g+ HE, t, g, Vg =0 (1.5.7)
with
H(', t, v, p)=—c(@, r, )u®@)/B(=p'/u®), n@)™"), p@)=1+p)".

The equation (1.5.7) is a first order equation and the curvature plays no role in (1.5.6).
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1.5.2 Evolution by principal curvatures

In the mean curvature flow equation the normal velocity depends only on principal cur-
vatures of hypersurfaces. There are several other examples of form

V =g(k1, - kn-1; M), (1.5.8)

where g is a given function of principal curvatures of ky, - - -, Ky_1 and n. In the mean cur-
vature flow equation, ¢ is independent of n and is taken as the first elementary symmetric
polynomial e;.

If g is taken ey_; so that ey_1(k1,- -+, Kn_1) equals the Gaussian curvature K, (1.5.8)
becomes the Gaussian curvature flow equation

V=K. (1.5.9)

Of course if N = 2, then this equation becomes the curve shortening equation V' = k.
More generally, for each 1 <m < N —1

vV =H, (1.5.10)

is called the m~th symmetric curvature flow equation, where H,, is the m-th symmetric
curvature e, (ky,---ky_1). The equation

V=Hy_1/Hn_o (N >3) (1.5.11)
is called the harmonic curvature flow equation, which is a special case of
V = H,./H,. (1.5.12)

All equations (1.5.9)-(1.5.12) are examples of (1.5.8). As we see later, we impose the
restriction ¢ < m in (1.5.12) so that the equation is parabolic at least for convex surfaces.
Note that in general the evolution law (1.5.9) or (1.5.10) (with even m) may depends
on the choice of orientation n. For a closed evolving hypersurface I'; we take the inward
normal vector field as n so that sphere shrinks as time develops. The same remark applies
to (1.5.12). We use this convention when we consider the evolution by principle curvatures
(1.5.10) with even m and (1.5.12) with even m — £.

1.5.3 Other examples

In general the right hand side of (1.5.2) is not propotional to the velocity. A natural
generalization is

V = h(—a divr, £(n) + ¢, n) (1.5.13)
where h is nondecreasing in the first variable and A(0,n) = 0. If N = 2 so that I'; is a
1/3

curve in the plane and h(o,n) = 0,/” with ¢ =0, a = 1, 9 = 1, then (1.5.13) becomes
V = (ky)? (1.5.14)

where o, = max(c,0). The equation (1.5.14) is called the affine curvature flow equation
since the equation is invariant under affine transformation.
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1.5.4 Boundary conditions

It often happens that a hypersurface I, moves in a domain € in R and the geometric
boundary of I'; intersects the boundary 02 of €2. In this case in addition to the equation
(1.5.1) in Q we have to impose the boundary condition so that evolution is determined
by equations. We give here typical examples of them. We assume that the boundary 0f2
is at least C'* hypersurface in RY. Let v be the unit normal vector field of 9Q outward
from . Let n be the unit normal vector field of a smooth hypersurface {T';} in Q.

Neumann boundary condition. This condition imposes
(v,n) =0

on the intersection of I'y and 02. Geometrically speaking, I'; intersects 02 orthogonally,
i.e., PtJ_aQ

Prescribed contact angle boundary condition. Let z be a given real-valued con-
tinuous function on 02 that satisfies |z| < 1 on 9. The prescribed contact boundary
condition imposes

(v,n) =z

on the intersection of I'; and 0€2. Of course if z = 0, this condition is exactly the Neumann
boundary condition. Although the orientation of I'; is irrelvant to describe the Neumann
boundary condition, the presdribed angle condition depends on the orientation of I';. In
the literature the prescribed contact angle condition is often referred to as the Neumann
boundary condition.

Dirichlet boundary condition. Let S be a given codimension two closed surfaces in
RY. The Dirichlet condition imposes that the geometric boundary of I'; always equals S.
This condition is so far not easy to treat in a level set method so we do not discuss this
problem much in this book.

1.6 Level set equations

For a given surface evolution equation we shall introduce its level set equation. We shall
study various properties of level set equations.

1.6.1 Examples
We consider a surface evolution equation
V = f(x, t, n, Vn) (1.6.1)

on an evolving hypersurface I'; in a domain  in RY. Here f(z, t, -, -) for (x,t) € Qx[0,T]
is a given real-valued function defined in

E={(p,Q,(X)); pe S"!, X e SV},
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By Lemma 1.4.1 the set E is a natural space so that (n, Vn) lives. We say an equation
uy(z,t) + F(z, t, Vu(z,t), Vu(r,t)) =0 forall (v,t) € Qx (0,T) (1.6.2)
is a level set equation of (1.6.1) if for each level set
Ty = {x; u(x,t) =c}

of a C*! solution u of (1.6.2) near (zg,ty) € Q satisfies (1.6.1) at (x,ty) provided that
Vu(zg,tg) # 0 and that the orientation n is chosen so that n(xg,tg) = —Vu(zo,to)
/IVu(zo, to)|, where xy € T';,. Here F' is a real-valued function defined in Q x [0,7] x
(RM\{0}) x 8%.

Such an equation is uniquely determined by (1.6.1). Indeed, using the level set repre-
sentation of V,n and Vn, (1.6.1) is of form

Vu 1 9
=1 ( T v @V “>)

|V|

on the evolving hypersurface. The representation of V,n and Vn is the same if the
hypersurface is a c-level set instead of the zero level set of u. Thus, the equation

- 9alf (0.~ g~ Qoul ) =0
is the unique level set equation. It may be rewritten as
ug + Fy(z,t, Vu, V2u) =0 (1.6.3)
with
et X) = =l (.t~ — 1 0,3)) (164

for p € RM\{0}, X € S, (z,t) € Q x [0,T]. Note that the function F} is not defined for
p = 0 in general as we will see in following examples.

Level set mean curvature flow equation. If (1.6.1) is the mean curvature flow
equation (1.5.4) : V = H, then by (1.2.1) and (1.4.6), the level set equation is

Uz, Uy,
u — Au + o Uy, Ug; = 0 (1.6.5)
1<i,zj:<N [Vul?
or (1.6.3) with
Fy(z,t,p, X) = Fp(p, X) = —trace (I pﬁm) X, p#0 (1.6.6)
p

which is independent of (z,¢) and all X € S¥. Note that F is not defined for p = 0.
Using (1.4.9) we often write the level set equation of (1.5.4) as

, \Y
up — |Vul|div (WZO =0 (1.6.7)
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which is of course the same as (1.6.5). The equation (1.6.5) (and its equivalent form
(1.6.7)) is called the level set mean curvature flow equation.

Level set Hamilton-Jacobi equation. We consider the level set equation of the
Hamilton-Jacobi equation (1.5.6)

BV = c(z,1)
By (1.2.1) and (1.4.1) its level set equation is of form
up — c(x, t)|Vu|5(=Vu/|Vul) =0 (1.6.8)

or (1.6.3) with
F(z,t,p, X) = —|plB(=p/Ipl)e(x, 1), (1.6.9)
which is independent of X. The equation (1.6.8) is again the first order Hamilton-Jacobi

equation
u+ H(x,t,Vu) =0

with the Hamiltonian H(z,t,p) = Fy(x,t,p, X) which is not necessarily convex in p. We
also note that H(z,t,p) can be extended continuously to p = 0.

Anisotropic version. We consider the anisotropic version of the mean curvature flow
given by (1.5.2). By (1.2.1), (1.4.1) and (1.4.13) its level set equation is

0%y 0%u 1
us — |Vul| [ a E —Vu) ———— +c| —=—=—- =0 1.6.10
a '( (< Op: Op; =V 5, oz, ) B(=Vu/|Vul) (1.6.10)

or (1.6.3) with

|
F (l‘,t,p, X) = —{(l trace(v27(_p)X) + C(I7t)} EYAESVIINEY
! B(=p/Ipl)
p|
= —{a trace(V*y(—-p)R, X R,) + c(x,1)} ———— (1.6.11)
rer B(=p/Ipl)
by (1.4.14), where R, is given by (1.4.3). This F depends on (z,t) through ¢ and it is
defined for all p € RV\{0} and X € SV.

Level set Gaussian curvaure flow equation. = We consider the Gaussian curvature
flow equation (1.5.9) : V = K. Its level set equation is of form

uy — |Vu| det I—Vu@v“ Viu _ Vu®Vu Vu® Vu
t |Vu|2 |VU| |vu|2 |VU/|2

since we have (1.4.7) for the Gaussian curvature. If we write it in the form (1.6.3),

Vu® Vu
[Vul?

) —0 (1.6.12)

Fi(z,t,p, X) = —|p| det (RpXPp + (1.6.13)
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In above examples the level set equation is directly computable by (1.6.4) once the surface
equation is given by (1.6.1) with explicit f. For example, the mean curvature flow equation
is of form

V = —trace Vn

so that f(n Vn) = trace Vn. Then by (1.6.4)

Fy(z,t,p, X) = —|p| trace @p(X)/[p| = —trace @p(X),

which is the same as in (1.6.6).

Boundary conditions. If the boundary condition on 0f2 is imposed for an evolving
hypersurface I'; in a domain €2, it should be included in the level set equation. In the
level set representation the Neumann boundary condition

(r,n)=0

Vu
——— ) =0
< S >

if we take n as in (1.4.1). More generally, the prescribed contact angle condition can be

written as
Vu
v, ——— ) =2
[Vul

ou
5, T2 vul =0, (1.6.14)

where v is the outward unit normal vector field of 02 and |z| < 1; du/0v denotes the
directional derivative of w in the direction of v, i.e. du/Ov = (v - V)u. If boundary
condition is imposed for (1.6.1) on €2, its level set equation should include the boundary
condition. For prescribed contact angle condition it is easy to include. However, for the
Dirichlet problem, it is not clear in what way we include it. The level set equation of
the boundary problem for (1.6.1) requires that each level set of solutions must satisfy the
boundary condition. For example the level set equation of V = H with the prescribed
contact angle condition (v, n ) = z is

1s written as

or

Ug Uy
N
%—i—z |[Vu| =0 on 0Q x (0,7T).

w — Au+ X

=0, inQx(0,7)

1.6.2 General scaling invariance

The function F'; defined by (1.6.4) has special scaling properties in p and X. To see this
we suppress the dependence in (x,t). Let f be a real-valued function defined in

E={(p,Q,(X)); pc SV X eS8V (1.6.15)
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We set

Fy(p, X) = —Ipl f(—L, =2 Q,(X)), p e RM\{0}, X € 8% (1.6.16)

pl” Ipl
Then F} fulfills

(G1)  Fr(Ap, AX) = AFy(p, X), for all A >0, p € RV\{0}, X € SV,

(G2) Fy(p, X +p®@y+y®p) = Fy(p, X), for all p€ RV\{0}, X € .
Indeed, (G1) follows from definition of Fy since @), is a linear operator. To show (G2) we
note the identity

(z@p)(p®y) =z®yp
Using this identity we see that

pRp

and similarly y ® p R, = 0, where R, is given in (1.4.3). Thus
Qplp@y+y@p)=Rplp@y+y@p) Ry =0. (1.6.17)
From this identity (G2) follows.

Definition 1.6.1.  Let F be a real-valued function in (RV\{0}) x S¥. We say that F
is strongly geometric if F' fulfills (G1) and (G2).

We have seen that F is always strongly geometric. We shall prove its converse: if F'
is strongly geometric, then there is (unique) f with F' = F; (Theorem 1.6.4). To see this
we study structure of E as a bundle over a unit sphere SY¥~!. The vector space SV is
equipped with an inner product

(A| B) =trace AB, A, Bc SV,
For a given p € SV~! we consider the linear operator from S¥ into itself defined by
Q,(X)=R, X R,, X €SV

as in (1.4.3), (1.4.4). Let @ denote the adjoint operator of @, with respect to the inner
product ( |- ).
Lemma 1.6.2. (i) The operator @), is an orthogonal projection on SV, i.e. Qf) = Q)
and Q, = Q).

(ii) The kernel of ), in SV equals one-dimensional space

Ly={p@y+yep yeR"}

Proof. (i) The property Q2 = @, follows from R? = R,,. Since

(Qu(X) | V) = trace(R,XR, Y) = trace(X R, ¥ Ry) = { X | Q,(Y) )
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for all X, Y € S¥, the operator @, is self-adjoint, i.e. @y = Qp.
(ii) By (1.6.17) L, is contained in the kernel of @,. It remains to prove that ,(X) =0
for X € SV implies X € L,. By definition of @, we see

U™ Qu(X)U = Qu(Y), q=pU, Y =U'XU, X €SV

for any orthogonal matrix U, where p, ¢ are regarded as row vectors. We take U so that
q¢=(1,0,---,0) and observe that Q,(Y") = 0 implies

21 Y2 ... YN
SR
yv 0 0

since X € S implies Y € SY. Thus Q,(X) = 0 implies Y = ¢ ® y + y ® ¢ with
y = (y1,---,yn), which is the same as X € L,. O

The set E defined by (1.6.15) is regarded as a (smooth) vector subbundle of a trivial
bundle S¥~1 x S¥. The fibre dimension of E equals N(N —1)/2. Let Q be a bundle map

Q:SVN1xsVN S E

defined by
Q(p, X) = (p, @p(X)).

Let L be a bundle over S™V—1 of form
L={(p,X); pe SV XelL,}.

Since @ is surjective to E, Lemma 1.6.3 provides a direct sum decomposition of SV =1 x SV,

Lemma 1.6.3.  The bundle SV~! x SV is expressed as a orthogonal sum of form L& E
as bundles over SN=1. The operator Q) gives a projection to E on fibres.

Let G be the set of all strongly geometric real-valued function F' defined in (RV\{0}) x
S¥. Let T be the set of all real-valued function f defined in E. Let F denote the mapping
corresponds Fy to f, where Fy is defined by (1.6.16).

Theorem 1.6.4. The mapping F is a bijection from Z to G.

Proof.  Let G’ be the set of all real-valued function F” on SV~ x SV satisfying (G2).
Then the mapping F’ — F defined by

F(p, X) = |p| F’<p X)

Ipl” Ip|
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gives a bijection from G’ to G. By dedinition of L and L, one may identity F’ € G’ with a
function on the quotient bundle SV~ x SV /L. By Lemma 1.6.3 SV~ x SV /L is identified
with E and the mapping f — F’ defined by

F,(an) = _f(_pa _QP(X))7 p € SN_17 X € SN/LP

gives a bijection from G to G’ since ), = Q_,. Since F : f — F} is a composition of
fr— F and F' — F, F is a bijection from Z to G. O

Remark 1.6.5.  The bijective property of F is still valid for function defined in a subset
of E if 7 and G are appropriately modified. For a subset ¥ of SN¥~! let Ex; be of form

Ex ={(p.Qp(X)); p€ X, X €SV}

Let Z be the set of all real-valued function defined in Ey. Let G be the set of all strongly
geometric real-valued function defined in 3 x SV with the cone & = {A\p; pe X, A >0}
there we understand that (G1), (G2) holds for p € 3. Then F gives a bijection from Z to
G as before. The proof is the same.

1.6.3 Ellipticity

As we know the backward heat equation cannot be solvable for general smooth initial
data even locally in time. We need some structual conditions for f to find solution I’
with initial data I'y. We recall the notion of degenerate ellipticity and parabolicity for
this purpose.

Definition 1.6.6.  Let F be a real-valued function defined in (RV\{0}) x SV (or in its
subset 3 x SN where ¥ = {\p; pe X C S¥L, X > 0}). We say F is degenerate elliptic
if

F(p. X) < F(p.Y), pe R¥\{0}) x 8V (or £ x %) (16.18)

for all X,Y € S with X > Y. Here X > Y means that X — Y is a nonnegative matrix,
e, (X =Y)E) >0forall £ e RY.

This condition is a kind of monotonicity of /' in X. Fortunately, many examples Fs
of level set equations fulfill this property as we see below.

Level set mean curvature flow equation.  The function Fy(p, X) defined by (1.6.6)
is degenerate elliptic. Indeed, by definition

Fy(p, X) = —trace(R, Y) — trace R,(X —Y).

Since trace AB > 0for A > O, B > O and R, > O, the last term is nonpositive if X > Y
so (1.6.18) follows.

Level set Hamilton-Jacobi equation.  The function Fy(z,t,-,-) defined by (1.6.9)
is independent of X so Fy(z,t,-,-) is degenerate elliptic for all z, . If a level set equation
is of first order, F is always degenerate elliptic.
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Anisotropic version.  The function Fy(x,t,-,-) defined by (1.6.11) is degenerate ellip-
tic if V2y > O as well as a > 0 and 3 > 0; as before we here assume that v is C? outside
the origin. The idea to prove (1.6.18) is the same as the proof for —trace (R,X).

Surface evolution equation by principal curvatures. The function F defined by
(1.6.13) is no longer degenerate elliptic unless N = 2. We shall modify e,, so that F} is
degenerate elliptic. If we consider the equation (1.5.8), F; in the level set equation is of

form

Fy(p, X)=—Ipl g (k:l(p,X), - knvoa(p, X)), —@) : (1.6.19)

where k;’s are eigenvalues of Q,(X)/|p| as defined in in the paragraph on the Gaussian
curvature in §1.4. There is a sufficient condition on g so that F is degenerate elliptic.

Proposition 1.6.7. Foreachi = 1,---N — 1, p € S¥ 1 and (A1, -+, \ic1, Ais1,
<+, An-1) € RY72 the function \; — g(\1,- -+, Ay_1; p) is nondecreasing in R. Then F}
given by (1.6.19) is degenerate elliptic.

Proof. Tt suffices to prove that X > Y implies k;(p, X) < k;(p,Y) fori =1,2,--- N — 1.
By rotation of p as in the proof of Lemma 1.6.2 we may assume that p = (1,0,---,0) and

0 ... 0 0 ... 0
Qp(X)=1] 1 X' , Qp(Y)=1| v
0 0

with X’ Y’ € SN¥=1. Then k;(p,X) equals the i-th eigenvalue y; of X’/|p| denoted
pi (X' /|p|) where pg < g < -+- < puy_q. If X > Y, then evidently X’ > Y.

A minimax characterization (e.g. R. Courant and D. Hilbert (1962)) of eigenvalues
implies that p;(X'/|p|) > w:(Y'/|p|), 1 <i < N —1for X’ > Y’ so ki(p,X) > ki(p,Y)
fori=1,2,---,N—1. 0

Remark 1.6.8. A minimax characterization of eigenvalues also implies that k;(p, X)
is continuous on (RM\{0}) x S¥; see for example a book of T. Kato (1982). By the
observation we consider

9()\1> L ANST p) = )\T ) ">‘JJ’\_7—1

instead of Aj -+ Ay_1 so that Fy in (1.6.19) is degenerate elliptic, where A" = max(\;,0).
Moreover, F is continuous in (R¥\{0}) x S¥ since k;’s are continuous there.

The operation of the plus part depends upon the orientation n. When we consider
convex surface, taking n inward is a way not to trivialize the problem.

More generally, when

9(/\17 Ty >‘N—1; 1’1) = em(Ala T, )\N—l)

there is a way to modify g so that it satisfies the assumption on ¢ in Proposition 1.6.7.
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Lemma 1.6.9. Let N >2and1 <m < N — 1. There is a closed convex cone K,, in
RY~! with vertex at the origin such that

(i) em(N1, - -+, An_1) satisfies the monotonicity assumption of Proposition 1.6.7 as long
as ()\1, ceey, )\Nfl) S Km

(ii) [0,00)V 7! C K,,,.

(iii) em (A1, -+, An—1) > 0 for (A1, -+, An_1) belonging to the interior int K, of Kp,.

(IV) em()\h Ty /\N—l) =0 for ()\1, try >\N—1) € aKm

(v) K,,\{0} C int K, for { < m.

For the proof the reader is referred to a book of D. S. Mintrinovic (1970) [p. 102, Theorem
1] and the article of N. S. Trudinger (1990). When m = N — 1, it is easy to see that
K., = [0,00)"~1 so that (i)-(iv) holds.

By this consideration we set

em()\la' ' '7)\N71)> <)\17 t '7)\N71) € Km

Em(Ar s Av) = { 0 otherwise (1.6.20)

and observe by Lemma 1.6.9 that é,, fulfills the monotonicity condition of Proposition
1.6.7 as well as continuity on RV~

Theorem 1.6.10. The function Fy defined by (1.6.19) with
gAL A1 p) = €m(Ar, s Av-1) (2<m <N —1)
is degenerate elliptic. Moreover, F is continuous in (RV\{0}) x S¥.

When we consider a quotient e,,/e,, we note that é,,/e, for 1 < ¢ <m < N —1
satisfies the monotonicity condition of Proposition 1.6.7 for

gL, An—1 p) = (Em/e)(Ar, -+ An—1);

see the book of D. S. Mintrinovic (1970) [p. 102, Theorem 1] for the proof. Note that by
Lemma 1.6.9 (v) é,,/e¢ is a well-defined continuous function in RV~! by assigning zero
as the value at (0,---,0). Thus the function F; defined by (1.6.19) with this g is again
degenerate elliptic and continuous in (R¥\{0}) x S¥.

Other examples.  We finally consider the level set equations of (1.5.13) and (1.5.14).
For (1.5.13) the function F} is degenerate elliptic of h is nondecreasing and V?y > 0 as
well as @ > 0. For (1.5.14) the function F} is always degenerate elliptic.

The condition (1.6.18) for F defined by (1.6.16) is equivalent to say

f(p, @p(X)) < f(p, @p(Y))  whenever Q,(X) > @p(Y). (1.6.21)

We say that f defined in E (or Eyx) is degenerate elliptic if (1.6.21) is fulfilled for all
(p,Qp, (X)), (p.Qp(Y)) € E (or Ex). We say that (1.6.1) is degenerate parabolic if
f(z,t,-,-) is degenerate elliptic for all (z,t) € Q x [0,7]. As we study in this section
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the mean curvature flow equation and the Hamilton-Jacobi equation (1.5.6) are of course
degenerate parabolic. The anisotropic version (1.5.13) as well as (1.5.2) is degenerate
parabolic when h is nondecreasing and V?y > 0 and a > 0. The Gaussian curvature
equation for N > 3 is not degenerate parabolic. More generally, m-th symmetric curvature
flow equation (1.5.10) with 2 < m < N — 1 is not degenerate elliptic. We modify these
equations (1.5.10), (1.5.12) by replacing e,, by é,, as defined in (1.6.20). Then the modified
equations

Vi =én(k, o, kn-1), (1.6.22)
(ém/ee)(K1, -+ kN-1), 1<l<m<N-—1 (1.6.23)

are degenerate parabolic.
If (1.6.18) is replaced by the strict monotonicity

F(p,X)< F(p,Y) for X>Y with trace (X —Y) >0
is fulfilled, F' is called strictly elliptic. A typical example of such F is
F(p, X) = —trace X

so that F'(Vu, V?u) = —Au. We note that a strongly geometric F' is not strictly elliptic
because of condition (G2). Similarly we say f is strictly elliptic if (1.6.21) is replaced by
the strict monotonicity

f(p, Qp(X)) < f(p, @p(Y))

for Q,(X) > @Q,(Y) with trace Q,(X —Y) > 0. The equation (1.6.1) is called strictly
parabolic if f(x,t, -, -) is strictly elliptic. The mean curvature flow equation is strictly
parabolic while the Hamilton-Jacobi equation is not strictly parabolic. The anisotropic
version (1.5.13) as well as (1.5.2) is strictly parabolic when h is strictly increasing and
R,V?*v(p)R, > O for p # 0. Here by X > O we mean X > 0 and det X > O. The
equation (1.6.23) with 1 < ¢ < m < N — 1 is not strictly parabolic because K, #
RN-L,

1.6.4 Geometric equations

A familiar condition on scaling invariance of Fy defined by (1.6.16) appears to be a little
bit weaker than (G1), (G2).

Definition 1.6.11.  Let F be a real-valued function on (RV\{0}) x S¥. We say that
F is geometric if F' fulfills (G1) and

(G2 F(p,X +op®p)=F(p,X) forall pecR"\{0}, X €S, s cR.

Clearly (G2) implies (G2’). The condition (G2’) is certainly weaker than (G2). For

example if we set
pRp

p|?

Fo(p, X) = |[BpX|l2, By =1 —
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then Fp is geometric but not strongly geometric. Here ||Y'||2 denotes the Hilbert-Schmidt
norm of N x N matrix Y, i.e.

Yl=( > [Vl

1<i, j<N
where Y;; denotes the 75 component of the matrix Y. Since

Fo(Ap, AX) = [|B,(AX)[l2 = AFo(p, X),
Fo(p, X +op@p) = [|RX + Ryo p @plla = [[R,X][2 = Fo(p, X),

Fo fulfills (G1) and (G2’). However, Fpp does not fulfill (G2). Indeed, if we take p =
(0,---0,1), then

N
Fo(p, X) = (2. > X522,
We take y = (a,0,---,0)(# 0) and observe that
Fo(p, X +y@p+p®y)*~Fo(p, X)* = Fo(p, X +y®p)’—Fo(p, X)* = (Xiy+a)*~Xiy # 0

since X is symmetric. Thus (G2) is not fulfilled. However, if we assume that F' is
degenerate elliptic, then geometricity and strong geometricity are equivalent conditions.

Theorem 1.6.12.  Forp € (R"\{0}) let X — F(p, X) be a continuous function in SV.
Assume that
F(p, X +0p@p)=F(p,X)

for all X € SV, o € R and that
F(p,X) < F(p,Y)
for all X,Y € SV with X > Y. Then
Fip,X+y®p+pey)=F(p,X)

for all X € SV, y € RN. In particular, if a real-valued function F = F(p,X) on
(RM\{0}) x S¥ is continuous in X and degenerate elliptic then F is strongly geometric
if and only if F' is geometric. (The set R¥\{0} may be replaced by a cone ¥ with vertex
and 0 € X.)

Proof.  An elementary calculation shows that

c 0 01 a 0
(oa)=(v0)=(54)
provided that ab > 1, c¢d > 1, a > 0, ¢ < 0. This estimate yields

cp@p+dy®y<pRy+ye®p<apep+byey in SV
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By the invariance and monotonicity assumption on F we see

Fip,X+by®y)=Fp,X+ap@p+byxy)
SFp,X+p@y+y®p)
SFp,X+cpep+dy®y)
<Fp,X+dy®uy).

Keeping the relation ab > 1, cd > 1, a > 0, ¢ < 0, we send b, d to zero to get
Fp,X)=F{p,X+p@y+y®p)
by continuity of F'in X. O

In this book we consider degenerate parabolic equations so we do not need to distin-
guish strongly geometricity and geometricity. We shall mainly use the geometricity to
describe the scaling property of level set equations.

It is sometimes convenient to extend the notion of the geometricity to general second
order operators to handle boundary value problems.

Definition 1.6.13. Let F be a real-valued function defined in a dense subset W of
R? x 8% Assume that (¢,Y) € W implies (A, \Y +0 ¢®¢q) € W for A > 0, o € R.
We say that E is geometric on E = 0 if E(q,Y) < 0 (resp. FE(g,Y) > 0) implies
EM, Y +0 q®q) <0 (resp. E(A¢,\Y +0q®q)>0)forall A >0,0cR.

Let E(z,-,-) be a real-valued function defined in W with z € O, where O is a locally
compact subset of RY. We say an equation

E(z, Du, D*u) =0, z€ O

is geometric in O if E(z,-,-) is geometric on £ = 0 for all z € O. Here Du = (9u/02)%,,
D2U = (82u/8zi0zj)1§i7j5d.
It is strightforward to see that

E(qY)=71+F(pX), ¢=(1,p) e R x (R"\{0}), Y ={0} X, X € SV

with W = R x (RM\{0}) x S¥, d = N + 1 is geometric on E = 0 if and only if F is
geometric. In particular a level set equation (1.6.2) is always geometric equation in the
sense of Definition 1.6.13. Thanks to Theorems 1.6.4 and 1.6.12 if an equation

us + F(z,t, Vu, V2u) =0, (2,t) € Q@ x (0,7T)

is geometric in Q x (0,7"), then it is a level set equation of some surface evolution equation
(1.6.1) provided that F(x,t,-,-) is degenerate elliptic for all (x,t) € Q x (0,7, where )
is a domain in RY. (We say that the preceeding equation is degenerate parabolic if F is
degenerate elliptic.)

Remark 1.6.14. We have introduced the notion of geometricity for E since it is
convenient to handle boundary value problems. We consider

ug + F(x,t, Vu, V?u) =0, in Q x (0,7)
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with, for example, the boundary condition (1.6.14):

O kUl =0 on 99 % (0.7),

where |k| < 1, kK € R. As we see in §2.3, to study this problem it is natural to indroduce

[ 1+ P, X), re
Ble,7.p, X) ‘{ (T+F(p, X)) A (v, p)+klpl), =09

where a A b = min(a,b) and regard the boundary value problem as
E(z,us, Vu, Vu) =0 in Q x (0,7).

For this operator, it is easy to see that F is geometric at £ = 0 so that the equation is
geometric. We may replace (1.6.14) by a more general first order boundary condition

B(z,t,Vu) =0

with B(z,t, A\p) = AB(x,t,p), A > 0 so that E is geometric at £ = 0; here E is defined
by
E(x,t,7,p,X)=(1+ F(p, X)) A B(z,t,p).

In Chapter 4 we shall see how important the geometric property of equations. The
main observation is that if u solves a geometric equation so does 6 o u = 6(u) with
nondecreasing ¢, where 6 o u denotes the composition of functions. This indicates that
a geometric equation is invariant under coordinate change of dependent variables. Al-
though we postpone a rigorous proof for general solutions, we here formally indicate how
geometricity yields such a property. Assume that u solves a geometric equation

uy + F(Vu, V2u) =0
and 6 > 0. For v = 6 o u we calculate

v, + F(Vu, V)
= 0 (wu + F(0' (u)Vu, 0 (u)Vu+0"(u)Vu @ Vu)
0 (u)(us + F(Vu, VZu)) = 0.
by geometricity of F. This invariance property is natural if we recall that a geometric

equation is the level set equation of some surface evolution equation so that motion of
each level set of solutions is independent of other levels and the value of levels.

1.6.5 Singularities in level set equations

Regularity of f in (1.6.1) is of course reflects to Fy in (1.6.4). Here is a trivial observation.
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Proposition 1.6.15.  Let f be a real-valued function defined in E given by (1.6.15).
The associate function Fy defined by (1.6.16) is continuous in (RV\{0}) x SV if and only
if f is continuous in E.

Examples of equations (1.6.1) with f continuous in its variables includes (1.5.2),
(1.5.13), (1.5.14) with continuous h,3 > 0,c with C* 7 (outside the origin) as well as
the mean curvature flow equation. Examples also include (1.5.9)-(1.5.12) but these equa-
tions may not degenerate parabolic so we rather consider modified equations (1.6.22),
(1.6.23) instead of them. By Theorem 1.6.10 (and its following paragrah) these equations
(1.6.22), (1.6.23) can be written in the form of (1.6.1) with continuous f. So for such a f
the associate function F is continuous in (RV\{0}) x SV,

We next study the magnitude of singularity of Fy(p, X) near p = 0. For this purpose
we introduce the upper semicontinuous envelope

F*:RY xS — RU {0}
of F defined on (RV\{0}) x SV by setting
F*(p, X) = limsup{F(q,Y); |¢ = p| <&, [[X =V} <e}.

The lower semicontinuous envelope F, is defined by F, = —(—F)* with valued in R U
{—o0}. If F is continuous in (R¥\{0}) x SV then

F(p,X) = F*(p,X) = F.(p,X) for (p,X)e R\ {0}) x S™.
If F' is geometric and degenerate elliptic, so is F* and Fi.

Lemma 1.6.16.  Assume that F is continuous (RY\ {0}) x SV and that F is geometric
and degenerate elliptic. Let M and m denote

M = sup{F(p,=1); [p| <1, p # 0},
m = inf{F(p,I); |p| <1, p # 0}.
Then the following three conditions are equivalent
(a) F*(0,0) <oo (resp. Fi(0,0) > —00),
(b) M <oo (resp. m > —00),
(c) F*(0,0)=0 (resp. F.(0,0)=0).

Proof.  Let |X| denote the operator norm of X as a self-adjoint operator. In other
words |X| equals the largest modulus of eigenvalues of X. Since the Hilbert-Schmidt
norm || X||, is equivalent to the operator norm |X| for finite dimensional S¥, we may
replace ||X —Y]|2 by |X — Y] in the definition of F*. We first note that |X| < e implies

—el < X <¢l
for € > 0. Since F' is degenerate elliptic, we observe that

sup F(p7X) S F(p7 _51)7 p#o
|X|<e



52 CHAPTER 1. SURFACE EVOLUTION EQUATIONS

The converse inequality is trivial since | — €| = . We thus observe that

sup sup F(p,X) = sup F(p,—el) =¢ sup F(p/e,—1) =M
Ip|<e |X|<e Ip|<e Ip|<e
p#0 p#0 p#0

since F' is geometric. Thus the equivalence of (a), (b), (c) is clear for F**. The proof for
F, is symmetric. O

Remark 1.6.17. Even if F' depends on (z,t) € 2 x (0,7T") the same proof shows that
F*(x,t,0,0) = lifgl(s M*(x,t))
with M*(z,t) = sup{F(x,t,p, =1); |p| <1, p # 0},

provided that F'is continuous in its variables and that F'(z,t, -, -) is geometric and degener-
ate elliptic for all (x,t). Here F* denotes the upper semicontinuous envelope as a function
of (z,t,p,Y) (see for definition §2.1.1). Again if M*(x,t) < oo then F*(z,t,0,0) = 0 and
of course if m,(x,t) > —oo, then F.(z,t,0,0) = 0, where m is defined in the same way
of M by replacing sup by inf.

Notice that the condition

—00 < Fy(x,t,0,0) = F*(x,t,0,0) < o0
is equivalent to say that F' can be continuously extended to (z,t,0, O).

Proposition 1.6.18. Let f be a real-valued continuous function defined in E by
(1.6.15). Assume that f is degenerate elliptic. Then the associate function Fy defined by
(1.6.16) can be continuously extended to (0,0) with value zero if and only if
inf p inf f(—p, —R,I/p) > —o0, sup p sup f(—p, R,I/p) < +oc. (1.6.24)
0<p<1l” |p|=1 0<p<1l  |p|=1

(The first (second) quantity equals —M (resp. —m) defined in Lemma 1.6.16 with F =
Fy.)

This follows from Lemma 1.6.16 since geometricity of Fy implies

M =sup{F(p,—1); [p| <1, p # 0}
= sup |p|F'(p/Ipl, =I/lpl); |p| <1, p# 0}
- _ogglp\ﬁ:fl f(=p, =Bl/p).
and similar expression is valid for m.

The condition (1.6.24) is a growth restriction of f = f(n, Vn) in Vn. It roughly says
that f grows either linearly or sublinearly in Vn as |[Vn| — oo. For example if f is
positively homogeneously of degree one in the second variable, i.e. f(p,A\Z) = \f(p, Z)
for A > 0, (p, Z) € E then (1.6.24) is fulfilled. If we write (1.5.2) in the form of (1.6.1),
then evidently f satisfies (1.6.24) (with constant ¢) since f is linear in Vn. In particular, f
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corresponding to the mean curvature flow equation fulfills (1.6.24). The condition (1.6.24)
is also fulfilled for (1.5.13) and (1.5.14) provided that lim, .., |h(2)]/|z| < cc.
Both estimates of (1.6.24) are violated for f corresponding to (1.6.22) (for 2 < m <
N —1)and (1.6.23) (for 1 <l <m < N -1, { —1 < m); if m = ¢ — 1, the growth
condition (1.6.24) is fulfilled for (1.6.23). Note that if both inequalities in (1.6.24) are,
violated, then
F.(0,0) = —c0, F*(0,0) = 4+

by Lemma 1.6.16.

1.7 Exact solutions

We give here some explicit solutions mainly for the mean curvature flow equation (1.5.4)
and its anisotropic version (1.5.2).

1.7.1 Mean curvature flow equation

Shrinking sphere.  As expected there is a solution I'; of (1.5.4) that is a family of
spheres of radius R(t) centered at the origin. The equation (1.5.4) is now of form

—dR/dt = (N — 1)/R (1.7.1)

since the left hand side is the inward velocity and the right hand side is the inward
mean curvature; note that for the sphere of radius R all principal curvatures are 1/R.
Integrating (1.7.1), we see

R(t) = (R2 — 2(N — 1)t)"/? (1.7.2)

with R(0) = Ry > 0. Thus an evolving sphere
Iy = {z € RY;|z| = R(t)} (1.7.3)

solves (1.5.4) if (and only if) R(¢) is of form (1.7.2). Note that if ¢ > ¢, = R%/(2(N — 1)),
then R(t) is not well-defined as a real number. It is natural to interpret that I'; becomes
empty after the time ¢, when I'; shrinks to a point.

Similarly for the Gaussian curvature flow equation (1.5.9) there is a shrinking sphere
solution I'; of form (1.7.3) provided that R(t) solves

—dR/dt = 1/RN™! (1.7.4)
instead of (1.7.1). Integrating (1.7.4) yields
R(t) = (Ry — Nt)'™™

instead of (1.7.2). For more general equation (1.5.12) it is still easy to find a shrinking
sphere solution although we do not its explicit form here.
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Shrinking cylinders. = We consider a little bit general evolving hypersurface called a
cylinder:
Ft = {(xb cee 7xj7xj+17 cee 73:N); (134_1 + -4 -I?V)l/z = R(t)}, (175)

of course T is a sphere if j = 0. The equation (1.5.4) is interpreted as

—dR/dt = (N —1-j)/R (1.7.6)
which generalizes (1.7.1); note that k1 = -+ = ky_1—; = 1/R, KN_j = Kn_jp1 = -+ =
kn-1 = 0. Solving (1.7.6) to get

R(t) = (R? —2(N — 1 — j)t)"/2. (1.7.7)

Thus an evolving cylinder T'; of (1.7.5) solves the mean curvature flow equation if and
only if R(t) is given by (1.7.7).

Since the Gaussian curvature of cylinder of form (1.7.5) with j > 1 is always zero, any
cylinder is a stationary solution of the Gaussian curvature flow equation (1.5.9).

In these exact solutions we notice that the shape of an evolving hypersurface is inde-
pendent of time up to dilation. Such a solution is often called self-similar solution. We
here give a rigorous definition of self similarity.

Definition 1.7.1. I'; be an evolving hypersurface ¢t € I where [ is a time interval. We
say that I'; is self-similar if there is 1o € RY and a hypersurface I' (independent of time)
in R™ such that for some A = \(t), T; is of form

Iy ={\t)(x —x0) +x0; x—20 €T}

For example the evolving cylinder I'; given (1.7.5) is self-similar. If (1.7.7) is fulfilled,
then it is a self-similar solution of (1.5.4).

Level set approach. It is sometimes convenient to find self-similar solution by using
level set equations. We seek a solution of the level set equation (1.6.7) of form

u(z,t) = =t +¢(r), r=|z]
with nondecreasing . Then ((r(x)) must solve

V()
[VE(r)|

Since dr/dz; = x;/r and 8/0x;(x;/r) = (8;; — x;x;/r*)r~t, this implies
1="(r)(N—1)/r.
By normalizing ¢(0) = 0 we get ((r) = r*/(2(N — 1)). Thus

Vr

) — GO)IVariv( T

1 = |V.((r)|div (

u(z,t) = —(t + |2[*/2(N — 1))
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solves (1.6.7) at least outside the place where Vu = 0. Each level set gives a shirinking
sphere solution of (1.5.4). Similarly, we see

u(z,t) = =(t+ > 27/(2(N - 1))

t=j+1

solves (1.6.7) at least formally. Each level set of u gives a shirinking cylinder solution of
(1.5.4). In these problems —u also solves (1.6.7). This reflects the fact that the evolution
law (1.5.4) is independent of the choice of the orientation n.

1.7.2 Anisotropic version

We shall consider a class of anisotropic curvature flow equation (1.5.2) with constant ¢
which includes the mean curvature flow equation as a special case. We try to find a self-
similar shrinking solution similar to a sphere. A typical property is a sphere is that its
mean curvature is constant on the sphere. (If an (embedded) closed sphere has constant
mean curvature, then it must be a sphere by a result of A. D. Alexandorv(1956).) We
shall seek a hypersurface whose anisotropic mean curvature is constant.

Waulff shape. Let vy be a surface energy. We say that
W= (N {z € R (z,9) < ()}

lg|=1

is the Wulff shape associated with vq. If 79 = 1, VW is a unit sphere.
According to Wulft’s theorem, ¥ minimizes the surface energy

/ap Yo(n)do

among all set D with the same volume as V. Such a minimizer is unique up to translation.
In other words W is a unique solution of anisotropic isoperimetric problem.

The Wulff shape is also characterized by zero set of the conjugate convex function I

of v defined as
74(z) = sup{{z,q) — 7(g);q € R"}

where 7 is given by (1.3.7). The function 4* is convex even if 7 is not convex. Since 7 is
positively homogeneous of degree one, we see that +% is the indicator function of W, i.e.,
7" =0 on W and % = +oo outside W. Indeed, if x € W, then (x,q) — v(q) attains zero
so Yi(z) = 0. If # ¢ W, then ¢ = (x,q) — v > 0 for some ¢ satisfying |q| = 1. Since 7 is
positively homogeneous of degree one,

for all A > 0. This implies 7*(x) = co.

Since 7% is convex and lower semicontinuous, W is convex and closed. Since the surface
energy density 7o is always assumed to be positive, VW contains the origin as an interior
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point. The next lemma shows that the boundary of a Wulff shape substitutes the role of
a sphere for anisotropic mean curvature. Let P be the Minkowsk: function of VW defined
by

P(z) = inf{\ € (0,00); 2/ € W}.

Clearly, P is positively homogeneous of degree one and convex. Since VW contains the
origin as an interior point, P is defined in whole R¥. Clearly

W= {zecR"; P(z) <1}.

Lemma 1.7.2. (Anisotropic mean curvature of the Wulff shape)  Assume that surface
energy density vy > 0 is C™(m > 2) in the sense that «y is C™ outside the origin. Assume
that v satisfies a strict convexity assumption: R,V*y(p)R, > 0 for p # 0 or equivalently,

N N 82
SN pi0p p)nin; >0 for all n,p € R¥\{0} with (n,p) =0,
i=1j=1 L4

where n = (11, ...,m,). Then the boundary I' = OW of the Wulff shape associate to W is
C™ (so that P is C™ outside the origin). Moreover

v(VP(z)) =1 in RV\{0}, (1.7.8)
E&(VP(2)/|VP(z)|) = &(VP(z)) = 2/P(z), z € R, 2 #0, (1.7.9)
(V <P|‘é|:)> ,|‘;) =0, 2€RY, 2 #£0, (1.7.10)

where ¢ is the Cahn-Hoffman vector of 7y i.e. £ = V. In particular {(n(z)) = z,z € T so
that the anisotropic mean curvature h in the direction of n equals —(N — 1), where n is
the outward unit normal vector field of I

We postpone the proof in the next subsection. We seek a self-similar solution of (1.5.2)
with @ > 0 when ¢ is a constant by the level set approach as for (1.5.4). We set

(@, t) = —(t + C(P)) (1.7.11)

with nondecreasing ¢ defined on [0, 00), where P is the Minkowski functional of W. The
level set equation of (1.5.2) is (1.6.10) or equivalently

— |Vu|(—a div £&(—=Vu) + ¢)/B(=Vu/|Vu|) =0

by the identity (1.4.13). For the special form of w in (1.7.11), this equation is equivalent

to
1= ¢'(P)|VP|(a div (VP) — ¢)/B(VP/|VP]). (1.7.12)

Using (1.7.9) and (1.7.10), we have

div €(VP) = div (z/P) = (|z|/P)div(z/|z]) + <v|]“;|, Ii\> — (N —1)/P+0.
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Thus if 37 is a constant function with 3y = 1/0 on SN~ then, by (1.7.8), the identity
(1.7.12) is equivalent to
1={"(P)og(a(N —1)/P —¢). (1.7.13)

Regarding P as an independent variable, (1.7.13) is an ordinary differential equation for
(. It is easy to integrate (1.7.13). If ¢ < 0, then solution of (1.7.13) is a strictly increasing

function of form -

C(p) = /Op ola(N = 1) = CT)dT (1.7.14)

by normalizing ¢(0) = 0. For example, if ¢ = 0 with a > 0 then ((p) = p?/(200a(N — 1)).
If a =0 and ¢ <0, {(p) =—p/ogc. We thus observe that u of (1.7.11) with ¢ of form
(1.7.14) solves the level set equation of (1.5.2) at least where Vu # 0. Since each level set
of u solves (1.5.2) at least where Vu # 0,

I, ={r € RY;P(z) = R(t)} (1.7.15)

solves (1.5.2) provided that
R(t) = ¢ (C(R(0)) — 1), (1.7.16)

where (7! denotes the inverse function of (. This generalizes (1.7.2). If ¢ = 0, T}
disappears in a finite time; it disappears at t = ((R(0)). If ¢ > 0, then we cannot find an
increasing function ¢ solving (1.7.13). This corresponds to the phenomena that there is a
growing solution of form (1.7.15) to (1.5.2) with ¢ > 0 when n is taken outward.

We give another way to find self-similar solution to see these properties depending on
c. We argue as in the same way to derive (1.7.1) from (1.5.3). We note that dR/dt may
not equal the outward formal velocity V' of I'; given by (1.7.15) but

dR/dt = V/(n,z/R(t)).

By homogeneity of v we see
{€(n),n) =~(n);

indeed differentiating y(Ap) = Ay(p) in A and setting A = 1 yields the Euler equation
{€(p)p) =(p). (1.7.17)

By (1.7.9) this yields

so we obtain

dR/dt =V /y(n).
If Byo = 1/09, the equation (1.5.2) becomes
V =0y (n)(—a divp,&(n) + ). (1.7.18)

This yields
dR/dt = oo(—a(N —1)/R+ ¢) (1.7.19)
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since divr,{(n) = (N — 1)/R by Lemma 1.7.2. If ¢ < 0,a > 0, R(t) given by (1.7.16) is
the unique solution of (1.7.18) with given R(0). If ¢ > 0, then if initial data R(0) = Ry is

small say
a(N — 1)/R0 > C,

then the solution disappear in a finite time. If a(N — 1)/Ry = ¢, then R(t) = R,. If
a(N —1)/Ry < ¢, the solution R(t) exists globally in time and its asymptotics as t — oo
is ogct. Thus in any case we have self-similar solution since

I'y={R(t)x; v €T}

Theorem 1.7.3.  Assume the same hypothesis of Lemma 1.7.2 concerning 7, and ~.
Assume that (37, is a constant function on SN~! with value 1/0q > 0 and that c is a
constant. Let R be a solution of (1.7.19). Then I'; given by (1.7.15) or

T, = {R(t)r; z €T = W} (1.7.20)

is a self-similar solution of (1.7.18) (or (1.5.2) with vy = 1/0g,a > 0, ¢ € R), where W
denotes the Wulff shape of .

For a > 0,c <0 with (c,a) # (0,0) all solution of form (1.7.20) disappear in a finite
time while for ¢ > 0, solution with R(0) < a(N — 1)/c disappears in a finite time while
R(0) > a(N—1)/c the solution exists globally in time and grows with limy_,, R(t)/t = ogc.
If R(0) = a(N —1)/c, I'y with R(t) = R(0) is a stationary solution.

1.7.3 Anisotropic mean curvature of the Wulff shape

We shall prove Lemma 1.7.2. For the Minkowski functional P of the Wulff function we

set
P(x) = |z|/w(z)

so that w is positively homogeneous of degree zero. We use the convention z = x/|x| for
r e RN, x#0.

Proposition 1.7.4.  Assume the same hypothesis of Lemma 1.7.2 concerning -y, and
v. Let & be the Cahn-Hoffman vector of v, i.e., £ = V.

(i) For x € RY with x # 0
w(x) = min {y(q)/@, 2);q € SN and (&,q) > 0} > 0. (1.7.21)
(i) For x # 0 let ©(x) C SN~ be the set of minimizers of the right hand side of (1.7.21):
O(z) = {q € S""; w(x) =+(q)/(¢,#) and (&,q) >0}. (1.7.22)
Then ©(z) is a singleton {q(x)}. The mapping q : (R"\{0}) — SV~ is C™~1. Moreover,

)
§(q(x))(q(x),2 ) —~(q(z))E =0 (1.7.23)
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(iii) For x # 0

1(q(x)) = w(z)(g(x), ) = max{w(y){q(z),9); y # 0} (1.7.24)

In particular differentiating w(y)(q(x), y) in y yields

Vu(x){g(z), &) + w(x)q|(;|) — w(z)(q(x), @>|;”|2 —0 (1.7.25)

(iv) For = # 0,
VP(x) = q(x)/v(q()), (1.7.26)
¢(q(x)) = z/P(x). (1.7.27)

Lemma 1.7.2 easily follows Proposition 1.7.4. Indeed, OV is C! by (1.7.26) and the
implicit function theorem. The C™ regularity follows from C™ regularity of w which
follows from C™~! regularity of ¢ and (1.7.26). The formula (1.7.26) yields (1.7.8) since
7y is positively homogeneous of degree one. The formula (1.7.27) yields (1.7.9) by (1.7.26)
and the homogeneity of £. The formula (1.7.10) follows from (1.7.25) since |z|/P = w.
The anisotropic curvature h on WV equals

h = —divré{(n(x)) = —divrz
= —trace((/ —n(z) ® n(x))Vz) = —(N —1).

by (1.3.6).

Proof of Proposition 1.7.4. (i) Let wy denote the right hand side of (1.7.21). Since
|z| < wp(x) is equivalent to

(g,2) —7(q) <0 forall g€ SN, (g,2) >0,
we see, by interpreting |x|/wy(z) = 0 for x = 0,
W ={z € RY; |2|/wo(x) < 1}

by definition of W; apparent extra condition (¢, z) > 0 does not play a role at all. By
definition of the Minkowski functional wy must equal w.
(ii) We put

G(p,z) = (Gilp,x),---,Gn(p,x))
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Since v(p)/(p, &) is invariant under positive muptiplication of p and ¢ € © is a mimimizer,
we see

G(q,x) =0 for q € O(x).
We differentiate G; in p; to get

8Gl N 82’}/

e, 0
Pj

(p) + xj@(p) ~ha,, (p)-

Op;Op;

We then obtain

G, 0%y
—(p,x)nin; = (p, &) ———(p)min; +0
19%:'@ Ip; ! lgz‘z,j:gN OpiOp; !

for n = (ny,---,ny) € RN. The strictly convexity assumption of v now yields

0G; . .
> %(p, z)nm; >0 for allp, p € R¥\{0} with (p,2) >0, (n,p) =0

1<ij<N “Pj

Thus for every z, there is a unique solution p = ¢ of G(p,z) = 0 so that O(x) is a
singleton. The implicit function theorem implies that x — ¢(x) is C™! since G is C™ .
The identity (1.7.23) is the same as G(q(z),z) = 0.

(iii) By definition of w(y) we see

w(y)(q(z),9) <(q(z)) = w(x){q(z),2), y #0, z #0.

This yields (1.7.24).
(iv) For x # 0 we differntiate P to get

Since

It remains to prove (1.7.27). Since

v(q(x)) = {(q(x),&(q(x)))

by homogeneity (1.7.17), from (1.7.24) it follows that &(q(z)) = A& with some A € R.
Plugging this into (1.7.23) yields

Ai{q(z), 2) = v(q(x))2.

Thus A =~(q(x))/{q(x), ) = w(z) and £(q(x)) = w(x)Z = x/P(z).
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1.7.4 Affine curvature flow equation

We consider the affine curvature flow equation (1.5.14) and its generalization
V =kZ (1.7.28)

for a > 0 in the plane. As expected, this equation admits a shrinking circle as a self-similar
solution. However, for @ = 1/3 (corresponding to the affine curvature flow equaion), it also
admits a shrinking ellipse as a self-similar solution while for other a the only self-similar
shrinking ellipse is a circle. We study this aspect below.

We interpret V' and k in (1.5.14) as inward velocity and inward curvature, respectively
when I'; is a closed curve. For level set representation we take Vu/|Vul| as inward normal
and obtain the level set equation of (1.7.28) of form

_ Vu\*
u = —|Vu (—dw IVZ>+ (1.7.29)
As in §1.7.1 we set
2
u(z,t) = —(t+¢(9)), S(z) = (2’1) +a5, a1 >0, a; #0 (1.7.30)
1

with nondecreasing ¢ : [0, 00) — [0, 00). Pluging (1.7.30) in (1.7.29) yields
1= {'(5)|VS|(div (VS/|VS]))“. (1.7.31)

We calculate
VS = 2(3:1/a%, x3)

to get
VS| =2p, p=((x1/a7)” + ).

We further calculate

di
YIVS] T e P’ atp?
and observe that (1.7.31) is equivalent to
1= ¢'(8)20[8/(aip”)]".

The dependence of p disappears if and only if « = 1/3. If & = 1/3 we proceed to get

VS x3 N (z1/a?)? S

1= ('(8)2a; 2?3,
Integrating the last equation to get

((S) = 3a2/%5%3 /4 (1.7.32)
by normalizing ¢(0) = 0. We now conclude

u(z, 1) = =(t +((9))
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with (1.7.32) solves (1.7.29) when o = 1/3. To see its level set we conclude:

Theorem 1.7.5.  Assume that o = 1/3. Then for each ellipse I' there is a self-similar
evolving curve I'y defined as in Definition 1.7.1 which solves (1.7.28). If

2

T
Lilimy = {($1,$2); a% +$% = 50}
1

then it extincts at time ((sg). If a # 1/3 there is no self-similar solution of ellipse unless
ellipse is a circle.

1.8 Notes and comments

In the first four sections we review several notions of geometric quantities such as curvature
and give their various representation. Except normal velocity and anisotropic curvature
these notions are standard in differential geometry. For further background the reader is
referred to classical books by S. Kobayashi and K. Nomizu (1963), (1969). Explanation
of curvature and the second fundamental form follows that of a book of L. Simon (1983).
Surface energy has been popular in material sciences. The Cahn-Hoffman vector has been
introduced by J. Cahn and D. W. Hoffman (1974). For further background the reader is
referred to a nice review article on anisotropic curvature by J. Taylor (1992).

The mean curvature flow equation was first introduced by W. W. Mullins (1956) to
model motion of grain boundaries in material sciences. The Eikonal equation V =1 in
geometric optics is a typical example of the Hamilton-Jacobi equation. Even for general
[ the equation is well studied in material sciences to describe growth of crystals. For the
development of this topic the reader is referred to a review by J. W. Cahn, J. E. Taylor
and C. A. Handwerker (1991). The anisotropic version was derived by S. Angenent and
M. Gurtin (1989) form balance of forces and the second law of thermomecanics. However,
even before it was used to describe a crystal growth phenomena by H. Miiller-Krumbhaar,
T. W. Burkhardt and D. M. Kroll (1977) (see also a book by A. A. Chernov (1984)). There
are nice review articles on anitotropic curvature flow equations by M. Gurtin (1993) and
J. E. Taylor, J. W. Cahn and C. A. Handwerker (1992). The Gaussian curvature flow
was first introduced by W. Firey (1974) to describe motion of surface of stones worn in a
seashore. The affine curvature flow was axiomatically derived by L. Alvarez, F. Guichand,
P.-L. Lions (1993) to propose a way of deformation of image in image processing.

The level set mean curvature flow equation was first effectively used to derive scaling
law for “dynamic structure functions” of motion by mean curvature flow equation in T.
Ohta, D. Jasnow and K. Kawasaki (1982). S. Osher and J. Sethian (1988) used the level
set equations to track the evolution numerically. Except §1.6.3 most of contents of §1.6 is
taken from the paper by Y. Giga and S. Goto (1992a). The definition of geometricity is
due to Y.-G. Chen, Y. Giga and S. Goto (1991a). The property in Lemma 1.6.9 is well-
studied to solve the Dirichlet problem for Monge-Ampere type equations. It is known
that de,,/0N; > 0 (1 < j < N-1,1 <m < N —1) and eX/™ is concave in K,,; see
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L. Caffarelli, L. Nirenberg and J. Spruck (1985). Using the concaving properties, these
authors proved a necessary and sufficient condition on domain Q C R¥~! such that the
Dirichlet problem £,, (A1, -+, Ax—1) = % in  with u = const. on 0f2 is solvable, where ),
denotes the eigenvalues of the Hessian V2u of u in 2. Later L. Caffarelli, L. Nirenberg
and J. Spruck (1988) also studied the problem where \; is a principal curvature of the
graph of u. N. Trudinger (1990) also studied this problem by using viscosity solutions.
For further generalization the reader is referred to the paper of N. M. Ivochkina, S. L.
Prokof’eva and G. V. Yakunina (1995).

For surfaces of higher codimension it is possible to consider the mean curvature flow
equation by assigning its velocity vector by its mean curvature vector defined in §1.3. A
level set method is proposed for such an equation by L. Ambrosio and H. M. Soner (1996).

Wulft’s theorem and Wulff shape (§1.7.2). G. Wulff (1901) formulated the gener-
alized isoperimetric problem “Find a set minimizing the surface energy with fixed volume”
and conjecture that the answer is a dilation of the Wulff shape W. A. Dinghas (1944)
gave a formal proof. J. Taylor (1978) gave a precise proof for very general surface energies
and a very general class of set for which the surface energy is defined by using geomet-
ric measure theory. B. Dacorogna and C. E. Pfister (1991) gave an analytic proof when
N = 2. L. Fonseca (1991) and I. Fonseca and S. Miiller (1991) gave a simpler proof for
arbitrary dimensions. The minimizer of the generalized isoperimetric problem, or Wulff’s
problem is also unique up to translation and it is a dilation of YW. We do not discuss
Wulff’s problem further. See also the book of Morgan (1993) [Chapter 10] for elementary
proof when N = 2. For more information of convex bodies WV see a book of R. Schneider

(1993).

The self-similar solution in Theorem 1.7.3 for (1.5.2) is constructed by H. M. Soner
(1993) by proving Lemma 1.7.2. Lemma 1.7.2 says that anisotropic mean curvature is
constant if the surface is the boundary of the Wulff shape. The converse problem seems
to be open unless 7y is a constant. The problem is of form: if an embedded compact
hypersurface has a constant anisotropic mean curvature, is the hypersurface a boundary
of the Wulff shape up to translation and dilation?

The fact that ellipse gives a self-similar solution for the affine curvature flow equation
is easy if we admit that the equation is affine invariant. The higher dimensional version
of affine curvature flow equations is of form V = K/(N+1)

Existence of self-similar solution for anisotropic curvature flow equation. If
¢ =01in (1.5.2) and a > 0, is there still a self-fimilar solution I'; of form (1.7.20) even
if 37y is not a constant? The answer is affirmative if N = 2. In fact if vy is C? and
R,V?v(p)R, > 0 for p # 0 and (3 is continuous, then there is 4 such that (1.5.2) can be
rewritten as

V = 4divré(n), (1.8.1)

where € = V7; 4 another surface energy which satisfies the same property as vy. The
existence of a self-similar solution follows from that for (1.8.1). This is proved by M. E.
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Gage and Y. Li (1994) when 7, and 3 is C*. Later, a direct proof for general v and (3 is
given by C. Dohmen, Y. Giga and N. Mizoguchi (1996). It is also proved that such self-
similar solution is unique (up to translation in time and space) if 7 and (3 are even, i.e.,
v(p) = v(=p), B(p) = B(—p). This is proved by M. E. Gage (1993); see also C. Dohmen
and Y. Giga (1994) and Y. Giga (2000). There are several researches on existence of
self-similar solutions of V' = k® and its anisotropic version N = 2. We do not intend to
explain the detail. The reader is referred to a recent review article by Y. Giga (2000) and
a book by K. S. Chou and X. P. Zhu (2001) with references cited there on this topics as
well as the article by B. Andrews (1998). For self-similar solutions moved by the power of
the Gaussian curvature the reader is referred to a review article by J. Urbas (1999) and
references cited there. For the harmonic curvature flow see a paper by K. Anada (2001).

Asymptotic self-similarity. Although self-similar solutions are special solutions,
they are important since they often represent a typical asymptotic behaviour of solutions.
For example for the mean curvature flow equation (1.5.4) with N > 3 G. Huisken (1984)
proved that a convex hypersurface shrinks to a point in finite time and the way of shrinking
is asymptotically equal to the sphere shrinking. For the curve shortening equation (1.5.5)
the corresponding result has been proved by M. E. Gage and R. S. Hamilton (1986). For
its anisotropic version (1.8.1) M. E. Gage (1993) proved that a convex curve shrinks to a
point and the way of shrinking is asymptotically like the shrinking Wulff shape provided
that the equation is orientation free. For further extensions of this results the reader is
referred to papers of M. E. Gage and Y. Li (1994), K.-S. Chou and X.-P. Zhu (1999a),
X.-P. Zhu (1998) and a recent book by K.-S. Chou and X.-P. Zhu (2001). If one starts
from a non convex curve, it becomes convex in finite time for (1.5.5) as Grayson (1987)
proved. Such convexity formulation is also generalized by J. Oaks (1994) for anisotropic
orientation free equation including (1.8.1). For more development of the theory the reader
is referred to papers of K.-S. Chou and X.-P. Zhu (1999b), X.-P. Zhu (1998) and a book
by K.-S. Chou and X.-P. Zhu (2001).

There are several related results for the Gaussian curvature flow equation (1.5.9) and
its modification V = K%(a > 0). K. Tso (1985) proved that solution of (1.5.9) remains
smooth and strictly convex and shrinks to a point if initial hypersurface is strictly convex.
For V = KY(1) B. Chow (1985) proved that a strict convex hypersurface shrinks to
a point in finite time and the way of shrinking is asymptotically equal to the sphere
shrinking which corresponds to the results of G. Huisken (1984) for the mean curvature
flow equation. B. Andrews (1994) extended the theory so that it includes both (1.5.4) and
V = K'Y= Note that the homogeneous degree with respect to principal curvatures
are the same both for K1 and H so it can be treated simultaneously. For the
affine curvature flow equation V = K1) the way of shrinking is asymptotically equal
to an ellipsoid shrinking. This is proved by G. Sapiro and A. Tannenbaum (1994) for
strict convex curves moved by (1.5.14) and later by B. Andrews (1996) for strict convex
hypersurfaces including curves. The situation for V = K® with a > 1/(n + 1) is similar
to the case @ = 1/(n — 1) according to forthcoming papers of B. Andrews. In fact,
B. Andrews (2000) confirmed it for & € (1/(n + 1),1/(n — 1)]. On the other hand if
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a < 1/(n + 1), then there seems to be no general asymptotic shrinking shapes. This
conjecture was verified for N = 2 by B. Andrews (20027).

Self-similar solutions for the mean curvature flow equation. Classification of
self-similar solutions is rather difficult topic even for the mean curvature flow equation with
N > 3. There exists a torus type self-similar solution as proved by S. Angenent (1992).
The existence of a self-similar solution whose geners is more than one is conjectured by
D. L. Chopp (1994). If self-similar solution is monotone shrinking and diffeomorphic to
sphere, it has been proved that it must be a shrinking sphere by G. Huisken (1990). How-
ever, without monotonicity it is not known whether there is another self-similar solution
diffeomorphic to sphere.

Singularities for the mean curvature flow equation. = The blow up rate of cur-
vatures near singularity may be higher than the self-similar rate. Such a singularity is
called type II otherwise it is called Type I. Shrinking sphere is of course type I. There
exists a type II singularity as proved in S. Altschuler, S. Angenent and Y. Giga (1995),
where they constructs a smooth surface shrinking to a point without becoming convex.
They applied a level set method with topological argument; see also Y. Giga (1995a). The
existence of other type II singularity is constructed for a higher dimensional surface by
J. J. L. Veldsquez (1994). Later S. B. Angenent and J. J. L. Veldsquez (1997) give more
explicit examples.

If the evolution is monotone in time, the asymptotic shape of singularity is always
convex (irrelvant of types of singularities). This statement has been proved by G. Huisken
and C. Sinestrari (1999) and independently by B. White (1998) by a completely different
method.

Other important equation. The equation V = —1/H is used to prove the Rieman-
nian Penrose inequality in cosmology by G. Huisken and T. Ilmanen (1997).

Local solvability.  In Chapter 4 we consider initial value problem for (1.5.1). The
first question would be whether there is a unique solution {I';} satisfying (1.5.1) with
some time duration (0,7") for a given initial data I'g. If (1.5.1) is strictly parabolic near
initial data, the unique local existence of smooth solutions can be proved. One way is
to analyze an equation of a height function, where the evolving surface is parametrized
by the height from the initial surface. This idea has been carried out by X.-Y. Chen
(1991) for a class of equations including the mean curvature flow equation. Another
way is to solve the equation whose solution is the (signed) distance function of I';. This
idea is introduced by L. C. Evans and J. Spruck (1992a) for the mean curvature flow
equation and generalized by Y. Giga and S. Goto (1992b) for general strictly parabolic
equation. In this method one has to solve a fully nonlinear strict parabolic equation even
if the original equation is quasilinear. However, the theory of local solvability for fully
nonlinear parabolic equations (including higher order equations) is well developed in a
book by A. Lunardi (1995) improving the theory of O. A. Ladyzehnskaja, V. Solonnikov
and N. Ural’ceva (1968).
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A general result of Y. Giga and S. Goto (1992b) yields the unique local existence
of smooth solution for (1.5.4) for arbitrary smooth initial data but for (1.5.9), (1.5.10)
with m > 1, (1.5.12), (1.5.14), V' = K for strict convex smooth initial data so that
the equation is strictly parabolic. If (1.5.2) is strictly parabolic and v and (3 are smooth
enough, the same result for (1.5.4) holds. However, if there is degeneraty of parabolicity
in (1.5.2) with @ > 0, we do not expect to have a smooth solution even locally-in-time for
arbitrary smooth initial data as observed by Y. Giga (1994). For the first order equation
like (1.5.6) one can prove the unique local existence of smooth solution for arbitrary
smooth initial data by a method of characteristics.

There is a general theory of local solvability by A. Polden (See an article by G. Huisken
and A. Polden (1999)) for strictly parabolic equation (1.5.1) including higher order equa-
tions.



Chapter 2

Viscosity solutions

Level set equations we would like to study are parabolic, but they are very degenerate.
The classical techniques and results cannot be expected to apply. For example the initital
value problem for degenerate parabolic equations may not admit a smooth solution for
smooth initial data even locally in time. Moreover, level set equations may be singular
at place where the spatial gradient of solutions vanishes as noted for the level set mean
curvature flow equations. Even for such singular degenerate equations it turns out that
the theory of viscosity solutions provides a right notion of generalized solutions. In this
chapter we shall present the basic aspect of the theory especially for singular degenerate
parabolic equations.

2.1 Definitions and main expected properties

To motivate definition of viscosity solution we consider a C? function v = wu(z) which
satisfies a differential inequality:

wy(2) + F(z,u(2), Vu(2), V2u(z)) <0 (2.1.1)

for all z = (z,t) in Q x (0,7T), where 2 is a domain in RN and T > 0, and F' is a function
in 2 x Rx RY x SV, We assume that F is (degenerate) elliptic i.e.

F(z,r,p,X) < F(z,r,p,Y)  for X >V,

so that the equation
uy + F(z,u, Vu, V?u) = 0 (2.1.2)

is a parabolic equation. Suppose that ¢ is also C? and u — ¢ takes its local maximum
at Z = (Z,t) with 2 € Q x (0,7). Then the classical maximum principle which is just
calculus implies that

w(2) = @u(2), Vu(2) = Vp(2), Vu(2) < Vp(2).
The degenerate ellipticity together with (2.1.1) implies that

pu(2) + F(2,u(2), Voo(2), Vip(2))
< wy(2) + F(2,u(?), Vu(2), V2u(2)) < 0.

67
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The same inequality for ¢ is obtained even if Q x (0,7T] so that t may equal T, since we
still have

ur(2) < i(2)

although u;(2) may not equal ¢,(2). The inequality
() + F(2,u(2), Vol2), V2p(2)) < 0 (2.13)

does not include derivatives of u so we are tempting to define an arbitrary function u to
be a generalized subsolution of (2.1.2) in Q x (0,7 if for each 2 € Q x (0,7T") an upper
test function ¢ of u around Z always solves (2.1.3). There are a couple of freedom to
define viscosity solutions when F' is not continuous. One should take a good definition of
solutions which enjoys major expected properties including comparison principle, stability
principle and Perron’s construction of solutions. We shall give such definitions for a typical
class of equations. For technical convenience we define a notion of solutions for arbitrary
discontinuous functions.

2.1.1 Definition for arbitrary functions

To handle arbitrary functions we recall upper and lower semicontinuous envelope. Let A
be a function defined in a set L of a metric space X with values in R”{zo0}. The upper
semicontinuous envelope h* and the lower semicontinuous envelope h, of h are defined by

h*(z) = lim, o sup{h(C); ¢ € B,(2) N L} _
h.(z) = lim,|oinf{h(¢);¢ € B.(2) N L} ze€L (2.1.4)

respectively, as functions defined on the closure L of L with values in RY{+o00}, where
B,(z) is a closed ball of radius r centered at z in X. In other words h, is the greatest
lower semicontinuous function on L which is smaller than h on L and similarly, h* is the
smallest upper semicontinuous function on L which is greater than h on L. Clearly h, = h
if lower semicontinuous in L and h* = h if h is upper semicontinuous in L. For continuous
@ on L it is clear that (h — ¢), = h, — ¢. Also by definition h, = —(—h)*. For h* the
maximum over compact set K is always attained provided that h*(z) < oo for z € K.
This property is often used in the sequel.
We first give a rigorous definition of solution of (2.1.2) when F' has no singularities.

Definition 2.1.1. Let Q be an open set in RY and 7" > 0. Let F be a continuous on
Q x[0,7T] x R x RY x SV with values in R. Let O be an open set in  x (0, 7).

(i) A function u : O — R U{—o0} is a (viscosity) subsolution of

uy + F(z,u, Vu, V?u) = 0 (2.1.5)
in O (or equivalently, solution of u; + F(z,u, Vu, V?u) < 0) if
(a) u*(2) < oo for z € O;
(b) If (¢, 2) € C*(O) x O satisfies



2.1. DEFINITIONS AND MAIN EXPECTED PROPERTIES 69

max(u” — ) = (u" = ¢)(2), (2.1.6)

then
©i(2) + F(2,u*(2), Vo(2), Vip(2)) < 0. (2.1.7)

(ii) A function u : O — R U {400} is a (viscosity) supersolution of (2.1.5) in O (or
equivalently, solution of u; + F'(z,u, Vu, V?u) > 0) if

(a) ux(z) > —o0 for z € O;

(b) If (¢, 2) € C*(O) x O satisfies

min(u, — ¢) = (u. — ¢)(2) (2.1.8)
then

i(2) + P20 (2), Vpl2), V26(2) > 0. (2.1.9)
By definition this is equivalent to say that v = —u is a solution of

v, — F(z,—v, —Vu, =V?) < 0.

We shall often supress the word “viscosity”. In every circumstance when sub- and su-
persolutions are defined, we say a function is a (viscosity) solution of the equation in a
given set if it is both a sub- and supersolution of the equation in the set. A function ¢
satisfying (2.1.6) is called a upper test function of u at Z over O and ¢ satisfying (2.1.8)
is called a lower test function of u at 2z over O. As observed from (2.1.3) the notion of
viscosity solutions are a natural extension of notion of solutions if F' is degenerate elliptic.

Proposition 2.1.2. Assume that u € C?(0O) (i.e. uis C? on O). Assume that F is
degenerate elliptic. Then u is a subsolution (resp. supersolution) of (2.1.5) in O if and
only if u satisfies

uy + F(z,u, Vu, V*u) <0 (resp. > 0)

in O.

Remark 2.1.3. It is sometimes convenient to define solutions in an open set O in
2 x (0,7] instead of Q2 x (0,7). It is defined in the same way as in Definition 2.1.1. As
remarked before (2.1.3), the statement of Proposition 2.1.2 is still valid even if O intersects
t="T.

The notation of viscosity solutions can be localized.

Localization property. (i) If u is a subsolution of an equation in a neighborhood of
each point of Q x (0,T), then it is a subsolution (of the same equation) in  x (0,T).
(ii) If u is a subsolution (of an equation) in 2 x (0,T), then it is a subsolution (of the
same equation) in every open set O in €2 x (0, 7).

(iii) The properties (i), (ii) are still valid if a supersolution replaces a subsolution.

This is easily proved for equation (2.1.5) by restricting and extending test functions.
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Unfortunately, if (2.1.5) is a level set equation, the value of F' at Vu = 0 may not be
defined. We have to extend definition of viscosity solutions for (2.1.5) with discontinuous
F' to handle such equations.

Definition 2.1.4. (i) Assume that F' is lower semicontinuous in W = Q x [0, 7] x R x
RN x SV with values in R U {—oc0}. A subsolution of (2.1.5) is defined as in Definition
2.1.1 (i).

(ii) Assume that F' is upper semicontinuous in W with values in R U {+o00}. A super-
solution of (2.1.5) is defined as in Definition 2.1.1 (ii). Here we use the convention that
a+00o=o00>0and a—o00=—o0 <0 for any real number a.

(iii) Assume that F'is defined only in a dense subset of W and that F, < oo, F* > —o0
in W. If u is a subsolution of

wy + Fy(z,u, Vu, V2u) = 0
in O, then w is called a subsolution of (2.1.5) in O. If u is a supersolution of
ug + F*(2,u, Vu, V>u) = 0

in O, then u is called a supersolution of (2.1.5). (In applications the case when F' is
continuous in Q2 x [0,7] x R x (RV\{0}) x SV has a particular importance.)

As stated for continuous F', the statement of Proposition 2.1.2 and localization prop-
erty are still valid for such an F.

2.1.2 Expected properties of solutions

We shall explain in an informal way three major properties which viscosity solutions are
expected to satisfy.

Comparison principle.  If u is a subsolution of (2.1.5) in Q = Q x [0,T) and v is a
supersolution of (2.1.5) in @), then u* < v, in Q) if u* < v, on the parabolic boundary 0,Q
of @), i.e.

0,Q = Q2 x {0} U I x [0,T).

This is a comparison principle for semicontinuous functions so it is sometimes called a
strong comparison principle to distinguish the comparison principle for continuous func-
tions.

The major structual assumptions to guarantee comparison principle are degenerate
ellipticity of F' and monotonicity of F' = F(z,r,p, X) in 7 in the sense that

r— F(z,rp,X)
is nondecreasing. The last property can be weaken to the nondecreasing of

r— F(z,r,p,X)+cr
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for some ¢y independent of (z,p, X). (Indeed, by the change of variable u by e®'v, this
condition deduces to the stronger version of monotonicity condition for equation for v.)
We need other regularity assumptions for F'. A simplest set of assumptions for continuous
F'is that F is independent of z,r and degenerate elliptic. In this case as we will see later
the comparison principle holds at least for bounded €. (For unbounded € one should
modify the interpretation of the inequality u* < v,.)

If = F(z,r,p,X) has a singularity (discontinuity) at p = 0 (but is continuous
elsewhere), we assume that

—00 < Fy(2,r,0,0) = F*(2,1,0,0) < 00 (2.1.10)
to get the comparison principle. This assumption cannot be removed completely.

Counterexample. We set F(p,X) = —X/|p|* with N = 1,a > 0. Then both u =0

and
1 t>T

”(x’t):{o t<T

are solutions of (2.1.5) in R x (0,00). Of course F is degenerate elliptic but it violates
(2.1.10); indeed
F.(0,0) = —c0, F*(0,0) = 0.

Since both v and v are initially zero, the comparison principle is violated. One complaint
lies in the fact that R is unbounded. But it still gives a counterexample for the comparison
principle which is expected to hold for an unbounded domain. We do not pursue to find
a counterexample for a bounded domain.

Stability principle. = We begin with its naive form. Assume that F. converges to F
locally uniform (as € — 0 with € > 0) in the domain of definition of F. Assume that u.
solves

Uey + Fo(2,ue, Vue, Vi) <0 (resp. >0) in O

and that u. converges to u locally uniform (as e — 0) in O. Then u solves

us + F(z,u, Vu, V?u) <0 (resp. >0) in O.

This property is useful when we want to contruct a solution u of (2.1.5) by approxi-
mating the equation. There are several options to weaken the assumption of convergences
F. — F, u. — u. We may replace these convergence by ‘semi-convergence’. Let h. be a
function defined in a set L of a metric space X with values in R U {00}, where £ > 0.
The upper relazed limit h = limsup® h. and the lower relazed limit h = liminf, h, are

defined by
h(z) = (limsup*h.)(z) = limsup h.(¢)

e—0 (—z
e—0

= lir% sup{hs(¢);¢ € LN B.(z), 0 <4 < e},
h(z) = (lim iglf*ha)(z) = lilgn inf h.(C)

e—0

= liII(l) inf{hs(¢);¢ € LN B:(2), 0 <9 < e},
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respectively. These limits are a kind of ‘lim sup’ and ‘lim inf” but take such an operation
in both ¢ and ¢. The functions lim sup* h, and lim inf, h, are defined for all z in L allowing
the values +o00. Evidently, if h. = h, then

h* =limsup*h. and h, = liminf,h,.

By definition h = limsup*(h?) and h = liminf,(h.).. If we set k(z,e) = h.(2) as a
function of z € L and € > 0, then by definition

h(z) = k*(2,0), h(z) = k(2,0) for z€ L.

If h = h on L, then k* and k, are continuous at ¢ = 0 as functions in L x (0,1). This
implies that h. converges to h = h locally uniformly in L as ¢ — 0.

The convergence u. — u may be replaced by semi-convergence u = u if we consider
sequences of subsolutions. For sequence of supersolutions we may replace u. — u by u = u.
The convergence F. — F is replaced by F < F and F > F for sub and supersolutions
respectively. If convergence is replaced by semi-convergence, in stability principle, it is
sometimes called strong stability principle. The major advantage lies in the fact that @
and u are always exists allowing the values £o00. So to apply strong stability principle
we need not to estimate {u.} to get locally uniform convergence of u.. Once we prove
(—o0 <) u < u (< 00) for example by comparison principle, we have @ = w. This implies
a posteori locally uniform convergence u., — @ = v = v and the limit u is continuous.

Perron’s method. (Construction of solutions) Ifu, and u_ are super- and subsolution
of (2.1.5) in Q x [0,T), respectively, then there is a solution u of (2.1.5) in Q2 x [0,T) that
satisfies u_ < u < wuy on Q x (0,T) provided that u_ < uy on Q x (0,7T).

This method reduces the business of construction of solutions to finding appropriate
sub- and supersolutions satisfying the initial and boundary conditions. For example con-
sider initial value problem for (2.1.5) with continuous initial data ug, where Q = RY. If
there are sub- and supersolution u* of (2.1.5) in RY x (0,7 that satisfies

u™™(z,0) = uo(z) = u, (,0),

then by Perron’s method we have a solution u. Moreover, if the comparison principle
applies, then u* < u, in RN x [0,T). This implies that u is continuous RY x [0,T) with
u(0,x) = ug(x). The uniqueness of such a solution is clear from the comparison principle.
Since RY is unbounded, the comparison principle is not exactly as stated above, this
discussion is a little bit informal but it explains the basic idea to get solution.
Apparently, Definition 2.1.4 is a natural extension for discontinuous F'. Indeed the
definition for continuous F' is included. Moreover, stability principle and Perron’s method
is available. If (2.1.10) is fulfilled, as we see later, the comparison principle hold under
reasonable regularity assumptions on F' at least when F(z,7,p, X) is continuous outside
p = 0. This class of equations includes many important examples of level set equations
satisfying (1.6.24) so for example it applies to the level set mean curvature flow equation
(1.6.5). However, for the level set equation of the Gaussian curvature flow (1.6.12), (2.1.10)
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is not fulfilled (see §1.6.5). If F' fails to satisfy (2.1.10), the comparison principle may not
hold. One should modify the notion of viscosity solutions for such problems as discussed
in the next subsection.

In this Chapter we only discuss the stability principle and Perron’s method. We discuss
the comparison principle in the next Chapter.

2.1.3 Very singular equations

Let F be continuous on Wy = Q x [0,7] x R x (R¥\{0}) x S with values in R. We
restrict test functions. Let Fq = Fqo(F) be the set of functions f € C?[0, 00) such that

f0)=f©0)=f"0)=0 and f"(r)>0 for r>0
and that for s = 1

limsup sup |F(z,7, V,(f(|p]),sVa(f(|p])))| = 0. (2.1.11)

p—0 20 reR
The formula (2.1.11) is often written as

lim supsup | F(z, 7, V(f]p))), £V2(/ ()] = 0.

—0 20 reR

We suppress  dependence of F in this Chapter since we fix Q. We say that ¢ € C?(0)
is compatible with F if for any 2 = (#,{) in O with V(%) = 0, there is a constant § > 0
and functions f € F and w; € C[0, 00) with liI?% wi(o)/o = 0 that satisfies

(@, t) = @(2) — ()t = )] < f(lx — &) + wi(ft — ) (2.1.12)

for all (z,t) € O with |z — | < 0, |t — | < §. The set of p € C?*(O) compatible with F
denotes C%(0).
Note that the set F can be empty. Indeed, for N =1 let

F=F(p,X)=—X/|p|°. (2.1.13)

If a > 1, then, by the Gronwall inequality for f’, a function f € C?[0,00) that satisfies

"
lim =0 with f'20, f(0) =0
is a constant near x = 0. This violates f'(c) > 0 for ¢ > 0 so the set F is empty for
a>1. If0<a<l1, f(o)= 0" belongs to F provided that v > (2 — a)/(1 — «). The
case & > 1 the initial value problem for (2.1.5) with (2.1.13) cannot be expected solvable
except for monotone initial data. The case 0 < a < 1 the equation (2.1.5) with (2.1.13)
is the ¢-Laplace diffusion equation (with 1 < ¢ < 2)

uy — ¢ div(|Vu|"?Vu) = 0, (2.1.14)
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where g =2—a, c=1/(q—1), N=1. If F = F(p,X) is geometric, degenerate elliptic
and continuous outside p = 0, then it turns out that F is not empty. We shall discuss
this point in the next Chapter. It is easy to see that F is invariant under a positive
multiplication i.e., af € Fif f € F and a > 0 for (2.1.14) with p > 1 and also for
geometric F'.

Definition 2.1.5.  Assume that F is continuous on Wy = Qx [0, T]x R x (RV\{0}) xS¥
with values in R. Assume that F is nonempty. An F-subsolution of (2.1.5) with F is
defined as in Definition 2.1.1 by replacing (i)(b) by the condition:

@i(2) + F(2, u'(2), Vp(2), VZp(2)) < 0 if V(2) #0
0i(2) < 0 otherwise

for all (¢,2) € C#(0) x O satisfying (2.1.6). An F-supersolution of (2.1.5) with F is
defined as in Definition 2.1.1 by replacing (ii)(b) by the condition:
{ pi(2) + F(2, u'(2), Ve(2), VIp(8)) = 0 if Vop(2) #0

~

vi(2) > 0 otherwise

for all (p,2) € C%(0) x O satisfying (2.1.8). One may define F subsolution is an open
set O in Q x (0,7 as for usual subsolutions.

Remark 2.1.6. If
lim sup sup |F(z,7,p, X)| =0, (2.1.15)
R

(which in particular implies (2.1.10)), then clearly
F={fecC*0,0); f(0) = f(0) = f"(0)=0 and f"(r)>0 for r >0}
It turns out that C%(O) equals
Ao = {p € C*(0); Vp(2) =0 implies VZp(2) = O}.

We postpone its proof. By this observation a subsolution is an JF-subsolution since
F.(z,7,0,0) = 0 by (2.1.15). It is curious whether or not an F-subsolution argrees
with a subsolution in Definirion 2.1.4. It turns out that the converse is true if (2.1.15) is
fulfilled and F' is degenerate elliptic as proved in Proposition 2.2.8. Here we just give a
simple equivalent definition of F- subsolutions.

Proposition 2.1.7.  Assume that (2.1.15) holds for F'. A function u: O — RU{—o0}
is an F-subsolution of (2.1.5) if and only if u is a solution of

u + Fy(z,u, Vu, V?u) <0 in O

with
F(z,r,p,X) if p#0
Fu(z,r,p, X) = 0 if (p,X)=1(0,0)

—oo  otherwise.
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The similar assertion holds for an F-supersolution by replacing the above inequality by
u + F#(2,u,Vu, V2u) >0 in O

with
F(z,r,p,X) if p#0
F#(z,r,p, X) = 0 if (p,X)=1(0,0)
+o00 otherwise.

This follows from definition of F-solution if we admit Ay = C%(0O), which is proved
in Proposition 2.1.8. Note that Fy(< F,) and F#(> F*) are, respectively, still lower and
upper semicontinuous function on 2 x [0, 7] x R x RY x SV by (2.1.15). Here is a trivial
remark. One may weaken (2.1.15) by

lim sup sup |F(z,7,p,X)—ag| =0
70, Lo reR

for a fixed constant ag so that Fi(z,7,0,0) = ay = F*(z,7,0,0). To define an F-
subsolution in this situation we should replace (2.1.11) by

lim sup sup |F(z,7, V(f(|Ip]), £V*(f(Ip]))) — a0l =0
X_o €0 <R

and replace ¢¢(2) < 0 by ¢i(2) +ap < 0 and ¢(2) > 0 by ¢(2) + ap > 0 in Definition
2.1.5. The statement of Proposition 2.1.7 is still valid by replacing 0 by ag in the definition
of Fiy and F#. One may even replace ay by a continuous function ag(z,7) to handle the
equation having external force term.

For the level set equation (1.6.12) of the Gaussian curvature flow equation it is not
difficult to see that F,(0, X) = —oo and F*(0, X) = 400 (see §1.6.5) so a subsolution in
Definition 2.1.4 may not be an F-subsolution while an F-subsolution is always a subsolu-
tion. In this case Definition 2.1.5 is more restrictive than Definition 2.1.4 which is indeed
important to get the comparison principle.

Proposition 2.1.8.  Assume that (2.1.15) holds for F. Then C%(O) = A,.

Proof. Tt is easy to see that Ag includes C%(O). Indeed, the condition (2.1.12) implies
that V2Zp(2) = O for 2 with Vy(2) = 0.
It remains to prove that C%(O) includes Ay. If Vo (2) = 0 and VZp(2) = O, then

|0(2) = ¢(2) = pul2)(t = )| < wi(|t — ) + wo(lz — &)
for all (z,t) with |z — | < 8, [t —#| < & for some 6 > 0 and w;,wy > 0 with

lim wr(o)/a" =0 (k=1,2). (2.1.16)

We would like to find fo € C?[0,00) with fo(0) = f{(0) = fJ/(0) = 0 and f} > 0 that
satisfies
wa(o) < folo) for 0<o <4 (2.1.17)
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If such an fy exists, f(o) = fo(o) + o belongs to F since (2.1.11) is always fulfilled for
f € C?0,00) with f/(0) = f”(0) = 0 under the condition (2.1.15).
We shall prove the existence of fy. If we set

wo(0) = sup{wa(n)/n*; 0 <n <o, n <6},

then wy is a nondecreasing function on [0, 00) with wy(0) = 0 which is continuous at zero
by (2.1.16). Since
wy(0) < wp(o)o? for 0< o <6,

the existence of fj that satisfy (2.1.17) follows from the next elementary lemma by taking
fo=0 with k= 2. O

Lemma 2.1.9. (i) Let wy be a nondecreasing function on [0,00) with we(0) = 0.
Assume that wy is continuous at zero. Then there is a modulus w (i.e., w is a nondecreasing
continuous function on [0,00) with w(0) = 0) with w € C*°(0,00) that satisfies wy < w
on [0, 00).

(ii) Let w be a modulus and let k be a positive integer. Then there is § € C*[0, 00) such
that 09)(0) = 0 and Y)(c) > 0 for ¢ > 0 with 0 < j < k and w(o)o® < (o) for all
o>0.

Proof. (i) We set w(m) = wo(m + 1), m = 1,2,--- and w(1/27) = wy(1/227Y), j =
1,2,---. Interpolating the value of w(c) form <o <m+ 1 and 1/29 < o < 1/277! by
an affine function, we get a continuous function w on (0, 00). It is possible to mollify w
without changing values at 1/27, j = 1,2, -, so that w € C*(0,00) and wy < w. Since
wp is nondecreasing so is w and wy < w on (0, 00). Since wy is continuous at zero, we have

lim w (o) = lim wo(1/2771) = 0.

J—00

Thus w extends a continuous function on [0, c0) (still denoted w) by setting w(0) = 0.
(il) We set

b,(0) = /020 0,_1(s)ds, j>1, gp=w for o >0,
so that 6; € C7]0, 00) with 93@(0) =0 for 0 < ¢ < j. Since §; is nondecreasing, we have
0;(c) > c6;_1(c) for >0
so that 6;(c) > o?w(c). We thus observe that 6 = ) has all desired properties. O

Remark 2.1.10. For F-subsolutions the statement of Proposition 2.1.2 should be
altered. Assume that v € C?(0O) satisfies

uy(2) + F(2,u(2), Vu(2), V2u(2)) <0 (resp. >0.)
for 2 € O with Vu(2) # 0 and that

u(2) <0 (resp. > 0). (2.1.18)
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for 2 € O with Vu(2) = 0. Then u is an F-subsolution (resp. F-supersolution) of (2.1.5)
in O provided that F' is degenerate elliptic. For Z with Vu(2) = 0, (2.1.18) is unnecessary
if there are no f € F and w;y (with wy(0)/0 — 0 as 0 — 0) that satisfies

w( t) = u(2) — w(2)(t — 1) < (resp. >)f(|x — i) +wi(t - )

for all z = (x,t) sufficiently close to 2 = (&,f). These statements immediately follow
from definition. We also note that the localization property is still valid for F-solutions.
Although the proof for (i) (in localization property) is immediate, the proof for (ii) needs
an extension property as follows. Suppose that

max(u® — ¢) = (u* — )(2)

in a neighborhood O’ of 2 in O with ¢ € CE(O'). If V(2) # 0, then there is 1) € C#(O)
that satisfies ¢ = 1 in some neighborhood of 2 in O, Vi (2) # 0 for all z € O and

mas(u’ — ) = (u” = ¥)(2).

= 0, then there is ¢ € C%(O) that satisfies ¢ < v in some neighborhood of 2 in

If V(%)
nd ¢(2) = 1¥(2). The proof is easy and left to the reader.

O a

2.2 Stability results

We shall give typical results on stability principle in its strong form.

Theorem 2.2.1. Let Q be a domain in RY and T > 0. Let O be an open set in
Qx(0,7).

(i) Assume that F. and F are lower (resp. upper) semicontinuous in W = Q x [0,T] x
R x RN x S¥ with values in R U {—oc} (resp. RU {+oc}) for ¢ > 0. Assume that

F< limionf*FE in W (resp. F > limsup*F; in W). (2.2.1)

e—0

Assume that u. is a subsolution (resp. supersolution) of
ug + F.(z,u, Vu, V*u) = 0 (2.2.2)

in O. Then w = limsup*u,. (resp. hm 1nf “uc) is a subsolution of
e—0

us + F(z,u, Vu, V?u) = 0 (2.2.3)

in O provided that u(z) < oo (resp. u(z) > —o0) for each z in O.

(i) Assume that F. and F are continuous in Wy = Q x [0, T] x R x (R¥\{0}) x SV with
values in R. Assume that F(F) is included in F. = F(F.) for all (sufficiently small) ¢
and that F. converges to I locally uniformly in Wy as € — 0. Assume that F is invariant
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under positive multiplication, i.e., f € F = F(F) implies af € F for all a > 0. Assume
that for any f € F(F),

liminf F.(¢, p, V(f(Ip])), V2(f(Ip]))) =0 (2.2.4)
(resp.  limsup F.(C,p, V(f(Ip])), V2(f(|p]))) <0) -

ase =0, —z,p—r,p—0forall z€ O,r € R. Assume that u. is an F.-subsolution
(resp. supersolution) of (2.2.2) in O. Then u is an F-subsolution of (2.2.3) in O provided
that u(z) < oo (resp. u(z) > —o0) for each z € O.

Clearly, the condition (2.2.1) is fulfilled if F. converges to F' locally uniformly in W as

e — 0. However, the uniform convergence in W is not expected if F' has singularities. This

is a reason why we assume (2.2.1) instead of uniform continuity in W. If F and F.(e > 0)

satisfy (2.1.15), then F = F. = Ay by Proposition 2.1.8. In this case if F. — Fj locally
uniform in W, and

Fy <liminfF. in W (2.2.5)

(which is a special form of (2.2.1);), then it is easy to see that (2.2.4); holds, since
Fy(z,7,0,0) = 0 by Proposition 2.1.8. However, (2.2.4); does not seem to imply (2.2.5)
under the uniform convergence assumption in Wy even if F' = F(z,r,p, X) does not
depend on z and r, although both conditions are closely related.

The proof of Theorem 2.2.1 is not difficult if we are familiar with various equivalent
definition of viscosity solutions and convergence of maximum points explained in the next
few subsections.

2.2.1 Remarks on a class of test functions

We give several observation on test functions which are practically important to prove
expected properties for viscosity solutions.

Proposition 2.2.2.  In (2.1.6) of Definition 2.1.1, 2.1.4, 2.1.5 the maximum in the
sense that (2.1.6) holds with O replaced by some neighborhood of z. It is also replaced
by a strict maximum in the sense that

(U —p)(z) < (U —@)(2), 2#£ 2, z€ O (2.2.6)

or even by a local strict maximum in the sense that (2.2.6) holds with O replaced by some
neighborhood of Z provided that F is invariant under positive multiplication. Similarly, in
(2.1.8) the minimum may be replaced by a strict minimum or by a local strict minimum.

Proof. 1t is easy to see that a global maximum may be replaced by a local maximum
in (2.1.6) and (2.2.6) in Definitions similar to the proof of the localization property in
§2.1.1. For F-subsolution see also Remark 2.1.10.

If ¢ € C*(O) satisfies (2.1.6), then (z) = ¢(z) + |z — 2|* satisfies (2.2.6). If (2.1.7)
holds for 1, so does ¢. This shows that global maximum in (2.1.6) may be reduced by
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global strict maximum in Definitions 2.1.1 and 2.1.5. For F-subsolutions one should be a
little bit careful. If p € CZ(O) satisfies (2.1.6), then ¥(2) = ¢(2) + f(|z — 2|) + (t — 1)?
with f € F satisfies (2.2.6). However, 1 may not be in C%(0). So we choose 9 in another
way. We may assume that Vo(2) = 0 and recall (2.1.12). By Lemma 2.1.9 (ii) there is
6, € C'0,00) with 6;(0) = 07(0) = 0 that satisfies

If we set
V(. t) = so(@;_sot@)@ — )+ f(le — &) + 0u(lt — £]) (2.2.7)

with
O ={(x,t);|x — 2| <6, [t —t| <d}.

The last two terms f(Jo — #|) and |t — #|*> and added to get strict inequality. Since
2f € F,op € CA(0O') and (2.2.6) holds with O replaced by ’. Here the property that F
is invariant under positive multiplication is invoked. If the second differential inequality
in Definition 2.1.5 holds for ¥, i.e., 1;(2) < 0, so does ¢;(2) < 0. This explain the reason
why we may replace maximum by strict maximum even for F-subsolutions. The proof
for supersolutions parallels that for subsolutions. O

Proposition 2.2.3. (i) In Definitions 2.1.1, 2.1.4 the class of test functions may be
replaced by C*(O),C>(O) or

A¥(0) = {p(x,t) = b(x) + g(t) € C*(O)}
where k > 2. In Definition 2.1.5 C%(O) may be replaced by
AR(0) = {p(z,1) = b(x) + ¢(t) € CE(0), g € C*(R)}

where k > 1 provided that F is invariant under positive multiplication.
(ii) The classes of test functions C?(Q) and C#%(0O) may be replaced also by C*'(O) and

CE'(O) = the set of p € C>*(O) that satisfies (2.1.12),

where C*1(Q) is the space of ¢ whose derivatives p;, V2o,V are continuous in O. Of
course for wa’l the class F should be invariant under a positive multiplication.

Remark 2.2.4. It is sometimes convenient to extend a class of test functions other
than C? for continuous F in Definition 2.1.1. For example one would like to consider
Sobolev spaces W'(O) as a class of test functions. Here W'(O) denotes the space of
¢ € LP(O) that satisfies V¢ € LP(O) and ¢; € LP(O). By the Sobolev embedding for
large p, say p > N + 1, W2'(O) C C(O) so that the value of ¢ at each point of O is
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meaningful. However, V2 may not be continuous, it is merely p-th integrable measurable
function and the value of V2¢ at each point of O is only determined up to measure zero
set in @. The condition (i)(b) in Definition 2.1.1 should be interpreted as follows. If
(¢, 2) € W2HO) x O satisfies

©i(2) + F(z,u*(2), Vo(z), Vip(2)) >e>0

for some ¢ > 0 in some neighborhood of Z, then u* — ¢ does not attain its maximum over
O at 2. Tt is immediate that for ¢ € C?*(O) this is equivalent to (i)(b). Such type of
definition is important to study regularity theory for fully nonlinear equations.

To prove (i) we approximate a test function ¢ by a smoother function ¢.. However,
the maximum point z. of u* — ¢. may be different from the maximum point Z of u* — ¢
so we need to study the behavior of z. as ¢ — 0. The next general lemma is useful not
only to prove Proposition 2.2.3 but also to prove stability results.

2.2.2 Convergence of maximum points

Lemma 2.2.5. Let X be a metric space. For € > 0 let U. be an upper semicontinuous
function on X with values in R U {—oc0}. Let U be a function on X defined by U =
limsup;_,U.. Let B and S be compact sets in X. Assume that S is included in the
interior of B, i.e., S C int B in the topology of X. Assume that U equals a constant M
on S and that U(z) < M for z € B\S. (In other words U takes ‘strict’ maximum over B
modulo points of S.) Let S. be the set of maximum points of U, on B, i.e.,

Se={z€B; U.(2) = max U.}.

(The set S. is nonempty and U.(z.) < oo for z. € S. since U, is upper semicontinuous
and B is compact.) Then there exists subsequence €(j) — oo (as j — oc) such that

Limsup;_, Sy C S
in the sense that for each r > 0 there exists j; satisfying
Sejy C Br(S) ={z € B;d(2,5) <r} forall j> j.

(In particular, S.jy C intB for sufficiently large j since S C intB.) Moreover, for any
Ze() € Se) ‘
lim Ue(j)(2e(5)) = M.

J—00

Proof. 1. We may assume that U. % —oo on B by taking a subsequence if necessary.
By definition of U for each ¢ € S there exist a subsequence {U;}52, and a sequence
¢; € X converging to ¢ as j — oo that satisfies

M =T(¢) = lim Us;(G)-
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2. For a sequence {z.(j)}(2-(j) € S:(;)) let A denote the set of its accumulation points, i.e.,

A ={z € B; thereis a subsequence {z.(ju)}

of {#.(;y} that satisfies z.(j)) — 2 as k — oo}.

The set A is a non-empty compact set since B is compact.

If z.(jk)) — #, then by definition of U, limsup,_,o Uy (2e(jry)) < U(z) < supy U;
the last equality is trivial since z € A by definition of A. Since any subsequence limit of
{2c(j)} belongs to A, we have

lim sup U, (j)(2=(j)) < sng.

Jj—00

3. Since (; converges to a maximum point ( € S of U over B and S is contained in int
B, we observe (; € B for sufficiently large j, say 7 > jo. Since

Ue(3)(G) < Ueiy (22(5)

for 5 > jo, Steps 1 and 2 yield

M = lim Uq;(¢;) < liminf Uej)(22(5))

J—00 J—0o0

< limsup U.(j)(2e(j)) < supU.
A

Jj—o0
Since M > sup, U is trivial, so we get

M =supU = lim Us(j)(2e(5))-
Since S is the set of all maximum points of U in B, S includes A. This inclusion implies
that
Limsup;_,,,Sc;) € S. O

Remark 2.2.6. (i) U, converges to U locally uniformly in a neighborhood of S then
we need not take a subsequence (7). If, moreover, S consists of only one point z, so that
U attains a strict local maximum at z, then z. converges to z and U.(z.) — U(Z) without
taking subsequences.

Indeed, if U. converges to U locally uniformly in B,(Z), for any sequence (. — Z the
formula

M = U(?) = lli% Us(Cs)

is valid without taking any subsequence of U.. This is stronger than Step 1. We argue as
in Step 2, 3 but z., U. replaces z.j), Usj) respectively. Since A is contained in S = {Z},
z. converges to Z without taking a subsequence.

This simple version is also important to develop the theory of viscosity solutions, for
example, in proving Proposition 2.2.3.
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(ii) Lemma 2.2.5 is a trivial modification of [Barles (1994), lemma 4.2] where S is assumed
to be a singleton. An essentially same proof is presented there. However, it seems that
[p.90, line 6] needs a further explanation, which is included in our proof. The inequality
in [p.90, line 6]

o(y) < limsup v (zo) for y € QN B,(z)
may not be true even for y = x unless one first choose subsequence of v. such that
() = ]lirgo Ve(;)(2;) for some z; — x and then take further subsequences v and z... In

our terminology, we should first take subsequence U, ;) as in Step 1 of our proof.

(iii) Similar statements for lower semicontinuous U, (with values in RU{+o0}) is obtained
by replacing U by U = liminf, U., U(z) < M by U(z) > M and a maximum point by
a minimum point. This assertion follows by Lemma 2.2.5 by replacing U, by —U.. Also,
we may replace a maximum point by a minimum point in Remark 2.2.6 (i).

2.2.3 Applications

Proof of Proposition 2.2.3. (i) As in Proposition 2.2.2 we may interpret the maxi-
mum in (2.1.6) as a local maximum for each class of test functions. To show the first part
it suffices to prove (2.1.7) (with lower semicontinuous F') for ¢ € C*(0O) satisfying (2.1.6)
by assuming that (2.1.7) holds for all z € O and all ¥ € NP ,A*(O) such that u* — ¢
takes a local maximum at z. Since ¢ is C? there is a modulus wy that satisfies

A

1 "
—§(V2@(i,t)(x—§7),m—5€>
< wolli — 32 + Jt — i) (2 — &2 + |t — ]

for (x,t) sufficiently close to (z,%). The rightest hand side is dominated from above by

2wo(2r — 2[H)|x — &> for |z —2|? > |t — 1],
2w (2|t — t12)|t — )2 for |z — &> < |t — 1.

The leftest hand side ¢ is now dominated by
@ < wo(|z — ) |w — 2 + wo(|t — 2]t — 7]

with @o(0) = 2wy(20). Applying Lemma 2.1.9 (i) yields the existence of 6; € C*0, )
and 6, € C?[0,00) with 9,9)(0) =0 for 0 < j < k that satisfies

O < O(|x — &) + Ou(|t — 1))
for (z,t) sufficiently close to (&, ). If we set

Yo(,t) = ¢ = @+ Oa(lr — &) + 0o (|t — E]) + v — 2"+ |t —
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then 1)y is a separable function

b(a) = (Ve(d,1), ©— 1)+ 3(V2p(2,1), = —7)
+0 |3£:—£|)+|:L‘—£|4,
g(t) = (@, 8)(t = 1) + 0u(|t — i) + [t — i,

and b € C*(RY), g € C'(R). Since ¢ < vy near (#,t) (except (#,1)) and ¢(2,t) =
Yo(#,1), u* — 1) takes its local strict maximum at 2 = (2,%) with Vp(z,1) = Vb(1),
V(. 8) = V2b(2), (. 1) = ¢'(D).

We approximate b by a smooth function b. so that b. converges to b locally uniformly
together with its derivatives up to second order (as ¢ — 0). We approximate g by a
smooth function so that g. — ¢ locally uniformly with its derivative. We now apply
Lemma 2.2.5 or its simpler version Remark 2.2.6 (i) to u* —b. — ¢g. with X = O, S = {2}
to get there is a sequence z. = (z.,t.) converging to Z such that

u —b. —ge < (u"—b.—g:)(2) near z, (2.2.8)
T (0 b — g.)() = (0" ~ b~ g)(2). (2.29)

Since b. — b, g. — g uniformly (together with its derivatives), we get

bolee) — B@), gelte) — 000,
Vbe(z.) — Vb(Z),  g(te) = g'(D),
2bo(x.) — V2b(2)  with 2. = (2., t.).

By (2.2.9) this implies
u*(ze) — u*(2). (2.2.11)

Since (2.2.8) holds, we apply (2.1.7) at z. to get
g.(to) + F(ze, u*(2.), Vb.(2.), V?b.(2.)) <0. (2.2.12)
Since F' is lower semicontinuous, sending ¢ to 0 yields, by (2.2.10) and (2.2.11),
g(6) + F(2, u*(2), Vb(2), V?b(2)) <0,
which is
o) + F(2, w'(2), Vep(2), Vip(2)) <0.

This is what we want to prove. The proof for supersolutions is similar so is omitted.

It remains to study whether test functions in Definition 2.1.5 may be replaced by
Ak (0). Tt suffices to prove ¢;(2) < 0 for ¢ € CA(O) satisfying (2.1.6) when Vp(2) = 0
by assuming that differential inequalities in Definition 2.1.5 holds for all z € O and all
Y € N, Ak (O) such that u* — 9 takes a local maximum at z. The basic idea of the
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proof is the same as above. We take 1)y = 1) as defined in (2.2.7) and observe that u* — 1)
takes a strict local maximum at Z and that ¢ is of form

o, t) = [z = z[) + g(t)

with some f € F and ¢ € C'(R) (Note that af € F,a > 0). We approximate g
by g. € C*(R) as before. (Approximation of f € F by f. € C*°(0,00) N F may be
impossible in this generality so we only approximate g.) As before we get (2.2.8)-(2.2.11),
where we set f.(z) = f(|x — z|) = f(z) by abuse of notation. By differential inequalities
in Definition 2.1.5 at z. we get (2.2.12) if 2. # 2, and ¢.(t.) < 0 if 2. = 2. Sending m
to 0o we obtain ¢'(f) = ¢,(f,#) < 0 by using (2.1.11) and convergence results (2.2.10),
(2.2.11). This is what we want to prove.

(ii) It suffices to prove that ¢ € C*Y(O) (resp. ¢ € C%'(O)) satisfy (2.1.7) (resp.
differential inequalities in Definition 2.1.5) if ¢ is a test function at Z of a (resp. F-)
subsolution u of (2.1.5). Let u be a subsolution in Definitions 2.1.1 and 2.1.4. As in (i)
we may assume that max in (2.1.6) is a local strict maximum and that ¢ is a separable
type : ¢(z,t) = b(z) + g(t) with b € C*(R"Y) and g € C*(R). We approximate g be C?
function g. so that g. — ¢ locally uniformly with its first derivative. The rest of the proof
is the same as in (i). For F-subsolution we may assume V(%) = 0 for p € C2'(0). By
(2.2.7) we may assume that ¢ is a separable type.

p(e,t) = f(le —2]) +g(t)

with f € F, g € C'(R). We do not need to approximate f; we only approximate g by
C? function. The rest of the proof is the same as in (i) so it is safely left to the reader. O

Remark 2.2.7.  From the proof of Proposition 2.2.3 we obtain the following equivalent
definition of an F-subsolution of (2.1.5) if F is invariant under positive multiplication.
Let u : O — RY{—o0} fulfill u*(2) < oo for all z € O. Then u is an F-subsolution of
(2.1.5) in O if and only if the next two conditions are fulfilled.

(A) ¢(t) + F(2,u*(2),Vb(2),V?b(2)) < 0 holds for all 2 = (&,#) € O and for all ¢ =
o(z,t) := b(x) + g(t) which is C*! near Z provided that u* — ¢ attains its local strict
maximum at Z and that Vb(z) # 0.

(B) ¢'(t) < 0 holds for all 2 = (2,%) € O and for all

o =@(x,t) := f(lz —2]) + g(t)

with f € F and with g which is C" near t provided that u* — ¢ attains its local strict
maximum at 2.

Proof of Theorem 2.2.1.  We only prove the subsolution case since the case of superso-
lution follows exactly in the same way.
(i) Since @ is upper semicontinuous and %(z) < oo for z € O, our goal is to prove

pi(2) + F(2, u(2), Veo(2), Vip(2)) <0 (2.2.13)
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by assuming that ¢ € C?(O) and 2 € O fulfill
max( — ¢) = (@ — ) 2).
By Proposition 2.2.2 we may assume that @ — ¢ has a strict local maximum at 2, i.e.,

(@ —¢)(2) < (u—9)(2), z € B\{z}

for some compact neighborhood of Z.
We set U, = ul — ¢ and observe that

U =limsup® U, =1 — ¢.

e—0

We now apply Lemma 2.2.5 with X = O and S = {2} to get a subsequence of {U.} (still
denoted {U.}) and a sequence {z.} in O satisfies

Us(z) < U (z:) for z close to z,
ze — 2 and U.(z) — U(2). (2.2.14)

Since u. is a subsolution of (2.2.2) and ¢ is a test function of u. at z., we obtain, by
Proposition 2.2.2, that

QOt(Zg) + F€<Z€ u:<'z€)7 V(p(z€)? VQSO(ZE» S 0. (2'2'15>

Sending ¢ to 0 yields (2.2.13), since (2.2.1) holds and z. — 2, u}(z.) — u(2).
(ii) By Proposition 2.2.2 our goal is to prove differential inequalities in Definition 2.1.5
by assuming that @ — ¢ has a strict local maximum at 2 for ¢ € C%(0). By (i) we may
assume Vo(2) = 0. We may take ¢ in (2.2.7) instead of .

Arguing as in (i), we observe that there is a subsequence of w. (still denoted u.) and
z. € O satisfying (2.2.14). Since u. is an F.-subsolution of (2.2.2) we have (2.2.15) if
Vip(z:) # 0 (e 2z # 2) and ¢4(2.) < 0 if Vip(z.) = 0. We send ¢ to 0 and use (2.2.4)
with z. — 2, uX(z.) — w(2) to get pi(2) = 1(2) < 0. O

We conclude this section by proving the equivalence of F-subsolutions and subsolutions
when (2.1.15) is fulfilled.

Proposition 2.2.8.  Assume that (2.1.15) holds for F' and that F' is degenerate elliptic.
A function u : O — R U {—o0} is an F-subsolution of (2.1.5) (in O) if and only u is a
subsolution of (2.1.5).

Proof.  Since a subsolution is always an F-subsolution under (2.1.15) it suffices to prove
that an F-subsolution is a subsolution. Assume that (p, 2) € C?*(O) x O satisfies

max(u — 9) = (u— )(2).
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We may assume that u — ¢ takes its strict maximum at 2 = (2, %) over O and V(%) = 0.
For € > 0 we set

cbs(xayat) :U<l’,t)—w5<£[},y,t),
Ve(z,y,t) = |v —yl*/4e + o(y, 1)

and observe that

®(z,y,t) = (limsup® &.)(z,y,t) = { oo if x4y

for (z,t),(y,t) € O. Since ® takes its strict maximum at (&, %), by convergence of
maximum points (Lemma 2.2.5 and Remark 2.2.6 (i)) a maximizer (z., y., t.) of @,
converges to (Z,2,t) as € — 0. Since ®.(z., v, t.) takes its maximum at y = y., we see

V we(%, Ye, >_ O V2 ¢($s7 Ye, te) > O:

where V, denotes the partial gradient in y. Since V|z|* = 4|z|?z, V?|z|* = 4|z|* Ix +
8z ® x, this is equivalent to say

—|z. — 3/5]2(95E —Y.)/e + Vo(ye, t.) =0, (2.2.16)
|z — y6|2 In +2(x. —y.) ® (v —y:) + 5V2g0(y5, te) >0 (2.2.17)

where Iy denotes the N x N unit matrix. We note that ¥.(-,y.,-) belongs to 4y as an
function of (x,t). This is equivalent to say that (-, y., ) € C% ( ) by Proposition 2.1.8.

Case A. Vo(y., t.) # 0 for a sequence ¢ =¢; — 0.
Since (z, t.) is a maximum point of a function

(z,1) = u(z,t) — |ze — y|* /e — (2 — (2. — y.), 1)
for e = ¢; and since u is an F-subsolution, we have

‘Pt(yea t6)+F(x€7 taVSO(yz-:a ) V2 (y€7 )) <0

for e = ;. Sending ¢; to zero yields

Case B.  Vy(y.,t.) = 0 for sufficiently small ¢ > 0.

This condition implies z. = y. so that V,¢.(z., v., t.) = 0, V2 ¥ (2., ye, t.) = O.
Since ®.(z, y., t) takes its maximum at (x., t.) as a funct10n of ( x,1), definition of an
F-subsolution (Proposition 2.1.7) yields

at ?/)a(iﬂa, Ye, ta) § 0~

Sending ¢ to zero yields

A



2.3. BOUNDARY VALUE PROBLEMS 87

Since z. = y., (2.2.16) and (2.2.17) yields
Vi(ye, t=) =0, Vi(ye, t) > O.

Sending € to zero again we see

Since F' is degenerate elliptic

pu(@,1) + Fu(, 1, Vop(2,1), V2o(2,1)) <0+ Fu(2,1,0, Vi(,1))
<0+ F.(2,£,0,0) =0 by (2.1.15). O

2.3 Boundary value problems

So far we discuss viscosity solutions in an open set. We seek a natural definition of
solutions for the boundary value problem. It is desirable that solutions satisfy stability
principle. Suppose that F. € C°(W) converges to F uniformly on every compact set
in W, where W = Q x [0,7] x R x RY x S¥. Suppose that compact set with J =
00 x [0,T] x R x RY x SN, Suppose that u. solves
wt F.(z,u,Vu, V) <0 in Qx(0,7T),
B.(z,u,Vu,V?u) <0 on 9Q x (0,7)
in a classical sense. What problem does u = limsup__,, u. solve (when u(z) < oo for all
2 € Qx(0,T))? We consider a function ¢ € C*(Q x (0,7)) such that u — ¢ attains a

strict maximum over Q x (0,7) at (¢,4) with # € 9Q, 0 < < T. By Remark 2.2.6 (i)
there is a sequence z. = (t., x.) — (t, &) that satisfies

_max (ue — ) = (us — ¢)(le, z2).
Qx(0,1)

Since u. solves (2.2.14), if . € 99 then we expect
Be(2e, ue(z), Vip(ze), Vip(z:)) <0
under suitable monotonicity condition of B. (Proposition 2.3.3). If z. € § then
pi(ze) + Felze, ue(2e), V(z), Vie(z)) <0

(under ellipticity condition of F.). Unfortunately, for sufficiently small €, x. may be
interior point of Q (Example 2.3.6), so as € — 0 the best we expect is either

pi(2) + F(2, u(2), Vo(2), Vip(2)) <0
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or

B(%, u(2), Ve(z), Vp(2)) <0

In other words

for E(z,r,7,p,X) = (1 + F(z,7,p,X)) N B(z,r,p, X) where a A b = min{a,b}. This
observation shows that the next general definition for viscosity solution is useful.

Definition 2.3.1. (i) Let O be a locally compact subset of R? (so that every neighbor-
hood of a point Z of @ includes some compact neighborhood of Z in O). Let E be a lower
(resp. upper) semicontinuous function on O x R x R¢ x S? with values in R U {—o0}.
(resp. RU{+00}) A function u : O — R U {—00} (resp. R U {+0o0}) is a (viscosity)
subsolution (resp. supersolution) of

E(z,u, Du, D*u) = 0 (2.3.1)

in O if
(a) u*(z) < oo (resp. u.(z) > —o0) for all z € O
(b) If (¢, 2) € C*(O) x O satisfies
maxo(u” —¢) = (u” — ¢)(2)

(resp. mom(u* — ) = (u, — ¢)(2)), (2.3.2)

then
E(z,u*(2), Dp(2), D*p(2)) < 0
(resp. E(Z,u.(2), Dp(2), D*p(2)) > 0),

where Dy = (0p/0x;)%_|, D*p = (0%p/0x;0x;)1<i j<a. Here C¥(O) denotes the set of C*
functions in some neighborhood of O in R,

If E is defined in a dense subset of @ x R x R4 x S¢ (with F, < 400, E* > —00

on O x R x R? x S%) then we say that u is a subsolution (resp. supersolution) of
(2.3.1) in O if u is a subsolution (resp. supersolution) of E,(z,u, Du, D*u) = 0 (resp.
E*(z,u, Du, D*>u) = 0) in O.
(ii) Let © be a domain in RY and T > 0. Let F' be a lower semicontinuous in W =
Q% [0,7T] x R x RY x SV with values in RU {—occ}. Let B be lower semicontinuous
inJ=00x[0,T] xR xRY xSY with values in R U {—o00}. Let O be an open set in
Q x (0,T). (For example we may take O = Q x (0,7)). A function v : O — RU {—oc}
(resp. RU {+00}) is a subsolution (resp. supersolution)

(2.3.3)

w+ F(z,u,Vu,V2u) =0 in ONQx (0,T)
B(z,u,Vu,V*u) =0 on ONNx(0,T) (2.3.4)

if u is a subsolution (resp. supersolution) of
E(z,u,u;, Vu,V?u) =0 in O

in the sense of (i) with E(z,r,7,p, X) = (1 + F(z,7,p, X)) A B(z,r,p, X). Note that E is

regarded as a lower semicontinuous function in @ x R x R% x S? with d = N + 1.
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Remark 2.3.2. By definition u is subsolution of (2.3.4) if and only if

(a) u*(z) < oo for z € O;

(b) If (¢, 2) € C*(O) x O satisfies (2.1.6), then (2.1.7) holds for 2 € Q x (0,7, and for
z2€ 00 x (0,T) either

or (2.1.7) is valid.
The similar equivalent definition is available for supersolutions.

We warn the reader that even for degenerate elliptic F' a function u € C?*(O) satisfying

w+ F(z,u,Vu,V*u) <0 in ON(Qx(0,7))

B(z,u,Vu,V*u) <0 on ON (02 x (0,T)) (2.3.5)

pointwise may not be a viscosity subsolution in O unless we impose an extra condition
on B. The main reason is that the condition.

mgx(u — @) = (u—@)(&,1) (2.3.6)
does not deduce Vu(,t) = Vip(z,1) if £ € 0. In fact if 9Q is C? near Z the condition
(2.3.6) implies either (i) or (ii) holds:

(i) Vu(z,t) = Vo(,1) and V?u(2,1) < VZp(i,1)
(ii) Vu(2,1) = V(2,1) + Avu(z) and

RNV*u(2, )R, < R,V*p(#,1)R, — AA, for some ) > 0.

Here v(z) is the outward unit normal and R, = [ — v(Z) @ v(z) ; A, is the N x N
symmetric matrix whose restriction on the tangent space T;0f2 is the Weingarten map of
Of) in the direction of v(2) and A,v = 0. By setting v(z) = u(z,) — ¢(x,t) this follows
from the boundary version of the classical maximum principle :

Maximum principle at the boundary. Let Q be a domain in RY. Assume that 0
is C% near & € 9. Let v be in C?*(B,(&) N Q) with some r > 0. Assume that

v(x) <wv(z) for x € B.(z)N.

Then either
(i) Vu(z) = 0 and V*v(2) <0, or
(ii) Vou(2) = Av(z) and R, V?v(2)R, + AA, <0 for A > 0 some \ > 0.

Proof. ~ We may assume v(Z) = 0. By translation and rotation of coordinates we may
assume that 7 = 0, v(z) = (1,0,---,0), R, = diag (0,1---1), Av = diag (0, Ag, - - A\n).
Since v has a local maximum at 0 over Q N B,(0),

ov ov ov
— > _ — .. = .
SL =220 20) (0) =0

Oay
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By expression of A, for graphs, € is expressed as x; < ¥(xa, -+, zy) near 0 with some

Y € C? satisfying V72¢)(0) = Ay with V' = (0,,, -+, 04 ). Since

1 0?
U(xlv"'axN):Axl_}'*EN v

3 G Oty +oal?) as el =0

and v takes maximum 0 over Q N B,(0) at 0, we see that for V2v(0) < O if A = 0 and
that

Ap(xg, -+ xN) + ;(V%(O)az, z) +o(|z|*) <0
for A > 0. Since V'4(0) = 0 and ¢(0) = 0, expanding ¢ around zero now yields
AVZ(0) + V?0(0) < O.
This yields (ii). O

We give a sufficient condition for B so that classical solution of (2.3.5) is a viscosity
solution be restricting B for the first order operators.

Proposition 2.3.3.  Let u € C?*(O) satisfies (2.3.5). Assume that F is degenerate
elliptic and that B depends only on (z,7,p) € O x R x RY. Assume that

A= B(z,r,p— Av(x)) (2.3.7)
is nonincreasing in A > 0. Then u is a (viscosity) subsolution of (2.3.4).

Indeed, if ¢ satisfies (2.3.6) for € 9 so that (i) or (ii) holds, then by the monotonicity
assumption on B we have

); Vo(2) + v (i)

B(z,u(2), Vp(2)) < B(
B ), V(%)) < 0.

(

Z,u(z
Z,u(2

Remark 2.3.4. (i) Under the same monotonicity assumption on B a classical super-
solution of (2.3.4) is also a viscosity supersolution.

(ii) As in Proposition 2.2.2 we may replace the maximum by a local maximum, a strict
maximum or a local strict maximum in Definition 2.3.1 and the same remark applies to
the minimum. The proof is identical with that of Proposition 2.2.2.

(iii) As in Proposition 2.2.3 we may replace class of test functions by C*(O) or C*(0O)
for k > 2 in Definition 2.3.1 (i) and even by A*(O)(k > 2) or C*!(O) in Definition 2.3.1
(ii). The proof is essentially the same and it is based on Lemma 2.2.5 or Remark 2.2.6
().

(iv) As in Theorem 2.2.1 we have a stability result for the boundary value problem.
Since the proof is identical with that of Theorem 2.2.1 (i), we only state the results (for
subsolutions) which extends Theorem 2.2.1 (i).

(v) By definition localization property in §2.1.1 is still valid for (2.3.1).
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Theorem 2.3.5. Let O be a locally compact subset of R%.
(i) Assume that E. and E are lower semicontinuous on O x R x R?* x S with values in
R U {—o0} for e > 0. Assume that

E <lminfE. on OxRx R x S84,
Assume that u. is a subsolution of
E.(z,u,Du,D*u) <0 in O.

Then w = limsup_,, u. solves (2.3.1) in O provided that u(z) < oo for every z € O.
(ii) Under the notation of Definition 2.3.1 (ii) let F. and B. lower semicontinuous on W
and J with values in R U {—o0}, respectively for € > 0. Assume that

F< limionf* F. in W and B< limiglf* B, in J.
Let u. be a subsolution of

w+ Fo(z,u,Vu,Vu)=0 in ON(Qx(0,7T))
B.(z,u,Vu,V*u) =0 on ON (02 x (0,T))

Then u = lim sup® u. is a subsolution of (2.3.4) if u(z) < oo for every 2 € ON(Qx (0,T)).
e—0

(The part (ii) is a trivial corollary of part (i)).

Example 2.3.6. We give a simple example that a maximum point 2. of u} — ¢ is not
on d§2 x (0,7) for all sufficiently small ¢ even if z. converges to 2 € 9Q x (0,7) which is
a maximum point of @ — ¢ where we use the notation in Theorem 2.3.5 (ii). We set

us(x,t) = /OOO {g(te,z —y) + g(te, z + y) }uo(y)dy

with the Gauss kernel g(t, z) = (47t)~"/2 exp(—|z|?/4t) for uy € C*[0, 00) with u}(0) > 0.
Clearly u. € C*°(0) is a classical solution of

Up — EUgy = 0 in x (0,00),
uy =0 on 09 x (0,00)

with Q = (0, 00) and O = Qx (0, 00). (By Proposition 2.3.3 u. is also a viscosity solution.)
By the representation of u. the limit @ = limsup__,;, u. equals uy. By the stability results
(Theorem 2.3.5) uy is a viscosity subsolution of

u=0 in Qx(0,00),
u =0 on 0N x (0,00).

However, evidently ug fails to fulfill u,(0) < 0 in the strong sense by ug,(0) = uy(0) > 0.
We take ¢(z,t) = ug(z) + 2t + (t —t)? for t > 0 so that ug — ¢ takes a strict maximum
at (0,t) = 2 over O. Let z. be a maximum point of u. — ¢ over O. It conveges to Z as
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¢ — 0 by Lemma 2.2.5 and its remark. Suppose that there were subsequence z., that
belongs to 992 x (0, 00). Since u.,(0,t) = 0, we would obtain ¢,(z.,) < 0. Sending ¢; — 0
we would obtain ¢, (0,) = u(0) < 0 which is a contradiction.

Definition 2.3.7. It is also possible to extend the notion of F-solution for the boundary
value problem. Let F be continuous in Wy = Q x [0, T) x R x (RV\{0}) x SV with values
in R. Assume that F fulfills (2.1.11) and B € C(J). We say u : O — R U {—00} is
F-subsolution of (2.3.4) if

(a) u*(z) < oo for z € O

(b) if (p, 2) € CE(0O) x O satisfies (2.1.6), then

pi(2) + F(2, w(2), Vo(2), VZp(2)) <0 if Vp(2) # 0, (23.8)
0i(2) <0 otherwise e
holds if 2 € Q x (0,7) and either (2.3.8) or
B(2,u*(2), Vp(2), V2p(2)) <0

if 2 € 90 x (0,T). The definition of F-supersolution is similar so is omitted. Here C%(O)
is the set of ¢ € C?*(0) compatible with F, i.e., ¢ satisfies (2.1.12). The stability result
Theorem 2.2.1 (ii) extends to the boundary value problem with a trivial modification.

Example 2.3.8.  We conclude this section by giving examples of boundary condition
that satisfies (2.3.7) other than the Dirichlet condition B = 0. The operator B = (p, T)
evidently fulfills (2.3.7). In this case the boundary condition B = 0 is called the homo-
geneous Neumann condition. The operator B = (p,v) — k(z)|p| fulfills (2.3.7) provided
that |k(z)| < 1. The condition B = 0 is an oblique type boundary condition.

2.4 Perron’s method

We give typical results on Perron’s method for constructing solutions for a general equation
(2.3.1) rather that for (2.1.5).

Lemma 2.4.1 (Closedness under supremum). Let 7(9 be a locally compact subset
of RY. Let E be a lower semicontinuous function on O x R x R? x S¢ with values in
R U{—o0}. Let S be a set of subsolutions of

E(z,u, Du, D*u) = 0 (2.4.1)
in O. Let u be a function in O defined by
u(z) =sup{v(z);v € S} for z€O. (2.4.2)
If u*(2) < oo for all z € O, then u is a subsolution of (2.4.1) in O.

Lemma 2.4.2 (Maximal subsolution).  Let O be as in Lemma 2.4.1. Let E be defined
in a dense set of O x R x R% x S with E, < oo, E* > —o0 everwhere. Assume that the
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equation (2.4.1) is degenerate elliptic (for subsolution) in the sense that all u € C?*(O')
satisfying
E.(z,u(2), Du(z), D*u(z)) <0 for z€ O

is a (viscosity) subsolution of (2.4.1) in O" where O’ is an open subset of O. Let h be a
supersolution of (2.4.1). Let S be the collection of all subsolutions v of (2.4.1) in O that
satisfies v < h in O. If © € S is not a supersolution of (2.4.1) in O with v, > —oo in O,
then there are a function w € S and a point zy € O that satisfies 0(zp) < w(zp).

Theorem 2.4.3 (Existence).  Let O be a locally compact subset of R%. Let E be a
densely defined function on Z = O x R x R? x S¢ with E, < oo, E* > —o0 on Z. Assume
that the equation (2.4.1) is degenerate elliptic (for subsolutions). Let h_ and h, be a
sub- and supersolution of (2.4.1), respectively with h% < oo, h_, > —oo0 in O. Suppose
that h_ < hy in O. Then there exists a solution u of (2.4.1) that satisfies h_ < u < h,
in O.

If we admit Lemmas 2.4.1 and 2.4.2, it is easy to prove Theorem 2.4.3. Indeed we take
S = {v;v is a subsolution of (2.4.1) in O with v < hy in O}.

Since h_ < h, the set S is not empty. Since h_, > —o0o, the function u defined by (2.4.2)
fulfills u, > —oo in O. Since h} < 0o, u* < oo in O. By Lemma 2.4.1 u is a subsolution of
(2.4.1). If u were not a supersolution, then by Lemma 2.4.2 there would exist a function
w € S and a point zg € O with u(zg) < w(zp). This contradicts the definition (2.4.2) of
u. Thus w is a solution of (2.4.1) in O. The inequality h_ < u < h, follows by definition
of u. Note that the comparison principle is unnecessary to construct a solution.

Remark 2.4.4. By Proposition 2.3.3 and localization property (§2.1.1) results in
Lemmas 2.4.1, 2.4.2 and Theorems 2.4.3 apply the boundary value problem on O =
Q x (0,7):
w+ F(z,u,Vu,VZu)=0 in Qx(0,7),
B(z,u,Vu) =0 on 09 x (0,7)

provided that F' is degenerate elliptic and B satisfies the monotonicity assumption (2.3.7),
where  is a domain in R". The same remark applies (2.1.5) for degenerate elliptic F
by Proposition 2.1.2. In both examples F' need not be continuous as in Definition 2.1.4

(ii).

2.4.1 Closedness under supremum

We shall prove Lemma 2.4.1. Let (¢, 2) € C*(0) x O satisfy (2.3.2), i.e.,
max(u” — @) = (u” = ¢)(2).

We must prove
E.(2.0*(2), Dip(2), D*p(2)) < 0. (2.4.3)
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We may assume that (u* — ¢)(2) = 0 by replacing ¢ by ¢ + (u* — ¢)(2). We set
¥(2) = p(2) + |z — 2|* and observe that
(u* —¥)(2) < —|z = 2|* for 2€0 (2.4.4)
since
(W =) (2) + [z = 2[* = (u" = 9)(2) < (u" = )(2) = 0.
By definition of upper semicontinuous envelope there is a sequence {z} in O converg-
ing to Z as k — oo such that

ag = (U — ) (z) — (v —1)(2) = 0.
By definition (2.4.2) of u there exists a sequence {uy} in S with vg(zx) > u(zx) — 1/k.
This implies

(v = ¥V)(2k) > (0 — V) (2k) > ax — 1/k. (2.4.5)
Since v, < w in O, (2.4.4) implies
(v —)(2) < —|z—2* for z€O. (2.4.6)

Since O is locally compact there is a compact neighborhood of Z denoted B. Since
vy —1 is upper semicontinuous and has an upper bound, v} — 1 attains its maximum over
B at some point y; € B. From (2.4.5) and (2.4.6) it now follows that

ax — 1/k < (vp = ¥)(z) < (v — ) (we) < —lye — 2[*

for sufficiently large k (so that z € B). Since a; — 0 this implies that y, — 2 as k — oo
and that

lim (v, — ¥)(yx) = 0.

k—o0

Hence

Jim v (ye) = lm ¢(ye) = $(2) = w*(2).
Since v, is a subsolution we see

E.(yr, vi.(yx), DY (yr), D*¥(yr)) < 0.
Since F, is lower semicontinuous and yx — 2, vi(yx) — u*(2), sending k — oo yields
E.(2,u*(2), Di(2), D*¥(2)) < 0.
We now obtain (2.4.3) since Di)(2) = Dg(2), D*(2) = D?*p(2).
We have proved that a class of subsolutions is essentially closed under the operation

of supremum. The symmetric argument yields the closedness of supersolutions under the
operation of infimum.

Lemma 2.4.5 (Closedness under infimum).  Let O be a locally compact subset of R®.
Let E be an upper semicontinuous function on O x R x R* x S® with values in RU{+o00}.
Let S be a set of supersolution of (2.4.1) in O. Let u be a function on O defined by

u(z) = inf{v(z);v € S} for z€O.
If u,(z) > —oo for all z € O, then u is a supersolutions of (2.4.1) in O.



2.4. PERRON’S METHOD 95

2.4.2 Maximal subsolution

We shall prove Lemma 2.4.2. Since © is not a supersolution of (2.4.1) there exist ¢ € C?(O)
and 2 € O that satisfies

mino (%, ~¢) = (0. — )5 =0~ o . (2.4.7)
E*(2,0.(2), Dp(2), D*¢(2)) = E* (2, 0(2), Dp(2), D*¢(2)) < 0
Modifying ¢ by ¢ + |2 — 2|* as in the proof of Lemma 2.4.1 we may assume
(0, —@)(2) > |z —2|* for z€O. (2.4.8)

Evidently, 0, < h, in O so we see 0,(2) = ¢(2) < h.(2). Indeed, if not, 9,(2) = h.(2) =
¢(2) so that ¢ would be a lower test function of h,. Since h is a supersolution, the
inequality (2.4.7) is contradictory.

Since E* is upper semicontinuous and ¢ € C?(0), for sufficiently small § > 0 we have

E*(z,0(2) +6*/2, Dp(z), D*¢0(2)) <0 for z € Bos (2.4.9)

with Bys = B N Bas(2) , where B is a compact neighborhood of Z and B,(z) is the
closed ball of radius r centered at z. (Such B exists since O is locally compact.) Since
04(2) < hy(2), we may assume

0(2) +0*/2 < h,(2) for =z €& By (2.4.10)

by taking 0 smaller if necessary. Since (2.4.1) is degenerate elliptic, (2.4.9) indicates that
¢ + 0*/2 is a subsolution in the interior int Bys of Bas. From (2.4.8) it follows that

B(2) > 0.(2) — 0*/2 > p(2) + 6*/2 for 2 € Bas\Bs. (2.4.11)

We now define w by

w(z) = { max{ip(2) +0%/2,3(2)} =z € Bs,
@(Z) S 0\35

To see w is a subsolution one should be careful around a neighborhood of 0B;s. It follows
from (2.4.11) that

w(z) = max{p(z) +6*/2,9(2)} for 2z € Bys

not only for z € Bs. Since v is a subsolution in int Bys by localization property (§2.1.1)
and since ¢ +§1/2 is a subsolution in int Bos, Lemma 2.4.1 implies that w is a subsolution
in Bys. By localization property w is now a subsolution of (2.4,1) in O. From (2.4.10) it
follows that w € S.

Since

0= (0, —p)(2) = lif(r)linf{(ﬁ —@)(2);2€ O and |z—2| <r}
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there is a point zo € Bs that satisfies
9(20) — p(z0) < 6*/2

which yields v(zp) < w(zp). We have thus constructed w € S that satisfies 0(zp) < w(zo).
The proof is now complete.

Remark 2.4.6. By the argument symmetric to that of Lemma 2.4.2 for a class of
supersolutions greater than or equal to a given subsolution we observe that the infimum
of the class is a solution if local boundedness condition is satisfied. We do not write a
precise version of Lemma 2.4.2 for a class of supersolution. This property of minimal
supersolution yields also a solution in Theorem 2.4.3. Indeed if the equation is degenerate
elliptic (for supersolutions), i.e., u € C?(Q’) solving

E*(z,u(z), Du(z), D*u(2)) >0 for z¢€ O
is a (viscosity) supersolution of (2.4.1) in O’ for each open set O in O, then
u_(z) = inf{v(2); v is a supersolution of (2.4.1) in O with h_ < v in O}
is a solution of (2.4.1) with h_ <wu_ < hy in O. As we have seen in the begining of §2,
uy(2) = sup{v(2); v is a subsolution of (2.4.1) in O with v < h in O}

is a solution of (2.4.1) with A- < uy < hy in O. By definition u_ and u, are a minimal
and a maximal solutions satisfying h_ < uy < hg, respectively. If h_, = h% on some
portion X of the boundary of O, we see u™ < wy <hl =h_, <u_, <wuy on X If the
comparison principle holds, then

wy <ul, vl <up,, ul <u_, in OUX

so that ux € C(OUX) and uy = u_. In other words the minimal and maximal solution
agree and they are continuous.

2.4.3 Adaptation for very singular equations

Perron’s method applies F-solutions for very singular equations in Definition 2.1.5. Al-
though it applied the boundary problems in Definition 2.3.7 if the problem is degenerate
elliptic, we restrict ourselves the case without the boundary condition. We give rigorous
statements and indication of the proof.

Lemma 2.4.7 (Closedness under supremum).  Let F and F # () be as in Definition
2.1.5. Assume that F is closed under positive multiplication. Let S be a set of F-
subsolution of (2.1.5):

uy + F(z,u, Vu, Vu) =0

in O =Qx(0,7). Let u be a function on O defined by (2.4.2). If u*(z) < oo for all
z € O, then u is a subsolution of (2.4.1) in O.
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The proof essentially parallels that of Lemma 2.4.1 so we only point out the place to
be altered. For (¢, 2) € C%(0) x (O) satisfying (2.3.2) we must prove

{ pi(2) + F(2,u"(2), Vp(2), VZp(2)) <0 if Vp(2) #0,
©i(2) <0 otherwise.

N>

The proof of the first case is the same as that of Lemma 2.4.1 so we may assume that ¢
is as in Remark 2.2.7 (B) with ¢(2) = 0 so that Vip(2) = 0. We set

U(2) = @(2) + f(lz = 2[) + (¢ = ).
Arguing as in §2.4.1 we end up with the existence of sequence (zy,tz) — (&,1)(k — 00)
with
ug,(Tr, te) — (2)
such that v} — 1 attains its local maximum at y, = (2, tx). Since vy is an F-subsolution,
we have

{ Vo) + F (g v (yn)s Vo (yi), V2b(yr)) <0 if Vb(ye) # 0,
Ui(yx) <0 otherwise

By (2.2.7) V(yx) = 2V (f(|lz — m|),

VA (ye) = 2VA(f (|2 — )

for sufficiently large k. Since f € F,yrx — 2, v (yr) — ¥(2) we observe that
Thus sending k& — oo in (2.4.12) we end up with (2) < 0.

Lemma 2.4.8 (Maximal subsolution).  Assume the same hypotheses of Lemma 2.4.7
concerning F' and F. Assume that F is degenerate elliptic. Let h be an F-supersolution
of (2.1.5) in O = Q x (0,T). Let S be the collection of all F-subsolutions v of (2.4.1) in O
that satisfies v < h in O. If v € S is not an F-supersolution of (2.1.5) in O with v, > —o0
in O, then there are a function w € S and a point zg € O that satisfies ¥(zp) < w(zp).

The proof essentially parallels that of Lemma 2.4.2 so we give the idea of the way of
modification. Since ¥ is not an F-supersolution, there exist ¢ € C%(O) and a point 2
that satisfies

min(v. —¢) = (0. —¢)(2) =0

but does not fulfill the desired inequality in Definition 2.1.5. We may assume Vp(2) = 0
so that ¢;(2) < 0, otherwise, the desired w and zj is constructed by the proof of Lemma
2.4.2; note, however one should take § smaller so that Vip(z) # 0 on Bys. By Remark
2.2.7 we may assume ¢ is a separable function:

pla,t) = f(le —2|) +9(t), feF
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and obtain, instead of (2.4.8), that

A

(0 —¢)(2) > f(lo —2]) + (t = ©)* near (1)

by adding f(jz — |) + (t — {)* to
Since Vp(2) = 0 and ¢;(2) < () for sufficiently small § > 0 we have

pi(2)+ F(z,0(2) + £(0)/2,Vip(z), Vip(2)) <0, z# 2,
o(z)+ f(8)/2 < h.(z) for =z € By

by definition of F. The first inequality implies that ¢ + f(J)/2 is an F-subsolution of
(2.1.5) in Bgs. We set

w(z) = { max{p(z) + f(0)/2,9(z)}, =€ By,
6(2)’ z € O\B(;

and conclude w is an F-subsolution with w = h and v(z)) < w(zp) with some point
20 € Bs as in the proof of Lemma 2.4.2, Lemmas 2.4.7 and 2.4.8 yield:

Theorem 2.4.9 (Existence).  Assume that F is continuous in Wy = Q x [0,T] x R x
(RM\{0}) x S¥ with values in R. Assume that F # () and F is invariant under positive
multiplication. Assume that F' is degenerate elliptic. Let h_ and h, be an F-sub- and
supersolution of (2.1.5) in O = Q x (0,T), respectively with h’ < co,h_, > —o0 in O. If
h_ < hy in O, then there exists an F-solution u of (2.4.1) that satisfies h_ < u < hy in
0.

2.5 Notes and comments

The notion of viscosity solution was first introduced by M. G. Crandall and P.-L. Lions
(1981), (1983) in a different way for first order Hamilton-Jacobi equations with non-convex
Hamiltonian. For a survey of early stage of the theory the reader is referred to a book
of P.-L. Lions (1982). A few years later the theory extends to second order degenerate
elliptic and parabolic equations. The User’s Guide by M. G. Crandall, H. Ishii and P.-L.
lions (1992) gives a nice review for the development of the theory. There is a nice but
more concise review by H. Ishii (1994). A book by G. Barles (1994) covers the recent
development of the theory mainly for the Hamilton-Jacobi equations.

A recent book of M. Bardi and 1. Capuzzo-Dolcetta (1997) discusses applications of
the theory of viscosity solutions to control theory, differential games. There is a nice
lecture note by M. Bardi et al (1997) where various applications of viscosity solutions
including a level set method are presented. We do not intend to exhaust references and
rather to suggest the readers to consult these books.

Subjects in §2.1.1 and §2.1.2 are standard. The definition for general discontinuous
functions is essentially due to H. Ishii (1985), (1987). There he constructed a solution by
adjusting Perron’s method for elliptic equations to viscosity solutions of the Hamilton-
Jacobi equations. The advantage of the use of semicontinuous envelope is to get continuity
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of solution by comparison principle for semicontinuous functions as explained in §2.1.2
(Perron’s method). The stronger version of the stability principle is due to G.Barles and
B. Perthame (1987), (1989) and also H. Ishii (1989b). We postpone to discuss comparison
theorems in the next Chapter.

The degenerate equations (2.1.5) with singularity at Vu = 0 is first studied by Y.-G.
Chen, Y. Giga and S. Goto (1989), (1991a) to study level set equations of surface evolution
equations and independently by L.C. Evans and J. Spruck (1991) for the level set equation
of the mean curvature flow equations. The continuity condition (2.1.10) for comparison
principle is explicitly stated in Y.-G. Chen, Y. Giga and S. Goto (1989), (1991a) and
this property is also used in L.C. Evans and J. Spruck (1991). The conterexample for
comparison principle for very singular equation is due to Y.-G. Chen, Y. Giga and S.
Goto (1991b).

A suitable notion of viscosity solutions for very singular equations was first introduced
by S. Goto (1994). The definition of F-subsolution in §2.1.3 is apparently different from
his and it is essentially due to H. Ishii and P. Souganidis (1995), where they only treated
level set equations. It is not difficult to generalize this notion to other equations including
p-Laplace diffusion equations as in M. Ohnuma and K. Sato (1997). In §2.1.3 we compare
an F-subsolution with a usual subsolution. Although it is elementary, Proposition 2.1.7
and 2.1.8 are not found in the literature. The first part of Lemma 2.1.9 is standard. The
second part of Lemma 2.1.9 is essentially found in M. G. Crandall, L.C. Evans and P.-L.
Lions (1984) where they showed equivalence of several definitions of viscosity solutions.

A convergence of maximum points and its various applications including strong sta-
bility principle are explained well in G. Barles (1994) for first order equations. Results
in §2.2 is a straightforward and extension to singular and very singular equations. Since
equation is an evolution type we note that separable type functions plays a role of a
class of test functions as explained in Proposition 2.2.3. The stability results for very
singular equation is essentially found in H. Ishii and P. Souganidis (1995) for level set
equations and in M. Ohnuma and K. Sato (1997) for general equations. An alternate def-
inition of viscosity subsolution in Remark 2.2.4 is due to L. Caffarelli (1989) and L. Wang
(1990). Equivalence of F-subsolution and subsolution is essentially due to G. Barles and
C. Georgelin (1995) where they proved Proposition 2.2.8 from Proposition 2.1.7 for the
level set equation of the mean curvature flow equation.

The definition of solution for the boundary value problem goes back to P.-L. Lions
(1985). Materials in §2.3 is essentially taken from User’s Guide with modification and
adjustment for evolution peoblems. We do not consider Dirichlet problems in this weak
sense in this book. There are also interesting other boundary conditions like state con-
traint problem as studied in H. M. Soner (1986). We do not touch these problems in this
book. Those who are interested in these topics are encouraged to consult User’s Guide
and a book by W. Fleming and H. M. Soner (1993).

Perron’s method presented in §2.4 is essentially due to H. Ishii (1987), where first order
equations are treated. Its extension to various other equation is usually not difficult so in
many cases it is stated without proof. For the reader’s convenience we give a full proof for
general second order equations and also for F-solutions. For F-solutions Perron’s method
is stated in H. Ishii and P. Souganidis (1995) without proof.
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We won’t mention any regularity theory for viscosity solutions. The reader is referred
to nice books by L. Caffarelli and X. Cabré (1995) and by Q. Han and F.-H. Lin (1997)
for such topics.



Chapter 3
Comparison principle

Comparison principle is a key step in the theory of viscosity solutions. We present various
versions of comparison principle for singular degenerate equations which apply level set
equations as well as other equations.

3.1 Typical statements

We consider an equation
uy + F(z,u, Vu, V?u) = 0 (3.1.1)

in Q= Qx(0,T) for an open set 2 in RN and T' > 0. We list a typical set of assumptions
which is fulfilled for degenerate parabolic level set equations in Chapter 1.

(F1) (Continuity) F : Wy = Q x [0,T] x R x (RM\{0}) x S¥ — R is continuous.

(F2) (Degenerate ellipticity)

F(z,r,p,X) < F(z,r,p,Y) for X>VY, XY €8V
and 2 € Q x [0,T], r € R, p € R¥\{0}.

For the class of level set equations satisfying (1.6.24), which includes the level set mean
curvature flow equations (1.6.5), the singularity of F' at p = 0 is rather mild. To treat
such equations it is reasonable assume

(F3) —o0 < Fi(2,1,0,0) = F*(2,1,0,0) < 0.

In general (F'3) is not fulfilled for example for the level set Gaussian curvature flow equa-
tion (1.6.12) (see §1.6.5), a weaker assumption is necessary to treat such a problem.
(F3") F(F) #0.

Here F is defined in §2.1.3 and may depend on €2 and T if F' depends on z. In this case
we consider Fo-viscosity solutions instead of usual viscosity solutions. We often drop the
prefix F unless confusion occurs. For level set equations F' is independent of r but in
general we need to assume monotonicity in 7.

(F4) (Monotonicity). For some constant ¢

r— F(z,r,p, X) + cor

is a nondecreasing function.

101
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3.1.1 Bounded domains

When €2 is bounded, comparison principle takes its naive form as in Chapter 2.

(BCP) Let u and v be sub- and supersolution of (3.1.1) in @ = Q x (0,7"), where Q is
bounded. If —oo < u* < v, < 0o on 0,0, then v* <wv, in Q.

If F(z,t,r,p,X) is independent of = € € it is easy to state the conditions so that the
comparison principle (BCP) holds.

Theorem 3.1.1.  Assume that €2 is bounded and that F' = F(x,t,r,p, X) is indepen-
dent of x. Assume that (F1)—(F3) and (F4) hold. Then the comparison principle (BCP) is
valid. If we assume (F3’) instead of (F3), then (BCP) is still valid (by replacing solutions
by Fq-solutions) provided that Fq is invariant under positive multiplication.

Corollary 3.1.2.  Assume that Q) is bounded and that F = F(x,t,r,p, X) is inde-
pendent of x and r. Assume that F : [0,T] x (RV\{0}) x S¥ — R is continuous and
degenerate elliptic. Then (BCP) holds if F' is geometric.

It is easy to see that Corollary 3.1.2 follows from Theorem 3.1.1 once we note:

Lemma 3.1.3.  Assume that F : Q x [0,T] x (R¥\{0}) x S¥ — R is continuous
and geometric, then Fq = Fq(F) is nonempty provided that there exist ro > 0 and a
continuous function ¢ € C(0, o] such that

|F(x,t,p, £1)| < c(|pl) on Qx[0,T] x (By,(0) \ {0}).

In particular, Fqo # 0 if Q is bounded or F is independent of x. Moreover, f € Fq implies
af € Fq for a > 0.

Proof of Lemma 3.1.3.  We shall construct f € C?[0,00) satisfying (2.1.11) with f(0) =
f(0) = f"(0) =0, f"(r) >0 for r > 0. We note that

_ ! 2 _ oy NPQD ' 1 _p®p
VL) = £l G500 = P51 (1= P52

with p = |p| > 0. Since F' is geometric, we see

Flat, VU0, V(o)) = Flat. £ ()L if’(p)f))

- Hrtetpn). o=l (3.2

By assumption we have
|F(z,t,p, £1)| < c(|pl) on Qx[0,T] x (B, (0) \ {0}).
We may assume that ¢ € C*(0, o] with ¢ > 0 and that

(1/¢)' >0 in (0,1], 1}{510(7") =00, and l}gl(l/c)’('r) = 0.
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Then f : [0,7r] — R defined by

B fg%ds 0<r<ry
f(r)_{o r=0

satisfies f(0) = f'(0) = f”(0) = 0 with f”(r) > 0 for r > 0. By definition of ¢ we now

observe that

F(a.t,V,(£(0), £V2(f(0)| =7 ’ff’>|F<x,t,p, 1) (3.13)
< f//(f))C(p)—pHO as p — 0.

We extend f to (0,00) in an appropriate way to get f € Fo(F).
If F'is independent of x or {2 is bounded,

C(p) = max {sup{F(x,t,p,I);x € Qte 0,T], |p| = p},
sup{F(z,t,p,—1);x € Q,t € [0,T], |p| = p}}

is continuous in (0, 00) so the above argument implies that Fq(F) is nonempty.
The property that f € Fq implies af € Fq is clear since

F(x,t, Ap, A\X) = AF(z,t,p, X) for A>0,pc RM\{0}, X e S, 2 € Q,t € [0,T].0

The proof of Theorem 3.1.1 is postponed in §3.4.

3.1.2 General domains

For a general domain 2 we replace the comparison principle for a bounded domain (BCP)
by (CP) stated below.

(CP) Let u and v be sub- and supersolution of (3.1.1) in @ = Q x (0,7"). Assume that u
and —v are bounded from above on (). Assume that

hm6—>0 SHP{U*(mat) - U*(ya S); ’23 - y’ S 57 ’t - 8‘ S 57 dlSt«x?t)aapQ) é 57

dist((y, s), 0,Q) < 6,
(z,t),(y,s) € QA x [0,T']} <0 (3.1.4)

for each 7" € (0,T) and that u* > —o0, v* < 0o on 9,Q. Then
(lsin(l) sup{u*(x,t) — v (y,8); |v—y| <6, [t —s| <6, (x,t),(y,s) € A x[0,T]} <0 (3.1.5)
for each 7" € (0, 7).

If 2 is bounded, it is easy to check that v* < v, on 0,Q is equivalent to (3.1.4) and
u* < v, in @ is equivalent to (3.1.5). Thus (CP) and (BCP) is the same when  is
bounded. Intuitively, (3.1.5) asserts the uniformity of u* < v,.
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Theorem 3.1.4.  Assume that F(xz,t,r,p, X) is independent of x. Assume that (F1)-
(F3) and (F4) holds. Then the comparison principle (CP) is valid. If we assume (F'3’)
instead of (F3), then (CP) is still valid (by replacing solutions by Fq-solutions) provided
that Fq is invariant under positive multiplications.

Corollary 3.1.5.  Assume that F' = F(xz,t,r,p, X) is independent of x and r. Assume
that F: [0,T] x (RY\ {0}) x S¥ — R is continuous and degenerate elliptic. Then (CP)
holds if F' is geometric.

Again Corollary 3.1.5 follows from Theorem 3.1.4 together with Lemma 3.1.3. We
shall give a proof of Theorem 3.1.4 in §3.4.2.

3.1.3 Applicability

In §1.6 we have studied various properties of level set equations of a surface evolution
equation (1.6.1). Corollary 3.1.2 and Corollary 3.1.5 apply to the level set equation of
(1.6.1) provided that

(i) f in (1.6.1) is continuous in its variables; more precisely f is continuous on  x
[0,7] x E.

(ii) f is independent of x.

(iii) (1.6.1) is degenerate parabolic.

Indeed, (F1) for Fy (defined by (1.6.16)) follows from (i) as in Proposition 1.6.15. The
ellipticity of F follows from the definition of (iii); see (1.6.21). Geometricity follows from
§1.6.2. The condition (F3) holds if the growth of f with respect to Vn is at most linear
(Proposition 1.6.18).

We list examples of (1.6.1) satisfying (i), (ii), (iii) for reader’s convenience.

The quation (1.5.2) fulfills (i)—(iii) provided that 8 > 0 is continuous and v in (1.3.7) is
convex and C? except the origin and that a > 0 and ¢ is independent of x and is continuous
on [0,7]. In particular, the mean curvature flow equation (1.5.4) and a Hamilton-Jacobi
equation (1.5.6) evidently fulfill (i)—(iii) provided that ¢ in (1.5.6) is independent of x and
is continuous on [0, 7. The level set equations of these equations also fulfill (F3). Under
the same assumption on 7, a, ¢ as above the equation (1.5.13) fulfills (i)—(iii) provided that
h is continuous and nondecreasing. Its level set equation fulfills (F3) if and only if growth
of h is at most linear.

The equation (1.5.8) fulfills (i)—(iii) provided that g is continuous and that (1.5.8) is
degenerate parabolic. The Gaussian curvature flow equation (1.5.9) and other related
equation (1.5.10), (1.5.11), (1.5.12) fulfills (i)—(iii) provided that e,, is interpreted by é,,
(Theorem 1.6.10). In other words the modified form (1.6.22), (1.6.23) fulfills (i)—(iii).
Here (F3) is in general not expected to hold for the level set equation.

Another typical example which is not geometric but Theorem 3.1.1 and Theorem 3.1.4
still apply is the p-Laplace equation of parabolic type:

uy — div(|VulP~2Vu) = 0
for 1 < p < 2 as proved by M. Ohnuma and K. Sato (1997).
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3.2 Alternate definition of viscosity solutions

3.2.1 Definition involving semijets

We recall the notion of the second-order semijets of a function which plays a role of
derivatives up to the second-order in usual calculus. Semijets are infinitesimal quatities.
We shall give an equivalent definition of viscosity solutions by using semijets. Such an
infinitesimal interpretation of viscosity solutions in usuful to prove comparison principles.

Definition 3.2.1 (Semijets).  Let O be a locally compact subset of R% Let u: O —
R U{—o0} be upper semicontinuous. Let 2 be a point in O. An element (¢, Z) € R? x S¢
is called (the second-order) superjet of u at 2z in O if u(Z) is finite and

w(z) —u(?) < {(q,z — 2) + ;(Z(z —2),z—2)+o(]z — 2]?) (3.2.1)

for = € O as z — Z; here o(h) denotes a function such that o(h)/h — 0 as h — 0.
The set of all superjets of u at 2 in O is denoted by J5 u(2)(C R? x 8%). For a lower
semicontinuous function u : O — RU{+0o0} an element (¢, Z) € R? x S is called a subjet
of u at 2 in O if (—q, —Z) € J5"(—u)(2). The set of all subjets of u at 2 in O is denoted
by J5 u(2), so that J5 u(2) = —J51(—u)(2). By a semijet we mean either a superset
or a subjet.

The set J5~* u( ) does not vary even if O is replaced by a neighborhood O’ of Z in O.
In particular, JO u( ) is independent of O if Z is an interior point of O, i.e., Z € int O. In
this case we often suppress the subscript O of J(Qgiu( ) and simply write 11; by J%Eu(2).
In general JO u(2) may depends on O. Indeed, if we consider © = 0 in R we see

JEEu(0) = {(0.2): 2 > 0}
JE=u0) = {(0.2), Z € Rq > 0} U{(0,2); Z = 0}.

By definition a function u has Taylor’s expansion up to second order at z € int O if

and only if
(T u)(2) N (57 u)(2) # 0.

(Actually, the intersection must be singleton if it is nonempty.) In particular, if u is C?
at zZ € int O, then

(J= u)(2) N (J*7u)(2) = {(Du(2), D*u(2))},

which is the set of the second-order jets of u at 2. Of course, the set (J5 u)(Z) could be
empty even if u(2) is finite but this defines a mapping Jé’iu(ﬁ) from O to the set of all
subsets of R? x S Although the set J*>*u(2) could be empty for some 2, for generic 2
of J%*u(%) is nonempty.

Lemma 3.2.2.  The set of z at which Jg u(2) is nonempty is dense in @' = O\{z €
O;u(z) = —oo}. The assertion is still valid if Jg~u is replaced by Jg u
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Proof.  For a point 2 € O we take a closed ball B,(2) of radius r centered at Z in R?
such that OU B,.(2) is compact. We take an upper semicontinuous function ¢ on @ which
is C? in int B,(2) and observe that

J5™ (u+9)(2) = JgTu(2) + {(Dp(2), D*p(2)}
= {(q+ Dp(2), Z + D*¢p(2)), (¢, Z) € J5u(2)}, forall z € ONintB,(2).

We arrange ¢ = —oo outside B, (2) and —¢ large near 0B,(2) so that u + ¢ attains its
maximum over O at some point z. € ON int B,(Z). By definition

{(0,2);2 2 0} € J5™ (u+ ) (=)

s0 Jo > Tu(z,) is not empty. We may take  small so this implies that {z € 0;J5 (2) # 0}
is dense in (O’. The same proof works for JO u if we replace + by —. O

For evolution equations (3.1.1) it is convenient to consider special component of semi-
jets.

Definition 3.2.3 (Parabolic semijets).  Let w be an upper semicontinuous function
from a locally compact subset O in RY x R to RU{—o00}. Let 2 = (2,1) € R" x (0, 00)
be a point in O. An element (£,p, X) € R x R x S¥ in called a parabolic superjet of u
at zin O if
1
u(z) —u(2) <7(t—t) +(¢g,v—2)+ §<X(a: —I),x— 1) (3.2.2)
+o(lz — 2>+ [t — 1)), 2= (2,t) € O

as z — 2, where (, ) denotes the inner product in RY. The totality of parabolic superjets of
wat 2 in O is denoted Pg T u(%). For a lower semicontinuous function u : @ — RU{40c0},

the =P (—u)(2) is denoted Py~ u(%) and its element is called a parabolic subjet of u at
Zin O.

Proposition 3.2.4. For (p,7) e RN xR,a e R, (e RN X e SV if

() (5 D)

then (7,p, X) € Py u(i, ), where O is a locally compact subset of RN x R, and '/ denotes
the transpose of a matrix {. Here p and ‘¢ are column vectors.

Proof. By definition

A

W t) — u(@ D) < 7t —F) +lpw— 2 + ;a(t e

. 1 .
+(t—t)(€,x—§7>+§<X(9€—£),x—§7>+0(|t—t|2+|x—

&[*)
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as (z,t) — (2,1), (x,t) € O. We estimate the mixed term (t — £)({,z — &) by Young’s
inequality to get

. R ~ R 2 . 1 .
(t=Da—a) <[t =1 lo—2| <Gl =172+ Sl — 2]
=o(|t — 1| + |z — 2[%).
We thus observe that (7,p, X) € P51 u(z,1). O

We next recall the definition of the ‘closures’ of the set-valued mappings which is
important to study comparison principle. We set

j?f“(f) = {(¢,Z) € R* x S; there is a sequence

(2,45, Z;) € Ox R*x 8% (j=1,2,--+) such that

(45, Z;) € J5 u(z;) and (2, u(z;), ¢4, Z;) — (2,u(%),q, Z) as j — oo},
T ulz) = =T (=u))(2).

These definitions are a little bit different from the standard closure of the set-valued
mappings defined by the closure of the graph of the mappings since there is the extra
condition of convergence u(z;) — u(2) (j — 00).

Remark 3.2.5. Clearly, the statement of Proposition 3.2.4 is still valid even if we
replace J3+ by T4 and P4T by P which is defined in Remark 3.2.9.

Proposition 3.2.6 (Infinitesimal version of definitions of viscosity solutions). (i) Let O
be a locally compact subset of R%. Let E be defined in a dense subset of O x R x R% x 8¢
with the property E, < +00 on O x R x R? x S%. A function u : O — R U {—o0}
(satisfying u*(z) < oo for all z € O) is a subsolution of (2.3.1) in O if and only if

E.(2,u"(2),q,2) <0 (3.2.3)

for all 2 € O and (q, Z) € J5 u*(3).
(ii) Assume that F satisfies (F1) and (F3’). A function u : O — R U {—o0} (satisfying
u*(z) < oo for all z € O ) is an F-subsolution of (3.1.1) in O if and only if the following
two conditions are fulfilled
(2 A

T+ F(z,t,u*(2),p, X) <0 (3.2.4)

for all (1,p, X) € PG u(i,t) unless p = 0.
(b) pi(2) <0 for all (g, 2) € CA(Q’') x Q' satisfying (2.1.6), for some neighborhood Q' of

z provided that Fq is invariant under positive multiplication. Here O is an open set in
Q x (0,T), where § is an open set in RV.

These statements are easily verified by the following characterization of semijets; for (ii)
we also invoke a localization property (Remark 2.1.10) and Proposition 2.2.3 (ii).
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Lemma 3.2.7. (i) Forz€ O

J5tur(2) = {(De(2), D*p(2)); € C*(O) that satisﬁesmgx(u* —¢)=(u*—p)(2)}.

(i) For (&,1) € Q

PoTu(2,1) = {(@i(2,1), Vo(i, 1), Vie(i,1)); o € C*HQ) that satisfies
max(u” — ) = (u” - ) (&,1)}.

(iii) In (i) and (ii) O and @ may be replaced by an (open) neighborhood of O’ of Z in O
and Q' of (2,t) in Q, respectively. In particular for (1,p, X) € 73(29’+u*(a:,t), p # 0 there
is always a neighborhood Q' of (2,t) in Q and ¢ € C?*(O') that satisfies

(T,p, X) = (Sot(jv f), vsp(i" tA)v VQSD(‘%? tA))
and Vp(2) # 0 for all z € Q'.

Proof. (i) Let J denote the right hand side of the equality. We may assume Z = 0 by
translation. If u* — ¢ takes it maximum at zZ = 0, then

u'(2) ~uw(0) < (=) — p(0) = (Dp(0),2) + 5(D%p(0):, 2}
+o(]z]*) asz—0

by Taylor’s expansion. Thus Jg u*(0) D J.
The other side inclusion is less trivial. Assume now that (¢, Z) € J5 u*(0), i.e.,

1
u*(z) —u*(0) < {(g,2) + §<Zz,z> +e(2), z€ O
where £(2)/|z|> — 0 as z — 0. The problem is that (z) itself is not C? at all. We set

wo(0) = sup{le(z)/|2I* |2 < 0,2 € O},

so that wy is nondecreasing function from [0, 00) to [0, 00) with the property that wq is
continuous at o = 0 and wy(0) = 0. By Lemma 2.1.9 there is § € C?[0, 00) that satisfies

wolo)|o]* < 6(c) for o >0,000)=60'(0) =6"(0) =0,0"(c) >0 for o > 0.
Since |e(2)| < wo(]z])|2]?, we set a C? function by
1
p(2) = (g, 2) + 5(Z2,2) +0(]z])

to observe that u* — takes its maximum u*(0) —¢(0) over O at 2 = 0 and that ¢ = Dy(0),
Z = D2p(0). Thus J5 u*(0) C J.
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(ii) Let P denote the right hand side of the equality. By Proposition 3.2.4 and J C
J5Tu*(2) the inclusion P C Pyt u* (i, 1) is trivial.

To see the other inclusion we may assume (&,%) = (0,0). Assume that (7,p, X) €
Pgur(0), ie.,

1
0 t) ' (0) < () + () 3 (X ) + el ), (2,1) € Q
where e(z,t)/(|z]* + |t|) — 0 as |x] — 0, [t| — 0. As for (i) we set

wo(o) = sup{le(z,t)/(|z[* + [t)]; |=[* + [t| <0, (2,1) € Q}

and observe by Lemma 2.1.9 there is § € C?[0, 00) satisfying the same property as in (i).
Since
e, )] < wol(l=f* + [¢) ) (|2 + [¢]),
we set
p(x,t) = (1,1) + (p.7) + ;(X% )+ 0((Jx)* + |t)'/?)

(which is actually C*! everywhere) to observe that u* — ¢ takes its maximum over @ at
(2,%) = 0 and that 7 = ©,(0), p = Vi(0), X = V?0(0). Thus Pé’Jru*(O) cP.
(iii) This follows from the proof of part (i) and (ii).

Remark 3.2.8. Corresponding to Proposition 3.2.6 we have infinitesimal version of
definition of viscosity supersolutions in a symmetric way, since we have a characterization
of J%~ and P?~ corresponding to Lemma 3.2.7 by replacing max by min. Proposition
3.2 (ii) applies boundary value problems by taking O by Q x (0,7). It is easy to extend
Proposition 3.2.6 (ii) to boundary value problems for F-solutions.

Remark 3.2.9 (Closures of semijets).  If u is a subsolution of (2.3.1), so that (3.2.3)
holds, then (3.2.3) still holds for all

(¢,2) € T5tus(3), 2€0

since F, is lower semicontinuous. The same remark applies (ii) of Proposition 3.2.6. If
(a) holds, then (3.2.4) still holds for (7, p, X) € f?fu*(:%,f)(a?,f) € @ since F(x,t,r,p, X)
is continuous outside the set where p = 0. The set P" is defined in analogous way to
T

f?;ru(,%) = {(r,p,X) € R x RY x S¥; there is a

sequence (zj,7;,pj, X;) €Q x R x RN xSV (j=1,2,--+)

such that (1;,p;, X;) € Py u(z;) and

(Zj, U(Zj), TjyDjs XJ) — (27 u<2)7 T, D, X)

as j — oo}.

=2 . =2, .

Po u(2) = =Py (—u)(%).
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3.2.2 Solutions on semiclosed time intervals

When we study an evolution equation (3.1.1), it is sometimes convenient to consider
solutions in Q, = Q x (0, 7] instead of Q = Q x (0,7, where Q is an open set in RY.

Theorem 3.2.10 (Extension). (i) Assume that F' is lower semicontinuous in W =
Qx[0,T] x R x RY x SV with values in R U {—o00}. Let u be a subsolution of (3.1.1) in
Q. Then its upper semicontinuous envelope u* defined in Q. is a subsolution of (3.1.1) in
Q. provided that u*(z,T) < oo for all z € .

(ii) Assume that F fulfills (F1) and (F3’) and that aFq C Fq for all a > 0. Let u be an
Faq-subsolution of (3.1.1) in Q). Then u* is an Fq-subsolution of (3.1.1) in Q. provided
that u*(x,T) < oo for all x € Q.

Definition 3.2.11 (Left accessibility).  Let (yo,t0) be a point in R™ x R. A function
w defined in B, (yo) X (to — d,to] is called left accessible at (yo, 1) if there are sequences
Yo — Yo, te — to(f — o0) such that t, < ty and limy_, o w(ye, t) = w(yo, to).

Remark 3.2.12. We note that by definition our extended function u* in @), is always
left accessible at any point (z,7),z € Q. As we state later it turns out that u* is left
acessible at any (xg,to),to < T provided that u is a subsolution (under extra assumptions
on F'). However, it is clear that u* for a general function u in ) may not be left accessible
at a point (g, o) for to < T.

As usual, the symmetric statement corresponding to Theorem 3.2.10 holds for super-
solutions. (The same remark applies following lemmas and its corollary in this section.)

Proof. (i) For ¢ € C%(Q.) let (&,1) be maximizer of u* — ¢ over Q,. We may assume
that £ = T and u* — ¢ attains its strict maximum at (#,7). Since u* is left accessible at
any point (x,T),z € €, it is easy to see that
limsup*(u* — o) =u* — ¢ on Q.

for o (z,t) = p(x,t) + /(T —t), « > 0. Let (z,,t,) be an maximizer of u* — ¢, over Q..
Since ¢, = +oo at t =T, we see t, < T. By the convergence of maximum points (§2.2.2)
(Tasta) — (2,T) and u*(2a,ta) — /(T — to) — u*(2,T) as @ — oo (without taking
subsequences since the convergence of u* — ¢, is monotone). Since lim, o (24, ts) <
u*(z,T), we now have u*(z,,t,) — u(z,T) as o — oo. Since u is a subsolution in @,

Ipa
(;Dt (Zas ta) + F(Zas tas 0 (Za, ta), Vo(Tas ta), V2 (20, ta)) < 0 (3.2.5)
Since 0@, /0t > dp/0t, sending o — oo yields
0
aif(.@, T)+ F(z,T,u"(2,T),V(i,T), Vip(2,T)) < 0 (3.2.6)

by lower semicontinuity of F'.
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(ii) The basic idea of the proof is the same as for (i). We may assume that  is bounded
and Fq # () and aFq C Fq for a > 0. We take p € C%(Q.) and argue in the same way
to get (3.2.5) if V(za,ts) # 0 and

0P
ot

since p, € C%(Q,). If Vo(2,T) # 0, we get (3.2.6) from (3.2.5) so we may assume that
V(z,T) = 0. Our goal is now to prove

(Tayta) <0 if Vo(za,ta) =0 (3.2.7)

(2, T) < (3.2.8)

(@

For ¢ we take ¢ as in (2.2.7): so that ¢(-
(1) = (@, T) + @@, T)(t = T) + 2f (lo — &]) + 6u(]t = T1)

)

for some f € Fq and some 6 € C?[0,00), 6(0) = 6'(0) = 0 and 6(r) > 0 for all » > 0 so
that

,t) e Fa:

o(x,t) <z, T) for x#z or t<T and

o(@,T) =v(,T)
for all (z,t) in a neighborhood O’ = int B,(%) x (T — §,T] of (z,T") with some p > 0
and § > 0. Since (z,T) is a strict maximizer of u* — ¥ over (', as for ¢, a maximizer

(Yas Sa) € O of u* —1), over O converges to (z,7") as o« — oo, where 1, = v+ /(T —1).
Thus instead of (3.2.5) and (3.2.7) we have

I
ot

if V(Yo Sa) # 0

(Yo 5a) + F(Yas Sas u* (Ya, 5a), VU (Yas 5a); VU (Ya, 5a)) <0 (3.2.9)

(ya; Sa) <0 if szj(yaa Sa) =0. (3210)

Ul 50) < 2

We may assume that Vi) (ya, So) # 0 for sufficiently large a since otherwise (3.2.10)
together with ¢, (z,T) = ¢y (z,T) implies (3.2.8). By definition of ¢ the inequality (3.2.9)
is of form

(2, T) + 0T —t3) + F (Yo Sa 0 (Yo, 5a), VR(Ya), V2h(ya)) < 0 (3.2.11)
where h(y) = 2f(ly — &|). Since y, — & and 2f € Fq,

lim F(yavsaaU*(yaa 504)7 Vh(ya)v V2h(ya>>| =0.

a—0o0

Thus letting o« — oo in (3.2.11) yields (3.2.8). O

Lemma 3.2.13 (Localization). (i) Assume the same hypothesis of Theorem 3.2.10 (i)
concerning F'. If u is a subsolution of (3.1.1) in Q = Q x (0,T) (resp. Q. = Q2 x (0,7])



112 CHAPTER 3. COMPARISON PRINCIPLE

then for any T' < T (resp. T' <T) u is a subsolution of (3.1.1) in Q' = Q x (0,T"] (resp.
Qx(0,7)).

(ii)) Assume the same hypotheses of Theorem 3.2.10 (ii) concerning F. If u is an Fq-
subsolution of (3.1.1) in @ (resp. Q.) then for any T" < T wu is an Fq-subsolution of
(3.1.1) in O (resp. 2 x (0,7")).

Proof. Suppose that u is a subsolution of (3.1.1) in Q. We may assyme that € is
bounded. Assume that u*—¢ attains its strict maximum at (zg, ty) over Q' for p € C*(Q’).
Extend ¢ to a C? function on @ (or Q,) (still denoted ¢) and set ps = ¢ + g(t)/d for
§ > 0, where g = 0 for t < ty and g = (t — ty)> for t >t so that g € C*(R). Let (xs,ts)
be a maximizer of u* — 5. Then t5 < to since g(t) = 0 for t < ¢y and g(t) > 0 for ¢t > t,.

Since
uwr—p t<t

lim sup*(u* — ps) = { —00  t>t

6—0
The convergence of maximum points (§2.2.2) implies that (z4,t5) — (zo, to) and u*(xs, t5)—
g(ts)/0 — u*(xg,ty) as § — 0. Since u* is upper semicontinuous and g > 0, this con-
vergence yields ¢(ts)/0 — 0 since g > 0, so that u*(zs,t5) — u*(zo,%p). Since u is a
subsolution in @ (or Q.), we get (3.2.5) with « replaced by §. Since dp/0t < dps/0t,
sending 6 — 0 yields

SOt(xm tO) + F($07 th U*(ZL‘07 t0)7 V(P(l'(), t0)7 V2(,0(J70, to)) S 0.

Thus u is a subsolution of (3.1.1) in @'. The proof for the statement for locatization by
an open set Q x (0,7") is easier so is omitted.

(ii) The idea of the proof is a combination of that of (i) and Theorem 3.2.10 (ii). It is
safely left to the reader as an exercise. O

At this moment for a subsolution u we wonder whether or not u* at t = T" < T agrees
with the upper semicontinuous envelope of the restriction of u* on @’. In other words
we wonder whether u* is left accessible at (x,7”) for all x € Q, 7" < T. As already seen
in the counterexample in §2.1.2, there may be a subsolution which is not left accessible
for singular degenerate parabolic equation. We have to restrict F' or modify the notion
of solutions as in §2.1.3 to conclude the left accessibility of solutions. The next lemma
is essentially found in a paper by Y.-G. Chen, Y. Giga and S. Goto (1991b). We do not
give the proof here since we won’t use this result. (The statement for F-solutions are not
included in the above article but the proof is easily extended to this case by replacing
|zi — yos|* and |z; — zio|* by f(|zi — yos|) and f(|z; — 20:]) for f € F, respectively without
assuming the second inequality of (3.2.12) of course.)

Lemma 3.2.14 (Accessibility).  Let k be a positive integer. Let T > 0 and yo; € RM
and let Q; be an open set in R such that yy; € ; for 1 <i < k.
(i) Assume that F' = F; : W; — R U {—o0} is lower semicontinuous and satisfies

F(a,t,r,p,X)>—00 for pZ0,re R, X € SV

F(z,t,r,0,0) > —c0  for " € R (3.2.12)
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with N = N; andt = T for all z near yo;(1 < i < k), where W; = Q; x [0, T|x Rx RVix SN,
Let w; be a subsolution of (3.1.1) with F' = F; in Q; = €; x (0,T]. Then the function

w(z,t) = Zl w; (2, t)

is left accessible at (yo,T), where z = (z1,- - zx), z; € ; and yo = (Yo1, " -, Yok)-

(ii) Assume the same hypothesis of Theorem 3.2.10 (ii) concerning F' = F; with Q = Q;,
N = N;. Then w is left accessible at (yy,T) provided that u; is an Fq,-subsolution of
(3.3.1) with F = F,.

Corollary 3.2.15. Let ) be an open set in RY.

(i) Assume that F' satisfies (3.2.12) for all (x,t) € Q = Q x (0,T). If u is a subsolution of
(3.1.1) in @, then u* is left accessible at each (z,t) € Q.

(ii) Assume the same hypothesis of Theorem 3.2.10 (ii) concerning F. If u is an Fq-
subsolution of (3.1.1) in (), then u* is left accessible at each (z,t) € Q.

This follows from localization and accessibility lemma (Lemmas 3.2.13 and 3.2.14). In
Lemma 3.2.14 the conclusion for general k£ cannot be reduced to the case of single function
since the sum wu(z,t) + v(y,t) of two left accessible (upper semicontinuous) functions u
and v may not be left accessible in general. Lemma 3.2.14 implies not only accessibility
of subsolution w itself but also accessibility of sum wu;(z,t) + ua(y, t) of two subsolutions
or difference u(x,t) —v(y,t) where v is a supersolution (with assumptions of F' symmetric
to (3.2.12)).

3.3 (eneral idea for the proof of comparison princi-
ples

We consider a simple equation of non-evolution type to motivate the idea to establish
comparison principles for viscosity sub- and supersolutions.

3.3.1 A typical problem
Let O be a bounded domain in R%. We consider
u+ F(Du,D*u) =0 in O. (3.3.1)

This equation has a comparison principle for degenerate elliptic F' for example of the
following form.

Theorem 3.3.1.  Assume that F': R? x S* — R is degenerate elliptic and continuous.
Let u and v, respectively, be sub- and supersolutions of (3.3.1). If —oco < u* < v, < 00
on 00, then u* < w, in O.
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Classical idea. If both u and v are C? in O and continuous in O, the proof is simple.
We consider the difference g(z) = u(z) — v(z). Assume that g were positive somewhere
in O. Since g is continuous and O is bounded, ¢ attains its positive maximum over O at
some point 2 € O. Since on the boundary 0O we have g < 0, so 2 must be an interior
point of O. A classical maximum principle for C? function implies

Dg(2) =0, D%(2) <0,

so that
Du(2) = Dv(2), D*u(2) < D*v(2). (3.3.2)

Since u and v are classical sub- and supersolution of (3.3.1), respectively (cf. Proposition
2.2.1), we have
u(2) + F(Du(2), D*u(2)) < 0 < v(2) + F(Dv(2), D*v(2)).

By (3.3.2) and the degenerate ellipticity of F' we conclude ¢g(2) = u(2) — v(2) < 0 which
contradicts the positivity of the maximum of g.

This argument can be easily generalized if one of u* and v, belongs to C%(O). For
example, assume v, € C*(0). Since g = u* —v, is upper semicontinuous and O is compact
as before ¢ attains its positive maximum at an interior point 2 € . By definition of J%7
instead of (3.3.2) we have

(Du(2), D*v(2)) € J5 u*(2).
Since u is a subsolution and v is a classical supersolution,
u*(2) + F(Dv(2), D*v(2)) < 0 < v, (2) + F(Dv(2), D*v(2)),
which again yields a contradiction g(Z) < 0.

Doubling variables. If both u and v are not C?, at least one of J>*u*(2) and J? v, (%)
may be empty so the classical idea does not work. If we are allowed to consider J?u* and
J*~v, at different points 2, é , there are more chance to have semijets. For this purpose
we double the variables and consider

w(z,¢) = u(z) —v(() (3.3.3)

instead of g; here and hereafter we suppress * in both u and v. However, since we are
only interested in the behaviour of w where z is close to ¢, we need to penalize around
the diagonal set

{(2:0) €0OxT; 2= )

Penalizing process.  We consider

Do (2, ) = w(z, ) — ay(z = () (3.3.4)
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for ¢ € C*(RY) satisfying at least lim,.,¥(z) > 0, 1(0) = 0, and ¢(z) > 0 for z # 0
and « is a positive parameter so that the term ap(z — {) tends to infinity as a — oo
unless z = (. There are freedom to choose 1 depending on the situation. For (3.3.1) one
may take

U(z) = |2°/2.
We maximize the function @, over O x @. As a — oo the maximizer and maximum
approximate those of g. In fact, if (z4,(,) € O x O is a maximizer of ®, over O x O, i.e.,

Ma ‘= Inax (I)a — (I)a(zou Ca)a
Ox0O

then

(1) limg— 0o @)(24 — (o) = 0 and

(i) limy— oo My = maxg(u—v) = (u—v)(2) whenever 2 is an accumulation point of {z,}
as o — 00.

(The proof is elementary. Since w is bounded, by definition of maximizers

limg, . 000t) (2o — (o) < 00

which in particular implies z, — {, — 0 as &« — oo. Let Z be an accumulation point of
{24} as a — 00 so0 that z,, — 2, (4, — 2 for some subsequence {a;}. Since

9(2) = g(2) — a(0) < w(zq,Cs) — (24 — () forall z€ O

and w is upper semicontinuous, letting o — oo yields

9(z) < g(2) —n
where 7 = lim;_oeq;Y)(2a, — Co,). We may take z = £ to conclude n = 0. This yields
lim, 000 (2o — (o) = 0 and also limg_.oo M, = g(2) > g(2) for all z € O.)

Relation of derivatives.  Using @, with 1(z) = |2]|?/2 we sketch the proof of Theorem
3.3.1. Assume that g were positive somewhere in O. By approximation of maximum of g
by that of ®,, there is § > 0 such that M, > ¢ for sufficiently large o. Since g(z) < 0 for
z € 00 and the maximizer (z,,(,) of ®, converges to (Z, 2) (by taking a subsequence),
for sufficiently large o the maximum of ®,, does not attain on 9(O x @). We may assume
that (z4, (s) is an (interior) point of O x O and M, > 0 and we fix a > 0.

To see relations of derivatives we assume u and v are C? around (2 = 2, and f = (,
respectively. Since ¢ = ®,, attains its maximum at (2, ¢ ) a classical maximum principle
for functions of 2d variables implies

Du(2) = D.p(%,0), Dv(¢) = —=Dep(%,0) (3.3.5)
(3 5 )=woeo 3:3.9)

with ¢(z,¢) = a(z—C), where X = D2u(2),Y = D?u((). For our choice of 1(z) = |2|2/2,

this yields
X 0 I —I
CEARTER)) .
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This implies X <Y since

(X =Y)p,p)=(p."p) ( )0( _OY ) (g) <a(’p,’p) ( _]] _I] ) (g) =0

for p € R% The property X <Y also follows from (3.3.6) for general ¢ provided that ¢

~

is a function of z — (. If ¢ is a function of z — ¢, (3.3.5) implies Du(Z) = Dv((). Since u
and v are classical sub- and supersolution near z, { respectively, we see

u(2) + F(Du(2),X) <0< v(l) + F(Dv((),Y).

~ ~

Since X <Y and Du(2) = Dv((), one get u(2) < v(() as before by degenerate ellipticity
of F which yields a contradiction to ®(Z,¢) > 0.

It is not difficult to extend the property Du(z) = Dv(é ) for semijets of functions. In
fact, we conclude that there are elements of J2tu(2) and J2 v(() whose first derivative
part is the same. So this observation yields a rigorous proof of Theorem 3.3.1 for the first
order equations. The extension of (3.3.6) for semicontinuous functions is not trivial but
surprisingly it is possible with some modification of results.

3.3.2 Maximum principle for semicontinuous functions

We give a maximum principle of type (3.3.5) and (3.3.6), which by now is standard, for
semicontinuous functions.

Theorem 3.3.2.  Let Z; be a locally compact subset of RN fori =1,--- k. Let u; be
an upper semicontinuous functions on Z; with values in R U {—o0}. Set

w(z) =ui(z1) + - +ug(er) forz= (21, 2) € Z,

where
Z=2 XX Z. (3.3.8)

For ¢ € C*(Z) suppose that 2 = (21,-++,2,) € Z be a point at which a maximum of
w — @ over Z is attained, i.e.,

max(w — ¢) = (w - 9)(2).
Then for each A > 0 there is X; € SV such that
(D.p(2), Xi) € Ta ui(2) fori=1,---k (3.3.9)
and the block diagonal matrix with entries X; satisfies

: X, - 0
_(X+|AD]§ S | A4 NA% (3.3.10)
0 - X;
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where A = D?p(2) € SN, N = Ny + -+ + Nj.

The proof depends on a deep theory of real analysis. There is a nice presentation of
the proof in the review paper by M. G. Crandall, H. Ishii and P.-L. Lions (1992), where
u; is not allowed to take —oo but this small extension causes no technical problems. We
do not give the proof. The maximum principle have a lot of modified version so that it
applies for example for parabolic problems. The next version, whose proof paralles that
of Theorem 3.3.2, is useful for our parabolic problem as pointed out by Mi-Ho Giga.

Theorem 3.3.3.  Assume the same hypothesis concerning u;, p and z with orthogonal
decomposition
RY =l vV, ;=R Z,CV, fori=1,---k

which corresponds to the decomposition of Z in (3.3.8). Let {P;},_, be a family of
orthogonal projection on R that satisfies E?;l P; = I. Assume that V; is invariant
under the operator of P; i.e. P;V; C V; for alli = 1,---k,j5 = 1,---{. Assume that
W, = P;RY is invariant under the operation of A, i.e., AW; C W;. Then for each \; > 0
(1 <j <) there is X; € SV that satisfies (3.3.9) and

X, 0 ,
<A+) NAP. (3.3.11)

t /1
_Z</\‘+|AF)]">F)J'§ .

The condition (3.3.11) is more useful than (3.3.10) when we would like to handle spatial
and time derivatives separately for evolutional problems. In (3.3.11) the W;-component
of the block diagonal matrix of X is estimated not only by |A| but also by |AP;|.

Completion of the proof of Theorem 3.3.1. If the assertion were false, then as
observed in §3.3.1 there is a maximizer (Z, ¢ ) in O x O of the penalized function ® = &,
for fix a such that the maximum M = M, of ® is strictly positive. We apply Theorem
332 withk =2, 21 =2y =0, uy = u, ug = —v, p(2,¢) = alz — (|*/2. Since

~

. . 2 .2 I —I
Dip(eid) = ~Deple ) =ali - Oa=a( T )
A? =204, |A] =2«

and T4 v = —J5 (—v), we conclude from (3.3.9) and (3.3.10) that for every A > 0 there
exists X and Y € SV such that

~

(a(z2=0),X) € T35 u(2), (a(z2=20),Y) e g v (3.3.12)

and

de(39)

VA
A/
S X
lCD
|~<
S~

VAN

Q
—

+

N}

>

2
A/
|
~
N'N
~—

(3.3.13)
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In comparison with (3.3.7) the estimate from above for the matrix containg X and —Y is
a little bit different but still our estimate concludes X < Y. Since v and v are sub- and
supersolutions of (3.1.1) respectively, thanks to Remark 3.2.9 the relation (3.3.12) yields

u(2) + F(a(z — ), X) <0< (&) + Flaf2 - 0),Y).

~

Since X <Y by (3.3.13), the degenerate ellipticity of F' implies that u(2) < v({) which
contradicts M = M, = ®,(2,() > 0.

We do not use the lower bound in (3.3.13) in the proof. Its presence gives a control
for bound for | X| and |Y| which is important in many more complicated problems. We
presented the equation (3.3.1) to motivate the method so Theorem 3.3.1 is by no means
optimal for our method. The method presented above already applies more general equa-
tion of form

E(z,u, Du, D*u) =0
as pointed out in the review paper by M. G. Crandall, H. Ishii and P.-L. Lions (1991). In
the next section we shall prove comparison principles for spatially independent equation

of evolution type (3.1.1) but having singularities at zeros of the gradient of solutions. For
singular degenerate equation we should be careful in the way of penalizing.

3.4 Proof of comparison principles for parabolic equa-
tions

We now study comparison principles for parabolic equations. We use infinitesimal version
(Proposition 3.2.6) definitions of viscosity solutions as in the proof of Theorem 3.3.1.
However, since the equation may by singular where the gradient of solutions vanishes, an
extra work is necessary.

3.4.1 Proof for bounded domains

We approximate maximum by penalization. We give its abstract form which also applies
to maximizers (24, (y) of P, in §3.3.1.

Lemma 3.4.1.  Let Z, be a closed subset of a metric space Z. Let w be an upper
semicontinuous function from Z to RU {—oo}. Assume that

lims_o sup{w(z);d(z, Zy) < 6,2 € Z} < supw. (3.4.1)

0

Let ¢, be a nonnegative continuous function on Z parametrized by o = (o1,---,04) €
R* o; > 0 (1 <i < k) such that ¢, =0 on Z, and that for any § > 0

lim inf{y,(2); d(z, Zy) > 6} = 0. (3.4.2)

o] =00

Let
M, = sgp(w(Z) — ¢o(2)) (3.4.3)
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and assume that M, < oo for large |o|. Let z, be such that

lim (M, — (w(z) = 9s(25))) = 0 (3.4.4)

Then

(1) lim|g| o0 Yo (25) = 0 s0 that lim,| o d(24, Zo) = 0 and

(ii) limy|—o My = supy, w = w(Z) and 2 € Z,, whenever 2 is an accumulation point of
{2,} as |o| — 0.

Proof.  Since M, < oo for large |o|, by definition (3.4.4) of z,
n = lim|y 0o po(2) < 00

which in particular implies d(z,, Zy) — 0 (as |o| — o0) by (3.4.2). By (3.4.1) and (3.4.4)
we now conclude that

w(z) = ;oo (W(2) = 90, (2)) < lmyo(w(zo,) = ¢(20,))

<supw —1n, z € %4
Zo

if {o;} is chosen such that 7 = lim; .o ¢s,(2;). We take sup of the left hand side over
Zo which forces n = 0. This yields (i) and lim,_.M, < supy, w. Thus (ii) follows since
My > supy, w by definition and w is upper semicontinuous at z = z. O

Proof of Theorem 3.1.1. By the equivalence of an F-subsolution and usual subsolution
(Proposition 2.2.8) under (F1)—(F3) it suffices to prove the case that u and v are, respec-
tively, F-sub- and supersolutions of (3.1.1) in @ under the assumptions (F1), (F2) (F3’)
and (F4). We suppress the word F in this proof.

We may assume that v and —v are upper semicontinuous from Q x [0, 7') to RU{—o0}
with u < v on 9,Q. Since u and —v < oo in Q x [0,7) the extended function (ug)* and
(—vp)* < ooatt =T and (up)* < (vpr). on 9,Q, where ur and vy are, respectively,
the restriction of u and v on Qx [0, T”) for T" < T. (If we use Corollary 3.2.15, it is easy to
see that (ur/)* = u, (—vp)* = v up to t = T" but we do not need this fact.) By rewriting
T’ by T' we may assume that the extended functions u*, —v, to t = T does not take value
oo on Q x {t = T} and that u* < v, on 9,Q, where 9,Q = Q x {0} U9Q x [0,T]. By
Theorem 3.2.10 the extended function u* and v, are, respectively, sub- and supersolutions
of (3.1.1) in Q, := Q x (0, 7). We shall denote u* and v, simply by u and v.

We may also assume that u and v are bounded in Q. Indeed, since v and —v are upper
semicontinuous in @, they are bounded from above, i.e. L = supgu < o0, S = infgv >
—00. Since —at — 1+ S is a subsolution of (3.1.1) in @ for large a > 0, the function

us=uV(—at —1+59)

for such an a is a subsolution of (3.1.1) by Lemma 2.4.7. Similarly, v, = v A (at +1+ L)
us a supersolution for large a > 0. We may consider ug and vy, instead of v and v. So we
may assume v and —v are bounded also from below.



120 CHAPTER 3. COMPARISON PRINCIPLE

In the monotonicity condition (F4) we may assume that ¢ = 0 by replacing u by ue®!
since the equation for @ is

Ty + coli + e F (2, t, e, eV i, e Vi) = 0;

the conditions (F1), (F2), (F3’) are invariant under this transform.
As in the proof of Theorem 3.3.1 we double variables for u — v and put penalizing
term with small modifications. We take f € F and set

w,(z,t,y,8) = u(z,t) —v(y,s) —y(t+s) (3.4.5)
@aﬁ(xatya S) = O./f(|fL' - y|) + 6|t - S|2

for o, 8,7 > 0, (z,t) € Q, (y,s) € Q. Assume that the conclusion were false so that there
would exist (zg,t) € @ such that u(xg,ty) — v(zo,to) > 0. Then there would exist vy > 0
and dy > 0 that satisfies

supw, > §y for all 0 <y < v, (3.4.6)
Z

where Z = Q X Q. Since u — v < 0 on 9,Q, we may assume that
sup{w(z,t,y,s); (z,t,y,s) € Zy, (z,t) € 0,Q} < /2 (3.4.7)
for 0 < v < o by taking vy smaller, where

Zo={(z,t,y,8) €Q X Q;x =y,t = s} (3.4.8)

We shall fix v < vy and suppress the subscript 7. Since w is upper semicontinuous and Z
is compact there is a maximizer z, € Z of w— @,, where 0 = (o, §), 2o = (T4, to, Yo, So) €
Q@ x Q. Since Z, is compact, the upper semicontinuity of w implies (3.4.1). Since (3.4.2)
is trivially fulfilled for ¢,, we apply Lemma 3.4.1 with (3.4.3) and get |z, — y,| — O,
lt, — s,| — 0 as |o| — oo. Since Z is compact, the accumulation point of {z,} always
exists so that z, — %, y, — &, ty — t, T, — § for some (z, f) € @Q by taking subsequences
still denoted z, and ¢,. By (ii) of Lemma 3.4.1 and (3.4.6) we see

§o < lim M, =supw = w(,t,3,1).

lo|—o0 Zo

Since (3.4.7) holds, this implies (#,7) ¢ 9,Q. In other words for sufficiently large o =
(o, B) say a > o, B > [y we observe that (z,,ts, Yo, So) € Qi X Q, where Q. = Qx (0, T7.

We shall study behaviour of u(z,t) — v(y, s) near (z,,ts, Yo, S5) € Qx X Qs for o =
(, B), a > g, B> [o.

Case 1.  z,, =y, for some 0; — oo. We fix 0 = 0;. Since
(W = o) (T, Yo, 85) < (W = 96)(Tos tos Yo, 80) = M,

for (x,t) € Q., we see
max(u — ") = (u—¢") (25, t5)
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if
ot (a,t) = af(|e —yo|) + Bt — 55)* + 1.
Similarly, (w — ¢,) (24, ts, Yy, s) < M, implies
min(v —¢7) = (v = ¢7) (Yo, 50),
where
¢ (y,8) = —af(lzo —yl) = Bty — 5)° —7s.
Our assumption x, = y, is equivalent to say that Vo™ (z,,t,) = 0 and Vo~ (ys, S5) = 0.

Since aF C F for a > 0, ¢* € C%(Q.). By the definition of F-solutions in Chapter 2, we
observe that

P (To,t5) = 20(ts — 85) +7 <0 < 9y (Yo, 80) = 28(ts — 55) — 7.
This contradicts v > 0 so Case 1 does not occur for all 0 = (o, 3), @ > ag, 5 > [o.

Case 2. 1z, # y, for sufficiently large . We set £ = (x,t),n = (s,y) and &, = (z,,t,),
No = (Yo, So). Since w — ¢, takes its maximum over Q. x Q. at (&,,7,), we see

((9?5), A) € I w(&, o)
#n
A ( Pec Pen )
Png P
where @¢ = (D¢o)(€or1s), Pee = (Dips)(és,1s) and so on. We apply Theorem 3.3.3
with k =2, Ny = Ny =N+ 1, Z, = 2, = Q., { = 2, where projection P, and P, are

defined by
Py : RN x RV RY x R, Py(a, 1.y, 5) = (x,9)

and P, = I — P,. (It is easy to check that A satisfies AW; C W, with W; = P;R20+1))
Then we find that for each A = (A, \2), A; > 0(j = 1,2) there exists X;, —Y; € SV+!
such that

(Pe, X1) € T (u = 7t)(2o, 1) (3.4.9)
(=&y, Y1) € J2~ (v +75) (Yo, 85)

~ (L Xy 0 2 )
_j;(Aij\APj\)leS( 0 v ) < <A+ZAjA>13j. (3.4.10)

=1
(X 4 (Y 4
Xl_(% b1> Yl_(% b2>

by using b; € R, £; € RN(i = 1,2), X,Y € S¥, (X,Y) can be regarded as a linear
operator in Wy = PLR*™V+1_ Thus (3.4.10) yields

If we represent

1 X 0
_ (Al + \A0|) I< ( o0 —v ) < Ag+ M A7 (3.4.11)
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Aoz(sem %0)
prm Spyy

By Remark 3.2.9 the relation (3.4.9) yields

where

(7 + Sbt’ (ﬁ% X) S f2’+u<x07 ta)v
~ ~ =2 —
(_7 — Ps — Py Y) €P U(yaa 30)'

Since u and v are sub and supersolutions, respectively and ¢, = —¢, # 0 by the assump-
tion z, # y,, we have

26(ty — 55) + 7 + Flloy @y 3p, X) <0< 26ty — 55) =7 + Fls5,0, ¢y, ), (3.4.12)

where u = u(z,,t,),0 = v(yy, So). Since w(zy,ts, Yo, Ss) > 0 by (3.4.6), we see t > 0.
Since ¢ = @, is a function of z — y and t — s, (3.4.11) implies X < Y as in §3.3. By
mononicity (F4) with ¢y = 0 and (F2) the inequality (3.4.12) yields

2y + Flty, 1, ¢y, X) — F(So, @, $p, X) <0, (3.4.13)

since ¢, = —¢,. If F is independent of time, we already get a contradiction: 2y < 0.

If F depends on t, we send 3 of 0 = (o, 3) to infinity. By penalty argument as in
Lemma 3.4.1 this time we observe that ¢ — sg — 0 as  — oo. Since we fix «, we write
a subscript by 3 instead of 0. We may assume that 3 — yg is bounded by the choice of
a > aq, 8 > [(y. There are two cases to discuss.

Case A. Assume that 23 — ys is bounded away from zero as § — oo. Then by (3.4.11)
X = X3,Y = Yj is bounded in the space SV; see the proof of Theorem 3.1.4, Case 2
for an explicit bound. Since |23 — yg| is bounded from above, ¢, is bounded as § — .
Since u is bounded in Q, @ is bounded as 3 — oo. Thus by continuity of F(¢,r,p, X)
outside p = 0, sending # — oo in (3.4.13) implies 2y < 0 since t3 — sg — 0 as § — oo.
This contradicts v > 0.

Case B. Assume that x5 —ys — 0 as 3 — oo. Then we recall ¢* in Case 1. Since u
and v are sub- and supersolutions, respectively, we have

v+ Qﬁ(tg - Sﬂ) + F(tﬂ>u7 v90+7 v2@+) <0 at (:L‘g,tg)
< =y +2B(ts — sp) + Fsp, 0, Vo~ , Vi) at (yg, s5).
This implies

2y + F(tg, u(zp,t5), Vo' (25), Vi (25))
—F(s3,0(ys,55), Vo (ys), Vi~ (y5)) < 0;
note that VT, VZpt, Vo=, V2p~ is independent of the time variable. By definition of

F sending 3 — oo we see the limit involving F' equals zero. Again we get a contradiction
to positivity of ~.
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Remark 3.4.2. (i) From the proof to get comparison result stated in Theorem 3.1.1
we can weaken the definition of class F by replacing (2.1.11) by

lim sup sup (F(z,r, Vf(|pl), £V*f(]p])] = 0
p=0 2€0 Ir|<M

for all M > 0.

(ii) Instead of setting

w(z, t,y,s) =u(z,t) —v(y,s) —y(t+s)

we may get
Y i
t = u(z,t) — - - .
w(mﬁ 7y78) u(x7 ) U(y7 8) T_t T_S
Indeed, M. Ohnuma and K. Sato (1997) established results of Theorem 3.1.1 when F is
independent of ¢, by this choice of w; they also assumed that u* and —v* are bounded
from above at t = T. However, they did not use the fact that «* and v, are sub- and

supersolutions on @), in the proof.

3.4.2 Proof for unbounded domains

We shall prove Theorem 3.1.4 by adjusting the proof of Theorem 3.1.1.

Proof of Theorem 3.1.4. As in the proof of Theorem 3.1.1 it suffices to prove the
case that u and v are, respectively, F-sub- and supersolutions of (3.1.1) in ¢ under the
assumptions (F1), (F2), (F3’) and (F4) with ¢ = 0. We suppress the word F in the
proof. We may also assume that v* and v, are, respectively, sub- and supersolutions of
(3.1.1) on © x (0,7] and that (3.1.4) holds for 7" = T with the property that «* and v,
are left accessible at ¢ = T. We shall denote u* and v, simply by u and v.

We set w,, and @qg as in (3.4.5). Assume that the conclusion were false so that

M >0, := lri%lsup{u(z) —u(();(2,0) € Z2=0Q%xQ, |z—(| <r} >0,

where M = sup{u(z) —u((); (z,() € Z}; since u and —v are bounded from above, we see
that M < oo. Then for sufficiently small v > 0 we observe that

Lo = lrifglsup{wv(z,é“); (2,¢) = (x,t,y,8) € Z, | — (| <r}>0.
We shall fix v such that py > 0 and suppress that subscript v. We define
D, (x,t,y,s) =w(x,t,y,s) — pap(x,t,y,s) with o = (o, ), 0 = sgp o,
pi(r) == sup{®,(z,t,y,s); (z,t,y,s) € Z, |z —y| <r} <0
and observe that there is r, > 0 independent of o such that

pa(r) = 3po/4 > 0.
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We shall argue as in Lemma 3.4.1. (Unfortunately, (3.4.1) may not hold when Z, is
unbounded, so Lemma 3.4.1 does not directly apply to our setting.) Since u and —v are
bounded from above on @, ®,(x,t,y,s) > 0 implies

flz—yl) < ]g and (t —s)? < ]\54 (3.4.14)

By the hypothesis (3.1.4) on the values of v and v on the boundary there is r, > 0 such
that

sup{®y(2,¢); (2,() € 9,Q x QUQ x 8,Q, |2 —¢| <.} < %.

Take ay, By so large that (3.4.14) with 8 > 3, always implies |z — (| < r, with z = (x, 1),
¢ = (y,s). By the choice of r, we see that for all & > ag and 3 > S if z,{ € Q and
D, (z,¢) > po/2, then

2CE€Q, =0 x(0,T] (3.4.15)

Thus when we approximate the value py, we may assume that z,( are away from the
parabolic boundary of Q.

We shall distinguish two cases whether or not the supremum of ®, is approximated
at x close to y as  — oo. In the case x close to y the spatial gradient of the test function
©ap approaches to zero so it roughly corresponds to the Case 1 in the proof of Theorem
3.1.1; see Remark 3.4.3. We always take o such that «a, 3 satisfies a > g, 6 > Fy. We
shall fix @ but we shall later send 3 to infinity. Note that # and p; depends on [ so we
sometimes write (), u1(r, 3) to emphasize its dependence.

Case 1.  For each r € (0,r,) there is 3, such that 6(3.) = u1(r,8,) and 5, — oo as
r— 0.
We first fix r € (0,7,). By the definition of u; there is a sequence {(Z, tim, Ym, Sm)}
such that . .
Do (T, tins Yms Sm) = 0(8) — — and |2y — ym| < —.
m m
with 3 = 3.. By taking a subsequence if necessary we may assume that (¢, s,,) — (£, 8)
and @, — ym — W for some £, 5 € [0,T] and w € RY satisfying |&| < r. We now consider
the function

@D+($,t) = u(‘T?t) - g0+($,t),
el (@, 1) = af(J = ym|) + B = 50)° + f(|2 = Y — @) + (t = §)* + 7.

Let (&, Tm) be a maximum of 1™ over Q). Such a point does exist since lim, .., f(r) = oc.
Since

U (T tm) < U (Emy Tn)
subtracting v(Y,m, Sm) + ¥Sm from both hand sides yields

A

(Pa(xm)tm’yma 3m> - f(|xm —Ym — d)|) - (tm - t>2

A,

< Do (s Ty Yo Sm) — F(|€m = Ym — @) — (T — t)2'
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Since &, < 0, this implies
F(lem=ym=@)+(Tm—1)* < 0(8) = Po (i, tm, Y, 5m) +F (|2 —ym—@])+(tm—1)* (3.4.16)
and
Do (T trny Yy Sm) < P (Ems Tony Yy Sm) + F| T — Ym — @) + (t — )% (3.4.17)

The inequality (3.4.16) implies that 7, — £, & —Ym — @ since ®o (L, tms Ym, Sm) — 0(5),
ty — t, T — Ym — @. Since u is bounded, we may assume that u(&,, 7,n) — @ for some
@ € R. The inequality (3.4.17) implies that

Do (s Ty Y Sm) > Ho /2 (3.4.18)

for sufficiently large m; we may assume that (3.4.18) holds for all m.
By (3.4.18) and (3.4.15) we observe that (&, 7,) € @, for all m. Since u is a subso-
lution in @, and since u — ¢ is maximized at (&, 7,n,) € Q., we have

OF + F(Tm,u, Vo, Vi) <0 at (&, Tm)
if py = &n — Ym # 0 and
0 (Ems i) = 28(Ti = 8m) +2(7i — 1) + 7 <0
if p,, = 0. Since &, — Y — @, T — t, S — §, we send m to infinity to get
26(t = 8) + 7+ F(f,a,aV, f(lpl),aVo f(lpl) <0 at p=0 (3.4.19)
if  # 0 and
26(t—3)+~v<0 (3.4.20)

if @ = 0 by the definition of f € F.
In the same way, we consider the function

V- (y,8) = —v(y,s) + ¢ (y,5),
0 (y,8) = —af(|lzm —y|) — f(|#m —y — &) — Btm — 5)° — (s — 8)* — 7.

and study the maximum point of )~ over @),. By a similar argument as for )" we use
the fact that v is a supersolution to get

26(t = 3) =7+ F(3,0,aV, f(Ip]), —aVo f(lpl)) 20 at p=0 (3.4.21)

if  # 0 and
28(t—38)—~v>0 (3.4.22)

if @ = 0. In the latter case (3.4.20) and (3.4.22) yields a contradiction 2y < 0 so we may
assume that @ # 0. Subtracting (3.4.21) from (3.4.19) yields

2y + F(t,0,aV, f(|p]), aVi(Ipl)) — F (3,0, aV, f(|p]), —aV5f(lpl)) <0
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at p = w. Note that & depends on r. Since |@| < r, we now send r — 0 to get 2y < 0
which is a contradiction.

Case 2.  There is ry € (0,7.) such that for sufficiently large 3, say § > (1 > B, for
some (1 the inequality () > u1(rg, 5) holds. We define ¥,s by

\Ifm;(:p,t,y,s) = q)U(xat?yv S) - 5|ZL‘|2 - 5|y|2

for § > 0. Clearly, U, attains a maximum at some point (Z,s, tos, Yos, Sos) € Z depending
on § and o. By definition sup, ¥,5s T 6 as 6 — 0. Thus, for sufficiently small §, say
d < dp(0) we obtain

Sgp Vo5 > g := p1(ro, 3).
Since V(T ps, tos, Yoo, Sos) = SUpy Wos and pe > 3p9/4, we observe from (3.4.15) that
(To6,t06)s (Yoo, So5) € Q-
By definition of p; and (3.4.14) we obtain
FH M /@) > |xes = Yos| > 0. (3.4.23)
Moreover, since 0 < W,5(Tos, tos, Yos; Sos) < M — 0|Tos|* — 0|yss|?, we have

(5(‘1‘05| + ]ym;]) —0 as 6 — 0. (3.4.24)

Since W5 = (w—0d|z|>*—8|y|?)—¢, attains its maximum at (£,£,7, 8) = (Zos, tos, Yos, Sos)
over (), X @, we argue as in the Case 2 of the proof of Theorem 3.1.1 to get

(Y + Gr, o + 20205, Xos + 201) € P2 (55, t55)
~ ~ =2,
(_7 — Ps, _Soy - 25.%5, Y0'6 - 25[) € P U(yaéa 306)

for some X,5,Y,s € SV satisfying (3.4.11). As in the proof of Lemma 3.1.3 a direct
calculation yields

Jtalf() -1 //(f 1o

g (1 -1 Q:i p®p —p&p
-1 I )’ PP\ —p®p pRp

with p = 2,5 — yss and p = |p|. Since

A, = o)
p

<t5,tn>J(§) =P, <ts,tn>@<f7) - Sle=nplt &neR”

so that O < @ < J < 21, we observe that Ay > af”(p)Q > O. Since Ay > O, we note
that

Ao = sup{ ('€, ') Ay (g) P+ =1, &neRY).
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Since
AQ <«

f//()p)J +af"(p)Q < aKi(p)J < 20K (p)]

with Ki(p) = f'(p)/p + ["(p), we have an estimate |Ag| < 2aK;(p). Since J* = 2J,
Q? =20, JQ = QJ = 2Q, A2 is of the form

Aj = 2042{(f,;p))2j+ (QJUEP) + f(p) — fﬁémxfu(p) _ M)Q}

p
< 2@2{<f£’))>2J L (0)Q) < 20°Ka(p) T

with Ky(p) = (f'(p)/p)*> + (f"(p))?. Thus (3.4.11) implies

Xos O

_{i+mmmmﬂ§< 5

— Lo

) < @) + 202 Kol
This yields X,s < Y,5 as in the Case 2 of the proof of Theorem 3.1.1 and a bound

1
’X05| < 2aK1(p) + 40{2K2(p))\1 + )\7
1

with p = |25 —Yos|. The right hand side is bounded as 6 — 0 and § — oo by (3.4.23). We
thus have a bound for X,s independent of § and 3. By (3.4.23) and (3.4.24) we observe
that

Saz + 251‘06 7é 07 _(ﬁy - 263/06 = @x + 251/05 7£ 0

for sufficiently small 6 > 0. Since u and v are sub- and supersolutions, we have

25@05 — 805) + v+ F(tm;, ﬂ, @m + 2(51‘05, Xos + 25[) <0 (3.4.25)
Qﬂ(tmg — 805) - —f— F(SU(S, f), —g&y — 25@/05, Ya(g — 25]) Z O (3426)

By (F2) and (F4) with ¢ = 0, (3.4.26) with X,5 < Y,s implies
20(tss — Sos) — 7 + F (805, 0, Py — 2055, Yo5 — 201) > 0. (3.4.27)

Sending 0 — 0, we obtain from (3.4.25) and (3.4.27) with a bound for |X,s| and (3.4.23)
that

(3.4.28)

26(ty — 5) + v + F(to,Us, o f (D, ), X5) > 0
<0 (3.4.29)

26(te —55) =7 + F (50, U, f (|P5]), X o)

for some t,,3, € [0,T], 4, € R, X, € SV, p, € RN by taking a subsequence if necessary;
here we invoke the assumption that u is bounded so that @, exists. Sending § — oo so
that t, — 5, — 0 by (3.4.14), we now obtain from (3.4.28) and (3.4.29) that 2y < 0 since
Xo,|P,|, D, |7 are still bounded as 3 — oo. This contradicts v > 0 so we have proved
that 00 < 0. O
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Remark 3.4.3.  The classification into Case 1 and Case 2 for bounded domains (The-
orem 3.1.1) is slightly different from that for unbounded domains (Theorem 3.1.4). If
we classify into the following two cases for bounded domains with fixed «, this exactly
corresponds the classification for unbounded domains.

Case 1.  For each r > 0 there is 8, — 0o (as 7 — 0) and a maximum z,g, of W — Yaugs,
in Q. x Q. such that |z.5, — yag,| < 7, Where 25 = (Tag, tas: Yag, Sas)-

Case 2.  There is ry > 0 such that for sufficiently large 8 any maximizer z,5 of w — ag
satisfies |xag — Yas| > 70

3.5 Lipschitz preserving and convexity preserving prop-
erty

We study some general properties of solutions of the Cauchy problem for (3.1.1). As
we shall see in §4.3 for a given uy € BUC(RY) there exists a unique viscosity solution
u € BUC(RY x[0,T)) of (3.1.1) satisfying u|—o = ug for example under the assumption of
Corollary 3.1.5. Here the space of all bounded, uniformly continuous function on D C R4
is denoted by BUC(D). We first observe that global Lipschitz continuity is preserved for
spatial homogeneous equations.

Theorem 3.5.1. Assume that F(r,p, X) is independent of x and r. Assume that
(F1)-(F2) and (F'3) (or (F3’) with the assumption that Fgw is invariant under positive
multiplications.) If u € BUC(RY x [0,T)) is an (F-) solution of (3.1.1) in RN x (0,T)
with some constant L > 0 satisfying

|u(x,0) — u(y,0)] < Llz —y| (3.5.1)

for all x,y € R", then
u(z,t) —uly,t)| < Llz — y| (3.5.2)

for all z,y € R", t € [0, 7).
Proof.  Since F'is independent of x and u, we see
v(z,t) =u(x + h,t) + L|h|, heR"

is also a viscosity solution in BUC(R" x[0,7")) of (3.1.1) in R"x (0, T"). By the assumption
of the initial data (3.5.1) and uniform continuity we see that v and v satisfy (3.1.4). By
(CP) we have

u(z,t) < w(z,t)

or
u(z,t) —u(x + h,t) < L|h|
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forallz € RN, t € [0,T). A symmetric argument comparing u(z + h,t) — L|h| and u(z, t)
yields
U(.%’,t) - ’LL(Q? + h’> t) > _L’h’

We thus prove (3.5.2). O
We next study whether or not concavity of initial data ug is preserved as time develops.

Theorem 3.5.2. Assume that F' = F(x,t,r,p, X) is independent of x and r and
satisfies (F1), (F2). Assume that F' is geometric. Assume that

X+ F(t,p,X) is convex on SV (3.5.3)

for all p € RN\ {0}, t € [0,T]. Let u € C(RN x [0,T)) be an F-solution of (3.1.1) in
RYN x (0,T) satistying (3.5.2) with some L > 0. If u(z,0) is concave, then

u(t,z) +u(y,t) — 2u(z,t) < Llz +y — 22| (3.5.4)

holds for all z,y,z € RN, 0 < t < T. In particular, x — wu(x,t) is concave for all
te[0,7).

We shall prove Theorem 3.5.2 in several steps. Our first observation is the equivalence
of concavity and (3.5.4) type inequality when a function is globally Lipschitz.

Lemma 3.5.3.  Assume that v, is globally Lipschitz in R" with constant L. Then v
is concave if and only if the inequality

vo(x) +vo(y) — 2v9(2) < Llx +y — 22| (3.5.5)
holds for all z,y,z € RV.

Proof.  If vy is concave, then

vo(z) + vo(y) — 2v0(2)

= () + voly) — 20(2)(2L) + 2o (L) — w2}
< 2w - w2}

Since v is globally Lipschitz, the right hand side is dominated by 2L|*%¥ — z|. We thus
obtain (3.5.5).
The inequality (3.5.5) yieldss

vo(@) + vo(y)
2

T +y
2

)

= Uo(

by taking z = (z+y)/2. This says that v, is mid-concave. Successive use of this inequality
yields
Ag(x) + (1= Nog(y) < wvo(2), z=dz+ (1 =Ny
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for all A € (0,1) of the form A\ = k27" with positive integers h and k. Since v is
continuous, this implies concavity of vy. O

Proof of Theorem 3.5.2.  We suppress the word F in the proof. For M > 0 and R > 0
let 8 and 6y be functions on R of the form

0" (n) = min(M,n), 0r(n) = max(—R,n).

Since F' is geometric, by the invariance under change of dependent variables proved later
in §4.2.1 we see that

u(z,t) = (0™ o u)(x,t) = min(M, u(z,t))
ug(z,t) = (Og ou)(z,t) = max(—R, u(x,t))

are solutions of (3.1.1) in @ = RY x (0,7) satisfying (3.5.2). Since u™ is still concave
in z, we may assume that u is bounded from above in RY x (0,7). As in the proof of
Theorem 3.1.1 we may assume that u is a solution of (3.1.1) in Q, = RY x (0,7] by
taking 7" smaller. By replacing u by u/L we may assume that L = 1.

Our goal is to prove

uw(z,t) + u(y,t) — 2u(z,t) < |v+y — 22| (3.5.6)

for all z,y,z € RN, ¢t € [0,T]. We take f € F. For k > 0 there is a unique A(x) > 0 such
that
n < A(k)f(n) +k=: Ng(n) forall n>0

and the equality attains only at one point n = n(x) > 0. We thus observe that

n = inf Ny(n) (3.5.7)
for n > 0. We set
sz@j? S1,Y, 52, %, 53) = U(.T, 81) + U(y, 32) - QUR(Za 53) - Nﬁ(lx + Y= 22’) — 7S

for R >0,y >0, k£ > 0; we use wj> when u replaces up.
Assume that the conclusion (3.5.6) were false. By (3.5.7) there would exist x = kg
such that
sup{wio™®(z,t,y,t, 2, t); 2,9,z € RNt € [0, 7]} > 0.

We may replace u(z,t) by ugr(z,t) for large R and observe that

: N
0y = hmisup{wgooo(x, S1,Y,S2,%,83); T, Y, 2 € R 81, 89,83 € [0,7T],
rl0

|51 — so| <1y |s9 — s3] <71} >0.

Since u is bounded from above on Q@ = RV x[0, 7], i.e. K :=supgu < o0, 6y < 2K+2R <
00. Then for sufficiently small v > 0 we observe that

Ho = hmlsoup{wsooo(xa 51, Y, 8272783); (13,81), (ya 82)7 (2783) € @7 |81_82| <r, |82_S3| < T} > 0.
r
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We shall fix R and v such that pug > 0 and suppress the subscript v and the superscript
R as well as kg. We define

Ps(x, 51,Y, S2, 2, 53) = w(x, 51,9, S2, 2, S3) — Ya(s1, 52, 3)

905(81, S92, 53) = 5(’51 - $3|2 + |82 - 53’2)7 9(5) = S}/lvp (I),B7

where W =Q x Q x Q.
We shall prove that for sufficiently large 3, say 8 > B, if (x,s1), (y,s2), (2,53) € Q
satisfies

(I)ﬂ<x751;3/73272753) > /’LO/27 (358>
then s; > 0, s > 0 and s3 > 0. By (3.5.5) and (3.5.7) we observe that

up(z) + uo(y) — 2upo(2) — Nu(|Jz +y — 22|) <0, z,y,2z € RY (3.5.9)

for all Kk > 0 where ug(x) = u(z,0), ugo(x) = ug(zr,0) = max(—R,up(z)). The left hand
side of (3.5.9) is always negative if either ug(z) < Ry or ug(y) < Ry for Ry = K + 2R.
Thus (3.5.9) is equivalent to

Upy0(7) + up0(y) — 2uro(2) — No(Jo +y —22]) <0, x,y,2 € RY (3.5.10)

for all kK > 0. Since ug o is in BUC(RY), ug, is in BUC (RY x [0,7T)) for R, > 0 by
the uniqueness of solutions. By this uniform continuity and (3.5.10) there exists a small
ro > 0 such that

sup{ug, (¢, s1) + up, (¥, s2) — 2ur(2, s3) — Neo (|2 + y — 22]) — v51 — @g(s1, 52, 53);
s18283 = 0, |s1 — s3] < 7o, |82 — s3] <710, (2,51), (v, 82), (2,83) € Q} < po/2.

By the choice of Ry this implies

sup{®s(z, $1,, S, 2, 53); 515283 = 0, |s1 — s3] < 1, |s2 — s3] < 7o,

Vel 3.5.11
<x751)7(y752)7 (sz?)) EQ} S//JO/Q ( )

Since 5 < 2K + 2R, ®(x, s1,y, S2, 2, $3) > 0 implies
(Sl — 53)2 + <82 — 53)2 S 2(K -+ R)/ﬁ (3512)

Take (3 so large that (3.5.2) with 8 > [y implies that |s; — s3] < 19 and |sy — s3] < 7.
Then from (3.5.11) it follows that (3.5.8) implies s1 > 0, so > 0, s3 > 0 if 5 > .

We shall distinguish two cases whether or not the supremum of ®4 is approximated
at x,y, z with the property that x 4+ y — 2z close to zero. We shall always assume that
8 > By. We set

:U/I(T? 6) = Sup{q)ﬁ(xvslayvs% <, S3>; |ZC +y— 2Z| < r, (J?, 51)? (y7 SQ)? (27 53) S @} < 0(6)

By the definition of p there exists 7. > 0 (independent of (3) such that p;(r, 5) > 3pue/4
for r < r,.
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Case 1.  For each r € (0,r,) there is §, such that 0(3.) = ui(r,3.) and 5, — oo as
r — 0.

We argue in the similar way in the proof (Case 1) of Theorem 3.1.4. We first fix r €
(0,7,). By the definition of u; there is a sequence {a,,} With a,, = (T, SE Ym, 52, Zm, 5,)
such that

Ds(am) > 0(8) —1/m and  |xy + Ym — 22| <71

with 3 = (3,. We may assume that (s! s2 53 ) — (51, $,83), Zom+Ym — 22, — @ for some

m?Tm’ T m

S1, 89,83 € [0,T] and @ € RN with |&| < r by taking a subsequence. We now consider the
function

¢+<x7t) = u(a:,t) - <p+(x,t)
ot (x,t) = Af (|2 + ym — 22m|) + 8(t — 53,)°
(|2 + Ym — 22m — @) + (t — 51)* + 1, A = A(kp).

Let (&n, Tm) be a maximum of ¢ over Q). Such a point exists since lim, ., f(r) = oc.

¢+<I’m, S%n) S ¢+(fm77'm);
ading w(ym, s2,) — 2u(zm, s3,) — (s2, — s2,)* to both head sides yields
Dg(am) — f(|Tm + Ym — 22m — @) — (s, — 51)
< (I)ﬁ(bm) - f(|£m + Ym — 2Zm - UAJ') - (Tm - SA1)2.

2

with b, = (& Ty Yms S35 Zms, S, ). Since @, < 6, this implies

~

FUém +Ym = 22m = &)) + (T = 51)° < 0(8) = Dp(am) + f(|2m + Ym — 22 — @) + (s, — 51)°
(3.5.13)

and
Dp(am) < Pa(bp) + f(|Tm + Ym — 22m — @) + (8], — $1)% (3.5.14)
The inequality (3.5.13) implies that &, + ym — 22, — ©, T, — $1 a8 m — o0 since

Ty + Ym — 22m — @, s — $1. The inequality (3.5.14) implies that

®5(bp) > f10/2 (3.5.15)

for sufficiently large m since ®s(a,,) — 6(5). We may assume that (3.5.15) holds for all
m.

Since (3.5.15) implies (3.5.8), we observe that 7, > 0 for all m so that (&, Tm) € Q.
Since wu is a subsolution in @, and since u — ¢ is maximized at (£, 7,) € Q., we have
as in the proof of Theorem 3.1.4

f + F(T, Vot , V1) <0 at (&, 7o)
if pr =& + Ym — 22, # 0 and

Sozr(émﬂ—m) = 26(7—m - 3,?;1) + 2(Tm - <§1) +4t <0
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if p, = 0. Since &, + Ym — 22m — @, T — S1, S°, — §;, we send m to infinity to get
20(s1 — 83) + 7+ F(51, AV, f([p]), AV, f(Ip]) <0 at p=0 (3.5.16)

if  # 0 and
2B(s1 —$83) +7 <0

if © = 0 by the definition of f € F.

In the same way we study the maximum of

¢+(?/a 3) = u(yv 3) - (10+(y75)
90+(y’3> = Af(|xm ty— 22m|) + ﬁ(s - an)2 + f<|xm +y— 22, — "DD + (S - SAQ)Q

and obtain
20(sy — 3) + F($2, AV, f(Ip]), AVLf(Ip])) <0 at p=& (3.5.17)

if @ # 0 and 26(sy — s3) <0if © =0.
In the same way we study the maximum of

V7 (z,83) = —u(z,83) + ¢ (2, 83)
207 (2,53) = —Af(|&m + ym — 22]) — B(s,, — s3)* — B(s5, — 53)°
—f(|zm + ym — 2+ @) — (53 — 53)?

and obtain

B(s1 — 83) + B(s2 — $3) + F(s3, ?fo(\pn, —?Vﬁf(|p|)) >0 at p=w (3.518)

if w # 0 and [(s7 — $3) + B(s2 — s3) <0if 0 =0. If © =0, we easily get contradiction:
7 < 0 so we may assume that @ # 0. We consider (3.5.16) + (3.5.17) —2x (3.5.18) and
send r — 0. Since |w| < r, this yields a contradiction: v < 0.

Case 2.  There is ry € (0,7,) such that for sufficiently large 3, say 5 > [3; for some [3;
the inequality 0(3) > 1 (ro, 3) holds.
We set gy = p(ro, ) for 8 > ;. For 6 > 0 we introduce

Vs (a) = @pla) — o(|f* + [yl* +[2]*).
with a = (z, s1,y, S2, 2, $3). By definition

supWss 160 as 6 ]0.
W

Thus there is 09 = do(F) > 0 that satisfies

sup Wgs > max(ue, 1o/2) for 0< 0 < dy
W
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since py < 0. Clearly, Vs attains a maximum at some points é = (Z, 81,7, S92, 2,83) € W
depending on § and §. We suppress the dependence with respect to # and o for simplicity
of notation but we shall later send § to zero first and (3 to infinity. Since (3.5.8) is fulfilled
at é , we see that s; is positive for ¢ = 1,2, 3. By the definition of us we observe that

FH2(K + R)/A(Ko)) > |2+ 9 — 22| > r0; (3.5.19)

the left inequality follows from the fact that Wgs is bounded from above by 2(K + R) and
Wss(€) > 0. This fact also yields the bound of 6(|Z|* + |9|*> + |2|?) so in particular we have

512+ 9]+ 15) — 0 as §— 0. (3.5.20)

Since s; > 0 for 0 < 6o(8), ¢ = 1,2, 3, the function

W5 = u(z, s1) +uly, s2) — 2u(z, s3) — 8(|=* + [y|* + |2[*) — ¢,

¢ = N&o(’x + y— 2Z|> + 90[3(817 52, 83)
attains its maximum at & = (Z, 51,9, S2, 2, §3) over Qi X Q. X Q, for § < §y(B). We now
apply Theorem 3.3.3 with k =3, Ny = No = N3 =N+ 1, 21 = Zy = Z3=Q,; { =2
with projection P; and P, defined by Pi(x, s1,v, $2,2,53) = (x,y,2) and P, =1 — P;. As
in the Case 2 of the proof of Theorem 3.1.1 for each A\; > 0 there exists X,Y,Z € SV
such that

) X 0 0O
(Bl sI<| O Y O J<By+ X B2, (3.5.21)
! O 0 —Z
(7 + sy, Vg + 208, X +261) € P u(d, §1), (3.5.22)
(s, Oy +209, Y +201) € P (g, 55), (3.5.23)
1&83 1 7 A~ 1 —2,— A A
(=% =5 (W +262), S(Z — 201)) € P u(d, 53), (3.5.24)
with A K R
%mx Zémy 2émz
Bo=| Yy thyy y | (3.5.25)
wza: wzy quz

where 1&5 denotes V.1 evaluated at é and so on. We shall fix A\;. Note that X, Y, Z may
depend on ¢ and £3.
We shall derive a bound for X, Y, Z. As in the Case 2 of the proof of Theorem 3.1.4
a direct calculation of (3.5.25) yields
f'(p)

By = A{S + (£(p) -

I I =21 1 pPRp PpR®p —2pQp
S = I I =21 |, R=— PR pPRpP —2pQp

2
—9o] —9] 4] PP\ —2pop —2p0p 4dp@p

P ry, = Ao
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with p =& + ¢ — 2z, p = |p| since

3 §
(t£7t777tC)S ( n ) = ‘5 + n— 2(‘27 (t£7t777tC)R ( n ) = ’<€ + n— 2C7p>’2a 67”7( € RN
¢ ¢
so that O < R < S(< 61), we observe that
AK (p)S > By > Af"(p)R > O (3.5.26)

with Ki(p) = f'(p)/p+ f"(p). We thus have an estimate
|Bo| < AK:(p)]S] = 6A(ko)K1(p) (3.5.27)

since |S| = 6. Since S? = 6S, R? = 6R, RS = SR = 6R, as in the case 2 of the proof of
Theorem 3.1.4 ) )
f'(p) f'(p)

By = 6142{(7)25 + (")) = ( p )*) R}
< 6A%K5(p)S (3.5.28)
with Ka(p) = (f'(p)/p)* + (f"(p))*. Applying (3.5.26)—(3.5.28) to (3.5.21) we obtain
1 X O O
—()\—+6AK1(p))I < ( OY O ) < A(Kq(p) + 6M0AK,(p))S.
! O 0 —Z

This inequality implies that X +Y < Z since

3
(¢,'¢,"¢)S ( El=lE+e—2¢=0
3
Moreover it provides a bound for X and Y
1
|X|,[Y],|Z| < 6AK;(p) + 12A%Ky(p) A\ + ™ (3.5.29)
1

with p = |2 + g — 22|. By (3.5.19) the right hand side of (3.5.29) is bounded as § — 0
and § — 0.
By (3.5.19) and (3.5.20) we observe that

Uy 4208 £ 0, Uy +20§#0, —tb, —202#0
for sufficiently small § > 0. Since u is a solution, the relation (3.5.22)—(3.5.23) yields

23(s1 — 83) + 7 + F($1, 1, + 202, X + 261) < 0, (3.5.30)

28(5y — 83) 4 F(S9, 0y + 209,Y +261) < 0. (3.5.31)
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Since X +Y < Z, the relation (3.5.24) with degenerate ellipticity yields
1, - 1
B(s1 — $3) + B(se — $3) + F(S3, —5(1/12 +202), §(X +Y —261)) > 0. (3.5.32)

Since ¢, = 1, = —1h,/2 = Af'(p)p/p, sending § — 0 in the inequality (3.5.30) + (3.5.31)
—2x (3.5.32) yields

7+F(§1,u,7) +F(§27ﬁ7?) _2F(§37,u7 (7+?)/2>) <0

with u = Af'(|p])p/|p| with some X,Y € SV p € RV, 5,,5,,53 € [0,T]. Since X,Y are
bounded as 3 — oo by (3.5.29) and [p|™!, |p| is bounded as o — oo by (3.5.19), sending
[ — oo implies

by (3.5.12) for some § € [0,T], X,Y € SV, i € RV. Since X — F(t,r, X) is convex in
X, this yields v < 0 which is a contradiction. We have thus proved 6y < 0 to get (3.5.6).
O

Corollary 3.5.4.  Assume that F' = F(x,t,r,p, X) is independent of x and r and
satisfies (F1), (F2). Assume that F is geometric. Assume that

X +— F(t,p,X) is concave on SV

for allp € RN\ {0}, t € [0,T]. Let u € C(RY x [0,T]) be an F-solution of (3.1.1) in
RY x (0,T) satistying (3.5.2) with some L > 0. If u(x,0) is convex, then x + u(x,t) is
convex for all t € [0,T].

This immediately follows from Theorem 3.5.2 by replacing u by —u since the concavity
of X — F(t,p, X) is equivalent to that of X — F(t,p,—X) .

Remark 3.5.5(Applicability). =~ The concavity (resp. convexity of X — Fy(p,X) is
fulfilled if and only if f in (1.6.1) is convex (resp. concave) in Vn since F} is defined by
(1.6.4). Our Theorem 3.5.2 and Corollary 3.5.4 apply to the level set equations of (1.5.2),
(1.5.4), (1.5.6) provided that conditions in §3.1.3 is fulfilled.

For the affine curvature flow equation (1.5.14) or its generalization V = (k,)*, a >0
one should take the orientation n inward for convex curves so that the equation is not
trivial one V' = 0. For a convex initial curves I'y let ug be a function representing I'y i.e.
Lo = 0{up > 0} = d{up < 0} with n = —Vu/|Vu|. One can take ug so that it is convex;
however it is impossible to take concave uy. The convexity of the solution u of the level
set equation of V' = (k)® is preserved if & > 1 by Corollary 3.5.4.

Since
det(2 Y ypm > ;((det XU 4 (det YY/m)
for X > O,V > 0O, X,)Y € S™ (see e.g. D. S. Mintrinovi¢ (1970)), for the equation
V = (k7 k§_)Y® Y in RV the right hand side is concave in Vn so that Fy(p, X) is
convex in X. Unfortunately, we again have to consider convex initial data ug for convex
initial hypersurface I'y so neither Theorem 3.5.2 nor Corollary 3.5.4 apply to conclude
that solution u is convex in z. So it is unlikely that Theorem 3.5.2 and Corollary 3.5.4
apply for surface evolution equation by principal curvatures like (1.6.22), (1.6.23).

X+Y
2
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3.6 Spatially inhomogeneous equations

We present a few versions of comparison principles for (3.1.1) when F also depends on the
spatial variable x. We restrict ourselves to the case when 2 is bounded since the results
for unbounded € is very complicated to state. We first

3.6.1 Inhomogeneity in first order perturbation

The next result applies when F' is of the form
F(xz,t,r,p, X) = Fy(t,r,p, X) + Fi(x,t,p) (3.6.1)

with Fy satisfying the assumptions on F' of Theorem 3.1.1 (including (F3)) and F; €
C(Q x [0,T] x RY) that satisfies

|Fi(z,t,p) — Fi(y,t,q)] < C(1+|p|)|z -y (3.6.2)

with some constant C' > 0 independent of z,y € , p € RY. In particular, it applies the
level set equation of (1.5.2) even when the constancy property of C' in §3.1.2 is relaxed as
a uniform Lipschitz continuity in x:

Theorem 3.6.1.  Assume that ) is bounded. Assume that (F1)-(F3) and (F4) hold.
Assume that for R > 0 there is a modulus wgr such that

F(a,t,rp, X) = F(y,t,7,p,Y)| < wrllz = yl(1pl + 1)) (3.6.3)

holds for z,y € w, t € [0,T], |r] < R, p € RV \ {0}, X,Y € S¥. Then the comparison
principle (BCP) is valid. If we assume (F3’) instead of (F3), then (BCP) is still valid (by
replacing solutions by Fq-solutions) provided that

(i) Fq is invariant under positive multiplication;

(ii) there exists f € Fq such that f'(p)p/f(p) is bounded on [0, 1].

Corollary 3.6.2.  Assume that € is bounded and that F' satisfies (F1), (F2) and
(3.6.3). Assume that F satisfies

|F(x,t,p,£I)] < colp|™ on Qx[0,T] x (B,,(0) \ {0}) (3.6.4)
for some g > 0, ¢y > 0, 7 > 0. Then (BCP) holds if F' is geometric.

From the proof of Lemma 3.1.3 it is clear that the assumption on the existence of ¢
guarantees the existence of f € Fq satisfying (ii) of Theorem 3.6.1. The assumption (i)
of Theorem 3.6.1 is automatically fulfilled since F' is geometric as proved in Lemma 3.1.3.
Thus, Corollary 3.6.2 follows from Theorem 3.6.1.
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Proof of Theorem 3.6.1.  We augue in the same way as in the proof of Theorem 3.1.1
right before formula (3.4.12), where z-dependence should be taken into account. Instead
of (3.4.13) we obtain

29 4+ F(To,to, Uy @y, X) — F (Yo, Soy Uy Py X ) < 0. (3.6.5)

We send  — oo to get tag—Sap — 0. If 205 —yap — 0 as B — o0, we get a contradiction
as in the Case B of the proof of Theorem 3.1.1. Thus we may assume that z,5 — z,,
Yap — Yo With x4 # y,. We may also assume that

tap — 7?7 Sap — tAaﬂ — Uq € R, Qp — G = af/(|pa|)pa/|pa| with pa = Za — Yo;
X — X,eSY (by3.4.11)

as [ — oo by taking a subsequence. Thus
27+ F(Za, b, Ua, Qo Xa) — F(Ya, b, U, Goy Xa) < 0. (3.6.6)
By (3.6.3) with R = supg [u| + 1 this inequality yields
27 — wr(|za — Yal(lga] + 1)) < 0. (3.6.7)

Since M, — sup,, w (as ¢ — oo by Lemma 3.4.1), we observe that o f(|zo —ya)) — 0 as
a — 00. By the assumption (ii)

%o = Yallga] = af'(Ipal)Ipa] < Ca f(|pal)

with some C' independent of a. Thus |z, — ¥a||¢a] — 0 as & — oo. Since |po| — 0 as
a — 0, (3.6.7) now yields 2y < 0 which is contradiction. O

Remark 3.6.3. (i) The assumption (3.6.4) is fulfilled for F' = Fy of (1.6.19) provided
that g is é,, or é,,/ep (m > (). If Fyy in (3.6.1) is equal to such an Fy, F of (3.6.1) satisfies
the assumption of Corollary 3.6.2 provided that F} is geometric and satisfies (3.6.2). For
example, Corollary 3.6.2 guarantees that (BCP) holds for the level set equation of

V =K+ c(z,t)

if ¢ satisfies the uniform (in t) Lipschitz continuity in z provided that the Gaussiaan
curvature K is interpreted as its modified form éy_1(K1,- -+, Kn_1).

(ii) It is of course possible to prove (CP) when 2 is unbounded. The proof is similar
to that of Theorem 3.1.4. Since we shall send @ — oo, we modify the classification Case
1, Case 2 as follows.

Case 1.  There is a sequence a; — oo such that for each r € (0,r,) there is 3, — oo
such that 0(5,) = p1(r, 5,) as r — 0.

Case 2.  For sufficiently large «, say o > «p, there is r, € (0,7,) such that 6(3) >
p1(re, B) for all 8 > B, with some f3,.
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3.6.2 Inhomogeneity in higher order terms

Unfortunately, results in §3.6.1 does not apply to (3.1.1) when a spatial imhomogeneity
appears in the order term. For example, it does not apply to F'(z,t,p) = —a(x) trace X
unles a > 0 is a constant. The next result applies to such an F'.

Theorem 3.6.4.  Assume that 2 is bounded. Assume that (F'1)-(F3) and (F4) hold.
Assume that for R > 0 there is a modulus wg such that

F(Jf,t,’l“,p, X) - F(y,t,r,p, Y) > _wR(|x - y|(|p| + 1) + ,u|x - y|2) (368>

forz,y € Q,t€[0,T],pe RV \ {0}, X,Y € SV |r| < R, u > 0 whenever

X O I -1
—3ul < ( O -v > <3ud, J= < N ) (3.6.9)
Then (BCP) holds.

Remark 3.6.5.  The assumption (F2) follows from (3.6.8)-(3.6.9) so it is redundent.
Indeed,

EXE—TnYn ="(E—n)X(E—n)+29X(E—n)+ "X -Y)y
< |XN1E = n* +2|X[|€ = nlln] +n(X =Y)ny
< |X[(L+e Mg —nl?

For £, ne R" ¢ > 0. If X <Y, this implies

X O 1
(O _Y>§(1+6 )X |J + el X|I. (3.6.10)

(By the way estimate (3.6.10) where ¢|X| replaced by | X — Y|+ ¢|X]| in front of I holds
for arbitrary X,Y € SV.) This evidently implies

X. 0 .
(o _YE>§(1+5 X7

with X, = X —¢|X|I, Y. =Y 4+ ¢|X|I. Thus X., Y. satisfies (3.6.9) by a suitable choice
of it = p.. By (3.6.8) we have

F(:L" t7 T’ p’ X&) - F(‘,L‘7 t? r? p’ Y;;) Z O‘
Sending ¢ to zero yields (F2).
We give a typical example of F' to which Theorem 3.6.4 applies.

Corollary 3.6.6.  Assume that €2 is bounded. Assume that F' is of the form (3.6.1)
with Fy € C(Q2 x [0,T] x RY) satisfying (3.6.2). Assume that Fy is of the form

Fo(x,t,r,p, X) = —trace(*A(x,t,p) X Az, t, p)) (3.6.11)



140 CHAPTER 3. COMPARISON PRINCIPLE

and A(xz,t,p) is an SY-valued bounded continuous functions in Q x [0,T] x (RN \ {0}).
Assume that A > O and satisfies

|A(z,t,p) — Ay, t,p)| < Clz —y| (3.6.12)

with C' > 0 independent of p € RN \ {0}, x,y € Q, C € [0,T]. Then (BCP) holds for
(3.1.1).

Proof of Corollary 3.6.6.  Since (F3) and (F4) are clearly fulfilled, it suffices to prove
that (3.6.9) implies (3.6.8). Such property is closed under addition of F. Thus, we may
assume that F' = Fj, since the assertion is clear for Fj.

From (3.6.9) we see X <Y, ie., 6X¢—nYn < u|€ —nl? This implies

FO(thvlrap?X) - F()(y,t,T,p, Y) Z —,U,”A(.T,t,p) - A(y7t7p)||§

where ||-]|2 denotes the Hilbert-Schmidt norm. By (3.6.12) the estimate (3.6.8) is fulfilled
by choosing wr(x) = Cs.

Proof of Theorem 3.6.4.  We take f(n) = n* € F argue as in the proof of Theorem 3.6.1
right before the formula (3.6.5); we invoke (F3) to handle Case 1 and Case A. Instead of
(3.6.5) we obtain

27 + F(xaatmaasaan) - F(ym Saaﬁ7¢x> _Y) S 0
without using X <Y. We send  — oo and obtain
27 4 F(Zas t, e, Gas Xa) — F(Yar by e, G, —Ya) < 0 (3.6.13)

instead of (3.6.6), where go = f'(Ipa|)pa/|pPal(= 4|pal’Pa), Pa = Ta — Ya.
In the estimate (3.4.11) we may take \;, A\; = aKi(p), Ki(p) = f'(p)p + f"(p) with

P =2, — Y, to get a bound

X, O
—3aK,(pa)] < < oy > < 30K, (pa)J

with po = |Ta — Yal; see the estimate of

To§ 0
-0 - ad

in the proof of Theorem 3.1.4, Case 2. Thus X, Y, € S¥ fulfills (3.6.9) with = a K (p,).
Applying (3.6.8) to (3.6.13) we obtain

2y — wr(|za = Yal)(lgal + 1) + K1 (pa)|ta — yal*) <0 (3.6.14)
by taking R = supg |u| +1. We have observed that af(|za —¥al) = alpa|* = 0 as a — oo
in the proof of Theorem 3.6.1. Thus, the quantity in wg tends to zero as &« — oo. Sending
a — o0 in (3.6.14) now yields a contradiction 2y < 0. Thus (BCP) has been proved. O
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Example. By Corollary 3.6.1 wee observe that (BCP) holds for the level set equation
of (1.5.2) provided that $ > 0 is continuous and 7 in (1.3.7) is convex and C? except
the origin and that @ > 0 and ¢ € C(Q x [0,T]) satisfies the Lipschitz continuity in x
uniformly in ¢, i.e.

|e(z,t) = ey, )] < Clz —yl.

We seek a sufficient condition for (BCP) when  and v are also depends on 7. We
first recall the level set equation of

B(xz,n)V = —a divr,&(z,n) + c(z, t). (3.6.15)

where £ = V,, p — 7(x, p) is convex, positively homogeneous of degree one. If we write
its level set equation in the form of (3.1.1),

a
F(z,t,p, X) = —W{tmcevzv(w, —p)X + traceV,V,y(x, —p) }|p| + ¢|p|, (3.6.16)
T el
a
Fo(x,p, X) = —m(tfacevfﬁ(% —p)X))|pl, (3.6.17)
* o pl
a
Fi(z,t,p, X) = —m(tracevxvp”y(x, —p))|p| + |p|. (3.6.18)
" pl

The condition (3.6.2) for Fy in (3.6.18) is fulfilled if (and only if)

traceV,V,y(z, —p)

M(x,t,p) = —a + c(z,t) (3.6.19)
Bz, —p/Ipl)
is Lipschitz continuous in x uniformly in ¢, p, i.e.
|M (z,t,p) = =M (y,t,p)| < Clz —y| (3.6.20)

with C' independent of z,y € Q, t € [0,T], p € RN \ {0}. To apply Corollary 3.6.6 we
shall find a condition that

ql/?

Ale,p) = (Vi e, —plp)*” 27 (3.6.21)
satisfies (3.6.12) so that Fj in (3.6.17) is written of the form (3.6.11) with (3.6.12). Since
A is positively homogeneous of degree zero in p, it suffices to check the condition that
(3.6.12) for p € SN~1. The next result shows a sufficient condition for (3.6.12).

Lemma 3.6.7. Let Q be an open set in RY. Assume that v = v(z,p), v € Q, p € RN
is convex and positively homogeneous of degree one on RY as a function of p. Assume that
v € C(QxRYN) is C* as a function of p except the origin and T’ = V2 € C(Qx (R¥\{0}).
Then the square root I''/? of I is Lipschitz continuous on Q x SN~ (respectively, Lipschitz
continuous in x € Q uniformly in p € SN¥=1) if one of following condition holds

(i) T is C* and its derivative VI, V,I' (resp. V,I') is Lipschitz continuous on  x S¥~1
(resp. Lipschitz continuous in x € Q uniformly in p € SV=1).
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(ii) All eigenvalues of I'(z, p) + p ® p is uniformly away from zero in Q x SN~ and I" has
the corresponding Lipschitz regularity.

Proof. If (i) holds, I' has the Lipschitz property in Q x U where U is some tubular
neighborhood of SN¥=!. Since I' > 0, this implies that I''/? has the desired Lipschitz
continuity; see M. G. Crandall, H. Ishii, P. L. Lions (1992) [Example 3.6].

By homogeneity all eigenvalues of + the matrix I'(z,p) has a zero eigenvalue with
eigenvector p € SV~ If (ii) holds, (I' + p®p)'/? is positive so it has the desired Lipschitz
property. Since

(F(xap))l/Q = Qp((F(x,p) +p ®p)1/2)’ pE SN—l

with Q,(X) = R,xR,, R, = [—p®p/|p|?, this yields the Lipschitz property of (I'(z, p))*/2.
O

Summarizing these results, we conclude that F' in (3.6.16) satisfies the assumptions of
Corollary 3.6.6 if (i) or (ii) of Lemma 3.6.7 is fulfilled for I and (3.6.19)—(3.6.20) as well
as the Lipschitz continuity of 8 € C(2 x S¥~1) in x uniformly in p and 3 > By > 0 on
Q x SN~ with some constant (3.

Remark 3.6.8. It seems to be nontrivial to allow spatially inhomogeneity in the second
order term for (BCP) if the singularity at Vu = 0 in (3.1.1) is very strong so that (F3) is
violated. We consider the level set equation of V' = ((a(z))*H)3, where a € C*(£2) such
that infga > 0. It is of the form

ug + F(x, Vu, Vi) =

with
F(z,p,X) = —[G(z,p, X)]*/|p]*, G(2,p, X) = trace((al) X (aI)).

We argue as in the proof of Theorem 3.6.4. for f(n) =n° € F to obtain (3.6.13) with the
estimate
Xo O
—3ul < ( o0 v, ) <3ud, p=aKi(pa).

This relation yields
G (Yo Qs Ya) = G(Tas Ga, Xa) > —Npla(za) — a(ya)]*.

It also yields
|G(Za, 4oy Xa) | |G (Yo Gas Ya) | < CLE1(pa).

Since
F(r,p,X) = F(y,p,Y) = ™ |2{G(m 0, X)) + Gz, p, X)G(y,p,Y) + (Gy, p, Y))*}
X{G(y,p7Y> - G(%,p,X)},
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plugging Z, Yo, Xa, Ya, ¢o yields

Kl(ﬂa)2 2
(F(pa))?"™

if a in Lipschitz continuous. Here C; and C5 are constants independent of «. For the
choice of f we see f"(n)n?/30 = f'(n)n/5 = f(n) so aKi(pa)pa — 0 as a — oo since
af(pa) — 0. However, there is no control on Ki(pa)/qas 1/pa as o — 00 so it is not clear
that the right hand side of (3.6.22) tends to zero as a — 0.

F(Za,qas Xa) = F(Wa, a, Yo) > —aCoy K1 (pa) (3.6.22)

3.7 Boundary value problems

We consider the boundary value problem

ug + F(x,t,u, Vu, Vu) =0 in Q=Qx(0,7T), (3.7.1)

B(z,Vu)=0 on S=002x(0,7T). (3.7.2)

When € is convex with C? boundary 92 and (3.7.2) is the homogeneous Neumann bound-
ary condition i.e., B(x,p) = (v(x),p), where v is the outward unit normal of 02, it is
easy to state a condition to guarantee the comparison principle:

(BCPB) Let u and v be sub and supersolutions of (3.7.1)—(3.7.2) in  x (0,7'), where
) is bounded. If —oc0 < u* < v, < o0 at t =0, then v* < v, in Q.

Theorem 3.7.1.  Assume that Q is a convex domain with C? boundary in RY. Assume
that F' is independent of . Assume that (F1)-(F3) and (F'4) holds. Then the comparison
principle (BCPB) holds. If we assume (F3’) instead of (F3), then (BCPB) is still valid
(by replacing solutions by Fq-solutions) provided that Fq is invariant under positive
multiplication.

By Lemma 3.1.3 this result yields:

Corollary 3.7.2.  Assume that ) is a convex domain with C? boundary in RY. Assume
that F is independent of x and r. Assume that F : [0,T] x (R \ {0}) x S¥ — R is
continuous and degenerate elliptic. Then (BCPB) holds if F' is geometric.

Proof of Theorem 3.7.1.  To simplify the presentation we give a proof when F' is also
independent of r.

We first construct a ‘barrier’ of the boundary. Let d(z,02) be the distance of z and
the boundary 99. As well-known d(z,992) is C? near 952 for x € §; see e.g. D. Gilbarg
and N. Trudinger (1983) [Lemma 14.16]. We set b(z) = —d(x, 0f2) near 02 and extend
to Q in a suitable way so that b € C%(Q) and b < 0 in Q. Clearly b fulfills v(z) = Vb(z).
We set g(z) = b(x) — infg b so that g > 0 in Q.

We argue in the same way in the proof of Theorem 3.1.1. Let z, = (%, ts, Y0, So) €
Q@ x @ be a maximizer of w — ¢,. We invoke the assumption that u < v at ¢ = 0 and
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observe that t, > 0, s, > 0 for large o, say o > ap, 3 > . The main difference from the
proof of Theorem 3.1.1 is that x, and y, may be on 0f2.

We devide the situation into two cases following Remark 3.4.3. We fix a > «g and
suppress the subscript a.

Case 1.  For each r > 0 there is 5, — oo (as 7 — 0) and a maximizer zg, of w — g,
in Q. X W, such that |zs, — yg,| < r, where z5 = (23,15,Ys, 55) and Q.. = Q x (0,77
Since

We first fix r and denote (3. simply by .

(w —wp)(x,t,y8,58) < (W —@p)(73,3,Ys, 55)
for (x,t) € Q.., we see
max(u — ") = (u—*)(zs,tp)
if
ot (x,t) = af |z — yg|) + Bt — s5)* + 1.

Our goal is to prove
i (w5,t5) + Flts, oV, f(Ip), aVof(lpl) <0 at p=py (3.7.3)
if pg :== 25 —yp # 0 and
i (25,t5) = 2B(ts — s5) +7 <0 (3.7.4)

if ps = 0. Since u is a subsolution in (), this is clear if 3 € 2. So we may assume that
zg € 02. We modify ¢ to

ot =t + fllz —xp)) + |t — ts)°

so that u — ¢t takes a strict maximum at z = zg. We set ¢f = ¢t + 0b. By the
convergence of maximum point (Lemma 2.2.5), there is a maximizer (2°,#°) of u — ¥ in
@ converging to (zg,tg) as d | 0.

If y5 # 23, then Vi (2°,¢°) # 0 for small § > 0. If 2° € 99, then

(v(2%), Vit (a?)) 2 0
since Q is convex; we suppress t° since Vo does not depend on t. Since (v(z), Vb(z)) = 1,

this implies
(v(2°), Vg (2°)) > 6 >0 (3.7.5)

We recall Definition 2.3.7 with ¢ = ¢ near (xg,tg). The estimate (3.7.5) guarantees that
o+ F(t°, Vg, Vipf) <0 at (2,1 (3.7.6)

even if 2° € 9. Sending § — 0 we obtain (3.7.3).
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If y5 = 23, then there might be a chance that Vi (2°,1°) =0 i.e.
(a+ D)V, f(jz —ys|) +0Vb(z) =0 at x=2°.

Since b = —d(x,09Q) near 92, such z° is of the form 2° = x5 — C(§)v(rs) with some
C(6) > 0 for small 6. In other words z° lies on the line through x5 with direction
—v(xg). Let 6 be a strictly concave, increasing C* function on [0, co) satisfying 6(0) = 0,
6(C(d)) = C(9). For a suitable choice of such 6 (depending on 0)

u— @ +00(—b)

takes its maximum at some (€2, 7%) — (x4,t5) as § — 0 and that V@t (a0) # 6VO(—b)(29)
since f is strictly convex. In a similar argument to obtain (3.7.6) we obtain (3.7.6) at
(€°,7°) even if &2 € 9Q. Sending § — 0 yields (3.7.4).
We observe that
min(v — =) = (v = ¢7)(yp: 5)

ok

with ¢~ (y,s) = —af(|Jzg — y|) — B(ts — s)* — vs. We argue in a similar way to obtain

¢y (ys: 58) + F(s5,aVpf(Ip]), —aVyf(Ip)) 20 at p=ps (3.7.7)

if pg # 0 and
1 (Ys sp) = 20(tg — sg) =7 =2 0 (3.7.8)

if ps =0. If pg =0, (3.7.4) and (3.7.8) yields a contradiction 2y < 0 so we may assume
that pg # 0. Subtracting (3.7.7) from (3.7.3) and sending » — 0 so that pg, — 0 (since
|ps.| <), we obtain a contradiction 2y < 0.

Case 2.  Then is o > 0 such that for sufficiently large 8 any maximizer zg of w — ¢g
in Q.. X Q. satisties |z5| > 1o.
We define Ug;s by

\Ilﬁé(xatayv S) = (I)ﬁ(xvt7ya 5) - 5(9(1‘) + g(y))

for § > 0. Let 2 = (2,%,9, ) be a maximizer of Wgs on Q x Q. Clearly, sup, Vs T sup, @5
as 0 | 0, so as in §3.4 for sufficiently small §, say § < do(3), we see that 2 € Q. X Qs
and | — g| > ro. (Note that Z depends on (§ and 9.)

Since W5 = w—0(g(x)+9(y)) — ¢ps attains its maximum at 2 over Q. X Q., we apply
Theorem 3.3.3 with k =2, Ny = No = N1+ 1, Z1 = Z9 = Qu, L =2 to w — p = Vg,
Then we conclude as in the proof of Theorem 3.1.1 and 3.1.4 (Case 2), that for each
A1 > 0 there is X, Y € S such that (3.4.11) holds and

(Y + 1, pu + OV g(2), X + 6Vg(2)) € P u(i, ), (3.7.9)
(=7 + @i, By — 6V g(0), Y — 6V%g(9)) € Py v(i), 5). (3.7.10)

Since |z — g| > ro for small §, ¢, +Vg(z) # 0, —¢, — IVg(y) # 0.
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If z is on the boundary, because of the presence of g and the convexity of the domain
(br +6Vg(2), v(z)) 20 > 0.
Thus the alternate requirement B < 0 in Definition 2.3.7 is not fulfilled. So (3.7.9) implies
v+ @+ F(t, ¢p +0Vg(2), X +6V?g(2)) <0 (3.7.11)
either for z € Q or & € 0f) since u is a subsolution in Q,,. Similarly for y € 02
(=¢py —0Vg(9),v(y)) < =0 <0
so (3.7.10) yields
—7 + @i+ F(3, =9, = Vg(),Y = 0V?g()) = 0 (3.7.12)

since v is a supersolution. Subtracting (3.7.12) from (3.7.11), we send 6 — 0 and then
send 3 — oo to get a contradiction 2y < 0 as in the proof of Theorem 3.1.4 Case 2. We
omit the detail. O

Remark 3.7.3 There are several directions of extension of Theorem 3.7.1 by removing
the convexity or handling more general boundary condition. However, all such extensions
so far exclude very singular equations and forced to assume (F3). We give a typical result.

Theorem 3.7.4  Assume that Q) is a bounded domain in R with smooth boundary.
We consider the level set mean curvature flow equation with the prescribed contract angle
boundary condition (in §1.6.1), i.e.,

ut—Au+Z%u%%:0 in Qx(0,7)
Ju 4 2|Vul =0 on 90 x(0,T)

with a smooth function z = z(x) satisfying supyq |2| < 1. Then (BCPB) holds.

The level set mean curvature flow equation can be extended to (1.6.10) provided that
B e CHSN=1) and v € C*(SYV™!) so that the assumption (i) of Lemma 3.6.7 is fulfilled.
We do not give the proof of Theorem 3.7.4 because it is very technical. The reader is
referred to papers of H. Ishii and M.-H. Sato (2001) and G. Barles (1999) for more general
results as well as the proof of Theorem 3.7.4.

3.8 Notes and comments

A version of comparison principles for viscosity solutions was first proved by M. G. Cran-
dall and P.-L. Lions (1983) and then by M. G. Crandall, L. C. Evans and P.-L. Lions
(1984) for first-order equations. Some comparison principles were proved for a special
second order equations called Hamilton-Jacobi-Bellman equation by P.-L. Lions (1983),
(1984) by ad hoc stochastic control method. However, a general theory for the second
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order equations (even without singularity) remained open for quite a while until R. Jensen
(1998) developed several key ideas to overcome difficulties. Then H. Ishii (1989a) extended
the theory to include more examples by introducing matrix inequalities of the general form
(3.3.7); see also H. Ishii and P.-L. Lions (1990). A maximum principle (Theorem 3.3.2)
for semicontinuous functions is due to M. Crandall and H. Ishii (1990). This work also
introduced the notion of semijets J2* and 7. For more detailed information of the
development of the theory for comparison principles the reader is referred to the User’s
Guide by M. G. Crandall, H. Ishii and P.-L. Lions (1992). See also B. Kawohl and N.
Kutev (2000) for further examination of structures of equations.

A level set equation has a sengularity at Vu = 0 if it is second order. For such
an equation comparison principle was first proved by Y.-G. Chen, Y. Giga and S. Goto
(1991a) and independently by L. C. Evans and J. Spruck (1991) (for the level set mean
curvature flow equation). Theorem 3.1.1 under (F3) is due to Y.-G. Chen, Y. Giga
and S. Goto (1991a). The results were extended to unbounded domains and spatially
inhomogeneous problems by Y. Giga, S. Goto, H. Ishii and M.-H. Sato (1991) which
adjusts elliptic version by M.-H. Sato (1990) to parabolic one. This work includes Theorem
3.1.4 under (F3). The extension to very singular equations (without (F3)) was established
by S. Goto (1994) and by H. Ishii and P. E. Souganidis (1995) for geometric equations.
The methods are different and the former work seems to be limited to bounded domains
while the latter work applies to general domains. Also the latter work introduced the
notion of F-solution and it is not limited to geometric equations. In fact M. Ohnuma and
K. Sato (1997) extended their theory to non geometric equations. When F' is independent
of t, Theorem 3.1.4 without (F3) is due to M. Ohnuma and K. Sato (1997) and Corollary
3.1.4 without (F3) is due to H. Ishii and P. E. Souganidis (1995).

Contents of §3.2.1 is essentially taken from User’s Guide with spetial attention to
parabolic semijets. Extension of solution defined in ©Q x (0,7) to ©Q x (0,7] is often
important. It is stated in several papers including Y.-G. Chen, Y. Giga and S. Goto
(1991b) and H. Ishii and P. E. Souganidis (1995) (for F-solutions). Remaining results in
§3.2.2 are taken from the work of Y.-G. Chen, Y. Giga and S. Goto (1991b).

The contents of §3.3.1 is essentially taken from User’s Guide except Theorem 3.3.3
that is very useful to handle parabolic problems. The proof of Theorem 3.1.1 is more
transparent than the original proofs under (F3) of Y.-G. Chen, Y. Giga and S. Goto
(1991a) and L. C. Evans and J. Spruck (1991) since during their researches Theorem
3.3.2 was not available. The proof of Theorem 3.1.4 without (F3) is slightly different from
H. Ishii and P. E. Souganidis (1995) or M. Ohnuma and K. Sato (1997) since F' depends
on t. Even under (F3) it is different from that of Y. Giga, S. Goto, H. Ishii and M.-H. Sato
(1991) since we rather use Theorem 3.3.3 instead of usual parabolic version of maximum
principle (due to M. Crandall and H. Ishii (1990)).

The Lipschitz preserving property is clear if F' is spatially homogeneous, i.e. F' is
independent of . The convexity preserving property is more difficult to obtain. When F
satisfies (F3) and is independent of ¢, this property was first proved by Y. Giga, S. Goto,
H. Ishii and M.-H. Sato (1991) by adjusting idea of H. Ishii and P.-L. Lions (1990) for
singular equations. A statement similar to Theorem 3.5.2 is stated by H. Ishii and P. E.
Souganidis (1995) without proof when F'is independent of time. We here give a complete
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proof.

When F' depends explicitly on the spatial variable z it is hard to state the results in a
simple way. When z-dependence appears in fitst order terms, it is relatively easy to state
(Theorem 3.6.1). Although this is not explicitly stated in the literature without assuming
(F3), the proof seems to be standard. When z-dependence appears in top order term,
Theorem 3.6.4 is considered as a variant of comparison results of Y. Giga, S. Goto, H.
Ishii and M.-H. Sato (1991) and of G. Barles, H. M. Soner and P. E. Souganidis (1993).
Even for nonsingular equation the power 2 of u|z — y[* in (3.6.8) is optimal in the sense
that we cannot replace p|z — y|?> by p|lr —y|* with k < 2(k > 0). This is already pointed
out by H. Ishii (1989a) [Theorem 3.3]. As mentioned in Remark 3.6.8 it is nontrivial to
extend spatially in homogeneity in the second order term when (F3) is violated.

Boundary value problems. The Neumann type boundary problem, i.e. B(x,p) =
(v(z),p) was proposed for viscosity solutions first by P.-L. Lions (1982) and established a
comparison principle for first order equations. It was extended to second order equations
with more complicated boundary condition by G. Barles (1993) and by H. Ishii (1991)
including oblique type boundary conditions, when the equation has no singularities at
Vu = 0. The first work for singular equation was done by M.-H. Sato (1994), where
he proved Theorem 3.7.1 under (F3). Extention to F-solutions seems to be nontrivial
from his proof so we provide a detailed proof. Under (F3) the convexity assumption
on domain was successfully removed by Y. Giga and M.-H. Sato (1993) at the expense
of restricting a class of F. Later, this result was generalized to oblique type problem
where B(z,p) = (v(x),p) + z|p| with a constant z € (—1,1) by M.-H. Sato (1996) when
the domain is a half space. For a general domain and a general boundary condition
B(x,Vu) = 0 the comparison principle has been proved by G. Barles (1999) and H.
Ishii and M.-H. Sato (2001) by a different method and for a different generality. Such a
comparison principle is useful not only to the level set method itself but also to stability
analysis of stationary solution as presented in S.-I. Ei, M.-H. Sato and E. Yanagida (1996).

Level set anisotropic mean curvature flow equation. When we consider the
level set equation (1.6.10) of general evolution equation of isothermal interface (1.5.2),
our theory in this Chapter requires at least C? regularity of the interfacial energy v on
SN=1 as mentioned in §3.1.3. In applied problems if is sometimes too restrictive. There are
several extensions to relax regularity assumptions on . For example, M. E. Gurtin, H. M.
Soner and P. E. Souganidis (1995) and M. Ohnuma and M.-H. Sato (1993) independently
relax the assumption in the way that V+ is Lipschitz but may not be C! in a finitely
many points on S' when N = 2. See also Y. Giga (1994), for a comparison principle of
graph-like solutions. There is also higher dimensional extension by H. Ishii (1996).
When v is not C!, the equation has nonlocal nature. A typical example is the case
when Frank diagram of v is a convex polyhedra. When N = 2 such energy is called
crystalline and in this case the evolution law is not expected to be local. Nevertheless,
when N = 2, a comparison principle has been established by introducing appropriate
notion of viscosity solutions by M.-H. Giga and Y. Giga (2001); for announcement see
M.-H. Giga and Y. Giga (1998b). The theory developed there establishs the level set
method as well as several convergence results. In particular it provides the convergence of
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crystalline algorithm and asserts that crystalline flow is obtained as a limit of motion by
smooth approximated interfacial energy as discussed in M.-H. Giga and Y. Giga (2000).
See also K. Ishii and H.-M. Soner (1999) for convergence of crystalline algorithm for curve
shortening equation. Such convergence results were first proved by P. M. Gigao and R.
V. Kohn (1994) and T. Fukui and Y. Giga (1996) for graph-like functions. For curve
shortening equation P. E. Girao (1995) proved the convergence for convex curves; see also
a review of P. E. Girao and R. V. Kohn (1996). The crystalline motion was first proposed
by S. B. Angenent and M. E. Gurtin (1989) and independently by J. Taylor (1991).

The theory of M.-H. Giga and Y. Giga (2001) is based on the corresponding theory
for graph-like functions developed by M.-H. Giga and Y. Giga (1998a), (1999). An idea of
converting the problem to that of graph-like functions may be useful to analyse geometric
equations. For the background of these materials the reader is referred to a review article
of Y. Giga (2000) and references cited there as well as recent development of the theory.
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Chapter 4

Classical level set method

We introduce a notion of generalized solutions for surface evolution equations which tracks
the evolution after singularities develop. For this purpose we solve the level set equations
(Chapter 1) globally in time in the sense of viscosity solutions developed in Chapters 2
and 3. We also prove that each level set of solution is determined by the corresponding
level set of initial data and is independent of choice of initial data for solutions of level set
equations. This uniqueness of level set is fundamental to define a notion of generalized
solution by a level set of solutions of level set equations. We also study various general
properties of solutions. In particular we explain what is called fattening phenomena;
a level set of solutions of the level set equations may have interior point even if the
corresponding level set of initial data has no interior points.

4.1 Brief sketch of a level set method

We consider a surface evolution equation of the form
V =f(z,n,Vn) on I}, (4.1.1)

where f: RN x [0,7] x E — R is a given function as in Chapter 1. Here E is a bundle
defined by
E = {(p,Q,(X)); pe ¥ 1, X € 8V},

where Q,(X) = ({ —p®p)X (I —p ® p) for unit vector p. Examples of surface evolution
equations including the Hamilton-Jacobi equations, the mean curvature flow equation and
its anisotropic version, trancated Gaussian and symmetric curvature flow equation, the
affine curvature flow equations enjoy at least following two properties

(f1) (Continuity) f: RN x [0,7T] x E — R is continuous
(f2) (Degenerate ellipticity)

f(z,0,@p(X) < f(2,0,Qp(Y))  whenever @p(Y) = Qp(Y).

In this book we consider (4.1.1) satisfying (f1) and (f2) i.e., continuous and degenerate
parabolic surface evolution equations. We associate the level set equaton of (4.1.1):

us + F(z, Vu, V2u) = 0, (4.1.2)

151
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where F' is given by

F(z,p, X) = —plf(z, —p, —Qs(X)/Ip|), p=p/Ip. (4.1.3)

We would like to solve (4.1.1) with given initial hypersurface globally in time with
aid of the level set equation. Our level set method is summarized as follows. To simplify
the argument we assume that I'; is a compact hypersurface (without boundary) so that
Iy = 0D, for some bounded open set in RV .

1. Imitial auxiliary function. @ We take an auxiliary function ug which is at least
continuous in RY such that

[y = {z € RN, up(x) = 0}, Dy = {x € RN, up(x) > 0}. (4.1.4)

The assumption that wug is positive in Dqy gives the orientation of I'y. Formally, outward
unit normal from Dy equals n = —Vug/|Vug| by this choice of uy. For convenience we
often arrange that ug equals a negative constant —a outside some big ball.

2. Global unique solvability of level set equations.  We solve (4.1.2) with initial
data u(z,0) = ug(z) globally in time in the sense of viscosity solutions.

3. Level set solution. For the global solution u of (4.1.2) with initial data ug we set

I'={(z,t) € RN x[0,T); u(x,t) =0},
D = {(x,t) € RN x [0,T); u(z,t) >0}

and expect that the cross-section

I(t)={z € RY; (2,t) €'},
D(t) = {z € R"; (,t) € D}

is a kind of generalized solution. (The orientation n of I'(¢) is formally taken so that
it is outward from D(t) and n = —Vu/|Vul|.) The sets I' and D are a kind of weak or
generalized solutions with initial data I'y and Dy. Since (4.1.2) is invariant in addition of
a constant, the value zero in the definition of D and I' may be replaced by other value c,
of course.

Step 1 is easy to be implemented by taking

up(z) = max(sd(z,0Dy), —1),
where sd denotes the signed distance of 0D, defined by

| dist(z,0Dy), x€ Dy
sd(x,0D,) = { —dist(z,0Dy), x ¢ D.

The global solvability of Step 2 is one of main topic of this Chapter. Actually, Step 2 is
implemented with aid of theory of viscosity solutions. Since our definition of I and D in
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Step 3 is extrinsic, to see that our definition is well-defined, we should check that I" and D
are determined by I'g and Dy respectively and independent of the choice of ug satisfying
(4.1.4). We call this part of problem as “uniqueness of generalized evolutions” by naming
that I' and D are generalized evolutions. In the next section we discuss the problem of
uniqueness of generalized evolutions.

We conclude this section by giving rigorous definitions of generalized evolutions. There
are at least two ways to define. The first one only applies evolution of bounded sets (or
its complement) so it is rectrictive. However, the proof for the uniqueness depends on
comparison principle (BCP) in a bounded domain other than the invariance (Theorem
4.2.1) and it is in structive. The second one is very general but we need the comparison
principle in RY and the global solvability for (4.1.2) to prove the uniqueness of the
generalized evolutions. Moreover the proof is not intuitive. We only give the proof for
the first one in §4.2 and postpone the proof for the second one in §4.3.

Definition 4.1.1. Let Dy be a bounded open set in RY. An open set D in Z =
RN x [0,T) is called a (generalized ) open evolution of (4.1.1) with initial data Dy if there
exist a (Fgrn-)solution u € K,(Z) of (4.1.2) in Z that satisfies

D ={(z,t) € Z;u(x,t) >0}, Dy = {x € R;u(x,0) > 0},

for some o < 0, where K,(Z) denotes the space of all real-valued continuous function u
on Z such that u = « outside Bg(0) x [0,T) for some R > 0.

Let Fy be a bounded closed set in RY. A closed set E in Z is called a (generalized)
closed evolution of (4.1.1) with initial data Ej if there exists a (Fgrw-)solution u € K,(2)
of (4.1.2) in Z that satisfies

E={(z,t) € Z;u(x,t) > 0}, Ey = {x € RY, u(x,0) > 0}

for some o < 0. If Ey = Dy, the set E\D =T is called a (generalized) interface evolution
of (4.1.1) with initial data I'g = Ey\ Dy.

Definition 4.1.2.  We replace K,(Z) by BUC(Z) to define generalized evolutions for
arbitrary open and closed sets in Z. Here BUC(Z) denotes the space of all bounded
uniformly continuous functions. By definitions if D is an open evolution of (4.1.2) with
initial data Dy in Definition 4.1.1, it should be so in the sense of this definition since

Ko(Z) C BUC(Z).

Remark 4.1.3. We are tempting to use the word ‘level set solution’ to describe
‘generalized evolution’. The reason we did not use this word is that we use ‘level set
solution’ in Chapter 5 in a different sense although it turns out both notions are equivalent
(Proposition 5.2.8 and Remark 5.2.9). We often suppress the word ‘generalized’. The
word ‘evolution’ to describe D and E was used by S. Altschuler, S. Angenent and Y. Giga
(1995).
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4.2 Uniqueness of bounded evolutions

We shall study whether level set solutions D and E are determined by Dy and FEj respec-
tively and are independent of choice of an auxiliary function w.

4.2.1 Invariance under change of dependent variables.

We first study special invariance of geometric equations. As observed in §1.6.4 if u solves
a geometric equation so does 0(u) for any 6 with 8’ > 0 at least formally. We state this
property in a rigorous way.

Theorem 4.2.1. (Invariance) Assume that F: Wy = Q x [0, T] x (RV\{0}) xSY¥ — R
is continuous and geometric, where € is an open set in RN. If u is an Fq-subsolution
(resp. Fq-supersolution) of

w + F(z,t,Vu,V2u) =0 in Q=Qx(0,T). (4.2.1)

Then the composite function 6 o u = 6(u) is also an Fq-subsolution (resp. Fq- superso-
lution) of (4.2.1) provided that 6 : R — R is continuous and nondecreasing. One may
weaken the assumption on continuity of 6 by uppersemicontinuity (resp. lowersemiconti-
nuity) with values R U {—o0} (resp. RU {+00}).

To prove this result we need invariance of class C% under change of dependent variables.

Lemma 4.2.2.  Assume the same hypothesis of Theorem 4.2.1 concerning F' and (2.
(i) Ifg € Fo and 0 : R — R is C* with 6 > 0, 6" > 0 everywhere, then 6 o g € Fq.
(i) If p € C%(Q), then § o p € C%(Q) for any 6 € C*(R) with §' > 0.

Proof. (i) Since F is geometric, for f = 6 o g and g we see by (3.1.2) (in the proof of
Lemma 3.1.3)

F(e,V, /(o) £V2f(p)) = 'fj’) Flz,p, 1),

F(z,Vyg(p), £V29(p)) = gll(gp) F(z,p,+1)

for p = |p| > 0. Since f'(p) = 0'(g(p))d’(p), the preceeding two formula imply that

lim sup |F(2,V, f(p), V5 (p))| = 0

p—=0 2
if the same formula holds for g instead of f. Other conditions f(0) = f'(0) = f”(0), f"(r) >
0 for r > 0 follows from ¢ > 0,6” > 0 and the corresponding properties for g.

(ii) This can be proved independent of (i). We set 1) = 6 o p. We note that Vp(z) =0 is
equivalent to Vi(z) = 0 since 6’ > 0. Thus it suffices to check the behaviour of 1) near
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point Z where Vip(2) = 0. We may assume that 0(0) = 0,¢(2) = 0,¢:(2) = 0. Our goal
is to prove

W) < flw = al) +wi ([t —1])

A

as z = (z,t) — 2 = (2,t) in Q for some f € Fq and wy with wi(0)/oc — 0 as ¢ — 0,
w1(0) = 0. Since p € C%(Q), there is g € Fo and w; with wy(c)/oc — 0 as ¢ — 0 with
w1(0) = 0 such that
o(2)] < g(lw — 2[) + (|t — 1)
as (z,t) — (,%) in Q. This implies
(=) = 10 0 (2)] < 0(g(|lz — ) + @i (|t - {]).
Since #(0) = 0 and #'(0) = v > 0, the right hand side is dominated by
2vg(|w — ) + 29w (|t — 1))

for (z,t) close to (#,1). Since ag € F, this yields the desired estimate for [¢(2)| with
f=2vg, w1 =2yw,. O

Proof of Theorem 4.2.1.  We may assume that Fq is not empty. The property (0 o
u)*(2) < oo for z € @Q is trivial since u*(z) < oo for z € Q.

1. We first discuss the case when § € C?(R) and # > 0 everwhere. Assume that
0 € C2(Q) and z = (x,t) € Q satisfies

mgx(& ou—p)=0(u(z)) —p(z) =0.

Since # € C? and ¢ > 0 the inverse function h = 67! is also C? and A’ > 0. By definition
méix(u — ) =u(z) —¢(z) =0, (4.2.2)

where 1) = h o p. By Lemma 4.2.2(ii) ¢ = ho ¢ € C%(Q); we do not use Lemma 4.2.2
(i). If Vy(z) = p # 0, geometricity of F' implies that
F(2,V(2), V*(2)) = F(2, jp, nX + op ® p) = puF(z,p, X),

where X = V2p(2), p = I (p(2)), 0 = h'(p(2)). Since u is a subsolution of (4.2.1), it
follows from (4.2.2) that

o 2
0 > =-(2) + F(z, Vib(2), V2(2))

= h’(@(z)) <aaf( )+ F(Z VQD( ) V2§0(z)> >

which implies the condition for subsolution when Vp(2z) =p # 0. If Vy(z) = p = 0 then
V(hoy)(z) = 0. Since u is an F-subsolution, we see

o ) dyp
0> (%() R (p(z ))Ot()
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so 0 o u is now an F-subsolution.

2. For general  we take an approximate sequence 6, € C?(R) with 6/ > 0 such that
6 = limsup® d,,; then existence of such a sequence is guaranteed in Lemma 4.2.3 below.
Since u, = 0, o u is an F-subsolution and (6 o u)* = limsup” u,,, the stability result
(Theorem 2.2.1) in Chapter 2 implies that u is an F-subsolution.

The proof of supersolution is symmetric so is omitted. O

Lemma 4.2.3. Let 8 be an upper semicontinuous nondecreasing function defined
on R with values in R U {—oo}. Then there is a smooth 6, with 8, > 0 such that
0 = limsup*6,,. If § : R — R is moreover continuous, the sequence 0,, can be arranged
so that 6, converges to 6 uniformly in R.

Proof. 1. We approximate 6 by nondecreasing piecewise linear functions. We may
assume that 6 # —oo since otherwise 6,,(t) = —m + t/m gives a desired sequence. Let [
be the infinite interval such that

I'={teR, 0(t) > —o0}.
For an integer 5 and positive integer m we set

o™ =inf{t € I; 0(t) > j/k}

J

with convention that agm) = +oo0 if there is no element ¢ € I that satisfies 6(¢) > j/k. Since
0 is nondecreasing, a§m) < agﬂ for any integer j and positive integer m and {agm) 2 o

has no accumulation points in the interior of I. We divide into two cases depending on
whether or not 0(t) — —oc ast | v = inf I.
(i) (the case limy, §(t) = —oo) We take

Om(t) = (g +1)/m at t=d"™ el

where 7, is a number such that

i =max{l; o™ = ag-m)}.
We assign the value of ¥, for t # aém) such that 9, is continuous, piecewise linear (linear

outside {agm) 2 ) in I =(v,00). To extend ¥, outside I we set

min(—m, v, (t)) tel,

em(t)_{ —m tel.

Since limy, 0(t) = —00,6,,(t) is continuous, piecewise linear and nondecreasing. By
definition 1,, > 6, and if 0 is upper semicontinuous it is not difficult to see that

0 = lim sup™0,),.

m—00
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(ii) (the case limy, 0(t) = 8 > —oo) We set 9, as in (i) so that 1, is well-defined on
I =[y,00). We set
oo (1) = U (1) for t>~
M mt =)+ (i + 1) /m for t <7,

where j; = max{/; aém) = ~}. The function 6,, > 6 is continuous, piecewise linear and
nondecreasing. The convergence 6§ = limsup* 6,, is not difficult to prove. In both cases
(i) and (ii) we remark that the converge 6,, — 6 is uniform if # : R — R is continuous by
this construction.

2. We approximate the nondecreasing piecewise linear function 6,, by nondecreasing C*
function from above by mollifying 6,, near nondifferentiable points. We still denote C?
approximation of 6,, by 6,,.

3. We approximate the nondecreasing C? function 6,, by a C? function whose derivative
is always positive. We take a positive bounded C? function r on R whose derivative is
positive everwhere; a typical example of such an r is r(t) = Arctan ¢t + /2

Om(t) = O, (t) +1(t)/m

to get 8 = limsup* 6, and 6,,, > #. This 6,, € C*(R) now satisfies # (t) > 0 for all t € R.
We thus obtained the desired sequence. Again if ¢ : R — R is continuous the convergence
0,, — 6 is uniform which is inherited from Step 1. O

Remark 4.2.4.  The invariance property stated in Theorem 4.2.1 is easily extended
to more general geometric equations including boundary value problems. We shall state
these results without proof since the proofs are essentially the same as that of Theorem
4.2.1.

Theorem 4.2.5. (Invariance for general equations) Let F(z,-,-) be a real-valued func-
tion defined in a dense set of W of R? x S? for z € O, where O is a local compact subset
R?. Assume that the equation

E(z,Du,D*u) =0 in O (4.2.2)

is geometric in the sense of Definition 1.6.13. If u is a subsolution (resp. supersolution)
of (4.2.2) in O, then 0 ou is also a subsolution (resp. supersolution) if f is nondecreasing,
uppersemicontiuous (resp. lowersemicontinuous) on R with values in R U {—o0} (resp.
R U {+o0}).

This results applies to level set equations for surface equations with boundary condi-
tions. For boundary value problems of very singular equations we also get invariance by
interpreting solution by F-solutions in Definition 2.3.7.
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4.2.2 Orientation-free surface evolution equations

As we already observed in Chapter 1, there are a class of surface evolution equations
invariant under the change of orientations of hypersurfaces. Such as surface equation
is called orientation-free which is rigrously defined in Definition 4.2.6 below. Examples
include the mean curvature flow equation. For such a class of equations we shall show
that # o u is a solution if w is a solution without assuming that 6 is nondecreasing in
Theorem 4.2.1, (where 6 is assumed to be continuous).

Definition 4.2.6. If f in (4.1.1) fulfills

f(z,=p, =Qp(X)) = = f (2,0, Qp(X)) (4.2.3)

for all z € RN x [0, 7], (p, Q,(X)) € E, the equation (4.1.1) is called orientation-free. It
is clear that this condition is equivalent to the property

F(z,—p,—X)=—-F(z,p,X) (4.2.4)

for all z € RN x [0,T], p € R¥\{0}, X € SV where F is in (4.1.3). So if (4.2.4) holds for
geometric F'| then the equation (4.2.1) is also called orientation-free.

Theorem 4.2.7.  Assume the same hypothesis of Theorem 4.2.1 and 2. Assume that
(4.2.1) is orientation-free. If u is an Fq-solution of (4.2.1), then so is 6 o u provided that
0 : R — R is continuous.

Proof. 1. We suppress the word Fg in the proof. We first note that (6 o u)* < oo
and (0 o u), > —oo since —00 < u, < u* < +00. By (4.2.4) and definition of sub- and
supersolutions we see that —wu is a subsolution (resp. supersolution) if u is a supersolution
(resp. subsolution).

2. By Theorem 4.2.1 and Step 1 # o u is a solution if § : R — R is continuous and either
nondecreasing or nonincreasing and v is a solution.

3. For general continuous # we may assume that u is bounded on @ = Q x (0,7"). Indeed,
for a given M > 0 by Theorem 4.2.1 up; = oy o u for opy(t) = ELAM)V (=M) is a
solution if u is a solution. If O(uy,) is a solution, so is §(u) by stability principle (§2.2.1)
since f(u) is given as a limit of O(uy) as M — oo.

4. We approximate ¢ by a polynomial 6, uniformly on [-M — 1, M + 1] by Weierstrass’
approximation theorem. Thus again by stability principle we may assume that 6 is a
polynomial on [—-M — 1, M + 1].

5. Since 0 is polynomial there are only finite number of local maximizers and minimizers of
6 in (—M —1, M +1). We may assume that 6 has either a maximizer or a minimizer since
otherwise # is either nondecreasing or nonincreasing. By the symmetry of the argument
we may assume that 6 has a maximizer in (—M — 1, M + 1). For given m we trancate 0
near a maximizer r; we set

O (t) = min(0(t),0(r) — 1/m)
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for all t € (s_,sy), where (s_, sy) is a maximal interval where 6 takes no local maximum
or minimum in (s_, s;) other than at ¢ = r. Similarly, we also trancate 6 near a minimizer
r by the value (r)+1/m and define new 6,,,. Our 6, has the property that 6,, is constant
on some closed interval where 6,, takes either local maximum and minimum at least for
sufficiently large m. Again by stability principle we may assume that 6 is constant on
some closed interval where 6 takes either local maximum and minimum and number of
such intervals are finite in [—M — 1, M + 1].

6. Assume that |u| < M and 6 is the trancated function obtained at the end of Step 5.
Assume that
max(f ou — ) = (ou — ¢)(i,1)

for some (#,1) € Q and ¢ € C%(Q). By the choice of @ the function 6 is either nonde-
creasing or nonincreasing in a neighborhood [ — 24, 4 + 2§] for some small 6 > 0, where
@ = u*(&,1). By invariance (Theorem 4.2.1)

us = (uA(u+0))V(t—9)

is also a solution. We modify 6 outside [¢ — §, 4 + d] to get a nonincreasing continuous
function 6 that satisfies § = 6 on [t — 8,1 + 0], since 0 o us = 0 o .

Step 2 implies that foug is a solution. Thus in particular we have the desired inequality
for ¢ at (&,t) for subsolution since

A

max(f o us — @) = (f ous — @)(,1).

We thus conclude that 6 o u is a subsolution. The proof for supersoluton is symmetric so
is not repeated. O

4.2.3 Uniqueness

In this subsection we prove the uniqueness of generalized evolutions defined in Definition
4.1.1. As we will see in §4.3, it is possible to prove the uniqueness of generalized evolu-
tions defined in Definition 4.1.2 and practically and logically speaking this is enough since
Definition 4.1.2 is more general than Definition 4.1.1. However, the uniqueness proof for
generalized evolutions in the sense of Definition 4.1.2 needs several properties of equations
including global solvability of (4.1.2) other than the comparison principle and the invari-
ance property. The proof for evolutions in Definition 4.1.2 is intuitive and instructive
and it only depends on the comparison principle in a bounded domain and the invariance
property (Theorem 4.1.2). So we present the proof here.

Theorem 4.2.8.  Assume that the level set equation (4.1.2) of surface evolution equa-
tion (4.1.1) (satisfying (f1)) has the comparison principle (BCP) in every ball. (This
implicitly assumes (£2).) Then there is at most one open (resp. closed) evolution of
Definition 4.1.1 for a given initial bounded open (resp. closed) set in RY.

For the proof we prepare an elementary fact for level sets.
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Lemma 4.2.9. Let Y be a closed set in RY. For ug,vy € C(Y) assume that the set
{up > 0}(={z € Y;uo(z) > 0}) is included in {vy > 0}. Assume that the boundary of
{ug > 0} is compact. (If {vg > 0} includes a neighborhood of infinity, we further assume
that liminfj, . vo(z) > 0 and that uy is bounded from above.) Then there exists a
nondecreasing function 6 € C'(R) such that 6(s) =0 (for s <0) and 0(s) > 0 (for s > 0)
and

uyg < fowvy in Y.

Proof.  We define 0 : [0,00) — [0, 00) by
0(c) = sup{uo(y) V0; y € V(o)}, V(o) ={y € Y; 0 <wy(y) <o}

We extend @ outside [0, 00) by zero and the extended 6 is still denoted 6. By definition 6
is nondecreasing and 1y < fowg in Y. Our assumption on vy implies that V(o) is compact
for small 0 > 0. Thus § — 0 as o — 0 since otherwise it would contradict the assumption
that ug(y) > 0 implies v(y) > 0 for all y € Y. By Lemma 2.1.9 there is a nondecreasing
function § € C'(R) that satisfies > @ in R and 6(c0) = (o) for ¢ < 0. This @ fulfills all
desired properties since # > 0 implies that ug < fovy < fovyinY. O

Proof of Theorem 4.2.8.  Let u € K,(Z) and v € Kz(Z) be solutions of (4.1.2), where
a, < 0. Assume that
DOZ{U0>0}:{U0>O}

where ug(z) = u(x,0), vo(x) = v(z,0) and that Dy is bounded. By Lemma 4.2.9 there
exists a nondecreasing continuous function ¢ : R — R such that 0(s) = 0 for s < 0,
0(s) > 0 for s > 0 and that ug < 6 o vy in RY. By the invariance (Theorem 4.2.1)
the function w := #ov € Ky(Z) is a solution of (4.1.2). By definition there is a ball
Bgr(0) such that w = 0 and u = « outside Bg(0) x [0,7). Since ug < 6 o vy implies that
u < w initially, the comparison principle (BCP) for Q@ = Bg(0) implies that © < w on
Bgr(0) x [0,T). It now follows that {u > 0}(= {(x,t) € Z;u(z,t) > 0}) is included in
{w > 0}. Since the two sets {w > 0} and {v > 0} agree with each other, {u > 0} is
included in {v > 0}. If we exchange the role of uy and vy, the opposite inclusion holds.
Thus we see D = {u > 0} is determined by Dy and is independent of the choice of uy.

The proof for closed evolutions is symmetric if we consider the complement set {—u >
0} of {u>0}. O

Remark 4.2.10. (Orientation-free equations) If the equation (4.1.1) is orientation-
free, then |u| solves (4.1.2) if u solves (4.1.2) by Theorem 4.2.7. Thus we may assume
that « > 0 in Definitions 4.2.1 and 4.2.1 to define a generalized interface evolution I' or
zero level set of u. If ' is bounded, then as in the same way to prove Theorem 4.2.8 we
see that the set {u > 0} is determined by {uo > 0} and is independent of the choice of
ug. In other words I' is uniquely determined by I'g = I'(0). Note that we do not need to
assume that I'y is contained in a boundary of some bounded set in this argument. (Even
if I" is not bounded, I' is determined by I'y once uniqueness for arbitary open evolutions
are established.)
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4.2.4 Unbounded evolutions

We now prove the uniqueness of evolutions in the sense of Definition 4.1.2 admitting the
global solvability of (4.1.2).

Theorem 4.2.10. Assume that the level set equation (4.1.2) of surface evolution
equation (4.1.1) satisfying (1) has the comparison principle (CP) in RY. Assume that for
given data g € BUC(RY) there is a solution w € BUC(Z) of (4.1.2) with w(z,0) = g(x).
Then there is at most one open (resp. closed) evolution of Definition 4.1.2 for a given
initial open (resp. closed) set in RY.

To show this statement we need the monotone convergence result stated below. By
a, 1 a (as m — oo0) we mean the convergence is monotone i.e. a, < a4 and
lim,,, . a,, = a, where a,,,a € R.

Lemma 4.2.11 (Monotone convergence).  Assume the same hypotheses of Theorem
4.2.10 concerning (4.1.2). Assume that ug,, T ug where ug,,, vy € BUC(RY). Let u,, and
u be the Fgn-solutions of (4.1.2) with initial data ug,, and uy respectively. Then u,, T u.

We postpone the proof of Lemma 4.2.11 is §4.6.

Proof of Theorem 4.2.10.  Let u € BUC(Z) and v € BUC(Z) be solutions of (4.1.2).

Assume that {ug > 0} = {vy > 0}, where uy(z) = u(x,0), vo(z) = v(x,0). Our goal is to

prove {u > 0} = {v > 0}. By the invariance (Theorem 4.2.1) uy = fowu,v; = fov where

0(o) = max(o,0) are solutions of (4.1.2) so we may assume that « > 0 and v > 0 in Z.
Form=1,2,--- we set

gm = U /\ MUy

and let w,, € BUC(Z) be a solution with initial data g¢,,; here the assumption of the
global solvability is invoked. Clearly, g,,(x) T uo(z) for all x € RY. By the monotone
convergence lemma (Lemma 4.2.11) we conclude that w,,(z) T u(z) for all z € Z as
m — oo. Since g, < mwvy in RY and mv is the solution of (4.1.2) (by the invariance)
with initial data muvy, the comparison principle (CP) yields that w,, < muv in Z.

Since wy,(2) T u(z) for z € Z, for a given point z € {u > 0} we see w,,(z) > 0 for some
m. Since w,, < muv, this implies v(z) > 0. Thus we have proved that {u > 0} is included
in {v > 0}. If we exchange the role of u and v the opposite inclusion holds. Thus the set
{u > 0} is determined by Dy = {uy > 0} and is independent of the choice of wy.

The proof the closed evolutions is symmetric as in §4.2.3. O

Remark 4.2.12.  For orientation-free equation thanks to Theorem 4.2.9 it is possible
to prove that each ¢-level set of solution of (4.1.2) is determined by its initial shape
independent of {u > ¢} and {u < (}.
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4.3 Existence by Perron’s method

We shall prove the existence of a global-in-time solution for the Cauchy problem of (4.1.2)
or (4.2.1) by Perron’s method developed in §2.4. For a € R let K,(R") be the space of
all real-valued continuous function that equals a outside some ball Bg(0).

Theorem 4.3.1.  Assume that F: RY x [0,T] x (RM\{0}) xSY = R (0 < T < 00) is
continuous and geometric. Assume that (4.2.1) with any ball (BCP). Assume that there
is ¢ € C(0,ro] with some constant ro > 0 that satisfies

Fla,t,p, £D)| < c(lpl) on RY x [0,T) x (B,,(0) \ {0}). (4.3.1)

Then for o € R and each ug € K,(RY) there exists a unique Fgn-solution u € K, (Z) of
(4.2.1) in RN x (0,T) with u(x,0) = ug(z) for all x € RN, where Z = RN x [0,T).

If F'is degenerate elliptic and independent of the spatial variables x, then (BCP) holds
(Corollary 3.1.2). Moreover, it is easy to check the existence of ¢ in (4.3.1); see the proof
of Lemma 3.1.3. Since the existence of initial (Lipschitz continuous) auxiliary function
up is clear (8§4.1), we see that level set solutions exists globally for (4.1.1) satisfying (f1),
(f2) provided that f is independent of z.

Corollary 4.3.2.  Assume that f : [0,7] x E — R satisfies (f1) and (f2) with T < oc.
Then for each bounded open (resp. closed) set Dy (resp. FEy) there exists a unique
bounded open (closed) evolution D (resp. E) of (4.1.1) with initial data Dq (resp. Ej).
(The sets D and E are considered as a subset of Z = RN x [0,T).)

We shall prove Theorem 4.3.1 by constructing suitable sub- and supersolutions and apply-
ing Theorem 2.4.9. For this purpose we prepare special, radial sub- and supersolutions.

Lemma 4.3.3 (Radial solutions). Assume that same hypotheses of Theorem 4.3.1
concerning F' (except (BCP)) but with degenerate ellipticity. Then Fgn # (). Moreover,
for h € Fgr~ with supg b’ < 0o and each A > 0 there is a constant M = M(A, T, F,h)
such that V*(z — £, t) and vt (z — &, t) (resp. V—(z — &, t) and v (x — &, t)) are Fgrn-
supersolutions (subsolutions) of (4.2.1) in RN x (0,T) if VE, v* is of form

VE(z,t) = (Mt + Ah(|z])), vi(z,t) = £(Mt — Ah(|z])). (4.3.2)

Proof. By Lemma 3.1.3 the set Fgr~ is nonempty since F' is geometric and (4.3.1) holds.
(By definition of Fg~ there is h € Fgn such that supg i/ < 0o if Fgn # 0.)

We shall prove that ¢ in (4.3.1) can be extended to a continuous function on (0, 00) so
that (4.3.1) holds on RY x [0,T] x (RY\ {0}) and that ¢(p)/p is constant on [rg, 00). We
may assume 79 = 1 by replacing p by p/ro. Since F' is degenerate elliptic and geometric,
we see

F(x,t,p,I) = |p|F(x,t,p/|p|,1/|p|)
> |p|F(x,t,p/|p|, 1) > —|ple(1) for |p| > 1.
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Similarly, we have
F(z,t,p, 1) =F(z,t,p,0) < |p|F(z,t,p/lpl,0)
< |plF (e, t,—(=p/Ipl), ~1) < [ple(1), p € RY.
These two inequalities yields
|F(z,t,p, I)| < |ple(1), |p[ =1

Symmetric argument yields |F'(x,t,p, —I)| < |p|lc(1), |p| > 1. Thus the value of ¢(p) for
p > 1 can be defined by pc(1) so that (4.3.1) holds on RY x [0, 7] x (RY \ {0}).
As in the proof of Lemma 3.1.3 by (3.1.3) we see

W (p)
p

for p = |p| > 1. If h € Frnv and suph’ < oo, the definition of Fgnv and the above
inequality yields

|F(2,t,Vy(h(p)), £V (h(p))| < c(p) = h'(p)e(1)

B = sup sup [F(z,t,V,(h(p)), £V;(h(p))| < 0.

0<t<T z,peRN
We take M > AB to observe that

V;—F(ZL‘ - €7t) + F(:E,t,vx(v—i_(I - §7t))’ V?B(V—F(ZE - €7t)))
> M — AB > 0.

Since V;¥ = M > 0 and V* is C? in RN x (0,T), we see that VT is an Fr~-supersolution
of (4.2.1) in RY x (0,T) by Remark 2.1.10. The proof for v*, V=, v~ is similar so is
omitted. O

Lemma 4.3.4.  Assume the same hypotheses of Lemma 4.3.3 concerning F. Let ug be
a uniformly continuous function in RY. There is a Fgn~-sub- and supersolution u~ and
ut of (4.2.1) in RN x (0, T) with initial data uy which satisfies u™ (z,t) > ug(x) > v (z,t)
forallz € RNt €[0,7),

lim sup |u®(y,t) —uo(w)| =0, (4.3.3)
t—0 |,._
§—0 |z—y|<o

and u* is locally bounded in RN x [0, T) if ug is bounded. Moreover, u* is locally bounded
in RN x [0, 7).

Proof.  Since ug is uniformly continuous, there is a modulus w such that
uo() — up(€) < w(|z — &), @,& € RY.

Since Frn # 0, there is h € Frny with supg I’ < co. For each § > 0 there is As > 0 that
satisfies w(s) < 0 + Ash(s) for s > 0. Thus,

uo(x) < uo(§) + 0+ Ash(lz — ).
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By Lemma 4.3.3 for some M depending on Ay the function
wi(z,t) = ue(&) + 0+ Ash(|z — £]) + Mt
=up(§) +6+VT(z—¢&,t), E€RY
is an Frw-supersolution of (4.2.1) in RY x (0,T). Now we set
ut(z,t) = inf{wi(z,t);6 € (0,1), £ € RN} (4.3.4)

and observe that u™ is an Fgn-supersolution of (4.2.1) in RY x (0, T) by closedness under
infimum (Lemma 2.4.5 and Lemma 2.4.7). Since w$(z,t) > ug(z), z € RN, t > 0, we
have u™ (x,t) > ug(z) for x € RN, ¢ > 0. In particular, u* is locally bounded from below.

We shall prove (4.3.3) and locally boundedness of u™ from above. Since u™(z,t) >
w§(z,t) for 6 € (0,1),

ut(z,t) — ug(z) < wi(z,t) —up(x) < 5+ Mt.

(This in particular implies that u™ is locally bounded from above.) Here M depends only
on ¢; it is independent of . Thus

limsup sup (u"(z,t) — ug(z)) = 0.
t—0 zecRN

Since ug is uniformly continuous and u™(x,t) > ug(x), this yields (4.3.3) for u™. If wug is
bounded, it it easy to see that u™ in (4.3.4) is bounded. Construction of v~ is symmetric.
We use V™ in (4.3.2) instead of V*. The proof of the property for v~ is the same as for
uwt. O

Proof of Theorem 4.5.1. For ug € Ko(RY) and h € Fg~ with supg i’ < oo we take o
large such that
up(z) < o — h(|z|) for = satisfying ug(x) # a.

Let v™ be as in (4.3.2) with A = 1. By Lemma 4.3.3 v™ is an Fgn~-supersolution of (4.2.1)
so that v+ + o is also an Fgw~-supersolution. By the invariance (Theorem 4.2.1)

wh(z,t) = max{v'(z,t) + 0, a}

is an Frn-supersolution of (4.2.1) in RY x (0,7). Evidently, w™ is continuous in RY x
[0,7"). By the choice of o we see

uo(r) < w(z,0) forall e RY.
Since h(s) — oo as s — 0.
spt(wt —a) C Q' x[0,T) with Q' =int By

for sufficiently large ball B = Bg(0). Similarly, one can construct an Fgw~-supersolution
w™ of (4.2.1) in RN x (0,T) that satisfies

uo(z) > w(2,0) forall z € RY
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and spt (w™ — ) C Q' x [0,T) by taking R larger if necessary.
Let u* be functions in Lemma 4.3.4 for uniformly continuous function vy € K, (RY).
We set

Ut (z,t) = min(u™ (x,t), wh(x,t)),
U (z,t) =max(u (z,t), w (x,t)).

Since ut, wt are Frn-supersolutions of (4.2.1), so is U by closedness of infimum for
supersolutions (Lemma 2.4.5 and Lemma 2.4.7). A symmetric argument yields that U~
is an Frw- supersolution (4.2.1) in RY x (0, 7). By the choice of w*

Uf(z,t) =a on (Bag\ Bg) x[0,7) and U” <UT on By x (0,7T).

Since U* is locally bounded on Z, we apply Perron’s method (Theorem 2.4.9) in O =
Q2% (0,7T) with = int By to get a solution u of (4.2.1) in O that satisfies U~ < u < U™
in O. Since u = a on (Bayg \ Br) x [0,T), we extend u in (RY \ Bg) x [0,T) by « and
conclude that the extended function (still denoted u) is a solution of (4.2.1) in RY x (0, T").

It remains to prove that u|i—g = up and u € K,(Z). We shall use (BCP). Since U*
is continuous at t = 0 by Lemma 4.3.4, and U*|;—g = up, we see that u is continuous at
t = 0. In other words u* < w, on Bygr at ¢t = 0. Since v = « in (Byg \ Br) x [0,7),
the relation u* < w, holds on 0Bsgr x [0,T). We now apply (BCP) to get u* < w, in
Byr x [0,T). Thus u* = w, which implies that u is continuous in Byr X [0,7). Since
u = «ain (RV\Bg)x[0,T), we conclude u € K,(Z). Since U~ < u < U* and U |;—g = uy,
the initial value of u must be ug. (The uniqueness of solutions follows from (BCP).) The
proof is now complete. O

There is another version of existence results with initial data not necessarily in K,(R"Y)
but in a larger space UC,(RY) = {uy € C(R"); (up)u is uniformly continuous in R" i.e.,
(ug)nr € UC(RY) for every M > 0}, where (ug)yr = (ug A M)V (—=M). Such a function
up may not be a constant at space infinity. The space UC,(Z) is defined by replacing RY
by Z.

Theorem 4.3.5.  Assume that F: RN x [0,7] x (RVM\ {0}) x S¥ - R (0 < T < c0)
is continuous and geometric. Assume that (4.2.1) satisfies (CP) with Q = RY. Assume
that there is ¢ € C(0,7y) with some ry > 0 satisfying (4.3.1). Then for uqg € UC,(RY)
there exists a unique Fgrn-solution u € UC,(Z) of (4.2.1) in RN x (0,T) with u|—g = uy.
If ug € BUC(RY), then u € BUC(Z).

Proof.  For uy € UC,(RY) we take u* as in Lemma 4.3.4. We apply Theorem 2.4.9
for (4.2.1) with O = RN x (0,T) to get an Fgw-solution u of (4.2.1) in O satisfying
u” <u < wutin O. Since u* satisfies (4.3.3), we see u|—o = up. If ug is bounded, then
u* is bounded in (Z) by Lemma 4.3.4 to get u is bounded in Z.

It remains to prove that u € UC,(Z). Here we use the comparison principle (CP). By
invariance (Theorem 4.2.1) uy, is an Fgw-sulution of (4.2.1) so we may assume that u is
bounded. By (4.3.3) we see

lim sup (u"(z,t) —u.(y,s)) =0.

120 Ja—yl<o

6—0
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We now apply (CP) to get
(lgir%sup{u*(x,t) —u(y,8)); |z —y| <o, [t —s] <5, 0<¢t, s<T} <O0.
This yields u € BUC(Z). The uniqueness of solutions follows from (CP). O

From Theorem 4.3.5 with Remark 4.3.7 it easily follows an existence result.

Corollary 4.3.6.  Assume that f : [0,7] x E — R satisfies (f1) and (f2) with T < oc.
Then for each open (resp. closed) set Dy (resp. Ey) there exists a unique open (closed)
evolution D (resp. E) of (4.1.1) with initial data Dy (resp. Ep).

Remark 4.3.7(Condition (4.3.1)).  If we examine the proof, we realize that the con-
dition (4.3.1) is actually unnecessary. Indeed, by Lemma 3.1.3 there always exists cg €
C(0,rg) with some 7y > 0 satisfying

|F(z,t,p,£I)] < C(lp|) for x € Bg,t€[0,T],p€ B, \ {0} (4.3.5)

for every R > 0. This is enough to carry out the proof although Lemma 4.3.3 and Lemma
4.3.4 should be modified. So Corollary 4.3.2 can be extended to spatially inhomogeneous
equation like (3.6.15) provided it satisfies (BCP). There is no need to assume (4.3.1).

By the way the condition (4.3.1) is interpreted as control of speed of the growth of a
unit ball moved by (4.1.1).

Remark 4.3.8(Exact solutions). Exact solutions in §1.7 are actually an interface
evolution. For example, in §1.7.1 (level set approach) we pointed out that

u(z,t) = —(t + |z|*/2(N — 1))(+const.)

is a solution of the level set mean curvature flow equation (1.6.5). As anticipated, it is
easy to check that this function u solves (1.6.5) in the viscosity sense. So we conclude
that the shrinking sphere defined by (1.7.2)—(1.7.3) is actually an interface evolution. In
Chapter 5 we shall show that smooth solution {I';} is an interface evolution so the notion
of our generalized solution is consistent with classical solutions.

4.4 Existence by approximation

Perhaps it is more standard than Perron’s method to construct solutions as a limit of
solutions of approximate equations. For example, when we are asked to solve first order
equation

ur+ F(Vu) =0, ul—o = uo (4.4.1)

globally in time, we often consider a regularized problem

u; + F(Vu©) = eAu®,  u|img = up (4.4.2)
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for ¢ > 0 and construct the solution u of the original problem (4.4.2) as a limit of solution
u® of (4.4.2) as ¢ — 0. This method is called a vanishing viscosity method since the
parameter € resembles the viscosity in equations of fluid dynamics. The viscosity solution
is obtained as the limt of such a problem. The name of ‘viscosity solution’ stems from
this type of a vanishing viscosity method. For more background the reader is referred to
a book of P.-L. Lions (1982).

For spatially homogeneous level set equations as pointed out by Y.-G. Chen, Y. Giga
and S. Goto (1989), we approximate the equation by a strictly (or uniformly) parabolic
equation and observe that a solution of level set equation is obtained as local uniform limit
of solutions of the approximate problem. In the above paper by Y.-G. Chen, Y. Giga and
S. Goto, the way of approximation was not mentioned. For the level set mean curvature
flow equation L. C. Evans and J. Spruck (1991) solved a strictly parabolic equation of the
form

wy — IVl + 2 div | 2| ¢ (4.4.3)
ver+ [ Vul?

or equivalently
Uz, Uy,
w — Au+ S R (4.4.4)
IS%':Sn g2 + [Vul?
with a suitable initial data. Then they obtained a solution of the level set equation (1.6.7)
with initial data uy € K,(R") as a local uniform limit of solution of (4.4.4).

This method consists of two parts:
(i) Solvability of approximate problem. One has to solve (4.4.3).

(ii) Limiting procedure.  One has to prove that desired solution of (1.6.7) is ob-
tained as a limit of approximate solution u® of (4.4.4).

For the first part (i) we need the theory of parabolic equations; see e.g. a book of O. A.
Ladyzhenskaya, V. Solonnikov and N. Ural’ceva (1968) or A. Lunardi (1995). So do not
touch this problem here. We give a precise statement for part (ii).

Theorem 4.4.1.  Assume that u* € C(RY x (0,00)) is a unique smooth solution of
(4.4.3) with initial data ug € BUC(RY). Then there exists u € C(RY x [0, 00)) such that
u € BUC(RY x [0,T)) for every T > 0 and that u is obtained as a local uniform limit of
uf in RN x [0,00). Moreover, u is a viscosity solution of (1.6.7).

The statement is actually a special version of our convergence result (Theorem 4.6.3). It
is easy to check assumptions of Theorem 4.6.3 are fulfilled.

However, there is a more classical way to prove such a statement when ug is more
regular. Indeed, if ug € C?*(RY) N K,(RY) by the maximum principle, one get a uniform
bound for |Vue|, [uf|, |[uf| in RY x (0,00). By Ascoli-Arzela’s compactness theorem,
u — u locally uniformly in RY x [0, 00) with some function u by taking a subsequence
e; — 0. By a stability principle with local uniform convergence (§2.1.2) we conclude that
u is a viscosity solution of (1.6.7) with initial data uo. By the uniqueness of initial value
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problem for (1.6.7), the limit u is independent of the choice of subsequence so we obtain a
full convergence. The reader is referred to the work of L. C. Evans and J. Spruck (1991)
for details of this type of argument.

4.5 Various properties of evolutions
We study various general properties of level set solutions.

Assumptions on well-posedness (W). Assume that f : RY x [0,T] x E — R
satisfies (f1) and (f2). Assume that (4.1.2) with (4.1.3) satisfies (CP) with Q = R" and
(4.3.1) with some c. (The last assumption is fulfilled if for example, f is independent of
the space variables.)

By Theorem 4.2.10 and Theorem 4.3.1 if we assume (W), then for each open set Dy in
RY there is a unique open evolution D(C RN x [0,T)) if (4.1.1) with D(0) = Dy, where
D(t) denotes the cross-section of D at time ¢, i.e.,

D(t) = {x € RY;(x,t) € D}.

By translation in time under (W) there is a unique open evolution D c RN x [s,T)
of (4.1.1) with D(s) = Dy where s is a given positive number. Let U(t,s) denote the

mapping: Do — D(t). Similary, let M(t, s) denote the mapping which maps a closed set
Ey to E(t) where E is a closed level set solution with E(s) = Ey. By unique existence of
evolution we have a semigroup property.

Theorem 4.5.1 (Semigroup property).  Assume (W). Then
U(t,7)oU(r,s) =Ult,s), M(t,7)o M(r,s) = M(t,s)
for all s, 7,t satisfying 0 < s <7 <t <T.
The operators M and U have order preserving properties which follows from (CP).

Theorem 4.5.2 (Order preserving property).  Assume (W). Let Dy and D{, be two
open sets in RN and let Ey. E} be two closed sets in RY.
(i) Dy C Dy implies U(t,s)Dy C U(t, s)Dj;
(ii) Ey C E{ implies M (t,s)Eq C M(t, s)E{;
(iii) Dy C Ey implies U(t,s)Dy C M(t, s)Eo;
(IV) if Ey C Dy and dist (E(],@Do) > 0, then M(t, S)E(] - U(t, S)DO
for all t,s € [0, T satisfying t > s.

Proof. (i) We take

up(z) = max(sd(x,0Dy), —1),
vo(x) = max(sd(z,dDy), —1)
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as initial auxiliary function for Dy and Dj so that uy < vy. Since the solutions u and v
starting from ug and vy at t = s are bounded, uniformly continuous on R" x [s,T”) for
any 7" < T, u and v satisfies the assumptions of (CP). Thus u < v on RN x [s,T) which
implies U(t, s) Doy C U(t, s)Dy.

(ii), (iii) The proof is similar to (i).
(iv) We may assume s = 0. We take

| dist(x,0Dy)/{dist(xz,0D,) + dist(x, Ey)}, x € Dy
uo(r) = { — (dist (, ®Do), 1) v ¢ D,

so that Dy = {ug > 0} and Ey = {up > 1}. By the assumption dist(FEy, 0Dg) > 0, ug is a
Lipschitz continuous function. Let u be the solution of (4.1.2) with initial data u. Since
u — 1 also solves (4.1.2), M(t,0)Ey = {z € R™;u(z,t) > 1}. Since U(t,0) D) = {u(-,t) >
0}, it is clear that M (t,0)Ey C U(t,0)Do.

We shall study convergence properties of level set solutions. Below we use following
notation. Let {A;};>1 be a sequence of sets and B and a set. By A; T B we mean
that A; C Aj1; and Uj>1A; = B. Similarly, by A; | B we mean that A; D A;;; and
N;>1A; = B.

Lemma 4.5.3 (Approximation).  Let D be an open evolution. There exist two se-
quences of open evolution { D} };>1 and closed evolution {E} }r>1 such that
D, 1D and D, C E;, C D_,. (4.5.1)

Proof.  Let u be a solution of (4.1.2) such that {u > 0} = D. Then we define
1 1
Dy = {(a:,t);u(w,t) > 21{}, E, = {(m,t);u(x,t) > 2k}

These sets clearly fulfill (4.5.1). Since u— 27" is a solution of (4.1.2), D}, and Ej, are open
and closed evolutions. O

Theorem 4.5.4 (Monotone convergence). (i) Let D and {D,};>1 be open evolutions
with initial data DO and ng. If DjO T Do, then Dj T D.

(ii) Let E and {E;};>1 be closed evolution with initial data Ey and Ejy. If Ejo | Ey, then
E | E.

Proof. (i) The proof is easy if Dy and is bounded. Let D) and Fj, be the approximating
open and closed evolutions for D which were constructed in Lemma 4.5.3. If Dy is
bounded, then E}(0) is compact, so there is a j, > 1 such that Ej(0) C Dj. By
comparison (Theorem 4.5.2 (iv)), we have Ej C D;,. The sequence Ej was constructed
so that D), C E;, T D. Thus D;, T D, which proves (i) when Dy is bounded. In general,
we use Lemma 4.2.11 with

ug;(z) = (sd(z, Djo) A1)V (—1)
up(z) = (sd(z, Do) A1)V (—1)
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and observe that the solution u; with initial data ug; satisfies u; T w, where u is the
solution with initial data wg. Since D; = {u; > 0} and D = {u > 0}, u; T v implies
D; 1 D.

(ii) The proof is similar so is omitted. O

We shall study continuity of D(t) and E(t) for an open and closed evolution as a function
of time ¢. To formulate continuity of open-set valued functions we define the e-core C.(W)
of an open set W C R" to be

C.(W) = {z € RY; dist(z, W*) > ¢},

where W¢ = RN \ W. This concept is dual to that of an e-neighborhood N.(Y) of a
closed set Y in RY in the sense that C.(W) = (N.(W¢))e.

Theorem 4.5.5 (Continuity in time).  Let D and E be open and closed evolutions.

(ia) D(t) is a lower semicontinuous function of t € [0,T), in the sense that for any ty > 0,
and sequence x,, € (D(t,))¢ with x, — xo, t, — to the limit xq € (D(to))¢. If D(0) is
bounded so that C.(D(ty)) is compact, this implies that for any ty > 0, € > 0 there is a
d > 0 such that |t — to| < § implies D(t) D C.(D(t)).

(ib) E(t) is a upper semicontinuous function of t € [0,T'), in the sense that for any ty > 0
and sequence x,, € E(t,) with xo — xg, t, — to the limit xq € E(ty). If E(0) is bounded
so that N.(F(to)) is compact, this implies that for any to > 0, ¢ > 0, there is a 6 > 0
such that |t — to| < 0 implies E(t) C N.(E(to)).

(iila) D(t) is left upper semicontinuous in t in the sense that for any t, € (0,7T), xy €
(D(to))¢ there is a sequence x,, — x and t,, | to with x,, € (D(t,))¢. Moreover, for any
to € (0,T), € > 0 there exists a § > 0 such that to — J < t < to implies C.(D(t)) C D(to).

(iib) E(t) is left lower semicontinuous in t in the sense that for any ty € (0,7T), xo € E(to)
there is a sequence x,, — xy and t, | to with z,, € (E(ty)). Moreover, for any t, € (0,T),
e > 0 there exists a § > 0 such that to — 6 < t < to implies N.(E(t)) D E(t).

For any two closed sets C;,Cy C RY the Hausdorff distance between them is defined
by
dH(Ol,Cg) = inf{€ > 0; C) C ./\/5(02) and Cy C ./V;-(Cl)}

For open subsets Uy, Uy C RY we define
d*H(Ula Ug) = inf{s > 0; CE<U1) Cc Uy and CE(UQ) C Ul}

By definition d}; (U, Us) = dg(Uf, US) so di is a metric of open sets in RY. Theorem 4.5.5
implies that D(t) and E(t) are left continuous functions with respect to the Hausdorff
metric dj; and dg provided that Dy and Ej are bounded.

Proof.  (ia), (ib) follows from the fact that D, E are open and closed sets in RY x [0, T).
Since (iia) and (iib) are dual to each other, we only prove (iia). Let V'~ be a radial
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subsolution defined in (4.3.2) with some M and A. For ¢ > 0 and ¢, > 0 we define
d = Ah(e)/M. For given xy € C.(D(t)) we set

W, ={(y,s); V" (z —x9,s —7) > 0}.

For t € (ty — 0,t9) we take 7 > to such that 7 — ¢ < §. By the choice of § we see
W, (t) C D(t). Since V™ is a subsolution of (4.1.2), by Remark 4.5.14 (ii) on Theorem
4.5.2, we have W, (ty) C D(ty) so that xo € D(ty). O

Fattening and regularity.  If initial closed set £y = Dy and Dy is open, then one
would expect that £ = D, where E (resp. D) is a closed evolution with initial data
Dy (resp. Dy). However, unfortunately this is not true in general even if the equation
(4.1.1) is the curve shortening equation V' = k and the initial data is compact. Thus
we call an open evolution D is reqular if £ = D. We say that an interface evolution
I' = E'\ D is fattens if I'(¢) has an interior point for some ¢ > 0 although I'(0) = E \ Dy
has no interior. If I'(ty) has an interior at some tg, then I" has an interior in RY x [0, 7).
Indeed, for zy € int(I'(¢y)) we take 7 slightly larger than to so that W, (ty) C I'(¢y) and
DNW.N{t >t} =0. Then W,(t) C I'(¢) for t(> ty) close to ty. Thus I" has an interior
in RY x [0,T). If D is regular, then the interface evolution I" with initial data I'(0) = 9D,
does not fatten. The converse is not clear by our observations given so far.

Applying monotone convergence theorem to Dy with I'g = 0Dy and Ey = Dy, we see
that evolutions D and E are obtained as a limit of evolutions approximating Dy from the
interior and Fy from the exterior, respectively. If I'(¢) has an interior point, these two
“solutions” do not agree. In particular, “continuity of solutions with respect to initial
data”, which usually is expected for differential equations generally, is not valid in this
case. The situation D # E can be also interpreted as a loss of uniqueness (§5.2.1).

For the curve-shortening equation V' = k, if the initial data ['y = dDg has the shape
of figure “8” (embedded in R?), then I' fattens instanteneously. This is first observed
by Evans and Spruck (1991). It is intuitively clear that a solution approximating from
the interior does not agree with one approximated from the exterior. In §5.2.1 we give a
rigorous proof of fattening when I'g consists of two lines crossing at one point with right
angle.

We give several criteria of nonfattening or regularity. Note that D(t) does not represent
the closure of D(t) in RY. It is cross-section of the closure of D in RN x [0,T).

Theorem 4.5.6 (Monotone motion).  Assume f in (4.1.1) is independent of t. Assume
(W). Assume that Dy is a bounded open set. If M(h,0)Dy C Dy for sufficiently small h,
then D is regular, where D is an open evolution with initial data Dy.

Proof.  Since the equation is autonomous, M (t,s) = M(t — s,0) t > s > 0 so we write
My, = M(h,0) so that M(t,s) = M(t — s). We use similar convention for U(t, s).
By order-preserving (Theorem 4.5.2) we see

My (Do) C Dy implies M;M;(Dy) C Uy(Dy).
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The semigroup property implies M;M,,(Dy) = E(t+h), when E is a closed evolution with
initial data Dy. Thus E(t + h) C D(t) for ¢ > 0. Iteration of this argument then shows
that E(t) C D(s) for allt > s > 0.

We next note that D(#') | D(t) are ¢’ 1 ¢ since D(t') is decreasing in time and D(t) is
left continuous as sets by Theorem 4.5.5. Thus Mgy <, D(t') = D(t).

Since E(t) C D(s), we have

E(t)yc () D@) c () D)= D().

o<t'<t o<t/ <t

Hence E(t) C D(t) for all t > 0 and E C D. Since the converse inclusion D C E is true
by assumption, this completes the proof. O

Theorem 4.5.7.  Assume that f is independent of t. Assume (W). Let Dy be smoothly
bounded domain such that f(z,n,Vn) < 0 on dDy. Denote the open and closed evolutions
with initial data Dy and Dy by D and E, respectively. Then E(t) C D(s) for allt > s >0
and D = E.

Proof. By Theorem 4.5.6 it suffices to prove that M, Dy C D, for small h > 0. We set
o = infyp,(—f(z,n, Vn)) > 0 and observe that

Y(x,t) =sd(z,0Dy) — ot
is a supersolution of (4.1.2). By comparison (CP),
M Do C {z € RY;¢(x,h) > 0},
which yields M, Dy C D, for h > 0.

Corollary 4.5.8.  Assume that f does not depend on t. Assume that f is independent
of Vn (so that (4.1.1) is of the first order.) Assume (W). If f does not change sign, then
D is regular for any bounded open initial data Dy.

In general one get several criterion based on invariance of equations. It can be written
in fomally as follows. If the equation is invariant under a semigroup of actions {S}. If
S,Dy C Dy for small h > 0, then D is regular. The condition S,Dy C Dy is fulfilled if
the generator of S, is negative on 0D,.

We give another example of such situation. For a set G in RN x [0, 00), let D{*(G)
denote

DY(G) = {(Aes N™H1); (1) € G,
where m € R, A > 0. Similarly, for a set Go in RY let DY';(Gp) denote

D)\70<G0) = {)\1’,.1' € GO}

The condition Dy, ¢(Gy) C Gy for small h > 0 is a kind of starsharpness.
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Theorem 4.5.9 (Dilation invariant equations).  Assume that f in (4.1.1) is independent
of v and t. Assume that f(p,Q,(X)) is positively homogeneous of degree m € R in (Q),,(X),
ie.,

J(p, pQp(X)) = " f(p, Qp(X)), 1 >0

for all (p, Q,(X)) € E. Assume (W). Let Dy be an bounded openset in RN . If Dy, 4(Dy C
Dy for sufficiently small h > 0, then D is regular, where D is an open evolution with initial
data Dy.

Proof.  Let F be the operator defined by (4.1.3). By homogeneity of f we have
F(up, p*X) = p" " F(p, X), p>0.

Let E be the closed evolution with initial data Dy. Then by homogeneity of F the set
Dy, (E) is a closed evolution with initial data D;_j0(Dy). Sending h to zero yields
E C D. Since D C E is trivial, D is regular. O

Corollary 4.5.10.  Assume the same hypotheses of Theorem 4.5.9 concerning f. Let
Dy be a smoothly bounded domain such that (z,n) > 0 on dDy. Let D be the open
evolution with initial data Dy. Then D is regular.

Proof.  Since (—x,n) is the generator of group {D.-.o} at ¢ = 0, it is clear that
Dy _p0(Dy) C Dy for small b > 0. Thus D is regular by Theorem 4.5.9. O

We give another criterion when f is rotationally symmetric in the sense that

f('Rz,t, Rp,"RQp(X)R) = f(x,t,p, Qp(X)).

for any rotation matrix R. As well known a one parameter group {R(\)} of rotation
is generated by a skew-symmetric matrix so it is of form {e*},cgr with skew-symmetric
matrix A. Similarly to Theorem 4.5.9 we see that if f is rotationally symmetric e’ (D) C
Dy for small A > 0 implies the regularity of D. The condition e*(Dy) C Dy is fulfilled if
(Az -n) < 0 on 9Dy if Dy in smooth. Below we give a criterion of regularity when f is
independent of ¢, x, dilation invariant and rotationally symmetric.

Corollary 4.5.11.  Assume the same hypotheses of Theorem 4.5.9 concerning f. As-
sume moreover, f Is rotationally symmetric. Assume that Dy is a smoothly bounded

domain. Assume that there is a nonnegative constant ¢y, cy and a skew-symmetric matrix
A such that

c1f(n,Vn) + (Az,n) — cp{x,n) <0 on 9D,.

Then an open evolution D with initial data Dy is regular.

Proof.  The condition on 9D, guarantees that

(Mc1hD1702h,0dhA)(ﬁ0> C Dy
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for small A > 0. By invariance of the equation £, = DT_CQhehA(E) is a closed evolution
if F is the closed evolution with initial data Dy. By comparison Ej,(t +h) C D(t), t > 0
for small A > 0. In other words

En(t) C D(t—h) for t—h >0

for small h. Since D is left continuous and Ej(t) — E(t) as h — 0, we see E C D. Thus
D is regular.

Finally, we give another type of regularity criterion for orientation free equations when
an open evolutions is a disjoint sum of regular open evolutions.

Lemma 4.5.12.  Assume (W) and (4.1.2) is orientation free. Let U be a bounded
open set in RN that may be written as the union of a finite number of disjoint open
sets U',...,U*. Denote the open evolutions with initial data U and U’ by D and D,
respectively (1 <1i < k). Let E' be the closed evolution with initial data U' and assume

that ' = D,.

Assume that there is a sequence of open covers {U:, ... U*} 5 of U which satisfies:
(UL D U and U = Nsi U, fori=1, ..., k;
(i) the sets UL, ... Uk are pairarise disjoint for o > 1.

Finally, let E be a closed evolution for which a double sequence {tn¢}ae>1 €xists such
thatt,, | 0 as ¢ — oo and
Eltoy) CUMU..- U,

Then D = E.

Proof. Let D! be an open evolution with initial data U! and let D, be the open

evolution with initial data UF_,U!. Since the equation is orientation-free, we apply the

separation lemma (stated after this proof as Lemma 4.5.13) to obtain that D, = Ut U?.
By order preserving property (Theorem 4.5.2 (iv)) we see

E(t) C Dot —tay) C U Dy(t —tar) C U Dy(t —tas)
for t > t, . By continuity letting / — oo yields
E(t) c UL D.(t) for t>0.

On the other hand D', C E', where E is the closed evolution with initial data U.,. Since
fo 1 U", by monotone convergence (Theorem 4.5.4) we have E' | E' where E’ is the
closed evolution with initial data U

Since E(t) C UF_D. (1), letting @ — oo to get E(t) C UF_E(t) for all t > 0. Since
we have assumed Ei = D', we get

E(t) c U D'(t) for t>0.
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By order preserving property D' C D for all i = 1,...,k so we now obtain E(t) C D(t)
forallt > 0i.e., E C D. Thus D = E since D C E is trivial. O

Lemma 4.5.13 (Separation).  Assume (W) and (4.1.1) is orientation-free. Let D' be
an open evolution (i = 1,2).

(i) If D1(0) and D5(0) are disjoint so are Dy and Ds.

(ii) Let D be the open evolution with initial data D;(0) U Dy(0). If D1(0) and Dy(0) are
disjoint then D = Dy U Ds.

Proof. (i) Let d(> 0) be the distance between D;(0) and D(0) and let d;(x) denote
the distance from z € RY to 9(D;(0))(j = 1,2). Define

di(z)+d/2 for € Dy(0)
up(x) =< —do(z) — d/2 for @ € Dy(0)
(do(z) N E) = (di(z) A ) otherwise.

We claim that vy is Lipschitz with constant 1. In the open sets D;(0)(j = 1,2) this is
clear since the distance to a set is always Lipschitz with constant 1. Outside of the closure
of the D;(0) we always have di(x) 4+ da(x) > d, by the triangle inequality. So the open
sets

Vi ={z € RM\ (D1(0) U D5(0)); d;(z) < d/2}

are disjoint. On these sets ug(z) = £(d;(x)—d/2) so that ug is also Lipschitz with constant
1 on these sets. Finally uy(z) vanishes outside D;(0) U Do(0) U V4 U Vs, Collecting these
separate Lipschitz estimates we find that wg is Lipschitz with constant 1 in R”V.

Since ug is Lipschitz, there is a unique solution u of (4.1.2) which is uniformly contin-
uous in RY x [0, T"] for every T" < T'. Since +u — c(c € R) is also solution of (4.1.2) by
invariance and orientation free property,

Dy = {(z,t) € [0,T') x RN; w(z,t) > d/2},
Dy = {(z,7) € [0,7") x RY; u(z,t) > —d/2}

are open evolutions with initial data D;(0) and D5(0). Clearly Dy and D, are disjoint.
Since u is uniformly continuous, the distance of D;(t), Do(t) is uniformly positive for all
t €[0,7"] if d > 0. This property will be used in the proof of (ii).

(ii) There are sequences of open sets D}, 1 D;(0)(i = 1,2) such that the distance from
Djy to 0(D;(0)) is positive. Let uj be the solution of (4.1.2) such that wuj|,—g = up, is
uniformly continuous and that ug,(x) > 0 for x € Djy and ug;(z) = 0 for ¢ Dj;. The
open evolution D! with initial data DY, is given

D] = {(x,t);u](z,t) > 0}

and uZ > 0 everywhere. Since the distance of D{O and D}, is positive, the distance of
D7, D} are positive in RY x [0,7"]. Thus u] V uj is also solution of (4.1.2) so the open
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evolution D7 with initial data Di, U D}y equals DI U Dj. By monotone convergence we
see D/ 1 D and D! 1 D;. Thus D = Dy U D,. O

Remark 4.5.14. (i) If we consider only bounded evolutions D and E in the sense that
D(0) and E(0) are bounded, we may replace (CP) by (BCP) in the assumption (W). By
Remark 4.3.7 the requirement of (4.3.1) is unnecessary since (4.3.5) is always fulfilled.

(ii) The order preserving property of Theorem 4.5.2 can be strengthened by introducing
super level sets of sub and supersolutions instead of solutions. We just give below a typical
result corresponding to Theorem 4.5.2 (i) when D and D’ are bounded. Assume that a
bounded open set D and a bounded closed set in Z = RN x [0,T) are of the form

D ={(z,t) € Z; u(x,t) > 0}

D' = {(x,t) € Z; v(x,t) > 0} (4.5.2)

for some subsolution u and supersolution v of (4.1.2) and (4.1.3) such that v and v are
continuous in Z and uli—g, v|i—0 € Ko(RY) for some @ < 0. If (BCP) holds, then D C D’
holds provided that D(0) C D’(0). This is easy to prove by (BCP) since we may assume
that u < v at t = 0 by the invariance Theorem 4.2.1 and Lemma 4.2.9.

We are tempting to introduce a notion of subsolution for sets D if it is of the form
(4.5.2). However, this notion is not the same as the notion of set-theoretic subsolution
defined in Definition 5.1.1. It agrees with the level set subsolution in Definition 5.2.2 as
proved in Proposition 5.2.3. The difference of these two notions stems from fattening
phenomena, as explained in Chapter 5.

4.6 Convergence properties for level set equations

We shall study whether solutions of approximate equation
V = f.(z,n,Vn) (4.6.1)

converges to the solution of
V = f(z,n,Vn) (4.6.2)

when f. tends to f as ¢ — 0 in certain sense. We first discuss convergence of solutions of
level set equations.

Theorem 4.6.1 (Convergence).  Assume that F., F: RV x [0, T] x (RV\{0}) xS — R
(0 < T < 00,0 < e < 1) are continuous and geometric. Assume that there is ¢ € C(0,19)
that satisfies (4.3.1). Assume that there is a constant C' such that

|F.(x,t,p, £1)| < C|F(x,t,p,£I)| for (z,t,p) € RN x [0,T] x (B,,(0)\ {0}) (4.6.3)

for some ry € (0,79). Assume that F. — F locally uniformly in RY x [0,T] x (RN \
{0}) x SN. Assume that up. € BUC(RY) converges to ug € BUC(RY) uniformly in R™
ase — 0. Let u. € BUC(RY x [0,T)) be the Fgn-solution of

uy + F.(z, Vu, V?u) = 0 (4.6.4)
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with initial data ug.. Then lim._gu. = u € BUC(RYN x [0,T)) exists and u is the
Fr~ (F)-solution of the limit equation

us + F(z, Vu, V2u) = 0 (4.6.5)

with initial data uy provided that (4.6.4), (4.6.5) satisfies (CP) with Q = RY. Moreover,

the convergence is locally uniform in RY x [0,T).

Proof. By (4.6.3) and (3.1.2) we see that Fgn(F:) D Fra(F) and (2.2.4) is fulfilled.
(The existence of ¢ guarantees that Frn(F) = () by Lemma 3.1.3.) We now apply the
stability results (Theorem 2.2.1) and observe that

u = limsup® u, and w = liminf, u,

are Frn (F')-sub- and supersolutions of (4.2.1) provided that @ < co and u > oc.
We shall prove that

u < oo and %sup(ﬂ(f,t) —up(§)) <0.
t 3

Since uf converges to uy uniformly in RY and ug, uy € BUC(RY), there is a modulus of
continuity independent of ¢ € (0, 1) such that

ug(@) = ug(€) < w(lz —¢)), e €(0,1), = € RY.

By the assumptions (4.3.1) and (4.6.3) there is h € Fgrn(F) C Fgrw (F:) such that suph’ <
0o. Moreover,

B.i= sup sup |F(a,t,V,(h(p), £V2h(p))| < 00, (p=lol)  (4.6.6)
0<t<T z,peRN

is bounded on ¢ € (0, 1), i.e.
B = sup B. < 0. (4.6.7)

O<e<1

For each ¢ > 0 there is As > 0 such that w(s) < § + Ass?, s > 0. Thus
up(r) < ug(§) + 0+ Ash(|z —¢&|).

Since B is independent of €, by Lemma 4.3.3 and its proof the function V= (x) = Ash(|z|)+
Mjst is an Fgw (F:)-supersolution of (4.6.4) (independent of €). So the function

wi(z,t) =ug(&) + 5+ V*H(xz —&,t)

is also an Frw (F})-supersolution of (4.6.4). Since u° and w*J is uniformly continuous on
RY x [0,T), by (CP) we have u® < w®j. In particular, w < oo on RN x [0,T). Since
u® < wed, we see

u(é,t) < l@%“g(f) +6 4 Mt.
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Thus

lim sup (@(€,t) — uo(§)) <
tl0 cerN

since 0 > 0 is arbitrary, we get

T sup (7(€, 1) — w0(€)) < 0.
tl0 cerN

A symmetric argument yields u > —oo and

lim sup (ue(§) — u(¢, 1)) < 0.

tl0 ¢erN

In partiuclar @|i—¢ = u|—o = ug. Since g is uniformly continuous, these two inequalities
yields
sup sup (u(&,t) —u(,s)) —0 as n— 0.
0<t,s<e [£—n|<e

We are now in position to apply (CP) to get @ < u. The converse inequality is trivial
so u = u. By definition of lim sup”, lim sup, this implies that u® converges to u locally
uniformly in RN x [0,7T) as ¢ — 0. Moreover uli—y = ug and u solves (4.6.5) since
u = u = u is both Fgn~ (F')-sub- and supersolution. O

Remark 4.6.2. (i) We may replace (4.6.3) by Fr~ (F) C Fr~(F.) in Theorem 4.6.1.
If f. and f are independent of z,¢ in (4.6.1), (4.6.2) and

(P, @p(X))| < A1 +|@p(X)]), €€ (0,1)

with constant A > 0, then F(Fy.) = F(Fy) (= {f € C*(RY); f(0) = f(0) = f"(0) =0
f” > 0}). So in this situation we have convergence of solutions of level set equations.

(ii) If we fully use (3.1.5) for w and u, we can also prove that u® — w uniformly in
RN x [0,7"] for T" < T.

(iii) If uj € K, (RY) and spt (uj — a.) C int By for some R independent of ¢ € (0, 1),
then there is R! > R (independent of €) that satisfies

spt(u® — a.) C intBg x [0,7).

(In particular, the convergence u® — w is uniform in RY x [0,7"], T" < T.) This uniform
estimate of the support u® — a. can be proved by constructing a suitable super- and
subsolution as in the proof of Theorem 4.3.1. Instead of w* we use here

wl(z,t) = max{v"(z,t) + 0,a.},

where o is chosen such that uf(z) < o — h(|z|) for x satisfying u§(z) # a.. We estimate
w; < u' < wl by constructing w similarly and observe that u® — a. = a. outside
Y x [0,T), where €' is a ball.

(iv) Geometricity of F. and F is not necessary if there exists V* (independent of ¢) in
the proof of Theorem 4.6.1 and if assumptions in Theorem 2.2.1 are fulfilled. We give
another version of convergence results whose proof parallels that of Theorem 4.6.1.
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Theorem 4.6.3 (Convergence without geometricity). Assume that F, F. : RN x
0, 7] x (RY\{0}) x S¥ - R (0 < T < 00,0 < ¢ < 1) are continuous. Assume that
Frn(F) C Fra(F.) and fulfills (2.2.4). Assume that B in (4.6.6), (4.6.7) is finite for some
h € Fgn(F). Assume that F. — F locally uniformly in RN x [0,T] x (RY \ {0}) x S¥.
Assume that ug. € BUC(RY) converges to ug € BUC(RY) uniformly in RN ase — 0. Let
u. € BUC(Z) be the Fgn (F.)-solution of (4.6.4) with initial data ug.. Then lim._ou® =
u € BUC(Z) exists and u is the Fgn (F')-solution of (4.6.5) with initial data ug provided
that (4.6.4), (4.6.5) satisfies (CP) with Q = RY. Moreover the convergence is locally
uniformly in Z = RN x [0,T).

We take this opportunity to prove Lemma 4.2.11. We suppress the word Frn~ in the
proof.

Proof of Lemma 4.2.11.  Since ug,, € BUC(RY) and the solution u,, with initial data
uom also belongs to BUC(Z), we see (CP) is applicable to conclude u,, < ty,1(< w) in
Z =RN x[0,T). We set

v(z) = sup U, (2)(= lim u,,(z)), z € Z.

m>1 m—0oo
Since u,, is continuous, v is lower semicontinuous in Z. Thus
o) = lmint(o(Q):C € 7, ¢ — 2| <7}
> lim inf{w(Q): € Z, ¢~ 2 <7, K> )
> liminf{u,(¢);( € Z,|C — 2| <r}, m=1,2,....
The last quatity equals u,,(z) so sending m — oo yields
o(z) > liminf{u():C € 2110~ 2 <7, k> 1) > o)
Thus we conclude

v(z) = (limm_}ol(l)f*um)(z).

By the stability (Theorem 2.2.1) v is a supersolution of (4.2.1).
We shall prove that

lif(r)lsup{(u(a;,t) —o(y,s); le—y| <r, tvs<r}<O0.

Let h € Fgr~y with sup b/ < co. As in the proof of Lemma 4.3.4 for each § > 0 there are
positive constants As and Ms = M4, such that

wi(x,t) = uo(€) — 6 — Ash(|z — €|) — Mt
is a subsolution of (4.2.1) in RN x (0,7") and

up(x) — 6 > wi(z,0).
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By Dini’s theorem ,,p — ug locally uniformly in R™. Since {u,,0} is bounded for below
and w§ there is £(6, €) such that

Upmo > wi(-,0) in RY for m >¢.

Since both w§ and w,, is uniformly continuous in RN x [0,7"], T' < T, we see, by (CP),
that u, > w$ for all m > ¢. This yields v > w$ in RN x [0,T) for § € (0,1), ¢ € RN. In
particular, v(y, s) > w¥(y, s). Thus

u(z,t) —v(y,s) <ul(x,t) —w(y,s) <u(x,t) —up(y) + 0 + Mss.
Since v is uniformly continuous in Z, it is clear that

lif(r)lsup{u(x,t) —up(y);le—y| <r, t<r}<0.

We thus obtain that

liﬁlsup{u(x,t) —o(y,s);|lz—y|<r tvs<r}<d

Since 0 > 0 is arbitrary, we conclude

liﬁlsup{u(x,t) —v(y,s);le—y|<r, tvs<r}<0

and apply (CP) to get u < v in Z. Since v < u, this implies u = v. Thus we have proved
that u,, T w. O

The convergence result (Theorem 4.6.1) yields the convergence of evolutions of (4.6.1)
to (4.6.2) provided that fattening does not occur.

Theorem 4.6.4 (Convergence of evolutions).  Assume that (4.6.1) and (4.6.2) fulfills
(W). Assume that f. convergence to f as e — 0 locally uniformly on RY x [0,T] x E.
Assume that Fy. and Fy satisties Frn (Fy) C Frn (Fy.) for e € (0,1). Let Ey and Dj be
compact sets in RY. Let E° and E be closed evolution of (4.6.1) and (4.6.2) with initial
data E§ and Ey, respectively. Assume that dy(E§, Ey) — 0 as € — 0. Assume that int E
is regular. Then

(i) dy(E°,E) — 0 as ¢ — 0, where dy denotes the Hausdorff distance in RN x [0,T"],
T <T.

(ii) Assume that E is strongly regular in the sense that E(t) = D(t) for allt € [0,T"] where
D is the open evolution of (4.6.1) with initial data int Ey. Then dy(E*(t), E(t)) — 0 as
¢ — 0 and the convergence is uniform in t € [0,T"].

For the proof we need a lemma on level sets.

Lemma 4.6.5. Let Z and Y be compact metric spaces. Assume that f; € C(Z)
converges to fy € C(Z) as e — 0 uniformly in A € Y, where ¢ € (0,1). For a given
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¢ € R assume that {z € Z; fa(z) > £} := {f\ > €} = {f\ > (}. Assume that the sets
{fn > €} and {f; > (} are compact in Z for all A € Y. Assume that for small € > 0 the
set { f5 > (} is continuous in A € Y with respect to the Hausdorff metric dy in Z. Then
du({fs >0}, {fr>1}) = 0ase — 0 uniformlyin A\ € Y.

Proof.  We first note that for each n > 0 there is g9 € (0,1) such that {ff > ¢} C {f\ >
0}, for all € € (0,e0), A € Y, where A, = {2z € Z;dist(z, A) < n} for a subset A of Z. If
not, for some 7 > 0 there is a sequence ¢; — 0, {\;} C Y, {z;} C Z that satisfies dist
(2j,1fx; 2 €}) >nand z; € {fij > (}. We may assume that \; — A, z; — 29 as j — 00
by taking a subsequence. Since f§ converges to fy uniformly in Z and for A € Y, we have
ij(zj) — fa(20). Since fij (zj) > ¢, this implies f),(z9) > ¢. This is absurd since dist
(20, {fro = £}) = lim;_o dist (z;, {fs, = €}) > 1 by continuity of {fy > ¢} in A € Y.
Thus, {f5 > ¢} C {f, >}, for small € > 0 uniformly in A € Y.
It remains to prove that {f\ > ¢} C {f{ > ¢}, for sufficiently small ¢ (uniformly in
A €Y). Ifnot, thereis r > 0 and A;, z; with z; € {f\ > ¢} such that {fij > (}NB,(z;) =0
for some sequence ¢; — 0. By continuity of { fy > ¢} in A we may assume that \; — X\ and
zj — 20 € {fr, > £} so that {fij > 0} N B,js(29) = 0. Since f§ — fy uniformly in Z and
for A € Y, this implies that fy, < ¢ on B,/2(%). This contradicts {fy, > ¢} = {f\, = (}.
O

Lemma 4.6.6 (strongly regular evolution).  Assume (W). Assume that Fq = E(0) is
compact. If E is strongly regular, then t — E(t) is continuous as a set-valued function
on [0,T).

Proof.  Since t — E(t) is left continuous and upper semicontinuous, it suffices to prove
that E(t) is right lower semicontinuous in t.

Assume that E(t) is not right continuous at some point ty € [0,7"). Then there is a
point xy € E(tg) and a ball B,(x¢) such that E(t;) N B,(xg) = 0 for some ¢; | to. Since
D(ty) = E(ty) there is a ball B C D(ty) N E(ty). Comparing a special subsolution we
conclude that an open evolution starting with int B at ¢t = ¢y contains a center of B
for [to,to + d) for some § > 0. Thus by comparison we see D(t;) N B.(xy) # 0 which
contradicts E(t;) N B,(x) = (0. Therefore E(t) is right continuous on [0,7). O

Proof of Theorem 4.6.4. For Ej we set
ug(z) = (sd(z,0Dg) A1)V (—1).
Since dy (E§, Fy) — 0 as € — 0, we see that uf converges to
up(x) = (sd(z,0E) A1) V (—1).

Let u® be the solution of (4.6.4) with uf|,—¢ = u{ and let u be the solution of (4.6.5) with
uli—p = up. Our assumption f. — f guarantees the convergence Fjy — F of Theorem
4.6.1. By the convergence result (Theorem 4.6.1 and Remark 4.6.2 (i)) u® converges to u
uniformly in R™ x [0,T"] for every 7" < oo. Since E° = {u® > 0}, £ = {u > 0}, we apply
Lemma 4.6.5 with Z = By x [0,7'] so that {u* >0} C Z and Y = () and f¢ = u° to get
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(). To show (ii) it suffices to take Z = Bg, Y = [0,7"] and f§ = u®(, \), since the strong
regularity implies the continuity of F(¢) by Lemma 4.6.6. O

Remark 4.6.7. (i) As an application of Theorem 4.6.4 (i) we have the convergence of
the extinction time 7° of E°€ so that of F as € = 0. Here we define

T. = sup{t; E(t) # 0}, To = sup{t; E(t) # 0}.

(ii) It is possible to replace E¢ by the interface ecolution I'* = E°\ D¢ in Theorem 4.6.4
with trivial modifications.

(iii) In Theorem 4.6.4 (ii) the strong regularity assumption on [0,7”] is actually stronger
than E = D. For example if E(t) is a shrinking disk solving the mean curvature flow
equation V' = H (see §1.7 and Remark 4.3.6) then at the extinction time 7" the set E(T)
is a singleton but D(7T") = (). This E(T) is not right continuous at ¢ = T, so continuity
in ¢ does not follow from E = D. (By definition it is clear that strong regularity implies
E=0D.)

4.7 Notes and comments

We take this opportunity to review that a scope of equations to which our theory applies.

Unique existence of generalized evolutions.  Corollary 4.3.2 and Corollary 4.3.6
covers all spatially homogeneous surface evolution equations satisfying (f1) and (£2). This
class of equation is the same as in §3.1.3 so it includes examples mentioned there.

Corollary 4.3.2 can be extended to (4.1.1) when f depends on x provided that (BCP)
holds. Several class of equations satisfying (BCP) has bee studied in §3.6.

For Corollary 4.3.6 we further needs the uniform control (4.3.1) as well as (CP) when
the equation is spatially inhomogeneous.

Corollary 4.3.2 can be also extended to (4.1.1) in a domain (not necessarily bounded)
with prescribed contact angle on the boundary provided that (BCPB) holds. Several
examples are provided in §3.7.

Although we do not mention the one corresponding to (CP) for boundary value prob-
lems, Corollary 4.3.6 also can be extended to some boundary value problems. However, it
is not explicit what kind of equation satisfies such a comparison principle in the literature.

Since the assumption (W) is essentially fulfilled (see Remark 4.5.14(i)) under situation
mentioned above, results in §4.5 applies to these problems.

Orientation-free equations. We list examples of orientation-free equations. The
equation (1.5.2) is orientation-free if 3(p) = B(—p), v(p) = y(—p) for p € SV~ and
¢ = 0. In particular the mean curvature flow equation (1.5.4) is orientation-free. Although
the Gaussian curvarure flow equation (1.5.9) as well as (1.5.12) is orientation-free, our
modified equations (1.6.22), (1.6.23) are not orientation-free. The equation (1.5.13) is
orientation-free if h(o,p) = —h(—0,p), h(o,p) = h(o, —p), ¥(p) = v(—p) for p € SN,
o € R. The equation (1.5.14) is not orientation-free although the equation V' = |k|*~'k
for a > 0 is orientation-free.
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Convergence. We give a typical example to which Theorem 4.6.4 applies. We consider
(1.5.2) parametrized by e:

B.(n)V = —a.divy, (€& (n)) — c.. (47.1)

Here c. is assumed to be independent of x and ¢ for simplicity. Assume that ¢. — ¢ in
R and a. — a € [0,00) as e — 0. If 5. — 3, 957, — 0I5y for [a] < 2 as e — 0 and the
convergence is uniform on SY~! then f. converges to f locally uniformly in E if (4.7.1)
is written of the form V' = f.(n, Vn) and

B(n)V = —a divp,&(n) — ¢ (4.7.2)

is written of the form V' = f(n, Vn). In this example as in Remark 4.6.2 it is easy to
see that F(Fy.) = F(Fy). So if both (4.7.1) and (4.7.2) fulfill (W), Theorem 4.6.4 is
applicable.

We first point out that there are two review articles on mathematical analysis for the
level set method — the article by Y. Giga (1995a) and the article by L. C. Evans published
in the lecture note of M. Bardi et al (1997). These articles present main ideas only and
did not give details. The present Chapter gives details and clarify the class of equations
to which the method applies.

The invariance (Theorem 4.2.1) goes back to the work of Y.-G. Chen, Y. Giga and S.
Goto (1991a) where they consider conventional viscosity solutions instead of F-solutions.
Theorem 4.2.7 for the level set mean curvature flow equation is due to L. C. Evans and J.
Spruck (1991). The proofs given here are based on simplication by Y.-G. Chen, Y. Giga
and S. Goto (1991c¢). Theorem 4.2.8 is essentially due to Y.-G. Chen, Y. Giga and S. Goto
(1991a), where they assumed that f(z,¢,n, Vn) is independent of x and satisfies (f1), (f2)
so that (BCP) holds. For the case of the level set mean curvature flow equation such
uniqueness with Remark 4.2.12 is proved by L. C. Evans and J. Spruck (1991). Extention
to unbounded evolutions (§4.2.4) is due to H. Ishii and P. E. Souganidis (1995) as well as
F-solutions.

The existence by Perron’s method (§4.3) is essentially due to Y.-G. Chen, Y. Giga and
S. Goto (1991a) except extensions to F-solutions and unbounded evolutions. Theorem
4.3.5 is due to H. Ishii and P. E. Souganidis (1995). The existence by approximation
(84.4) is due to L. C. Evans and J. Spruck (1991).

Semigroup properties was first stated exlicitly by L. C. Evans and J. Spruck (1991).
The results from Theorem 4.5.2 to Corollary 4.5.8 and in Lemma 4.5.12 are taken from
the work of S. Altschuler, S. B. Angenent and Y. Giga (1995), where they discussed only
for the mean curvature flow equations; extension to general equation is straightforward.
For fattening phenomena references are given in §5.6. The results from Theorem 4.5.9 to
Corollary 4.5.11 are due to G. Barles, H. M. Soner and P. E. Souganidis (1993).

The strategy to prove convergence of viscosity solutions only by bound for maximum
norm without estimating derivatives goes back to G. Barles and B. Perthame (1987),
(1988) and independently by H. Ishii (1989b). Weaker version of convergence is stated
in the work of F. Camilli (1998), who also discussed the convergence of level sets. His
proof is different from ours. It seems that Theorem 4.6.1 was not stated in the literature.
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Derivation of Theorem 4.6.4 from Theorem 4.6.1 presented here is due to M.-H. Giga and
Y. Giga (2001). When N = 2, for (4.7.1)—(4.7.2) they proved a stronger result without
assuming convergence of derivative of v; they only assume the uniform convergence of .

to v on SNV-L,



Chapter 5

Set-theoretic approach

For surface evolution equations we have introduced generalized solutions as a level set of
auxiliary functions. In this chapter we introduce various notion of solutions for surface
evolution equations without using auxiliary functions. It turns out that the notion of
solutions for evolving sets does not even need level set equations. It only needs surface
evolution equations. Since the notion is directly related to evolving sets rather through
auxiliary functions, this approach is called intrinsic or set-theoretic. We moreover compare
our new notion of solutions with generalized solutions defined in the preceeding chapters.
The last part of this chapter is devoted to the study of barrier solutions. It turns out
the notion is important to prove the comparison principle via local existence of classical
solutions for surface evolution equations without using comparison results in Chapter
3.

5.1 Set-theoretic solutions

We consider a surface evolution equation
V =f(z,n,Vn) on I}, (5.1.1)

Here f(z,-,) for z € RN x [0,7T] is a given function defined in

E={(p,Q,(X)); pe SV X eSSV}
where Q,(X) = (I —p®p)X(I —p®p). We recall a part of assumptions on f of the
preceeding chapter which we still use in this chapter.

(f1) f is continuous in each variables, i.e. f:RY x [0,7] x E — R is continuous.
(f2) f is degenerate elliptic in the sense that

f(z,p0,Qp(X)) < f(2,p,Q,(Y)) whenever Q,(X) > Q,(Y).

If (f2) is fulfilled, (5.1.1) is called a degenerate parabolic equations. We associate the level
set equation of (5.1.1):

uy + F(z, Vu, V2u) = 0, (5.1.2)
F(z,p,X) = —=plf(z,=p, —Qp(X)/Ip]), D= p/Ipl-

185
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As already observed, (f1) is equivalent to the condition that F is continuous in RY x
[0, 7] x (RN\{0}) x S¥; (£2) is equivalent to the degenerate ellipticity of F. Since (5.1.2)
is a level set equation, the set Fq in chapter 2 is nonempty for each bounded open set
Q of RN if (f1) is fulfilled (cf. Lemma 3.1.3). Moreover Fq is invariant under positive
multiplication. Thus stability property as well as Perron’s method is available for Fq-
solutions just as usual viscosity solutions. We often suppress F of an Fg-solution since
we only treat level set equations in this chapter.

5.1.1 Definition and its characterization

Let xp denote the characteristic function of a set D, i.e.

(2) = 1 zeD,
XD\Z) =1 0 otherwise.

If D is a set in a metric space, it is easy to see that

(xp)" = x5 (XD)« = Xint p-

Definition 5.1.1.  Let G be a set in RY x J, where J is an open interval in (0,7).
We say that G is a set-theoretic subsolution (resp. supersolution) of (5.1.1) if s is a
subsolution (resp. supersolution) of (5.1.2) in RY x J. If G is both a set-theoretic sub-
and supersolution of (5.1.1) G is called a set-theoretic solution of (5.1.1).

Note that we rather consider an enclosed set by evolving surface I'; than I'; itself. This
is because we have to fix orientations. In our definition it turns out that the normal n is
taken outward from G(t), where G(t) is the cross section of G at time ¢:

G(t) = {z € RY; (2,t) € G}

To define a set-theoretic subsolution we have used the level set equation (5.1.2). There is
a nice characterization of set-theoretic subsolutions without using (5.1.2).

Theorem 5.1.2.  Let J be an open interval in (0,T). Under the continuity assumption
(f1) a set G in O = RN x J is a set-theoretic subsolution of (5.1.1) if and only if the
following two conditions are fulfilled.

(i) Assume that a smoothly evolving hypersurface {S;} around (zy,ty) € G has only
intersection with G(t) at zo € (0G)(ty) around (zg,t). Let ng, denote the smooth unit
normal vector field of S; such that ng,(xq) directs outward from G(t) at t = to. Let Vs,
denote the normal velocity of S; in the direction of ng,. Then

Vs, < f(z,t,ng,, Vng,) at x=uxg, t="1. (5.1.3)



5.1. SET-THEORETIC SOLUTIONS 187

(i) (left accessibility)  For each (zg,ty) € G there is a sequence (z;,t;) converging to
(zo,t0) as j — oo with t; < to and (z;,t;) € G. Here G and OG denote the closure and
the boundary of G in O = RY x J.

Remark 5.1.3. In general G(¢) does not agree with G(t), the closure of G(t) in RY.

Proof.  We first prove that (i) and (ii) if G is a subsolution. By rotation we may assume
that S, is represented as the graph of a smooth function 1 near (zg,ty) of the form

TN = w(xlut)v T = (xlva)a
ToN = ¢($67t0)> v/¢($67t0) = Oa

where V' denotes the gradient in 2’ variables. We may assume that ng, (z¢) = (0,---0,1)
at t = tp. We then set ¢(x,t) = 9(2/,t) — xny and observe that xgz — ¢ takes its strict
local maximum 1 at (zg, ) since S; has intersection with G(t) only at zo with ¢ = .
Since xg is a subsolution and V(zy) # 0, we see

©i(20) + F(20, Vip(20), VZ0(20)) <0 with 2y = (20, 0)

by Proposition 2.2.2. Since S; is given by ¢ = 0 near (zo, %) the last inequality is a level
set representation of (5.1.3). We thus obtain (i). It remains to prove (ii). If (ii) were
false, there would exist a point (zg,ty) € G, § > 0 and a small ball B,(z,) that does
not interset G(t) for to —§ < t < to. Thus for any M > 0 the function yg — ¢ with
@o(t) = M(t —ty) would take its maximum 1 at (xg, tg) over some neighborhood of (zy, to)
contained in B, (zg) X (tog — 0, to+ ). We set O’ = int B,(xo) X (tg — 9, to+ J). Since
Xg is an F-subsolution and ¢ € C%(O') with Vi = 0, V¢ = O, by definition we have
©i(xo,tg) < 0 which contradicts M > 0.

We next prove that xg is an F-subsolution if (i) and (ii) are fulfilled. Suppose that
(¢, 20) € CH(O) x O

max(xg — ¢) = (xg = ¥)(20) = 0.

We may assume that 2o € G since otherwise Vi(zo) = 0 and ¢;(29) = 0. We may assume
that p € C°(0O') by Proposition 2.2.3 and that xz — ¢ attains its strict maximum at z
by Proposition 2.2.2 since F is invariant under positive multiplication by geometricity of
F. If Vp(zy) # 0, then by the implicit function theorem

Si={z e RY; p(z,t) = ¢(20)}

is a smoothly evolving hypersurface around zy = (zg,t). Since zy € 9G is a strict
maximum point of xz — ¢, {S:} has only intersection with G at zy near z,. Since S;
satisfies (5.1.3) at 2, as its level set representation we obtain

pi(20) + F(z0, Veo(z0), VZ(20)) < 0;
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note that ng, = —V(20)/|Ve(z0)|. It remains to prove that ¢;(z9) < 0 for zy € OG when
V(z0) = 0. Suppose that ¢;(z9) > 0. Then ¢(x,t) < p(z0) = 1 near (zg,ty) if t < .
Since xg — ¢ < 0, this would imply

X@ =0 on BT(ZEQ) X (t() — (5, to)
for small > 0,8 > 0. This contradicts (ii).

Remark 5.1.4. (i) Of course there is an equivalent characterization for a set-theoretic
supersolution corresponding to Theorem 5.1.2. One should replace (5.1.3) by

Vs, > f(z, t, ng,, Vng,) at x=uxg, t=1,

where S; has only intersection with O\G(t) at zo € (9(O\G))(ty) and ng, (o) directs

outward from intG(¢) at ¢ = to. In (ii) one should replace G by O\G. The proof for
supersolutions parallels that for subsolutions.

(ii) We have defined a notion of set-theoretic solutions only for set in R x J but of
course one may replace R by an open set Q in R". The statements of Theorem 5.1.2
are still valid if one replaces RY by Q. It is also possible to define a notion of set-
theoretic solutions for the boundary value problem. For example if we impose the right
angle boundary condition

[, 1LoQ

to (5.1.1) in ©, we say that G in Qx J is a set-theoretic subsolution if xg is a subsolution of
(5.1.2) in 2 x J with du/0v = 0. We have a characterication of a set-theoretic subsolution
corresponding to Theorem 5.1.2. The statement is almost the same with RY replaced by
Q except in condition (ii) at 2o € 92 N OG(ty) we only require either (5.1.3) or

(—ng,(70), v) <0 with t=+t,.

(iii) From the proof and Proposition 2.2.3 it is easy to observe that smoothness of S;
in Theorem 5.1.2 may be replaced by the condition that S; is a C*! hypersurface as
definition of viscosity solutions. We may also replace the assumption that {S;} has only
intersection with G(t) at xg € (0G)(ty) by the condition that {S;} is in (O\ int G)(t)
near t = to that satisfies

Vst < f(x()’ tO? nSt(y(])? Vnst<y0)) at ¢t =1

for yo € Sy, with
d(yo, 0G(ty)) < d(y, 0G(t)) forally e Sy,

where t is close to g, provided that y is not a geometric boundary point of Sy, .

(iv) As we observed in Chapter 3, u is a subsolution of (5.1.2) in RY x (ty,t] for all
t1 < to satisfying (¢1,t5] C J. It is easy to observe from the proof of Theorem 5.1.2 that
this remark relaxes the assumption on test surface {S;} in Theorem 5.1.2 (i). We require
only for ¢ < ty that {S;} has only intersection with G(t) at xy € OG(ty) around (x,to);
{S;} is allowed to intersect G(t) for t > t,.
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Corollary 5.1.5.  Assume (f1) and (f2). Let G be a subset of O = RN x J. If 0G is a
smoothly evolving hypersurface in (0,T) and fulfills

V < f(z, t, n, Vn)
on 0G, where n directs outward to G. Then G is a set-theoretic subsolution of (5.1.1).

This is easy to prove once we admit the characterization (Theorem 5.1.2). We leave
the proof to the reader.

5.1.2 Characterization of solutions of level set equations

The notion of set-theoretic solutions is important to characterize solutions of level set
equations. Here we give only its simplest form for a function in RN x (0,7) but as
remarked in Remark 5.1.4 its extension to the boundary value problem is straightforward.

Theorem 5.1.6.  Assume the continuity (f1) of f in (5.1.1). Let J be an open interval
n (0,7). Let u: RN x J — RU{—oc} (resp. R U {+o0}) satisfy u* < oo (resp.
u, > —00) on RY x J. Then u is a subsolution (resp. supersolution) of (5.1.2) in RN x J
if and only if each superlevel set

Ge={(z,t) e RN x J; u*(x,t) > c (resp. u.(w,t)>c)}
is a set-theoretic subsolution (resp. supersolution ) of (5.1.1) in RN x J for all ¢ € R.

Proof. ~ We have proved several fundamental properties of the level set equation (5.1.2)
in Chapters 2 and 4. We list a part of them for further citation in this section.

SP) Stability principle.  Assume that u. is a subsolution (resp. supersolution) of
5.1.2) in RN x J for € > 0. Then w = limsup*u. (resp. u = hm 1nf +Ue) is a subsolution

(

( e—0

(resp. supersolution) in RY x J provided that 7 < oo (resp. u > —oc0) on RN x J.
(C

L) Closedness under supremum and infimum. Assume that S is a set of
subsolutions (resp. supersolutions) of (5.1.2) in R x J. Then
u(z,t) = sup{v(z,t), v e S}
(resp. u(z,t) = inf{v(z,t), v € S})

is a subsolution (resp. supersolution) of (5.1.2) provided that u* < oo (resp. u, > —0o0)
in RN x J.

(I) Invariance.  Assume that # is continuous and nondecreasing function from R into
R. If u is a subsolution (resp. supersolution) of (5.1.2) in RN x J, so does 6(u).

The properties (SP) and (CL) have been proved in Chapter 2; these properties hold for
nongeometric equations, too. The property (I) has been proved in Chapter 4 and it reflects
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the property that the level set equation is geometric. Assume that v is a subsolution so
that u* is a subsolution. We approximate the Heaviside function by

L, ¢ =0,
0-(C) =14 (C+e)fe, —e<( <0,
0, (< —¢ for > 0.

For ¢ € R we set

and observe that

lim sup*™v. = xq,-
e—0

By the invariance (I) v, is a subsolution of (5.1.2) in RY x J. By the stability (SP) xq.
is now a subsolution of (5.1.2) i.e., G, is a set-theoretic subsolution.
The converse is easy to prove. We first note that for a closed set G' a function

0 (z,t) € G

—00 otherwise

Ig(z,1) _{

is a subsolution of (5.1.2) if y¢ is a subsolution. (Indeed if we take

we(x,t) = 0.(xc(z,t))  with ée(g)_{

then
lim sup*w, = Iq.

e—0
By (I) and (SP), we see I is a subsolution.) Since u* is upper semicontinuous so that G,
is closed, I, is a subsolution of (5.1.2) for each ¢ € R. Let u* — ¢ take its maximum at
(2,1) € RN x J, where ¢ € C%f(RN x J). We may assume that (u* — ¢)(z,%) = 0 and
set ¢ = u*(2,1). Since I, — ¢ takes its maximum at (,f) € RY, we obtain a desired
inequality of ¢ at (,1), i.e.

@i+ Fp(2,1, Vo, V20) <0 at (,8) if Ve(a,1) #0,
oi(2,1) <0 if Ve(a,t) =0.

We give another proof. It is easy to observe that
U*(ZL’, t) = Sup(]Gc<x) t) + C)

with interpretation that —oo+r = —oo for r € R.. Since I, + ¢ is a subsolution of (5.1.2)
by (I), the closedness (CL) under supermum implies that «* is a subsolution of (5.1.2) in
RN x J.

The proof for supersolutions parallels that for subsolutions so is omitted.
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5.1.3 Characterization by distance functions

We shall characterize a set-theoretic subsolution (resp. supersolution) by signed distance
function. For a given set A in RY we associate the signed distance function

| d(z, A%, z €A,
sd(z, 4) = { —d(z, A), x€ A°

where A° denotes the complement of A. We use the convention that sd(z, A) = —oco if A
is empty and sd(z, A) = oo if A¢ is empty.

Theorem 5.1.7.  Assume the continuity (f1) of f in (5.1.1). Let J be an open interval
in (0,T). Let G be a set in O = RN x J. Then G is a set-theoretic subsolution (resp.
supersolution) of (5.1.1) if and only if u = sd A0 (resp. u = sd V 0) is a subsolution (resp.
supersolution) of

w + F(x —uVu, t, Vu, Vu) =0 in O, (5.1.4)

where sd(x,t) = sd(x, G(t)).

Proof. Assume that G is a set-theoretic subsolution. We shall prove that u* is a
subsolution of (5.1.4). We may assume that G is closed so that u* = u since u*(z,t) =
sd(x, G(t)) 0. Note that u(x,t) = 0 is equivalent to (z,t) € G. Suppose that (¢, (£,%)) €
C4(O') x O satisfies

max(u — @) = (u—¢)(t, %) = 0,

with @' = Q x (0,7, where Q is a bounded open set.

Case 1. If (2,f) € G, then ¢ is an upper test function of x¢ at (&,%). Since y¢ is a
subsolution of (5.1.2) and u(#,t) = 0, it follows that

pi+ F(i,1, Vo, V) <0 at (i,1)
or

oi(2,1) + F(& — u*(2,0)V(i, 1), t, V(i t), V(1)) <0. (5.1.5)

provided that Vp(2,1) # 0. If Vip(2,%) = 0, then we get o,(2,%) < 0 instead of (5.1.5).

Case 2. If (2,1) ¢ G, then u(@,t) = sd(2,f)(= —§ < 0). We first observe that
V(2,t) # 0. Indeed, by definition of (Z,#) we see

t
(

(2, G () — (1) < sd(F, G (D)) — pld ).
near (Z,t). Setting t = ¢ and expending o(z, ) near & yields

d(#, G(1)) — d(w,G(D) < (Ve(@,1), © — &) +o(|lz — &)
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as © — @. Let xy be a point in G(f) that satisfies
§ = d(#,G(t)) = |zo — 2.

We take © = & + o (xg — 2) for o close to zero and observe that d(z, G(£)) = (1 —o)d. For
this choice of z we arrive at

§—(1—0)0 < (Vp(i,t), o(zg— 1)) + o))
as 0 — 0. This implies that

Vo(d,b) = (zo — &) /|0 — @] # 0. (5.1.6)

We next observe that ¢ (z,t) < 0 implies u(z,t) < 0 if we set
P(x,t) = p(x+ 2 — w0, t) +6.
Indeed, the triangle inequality implies
—u(z+ 2 —xo, t) +u(x,t) <|T—xo| =0
Since u — ¢ takes its zero maximum at (Z,%), ¥ (z,t) < 0 implies
—u(x +2 —x9, t) > —p(x + 2 —x0, t) > 0.

Combining these two inequalities yields u(z,t) < 0.
We are now in position to prove (5.1.5) for (#,t) ¢ G. Since ¥(z,t) < 0 implies

u(z,t) < 0and (o, t) = 0, xe¢—1 takes its maximum at (xg,t). Since x¢ is a subsolution
of (5.1.2) and V(xg,t) = Vip(z,1) # 0, we have

Vim0, ) + Fxo,t, Vio(20,1), V(10,1)) < 0.
By (5.1.6) we see
To =2+ 6VY(20,1) = & — u(d, 1)V(i, ).

We thus obtain (5.1.5) for ¢.

It remains to prove that G is a set-theoretic subsolution of (5.1.1) if u is a subsolution
of (5.1.4). We may again assume that G is closed. The proof is already contained in
Theorem 5.1.6 of f is independent of x since

G ={(z,t) € RN x (0,7); u(z,t) > 0}.

If f depends on x, 6(u) for nonincreasing function § may not be a subsolution of (5.1.4).
So Theorem 5.1.6 does not apply. However, as in the proof of the invariance lemma in
Chapter 4, w = 6(u) is a subsolution of

w; + F(x — p(w)p' (w)Vw, t, Vw, V’w)=0 in O
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for p = 6~" provided that § € C'(R) with 6’ > 0. We take 0. as in the proof of Theorem
5.1.6 and observe that w. = 0.(u) with 0.(c) = 0.(c + 1) is a subsolution of

wy + F(x — p.(w)p.(w)Vw, t, Vw, V’w) =0 in O,

where p. = 0. with interpreted that p.(c) = 0 for o > 0 so that p.p. is interpreted to be
continuous at o = 0. Since 6, is not C' at zero we should approximate 6. by C' function
to get this formula by the stability results. By using the stability result we conclude that
I = limsup™w, is a subsolution of (5.1.2) since p.(0) =0 — 0 as € — 0 for ¢ < 0 and

e—0

p(w) =0 for w > 0.
The proof for supersolution is similar so is omitted. O

Corollary 5.1.8.  Assume the continuity (f1) of f in (5.1.1). The function u = sd A0
is a subsolution of (5.1.4) in O if and only if condition (ii) for G of Theorem 5.1.2 is
fulfilled and u* satisfies the left accessibility property : for each (z¢,ty) € RN x (0,T)
there is a sequence (z;,t;) converging to (zo,to) as j — oo with t; < t, such that
u(xj, t;) — u(zo, to). (Similar assertion holds for sd V 0.)

Proof.  Since the left accessibility of G is equivalent to the left accessibility of u*, this
follows from Theorems 5.1.2 and 5.1.7.

5.1.4 Comparison principle for sets

We shall review comparison principle obtained in Chapter 3 from the point of set-theoretic
solutions. When F in (5.1.2) is degenerate elliptic, we have proved under reasonable
assumptions the comparison principle. We give a slightly different version of (CP) and
(BCP) stated in Chapter 3.

(CP) Let u and v be sub- and supersolution of (5.1.2) in O = RY x (0, T, respectively.
(i) Assume that u and —v are bounded from above on O. Assume that

1(%%1 sup{u*(z,t) — v.(y,5); (x,1),(y,s) € RN x [0,T), |[v —y| <6, t <5, s <8} <0,
(5.1.7)

for each 7" € (0,7T") and u* > —o0, v* < 0o on 9,0. Then

lgf{)l sup{u*(z,t)—v.(y, s); (z,1), (y,8) € RV x[0,T"], |[z—y| <6, |t—s| <} <0, (5.1.8)
for each T" < T.
(i) If u* < v, at t = 0, then u* < v, on RN x [0,7T), provided that u(z,t) and v(x,t) are
constant outside Bg(0) x (0,7) for some large R > 0.

Of course, the second property follows from the first. The first property is nothing but
(CP) in Chapter 3 when Q = RY. The property (CP (i), (ii)) holds for (5.1.2) for example
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when (5.1.1) is degenerate parabolic with continuous f independent of the space variable
x. The second property essetially follows from (BCP). See Chapter 3 for more details.

We give a comparison principle for bounded set-theoretic solutions.

(BCPS) Let E and D be set-theoretic sub- and supersolutions of (5.1.1) in O, respec-
tively. If E*(0) C D.(0), then E* C D, provided that D (or O\D) and E (or O\F) are
bounded in O. Here E* denotes the closure of F as a set in RY x [0,7) and D, denotes
the complement of (O\D)* in RN x [0, 7).

This follows from (CP (ii)) by setting u = xg, v = xp. It turns out that (BCPS) is
equivalent to (CP (ii)).

Lemma 5.1.9.  Assume the continuity (f1) of f in (5.1.1). The property (BCPS) for
(5.1.1) holds if and only if (CP (ii)) holds for (5.1.2), where O = RY x (0,T).

Proof. It suffices to prove that (BCPS) implies (CP (ii)). For ¢,d € R we set

E,={(x,t) e RN x [0,T); u*(x,t) > c},
Dy = {(z,t) e RN x [0,T); vy(x,t) > d

Since u (resp. v) is constant outside Br(0) x (0,T), E. or O\E. (resp. Dy or O\D,) is
bounded in O. By Theorem 5.1.6 E, and D, are set-theoretic sub- and supersolutions in
O, respectively. By definition of u* and v, E. = (E. N O)* and Dy = (Dy N O).,. Since
u* <w,att=0, E.(0) C D.5(0) for all c € R, § > 0. By (BCPS) we see

E.CD._s
for all c € R, § > 0. This implies that u* < v, in RN x [0, 7)), since otherwise there would
exist a point (xg,ty) € O with u*(xo,tg) = ¢ > vi(xo,t9) = ¢ — 0 for some c € R, 6 > 0

so that ($0,t0) € E. but (Io,t0> ¢ D. s. O

We now derive comparison principle for set-theoretic solutions corresponding to (CP
(1)) which is not necessarily bounded. It is not difficult to prove that (5.1.7) with u = xg
and v = xp is equivalent to

inf{dist(E.(t), (O\D)*(s)); 0 <t <eg, 0<s<ep} > ¢ (5.1.9)

for some small 9 > 0. Similarly, the condition (5.1.8) for v = yg and v = xp is equivalent
to say that for each 0 < T < T

inf{dist(E,(t), (O\D)*(s)); [t —s| <e1, 0<t, s<T'} >¢e (5.1.10)
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for some €1 > 0 (which may depend on T"), where
dist(A, B) = inf{dist(z,y); = € A, y € B}
and the closure is taken in RY x [0,T) not in O.
We now propose comparison principle for general set-theoretic solutions.

(CPS) Let E and D be set-theoretic sub- and supersolution of (5.1.1) in O, respectively.
If (5.1.9) holds for some gy > 0, then (5.1.10) holds for some &;.

Lemma 5.1.10.  Assume the continuity (f1) of f in (5.1.1). The property (CPS) for
(5.1.1) holds if and only if (CP (i)) for (5.1.2) holds.

Proof. It suffices to prove that (CPS) implies (CP (i)). We set E. and Dy as in
the proof of Lemma 5.1.9. If (5.1.8) were false, then there would exist a sequence ¢; €
R, (z;,t), (y;,5;) € RY x[0,7"] and a constant n > 0 that satisfies

U*(l’j,t]‘) =cCj > U*(yj7sj> +n,
[zj =yl =0, [tj—s;l =0 as j— oo

In particular z; € E.,(t;) and y; & De,_y/2(s;), so that

diSt(ECj (tj>7 (Z\ch*ﬂ/Q)(Sj)) —0 (5'1'11)

as j — oo, where Z = RN x [0, 7"]. Since (5.1.7) holds, there is &y > 0 independent of c;
that satisfies
inf{dist(Ec; (t), (Z\D¢;—ns2)(s)), 0 <t, s <eo} > eo. (5.1.12)

By definition of upper and lower semiconvergence there is a closet set E in Z and an open
set D in Z that satisfies

Xg = limsup” xg., Xp = lijﬂiioglf* XDe;—/2-

oo
By (5.1.11) we would obtain

dist(E(t), (Z\D)(f)) =0 (5.1.13)

for some ¢ € [0,7"] which is an accumulation point of ¢;, we also observe that s; — f since
t; —s; — 0. By (5.1.12) we see

inf{dist(E(t), (Z\D)(s)), 0<t, s <o} > 2o (5.1.14)
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which in particular implies ¢ > 0.

Since the stability principle (SP) holds, E and D are still set-theoretic sub- and su-
persolutions of (5.1.1), respectively. By (CPS) (5.1.14) implies

inf{dist(E(t), (Z\D)(s)); [t —s| <e1} > &
for some €; > 0 which contradicts (5.1.13). O

Remark 5.1.11. (i) In the comparison principle (CPS) for set-theoretic solutions we
have assumed (5.1.9). This assumption needs property of solutions not only at time zero
but also near time zero. However, if we assume uniformly upper semicontinuity of F., ()
and (O\D)*(t) at t =0 (5.1.9) follows from a simple condition

dist(E*(0), ((O\D)*)(0)) > 0. (5.1.15)

Here we say that E*(t) is uniformly upper semicontinuous at t = 0 if
Ilfir% sup{dist(z, E*(0)); z € E*(t)} = 0.

Of course this property always holds if £*(0) is compact in RY.

(ii) So far we have taken initial data at ¢ = 0 in (CPS) and (BCPS). Sometimes it is
necessary to take initial data at t = to € (0,7°). We replace 0 in (CPS) and (BCPS)
by to and refer these conditions as (CPS ty) and (BCPS ty), respectively. Of course the
statements of Lemma 5.1.9 and Lemma 5.1.10 are still valid for (BCPS ¢;) and (CPS )
if we replace (CP) in an appropriate way.

5.1.5 Convergence of sets and functions

In previous subsections we compared various aspects of set-theoretic solutions and solu-
tions of level set equations. Here we compare the upper semiconvergence of functions and
its level set. For a family {E°}.~o of sets in a metric space X it is easy to see that

limsup £° = {z € X; (limsup” xg.)(z) = 1}.

e—0 e—0

Lemma 5.1.12.  Let u®(¢ > 0) be an upper semicontinuous function on X with values
in {—oo} UR. For ¢ € R let ES denote

E:={r e X; u(z) > c}.
Let w and E, be defined by

u = limsup” v®, E. = limsup FEj.
e—0 e—0
l—c
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Then
E.={z € X; u(z) > c}.

Proof.  The condition xz>.(2) = 1 is equivalent to saying that there exists a sequence

gj — 0, z; — z such that liminf; .. u%(z;) > c¢. We observe that the last inequality is

equivalent to lim; . x < (2;) = 1 with £; — ¢ by setting £; = min(u®(z;),c). Thus the
£

result follows. O

This lemma together with Theorem 5.1.6 implies that the stability results in chapter
2 is equivalent to the stability of sets in X = R x (0,T) or characteristic functions. We
left its explicit form to the reader.

5.2 Level set solutions

For a given set G in RY we seek a set-theoretic solution G C RY x [0,T) of (5.1.1) in
R” x (0, T) with initial data G. To be precise we say that the initial data of G equals Gy
if G*(0) = Gy and (G,)(0) = int Go. Unfortunately, for a given initial data there may be
several set-theoretic solutions, so solutions for initial value problem of (5.1.1) may not be
unique. For this reason we shall introduce notion of level set sub- and supersolutions.

5.2.1 Nonuniqueness

We first give a simple example of nonuniqueness for the curve shortening equation V' =k
in R2.

Example 5.2.1. Let h = h(z,t) be the unique smooth solution of

— hZZ
8’*h_1+h§’ t>0, z>0,
h.(0,t) =0, t >0,
Clirn h.(C,t) =1, t >0,
h(z,0) =z

Such a solution exists globally in time. It can be constructed by an approximate argument;
see for example the work of K. Ecker and G. Huisken (1989). Define

Dy = {(z,y,t) € R* x [0,00); |y| < h(|z].t)},
Dy = {(z,y,t) € R* x [0,00); |2] > h(ly|.t)},
D3 = {(z,y,t) € R* x [0,00); [y| < |z]}.

Since 0D; solves V = k in the classical sense, by Corollary 5.1.5 D; and D, are set-
theoretic solutions of V' = k. By Theorem 5.1.2 and Remark 5.1.4 (i) the set Dj is also
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a set-theoretic solution. Indeed, for example to see that Dj is a set theoretic subsolution
we observe that all {S;} in Theorem 5.1.2 fulfills (5.1.3) with Vg, = 0. Clearly,

D;(0) = Do, Dj(0) =Dy (j=1,2,3)

with Dy = {(z,y) € R?; |z| > |y|}. Thus all D; is a set-theoretic solution of V' = k with
initial data Dy. There is also a similar type example of nonuniqueness for bounded initial
data. There are several criteria for uniqueness, but we do not give them here.

5.2.2 Definition of level set solutions

We introduce notion of a level set subsolution for an open set in O = RY x (0, 7).

Definition 5.2.2. Let D be an open set in Z = RY x [0,T). We say that D is a level
set subsolution of (5.1.1) in O = RN x (0, T) if there is a sequence {E;}52, of closed sets
in Z that satisfies

(i) E;C Ejforj>1land U E; =D,
j=1

(i) E; is a set-theoretic subsolution of (5.1.1) in O for j > 1,
(iii) inf{dist(£;(t), (OD)(t)); 0 <t < T} >0 for each j > 1.

For an open set D in O we say that D is an (open) level set subsolution of (5.1.1) in
O if there is an open set D' in Z which is a level set subsolution of (5.1.1) in O with
D=0nD" If Din O fulfills (i), (ii), (iii) with {£;}32;, C O and 0 < ¢ in (iii) is replaced
by 0 <t, then such D’ always exists by setting D" = U2, E7, where E7 is the closure of
E; in Z. Note that D’ is not uniquely determined by D.

Similarly for closed set E in Z we say that E is a (closed) level set supersolution of (5.1.1)
in O if there is a sequence {D;}22, of open sets in Z that satisfies

(i) Dj41 CD; forj>1and oﬁ D;=FE,
j=1

(ii) D; is a set-theoretic supersolution of (5.1.1) for j > 1,

(ili)  inf{dist((0D;)(t)), E(t)); 0 <t < T} > 0 for each j > 1. We define a closed level
set supersolution for a closed set in O in a similar way as defining a level set subsolution.

Since
xp = limsup® xg;,
J—00

we see that D is a subsolution by the stability principle (SP). This justifies the wording
‘subsolution’ since D is a set-theoretic subsolution. The same remark applies to level set
supersolutions.

It is also possible to define a level set solution in RN x [ty, ;) for any [to,#;) C [0,T) by
replacing [0,7") by [to,t1). We next characterize the solutions as a level set of an auxiliary
function.
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Proposition 5.2.3.  Assume the continuity (f1) of f in (5.1.1). Let D (resp. E) be a(n)
open (resp. closed) set in O = RY x (0,T). Then D (resp. E) is a level set subsolution
(resp. supersolution) if and only if there is an upper semicontinuous subsolution (resp. a
lowersemicontinuous supersolution) u of (5.1.2) in O with properties

(i) D = {(z,t) € O;u(z,t) > 0}, D = {(x,t) € O;u(z,t) > 0}, (resp. E = {(z,t) €
O;u(x,t) > 0}, int E = {(z,t) € O;u(z,t) > 0})

(i) u(z,t) is uniformly continuous in x on its zero level set in D(t) (resp. (O\intE)(t))
uniformly in t € (0,T), i.e., there is a modulus m that satisfies

u(z,to) < m(|lx — zol)
for x,xo € D(ty),to € (0,T) with u(xg,to) = 0, u(z,ty) > 0 (resp. u(x,ty) <0).

Proof. We only give the proof for D since the proof for E is similar. Assume first
that D is a level set subsolution and that an approximate sequence {E; }‘;‘;1 is taken as
in Definition 5.2.2. We set

1
v(z,t) = sup{(; +1)xg, —1; j=1,2,---}

and observe that v is a subsolution of (5.1.2) by the closedness under supremum (CL)
since (7' + 1)xp, — 1 is a subsolution by the invariance (I). Since E; C Ej4; for j > 1,

o0
v is upper semicontinuous in D = |J FE; and moreover
Jj=1

v(x,t), (x,t) € D,
v (z,t) =< 0, (x,t) € 0D,
—1, (z,t) € O\D.

If we set u = v*, the property (i) is fulfilled. The uniform continuity (ii) follows from
Definition 5.2.2(iii). Indeed, let mg : [0, co) — [0,00) be a nondecreasing function of
form
mo(0) = sup{u(z,t); d(z,0D(t)) <o, (z.t) € D}.

By (iii) of Definition 5.2.2 and U2, E; = D we see mg(o) — 0 as 0 — 0. By Lemma 2.1.9
there is a modulus m > mg. Thus u(z,tg) < m(|z —x0|) for zg € ID(ty), x € D(ty), to €
0,7).

We now prove the converse. Let u be an upper semicontinuous subsolution u of (5.1.2)
satisfying (i) and (ii). We set

E; ={(z,t) € O; u(z,t) > 1/}

and observe that £} is a subsolution of (5.1.1) by Theorem 5.1.6. By definition E; C E;4
and U2, FY = D,. Since
1/5 < u(w, to) < m|z — o)

for all zg € dD(to), to € (0,T), = € E;(to), the property (ii) now follows.
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Remark 5.2.4. If f in (5.1.1) is independent of x so that F' in (5.1.2) is independent
of x, then by Theorem 5.1.7 sd A0 is a subsolution of (5.1.2) for sd(z,t) = sd(z, D(t))
where D is a level set subsolution. We take

w(x,t) = max(sd A0, v)

with v in the proof of Proposition 5.2.3 and observe from (CL) that w is an upper semi-
continuous subsolution and that w(z,t) is uniformly continuous in x on its zero level
set (uniformly in ¢ € (0,T)) without restricting x in D(t). This is because sd is always
Lipschitz continuous.

5.2.3 Uniqueness of level set solution

We give comparison principle for level set sub- and supersolutions. For a set D in RY x
[0, T) we often denote its intersection with RY x (0,7 still by D.

Theorem 5.2.5.  Assume that (CPS) holds. Let G be an open (resp. closed) set in
Z =RN x [0,T). Let G be a set-theoretic supersolution (resp. subsolution) of (5.1.1) in
O =RY x (0,T). Let D be an open (resp. closed) set in Z. Assume that (Z\G)(t) and
D(t) are (resp. G(t) and (Z\ int D(t)) uniformly upper semicontinuous. Assume that
D is a level set subsolution (resp. supersolution) of (5.1.1) in O. If D(0) C G(0) (resp.
D(0) D G(0)), then D C G (resp. G C D).

Proof.  Again we only give the proof when G is a set-theoretic supersolution and D is
a level set subsolution since the proof for the other case is similar.

Let {E;}52, € Z = RN x [0,T) be a sequence approximately D in Definition 5.2.2.
Since D(t) is uniformly upper semicontinuous at ¢ = 0, the property (iii) in Definition
5.2.2 yields

inf{dist (E;(t), (Z\D)(0)), 0<t<e} >0

for some small £; > 0. Since (Z\G)(t) is uniformly upper semicontinuous at ¢ = 0, and
D(0) C G(0), the preceeding estimate yields

inf{dist (E;(t), (Z\G)(s)); 0 <t <ep, 0<s<ep}>¢o

for some small €y > 0. Since Ej is a set-theoretic subsolution and G is a set-theoretic
supersolution, the comparison principle (CPS) yields E; C G. Since D = U2, Ej, this
implies that D C G.

Corollary 5.2.6.  Assume that (CPS) holds. Let Dy (resp. Ey) be a(n) open (resp.
closed) set in RN . There is at most one level set subsolution D (in Z) (resp. supersolution
E) which is also a set-theoretic supersolution (resp. subsolution) of (5.1.1) in O = RY x
(0,T) with D(0) = Dy (resp. E(0) = Ey) provided that (Z\D)(t) and D(t) (resp. E(t)
and (Z\ int E)(t)) are uniformly upper semicontinuous at t = 0.
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This follows from Theorem 5.2.5. Indeed, if D and D are both a level set subsolution
and a set-theoretic supersolution (with D(0) = D(0) = Dj) that satisfies the uniform
upper semicontinuity at t = 0, then applying Theorem 5.2.5 with G = D yields D > D.
A symmetric argument yields D D D.

Definition 5.2.7.  Let Dy (resp. FEy) be a(n) open (resp. closed) set in RY. A(n) open
set D (resp. closed set E) in Z is called a level set solution of (5.1.1) with initial data Dy
(resp. Ep) if D (resp. E) is simultaneously a level set subsolution (resp. supersolution)
and a set-theoretic supersolution (resp. subsolution) with D(0) = Dg (resp. E(0) = Ey)
and (Z\D)(t) and D(t) (resp. E(t) and (Z\ int E)(t)) are uniformly upper semicontinuous
at t = 0.

By Corollary 5.2.6 for Dq (resp. Ey) a level set solution D (resp. E) with D(0) = Dy
(resp. E(0) = Ej) is unique. Note that the uniformly upper semicontinuity is always
fulfilled if one of Z\D or D (resp. E and Z\ int FE) is bounded. We shall compare a
generalized evolution of (5.1.1) with a level set solution.

Proposition 5.2.8. Let D (resp. E) in Z = RN x [0,T) be a generalized open (resp.
closed) evolution of (5.1.1) with initial data D(0) = Dy (resp. E(0) = Ey). Then D (resp.
E) is a level set solution of (5.1.1) with D(0) = Dy (resp. E(0) = Ej).

Proof.  Again we only discuss open evolution D since the proof for E is similar. By
definition there is a solution u : Z — R (of (5.1.2)) that belongs to BUC(RY x [0,T"])
for every T" < T and it satisfies

D = {(x,t) € Z; u(z,t) > 0}.
Since u is a supersolution, D is a set-theoretic supersolution by Theorem 5.1.6. If we take
Ej = {(Z’,t) € Z; U(Z‘,t) > 1/]}7 J=12,,

then £ fulfills properties (i), (ii), (iii) of Definition 5.2.2. Indeed, the property (iii) follows
from u € BUC(RY x[0,T"]). The property (ii) follows from Theorem 5.1.6. The property
(i) is clear by definition. Thus D is a level set subsolution.

The uniformly upper semicontinuity at ¢ = 0 follows from the fact that u € BUC(RY x
[0,7"]) so D is a level set solution.

Remark 5.2.9. By uniqueness (Corollary 5.2.6) there are no level set solutions other
than generalized evolution. We may arrange the definition of level set solution more
restrictive so that Proposition 5.2.8 holds. If we assume that E;’s in Definition 5.2.2
is bounded, the notion of a level set subsolution comes to be more restrictive than we
used above unless D is bounded. However, the statement of comparison and uniqueness
(Theorem 5.2.5 and Corollary 5.2.6) still hold for these restrictive level set solutions. As
observed in Chapter 4, a generalized open evolution can be approximated by bounded
subsolution £ form inside in many cases, for example the case when (5.1.2) satisfies the
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comparison principle (CP) as well as the continuity (f1) of f. Thus the statement of
Proposition 5.2.8 is still valid for level set solutions in the restrictive sense.

Corollary 5.2.10. (Uniqueness) Assume that (CPS) holds. Let D be an (open)
level set solution of (5.1.1) with initial data Dy. Assume that D is the (closed) level
set solution of (5.1.1) with initial data Dy. If G C Z = RN x [0,T) is a set-theoretic
subsolution in O = RY x (0,T) with G(0) = Dy and a set-theoretic supersolution in O
with int G(0) = Dy, then int G = D and G = D provided that G(t) and (Z\G)(t) are
uniform upper semicontinuous at time zero. In particular, an open set-theoretic solution
with initial data Dy is unique.

We characterize a level set solution (open in Z) by smallest supersolution with the
same initial data.

Theorem 5.2.11.  Assume that (CPS) holds. For given an open (resp. closed) set Dy
(resp. Ep) in RY let S be the set of all open (resp. closed) set G in Z = RN x [0,T) that
satisfies

(i) Dy C G(0) (resp. G(0) C E(0)).

(ii) G is a set-theoretic supersolution (resp. subsolution) of (5.1.1) in O.

(iii) (Z\G)(t) (resp. G(t)) is uniformly upper semicontinuous at t = 0.

Let D (resp. E) be the level set solution with initial data Dy (resp. Fy). Then

D =(|{G; G e S}
(resp. E=|J{G; Ge S})

If 0Dy (resp. OEy) is compact, the condition (iii) is unnecessary.

Except the last statement this follows from the comparison principle (Theorem 5.2.5)
and D € S (resp. £ € S). If 0Dy is bounded, as observed in Chapter 4, there always
exists an open set-theoretic supersolution G with bounded dG that satisfies G (0) D Do.
For given open G satisfying (i), (i), the set G NG is a set-theoretic supersolution by the
closedness under inf operation (CL). Since (G N G) is now bounded, G'N G fulfills (iii)
as well as (i), (ii). Thus N{G; G € S} is the same as a set even if (iii) in the definition of
S is not assumed. The proof for E is symmetric so is omitted.

Remark 5.2.12. In Example 5.2.1 we gave three set-theoretic solutions of the curve
shortening equation in R? with the same initial data Dy. It turns out that the (open)
level set solution with initial data Dy is Dy while the (closed) level set solution with initial
data Dy is D;. Indeed, if we set

B = {(x,9,6) € R? x [0,00); |r = > hlyl, t+57)},

then {£;} satisfies all properties of Definition 5.2.2 with D = D, since {0F;(t)} is a
classical solution of the curve shortening equation so that it is a set-theoretic subsolution
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by Corollary 5.1.5. The uniform upper semicontinuity of the complement of D is easy
to check so D, is the level set solution with initial data Dy. The proof for D, is similar.
Theorem 5.2.11 says that Ds is the minimal supersolution with D;(0) C D, (satisfying
the uniformly upper semicontinuity at time zero).

5.3 Barrier solutions

We shall discuss a relation of set-theoretic solutions to evolutions avoiding smooth evolu-
tions.

Definition 5.3.1.  Let J be an interval in [0, 7). For an interval I let & be a family of
sets G in RN x I. For T > 0 we say that a set B in O = R" x J is a barrier supersolution
in O associated to £ = {&;; I C J} if G € & with I = [tg,t1) C J and G(ty) C B(to)
always fulfills G € BN (RY x I). The set of all barrier supersolutions associated to £
denotes Barr (&).

By definition a restriction G NRYN x J' for J' C J is always a barrier supersolution in
RY x J'if G € Barr (£) in RY x J.

For the surface evolution equation (5.1.1) there are several reasonable choices of &;.
For example

& = {G; G is a bounded closed set RY x I and {0G(t) }e; is a C*' evolving
hypersurface satisfying V < f(z, n, Vn) on 0G(t) for t € Int I},

Er={Ge&; V=f(z, n, Vn) on 0G(t) for t € Int I},

EX ={G e &; {0G(t)her is a smooth evolving hypersurface}.

By definition
Barr(£7) C Barr(€) C Barr(E™)

with £~ = UE;, € = UEr, €% = UEX. In many cases all these class becomes identical
although in general the above inclusions may be strict. For general purpose the set Barr
(€7) is most useful so we mainly discuss the class Barr (£7). We shall compare the notion
of a barrier supersolution with a set-theoretic supersolution.

Proposition 5.3.2.  Assume (f1) concerning f in (5.1.1). Let J be an open interval in
(0,T). Let B be an open set in O = RN x J.

(i) Assume (12) concerning f in (5.1.1). Assume that the comparison principle (CPS t)
holds for (5.1.1) with 0 <ty < T. Then B is a barrier supersolution in O associated to
&~ if B is a set-theoretic supersolution of (5.1.1) in O with the property that (O\B)(t)
is uniformly right upper semicontinuous on J, i.e.,

1;?;1 sup{dist (z, (O\B)(t)); x ¢ B(s)} =0 forte J

(ii) If B is a barrier supersolution in O associated to £, then B is a set-theoretic super-
solution of (5.1.1) in O. Assume that f is uniformly continuous on RN x [0,T] x K for
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every compact set K in E. Then (O\B)(t) is uniformly right upper semicontinuous at all
t € J. If B is a barrier supersolution in Z = RN x [tg, 1], (to,t1) C [0,T) then (Z\B)(t)
is uniformly right upper semicontinuous at all t,ty <t < t; including t = .

It turns out that the comparison principle is unnecessary to prove the equivalence of
barrier supersolutions and set-theoretic supersolution.

Theorem 5.3.3.  Assume (fl) and (f2) concerning f in (5.1.1). An open set B in
O = R x J is a barrier supersolution associated to £~ if and only if B is a set-theoretic
supersolution of (5.1.1) in O, where J is an open interval in (0,T).

Corollary 5.3.4.  Assume (f1) and (CPS) and the uniform continuity of f in Propo-
sition 5.3.2 (ii). Let Dy be an open set in RN and let D C Z = R" x [0,T) be an open
level set solution of (5.1.1) with initial data D(0) = Dy. Then

D=(\{B:Be€Barr(6") and Bisopenin Z=R" x [0,T) with B(0) D Dy}.

The last indentity gives a characterization of a level set solution by minimal barrier
containing Dy at time zero. Since D = N{G; G € S} by Theorem 5.2.11, Corollary 5.3.4
follows from Proposition 5.3.2 and Theorem 5.3.3.

Remark 5.3.5. The condition of openness of B in Theorem 5.3.3 and Corollary 5.3.4
is unnecessary thanks to the next lemma.

Lemma 5.3.6.  Assume (fl1) concerning f in (5.1.1). Let B be a set in RN x J, where
J is an interval in [0,T"). Then int B € Barr (£7) if and only if B € Barr (£7).

We postpone the proof of Theorem 5.3.3 and Lemma 5.3.6 in §5.4.2.

Proof of Proposition 5.3.2. (i) Assume that B is a set-theoretic supersolution of (5.1.1)
with the right uniform upper semicontinuity. Let G be in £, with [to,?;) C J. Since
G is a classical subsolution, it is a set-theoretic subsolution of (5.1.1) by Corollary 5.1.5;
here the degenerate parabolicity of (5.1.1) is invoked. Since G is bounded, G(t) is right
uniformly upper semicontinuous. By (CPS) if G(ty) C B(ty), then G(t) C B(t) for all
t € I. Thus B is a barrier supersolution associated to £.

(ii) Assume now that B € Barr (€7). We shall prove that right uniform upper semitonti-
nuity of B(t). We may assume J = [0,7"). We recall existence of fundamental subsolutions
which is proved essentially in Lemma 4.3.3 as a level set of v™; note that condition (4.3.1)
is unnecessary as pointed out in Remark 4.3.7. Here we use the degenerate ellipticity
(f2) of f. Note that the uniform continuity of f in z is invoked to guarantee that 7 is
independent of (xg, t).

(F) Fundamental subsolution For sufficiently small » > 0, say r < r¢, there is
n = n(r) > 0 such that for each (zg,t9) € Z = RY x [0,T) there exists G € & for



5.3. BARRIER SOLUTIONS 205

I = ty, to +n) with G(ty) = B,(x) (the closed ball of radius r centered at x) that
satisfies xp € G(t) C B,(xo) for all t € 1.

Suppose that (Z\B)(t) were not uniformly right upper semicontinuous at t, € [0,7).
Then there would exist g9 > 0 and a sequence {(z;, t;)}32, with z; & B(t;) (t; | to) that
satisfies dist (z;, (Z\B)(to)) > o for large j, say j > jo. We may assume that ¢y < ry. By
(F) we take r = g9 and G; € &; for I = [to, to+n) with G(to) = B,(x;) so that G;(t) > x;
for ¢t € I. Since Gj(ty) C B(tg) for j > jo and B € Barr (£7), G;(t) C B(t) for t € I.
This contradicts x; ¢ B(t;). Thus (Z\B)(t) is uniformly right upper semicontinuous at
each t € [0,7).

We shall prove that B is a set-theoretic supersolution in O = R x J of (5.1.1), where
J is an open interval in (0,7"). We shall check the criterion given in Theorem 5.1.2 with
Remark 5.1.4 (i). The left accessibility of O\B follows from (F). Indeed, if not, there
would exist a point (xg,tg) € O\B such that B,.(zq) C B(t) for to — <t < tg with some
d >0, r > 0. We may assume that r < rg and 6 < n = n(r) for ro, n given in (F). By (F)
there is G € &7, I = [ty — 0§, to — 0 + ) that satisfies G(to) = B,(z0), G(t) 3 x, for all
t € I. Since B is a barrier supersolution with B,.(z¢) C B(tg—0), we see G(t) C B(t) for
t € I. Since tg — 0 +n > tg, this contradicts xy ¢ B(to). Note that we only need a weaker
version of (F) where 7 may depends z. Since this version only needs the continuity (f1)
and (f2) of f, we do not need the uniform continuity of f to prove the left accessibility.

It remains to check a version of definition of supersolution corresponding to Theorem
5.1.2 (i). Let {S;} be a smoothly evolving hypersurface around (x¢,?y) and {S;} has only
intersection with (O\B)(t) at zo € 0(O\B)(ty) around (zg,tp). By extending {S;} we
may assume that there is a bounded closed set G in BN (RN x I) U {(xg,ty)} with the
property that 0G(t) = S; is a smoothly evolving hypersurface for some small interval
I =1ty—0, to+0), 6 > 0. Assume that B does not satisfy the supersolution version of
Theorem 5.1.2 (i). Then there would exist {S;} and (xg,%,) satisfying above properties
with

Vs, < f(z, t, ng,, Vng,) at xz =g, t =1t

By continuity of f and {S;} we may assume for some £ > 0
Vs, < f(z, t, ng,, Vng,) —e on S;N B,.(x0)

for t € I = [ty — 0, to + 9) by taking 6 smaller if necessarily. We shall modify S; so
that this type of inequality holds for on whole S; not necessarily near x,. As we see
in the next lemma, there is a closed set G € &£ such that G(ty — &) = G(ty — 6) and
G = G neighborhood of (z9,) in O by taking § smaller. Since B € Barr (£) and
G(to — 0) C B(ty — ), we see G(ty) C B(ty). Since G(ty) 3 xo and B is open, this
conntradicts the choice of xq : zg ¢ B(to).

Lemma 5.3.7. (Modification)  Assume the continuity (f1) of f in (5.1.1). Let G be
compact set in RY x I with I = [to — 6, to + 0] C (0,T) for some § > 0. Assume that
Sy = (0G)(t) is a smoothly evolving hypersurface on I. If there is n > 0 that satisfies

VSt S f(xu t7 ng,, Vnst) — T on St (531)
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for all x € Bs(x¢), t € I, then there is 6; > 0 (01 < §) and a compact set é}n RN x J
with J = [ty — 01, o + 01] with the property that G(to — 1) = G(to — 01) and G = G near
(x0,t0) and that G € £ .

Proof.  For G there is a function u € C(RY x I) such that
G = {(x,t) € RN x I; u(z,t) > 0}

and u is smooth near 0G with Vu # 0. By taking § > 0 smaller we may assume that
G C U x I with a bounded open set U containing Bs(zo) and that v € C*°(U x I) and
Vu #0on U x I. We rewrite our assumption (5.3.1) to get

us + F(z, Vu, V?u) < —n|Vu| in  Bs(zo) x I NIG.
Since |Vu| > 0 in Bs(zg) x I and F' is continuous, there is a constant A > 0 that satisfies

uy + F(z, Vu, V?u) < =X in  Bs(xg) x I (5.3.2)

by taking o smaller if necessary. We set
v(x,t) = u(x,t) — pa(x)(t —t).

Here o € C*°(R") is taken so that @ = 1 on R\ Bs(z) and @ = 0 on Bj/a(z0) with
a > 0. The constant t; € (tyg — J, to) and p > 0 are to be determined later. Since U is
bounded we take u large enough so that

uy + F(z, Vu, V2u) <pu in U x .
Since o = 1 on R\ Bs(z0), this choice of p yields

v + F(z, Vv, V2) <0 (5.3.3)

for € RM\Bs(x0), t € I. Since a = 0 on Bj/a(xo), (5.3.3) is also valid for z € Bs(xo)
by (5.3.2). Taking ¢, = to — &, close to ty we obtain (5.3.3) for x € Bs(xo)\Bs/2(z0) for
t € [t1, to+61) since (5.3.2) holds. We may assume that Vo # 0on U x J, J = [t1, to+]
and that the zero level set is contained in U by taking d; smaller. We now set

G = {(z,t) € U x J; v(x,t) >0}

and observe that G € & by (5.3.3). From definition of v it follows that (¢ = G near
(.’Eo,to) and G(tl) = G(tl)

Remark 5.3.8. (Choice of £) If the comparison principle holds for smooth sub- and
supersolutions of (5.1.1) and the local smooth solution exists for every C'* initial closed
hypersurface (whose existence time interval may depend on smoothness of initial surface),
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then Barr (€7) = Barr (£%°). Indeed for B ¢ Barr (£7) with B € Barr (%) there is
G € & with some I = [to, 1) that satisfies G(to) C B(to) but G(t)\B(t) # 0 for some
t, to < t < t;. We may assume that {0G(t)} is a smooth evolving hypersurface by
approximation. Since G is compact, we see

t, = inf{t € I; G)\B(t) £ ¢} > to.

By the local existence of solutions for each § > 0 there is n > 0 and W € EY with
J=1[te =9, t.— 6 +mn)(C I) and W(t. — ) = G(t. — 0). By uniform regularity of G(t)
in ¢ we may assume that 7 is independent of § and take § > 0 so that n — 9 > 0. By
comparison of smooth sub- and supersolutions, we see

G(t) c W(t) for te.J

Since Wo(t, — §) = G(t. — &) C B(t — §) and B € Barr (£%) it follows that G(t) C
WO(t) C B(t) for t € J. This contradicts the definition of ¢, since n — § > 0.

Remark 5.3.9. (Subsolutions) There is of course a notion of barriers subsolution
corresponding to subsolutions. Let £ be the set defined by

Ef = {UcRY xI; U isabounded open set and
{0U(t)}rer s a C*! evolving
hypersurface satisfying
V> f(z, n, Vn) on 0U(t)},

where n is taken outward from U(t). For an interval J in [0,7) a set B in RN x J
is called a barrier subsolution associated to £t = {&;1 C J} if U € & with [ =
[to,t1) C J and U(ty) D B(to) always fulfills U D BN (RY x I). The set of all barrier
subsolution associated to £ denotes barr (£1). It is easy to obtain statements as in
Proposition 5.3.2-Lemma 5.3.6 for barrier subsolutions by argument symmetric to the
case of supersolutions. For example, the statement corresponding to Theorem 5.3.3 reads:
a closed set B in O = RY x J (J: open interval) is a barrier subsolution if and only if
B is a set-theoretic subsolution of (5.1.1) in O under the assumptions (f1) and (f2). The
statement corresponding to Lemma 5.3.6 reads: B € barr (£7) if and only if B € barr
(E1) under the assumption of (f1) and (f2). The right uniform upper semicontinuity of B
follows if B € Barr (£7) provided that f satisfies the uniform continuity in Proposition
5.3.2 (ii).

5.4 Consistency

We shall prove that our notion of a level set subsolution is consistent with classical subso-
lutions. As we observed in Corollary 5.1.5 a classical subsolution is always a set-theoretic
subsolution so the question is whether or not there is an approximate family of set-
theoretic subsolutions in Definition 5.2.2. We shall also prove Theorem 5.3.3 and Lemma
5.3.6.
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5.4.1 Nested family of subsolutions

Theorem 5.4.1.  Assume the continuity (f1) of f in (5.1.1). Let F' be as in (5.1.2).
Let G be in & with a closed interval I C [0,T). Then there is a tubular neighborhood
W of 9G in RN x I and u; € C*Y(W\G) N CY(W\int G) (resp. uy € C*' (int G NW)
NCY(G NW)) that satisfies

u + F(z, Vu, VVu) <0 in W\G (resp. int GNW) (5.4.1)

with u; < 0 in W\G, u; = 0 on OG (resp. us > 0 in int G N W,us = 0 on 0G) and
that Vuy # 0 in W\ int G (resp. Vus # 0 in G N W.) The inequality in (5.4.1) may be
replaced by the strict inequality.

As level sets of uy or us there is a nested family of classical subsolutions G5 = {(x,t) €
W; wu;(x,t) > s} approximating G from inside or outside of G.

Theorem 5.4.2.  Assume the same hypothesis of Theorem 5.4.1 concerning f and G.
Then there is a nested family {Gs} in & for s € (=6, ) with some 6 > 0 with the
property that

(i) Go =G, Gs C int G, if T <s,7,s € (=0, ).

(ii) For each € > 0 there is a 6y > 0 that satisfies

sup{dist (z, G(t)); x € G4(t), 0 < s <y, t €I} <e¢,
sup{dist (z,(W\ int G)(t)); © € G4(t), =6 < s<0, tel} <e.

(iii) The strict inequality
V < f(z,n,Vn)

is fulfilled on 0Gy if s # 0.

Proof of Theorem 5.4.1.  We first remark that the construction of u; satisfying (5.4.1) is
very easy if f is independent of the spatial variable x. In this case we take u; = sd A0 with
sd(z,t) = sd(x,G(t)) and observe by Theorem 5.1.7 that u; is a subsolution of (5.1.2)
in outside G. Since u; € C*Y(W\G) by regularity of G (see. e.g. D. Gilbarg and N.
Trudinger (1998)) for some tubular neighborhood W of dG, u; is a function satisfying
(5.4.1) in W\G in a classical sense. Unfortunately, if f depends on x, u; is no longer a
subsolution of (5.1.2); it is a subsolution of (5.1.4). We need to use another argument to
construct u; for the general case as well as to construct us.

Since {OG ()} is a C*! evolving hypersurface on I, there are a tubular neighborhood
W of OG and ¢ € C*1(W) that satisfies Vo # 0 in W with

GNW ={(z,t) e W; p(z,t) > 0}.
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Since G € &, ¢ satisfies
o1+ F(z, Vo, VZ%) <0 on 0G.
Since we may assume that W is compact in RY x I and Vi # 0 in W,
wo(0) = sup{(¢: + F(z, Vo, V29))(x,1), (x,t) €W, [p(z,t)| <o}

is nondecreasing and wp(0) — 0 as ¢ — 0. By Lemma 2.1.9 there is a modulus w €
C>=(0, 00) NC? [0, 00) with wy < w that satisfies

i+ F(z, Vo, Vi) <w(le]) in W. (5.4.2)

We may assume that w(o) > o. If we set

Q(S)Zexp<—/51 :é;), s>0

then 8 € C'[0,00) N C*(0, 00) with &'(s) > 0 for s > 0. Since F' in (5.4.2) is geometric,
from (5.4.2) it follows that the function w = —0(—p)(€ C*(W\int G)NC*(W\QG)) solves

w; + F(z, Vw, V?w) <0 (—p)w(|el) in W\G. (5.4.3)

By the choice of 6 we see
0 (—p)w(l¢|) = —w in W\int G.
From (5.4.3) the function u; = eMw with A\ > 1 solves
w4 F(z, Vu, V2u) <eMA—1w<0 in W\ int G.
Since the construction of wuy is similar, so is omitted.

Remark 5.4.3  Of course, statements similar to Theorems 5.4.1 and 5.4.2 holds for
classical supersolutions although we do not state them here explicity.

5.4.2 Applications

Theorem 5.4.4.  Assume the continuity (f1) and the degenerate ellipticity (f2) of f in
(5.1.1). If G € & with an interval I = [ty,t1) C [0,T), then G is a level set subsolution
of (511) in RV x [to,tl).

This follows from Corollary 5.1.5 and Theorem 5.4.2 since G is compact. Applying Corol-
lary 5.2.10 we have:

Corollary 5.4.5.  Assume (f1) and (f2) concerning f in (5.1.1). Let G be a subset of
Z =RNx|0,T). Assume that G(t) is bounded. If G is a smoothly evolving hypersurface
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in [0,7") and fulfills (5.1.1) on OG for t > 0, where n directs outward to G. Then int
G and G are the level set solution with initial data G(0) and G(0), respectively. In
particular, for initial data G(0) and G(0) an open and closed set-theoretic solution is
unique, respcetively.

Proof of Lemma 5.3.6.  Suppose that int B does not belong to Barr (£7). Then there
would exist [ = [ty, 1) and G € &, that satisfies G(to) C int B(ty), G(t) C B(t) fort € I
but G(t.)NOB(t.) # 0 at some t,. € (to, t1). Since dist (G(to), RN\ (int B)(to)) = dy > 0,
by Theorem 5.4.2 there is G, € £; that satisfies int Gy D G and G,(ty) C int B(ty). Since
int G5 O G, we see G4(t,) contains a point outside B(t,). This contradicts B € Barr (£7).

Suppose that B does not belong to Barr (£7). Then there would exist I = [to, ;) and
G € & that satisfies G(ty) C B(to) but G(ta)\B(ta) # 0 for some ty € I. As before by
Theorem 5.4.2 there is G, € &, that satisfies int G D G and Gy(tg) C int B(ty) and
Gs(te)\ (int B)(t2) # 0 which contradicts int B € Barr (£7). O

As another application of existence of a nested family of subsolutions we prove that a
supersolution is always a barrier supersolution without assuming comparison principle.

Proof of Theorem 5.3.3.  Suppose that B were not a barrier supersolution. There would
exist G € &; with some I = [to,t;) in (0,T") that satisfies G(ty) C B(to) but G(t)\B(t) # 0
for some t € I. We may assume that I = [ty,t;] by taking ¢,(> o) smaller. Since G is
compact, the time

t,=inf{t € I; G(t)\B() #0} (<T)

is strictly larger than to. By Theorem 5.4.2 there is G' € & that satisfies

G(to) C B(to), (int G)(t) D G N (RN x I)
V < f(z, n, Vn) on 0G. (5.4.4)

Since G is compact, we see
to < s, = inf{t € I, G(t)\B(t) # 0} < t,.

Since xp is a supersolution in R x (0, s,] as proved in Chapter 3, there is a set-theoretic
characterization corresponding to Theorem 5.1.2 with Remark 5.1.4 (iv). Since G(t)
touches OB(t) at first time at s,, dG(t) is regarded as a ‘test surface’ at t = s,. Since B
is a supersolution we must have

V > f(z, n, Vn) on dG(s,) NOB(s,)

which evidently contradicts (5.4.4). The proof of the converse is included in the proof of
Proposition 5.3.2 (ii).
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5.4.3 Relation among various solutions

We have defined several notions of solutions of (5.1.1) for a set in RY x J with an interval
J in [0,7"). We summarize the relation of these sets. We first assume that J is open in
(0, 7).

(i) a barrier supersolution = a set-theoretic supersolution. To prove this implication we
have used the existence (F) of fundamental subsolutions and the modification (Lemma
5.3.7) as presented in the proof of Proposition 5.3.2 (ii).

(ii) a set-theoretic supersolution = a barrier supersolution. To prove this implication
we have used the existence of a nested family of smooth subsolutions (Theorem 5.4.2) as
presented in the proof of Theorem 5.3.3 in §5.4.2. In both (i) and (ii) we first assume the
set is open but thanks to Lemma 5.3.6 such an assumption turns to be unnecessary. In
the proof of Lemma 5.3.6 in §5.4.2 we have again used the existence of a nested family of
smooth subsolutions. Of course, both (i) and (ii) are still valid if a subsolution replaces a
supersolution.

(iii) Both implications (i) and (ii) can be extended to various settings although we only
state a few examples without detailed proofs. From the proof one may take J a semi-closed
interval [to,?1) in both (i) and (ii). Also (i) and (ii) apply to boundary value problems
with appropriate modifications.

(iv) Perron’s method (cf. §2.4) is easy to establish for barrier solutions without using
results in §2.4.

Theorem 5.4.6  Let Barr (£7) (resp. barr (£7)) be the set of barrier supersolutions
(resp. subsolutions) associated to £~ (resp. £7) in O = RN x J with an open interval in
(0,7).

(i) (Closedness) Let S be a subset in Barr (£~). Then NBpges € Barr (£7).

(i) (Minimality) Assume that U € &} is always a barrier supersolution associated to £~
in RVx int I. Assume that By € Barr (€7) and By € barr (€1) fulfills By D By. Then

D =n{B; B e Barr(£7), By C BC By}
is a barrier sub- and supersolution in O associated to £ and £~ respcetively.

Proof. (i) is trivial by definition. By (i) to see (ii) it suffices to prove that D € barr
(ET). If not, there is a interval I = [tg,t1) C J and U € &; that satisfies U(to) D D(to)
but D(t)\U(t) # 0 for some t € I,t > to. Since By € barr (£1), U(t) D By(t) for all
t € 1. Asin (i) it is easy to see that

D=DnUNRY xD)N(DN RN x (J\])))

belongs to Barr (£7) since U is a barrier supersolution. Since U(t) D By(t) for all ¢t € I,
D D By. This contradicts the minimality of D. O

The assumption that U € & is always a barrier subsolution is fulfilled if (f2) in (5.1.1)
is assumed. So this assumption gives some parabolicity of the problem. Using implication
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of (i), (ii) our Theorem 5.4.6 establishes the Perron’s method for set-theoretic solutions
under (f1) and (f2), which also can be proved by applying results in §2.4 for characteristic
functions.

(v) As observed in (iv) the notion of barrier solutions simplify several properties of set-
theoretic solutions. The reader might be curious whether there is a notion of barrier
solution corresponding to viscosity solution of

u + F(z,u, Vu, VVu) =0 (5.4.5)

in O = RY x (0,7). At least for continuous F' we propose to say that u is a barrier
supersolution if v < u on 9,Q always implies v < u in @ whenever v € C*1(Q) is a C*!
subsolution of (5.4.5) in @ and @ is of form Q = D x I with a bounded domain D in
R” and an open interval I in (0, 7). Our notion is localized but we still have equivalence
results as in (i) and (ii). We leave the details to the reader.

We next compare level set solutions with other solutions. Let J be a semi-closed
interval [to,t;) in [0, 7).

(vi) a level set subsolution = a set-theoretic subsolution in RY x (¢, t;) for an open set
D in RY x [tg,t;). However, the converse may not be true as explained below.

(vii) a level set solution D with (open) initial data Dy at t = ¢, is a minimal open set-
theoretic supersolution G whose initial data G(tp) contains Dy (at least when 0Dy is
bounded and for general Dy the uniform upper semicontinuity of G at t = ¢, is assumed)
(Theorem 5.2.11). This is based on the comparison principle for set-theoretic sub- and
supersolutions. A level set solution with given initial data Dy is unique while the set-
theoretic solution may not be unique as explained in Example 5.2.1 and Remark 5.2.12.
In particular the converse of (vi) is not always true.

(viii) a generalized open evolution with initial data Dy = a level set solution with the
same initial data (Theorem 5.2.8). By uniqueness of generalized open evolution (based
on the comparison principle for (5.1.2)) the converse is also true.

5.5 Separation and comparison principle

We give an alternate way to prove the comparison principle (BCPS) for set-theoretic
solutions based on local existence of classical solutions of (5.1.1). The key ingradients are
separation lemma and the equivalence of barrier solutions and set-theoretic solutions.

Lemma 5.5.1 (Separation). Let Ey be a compact set contained in an open set Dy
in RY. Then there is a bounded open set Uy with C**! boundary (i.e. the unit normal
vector field is Lipschitz) such that

(i) By C Uy, Uy C Dy

(11) diSt(Eo, 8U0)—|— diSt(Uo, aDQ) = diSt(Eo, 8D0)

This lemma is due to T. Ilmanen (1993a). We do not give the proof here.
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A typical local existence results we need is
(LE) Let Uy be a bounded open set in RY with C* boundary, where the unit normal is
taken outward from Uy. Then for a given ty € [0,T) there are I = [tg,t;) and U € & NE;
with U(tg) = Uy for some t1(> t) depending on initial data Uy only through a bound for
the second fundamental form of 0U,.

We present a version of the comparison principle when f of (5.1.1) does not depend
on the spatial variable.

Theorem 5.5.2.  Assume that f in (5.1.1) satisfies (f1) and is independent of x € RY.
Assume that (LE) holds. Then (BCPS) holds.

Proof.  Let E and D be set-theoretic sub- and supersolutions of (5.1.1) in RY x (0, 7).
We may assume that D and E are bounded since the case that the complements of D and
E are bounded can be handled in a similar way. Assume that Ey = E*(0) is contained in
Dy = D,(0). Our goal is to prove E* C D,. We may assume that E is closed and D is
open in RY x [0, 7).

We shall prove that

dist(E(t), D°(t)) > dist(Ey, Dg) for te€ (0,T)

where ¢ denotes the complements in O = R™ x (0, T). (This evidently implies that £ C D
but it is actually equivalent to (BCPS) since (5.1.1) is translation invariant in space.) We
set

t. =sup{t € [0,7); dist(E(r), D(1)) > dist(Ep, Dg) forall 0 <7 <t}
By left accessibility of £ and D¢ at t,
dist(E(t.), D(t.)) > dist(Ey, Df).
Assume that ¢, < T. Then by the separation (Lemma 5.5.1) there is an open set Uy with
C'*! boundary such that
(i) E(t.) C Uy, Uy C D(ts)
(ii) dist(E(t.), 0Uo)+ dist(Uog, D(t,)) = dist(E(t.), D(t.)).

Unfortunately, Uy is not quite smooth to apply (LE). Let Up. be an open set with
smooth boundary satisfying (i) with Uy replaced by Up. and

(i)’ dist(E(t,), OUp )+ dist (Ug., D(t,))
> dist (E(t.), D(t.)) — &;

the principal curvatures of Uy, is arranged to be bounded uniformly for small € > 0. By
(LE) there is U. € & NES with U.(t,) = Uy, for some I = [t,, ;) with ¢; > ¢, independent
of e.

Now we recall that E € barr(£7) and D € Barr(€~) by Theorem 5.3.3 as subsets of
RY x (0,T). Since we consider E* and D, as subsets of RY x [0, 7)), it is easy to see that
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E* € barr (E1), D, € Barr(€7) as subsets of RY x [0, 7). By this observation one can
compare D with & for I starting zero. By definition of barrier solutions and translation
invariance we see

dist(E(t), 0U.(t)) > dist(E(t.), dUp.)
dist(T.(t), D°(t)) > dist(Toe, D°(t,))

for ¢t € I. This together with (ii)’ yields
dist(E(t), D(t)) > dist(E(t.), D(t.)) — €,
Since I is independent of ¢, this yields
dist(E(t), D(t)) > dist(E(t.), D(t.))

for t € [t.,t1). This contradicts the definition of ¢, so t, = T’; the proof is now complete.
(Il

Remark 5.5.3. (i) In various situations a local existence of solutions for (5.1.1) has
been proved. For the mean curvature flow equation it has been proved by G. Huisken
(1984). Existence time ¢; has been estimated by

t >t + ey /M2,

where M is a bound of the second fundamental form and ¢y depends only on the dimen-
sion. Our theorem apparently does not assume parabolicity (f2) but to establish (LE) we
need some parabolicity. The statement for nonparabolic equations is of little importance
since there are little chance to have sub- and supersolutions.

(ii) Theorem 5.5.2 together with Lemma 5.1.9 yields (CP (ii)) for the level set equations
without using comparison results in Chapter 2. Note that our local existence (LE) does
not require uniqueness of smooth solutions.

5.6 Notes and comments

A set-theoretic interpretation of solutions was introduced by H. M. Soner (1993) for the
anisotropic curvature flow equation with no explicit dependence on the spatial variables
and the time variable. However, his definition is based on (signed) distance functions
instead of characteristic functions used in Definition 5.1.1. Our definition seems new al-
though characteristic functions are often used to describe typical properties of generalized
evolutions for example in G. Barles, H.M.Soner and P. Souganidis (1993). It turns out that
our definition agrees with the one by distance functions as stated in Theorem 5.1.7. For
the mean curvatuer flow equation K. Ishii and H. M. Soner (1996) called a set satisfying
Theorem 5.1.2 (i) a weak solution. They compared weak subsolutions with set-theoretic
subsolutions based on distance functions. In fact, based on results by H. M. Soner (1993)



5.6. NOTES AND COMMENTS 215

(87, §14) they stated Corollary 5.1.8 for the mean curvature flow equation. Our Theorem
5.1.2 gives a geometric interpretation of our set-theoretic solutions. Although Theorem
5.1.2 follows from Theorem 5.1.7 once Corollary 5.1.8 is proved, it is not stated in the
literature as far as the author knows. We give a direct proof without appealing distance
functions.

Consistency. It is clear that smooth solution I' € RY x [0,Tp) is a set-theoretic
solution of (5.1.1) thanks to Corollary 5.1.5. However, it is not very obvious that I' is also
a level set solution or generalized interface evolution since one has to prove that there
is no fattening. The consistency of smooth solution (with smooth initial data) with an
interface evolution has been proved first by L. C. Evans and J. Spruck (1991) for the mean
curvature flow equation and later by Y. Giga and S. Goto (1992b) for general equations
(5.1.1) satisfying (f1) and (f2) when F is independent of x and grows linealy in Vn. The
proof can be extended for all (5.1.1) satisfying (f1) and (f2) without further restrictions.
The major task is to construct sub and supersolution of the level set equation whose zero
level set is the evolving surface by using distance function. We do not present the detail.

Our characterization of solutions of level set equation (Theorem 5.1.6) is important
to bridge the set-theoretic approach to the level set approach. The proof of ‘only if” part
is standard and this implication is often used in the literature, for example, in G. Barles,
H. M. Soner and P. Souganidis (1993). However, the converse seems to be unfamiliar.

Our Theorem 5.1.7 characterizes set-theoretic solutions by distance functions. The
proof of ‘only if’ part has been proved by G. Barles, H. M. Soner and P. Souganidis
(1993) by representing distance function by sup convolutions. The proof given here is
direct and does not appeal to sup convolutions. The converse is contained in Theorem
5.1.6 when F in (5.1.4) is independent of the spatial variable. Otherwise we need a little
bit extra work as mentioned in the proof.

It is clear that the comparison principle for level set equations implies the comparison
principle for set-theoretic solutions. We here note the converse is also easy to prove. We
have given two kind of such statements (Lemma 5.1.9 and 5.1.10) for bounded sets and
general sets. It seems that there is no literature containing both lemmas.

Nonuniquenss of set-theoretic solutions of V' = k with a given initial data was first
observed by L. C. Evans and J. Spruck (1991), where they described this phenomena as
‘fattening’ of level sets. Example 5.2.1 is taken from H. M. Soner (1993). Several criteria
on initial data for uniqueness were given in G. Barles, H. M. Soner and P. Souganidis
(1993), H. M. Soner and P. Souganidis (1993), S. Altschuler, S. Angenent and Y. Giga
(1995) described in §4.5. The latter two works show that axisymmetric evolution for
the mean curvature flow is regular. Examples of nonuniqueness were given for various
equations by several authors including Y. Giga, S. Goto and H. Ishii (1992), G. Barles,
H. M. Soner and P. Souganidis (1993), G. Bellettini and M. Paolini (1994) and Y. Giga
(1995b) even if initial data has smooth boundary. For the mean curvature flow equations
with N > 3, examples of nonuniqueness for smooth initial data is also proved by S.
Angenent, T. Ilmanen and J. J. L. Valazquez for 4 < N < 7, N = 8 and numerically
conjectured by S. Angenent, D. L. Chopp and T. Ilmanen (1995).
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The notion of level set solution is introduced to describe generalized evolution con-
structed in Chapter 4 from the set-theoretic point of view.

The notion of barrier solutions was first introduced by T. Ilmanen (1993a) and by E.
De Giorgi (1990), and developed by G. Bellettini and M. Paolini (1995) and L. Ambrosio
and H. M. Soner (1996). These works include the statement that minimal barrier is
equivalent to generalized open evolution (Corollary 5.3.4) for several equations. (For
general geometric equations see the work of G. Bellettini and M. Novaga (1998)). However,
the equivalence of a barrier supersolution and a set-theoretic supersolution seems to be
new. This characterization provides a method to prove the comparison results for level
set equations via local existence of classical solutions of surface evolution equations.

The notion of barrier solutions is also useful to prove convergence of internal lay-
ers of the Allen-Cahn equation to the mean curvature flow. In fact, G. Barles and P.
E. Souganidis (1998) introduced a kind of barrier solutions to solve such problems. In
particular, they proved the global-in-time convergence for the homogeneous Neumann
problem which was only known for convex domains (M. Katsoulakis, G. T. Kossioris and

R. Reitich (1995)).

Approximation: There are several ways to approximate solutions of level set equations
or generalized interface evolution itself. We list several related articles (which applies the
mean curvature flow equation) without detailed explanation.

(i) Finite difference approximations. M. G. Crandall and P. L. Lions (1996) proves
the convergence of their schemes (see a paper by K. Deckelnick (2000) for further devel-
opment). The stability of more intuitive scheme has been proved in Y.-G. Chen, Y. Giga,
T. Hitaka and M. Honma (1994).

(ii) Bence-Merriman-Osher scheme. This is a kind of filter. The convergence has
been proved by G. Barles and C. Georgelin (1995) and independently by L. C. Evans
(1993). It is further developed by H. Ishii (1995) and by H. Ishii, G. E. Pires and P. E.
Souganidis (1999).

(iii) A variational scheme. This is poposed by F. Almgren, J. E. Taylor and L. Wang
(1993) and by I. Fonceca and M. A. Katsoulakis (1995). For further development see a
paper by S. Luckhaus and T. Sturzenhecker (1995).

(iv) Approximation by interacting particle systems.  This relates the description

of macroscopic model and microscopic models. It has been srudied by M. Katsoulakis
and P. E. Souganidis (1994).

The reader is referred to a review by C. M. Elliott (1996) and a book by F. Cao (20027?)
for other approximations. Note that above approximation works for generalized evolution
not necessarily smooth.

Regularity. There are several attempts to prove some regularity of generalized inter-
face evolutions for the mean curvature flow equation. For example, L. C. Evans and J.
Spruck (1992b) proved that the evolution fulfills the clearing-out lemma which is impor-
tant for the Brakke flow. As an application they estimate the extinction time from above
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by using the area of initial data. An estimate from below is given by Y. Giga and K.
Yama-uchi (1993). They also prove that if a part of interface evolution is given as the
graph of a continuous function, the part of evolution is represented a graph-like solution
of the equation. Such a solution has be proved to be regular by them. The proof of this
reduction is simplified by M.-H. Giga and Y. Giga (2001).

Furthermore, L. C. Evans and J. Spruck (1995) prove that almost every level set of
solutions of the level set mean curvature flow equation is a Brakke type flow. This is
recently generalized by Y. Tonegawa (2000) for anisotropic curvature flow equations. For
monotone evolutions the size of the singular sets of generalized interface evolution I' is
well-estimated. In fact, B. White (2000) proved that the singular set of I' C R x [0, c0)
has the parabolic Hausdorff dimension at most N — 2. This is optimal since to a torus
shrinking to a ring has N — 2 dimensional singularity.

We do not mention application of the level set method. Instead we give here two new
recent books on image processings based on a level set method. One is by F. Guichard
and J. M. Morel (20017) and one is by F. Cao (20027).
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