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Effect of initial densities in the lattice Boltzmann model for non-ideal
fluid with curved interface
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1Institute of Industrial Science, The University of Tokyo, Tokyo 153-8505, Japan
2Department of Mechanical and Space Engineering, Hokkaido University, Sapporo 060-6868, Japan

(Received 4 March 2017; accepted 9 June 2017; published online 28 June 2017)

The effect of initial densities in a free energy based two-phase-flow lattice Boltzmann method for
non-ideal fluids with a curved interface was investigated in the present work. To investigate this effect,
the initial densities in the liquid and gas phases coming from the saturation points and the equilibrium
state were adopted in the simulation of a static droplet in an open and a closed system. For the
purpose of simplicity and easier comparison, the closed system is fabricated by the implementation
of the periodic boundary condition at the inlet and outlet of a gas channel, and the open system is
fabricated by the implementation of a constant flux boundary condition at the inlet and a free-out
boundary condition at the outlet of the same gas channel. By comparing the simulation results from
the two types of initial densities in the open and closed systems, it is proven that the commonly
used saturation initial densities setting is the reason for droplet mass and volume variation which
occurred in the simulation, particularly in the open system with a constant flux boundary condition.
Such problems are believed to come from the curvature effect of the surface tension and can be greatly
reduced by adopting the initial densities in the two phases from equilibrium state. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4989638]

I. INTRODUCTION

Multiphase flows, especially the one-component-two-
phase flows, such as the liquid/gas two-phase flow systems
of refrigerant and water, occur in many natural and indus-
trial instances. In such systems, the physics occurring in the
mesoscopic interface comes from the microscopic intermolec-
ular interactions of the two phases or components and usually
dominates the macroscopic performances of the whole two-
phase flow system. Due to such a broad range of spatial and
time scales involved in the interfacial dynamics, it is diffi-
cult for traditional techniques to appropriately simulate the
macroscopic two-phase phenomena in these systems.1,2 The
microscopic techniques, for example, the molecular dynam-
ics (MD) which basically make use of the real microscopic
physics among the interacting molecules simulate the interface
dynamics by tracking the movements of each molecule,3 are
able to accurately simulate microscopic multiphase and multi-
component phenomena. However, these methods require large
computational resources, so that they are impractical for
macroscopic phenomena. On the other hand, the macroscopic
continuum theory based methods, such as the VOF,4,5 the
LS,6,7 and the CIP,8,9 are able to simulate the macroscopic
multiphase and multi-component flows, but all of them have
difficulty in capturing the details of the physics occurring in
the interface, so they are found to be deficient in dynamic
problems.

a)Author to whom correspondence should be addressed: gjmhit@
hotmail.com.

For the past twenty five years, the academic society has
been making efforts to construct mescoscopic theories based
numerical methods to connect the microscopic and macro-
scopic modeling of the interface physics, among which the
lattice Boltzmann method (LBM) based models have been
found to be effective in dealing with the multiphase and
multi-component flow problems.1,10–14 Due to the kinetic
nature, the mesoscopic LBM model can directly incorpo-
rate the microscopic descriptions of the physics occurring
in the interface which are the origins of phase segregation
and surface tension; meanwhile, the predicted macroscopic
quantities satisfy the desired macroscopic Navier-Stokes equa-
tions set well. Since 1990s, there have been several popular
multiphase/multi-component LBM models presented in the lit-
eratures. The first one is the color-gradient model developed
by Gunstensen et al.,15 which is based on a two-component
lattice gas model proposed by Rothman and Keller.16 The
second type is the pseudo-potential model proposed by Shan
and Chen,17,18 in which the microscopic interaction poten-
tials between surrounding particles are introduced. The third
one is the free energy model developed by Swift et al.,19,20

where the thermodynamic equilibrium pressure tensor for non-
ideal fluid is directly combined with the collision operator. He
et al.21 also proposed a LBM model for a multiphase flow
based on the continuous discrete Boltzmann equation, and this
type of model is also referred to as the kinetic theory based
model. Because both the free energy model and the kinetic the-
ory based model are tightly connected with the Cahn-Hilliard
equation of the phase filed theory that describes the thermo-
dynamics of a non-uniform fluid system,22 sometimes the
kinetic theory based model is also categorized as a form of
the free energy based model23 although the origins of the two
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models are different. The free energy based LBM models sat-
isfy the thermodynamic consistency; also, it is believed that the
spurious velocity in this type of models decreases greatly com-
pared with the other models. Recently, the free energy based
LBM models have been becoming popular in real applications
related with two-phase simulations in micro-channels, like the
droplet removal mechanism in the polymer electrolyte fuel cell
(PEFC).24–26

According to the scale analysis or the so-called Chapman-
Enskog expansion, the LBM models, no matter the basic LBM
for single phase flow or the LBM models for multiphase and
multi-component flows, can be recovered to a macroscopic
incompressible Navier Stokes equation with a second order
accuracy.11–13,27 In these incompressible flow simulations with
LBM models, people usually ignore the slight compressibility
of the LBM models and treat the densities in the flow as con-
stant. In the LBM models for non-ideal fluids (also be called
as the one-component-two-phase flow LBM models), no mat-
ter the pseudo-potential model, the free energy model, or the
kinetic theory based model, people usually use the densities
in the two phases across a flat interface as the initial densi-
ties in their simulations,24,25,28–33 except for the simulations
of phase segregation in which the initial density is set to be
in the middle range of the two phases.13 The initial densi-
ties in the liquid and gas phases of a two-phase flow system
with a flat interface are also the saturation densities in the two
phases. According to the phase diagram of a two-phase flow
system, no matter it is described by the van der Waals equa-
tion of state (EOS), the Carnahan-Starling EOS, or the SC
EOS34 and so on, the thermodynamic pressures at the satu-
ration points of the two phases are the same, so there is no
pressure difference across the interface to keep the force bal-
ance in the two phases of a flat interface system. This initial
density setting method is easy and reasonable; however, the
flow patterns encountered in practical simulations are not lim-
ited in flat interfaces; in fact, most scenarios encountered in
these situations involved curved interfaces. Due to the inter-
face tension effect, there should be a pressure difference across
the interface to keep force balance in the steady or equilib-
rium state. Correspondingly, the densities in the two phases
across the curved interface should not be the saturation densi-
ties or the densities in the two phases across the flat interface.
In these cases, starting simulations with the densities at the
saturation points should introduce some error or effect to the
two-phase flow system; however, no one has ever noticed this
problem.

On the one hand, the most representative flow pattern in a
two-phase flow system with curved interfaces is the droplet
dynamics, which is of great interest in both scientific and
engineering. On the other hand, the theoretical solutions of
a static droplet are easy to acquire. So in this paper, inves-
tigations are going to be implemented by simulating a static
droplet in the quiescent gas environment. Besides, since in
real industrious process a droplet is manipulated in either an
open or a closed system, to investigate the effect of the ini-
tial densities in the two typical system environments and for
the purposes of simplicity and easier comparison, the static
droplet is going to be simulated in a gas channel with the
inlet and outlet to be connected by the periodic boundary

condition to fabricate a closed system and with the inlet and
outlet to be separately set with constant flux and free-out
boundary conditions to fabricate an open system. The initial
densities in the gas and liquid phases adopted in the simulations
will be the densities at the saturation points and the equilibrium
state.

The rest of this paper is organized as Secs. II–IV. In
Sec. II, the free energy based one-component-two-phase LBM
model which is proposed by Inamuro et al.32 is briefly
reviewed; then the general boundary conditions and their
corresponding schemes for the closed and open systems are
described. In Sec. III, first, the initial condition and parameters
adopted in the simulations are given; then, numerical results
and analyses with different initial densities in the two types of
system are presented. Finally, in Sec. IV, a summary is made
to get the general conclusion.

II. NUMERICAL MODEL

In this section, the free energy based LBM model for one-
component-two-phase flows with a large density ratio, which
is originally proposed by Inamuro et al.,32 is briefly reviewed.
Then, the detailed boundary conditions used in a gas channel to
fabricate the closed system and the open system are introduced,
respectively.

A. The free energy based LBM model for non-ideal fluid

Inamuro et al. proposed a free energy based LBM model
for non-ideal fluid, which consists of two distribution func-
tions. In this model, the non-dimensional variables are defined
by a characteristic length, L̂, a characteristic particle veloc-
ity, ĉ, and a characteristic time scale, t̂0 = L̂

/
Û, where Û is

the characteristic flow speed. The real physical parameters are
expressed by a circumflex and the “non-dimensional” ones
are expressed without circumflex. A reference density, ρ̂0,
and a reference order parameter, φ̂0, are also used to make
dimensionless two phase density ρ= ρ̂

/
ρ̂0 and order parame-

ter φ= φ̂
/
φ̂0. The two particle velocity distribution functions

are represented by f i and gi. The function f i is used for the
calculation of an order parameter φ which distinguishes two
phases: φ < φG corresponds to the gas phase, φG ≤ φ ≤ φL

corresponds to the interface, and φ > φL corresponds to the
liquid phase. The function gi is used to calculate the predicted
velocity of the two-phase fluid without a pressure gradient.
The evolution functions of the two particle functions f i and gi

are described by the following equation:

fi(x + ci∆t, t + ∆t) = fi (x, t) −
1
τf
·
(
fi (x, t) − f eq

i (x, t)
)

, (1)

gi (x + ci∆t, t + ∆t) = gi (x, t) −
1
τg

(
gi (x, t) − geq

i (x, t)
)

+
3Eiciα

ρ

[
∂

∂xβ

{
µ

(
∂uβ
∂xα

+
∂uα
∂xβ

)}]
∆x.

(2)

Here, f eq
i and geq

i are the equilibrium distribution functions, τf

and τg are the dimensionless single relaxation times, Ei are
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the associated weight coefficients presented below, ∆x is the
spacing of the cubic lattice, ∆t is the time step during which
the particles travel across the distance of a lattice spacing, ρ
is the density, µ is the viscosity, and u is the current velocity.
The subscripts α and β (= x, y) represent Cartesian coordi-
nates, and the summation convection is used. The third term
on the right side of Eq. (2) represents the effects of viscous
stress. The gravitation effect is not included in the present
study.

For the two-dimensional 9 velocities model (2DQ9
model), the velocities of particle ensembles which depend on
the lattice velocity directions as shown in Fig. 1 are listed as
follows:

[c1, c2, c3, c4, c5, c6, c7, c8, c9]

=

[
0 1 0 −1 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1

]
. (3)

The order parameter φ distinguishing two phases and the
predicted velocity u* of the two-phase fluid with a large density
ratio are defined in terms of the two particle velocity distribu-
tion functions. Here N is the velocity direction number, and
for the 2D model N is 9,

φ =

N∑
i=1

fi, (4)

u∗ =
N∑

i=1

cigi. (5)

The equilibrium distribution functions f eq
i and geq

i in Eqs.
(1) and (2) are given as follows:

f eq
i = Hiφ + Fi


p0 − κf φ

∂2φ

∂x2
α

−
κf

6

(
∂φ

∂xα

)2
+ 3Eiφciαuα + Eiκf Gαβ (φ) ciαciβ , (6)

geq
i = Ei

[
1 + 3ciαuα −

3
2

uαuα +
9
2

ciαciβuαuβ +
3
2

(
τg −

1
2

)
×∆x

(
∂uβ
∂xα

+
∂uα
∂xβ

)
ciαciβ

]
+ Ei

κg

ρ
Gαβ (ρ) ciαciβ

−
1
2

Fi
κg

ρ
|∇ρ|2, (7)

FIG. 1. Lattice structure of two-dimensional 9 velocities model (2DQ9
model).

where

E1 =
4
9

, E2 = E3 = E4 = E5 =
1
9

, E6 = E7 = E8 = E9 =
1

36
,

H1 = 1, H2 = H3 = · · · = H9 = 0, F1 = −
5
3

,

Fi = 3Ei(i = 2, 3, . . . , 9),

and

Gαβ (λ) =
9
2
∂λ

∂xα

∂λ

∂xβ
−

9
4
∂λ

∂xγ

∂λ

∂xγ
δαβ , (8)

where α, β, and γ are the Cartesian coordinates following
the summation convection and δαβ is the Kronecker delta. κf

is a constant parameter that determines the interface width
between the liquid and the gas phases and κg is a constant
parameter that determines the strength of the surface tension
in the large density ratio system. Additionally, λ in Eq. (8) is
the free parameter used to represent φ and ρ in Eqs. (6) and (7).
Correspondingly, p0 is the pressure of the van der Waals fluid
described by φ, where the equation of state (EOS) is defined
by

p0 = φ
∂ψ

∂φ
− ψ = φT

1
1 − bφ

− aφ2 (9)

with

ψ (φ, T ) = φT ln(
1

1 − bφ
) − bφ. (10)

Here ψ is the bulk free-energy density, and a, b, and T are
the free parameters determining the maximum and minimum
values of the order parameter φ.

As the two-phase system described by the order parameter
φ is limited to small density ratio, the cutoff and magnification
around the interface region are adopted to realize large density
ratio around 1000:1 in the following way:

ρ =




ρG, φ ≤ φG

∆ρ

2

[
sin

(
φ − φ̄

∆φ
π

)
+ 1

]
+ ρG, φG < φ < φL

ρL, φ ≥ φL

, (11)

where ∆ρ = ρL − ρG, φ̄ = (φL + φG) /2,∆φ = φL − φG.
Because the predicted velocity u* calculated by Eq. (5)

does not satisfy the continuity equation (∇ · u* = 0), the cor-
rection of u* is needed. The current velocity u which satisfies
the continuity equation can be obtained by the fractional step
method with the following equations:

Sh
u − u*

∆t
= −
∇p
ρ

, (12)

∇ ·

(
∇p
ρ

)
= Sh

∇ · u*

∆t
. (13)

Here, Sh = U/c is the Strouhal number and p is the pres-
sure of the two-phase fluid with a large density ratio that
is described by ρ. It is noted that ∆t = Sh∆x, and in real
application, after the non-dimensionalization, ∆x = 1 and
∆t = 1 are adopted to simplify Eqs. (12) and (13). For a
more detailed description about this model, please refer to the
literatures.24,32,35,36
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FIG. 2. Boundary conditions adopted in a gas channel to fabricate a closed
system.

B. Boundary conditions for a closed
and open gas channel system

The sketch map of the gas channel adopted in the work
is illustrated in Figs. 2 and 3. The vertical inlet and outlet are
set on the left and right hand side of the gas channel, respec-
tively. As shown in Figs. 2 and 4, when the periodic boundary
condition is implemented at the inlet and outlet along the x
direction, the computational domain becomes a circular loop,
and the gas channel becomes a closed system. For an open sys-
tem or a gas channel with open boundaries, the most common
scenario is the constant flux inlet (or the so-called velocity
inlet) and the free-out outlet (or the so-called zero-gradient
outlet),12,37 so such boundary conditions are adopted in this
work to verify the effect of initial densities in the open sys-
tem. For simplicity, the constant flux inlet boundary condition
is realized by the equilibrium boundary scheme,12,13 the free-
out outlet boundary condition is realized by the fully developed
boundary scheme,12,13 and the non-slip boundary condition at

FIG. 3. Boundary conditions adopted in a gas channel to fabricate an open
system.

FIG. 4. Schematic of the periodic boundary condition along the x direction.

the solid wall of gas channel is realized by the general mid-grid
bounce-back scheme.12,13,38

III. NUMERICAL RESULTS
A. Initial conditions and parameters

To investigate the effect of initial densities in the free
energy based two-phase flow LBM model for non-ideal flu-
ids with curved interfaces, a static droplet was assigned in the
center of a gas channel with a stationary gas phase around it,
as shown in Fig. 5. In this figure, a water droplet with a radius
of 12 dx (R = 12 dx) is placed in the center of the calculation
domain; here, the red region is the liquid water and the blue
region is its vapor or the gas phase. The lengths of the domain
in the x and y directions are LX = 91 dx and LY = 61 dx. The
two-phase intermolecular interaction parameters in Eq. (9) are
set to be a = 1, b = 6.7, T = 3.5 × 10�2; correspondingly,
the saturation order parameters in the gas and liquid phases
are φG0 = 1.134 × 10�2 and φL0 = 9.714 × 10�2, respectively,
which are also the saturation densities of the two-phase system
described by the order parameter φ. Figure 6 shows the phase
diagram described by Eq. (9) under the above parameters. In
the simulation, φG = 1.15 × 10�2 and φL = 9.20 × 10�2 are
used to distinguish the two phases for the two-phase flow sys-
tem with a large density ratio, and in this paper the two-phase
flow system of liquid water and its vapor at 23 °C is chosen
to be the large density ratio system which is described by the
density ρ, as shown in Eqs. (2), (7), and (11). The densities
of liquid water and its vapor are ρL = 996.62 kg/m3 and ρG

= 1.1763 kg/m3; the viscosities are µL = 8.544 × 10�4 Pa s and
µG = 1.862× 10�5 Pa s; the surface tension isσ = 0.072 88 N s;
the characteristic particle speed c is 200 m/s. The surface ten-
sion related constants in Eqs. (6) and (7) are κf = 0.5 and
κg = 4.916 × 10−8, respectively. A square lattice (dx = dy
= 1.33 × 10�4 m) is used in the LBM evolution, and the τf

and τg are 1 in Eqs. (1) and (2). Besides, for simplicity and
easier comparison, the inlet velocity in the case of an open
system is set to be uniformly 0 m/s, so that a static droplet
in the steady state is expected in both the closed and open
systems.

Because the density profile (ρ profile) of the two-phase
system with a large density ratio is determined by the den-
sity profile (φ profile) of the two-phase system with a small
density ratio, as shown in Eq. (11), and after the cutoff and

FIG. 5. Initial assignment of the two phases.
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FIG. 6. The pressure-density isotherm phase diagram at a = 1, b = 6.7, and T
= 0.035 [Eq. (9)].

magnification process, the ρ profile becomes incompressible.
So the effect of the initial densities in the present model even-
tually comes from the initial densities of the small density
ratio system, namely, the initial values of the order parame-
ter φ. The initial order parameter φ’s distribution at the liq-
uid/gas interface is un-physical as it changes suddenly and
sharply from φL0 to φG0 in one lattice point (from the liq-
uid phase to the gas phase), correspondingly the density ρ
changes from almost 1000 to 1 (as the black line shown in
Fig. 7) and the initial droplet figure is not smooth (as shown
in Fig. 5). So the simulation process is expected to first pass
through an unsteady stage which forms a liquid/gas interface
with an appropriate density profile inside it and a smooth
figure.

B. The effect of initial densities in the closed
gas channel

When a static droplet is simulated in a closed gas chan-
nel, it is found that even if the appropriate density (for the
small density ratio system, φ; for the large density ratio sys-
tem, ρ) profile of the interface and the smooth circular figure
of the droplet have been formed, the unsteady stage would
continue for a much longer time, and during this process, the
volume and mass of the droplet would continuously increase
until the two-phase flow system reaches the equilibrium state.

FIG. 7. Density profiles of liquid water/gas system across the center of the
calculation domain.

FIG. 8. Evolution histories of the mass in the small density ratio system in
the closed gas channel with initial φ in the two phases from the saturation
points.

Figure 8 shows the evolution histories of the total φ, the φ
in the gas phase, and the φ in the liquid phase in the whole
domain. From Fig. 8, we can find that the total φ in the whole
domain is always constant, and the φ in the gas phase is gradu-
ally decreasing in the unsteady stage; meanwhile, the φ in the
liquid phase is continuously increasing until the simulation
reaches the steady stage or the equilibrium state. The constant
total φ in the whole domain is attributed to the implementation
of the periodic boundary condition at the inlet and outlet of the
gas channel, as such treatment makes the gas channel a closed
system and no mass exchange with outside would happen. The
increased φ in the liquid phase is believed to come from the
φ decrease in the gas phase in the unsteady state and it will
lead to the mass increase and volume expansion of the water
droplet. Figure 9 shows the corresponding evolution histories
of the total mass, the mass in the gas phase, and the mass
in the liquid phase of the whole domain in the large density
ratio system. The basically constant (indeed slightly decreas-
ing) gas mass in the whole domain is believed to come from
the cutoff and magnification process to get the ρ profile from φ
profile, as no matter how much φ decreased in a single lattice
in the gas phase, only if its initial value is smaller than φG, its
corresponding density in the large density ratio system would

FIG. 9. Evolution histories of the mass in the large density ratio system in
the closed gas channel with initial φ in the two phases from the saturation
points.



067108-6 J. Gong and N. Oshima Phys. Fluids 29, 067108 (2017)

FIG. 10. Interface profile of φ at certain time steps of the beginning and
steady stage in the simulation.

constantly be ρG. The constant mass in the gas phase together
with the increasing mass in the liquid phase makes the total
mass in the whole domain with the same variation tendency
with the liquid mass. The black dotted line in Figs. 8 and 9
indicates the time step when the interface profile of φ or ρ has
already converged. Figure 10 shows the interface profiles of
the order parameter φ at a time step of 1000 (the time step
shown by the black dotted line in Figs. 8 and 9) and a time
step of 500 000 (in the steady stage) of the simulation, and in
this figure the interface center is assigned as the origin of the
coordinate, from this figure it is found that there is no obvious
difference between two profiles at the two time steps and this
proves that the interface profile of φ or ρ has already converged
at the very beginning of the unsteady stage. Figure 11 illus-
trates the corresponding density distributions of the two-phase

system with a large density ratio at the two time steps; the black
dotted circle shows the theoretical volume of the droplet at the
equilibrium state. Here, as the spatial distribution of ρ and φ is
basically the same and to be consistent with Fig. 5, in Fig. 11
we only show the density distribution of ρ. From Fig. 11(a),
we can find that the smooth droplet figure has already formed
at the very beginning stage of the unsteady stage and can com-
pare Figs. 11(a) and 11(b); it is found that during the evolution
process from the unsteady stage to the steady stage, the main
difference of the two figures is the symmetrical volume expan-
sion of the droplet. To quantify the volume expansion process,
Fig. 12 which shows the evolution histories of droplet radii
along different directions (as illustrated in the inset) is plot-
ted. Due to the symmetry observed in the volume expansion
process, only the radii along the 0° and 45° directions are
expressed in this figure. The average length of the two radii is
used to express the volume expansion degree of the droplet. As
the radius or volume expansion only occurred in the unsteady
stage, to make a clearer observation in the whole process, the
logarithmic coordinate is adopted in Fig. 12(b). However, such
a coordinate cannot truly show the volume variation history at
the beginning of the unsteady stage, so Fig. 12(a) with the
linear coordinate is adopted for supplementation. The radius
lengths along the two directions are measured from the droplet
center to the top lattice points in the liquid phase at the inter-
face, due to the initial zigzag droplet shape, as shown in Fig. 5,
the initial radius lengths along the two directions are larger
than the averaged initial radius length. When simulation starts,
these overshot tops would be removed by the interface tension
effect, leading to a sharp radius length shrinking at the tops
of the zigzag interface, as shown in the very beginning stage
of Fig. 12(a). But the actually averaged radius length or vol-
ume in this short process would basically remain the same.

FIG. 11. Density distributions of the
two-phase flow system at different
stages in a closed gas channel with ini-
tial φ in the two phases from the satu-
ration points. (a) Time step = 1000. (b)
Time step = 500 000.

FIG. 12. Evolution histories of droplet
radii and volume in a closed gas channel
with initial φ in the two phases from the
saturation points.
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FIG. 13. Evolution histories of the mass in the small density ratio system in
the closed gas channel with initial φ in the two phases from the equilibrium
state.

The slight radius length and volume variation shown in the
steady stage region of Fig. 12(b) is believed to come from
the movement of droplet center, owing to the existence of
numerical error, for example, the artificial velocity field.
Indeed, the radii and volume of the droplet remain the same in
the steady stage.

We believe that the mass and volume variation observed
above comes from the inappropriate initial density settings in
the two phases. When there is a curved interface in a two-
phase flow system, the saturation densities or the densities
of a two-phase flow system with a flat interface should not
be used as the initial densities, instead, the densities in the
equilibrium state should be used as the initial densities. To
test our idea, the averaged densities (order parameter, φ) in
the gas and liquid phases (excluding the interface region) of
the two-phase flow system with small density ratio acquired
in the steady stage (equilibrium state) of the above simula-
tion are adopted as the new initial densities, with their val-
ues to be φG1 = 1.036 × 10�2 and φL1 = 9.742 × 10�2,
respectively. In the new simulation with the equilibrium state
densities, the initial spatial arrangement of the two phases
is the same as the one in the previous case as shown in
Fig. 5.

Corresponding to Figs. 8, 9, 11 and 12, Figs. 13–16 illus-
trate the simulation results with the initial densities in the liquid
and gas phases set from the equilibrium state. As shown in
Fig. 13, it is found that except for a little variation in the very
beginning stage, φ in both the liquid and gas phases remain

FIG. 14. Evolution histories of the mass in the large density ratio system in
the closed gas channel with initial φ in the two phases from the equilibrium
state.

constant in the whole simulation, and a similar tendency can
be also observed in Fig. 14, which shows the mass evolution
histories in the two-phase flow system described by the density
ρ. The smaller amount of total φ and the φ in the gas phase in
the whole domain in Fig. 13 compared with these in Fig. 8 is
believed to come from the smaller new initial φ in the gas phase
though the new initial φ in the liquid phase is slightly higher.
Figures 15 and 16 show the density distributions and volume
expansion history of the water droplet separately. The sharp
variations of droplet volume and radius at the very beginning
stage shown in Fig. 16 are believed to come from the same
reason as discussed in Fig. 12. From the two figures, we can
find that with the new initial densities (order parameter φ), the
volume of the droplet basically remains the same, too. These
results proved our guess that the mass and volume increasing
problem eventually comes from the inappropriate initial den-
sities settings in the simulation. Naturally, the next question
people may ask is how the initial densities took effect on the
simulation results.

Indeed, if the interface in a two-phase flow system is flat,
the choice of initial densities from the saturation points of the
two phases would be a good choice. Because there would be
no additional surface tension effect added to the system, as
predicted by the surface tension force equation,

~Fσ = σ · Cκ · ~n = σ ·
1
R
· ~n, (14)

where σ is the surface tension coefficient, Cκ is the curvature
of an interface, ~n is the normal vector of the interface, and

FIG. 15. Density distributions of the
two-phase flow system at different
stages in a closed gas channel with ini-
tial φ in the two phases from the equi-
librium state. (a) Time step = 1000. (b)
Time step = 500 000.
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FIG. 16. Evolution histories of droplet
radii and volume in a closed gas channel
with initial φ in the two phases from the
equilibrium state.

R is the corresponding curvature radius. The curvature radius
of a flat interface is +∞, so there would be no effect of sur-
face tension force; thus, there is no pressure adjustment in the
two phases across the interface. The initially same pressure
in the two phases given by the saturation densities [predicted
by Eq. (9) and shown in Fig. 6] would keep force balance
across the interface in the evolution process to the equilib-
rium state. However, for a curved interface, most typically, a
droplet, when we start the simulation with the initial densi-
ties from the saturation points, while the initial pressure in the
two phases remains the same, a strong surface tension force
will be created owing to the curvature effect of the interface,
according to Eq. (14). Such a strong surface tension force will
compress the liquid droplet inward to increase its pressure;
meanwhile, it absorbs the mass in the gas phase to the inter-
face region to decrease the density in the gas phase, so as to
decrease the pressure in the gas phase. When the created pres-
sure difference across the interface in the two phases balances
the effect of the surface tension, the two-phase flow system will
reach the equilibrium state, and at this moment, the relation-
ship between the pressure difference and the surface tension
effect can be expressed by the Laplace equation for a 2D
droplet,

∆p =
σ

R
. (15)

The new pressures in the liquid and gas phases correspond to
new densities in the equilibrium state: the increased pressure
in the liquid phase will lead to the density increase inside the
droplet, the decreased density in the gas phase will lead to the
pressure decrease in the gas phase, and the absorbed mass from
the gas phase into the interface region will lead to the volume
expansion of the droplet. Figure 17(a) shows the initial and
equilibrium order parameter profiles across the center of the

droplet along the x direction with the saturation densities as
the initial densities in the two phases; from this figure, we can
find that in the steady stage the φ in each lattice point of the
gas phase is obviously lower than its initial value and the φ
in liquid phase is obviously higher than its initial value. So
when we start the simulation with the initial densities in the
two phases from the equilibrium state, according to Eq. (9) and
its diagram, a pressure difference across the droplet interface
in the two phases is created in the initial stage, which is fairly
enough to balance the effect of surface tension force, so the
force balance in the two phases can be kept; no mass or only
small mass will be absorbed into the interface region; and the
volume of droplet will be kept constant. Figure 17(b) shows
the initial and equilibrium φ profiles across the center of the
droplet along the x direction with the equilibrium densities as
the initial densities in the two phases; from this figure, we can
find that in the steady state the φ change in the two phases
is much smaller than the previous case, which further proved
our analysis. The small density variations in Fig. 17(b) and the
slight φ conversion between the liquid and gas phases at the
beginning stage of the simulation as shown in Figs. 13 and 14
are believed to come from the slight force imbalance at the
beginning of the simulation due to the over-predicted surface
tension effect by the sharp gradient in the interface and from
the numerical errors like the existence of artificial velocity
field.

C. The effect of initial densities in the open gas channel

Open boundaries such as inlets and outlets essentially
share practical and theoretical interests in many situations.
For these open flows, it is common to assign a velocity pro-
file or a constant flux at the inlet and meanwhile assign the

FIG. 17. The initial and the equilibrium
φ profiles across the center of the droplet
along the x direction. (a) Initial densi-
ties from the saturation points. (b) Initial
densities from the equilibrium state.
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FIG. 18. Density distributions of the
two-phase flow system at time step
= 5 × 106 in an open gas channel with
different initial φ settings in the two
phases. (a) Initial φ in the two phases
from the saturation points. (b) Initial φ
in the two phases from equilibrium state.

free-out boundary condition (the zero-gradient boundary con-
dition or the no-flux condition normal to the wall boundary
condition) at the outlet. To investigate the effect of initial
densities on the simulation results of a two-phase flow sys-
tem with a curved interface in an open system, the same
gas channel and two-phase assignment as adopted as in the
closed system are adopted, but with the 0 flux boundary or
the uniform 0 velocity boundary assigned at the inlet and
the free-out boundary condition adopted at the outlet, for
simplicity.

It is found that the effect of initial densities on the sim-
ulation results is even stronger in the open gas channel than
in the closed gas channel. To have a clearer observation, the
computational time period in the open gas channel case is
enlarged to 5 × 106 steps, which is 10 times longer than the
period performed in the closed gas channel. Figure 18 shows
the density ρ’s distributions of the two-phase flow system with
a large density ratio in the open gas channel at the end of

the simulation when the simulations are performed with the
initial densities (φ) from the saturation points [Fig. 18(a)] and
the equilibrium state [Fig. 18(b)] separately. The dotted black
iso-surface shown in Fig. 18 is the expected droplet volume in
the equilibrium state. From these figures, it is found that the
volume of droplet would expand drastically when the initial
densities in the two phases come from saturation points; mean-
while the volume of droplet would basically remain the same
or only expand slightly when the initial densities come from
the equilibrium state. Figure 19 is the evolution histories of the
total φ, the φ in the liquid and gas phases of the whole domain
when the two types of initial densities settings are adopted.
From Fig. 19(a), it is found that the total φ and the φ in the liq-
uid phase in the whole domain increased rapidly in the whole
simulation process with almost the same ratio, and the φ in the
gas phase is simultaneously decreasing but with an obviously
slower rate when the initial densities are from the saturation
points. Meanwhile, when the initial densities in the liquid and

FIG. 19. Evolution histories of the
mass in the small density ratio system
in the whole domain of the open gas
channel with different initial φ settings
in the two phases. (a) Initial φ in the
two phases from the saturation points.
(b) Initial φ in the two phases from the
equilibrium state.

FIG. 20. Evolution histories of the
mass in the large density ratio system
in the whole domain of the open gas
channel with different initial φ settings
in the two phases. (a) Initial φ in the
two phases from the saturation points.
(b) Initial φ in the two phases from the
equilibrium state.
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FIG. 21. A typical artificial velocity field observed in the simulation.

gas phases are from the equilibrium state, though the total φ
and the φ in the liquid phase still continuously increase with
almost the same ratio, their increase ratio is much smaller than
the previous case; the φ in the gas phase will basically remain
the same amount. The faster increasing ratio of the φ in the
liquid phase than the decreasing ratio of the φ in the gas phase
in the two cases of Fig. 19 proves that the mass increase in
the liquid phase is not only from the phase conversion from
the gas phase but also from other sources. Figure 20 shows the
corresponding evolution histories of the total mass, the mass
in the liquid and gas phases described by the density ρ; similar
tendencies as these in Fig. 19 can be observed.

By comparing the simulation results of a static droplet in
an open gas channel with the initial densities from the sat-
uration points and the equilibrium state, it proves that the
inappropriate initial densities setting in the liquid and gas
phases is the reason for the rapid increase of volume and
mass in the simulation. And by comparison of the simula-
tion results of a static droplet in the closed gas channel and
the open channel, it proves that the mass and volume expan-
sion problem essentially comes from the open boundaries
because in the closed gas channel, no matter which initial
densities settings are adopted, the volume and mass of the
droplet would remain constant in the steady stage as shown
in the figures of Subsection III B. So the next two questions
to be answered are how the open boundaries induce the mass
increase and volume expansion problem and why the simula-
tion in the open system with initial densities from the saturation
points leads to the rapid mass increase and volume expansion
problem.

FIG. 22. Example of velocity component distribution along the x direction at
the outlet in the steady stage.

Physically speaking, for an open gas channel with uniform
0 velocity profile (or 0 flux boundary) at inlet and free-out
boundary at outlet, it corresponds to an open system which
allows mass exchange with outside at outlet and does not allow
mass exchange with outside at inlet and the solid walls. In
the numerical simulation, owing to the existence of numerical
error, for example, the artificial velocity field induced around
the interface at outlet mass may be exchanged with outside
by the advection effect. Figure 21 shows a typical artificial
velocity field observed in the simulation and Fig. 22 shows
the corresponding velocity distribution at the outlet along the
x direction in the steady stage. So people usually consider that
the mass input in the simulation comes from outlet. However,
if we carefully check the mass exchanged at the open bound-
aries, we could find the surprising fact that the outlet is not
the only source of mass input but also the inlet. Figure 23
shows the evolution histories of mass (expressed by the order
parameter φ) input from both the inlet and outlet and their
comparison with the total mass in the whole domain under the
two types of initial density settings. From the two figures, it
can be found that the mass input from the inlet plays the major
role in the mass increase of the whole domain, particularly
when the simulation is performed with initial densities from
the saturation points. And in both the two cases, the contribu-
tion of mass input from the outlet is small and keeps the same
level, which proves that mass increase of the whole domain
eventually comes from the inappropriate initial densities set-
tings at the inlet. As analyzed in Subsection III B, the mass

FIG. 23. Evolution histories of accu-
mulated mass in the small density ratio
system added to the domain from inlet
and outlet and their comparison with
the total mass in the whole domain. (a)
Initial φ in the two phases from the sat-
uration points. (b) Initial φ in the two
phases from equilibrium state.
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FIG. 24. φ profiles across the center of
the micro-channel along the x direction
in the initial and the beginning of the
steady stages (time step = 0 and 0.5
× 106). (a) Initial densities from the sat-
uration points. (b) Initial densities from
the equilibrium state.

in the gas phase of the domain would be absorbed into the
interface region when the initial densities in the two phases
come from the saturation points, owing to the curvature effect
of the surface tension force. However, at the inlet of an open
gas channel with a constant flux boundary condition or the
constant velocity profile boundary condition, at the beginning
of every time step, both the constant density and the con-
stant velocity profile are assigned at the inlet lattice points.
Figure 24 illustrates the φ profiles across the center of the
droplet along the x direction at the initial and the beginning of
the steady stage (time step = 0.5 × 106) under the two types of
initial densities settings. As shown in Fig. 24(a) and compared
with the case in the closed system shown in Fig. 17(a), the
constant inlet density setting makes the inlet a source of mass
when the two-phase flow system is moving to the equilibrium
state under the curvature effect of surface tension effect, as
the density(φ) reduction arising from the absorption of the gas
phase mass into the interface region at the inlet points at the
end of each time step would be supplemented with the constant
saturation density at the beginning of next time step. When the
equilibrium density (φ) is assigned at the inlet, as there is no
or very little difference between the densities at the end and
beginning of each time step at the inlet, very little mass would
be added to the domain from the inlet, as shown in Fig. 24(b),
and the density distribution of φ at the inlet points and gas
phase would remain the same level at the initial and the steady
stage. So eventually we can conclude that the volume and mass
increasing problem observed in the open system comes from
the inappropriate initial densities settings in the gas and liquid
phases and is enhanced at the inlet due to the constant density
setting.

In fact, for a two-phase flow in an open system, except
for the velocity or constant flux boundary condition, the pres-
sure boundary condition is also a common boundary condition
adopted at the inlet and outlet. In the one-component-two-
phase LBM models or the LBM models for non-ideal fluids, the
constant pressure at the boundary means the constant density
at the boundary, according to Eq. (9) and Fig. 6. So the vol-
ume and mass increasing problem reported in this subsection
under the constant flux boundary may also be encountered by a
two-phase flow system under the pressure boundary condition,
and special care should be paid in this situation to avoid obvi-
ous numerical errors. Moreover, as discussed in this paper, the
two-phase flow system with a small density ratio described by
the f i equation is slightly compressible, which is similar to the

two-phase flow systems described by the other LBM mod-
els, such as the one-component-two-phase model of pseudo-
potential model (S-C model) and the kinetic theory based
LBM. So the problem and solution reported in this paper are
also general in those models although sometimes the equations
of state (EOS) adopted in these LBM models are different, for
example, in the kinetic theory based model, the Carnahan-
Starling equation of state is used instead of the van der Waals
equation.

The initial density related numerical phenomena reported
in this paper have been proven to arise from the curvature
effect of surface tension and the slight compressibility of the
LBM. The curvature of a 2D droplet indeed is the curvature
of a 3D column. In the 3D cases, the curvature effect of a
droplet with the same radius will have a much stronger surface
tension effect, which will lead to stronger mass and volume
variation problems if the initial densities in the two phases are
not carefully set up.39 So the recommendation of adopting the
equilibrium densities as the initial densities in the two phases
is not only limited in the 2D simulation but also in the 3D
simulation.

IV. CONCLUSION

1. The volume and mass variation problem observed in the
simulation of a static droplet in a closed gas channel is
proven to come from the adoption of the saturation den-
sities in the liquid and gas phases as the initial densities
and such a problem can be removed by adopting the
initial densities from the equilibrium state.

2. The volume and mass variation problem observed in
the simulation of a static droplet in an open gas channel
with constant flux inlet and free-out outlet boundary
condition is proven to also come from the adoption of
the saturation densities in the liquid and gas phases as
the initial densities, and it is enhanced by the constant
density setting at the inlet. Such a problem can also be
removed greatly by adopting the initial densities from
the equilibrium state.
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