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Chaotic or hypercyclic semigroups and
differential operators

Fukiko Takeo (Ochanomizu University)

1 Introduction

A Bounded linear operator T on a Banach space X is called to be hypercyclic if there exists
z € X such that the set {T"(z)|n = 1,2,3,...} is dense in X. T is called to be chaotic if it is
hypercyclic and the set of periodic points is dense in X.

As for semigroups on Banach spaces the conditions to be hypercyclic or chaotic have been
investigated by many people. T. Bermudez et.al [1] showed that every separable infinite dimen-
sional complex Banach space admits a hypercyclic uniformly continuous semigroup and there
exist Banach spaces admitting no chaotic strongly continuous semigroups. Desch et.al [2] con-
sidered weighted function spaces on [0, 00) and they gave a necessary and sufficient condition to
be hypercyclic for translation semigroups on weighted function spaces. We gave a necessary and
sufficient condition to be chaotic [5] and applied these results to partial differential equations [7].
A. Lasota et.al ([3],[4]) investigate the dynamics of a population of cells undergoing simultaneous
proliferation and maturation and showed that the solution semigroup of the partial differential
equation, consisting of functions on [0,1}, is chaotic by using the theory of Wiener process. In
this paper, we investigate the solution semigroup of the partial differential equation, consisting
of functions on [0, 00), and apply these results to the function space on [0,1], by considering an
admissible weight function on [0,1].

2 'Translation semigroup on I = [0, 00)

By an admaissible weight function on [0,00) we mean a measurable function p : [0,00) — R
satisfying the following conditions:
(i) p(x) > 0 for all z € [0, 00);
(i) there exist constants M > 1 and w € R such that p(x) < Me“!p(t + z) for all = € [0, 00)
and £ > 0.

With an admissible weight function p, we construct the following function spaces:
Co,p([0,0)},C) = {f :[0,00) = C| f continuous, lim p(z)f(z) = 0}
—00

with || f[|, = es[l;p )lf(T)P(T)I,

L4([0,0),C) = {f {0,00) = C| f measurable,/()m [f(T)p(T)P dT < oo}

1
P

o0
with Iy = ([ reotor ar)” 2
and consider a (forward) translation semigroup {T,} with parameter ¢ > 0 such as

T.f(z) = flz+1t)  for fe€ Cp,(0,00),C) or L2([0,00),C).



Theorem 2.1. Let X be Cy([0,00),C) or LP([0,00),C). We consider the partial differential
equation:

du Ou
il + h(z)u
u(0,z) = f(z) with some f € X,

where h € C([0,00),C) is bounded.
Then the solution semigroup {T;},-, 5 a strongly continuous semigroup on X and we have

(1) {T:} is hypercyclic if and only if

z
lim sup/ Rh(s)ds = oo;
0

I—00

(2) if X = Cp([0,0),C), then {Tt}t20 is chaotic if and only if

o0
/ Rh(s)ds = o0;
0

1
(3) if X = L?([0,00),C) and h(z) = z;aﬁ with a > o then {T;} is chaotic.

3 Transformation semigroup on I = [0, 1]

Now we shall consider the case of I = [0,1] and the semigroup {7;} on the function space
Co([0,1],C) = {f € C([0,1],C) | f(0) = 0} with sup norm or L?([0,1],C).
By considering the map % : [0,00) — (0, 1] defined by

P(z) =™ (3.1)

with < 0, the translation semigroup on [0, 00) corresponds to the semigroup {Tyg(x) = g(ze™)}
on (0,1].

By using an admissible weight function p on [0, 00), we shall consider a measurable function
p : (0,1] - R defined by p(z) = (¢~ (z)) for z € (0,1]. Then p satisfies the following
conditions:
(i) p(z) > 0for z € (0,1];
(ii) there exist constants M > 1 and w € R such that p(z) < Me“tp(e?'z) for all z € (0,1] and
t>0.

We shall call p an admissible weight function on (0, 1].

With an admissible weight function p on (0,1], we construct the following function spaces:

Co,0((0,1],C) = {f :(0,1] = C| f continuous on (0, 1], iﬂ% p(z)f(z) = 0}

with |[fll, = sup |f(7)p(7)l,
7€(0,1]



o 1
In [2], they defined the space L}([0,00)) by using || fl, = (/ |F(7)|Pp(T) dT) p, instead of
0

(o]
Ifll, = ( [ |f(7)p(T)P dT) " . However in order to extend the following results in Theorem
0

00
A to the partial differential equation, the norm || f|, = ( / |f(m)p(T)P d'r) " is better, since
0

the following (2.2) is obtained by using this norm.
As for the translation semigroup {7}, we have obtained the following

Theorem A ([2},[6],[5]). Let X be Cy ,([0,0),C) or L7([0,00),C) with an admissible weight
function p. For the translation semigroup {T;} on X, we have the following :
(1) the translation semigroup {’ft} is hypercyclic if and only f
lltr_n_nl)gfp(t) =0,

(2) if X is Co ,([0,0),C), then {T,} is chaotic if and only if lim p(7) =0;

(3) if X is L5([0,00),C), then {ﬁ} is chaotic if and only if for all € > 0 and for all 1 > 0,
there exists P > 0 such that

i(p(l +nP))? <.
n=1

Let X be the space Cp([0,00),C) = {f € C([0,),C) | lggof(z) =0} or LP([0,00),C).
T
The translation semigroup on X is the solution semigroup of the following partial differential
equation:
du  Ou

ot (2.1)
u(0,z) = f(z) for f € X.

However, the translation semigroup {T}} on a weighted function space X corresponds [8] to the
semigroup {T;} on X defined by

_ p(x)
T:f(z) = @t 1) t)f(x +1) (2.2)

where {T;} is the solution semigroup of the following partial differential equation:

du  Ou p'(z)
{E R
u(O,x) = f(il?)

So we have applied the above results to the the following partial differential equation:

{Bu = ?ﬂ + h(z)u

Bt oz

u(0,z) = f(z),
where h is a bounded continuous function on [0,00) and f € X. As a modification of [8,
Theorems 2.1, 2.2 and 2.7] and [7, Theorem 4], we have



1
LE([0,1],C) = {f :[0,1]=C]| f measurable,/0 If()p(T)|F dr < oo}

1
1 P
sith s = ([ 110P ) 0>0)
Let X be Go,((0,1],€C) or L5([0,1],C) and for v < 0, define a linear operator {ﬁ} on X by
Tg(z) = gle™z) forge X, z € (0,1]. (3.2)

Then we have

Theorem 3.1. Let p be a continuous admissible weight function on (0,1], X = Cy,((0,1],C)
and {Tt}»o be defined by (3.2).

> B N _—
Then for the semigroup {Tt}tgo on X we have

(1) {i}po is hypercyclic if and only if liminf, o p(T) = 0;

(2) {ﬁ}tzo is chaotic if and only if lim; o p(7) = 0.
As for LP space, consider the operator y : L5([0, 1],C) — L}([0,00), C) defined by @ o g(x) =

g((z)) for g € I5([0,1],C), where ¢ is defined by (3.1). Then for g € L3([0, 1], C), ¢(g) does
not necessarily belong to L5([0, 00), C) by the relation:

o0 1
[ wamanr ar = [ oot —dx

So we must investigate in a different way and the next Proposition shows that if lim,_,0 o(7)
exists, then the semigroup {7;} is always hypercyclic.

Proposition B[8, Proposition 3.3]. Let X be L2([0,1],C) and {Tt} on X be defined by

_ N >0
Tig(z) = gleMa) for g € X. )
If p is continuous on (0,1] and lim,0 p(7) = ¢ < o0 exsts, then T; is a bounded linear
operator on X and the semsigroup {fﬁ} 0 18 hypercyclic.
t_

Let X be the space Co([0,1],C) = {f € C([0,1],C) | £(0) = 0} or L?([0,1],C) withp > 1.
The semigroup {T;} on X by T3f(z) = f(e"'z) is the solution semigroup of the following partial

differential equation:
Ou _ mau
at = oz

u(0,z) = f(x) for f € X.



However, the semigroup {’ft} 50 expressed by (3.2) on a weighted function space X corresponds
t

to the semigroup {7;} defined by

p(z) t
T ) — V). 3.3
(z) = S H(E) (33)
: ) 1 [!h(s) . . :
By putting p(z) = |exp § — —~ ds ¢|, we see that {T;} is the solution semigroup of the
v
following partial differential equ;tion:
Ou du
e —'yxgz—-l—h(m)u (3.4)
w0, z) = f(z).

1
exp {%/ @ds} , we cannot say |p(0)| < co without Rk(0) > 0.
T
Since Theorem 2.1 shows a necessary and sufficient condition for the semigroup {7} to be
hypercylic or chaotic, we can show only a sufficient condition for the semigroup {7;} to be
hypercylic or chaotic. In [7, Theorem 1], we have shown that if min{R(h(z))| =z €][0,1]}
is positive, then the solution semigroup {T;},., on Co([0,1],C) of (3.4) is chaotic by using
the spectral property of its infinitesimal generator. However if we use Theorem 3.1, we get a
sufficient condition for {T}} to be chaotic as follows:

When we put p(z) =

Theorem 3.2. Let X be the space Cp([0,1],C). We consider the following initial value problem
of a partial differential equation:

ot oz
u(0,z) = f(z)

where v < 0, h € C([0,1],C) and f € X. Then the solution semigroup {Tt},5q (T2f(z) =

{B_u = *yma—u + h(z)u

t

exp { / h(e"(t"'):z;) dr} f(e"z)) to the partial differential equation is a strongly continuous
0

semigroup on X.

Moreover if Rh(0) > 0, then {T;},5q is chaotic.

As for the space L?([0,1],C), we have

Theorem C [8, Theorems 3.5].
Let X be the space LP([0,1),C) with p > 1. We consider the following initial value problem
of a partial differential equation :

o .
{E = *yzg—:. + h(z)u
u(0,z) = f(z)



where v < 0, h € C([0,1],C) and f € X. Then the solution semigroup {Ti},5¢ (Ttf(z) =

t
exp {/ R(e"t"z) dr § f(e?'x)) to the partial differential equation is a strongly continuous
0

semigroup on X and we have

(1) if there exists 6 > 0 such that R(h(x)) > 0 for 0 <Vz <4, then {Ti},5q is hypercyclic ;

(2) o min{R(h(z)) | z € [0,1]} > %, then {Ti},5, is chaotic.
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Estimates of a-Riesz capacities with respect to the
Hausdorff measure in metric spaces

Akane Iwamura

Graduate School of Humanities and Sciences, Ochanomizu University

ABSTRACT. We consider a compact metric space (X, d) such that X is a S-set (8 > 0).
In this space, we define a-Riesz capacities and investigate the relationships between these
capacities and Hausdorff measures.

Let RN be the N-dimensional Euclidean space. The Bessel capacity is important as a way
of characterizing certain small subsets of R". The following estimates for the a-Bessel capacity
Bap(By) of a ball B, of radius r are well-known (cf. {3], [1]).

Theorem A. Letl <p<ooanda>0.
(i) If ap < N, then there exists a constant C > 1 such that
ClrN-o? < B, ,(B,) < CrN—op
for all By of radius 7.
(ii) If ap= N and 0 < 7 < 1, then there ezists a constant C' > 1 such that
-1 oo La-
G (log —)"" < Bayp(Br) < Cllog -)7™°
T
JorO<r < 7.

We also note that the Bessel capacity Bap(E) with order o is comparable to the Riesz
capacity Cqp(E) with order a for a set E in a fixed ball.

In this report we consider a compact metric space (X,d) with diam X = R. Furthermore,
suppose that X is a B-set (8 > 0), i.e., there exist a positive Radon measure 4 on X and positive
real numbers b1, by, Ry such that

bir® < u(B(z,7)) < bor?

for all point £ € X and all positive real number 7 < Ry. Fix a f-measure y. We may assume
that

birf < u(B(z,7)) < w(B(z, 7)) < byr? (1)

for all » < 3R by choosing different constants by, by if necessarily.



In this space we consider an «-Riesz kernel on X x X, i.e,
Ka(z,y) = d(z,9)* " (0<a < f)

and, for a non-negative, u-measurable function f and a positive Radon measure v on X, define
a-Riesz potentials Ko f(z), and Kqv(z) by

Kaf(w)=/XKa(x,y)f(y)du(y) x€X,

Kyv(z) = /}{Ka(m,y)du(y) zeX.
For the kernel K, on X x X we also define the (a, p, pu)-Riesz capacity Cop o (E) of a set E.
Definition . Let 1 < p < oo and E be a set. Denote
F(Ka,psp, BE) = {f € LP(1) : 20, Kaf 21 0n E},
and

CapalB) =int{ [ s : f € F(Kasp 0 B}
If F(Ka,p, 1, E) 1s empty, we regard Cop u(F) as co.
Then, by the properties of a B-set and using distribution functions we obtain following two
estimates of Cpp u(B) for a ball B corresponding to the results of [1] or [3].
Theorem 1. LetO0<a<fandl<p< g Then there exists a constant C > 1 such that
CipP-or < Capu(B(zo,7)) < CrB-ep

forallzg € X and0 <7 < R.

Theorem 2. Let0<a < f,1<p< oo, ap=F and by, by be numbers in (1). Furthermore
put

2

m =e"

o

2

w

1 1 '
, m=¢ef and (=min{—, —, —}. (2)
2m
Then there exists a constant C > 1 such that
R
O log 311! < Capu(Blao,1) < Cllog 2)*,

for all zp € X and 0 < r < (R.



On the other hand the Hausdorff measure provides another approach to investigate small
subsets of RY. TLet A(r) (0 < h(r) < +00) be an increasing function, defined for r > 0, and
satisfying 2(0) = 0. Let E C RY. For any 4, 0 < § < oo, a set function A} is defined by

MW=MiW%

7=1

where the infimum is taken over all coverings by countable unions of balls B(z;,7;) satisfying
r; < 6. And the value defined by

An(E) = lim A} (E)

is the Hausdorff measure of £ with respect to the function h.
The relationships between the Bessel capacity and the Hausdorfl measure have been inves-

tigated. The upper estimate for the a-Bessel capacity in term of the Hausdorfl measure is as
follows (cf. [1]).

Theorem B. Letl1<p<oo,0<ap< N and ECRN. Set h(r) = vV~ for ap < N and
h(r) = (log, 2)177 for ap = N. Then there is a constant C > 0 independent of E such that

Bap(E) < CAL(E),
and moreover, Ap(E) < oo implies By p(E) = 0.
The set function Af° is often more useful than the Hausdorff measure itself. It is called the
Hausdorff content or the Hausdorff capacity.

The lower estimate for B, , in term of the Hausdorff content is also stated in Adams and
Hedberg [1] as follows;

Theorem C. Letl<p<oo,0<ap< N andp = E;Ll’ and let h be an increasing function
on [0,00) such that h(0) = 0, and

L/ h(r) 1 dr
A T-N——ap —;<OO.

Let E C RN be compact satisfying A°(E) > 0 and choose §, 0 < § < 1, so that

h(6) < AT(E).

SOntr) N e o Y1 YV
oo () o [ ()

Then there is a constant C > 0, independent of h and E, such that

Set

AT (E) < CHP B, ,(E).

In particular B, p(E) = 0 implies Ay (E) = 0.



Next we define the s-Hausdorff measure of a set E (s > 0) by
H*(E) = lim Hi(E) = supHi(E),
d—oc §>0
where
HYE) = AL(E) for h(r)=r".

We next consider the upper estimate for the a-Riesz capacities in term of the s-Hausdorff
measure corresponding to Theorem B. The upper estimate is given as follows.

Theorem 3. Let0<a<fB,1<p< g and by be the number in (1). Further, let E C X and
set h(r) = P~ for ap < B and h(r) = (log %)l‘p for ap = B. Then there exists a constant
C > 0, depending only on «, B, p and by, such that

C(X,}),[_L (E) S Cj\fb(E)

where § = R for ap < B and § = (R with { in (2) for ap = B. Furthermore, if ap < 8 and
AR(E) < 00, then Cop u(E) = 0.

We next state the correspondence to Theorem C. Frostman’s lemma is usually proved in
Euclidean space. But Mattila also has proved by using the Hahn-Banach extension theorem, in
a compact metric space, the following result corresponding to Frostman's lemma (cf. [4, 8.17
Theorem)]).

Lemma D. Let0<d < oo and 0 < s < oo. There is a positive Radon measure v on X such
that v(X) = Aj(X) and

v(E) < (diam E)®* for all E C X with diam E < 4. (3)
In particular, if H¥(X) > 0, then there exist § > 0 and v satisfying (3) and v(X) > 0. Here
M (X) = inf{> cj(diam E;)* : Y ¢jlp; =1 on X, ¢; >0, (diam Ej) < §}.
j 3
By using this lemma, we shall prove the following theorem in a metric space.
Theorem 4. Letl <p<oo, 0<ap<fandputk =0 —ap+e fore > 0. Suppose that
E C X is compact. If Cop(E) =0, then HF(E) = 0.

In this report we don’t state proofs of Theorem 1, 2, 3 and 4. But we wrote this report based
on (2|, which includes proofs of these theorems.
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Estimates of Maximal Functions by
Hausdorff Contents in a Metric Space

Hisako Watanabe

Department of Mathematics, Ochanomizu University, Tokyo
112-8610, Japan,(E-mail: watahisa@cc.ocha.ac.jp)

Abstract

Let M be the Hardy-Littlewood maximal operator in a quasi-metric space
X. We give the estimates of M f with weak type and strong type with respect
to the a-Hausdorff content. To do these, we use the dyadic balls introduced
by E.Sawyer and R. A. Wheeden.

In analysis many operators are dominated by constant multiples of the
Hardy-Littlewood maximal operators. In R™ the maximal function M f of f
is defined by

Mf(m)=supﬁ [ 1flds,

where the supremum is taken over all balls B containing = and |B| stands
for the n-dimensional volume of B.

In 1988 D. A. Adams considered the estimates of the maximal functions
with respect to the a-Hausdorft content HS and proved the following strong
type inequality (cf. [1]).

Theorem A. Let 0 < a < n. Then there is a constant ¢ such that

/Mde;; < c/ |f|dHE.

In this theorem, the integral of a nonnegative function g with respect to
H2 is in the sense of Choquet and is defined by

[ ganz, = /0 " He ({z € R g(2) > t))dt.



In 1998 J. Orobitg and J. Verdera generalized Theorem A as follows (cf.
3])-
Theorem B. Let 0 < o <n. Then
(1)
[uspang <c [ IfpaHs, an<p,

(i)
H({z: M (2) > t}) < et~/ [ |f|o/dH,

To prove Theorem A and Theorem B, the authors considered the maxi-
mal function and the a-Hausdorff content restricted to dyadic cubes. More
precisely, let us define Mf and H2 in R™.

For each z

i f(z) :=supﬁ [ \fidy,

where the supremum is taken over all dyadic cubes containing x and for a
subset £ of R™ -
H2(E) :=inf }_ Q)%

7j=1
where the infimum is taken over all coverings of E by countable families of
dyadic cubes and [(Q,) stands for the side length of Q;.

We see that M f and H2 (E) are comparable to M f and He (E), respec-
tively. So they used M and H® instead of M and HZ.

In this paper we estimate the Hardy-Littlewood maximal functions by
Hausdorff contents in a quasi-metric space.

Recall that (X, p) is called a quasi-metric space if the mapping p from
X x X to [0,00) has the following three properties;

(i) p(z,y) =0 if and only if z =y,

(i) p(z,y) = p(y, ) for all o, y € X,

(iil) There is a constant K > 1 such that

(1) p(z,y) < K(p(z,2) + p(2,y)) forallz, y, z€ X.
In addition, we assume that the diameter of X is finite and set

diam X = R.



Let M be the Hardy-Littlewood maximal operator and Hg be the o-
dimensional Hausdorff content.

Furthermore we suppose that there are a nonnegative Borel measure y in
X and a positive number d such that

(2) bir? < w(B(z,7)) < byr®
for all positive r < R, where

- B(z,r) = {y € X;p(z,y) <r}.

In a quasi-metric space there is no dyadic cube. Instead of dyadic cubes
E. Sawyer and R. L. Wheeden constructed a family of balls in [4] as follows:

Proposition C. Put A = K+2K?. Then, for each integer k, there exists
a sequence { B¥}; (B¥ = B(zjx, A*)) of balls of radius X* having the following
properties:

(i) Every ball of radius X*~* is contained in at least one of the balls Bf,

(ii) >; Xps < M for all k in Z,

(ili) B¥N BY =0 fori# j, k € Z, where BY = B(z, A7),

They call these balls B;-“ dyadic balls. Denote by By the family of all
dyadic balls.

Using dyadic balls, we give the estimates of the maximal operator M in
a quasi-metric space X by the integral with respect to HS, corresponding to
the results of Orobitg-Verdera.

Theorem 1. Let (X,p) be a quasi-metric space with diam X < oo.
Suppose that there are a constant d and a Borel measure u on X satisfying
(2) for every ball B(z,7) C X. Furthermore, let 0 < o < d. Then

HE({a Mi(2) > 1}) < v/ [ |f|°/dHE,
for every t > 0.
Theorem 2. Under the same assumptions as Theorem 1
/ (MfPAH® < ¢ / [fIPdHS, for % <p.
Here ¢ is a constant independent of f and t.

This report is an outline of the paper [5].
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Steady States Solutions to Diffusive Logistic Equation
with Constant Yield Harvesting

Kengo Sato (Graduate School of Mathematics, Tokyo University of Science)
Shizuo Miyajima (Dept.of Math., Fac. of Sci., Tokyo University of Science)

1 Introduction

INF#18 (harvesting term) % % D¥LHK logistic FF2FUIT-DV VT, Oruganti-Shi-Shivaji [6]
&0 ZL DEKFEVEEBBRON TV A, EHOERIZITNV K DPDARTERZ[/H
H5. TOMAOMEEFZLIH, W20 0H LWERERBL. ZX oM, ko
BHEMETHS.

(1)

~Au=au—bu® —ch(z) inQ
u=10 on 0

ZIT, QI CHROBERELORY (N 2 1) OBRE, a,b> 0, ¢ 2 01IEK, he
C*(Q) (0 < o < 1) 13, EHAEBILT, h(z) > 0(z € Q), h(z) =0 (z € 3N), ||hlloo =1
EHETHLDLETS.

Biological Background (1)i%, 1 2>0O4AHFEDOEETIRE (population dynamics) 725
EHNTWD: u(t,z) Z8Zt, Bz ICRIT2EMBOEE L L, (1) £WHEITH FEK
QUIZZ U FAIERLE D LT3, (i) EYEOEMIERIIR VAT v 7 RIZHED,
(iii) R 0Q (ZAEHRENER LAV, (v) ILBUIBFTICE b2, LIRETS. ZORE
DOF, u(t, z) ITROUG-IEBFH RN ER 2T (2% Fisher FE:NE D).

%%—Dauzm(l—%Q (t,z) € (0,T) x
u(t,z) =0 (t,z) € (0,T) x 09 @)
u(0, z) = uo(z) z€Q

ZZTC, D> 0 IIEBARE, o> 003 (BRE) ALLETHS.

Oruganti-Shi-Shivaji [6] i%, ZOARERIZ T[XH#) %%Z %, [WH#H (harvesting term)
ch(z) ZBA LK. Zh% (2) 0FERICL, BYRERERELTS L ROFERCE
ans.

Ou
EE_Au:au_mﬂ_cum 3)

FER (3) (2 (2) DG - BREME ST 7=, MHUE - EERERIED EHRIEMN (1) T
5.

Known Results ¢ = 0 D45 & (logistic case) IZ DWW TCid, &< OMEEESTTIZES
NTV5. BCROEBIIATFROEER L 25 RKBEEELERTHS.



£ 1.1 ([6, Theorem 2.5]) HFEME ((1) Tc=0 DEHE) -

—Au = au — bu? in © (4)
u=20 on Jf2

(DWW TRD ALY L.
() a <M 25T, (4) FEEREZ LR
(i) a > A 72513, (4) IXEER v Z—BILbD, v, FREMT, ol L C M
ThH5.
Z ZC A 1 0-Dirichlet RGO —ADE1EFETHS.

Z ZT—HRIC,
Au+g(z,u)=0 inQ (5)
u=20 on 91

Ofif u BEETH D L1L, 0-Dirichlet EREMEOE —A — gy(z,u) DT X TOEAENIE
ThHhBEI LRI, —A—gu(z,u) DE 1EFEE p(v) ERT. 05 —A - gy(z,u) D
EHEETHS L&, uwkiB{LE, T 5 Thnb EIHREL NS,

2 Oruganti-Shi-ShivajilZ & 2 %R & MR

Z 2T, Oruganti-Shi-Shivaji [6] IZ L BV O DREREFIFEL, TOERIIEITD
MEEAZET S, £, EHICBT 2 ERFETEMR - SO (method of super-sub
solutions), ZIEFH ([2], [4]), ¥ & U anti-maximum principle([3]) TH 5.

FE 2.1 ([6, Theorem 3.1]) a > A\ %2 b, HDEH ¢c; = ci(a,b) > 0 BFEL, £
BEDce (0,c) i L, (1) iFREZ - TEMEME ui(z,c) 0.

auy(z,c) — buy(z,c)? > ch(z) >0 (Yz € Q) (6)

ZOEBOTHICHNT, (6) AT K5 ICER c OBEREIRT 500 Tho 5, [6]
T, (6) BBHETICE ¢ >0 FRDE S I ERFLVEERELTHES.

Ma—X1) a® — (2b]|valloo — a)?
b ’ 4b } (7)
OF fualleo < 5 THB T LIFEBIADE. ETHB BL [vao = T 2B, (7
%&tﬁczo%kéztﬁf%&wmﬁﬁ,%hﬁmﬂ?ﬁ@ﬂénfw&w.%:f,
vg DERKE 3 BLHARWILERL, ZOREEMo (EHI.L, fiE3.2).

c < min{

EHE 2.2 ([6, Theorem 3.2]) a > M\ 2 bIE, HDEH c2 = co(a,b) > c; BHEEL, K
DR Y L.

(i) c € (0,cz) 72 BITMBRIEMERE uy(z,c) 2B, uy(z, ) T c ICHAL THBARBS THS.
(ii) Hce (0, Cz) W L, 'U.l(IE,C) Giiﬁﬁ?f?) n, ul(u1(~,c)) > 0.

(i) c=c2 726, (1) XE@EMFEE LS, pi(ui(-c2)) =0.

(iv) ¢ > cg 2 BIE, (1) IRIEEREZR L7720,



FE 2.3 ([6, Theorem 3.3]) a > A1, a &€ o(—A) 25iE, HBEL c3 = c3(a,b) > 0
MIFEL, c€(0,e3) bIE, KRMBRY L.

(i) ui(z,c) & RIRDM ug(z, c) BHFEET D,

(ii) 26, >0BH>T, EBDa € (A, 1 + ) XL, uy(z,c) >0 (Vz € Q).

FZ ug(z,c) 1 Flc,u) = Au+ au — bu? — ch(z) i2 (0,0) TRREKEEZEA L TELQ,
uy(z,c) = cwo(z) + o(c) LWVIFITELS Z LN TE S, T Z T wp(z) IHEMERIE:

Aw+aw=nh in
(8)
w=70 on 901

OFfFTH Y | anti-maximum principle (2 X Y, 2 6, > 0B3H->T, FEED a € (A, \1+63)
R L, wo(z) >0 (Vz € Q), dhwo(z) <0 (Vz € 0Q) THHZ LHBEHN5.

EIZAM, ZDZENLuy(z,c) >0 (Vz e Q) BHED Z L DOFERIX 6] Tidd~Hh Tw
B ZhEze>0DEEZFIRLTIERAL, X 5IZZOHEATIE, ug(-,e) i, ciZBILT
HREmMch sz & kmLik (FH3.3).

a M A IR, (1) O5ERA 4558 (bifurcation diagram) # &< Z LN TE 5.

EE 2.4 ([6, Theorem 4.1]) 5 8 > 0 BFELEL, a € (A1, M\ + 02) R HIE, KK
URYASN
(i) c €[0,c2) 2 BIX, (1) X2 DO uy(z, ), uz(z,c) & H-D.
c=ca 726X, (1)1 2D ui(z,c2) #H 2.
c>cp 72 biE, (1) TIEEMRE L0,
(1) ui(z,c2) X (1) DBAEAET, m(ua(c,c2)) = 0. F, py(uz(,c)) <0 (c €0, c2)).
(iii) (1) DAIEEITKD & 5127 5.

A
va uy(z, )
U'?(m: C)
O c2 E

ZDEBEDERIZIE, RO2ODMEEZBEVWS.

& 2.5 ([6, Lemma 4.2]) 5 63 > 0 8H 0, F£ED a € (A, +d3) KL T,
04> 0MHoT, (1) #HIT ¢ >0 LU u e HX(Q) N HI(Q) =: X D# (¢, ) 73,

Mo = {(c,u) € Rx X | |e| < &4, I[ullz2ay < 5a}
DRI 1 ST B,

¥ 2.6 ([6, Lemma 4.3]) Os == {(c,u) e Rx X | 0< ¢ < §, lull grzqay < 0} &9 5.
THMASVEBED S >0ZHLT, 59> 0085bo>T, EEDac (M, M + ) XL



T, & (i), (i) B D L.
(1) ¢>0, u> 02 (1) 2HETR2BIE, (¢,u) € Os.
(i) (c,u) € O B (1) B HT=T 72 DIE, u>0.

HWE2.5 O [6] DIEATIE, Fla,c,u) = Autau—bul—ch(z) &L, (a,c,u) e R xX
DrE, Fla,cu) € LA(Q) & LTV, ZhIZAR, KRITOHK (N < 8) BLRET
0hb.

EHiC, HE26CELTIE, () OERICRWT, u=oad+v, a>0, ¢11 A (IH
ST ABEEEE (61> 0in Q, O,¢1 <00n 0N) THY, 5T, EEDe>0IZHLT,
BHBI>0MHoT, 0<a— <RI |vgre <ae THDHZEBZNIR, TO
Z 6w OEEHEITRED RV

ThODMBEAEERRFERXO P ER (L, BI6E]) ZE> 2 LICLviERL, ED
2 ODHER (X = WP NWeP(Q) E LT, |- oz % || - lwer) KBEH2T)
Y SToZ & AL (EH 3.4, 3.5, MEE3.6), TH24DFHAEELARLOI L.

3 Main Results

UTF, BohEERE2ZELOTHEL. 7T, FH2IBKRICLVERIIRS.
EH 3.1 [lvalleo < 7 ALY L.
TOEBOIERICIT, KOBEELAVD. WMEOIERIZ[5) LRAKICLTTE 5.
8 3.2 (4) OEMESE v, 1XQ O TR TH S,
W, EH2.3 THOLIIM uz(z, c) ICOVTRDEL Y 3D,

BE 3.3 Bbcg€(0c5] &, HBH>0BHT, EBD e € (0,c4), @ € (O, 2 +31)
EHRLT, (1) Offug(z,c) HEET, c B L THBHMTHS.

THRE 2.5, MBH2.61TRDOL D FRE LTELLS RSN, EH24MBFHATES. LT,
pETHRECLY, W2P(Q) s C(Q) (0<a<l) &b X9 I12T5.

T 3.4 HH>008HD, EFEDac ()\1,)\1 +(53) Z® LT, 3> 0MHHoT, (].) *
BT ¢ > 0 LiBEAE u € W2P(Q) N Wy P(Q) = X D (c, u) 33,

Mo :={(c,u) €Rx X | |¢| < b4, |[uflwerig) < 64}
DOPIT=F 1 >FET S,

BH 3.5 05 :={(c,u) ERx X | 0<c <4, |lullwerg) <} ETB. +H/NEVEED
6>0EXHLT, HDn>00H->T, FEDPac (A, A\ +7) LT, KD (i), (i) A3
&Y L.

(D) c>0, u>02 (1) H7=F 7251, (c,u) € Os.

(i) (c,u) € Os 25 (1) A= 22561, u > 0.



FE35 (1) FROERIC LV REhE. ZOMBEOEIII, [1, 3 16.10] (FRARY
BROfgD WmP ) v L5HE) ZRAW5.

BE3.6 ux (1) DIAMEMELTE. Z0LE, HHEKC, C > 00 FEL,
lullwze@y < Ci(a — M)? + Cala— M) 9

ZLT, METH (i) OFERAIE, KOXIICLTTED.
(6] DFEAELEHREICLT, v = agr +v, @ > 0, ¢ XN\ ExIET2EFHEE (41 >
0in Q, O <00n Q) THY, BT, FEDe>0RXLT, $556>08H-T,
0<a—X <3R5 v|weq) < ae THDZ LBGHMS ([4)).
& ZAM, SFEX Sobolev DEOALEEIZLD, ||v|lcl,.,(§) <ae THAHILEBHNID
DT, FHE33 D ug(z,c) DEEMERTLELAMKRICLT, u> 0BT05.

EH35IZEY, p> 02+ E T, EEDac (A, +n)icxtL, (1) DI
BIEMAETRT O; DRICHY, TRUSNOHERBEAIFEE LRV EBSND. LT
FH 34 THE L —BUENEEIN TN BBILAIT ui(z,c0) DT L THBZ ERBHHMY,
ZDZ NS u(z,cr) SO T X TOMIIFRMETH DL Z DB D05, TND ug(-,c) D
NGF % co FTOETHA L FTHY, LIBOIERHIT (6] TR TW5S.
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Equality conditions for norm inequalities in

reproducing kernel Hilbert spaces

Akira Yamada

Abstract

We consider norm inequalities arrising from nonlinear mappings
between reproducing kernel Hilbert spaces. It is known that, in many
cases important for applications, equality for such inequalities occurs
only for the reproducing kernels, while this does not hold in general
RKHSs. Introducing a new class of RKHSs, we give a fairly general
equality condition for norm inequalities. As an application we show
that our results allow a unified approach to proofs of the known results
concerning equality.

1 FEREE

—RICHEK K 25 D85 E LD reproducing kernel Hilbert space
(RKHS) % Hi(E) T, £Z20/ VAeABEENTN || - ||k, (, )k TE
Y. EX K ZWHRLT SRENIWESIE H(E) £/213 He EMEET 5. FiE
K[l >T, ROED /) NVALAREXEEZ LD, ZDOEEK

(P(Z) = Z anny ¢(z) = anz'n,
n=1 n=1

KHLT, 1) EEDn >0 ML Tp, 20, KX 2) p, = 0785, =0%

FETS. Y(K) > 0 THBM5, Y(K) #HEKET S B L0 RKHS Hyx,

M—BHNIIET B, f e H WL Toy(z) = ¥, 50 llam ed< 2k

D/ WVALAFRER

k(o) < ewliflik), V€ Hi (1)

BRHND [4, 2 BT p(z) = (2) DBEITIE, BEKO—KREH 1] XV
f=K; (@€ E) DEERER (1) DEENRRKR VDT &Mbh 5,

ZOM (ESPEEEICES L) B2 OINALEERBEAICROND D
i3, HREKP J. Burbea FOBIRIK L DAENTS. LML ER, BEK
K, PN OBEEPESE2E5X 5L D2 RKHS OB b BEEICHRT S &MNT
&5 (3.



FETHTD (HEMEE &3, AEX () FoEKicakT 5 /AT
HEROEENRVILIDERERANLMETHS. OMBEEHoHXILE
DOLIRTNESEHRENTHS N, FRETZEHOMEITERL
FEHAEOFNTH D, H—LEEACRITDI LS ICBbNS. ZI T, (1)
DESPEERE K, DHIRD X525 2BE—ROBEENFENZOT
HETS.

2 Algebra-dense /& RKHS

DTFZBNTm I 2 LB LTS, H; = Hew(B) (1=1,2,...,m)
Lpx KV #Hzc ERXBIB H, OBEKETS. Ep 2 E" =[], E
OxHERET B, i E™ EORKHS &ELTOF VYV H = @7 H; I
LT, Ho={fcH|fIEP=0}&F53. f, ge HITHLT, FUEBIHE f~ g
% fIED = g|EP TEET 5. QL1¢; € Hf DEE, QT ¢, I extremal T
HBLEES.

BEL H; (j=1,2,...,m)l3RKHS TH =@, H; £¥ 5.

H ER (cf. [3]) < ¢ = ®,¢; € H »' nonzero extremal 735 iR
g€ EMFELT, 3¢; € Csit. ¢; = chéj) (1=1,2,...,m).

H WSHIER = ¢ = Q). ¢; € H ' nonzero extremal 251, Rge€ E
NEELT, & ITHLT, ¢ X H; ORBEERDELIE Ie; € Cst. ¢ =
GKP (j=1,2,...,m).

BT, RIGBEDOMEBENEEINS E LOBEREEN 5725 C-algebra &
T3 (R OBMLTOFEIMRE LRV, R-IH ={fc H|rf € H, ¥r € R}
EBL.

WE 1. ¢ = QML ¢; € QL H; A nonzero extremal £ 5. & jITHL
TRH; M H; TdenselZiz2735, £BD j LEED fc REFEED
we RH; kLT

(Fu, d;) = Ag(f)(u, ¢5) (2)

ZH]ZT & D73 C-algebra homomorphism Ay: R — C H—BHNREET 5.

R DEZFRIESZER Ry, Ry WK LT, Ry DITE Ry DITOFEMNERT S
RDOEHZEM%Z Ry - Ry THT.

B 2. ROFEHEMZT=D4 (H,E,R) % algebra-dense RKHS TH5 &
W3, 1) H3RE E LOEF RKHS, 2) Rid E LOEKMN 5725 C-algebra,
3) R-(RNH) & H @ dense 128 ZEMTH S, (H, E, R) 7 algebra-dense
RKHS D & &, i8I H 1d R-dense THBHEHWN S,



H 78 R-dense 75 51E, R-(RNH) c RNH &V, RNH {3 H Tdense D
ROAFTITHBIEITHEETS. 1 € ROBE, ZOEHIE H A% R-dense
THBLLEFAETHS:

E3 3. (H, F, R) I3 algebra-dense RKHS &9 %. C-algebra homomorphism
x: R —= CIVRDOEH

36 > 0st. [x(f)l <Clfl, Vf € RNH

EATEE, v & R D bounded homomorphism £E 3. R D nonzero
bounded homomorphism £4DESEES E D H-hull 0\ Ey TRY.

% 1. (H;,E,R) (j = 1,2,...,m) {3 algebra-dense RKHS ETB. =
®T1¢; € ®TL H; 1 nonzero extremal 73 51, (2) AT Ay € ), Ex,
M—BHICEETS. £, £8Dj (1=1,2,...,m) KDV TROWTNH
MELDID. 1) Ag|RNH; =0, £72132) 3C; # 0 s.t. Vf € RNHj, {f,¢;) =
Cifg(F).

3 4. Algebra-dense 72 RKHS (H,E,R) 1%, £8®D x € Ey M E O3
BB S point evaluation TH 3 & ZF, mazimal THBEWNI. TDEE,
fHEIC H 13 R-mazimal EDED.

Bl 1. 2(E) = {f € CF | L e lf@)? < 0} &9 5. f,g € £(E) DA
BE (f.9) = Y,cp f(z)g(z) TEHT B L 2(E) X E £EO RKHS K135,
(¢2(E), E, £?(F)) 1 algebra-dense 7D maximal 7% RKHS T 5.

% 1. £TD (H;,E,R) (j = 1,2,...,m) » algebra-dense RKHS T, »<
EH—DD H; ¥ R-mazimal 1251, 7>V V& RKHS Q7. H; {FIERIT
H5.

EE] 2. Hy i algebra-dense 0D mazimal 72 E £E®D RKHS & $5. ZDD
BRY

0(z) =D ez, P(2) =) pn2"
n=1 n=1

KMLT, ) HEEDn>0RHLTp, >0, 2)p, =025 ¢, =0, &
V8)cic; OMDLI<i<jERD 4, MEETS, LRETD. ZDEE,
f € Hk W/ IWVLFREK (1) OFBZEASUETTEHE, HDqeE &
EHC, O e CHEEL T p(C2) =C'YP(2), V2zeCHD f =CK, £33
ZETHB.

3 EBflEIcA

B2 ZD0%F5. £ ERC DETRWEAEST, RIZClz,...,z]|E
(E~DHIR) THRPEE2EXLD. HNC* OWHES E LD RKHS @



E&, HWClz,...,2)|E-dense THIUX, H 13 polynomially dense 1.
Z D& E, H N maximal THHBHETHEHET

geC*"MD3C >0st. |flg) <C|f|l, Vf€Clz]nH = g€ F

MRV DI ETHS. Polynomially dense 72 RKHS D & ENAS maximal
W50 —D2D T34 %E< Z & T Burbea DELHEEEZRTIE
INTES.

K, Y- E S OFBEEEERE M(S) &£95. EW S OERIES
D EE Ry % E TERIREEMS54825 M(S) @ C-subalgebra &9 5.
E +® RKHS H 8 Rg-dense TH 5B & &, H I3 meromorphically dense &>
5. ZOEE, H D maximal THDUE+TEHFIT

gEEMDIAC>0st. VfeReNH, |f()| <C|fl = g€ F

TEZ5615.
N—< 2 HEELOERBEEERERMSICETAROL S/ RKHS DT 2/
NEOEREZHEND. EHE E B —<HE S OIS EEET 5.

(i) H1(E, p): (Szegd BIZER) E _£D Hardy H2 ZEBIC || fI|? = [55 | f1Ppldz]
T/ IV L& ANIZEM. pldz| 13 0FE LDOIEEEGIFE.

(i) H2(E,p): (Dirichlet Z4ZEfd]) E EDIERIEE f T f(a) =0 (a € E)
DHRIS Dirichlet / WAZREDHD. ||f|2 =1 [[,pdf Adf, pidE £
QNS REETEE-

(iii) Hs(E, p): (Bergman BZEf) E b Bergman ZERIT || f|I2 =@ [fz pf A
FT/ILEANZER. pid F EOIEEELER.

EE 3. RABLODIMD.

(i) RKHS H;(E,p) (7 = 1,2,3) I& meromorphically dense 72 mazimal
Thd.

(i) EEOEHE n > 2 ITHLT Hi(E,p)®" (j = 1,3) RERITH 3.
Hao(E, p)®" BRBEAITHS.

(i) A ZEMA {|2| <1}, a=0&LT, Hy = Ha(A,1) EBL. ¢22 08
HE? T extremal THBEDDBETHEM T Ice Cst. p=cky (g€
AN{0}) Flzld @(2) = cz. 72U, kglz) = — o log(1 — @z) iE Ho D
gRBUBBEMTHS. Lichi>T, HE2 BHERTH I ERITIZ
A48
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BAEROEHRO® Tikhonov IEBEEADIGA
(Applications of the theory of reproducing kernels
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Saburou Saitoh

Department of Mathematics, Faculty of Engineering, Gunma University,
 Kiryu 376-8515 Japan
e-mail: ssaitoh@math.sci.gunma-u.ac.jp

1 Introduction

Let E be an arbitrary set, and let Hy be a reproducing kernel Hilbert space (RKHS) admitting the
reproducing kernel K(p,q) on E. For any Hilbert space H{ we consider a bounded linear operator
L from Hg into H. We shall consider the best approximate problem

inf |[Lf-Db 1
inf [ILf — bl )

for a vector b in H. Then, we have

Proposition 1.1 (/1,9)) For a vector b in H, there ezists a function f in Hy such that
inf [|Lf —bllw = ILF-b 2
J8f LS = bl = 127 - Ul (2
if and only if, for the RKHS H, defined by
k(p,q) = (L"LK(-,q), L" LK(-,P))Hy» 3)

L*b € Hy. (4)

Furthermore, if the ezistence of the best approzimation f satisfying (%) is guaranted, then there
erists a unique extremal function fj, with the minimum norm in Hg, and the function fy is
ezpressible in the form

fo@) = (L6, L'LK(-,p))n, on E. ()

In Proposition 1.1, note that

(L*b)(p) = (L*b, K(-,p))rr,c = (b, LK (-, p)); (6)

that is, L*b is expressible in terms of the known b, L, K(p,q) and H. f}, in (5) is the Moore-
Penrose generalized inverse solution L'b of the equation Lf = b. Therefore, Proposition 1.1 gives
a necessary and sufficient condition for the existence of the Moore-Penrose generalized inverse. See
[13] for the details. Proposition 1.1 is rigid and is not practical in practical applications, because,
practical data contain noises or errors and the criteria (4) is not suitable, because the structure of
the RKHS Hy is, in general, involved. So, we shall use the Tikhonov regularization and we shall

establish good relationship between the Tikhonov regularization and the theory of reproducing
kernels. For the Tikhonov regularization, see, for example, [2,3).



2 Spectral theory

In order to discuss operator equations for general bounded linear operators L, following [2] we shall
fix the well-established theory among spectral theory, the Moore-Penrose generalized inverse and
the Tikhonov regularization. See [3] for the corresponding results for compact operators L.

Let {E3} be a spectral family for the self-adjoint operator L"L. If L* L is continuously invertible,
then

(L*L)™ = / %dE,\.

In this case, the Moore-Penrose generalized inverse (5) can be represented by the Gaussian normal
equation

iN¢2) :/idE,\L"b. (M

If R(L) is non-closed and b € D(L'), i.e. if the equation Lf = b is ill-posed, then the integral
in (7) does not exist. Then, we shall define

foul®) = [ T3dBAL. (®)

By construction, the operator on the right-hand side of (8) acting on b is continuous, so that,
for noisy data b® with ||b — b?|| < 8, we can bound the error between fip o and

£ = [ Tt L (©)

as follows:

Proposition 2.1 ([2], pages 71-73) For any b € D(L'),

. 1 er 1 _
ST Eval T e = (10)
Furthermore,
ILfpq —Lff Il <6 (11)
and
s <9
/g0 — fb,a”HK SWH (12)

Proposition 2.2 ([, pages 117-118) For any b € D(LY) with ||b— 8°||» < 6, the function fg
X3
defined by (9) is the unigue minimizer of the Tikhonov functional
. 2 3 2
fggx{allfllyx +116° — Lfll3}- (13)

If a = a(d) is such that
lim a(d) =0
50

and )
.0
Y @ =
then
lim fj = fy = L'(d). (14)



3 Representation of the extremal functions in Tikhonov reg-
ularization
Our main purpose in this paper is to give an effective representation of the extremal functions fb,cx

or fl‘; in the Tikhonov regularization, since the representation by spectral theory is abstract, in
a3

ma,ny’ practical problems.
By the reproducing property of K(p,q) in Hg, we obtain

fb,a(p) = (fb,a(')’ K('wp))HK

1
—L
(L*L+ al b K( )H}(

15
(b LL‘L + I u (15)
Here we set 1
Ki(,pa) = mK(',P)-
Then, by introducing the inner product, for any fixed positive o > 0
(f) g)HK(L;a) = Ck(f, g)HK + (Lfa Lg)?‘b (16)

we shall construct the Hilbert space Hy (L; a) comprising functions of Hy. This space, of course,
admits a reproducing kernel. Furthermore, we obtain, directly

Theorem 3.1 The exstremal function fy (p) in the Tikhonov regularization

inf 2 b—L 2 17
ot {allfllis, +1 fllz} (17

is represented in terms of the kernel K1 (p,q; a) as follows:

Fbo(P) = (b, LEL(-, p;0))y (18)

where the kernel K1 (p,q;a) is the reproducing kernel for the Hilbert space Hy(L; o) and it is
determined as the unique solution K(p,q;a) of the equation:

. 1, - 1
K(p,g;0) + ~ (Lo, LKy ) = ~K(p,9) (19

with

K,=K(,q0)€ Hx for q€E, (20)
and
K,=K(,p)eHg for peFE.

4 New algorithm

In several concrete examples, we consider as the reproducing kernel Hilbert space Hy the Sobolev
Hilbert spaces on the whole spaces which admit concrete reproducing kernels and as the Hilbert
space H the Hilbert spaces Ly on the whole spaces. Then the related reproducing kernels K.(p, g; @)
and the extremal functions fi, , can be determined concretely in terms of the Fourier integrals from
the general equation (19). See, [4-8,10-12]. In this paper, we shall propose a new algorithm to solve
numerically the equation (19) which is, in general, an integral equation of Fredholm of the second
kind. Qur algorithm will give a new type discretization whose effectivity was proved by examples
([8]), since to solve the equation (19) is decisively important to obtain the concrete representation
(18).
We take a complete orthonormal system {e;}32, of the Hilbert space H .



For fixed {};}32,(}; > 0) , we consider the general extremal problem for (17)

fiergx ol fllk, +j_§’\j|(b—Lf,ej)H|2}- (21)
That is,
IIb— Lfl%

is replaced by A
D %il(b,e)n — (Lf el

=1
Then, we shall give an algorithm constructing the reproducing kernel K, »;(p,q) of the Hilbert
space Hy, Iy with the norm square

[e ]
all fllFr, + D Ml(Leul. (22)
7=1
Here, of course, we assume that (22) converges for {};}32,()A; > 0). However, in a practical
application, of course, we consider only finite terms in (22) and by finite terms we can give a good
approximation of (22).
We shall start with the first step. The reproducing kernel K(!)(p,q) of the Hilbert space with
the norm square

1
ol I3 + D ML e5)nl? (23)
i=1
is given by o o
Ailer, LK LK;” e
KW(p,q) = KO (p, ) - 1(e1, LKp )l ot 1)7-12 (24)
14+ A (L(er, LKy '), e1)n
for

1
K (p,q) = ~K(p.q).
For the second step, the reproducing kernel K(?)(p, q) of the Hilbert space with the norm square

2
ol fllre + D Xl (L e5)nl? (25)
j=1
is given by

~ da(ez, LEG (LK), e2)s,

1+ }\2(L(62) LK‘gl))H’GQ)'H ’

by using the reproducing kernel K(!)(p,q). In this way, we can obtain the desired representation
of Ko, (p,q) = K(=)(p,q) . Then, we obtain

K% (p,q) = KM(p,q)

(26)

Theorem 4.1 For any b € H, the extremal function f, » in the extremal problem (21) is given by

far(®) = 3 Xi(b.ej)n(es, LKa, (,p))n, (27)
J=1
where we assume that (22) converges on E.
We consider a general extremal problem in (21) by considering a general weight {}\;}. This
means that for a larger Aj,, the speed of the convergence
(Lfv ejo)'H = (b1 €jo e
is higher. This technique is a very important for practical applications. For examples, see [6,8].
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On the Aluthge transformations of co-hyponormal operators

Shizuo Miyajima Tokyo University of Science
Isao Saito Tokyo University of Science

Abstract. A bounded linear operator T is called co-hyponormal if T' is p-hyponormal
for every p > 0. In this paper co-hyponormality of the Aluthge transformations of co-
hyponormal operators is investigated. It is shown that the Aluthge transformation of
an co-hyponormal operator is not necessarily co-hyponormal. It is also shown that the
(generalized) Aluthge transformation of an oo-hyponormal operator 7' is co-hyponormal
provided |T||T*| = |T*||T|. Moreover we give an example of an co-hyponormal operator T
whose Aluthge transformation T is co-hyponormal but |T'||T*| # |T*||T.

Hilbert ZB Lo B FBEERE T » (T*TY > (TT*)P (p>0) 22T X% p-
hyponormal TH 22 E\\, Re LERIBLN TS, WEp— oo X LALEIIOWN
TEZ, ROXHI-EHETS.

Definition
HED p> 0L T (T*T)Y 2 (TT*)» 2232 % T % oo-hyponormal operator
Z\vg,

B&H ¥ L TIi. unilateral shift, quasi-normal operator, hyponormal weighted shift %
ZHH%B, %L T pure oo-hyponormal operator BN 1 22 LT, A7 b A D5
DR AF BB L T circularly symmetic 2 & 3 2 2 Abhh->Tw3, ([1],12])

%7 A Aluthge 13 1990 Fi=ffHFENEBH® T = U|T| 1=t L Aluthge 8T =
[Tl%UlTl% %E#HL. 0 <p<1orx phyponormal operator T @ Aluthge Z#T
min{p + },1}-hyponormal T#% 32 ¥ #/RL %, S Aluthge Z# % L T T. Furuta iz
X - T 1996 fF - A X /s generalized Aluthge Ts,t = |TIFUIT|* # BWT %L DM
RPLINTWES,

Z 71 Tlt oo-hyponormal operator ¢ Aluthge ZE# (2% 1< oco-hyponormal ¥» &t 2D # 3
AR

ANT PNGRERIZBET S Olson DEBREZHAWTHRLONIHEEFE N, 252640
flrme 3, ([3])



Olson » 58

A,B # positive operator, A = /)\dP()\), B= /z\dQ()\) % A, B o spectral reso-
lutions 2+ 2. EED neNITEWLT A" 2 B 24 200 B B+H5EHIIEED
A201220WLTPAN)SQA) 23 Th3.

Lemma
A, B % positive & 2x 245, 2L T p,p2(p1 <p2) @, (1 £ o) % A, BoREE
Br+2, cozsx, HEOn LT A" >B" 2 2 2-boBB+55&H413

() a<@<p<p
F7=1

(i) g <p1<@2<p »2NB-q)=NA-p) (NMT)i1x T » null space )
MBEIATEIELTHS,

Example
4, = 20 A= 31
00 13
bl W
0
A 0
T A, 0
A, 0

i3 oo-hyponormal 72%%, % ¢ Aluthge Z#:1% oco-hyponormal it 2\,

Proof

BrEI- X

IT*| = (TT™)? = A,
Ay




rh N A AAoBE#EIZ022 24 THD. ko Lemma k) AT <A} L5, ko
TI|T* > |T** ¢4 9 T i1 oco-hyponormal TH 3.

Rz T*T,TT* 288+ 3 2T #* co-hyponormal ¥ & 2 b DB B+ EMHFIZT T
D n i WLT AT > (ATAAD 2232 2 Hbh b,

A2 v AIAA? OBEFEHIL 4,16 ¥ 06 T

N(A§—4)={t( _11 );teC}#N(A%AZAf):{t(3+_21\/§);tec}.

11 -
& =T Lemma » 6 A} 2 A7 A A7 2 %% n »HFEL TT 13 oo-hyponormal Tid &\,

LA LaAs, kT oco-hyponormal operator dfl 2 L TP/~ $ dix, + T Aluthge
A co-hyponormal 2 0 2. s offlizdb@+ 8B 7T =TT THH., &
DRERNRILT S,

Theorem

oo-hyponormal operator T #' |T||T*| = |T*||T| # &7+ % 5. % Aluthge Z# T
i3 oo-hyponormal 2 &0 %, 2512 s,t > 0 120 L generalized Aluthge ZEi# TS,, 3 oo-
hyponormal ¥ &t 3,

Proof
T=UlT| 2 To@s@r+s2 %, [TPUU =U*U|TIP = |T]P, |T*PUU* = UU*|T*]P =
|T*P, |T*P = U|TPU*, U*T*PU=|TP (p>0) 2z &322 bnTW\WSE, L-T
Tl = TgToe = (TIUTP)TIUITI) = (UU)T['U*|TPU|T (U0
= UU|T)UM|T*(UIT|'U"U = U*|T*[|T)>|1T"|'U

IT52f* = LT3, = (ITPUITI(TIUMTY) = TP (UITUNTI = (77T

s, |T| 2 [T » ot

Toel™ = UM|T*M|TP™|T MU = U(IT* U0 TP (U0 |77 ")
— (U:IT*|ntU)U*ITIQnsU(U*IT*lntU) — ’TlntU*llensUlTrlt
|T5, " = |T[™|T**™|T|"™
2% %0 T, # co-hyponormal ¥ 2t 3 - DR BE+HEBII T T n 12 WL T
|T|™U*|T > U[T|™ > |T|™|T**M|T|™ ¢ k32 Th s,
W& T 2 co-hyponormal & ) #E®D p>01zA WL [TP> (TP 229,



IT|? > UITPU*, U*TPU > |TP 255, Shk
ITIntU*|T|2nsU|T]nt 2 |T|nt|T|2ns|T|nt — lT]nslT‘zntlTlm 2 |TlnslT*|2m|Tlns

rRANT Ts,t i3 oo-hyponormal TH 3.

Lk X 0 |T||T* = |T*||T| i1z co-hyponormal operator T' ¢ Aluthge Z#: 4" co-hyponormal
B0+ 5E&HETHSE. L2ALEROALY, BREFHZIZL LDV,

Example :
Ao Zla=M << A< ZUBHRHA. LT

1 1 1 An 0
- — A, =
Uo \/2_(1—1)’ (0 )‘n+1)

r+35, CoHr:i

)
0 Ao
Upg 0 Ay
T Ug 0 Ao
Up| 0 Ay
Uy 0 Az
U{] 0 . A3
\
X |T)|T* #|T*||T| z 2 %%, %@ Aluthge & #1% co-hyponormal 2 %0 3,
Proof
BHE LY
Bo
By
B
|T*| = UAU* = 2
By
B,
B,
\ oy

=L

B, =U,A U*—l Ant Ak An = Anpr
n — Y04n 0—2 An—/\n+1 An+/\n+1 .



F/ Bp=Ay TH3B, T2T

Bk _ 1 )‘ﬁ+1 - )‘ﬁ ’\ﬁ-}-l - )‘ﬁ
PP LI L LA LA

DT

¥

tr(An+1 B:) = (’\ﬁ+2 - /\ﬁ) >0,
1
det(An+1 Bﬁ) = ‘(’\£+2 ’\£+1)()‘:+1 - )‘5) 2 0.

kot Af,,—B¥>02%n T4 cohyponormal Th3. A

A B = 1 ( At1(An 4+ Ant1) Aagi(An = M) )
wHEn 2 ’\n+2()‘n - )‘n+1) /\1L+2(An + A71.+1) ’

BnAn.+1 1 ( n+1(’\ + ’\n+1 An+2(/\n - /\n+l) )
2\ Aep1(An = Ang1) Ang2(An + Anga)
xiph, ﬂiﬁ/\nﬂ-# Antzs Angl — A >0 X0 BaAny # Ani By 22 20T |T||T #
77| 2 %

%7 Ei‘ﬁit ct DT #» oco-hyponormal 2 % 67‘-&50)%§+5}%#liﬁﬁ0) n 127 k\L
TCE>DF (nk20)2u322Ths. XL, 22TC, = AnUO*AnHUOAn,
Dy=AiB, 1AZ (B_,:=By=A;) v +5.

2\ pim (pf) <p‘“)) z 20, oBEHE#E. ¢V, ¢ (V <¢V) % 2D, nEHEEZ T+ 5.

Lemma X0 q () <p( M ptaz g Ck>DE (n k> 0) % nT » oo-hyponormal ¥
LiZehasrs, EHEIZLY

t2(2C,) — /t2(2C5)2 — 4 det(2C,,)
i =
2 )

t2(2D5) + 1/tr(2D,,)? — 4 det(2D,,)

(n) _
q9; " = 9

rin ¢ <o it koORER r AETH B,

2/tr(2C,)? — 4 det(2C,)\/tx(2D,,)? — 4 det(2D,)
< (40(2C) - t2(2D,))* — (4(2C,)" — 4 det(2C,)) — (tr(2D,)? — 4 det(2D,)) .

- - Ny
—

Ac1=a, Mn=a+z, yp1=a+z+y, dpa=a+z+y+z
rBEx®RZ DY {/\n}:,ozo DBEFWMHEL Y a,Z,Y,z 20



&30 = 16azy + 3242y + 1623y + 8a%y? + 36azy® + 2822%y® + 8ay® + 127y° + 8a’zz +
16az%z + 873z + 16a’yz + 40azyz + 247%yz + 12ay?z + 14zy*z > 0

(#H38)2 - (£38)? = 192ac%y* + 768a°z%y? 4+ 1152020 1y? + 768az®y? +1922%y >+ 2560 2y +
147243223 + 2880a%z3y° + 2368azty® + 704253 + 640a3zy* 4 2240a’z?y* + 2560az’y* +
960z*y* +512a%zy® + 1088az?y® 4+ 57623y° + 128azy® + 1282295 + 256 a* 2%y 2 + 1024a3z%y 2 +
1536a2ztyz+1024az’yz+2562%y 2z +640a*zy? 2 +3072a° 22y 22+ 537622y 22 +4096azy 2+
1152z%y%2 + 256a%y3z + 230432y 2 + 56964a%22y% 2z + 5504az3y® 2 + 1856x%y>2 + 38403y z +
1984a%zytz + 2880ax2y*z + 1280z%y%z + 128a%y52 + 448azy’z + 32022z + 256a%zyz? +
1024a%2%y22 415364223y 22+ 102402y 22 +256 25y 2% +192a*y? 22 +1280a%2y? 2% +2688 a2z 2y ? 22+
2304az3y222+ 7047y 22 + 320a%y°22 4+ 12800’ 27322 4+ 1600azy> 2* +64023y% 22 +128a%y %22 +
320azy?z? 4+ 1922%y%22 > 0.

L o TT 12 oo-hyponormal T 3.

2%k
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On some Nevanlinna-type spaces
on the upper half plane

(EFEmEDHHIED Nevanlinna BZERIZDONT)

sEFERKXFEED thH =&
(Iwate Medical University) (Yasuo IIDA)

Abstract. In this paper, we shall define some Nevanlinna-type spaces
on the upper half plane and show some properties of these spaces.

1. B E TO Nevanlinna BZERIIZOLT

EE1-1 f2XU={z€C||z|<1} LOEREHKLT S, T/,
T={z2e€C||z|=1} &T 5,
2%
1. sup / logt |f(re?)|df < +oo0 EWEI-TLE, feN &T5,
0<r<1 Jo
(EE) feNDkx, f (& = lirln_ f(re?) 28 ae. € € T TFF
ET 5,
2. H5 ¢eLNT), ¢=20 R L logt|f(2)] £ Q[d](z) (z€U) %
Wiz L&, feN, &35, ELEDLU ED Poisson F&4
2R,

3. p>1&9%,

2w
sup ./0 (10g+|f(rei9)|)pd9 <4oo Tl EE, feNP ETB,

0<r«l

N % Nevanlinna class, N, & Smirnov class, N? (p > 1) % Privalov
space LPFES, F/. N & EOESZER N., NP %% L T Nevan-
linna BZEfE & MRS,

INODEFDBHVIZIZIE, BEBFE NP CN.CN (p>1) BEY
AN



EH1-2 fEU LOERBEHE TS, UTHEWIRETSH S :
(1) feN

| (2) sup /0 "log(l +|f(re?))df < 400

0<r<1

(3) log*|f(2)] U L harmonic majorant %2,

TH1-3 f% U LOERIEHEL TS, UTIHEWIEETHS :
(1) fe€N,

2w 2T
(2) feN DD sup / log* | f(re)|dd :/ log™ | f*(e*)|d8
0 0

0<r<1

(3) &% strongly convex fiﬁgﬁl W WX LT

2w
sup / w(log™ | f(re®)])dO < +co
0

O<r<l

EHE1-4 p>1&L, ¥z f 2 U LOERIBEKETE, UTIRAEW

WCRMfETH B .

(1) feNr

@ suw [ " (tog(1 + £ d0 < +00
0

O<r«l

(3) (10g+ lf(Z)!)P 2 U Lk harmonic majorant %2,

EEHI2~FEE 14 D0FRD X H 12, BEAZMHIR ED Nevanlinna B 22

WOWTIHEREREREEIN S OO TEY., FRFhoOL&ME

THZERDERL LTRATLIZE b 5,

LU, E¥FHE D = {z € C|Imz > 0} £® Nevanlinna B ZZfE % &

AR =

*L;Eiﬁzngﬁﬁb§éE];250

2. LFFWH ETO Nevanlinna BZRIzDLVT

@ harmonic majorant [Z& 2 EE

EE2-1(9)) f % D LOFERIEHKL T3,

AROBEMARTOEEREL “FOEF " EBHTH L, FheE



1. log®|f(z)| # D Lk harmonic majorant ZF2& &, f € Ny(D)
&9 B, |

2. ¢ % strongly convex 72f% &35, p(logt |f(z)|) ¥ D L har-
monic majorant oL X, fe H,(D) &7 5,
F£72 No(D) = U{ H,(D) | : strongly convez} &% D,

3. p>1&7%3, (log"|f(2)])? # D k harmonic majorant &>
L&, feNJ(D) LT3,

() H,(D) % Hardy-Orlicz space & 5,

@Krylov (& Iida) [TXHEE

E#E 2-2([2,5]) f % D LoERAIBE#E TS,

1. sup/ log" |f(z +w)|dz < +oo ZWT=T L E, feM LT D,
R

y>0

2. 5 e }R),dp=201ZxtL log™ |f(2)| £ P[pl(z) (z€ D) &
Wl eE, fem &35, = UATIE D E® Poisson f&47
rRY,

3. p>1Lt15. Sup/ (tog? 7w+ i)l) de < +oo ZiiF L 2,
R

y>0

feyr L33,

@ Mochizuki (& Iida) 2k 3EE

EFE2-3((38]) f % D LOERIREELE T2,

1. sup/ log(1 +|f(z +wy)|)dz < +o0 Zli7cT L&, fe N(D)
R

y>0

&35,

2. BB peLI(R), 20 1ML log1 +1/(2)) £ Pldlz) (= € D)
ZWl=T L&, fe ND) &T5, 7272 LADIX D £ Poisson
BraRT,

3. p>1¢95, sup/ (log(l + |f(a:+iy)|))pdx < +oo Tl Y

R

y>0

L% fe NP(D) &¥ 5,



L3 FHE ED Nevanlinna class DERICHYTHERK2-1 ~E&E2-3D
LAFAEVWIZEMETIERVY, RsRiZ, E3FE _ED Smirnov class DEFEIT
Y T5EE21~EFK23D2. b, Privalov space DEHRICHE T HE
F£21~EE2-3D3 BENTHLEVICEE TIZAV,

ZZTix. [®harmonic majorant [C&BERE] 2 k& ZJ_tffﬂIZE_I:
? Nevanlinna BZEERIZOWTORREZHBET 5, Flo, OEEIC
E¥FiEm ED Nevanlinna BZEE 6 2 T, FRBHRFECE X EI}’LZ)B{':hJ
NEZDWTHRBIT 5,

3. DDEZEICE D EFFHEETO Nevanlinna BZERICOULNT
No(D), Nuo(D) 1oV THEA T ORER B S TS -

EHE3-1(9]) f#& D LoEAIE#ELTS, £/-. D EOFRER
ME#&ks Ho(D) TET,

(1) feNo(D)<=>f—% (g, h € H®(D), h#0)
() FENo(D) = f=1 (g,heH®(D), hik D TOHBELK)
ZZTh()20,loghe L' (R, (1+1t*)7'dt) 2R L,

1

1 1+1z
d(z) = exp (T—F—i./n P > log h(t) d ) DEOBEE ¥ ¥Em D
TONEEKE L5,

EHE3-2([9]) f % D EOERIE#HE TS,

log* | f(z + 1y)|
1 € Ny(D) < su / dr <
( ) f 0( ) y>10) o 172—|-(y—|—1)2 T o0

(2) f € Ny(D) << &5 strongly convex 7B ¢ IZH LT

(1
sup ¢ og |f z+w)l) dz < oo

y>0 y+1

EH3-1, EH32% NJ(D) oW TEX-DOBRRDERTH S,

EH3-3 f%DLEoOERIEHKETS, /-, D LOERERBEK
2% H®(D) T,



(1) fe N§(D)
e f=2 (g,he H®(D), h iX NF(D) THi¥)

(log™ | f(x + iy)|)”
22+ (y+1)°

sl N

dr < 0o

(2) feNYD) <= sup /R

y>0

T2, THEND Nevanlinna BIZEEHZ BT 5 BEIC OV T ORELFE
EEPHONTWDA, NY(D) THEROLIIZRD !

= ac'@*b(2)d(2)g(2)

EHE3-4 p>1&T5, feNUD), f#013f(2)
Z I T,

(z € D) OBIZ—BILHfESh D,

(i) e«€eT,aceR.
(1)  b(z) 1T f DFERD B%ﬁﬁéﬂé Blaschke 7&.
1 1 +tz
(i)  d(z) —exp( / 11 2logh( )dt),

727 L h(t) 20, logh € L*(R, (1+t*)71dt) T, b

logt h € LP(R., (1 +t2)71dt) A3V 3.
. 1 1+1tz .
(iv) g(z) = exp (—/ d,u(t)), 2L p ik R EOFRE

1 Rt—z

HIBEE T, Lebesgue BIEICEL THETHS.

4. LFFME ETO Nevanlinna ZERBICEET ABEIZDOINT

(1) N?(D) i NP(D) ~M linear isometry ZREH &

EEFEEIZBWT NP(D) L0

&(f, 9) = { [ tog1+17°(2) - g*(xm)w}” (.9 € N*(D))

TEHET D, 72iZL NY(D) = N, (D) 15,
N,(D) 2T Mochizuki %3 £~ linear isometry % #R7E L7z [g]
M. NP(D) IZ2OWTITEERD 5TV,

(2) EFFETD M 12D T



2w
BT U O ERIEI £ 25 / log(1+ Mf(8))d8 < +oo %iT=T
0 _
LE, feM ETB, 2T, Mf(6) = supl|f(re“’)| &9 %,

0<r<

ZOEMIIOVWTIEEEE NP C M C N, (p>1) BEYIALL,
Kim[4] 2 K > THRMTOIN TWBH 53, H&iTiZ72 2 T Ganzhula 28 D
ECoMEEEL, TOFEEEZEEL TS (1,

3. N(D), N.(D), N?(D) ¥ T® composition operator {Z2L\T

G0 L ZAE¥FETIT Hardy ZRICET /% [6,7,10) LAVan X
I THY., D Nevanlinna BIZEFIZOWTIEFEONTOREDO L 5 T
H D,

S 3k
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The integral representation of positive definite
functions on a conelike semigroup
and the continuity at 0

T. M. Bisgaard (Denmark)
and
N. Sakakibara (Ibaraki University, Japan)

Abstract

Ressel proved Bochner’s type theorem for bounded positive definite
functions on a conelike semigroup in Q¥ ([R]). In this talk, we prove
Bochner’s type theorem for arbitrary positive definite functions on a
conelike semigroup in Q, but we show a counterexample to Bochner’s

type theorem for (Q4 \ {0})?U {(0,0)}.

4 (XLARTIC TR* OF O conelike ¥ EIZBWT, T 0 LOEEEBST
VTHEEE FO (KNEB%RTO) T— AV FEEOET—EMNICHRRTE
5] (cf. [BS]) &5 Z & &R L. T, BEBEEIZE T 5 Bochner B EH
WU TARRERDIZENHELN, R IC2—2 ) v FHEBA-STVS
& BTG E, EEEBRROEGENEDOBEFRTICEORERE L T30
MEEZDOITERRILTHD. ZOHEETIE, 1 RTOEAITILERME
DEZE L B, 2 KT TIHERESE @B LWFIREhTLES> 2 &
PRETD.

Bt 0 2b 0k ¥HEE S S LOoRESEL S* L L, §* K%
RINRAEEE XD S LOBE o PEEETHD 1T, £ED n € N,
S, ", €8,¢1, - ,cp € CIZTOWNT

> ado(si+53) 20

1,7=1



BERMTBEETHD. S LOBE o BE—A FEETH D &I DT,
o(0)= [ oo)iutp), ses

RTS8 LOT FURIE u DFEETDHEERNVD. T— A MERITZE
TEEETHY, FRZEEEBREITE— A MK TH D, EEERBEEIT
—RICE— A PR LIRSV, S EOEEEREE ¢ B4 T —BEHNRE
BHEZ b DE— A FThHdLE, SIEHELTHDHEND.

R* OF55ESE M 5 conelike THD LIE, EFED se M IZH LT a(s) €
R, BHFEL, a2 a(s) 2HTL2TD e Ry IOV T ase M PRV L
DLEERVI. M DB Q OSEAOL XX, R, # Q THRAEZT, R
U< M 7 conelike THDEWH T LIZTH. LLT, conelike HBED k HEE I
[EERIET5.

LARIIZ R4 > @ P.Ressel 8%, R 72 EEEBEEOELED T DIES
FFRC COBRERE LT 50OhE R~ kOEEYT L (R]).

Theorem. S IZ R* OH®D conelike ¥F T, 0 € Sr¥+3n. L, S =
{s € S|(Rys)NintS # 0} THD. ZnE%x, S FORRBEEMERE ¢ I
DUWT RIZEME:

(i) ¢ 1T —HRERE;

(ii) ¢ IX 0 TuEEHT;

(i) S D& B EF] {s,} BEEL, 5, = 0, 0(sy) = ©(0) BHIZT;

(iv) o 1T RF EOHBEOBEE (FOFRT <v,s>20 &7%25 %574
BATERINLZRE) p TRORTEHD.

o(s) = /e‘<”’s>d,u('u), seS

ZORERIL, EEERHOBREORED LA RFHED = & MR
SNDOT, REBEDOTR— b ZFIT L TEMINEN, AREEZRWE
B OWVWTIRBR ThH o7, B L0112, Bxix QF L R oFo
conelike FEEIELTHD I LERLEDT, (BERMLWHIRERLID) &
BRRTDHEVI EIZZ VT ENE. BHHEIIEEEBEROESMENFR
BEOYR—MNIEDEREREETINTHS. 1 RTOBEITIIROER%
&,

Theorem 1. S iX Q DD conelike BT, 0 € § £+5. 7L,
S:={se S|(Qus)NintS # 0} & L, FAGIIHIBMIETES. ZDE &, S L
DEFMBEEE o 122 T KITFEIE:



(i) ¢ IX S LTk,
(ii) o i% 0 TR,

(iii) S D&% HF {s,} BIFEL, s, = 0, (sn) = 9(0) ZHIZT;
(iv) p R DT FARE p 'C/J*(@i%ﬂ”?i"b@

o(s) = /R e du(v), s€S

Corollary. S i R OH® conelike ¥#H T, 0 € P L, S:=
{5€5](Qss)NintS £ 0} THD. ZD & ERITLFRE:

(i) v : S = RITIEEMEDDERT;

(i) p TR EOF FARIE p TROKFE LD,

o(s) = /R e du(v), s€S

L LAERS, 2RTOBEI, (Qy \ {0})?2U{(0,0)} TE X, Theorem
1 @ (1) = (iv), (w) = (11) BRI L2, S%OFmEE LT,
(Q: \ {0D? U {(0,0)} TiX (ii) = (iv) BEILTHDT, (i) = (iv) 28
REND LY —BREZBRECOWVTHEITT 5.
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[BS] T. M. Bisgaard and N. Sakakibara, Stieltjes perfect semigroups are
perfect, Czech. Math. J., to appear.

[R] P. Ressel, Bochner’s theorem for finite-dimensional conelike semigroups,
Math. Ann. 296(1993), 431-440.



Remarks on strong random Clarkson inequality

Yasutaka Yamada (Kitakyushu College of Technology)
Yasuji Takahashi (Okayama Prefectural University)
Mikio Kato (Kyushu Institute of Technology)

A. Tonge [12] proved random Clarkson inequality in L,. Kato-
Persson-Takahashi [5] characterized the Banach spaces in which ran-
dom Clarkson inequality holds as those of type p. Recently the
present authors [13] considered strong random Clarkson inequality
with a weight constant K and proved that strong random Clarkson
inequality holds in a Banach space X if and only if X has strong type
p, where the best value of K does not coincide with the strong type p
constant STpy)(X). We shall extend the strong random Clarkson in-
equality to show that the best constant K in the resulting inequality
coincides with STy (X).

1. Theorem (Clarkson inequalities) Let 1 <p <2,1/p+1/p' = 1. Then

’ N\ L/p
R e
( : < (e +1ol?)”  vewer,

!

Iz +yll” + llz — 7\ " )
( ! < (W +117)"  veyeL, @

RER (1),(2) (ZRMETH Y, Clarkson 23 L7= 8 DOARERDP T, LD 2o
BAEKTHS. (1) & (p,p')-Clarkson RER & FES. — %I (p, p')-Clarkson
EXDAILT B &£ 9 72 Banach ZRITKRD X 512 type p DZER & L THEER-SIT S
nao.

2. Definition (type p inequality) Let 1 < p < 2. A Banach space X is
called of type p if there exists M > 0 such that with some 1 < s < o0

s 1/s n 1/p
E ( ) <M (Z ||xj|rp) (3)
i=1

holds for all z,,- - -, z, € X, where {¢;} is a Rademacher sequence and E denotes
the mathematical expectation. The smallest value of K is denoted by Tos)(X).

n

_;_ €T

Jj=1




3. Theorem (Kato-Takahashi [6]) Let 1 < p < 2 and 1/p+1/p = 1.
Then (p,p’)-Clarkson inequality holds in X if and only if X is of type p and
Ty (X) =1

Clarkson %33 Boas [2], Koskela [7], Kato [4], Maligranda-Persson [8] 5
Ik o TRT A—FO—fk, ZribBfToiz. A Tonge IE L, T random
Clarkson FEXMHKILT B Z & 2R LTZ. ZORERZITRMOMER EE K 73
&% TV 5H, Takahashi-Kato ([10]; cf. [5]) DIZZDOEES1THY, bod—
fxiz, (p,p')-Clarkson A& H3AEILT % Banach ZF TIL K =1 & L7z random
Clarkson RERNKILTHI & &R

4. Theorem (random Clarkson inequality) (Takahashi-Kato [5]; cf.
[B]) Let 1 < p <2, 1<rs < oo If (pp)-Clarkson inequality holds in

X. Then for all 2y, --,2, € X
s\ 1/s n 1/r
) < nelrs) (Z IISCjII’) (4)
j=2

n

5(3
=1

holds, where {¢;;} are stochastic matrices and c(r,s;p) = max{l/r' + 1/s —

/¢, 1/s, 1/7'}.

n

E Gijl'j

i=1

ORI LV, f2fEln=2,5=1& LT, (p,1)-Clarkson A&
AACRPAB

5. Definition (p-uniform smoothness) A Banach space X is called p-
uniformly smooth (1 < p < 2) if there exists K > 0 such that px(7) < K7? for
all 7 > 0, where px(7) is the modulus of smoothness of X i.e.

px(7) = sup {(llz + 7yl + lz — 7wl)/2 = 1; |l=]| = [lyl| = 1} .
6. Theorem (p-uniform smoothness inequality) (Takahashi-Hashimoto-

Kato [9]) Let 1 < p < 2. Then X is p-uniformly smooth if and only if for any
(resp., some) 1 < s < oo there exists a constant K > 0 such that

(Hx +yll° +lle —yll*
2

1/s
) < llelr + I foralzyex ()
The smallest value of K in (5) is denoted by USp(s)(X).

p uniform smoothness (& Clarkson B (5) (2 K> THHE-SIF b 5. Clark-
son NEIHZ type, cotype & BIEfHT 72 & 512, Clarkson BURZR % type, cotype



BOWEEAND ZEICLVRHEATEZLRTED.

7. Definition (strong type p) A Banach space X is called of strong type p
(1 < p < 2) provided there exists a constant K >0 and 1 < s <00 such that

n 1/s n 1/p
(EH > et ) < (nxlnp +Z||Kxjn") ©

holds for all finite systems 1, - -, Z, in X, where {¢,} is a Rademacher sequence.
The smallest value of K in (6) is denoted by STp(5)(X).

(6) = (5) BB ATHY, LizdinT USyy(X) < STye(X) Tha. (5) =
(6) b K DEIRESNRVABRIT S, T 5 LT Banach EMO—#kp FiEtE L
strong type p T 5 Z L IXFRHETH Y ([9]), & HIZiE & ¥ 58V random Clarkson
AIRERORMT HRIESND.

8. Theorem ([9], [13]) Let X be a Banach space and let 1 < p < 2. Then
the following are equivalent.

(i) X is p-uniformly smooth.

(ii) X is of strong type p.

(iii) (Strong random Clarkson inequality) For any 1 < r,s < oo and for
allneN

n

sy 1/s 4 n 1/r
) < nelre?) (||$1||r +y HK%‘HT) (7)

j=2

=1

€T
j=1
holds in X with some constant K independent of n, r and s, where (e;) is
an n X n matrix whose coeflicients are independent identically distributed ran-
dom variables taking the values £1 with equal probability 1/2 and c(r, s;p) =
max{1/r' +1/s —1/p', 1/r', 1/s}, 1/p+1/p' =1/r+1/r' = 1.

- Further, let K,(X) denote the smallest value of K in (7). Then

STp(l)(X) < Kp(X) < STP(?’)(X) = USP(P')(X)' (8)

Strong random Clarkson T EXDORKBEAEHR K,(X) & (p, p')-uniform smooth-
ness FERDRREE USyy)(X) DEFRIZ (8) THEA SN D7, strong random
Clarkson FEX LR LT EXLEAT I LICL - T, ZOREEK K,(X)
CLANS f{p(X) = ST (X) &% 5.

9. Theorem Let X be a Banach space. Let 1 <p<2,1/p+1/p' =1 and
1 < K < o0. Then the following are equivalent.



(i) X is p-uniformly smooth and

’ i\ /0
z+yllf +lz—y|P ,

2
holds for any z,y € X.
(ii) X is of strong type p and

n o 1/p'

E :ejzj

i=1

E

n i/p
< (nxlnp £y ||Kxj||f’) (10)

holds for all finite system {z;} in X.
(iii) (Extended strong random Clarkson inequality) Forany 1 < r,s,t <
oo and for any n

n

E Eijﬂ’,'j

i=1

s\ t/s 1/t n 1/r
) < nc(r,s,t;p) (”xlnr + Z HK:L‘]”T> - (11)
J=2

holds in X, where c(r, s,t;p) = max{1/r' +1/s — 1/p/, /7', 1/s, 1/r'+1/s —
1/t}, 1/r +1/r' = 1. Further let K,(X) denote the smallest value of K in (11).
Then

1=1

KP(X) = STP(P')(X) = USP(P')(X)' (12)

10. Theorem Let 1 < p < 2, p < r < p'. Then the extended strong
random Clarkson inequality holds in X if and only if it holds in L,(X). Moreover
Kp(X) = K(L.(X)).

1{. Example
(i) I{p(Lp) =1 (1<p<?2)
(i) Ka(Lp) = vP—T1 (2<p < o0
(iii) K3(Ly(Ly)) = max {vu—1, Vv —1} (2<u,v< o)

L, (1 < p < 2) 1 p-uniformly smooth TH Y (p,p')-Clarkson FERBEKT T2
L7z35>T Theorem 3 £ Y STy (Ly) =1&725. L, (2 < p < 00) IE 2-uniformly
smooth T& Y, Ball-Carlen-Lieb [1 I 2T USyp)(Ly) = vp =1 (2<p< o0)
& L7 optical 72 2-uniform smoothness REXNE LTS,

ZE Xk
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Numerical range of an operator on a 3-dimensional
Krein space

Hiroshi Nakazato

Linear operators on a 3-dimensional Krein space are investigated by using the J,C-
numerical range of an operator. Especially the boundary of J,C-numerical range of an
operator A is characterized for J-unitarily diagonalizable operators C, A.

1. Krein ZRBICHIT2BHAERAR

BEEETEM HicBWTAREARIE indefinite inner product (-,-) &(&. Hx H 5 C
ADRBETH T (1) &+ E&un) = Eum + Em)y Em+m2) = (&,m) + (& m) B&L
Ualé,n) = (ab,n) = (&,am) €,6,6,m,m,m € H, a € CICHULTERYIADHOT, (i)
(&,n) = (n, &) B8, &,ne HITHULTHRY IS, (iii) (¢7) =0 &5 EEOn e HITHLT
BUNTIE =0 £AUEIABNEED. FTRHELZBALLERMI, EREZaHRE
L. Krein 2RI EMEFNS. Krein 22f HIC(E, #3& Hilbert ZR& L TOBEDBIRE
¥ 3. Sylvester DIBMZRICHET BHET,. EEMORE () EFAEAE

B, AZZU—PDINZy hf&éﬁﬁ:{;ﬁ;}?& J=J=Jl&Y,
(&m = (J&m)
EWSBETEENTNS LRET S. Krein 2R HI3,
H=H,oH, Hi={(ecH:J{=¢, H.-={{€H:J{=-(},

EaEEIhD, H 23, H_.ORTHBHERRTTH 2B8. Krein ZH%. Pontryagin 22
ﬁﬂc‘:@&i;& b, Krein BRUCE T HHBEAERRICONVTRRAZEESE LTIE. Bognar
@ [Bo] BEHETH B, BOBFHELHEY DT, [An], (A1), [To], [Ng], [Nn] 2 &,
ELDOTEROMEDSH B,



CCT. MEICTADIE. Hy H. EHICERRTOBAT. H=H, & H_ILBIT 5K
FAERE A (175) OGP —RESNAEBETH D, COLIBHARTELSLL. Ho&
HErl\DIL, [GLR] (1983 &) TH B. 2004 E 7 AICAHRIN FHIORARERICHELT, £
D -DF—<IZDE. Coimbra X% Bebiano, J. da Providéncia &R REITO /=
FORRICDEZZTHANS (cf. [BPN]).

2. FEEZRICETIBEREZED C-0%

ARATT Krein 2/ HICBWT, r = dim(H,), s = dim(H_) &L, ZOZRMOFENE
ERET S (ER) BRERR (75) 02B%, Ulns) £T5 :

U(r,s) = {U € My4o(C) : UJU*J = JU*JU = I4,}.

CDEE, Ur,s) 13, BEY -8 LD, Krein ZH HICEITS 2 D0HBEERE C A
ITx LT,
WZ(A) = {te(CU AU : U € U(r, )}

EEYD, TOES WI(A) C C %, Krein ZRICEIT2RAE AD C-BIREED. U(r,s)
DEFEHICEY. WI(A) I3, EREFEOEREALLS. UL, CO%AE. —BIC
[FMEATH, BESTHRN. BIZIE. n=2r=s=1TH>7T. C, ABEHICHES
1 DERZTH-T.

C¢=(&m(, AL = ({8,

LTHEE,
W (A) = {(U¢, m){(Un,7) : U € SU(1,1)}

MEYIID, ZZC. n= (Tll,ﬂz)T, T = (Tl,Tz)Tt?_écl:%s
(Un,m) = (U(-m,-m)T, (=.™)T)

MU eSU(LL) ICHLTRYID, Sh&y

_ {01 _ (0 0
c=(g 9): 4=(] o)
ICHLTWIHA) ={z€C: 2| > 1} THY ChIIMESTHHEERCHA, Fi.

°=(6 o) 4=(; 3})



IcHULT, Wi(A)={z€C:2#0} ThY.

10 /10

02(00) A“@ J
(2L T. WI(A) = {z € C: R(z) > 1/2} THB. Zhbdld C DRKATIIHBL. H
EATIN, O J-TIVS v FTIRH B DB TIHANSOT, Wi(A) SHA%

BEABMELT o
C:A:(l _1)
DEE WE(A) =[0,00),

c-(y 1) Aa=(4 7)
DE&E WIA) =iR EWDEIMBITFEND,

BIC, C = diag(l,0,...,0) & LEIBED Wi(A) £, W](A) £, C = diag(0,0,...,1)
ELIBAD WI(A) . WI(A) &1 5, Li bIckY, Wi(A), Wl(A) BeERDIL
BREhs (LTU], LR 1-3), S2T. ADRNRY R o(4) KL T

o4(A) = {) € a(A) : AE = X, forsomef € C™ with (£,£) > 0},
o_(A) = {\ € a(A) : At = X, forsome ¢ € C™ with (£,£) < 0},
oo(A) = {X € a(A) : At = X, forsome ¢ € C™ withé #0,(¢,¢) = 0},

LEphld, o(A) = 04(A)Uo_(A) Uoo(A) TH>T. 04(A) C Wi(A), o-(A) C W_(A)
BEEYIID, £, £8

W) = WA uw?(4) = (14580 e e oo (g6 £ 0}

(6,€)
_ (JALE rts

ERHETRBEOUS, J=Lo(-L) THIDH, (£cCT (#£0T, (J§) =04k
SHONFET B, CDEILERY MVTRERIC (JALE) =0 LI2BbOBRNEE,

Wi(A) ={A € C:0€ WX — JA)}
MEUIE, Wi(A) I, ERBTAORESTHS. LROFHEMUYED &AL T =

Le(-hL) &L,
4=(1 )



LYBEE, .
_ 1~ Sl 2 2 _ (6240
WJ(A) |§1|2_ |§2|2 (61352) eC )|€l| |§2| 7é }
= R\{0}

Ei5B, ST Wi(A) =(0,00) &155. TOBE Wi(A),W](A) 3. CDHEETH
BISESTHAN, ST, (JAEE) =0, (JE6E) =0 &5 £ O £ 40 RIEVWERE
L&d. cDEE, BIES W(A) OBRRIIAERLLD. TOEERE. R q,b 2>
T aR(2)+5S(2) +1 =0 EVWIABKTRT &EE, TOL UM o,b (3, FHER

det(J +a(JA+ AJ)/2—ib(JA— A*J)/2) =0

EFHI=T &M, Psarrakos [C& > TREINTNS ([Ps])e COBKITKRDEBRDHELEILT
W3, Bl W(A) DBEROERE. aR(R)+0S(2)+1=0L0WOIABERTERTLE, C
DEIBRBOI o, b 1E. AER

det(I+a(A+ A%)/2 — ib(A— A%)/2) = 0
%iﬁtj_o

FREDOBEOHNELEEBEOERICHITS. TSy (HCHE) fRE. 1=4U—
EAZE. ERERZBINST . FERHEZRICBII2ERZEIL. ThENES. JTJ =T,
TIT*J=1,TJTJ=JT*JT 2FBIIERZETHZILEZAONZD, COIHEORND
H D J-Hermite EBZEIL. —MRICIZ, MWALFEE (GREH) Tldik<, MELEDIED
HB. 1L, J-Hermite 725(E. ZOBFMER, REERICEAL THHT, ) SEFE
HHE, \MPEFEICESDEE Ty MEBZEISGEVMEE b H 5,

EE1([BPN]). r+s=n,J =1 & (-1) =diag(j,...,4.) &bL.
C = diag(cy,---,¢,), A= diag(ay,...,a,)
EEERBTIET S, &4
R((ci — ea)(ae — an)si jee™") > 0

(6,4=1,2,...,n—1) 2%, 53 0€[0,2n) ISHULTRY I DAL, 4Bl WI(A) (1B
BTH-o>T, ¥FFE R(ze ) >0I1C8FEN3,

~EE 2([BPN]). J = diag(1,1,-1), C = diag(c;, ¢z, ¢3), A = diag(a1,a2,a3) & U. ¢, ¢,c3
BRBUZSIE, WI(A) IBALER LR,

ol = diag(c; — ¢3,¢, — ¢3,0), A= diag(a; — a3,a; — a3,0) &EL &&=,
Wi(A) = Wb](fi) + catr(A) + astr(C) — 3¢z as



BRYID. COZELY, 3=0,a3=0 LRETED.

&3 ([BPN) RE 2 DEHOTT. TSIT. ar,00,05 HBERBADE. WH(A) [, REE
o L DERBES LD, CoT =0 =0TH2Ta#0Fle#0ELa #0
£/l 0y #£0 ERET B, (i) cra1 20, c1a2 >0, c201 2 0, 205 20 .

W&'(A) = [min{c;a; + 202,103 + 20, }, +00),
(ii) cra1 €0, ¢ay £ 0, c2a; <0, €202 < 0 A= bld.
Wb](A) = (—o0, max{c;a1 + 202,102 + cza1}l,
(iii) XD 5D
Aayay < 0,c2a180 < 0,c1020] < 0,¢16005 < 0,¢160a18, <0
DIHIBEDENMDEYIDESIE, WI(A) =R BEYILD,

. 0,03 BRETH-T, a1,09,a3 BE-EHLIChEWEE, 7710 2EBREIC
ctU,C3=0, 0'3:0 ,0.1:]., (Lg=i, 01:17 _]-SC2S]- U)i%‘%(:ﬁ%éh%,

#88 ([BPN]) J = diag(1,1,-1), C = diag(1,c;,0), A = diag(1,7,0) &{RET . (i)
0<c <1i6(d.
Wo(A) ={z+iy: () ER <o <y l+tasty),
THY. (i) —1 < <0 RBIE WI(A) =C &b,

T 3. J = diag(1, 1, 1), C = diag(cy, e, ¢3), A = diag(ay,a2,a3) EL. 3D ¢y, 00,3
E 3D ay,a5,063DEL DD 3PN ERRFATRA—ER LICKRNEE, BE WI(A) &
HEHHMEIS. T 74 ERBRICEY || = o] = las] =1, |ar]| = |ag]| = |ag] =1 D
c163c3 =1, a1aza3 =1 THOT. a; #Faj, 6 F¢; (1 #7) ODBRIZREINS. CORE
DTF T, 8l We(A) IBBfEETH > T. EDRERSE. TV b Bl

A = {2exp(10) + exp(—2i0) : 0 < 0 < 2r}
Fhl13. By
Lo = {t(c1a1 + c2a2 + caas) + (1 — t)(c1a2 + coa; + c3a3) : 0 <t < 1}

213, 4aDDFERE
Ly = {ciay 4+ a3 + cza3 + t(c; — c3)(a; —az) 1 t > 0},

Ly = {c1a; + 23 + c3a3 + t(co — c3)(a; —ag) : t > 0},



L3 = {Cla2 + cpay + czas + t(Cl — C3)((12 — 0.3) ot 2 U},
Ly = {ciay + 20, + c3az + (e — ¢3)(a; — az) : ¢ > 0}
DEITHSB, CZT. Lo &, Ly, Ly, Lz, Lyl EASais Wg(A) IC8FEh 3.
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Butler-Rassias type functional equation and its Hyers-Ulam stability

Sin-Ei Takahasi, Takeshi Miura and Hiroyuki Takagi

Abstract. In 2003, S. Butler posed the following problem: Show that for
d < — 1 there are exactly two solutions f : R — R of the functional equation
Jx+y) - f(x)f(y) =d sin xsin y. Inthe next year, M. Rassias excellentlly

answered this problem. Recently, S.- M. Jung shows the Hyers-Ulam stability
of the above functional equation following an idea by M. Rassias. We consider

more general functional equation f(x +y) + Af(x)f(y) = g(x, y) . We give a
solution of the equation. Moreover, we prove the Hyers-Ulam stability of the
equation. Our results generalize those of Rassias and Jung.

I. Butler-Rassias type functional equation

0=AEC RUOR LOEHEEEREE g=0 PEZX bt Z, ROk 5> REKEE
RO f #EET5 .
#) fx+y)+ Af()f() =g(x,y) (x,y ER).

J&9° Rassias @ idea P HRD K 5 BREAWHEEE RT,

Lemma 1. Let a, b € R be such that g(a, b) = 0. If the equation (# has a solution, then it
must be of form:

fla)

= s b+ L etria+b)-—L —g(x+b,a) xER).

Ag(a, b) Ag(a, b)
In particular, if there exists a solution of (#) which vanishes at a, then such a solution is
unique.

Proof. Replacing x by x + z in (#), we have

() Jx+y+2+Af(x+2)f(y) =glx+z,y)
forall x,y, z& R . Similarly, replacing y by y + z in (#), we have

2) fx+y+2)+ Af()f(y+2)=g(x, y+2)
forall x, y,z&€ R . By (1) and (2), we have

® NG+ 2f0) - F@F0 + 9] =80+ 2,3) - g(e.y 42
forall x,y,zE R . Also we have from (#) and (3) that
Af(x)g(y, 2) — g(x, y + 2) = Af(3)g(x, 2) + g(x + 2, y)

= {080 2) - F0)g(5. ) - 80x. ¥ + 2 + gx +2.3)
- l(f(x)(f(y +2)+ O - FO)fx+2) + Af(x)f(z))) ~g(ey+ D+ g+ 2,y)

- A(f(x)f(y + 20— fO)fx + z)) gty + D) +gx+ 2, y)

=0
and hence
@ Af(x)g(y. 2) - 8(x, y + 2) = Af(y)g(x, 2) - g(x + 2, y)
forall x, y,z&€ R . In particular, putting y=a and z= b in (4), we obtain the desired result.

]



Remark 1. If two functions f and g satisfy (#), then g must be symmetric.

W DOBEITEIY & reasonable TH A 5.,

Lemma 2. Let 0= A€ C and ¢ be a nozero complex-valued continuous function on R
such that @(x + y) + A@(x)@(y) =0 forall x, y € R. Then there exists a complex number ¢

such that g(x) =— %e‘" forall xER.

I TEOBERI P, F5572 g WOWTHEEFAER (#) ORBEKE2 5% 5.
(A) g(x, y) = h(x)h(y) (x,y ER) DFE -

Lemma 1l B Lemma2 25RO X 5 2 EEKICETIHER2ELIENTES,

Theorem 1. Let 0= A€ C, h a complex-valued continuous functions on R with
#(0) = 0 and f a complex-valued function on R. If f(x+ y) + Af(x) f(y) = h(x)h(y)
holds for all x, y € R, then there exist two complex numbers and & and B with
B(AB*-1) # 0 such that h(x) = I _l;Bze“" and f(x) = 1 _B;Bze“" forall x€ER.
Conversely, for any complex numbers « and B with B(AB?> - 1) = 0, the functions # and f
defined by

h(x) =

B« __B
l—lee and f(x) = I—ABze (xER)

satisfy the functional equation : f(x +y) + Af(x)f(y) = h(x)h(y) (x,yER).

LoEBIROZREE T,

Corollary 2. Let a, p, A€ C with Ap = 0. Then the functional equation
F+y) + Af(0)f() = pe®*? (x,y ER)

has exactly two solutions f(x) = — L= '2IA+ 4Ap e when Ap = — 211- , and it has a unique
‘ N g -_1
solution f(x) = 21¢ when Ap i

LT 0) =0 OBHIZDONTEBLRZR, 795 THRWESIL, Lemma 1l 225HikD
X O RBBIC BT HER A B T LN TE B,

Theorem 3. Give a complex-valued function # on R and a € R such that £(0) =0,
h(a) = 0 and
(*) h(a)h(x + y) = h(x)h(y + a) + h(y)h(x + a)
forall x,yER. Let 0= A€ C and k(x) = h(x + a), x ER . Then the functional equation
Slx+y) + Af(x) f(y) = h(XA(y) (x,y € R ) for a complex-valued function f on R has

1
exactly two solutions f =+ Ah — T(a) k when h(3a) + Ah(a)® = 0, where

/ h(3a)
i ha) + Ah(a)?
B Ah(a) .

Also it has a unique solution f=— #@ k when h(3a) + Ah(a)*=0.




WIZa€ER, o, B,pEC :p=0and e“+ef=0 5 XL & RTEEEND R
LOBE R 2#EZD
h(x) = yp(e*—eP) (xER).
ZOLE R0)=0 2D h(a)=0 THY, h 1% (*) 2#id. ZiK Theorem3 %
BT B EMNTE, ROZNREIPND,

Corollary 4. Let a, B, p € C such that p= 0 and e* + ¢ = 0 for some a € R. Then
the functional equation ‘

S+ )+ Af(0)f(y) = ple™ — eP)(e® —eP) (x,y ER)
for a complex-valued function f on R has exactly two solutions

B yi+4ro P 1 o
f(x)—iT(e —e )—ﬁ(e +e) (xER)

when p = — le , and it has a unique solution

1
f(X)=—2—A(e +e?) (XER)

whenp=—zlx.

EORT a=if=-i,p=-T ada=Z LF5L ROFAEIND.

Corollary 5. Let A, d € C with A = 0. Then the functional equation

fx+y)+Af(x)f(y)=dsinxsiny (x,yER)
for a complex-valued function f on R has exactly two solutions

VAd-1
fx) = —

1
7 sinx—xcosx (xER)

1
when Ad # |, and it has a unique solution f(x) =— xcos x (xER)when Ad=1.

iz A=-1 &< &, M. Rassias IZ X ARDOEHEMNENMNSB,

Theorem A ([4]). Let d € R with d <— 1. Then the functional equation
fx+y) - f()f(y)=dsinxsiny (x,yER)
for a real-valued function f on R has exactly two solutions f(x) =++/—d —1 sin x +cos x.

EE. EOEHIZ, S Bulter [11 1ZX 5RO L 5 RFABMICEZX LD DTHS
Problem (Steven Butler). Show that for d <— 1 there are exactly two solutions
S iR — R of the functional eaquation f(x + y) — f(x)f(y) =d sinxsiny.

(B) glx. y)=h(x+y) (x,yER) DHE :

Lemma2 25RO & 5 2 EBEIC BT 2R 2B Z LW TE 3,

Theoerm 6. Let 0= A € C, k& a nonzero complex-valued continuous function on R and
S acomplex-valued function on R. If f(x+ y) + Af(x)f(y) = h(x + y) holds for all
X, YER then f(x) = Ae™ and h(x) = A(l + /'\A)E“‘ forall x €R and some A, a €C with
A=— % 0. Conversely, for any complex numbers « and A with A = — % 0, the functions

h and f defined by



h(x) = A(1 + AA)e™ and f(x) = Ae™ (xER)
satisfy the functional equation : f(x + y) + Af()f(y) = h(x + y) (x, y ER).

EE. A ILBETHAHERX A(l + AA) =p B Z &Iz X > 7T, Theorem 6 1%
Corollary 2 ##<,

II. Hyers-Ulam stability of the Butler-Rassias type functional equation

0=AEC RUR* LOEZEMEEE g =0 N5 % bz L &, Butler-Rassias BB
KR (#) O Hyers-Ulam stability 22845, ‘
%23 Rassias @D idea P HIRD L 5 BRERKNHEELRTZ LN TE 3,

Lemma 7. Let £ =0 be arbitrary. If | f(x +y) + Af(x)f(y) — g(x, y)| s ¢ forall x, yER,

then [ Af(X)g(y, 2) —g(x, y +2) — Af(¥)g(x,2) + g(x + 2, y)
forall x,y,zER.

s[2+]2[( s00] + |00

STR? FoEEEEER g=0 5%, 8(a,b)=0 725 a, bER IZxt LT, IRTE
FINDBE L () BEZD -

__Jf@
j;.b(x) - g(a1 b) g(x’ )+ Ag(

forall xER.

1
4 b) glx,a+b) - 5@ b) glx+b,a)

ZOrE Lemma7 HHROHENERNSG,

Lemma 8. Let €= 0 be arbitrary. If | f(x +y) + Af(xX)f(y) —g(x,y)|< € forall x, yER,

(2+[21( ]+ 1@)))
| Ag(a. b) |

then | f(x) — £, ,(x) \ =< € forall xER.

S T LOWBEEIY FR, 55172 g 129V T Butler-Rassias IR AR #) O
Hyers-Ulam stability 2#£%3 5,

(C) glx, y) = pe'™ 9 (x, y) ER) DIFE -

Lemma 8 KT Corollary 2 2> 5H R MD X 5 7 Hyers-Ulam stability (2334 2555858 <
ZEMTE B,

Theorem 9. Let 6 € R and p, A € C with Ap = 0. For a functional equation
SO+ y) + Af(0) f(y) = pe’™+? forall x, y E R, there exists a constant K = K(4, p) = 0
such thatif 0 s £ < | p] and if a function f: R — C satisfies the functional ineqaulity
Fx+ )+ Af(X)f(y) — pe'®™+P|<¢ forall x, yER, thenlf(x) - hx) l < K(e + JE] holds

forall x € R and for some solution function f,.




(D) g(x, y) = h(x)h(y) (x,y) ER), h(0)=0 DIFE :

Lemma 8 % U Theorem 3 7* ¥ & 5 72 Hyers-Ulam stability 123 5 fER % &<
TERTES,

Theorem 10. Let a € R and h a complex-valued bouded function on R such that
h(0)=0, h(a) = 0 and h(a)h(x + y) = R(x)h(y + a) + hA(y)h(x + a) forall x,yER. Fora
functional equation f(x + y) + Af(x)f(y) = A(x)h(y) forall x, y € R, there exists a constant
K =K(A, h)=0 suchthatif 0 < £< | h(a) |2 and if a function f: R — C satisfies the

functional ineqaulity ’f(x +y) + Af(x) f(y) — h(x)h(y) | = € forall x, y E R, then

|f(x) — ]B(x)‘ < K(s + /E) holds for all x € R and for some solution function f;.

#5i7, Theorem 10 & Corollary 4 2> HIROFRBEPND.

Corollary 11. Let e ER and let &, B, p € C be suchthat p= 0 and e* + e’ =0. Fora
functional equation f(x +y) + Af(x)f(y) = p(e® — eP)(e® — ) forall x, y E R, there
exists a constant K = K(A, &, B, p) =0 such thatif 0 s £< | p| | e _ gha |2 and if a function
f : R — C satisfies the functional ineqaulity

‘ JGe+y) + Af() () - ple® — eP)e” — e”)y)

< £

forall x, yE R, then lf(x) - fi(x) l < K(a + JE) holds for all x € R and for some solution

function f.

S.-M. Jung [3] i, R EDOEEERIEL f 1ZBAF 5 Butler-Rassias functional equation
fx+y) - fx)f(y)=dsinxsiny (x,yER)
R Bk X 5 72 Hyers-Ulam stability %7K L7z,

Theorem B (S.-M. Jung). Letd <—1 be a constant. Then there exists a constant
K = K(d) = 0 such that if 0 < £ <|d| and if a function f : R — R satisfies the functional
flx+y) - f()f(y)—dsinxsiny|s € forall x,y ER, then |f(x)—ﬁ,(x))s

K(e + JE] holds for all x € R and for some solution function f; of the Butler-Rassias
functional eqaution.

inequality

gkﬁimiﬁﬁcwmmyn@%%ﬁ%éf&%:k%ﬁ%hﬁ%?%t&ﬂ
T&5,
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A note on Hua-type inequalities

Hua 7R & AHDEE BIZ
Hiroyuki Takagi! #A BfF (EMX- &)

Takeshi Miura? =@ # (LFEX-I)
Sin-Ei Takahasi® ##& & (JEX-T)

Abstract. We give some applications of our generalization ([2]) of Hua’s inequality.
As a consequence, we improve the Pearce-Pecari¢ inequality ([1]) and the inequalities

obtained in {3].

§1. ThETOEBE
2] ¢, bhbhid, Hua OFEROHENLETV, ZOHT ROTERZE F=.

SEIE O ([2] Corollary 2.7). X % J)VAZERE L, X* % ZOHEBERL T3,
p,g>1, %4—%:1, a>0,6: ZhZ— zeX, fe X* DL ZE,

6= 1) + 0 Nal? > (za) 19F

o
B 0. 50 OB, SFRAKEE, 1(2)= 5l 2o 17@) = 171 Isl

COEENPS, BHED Hua IFEAE WD ABULLIEHTEE. L L, 201
DISHAEICBVWES T, DB DRI HF Ko

PN I PN PN N P N

FHOLEHEDSIT L, WRFERDDH o7z, Pearce-Pecarié¢ DFEZR, ([1] Theorem 2.2)
. bhbhid, ZOTEX2HET - BRLT, RO 2D2OFERZ R LE.

I A ([3] Theorem 4). X % JNVLZERE L, X* % ZOHEERE T 5.
p,g>1, %+%=1, a>0 6:2N5—, z€X, fige X*, fx0DLE,
5P
@ 16-1@)P +e(lf gl s+ lo(z)P) > T
(140" 9(1+]f-gl))

DHEDID. T, EEMAIEHA,
f(z) = (1+1f—-gl) 9(z), g(z) = ozq“1+li—llf—g||’ lg(z)| = ||
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Japan. / 2 & 3. Department of Basic Technology, Applied Mathematics and Physics, Yamagata University,
Yonezawa 992-8510, Japan. // E-mail: 1. takagi@math.shinshu-u.ac.jp /2. miura@yz.yamagata-u.

ac.jp /3. sin-eiQemperor.yz.yamagata—u.ac.jp



FHE B ([3] Theorem 2). a>0, 8, ay, +,0n, 21, +,2n €C (n>2) T
(al’...’an)#(()’...,[))@t%,

n 2 n 2
(3) '6—2(11;2.," + g( |Zi|2 + alél
i=1 2 \io

)

BHED LD, 2DDRZ M (ay, -, an), (1, ,1) € C* 1 — PRI RIBA, (3)
DEERIEMND, =2 = =2, =0.

£l)z

TER (2), 3) I, RAL RS WEN WHRP 0. (2)I2DWTIE, £LD |z|? I #%
B|f—g] B < DT, Pearce-Pecaric DAEFERE AL HBH>T FcH ok (3)iZ20
T, “ELZB/MNIT 2 HADFHIEDY 2 0WDTRBRVWD” LWSHIRE H o).

HDLE,
FEODE=LS, EEA, BEHTHLD

Lok ZOWDONWEZIDE, PLITIZ a0,

§2. FEAIIZDONT

EBODOESANPS EHAEZHT, /IVAZER XL:1 FLW VA
Izl = (IF gl I=I” + 19(@)FF)”  (z € X)
EEATHIEIZILED. CTT,p(g ® f,9ld, ¥BAA FBATHERGNTNWSED
DTH2. [xgDEF || | D NVAOABERETILIE, BRICHERTE3 (SAT
%KL, Minkowski DFER
(% (a1 +8:1)P+ (a2+b2)1’):7 < (kaf+ af)
EAWTTREND). £,

17-al7lzl < Il < (If~al +]aP?)"la]  (z € X)

=
V-

+ (kblp+ bzp) (k1 ay, az, b11b2 Z 0)

PWZBDT,
HL D IVAZER (X, | |) ORBZER X FLW IV AZER (X ) OREEZeRH
i, BEELTELYL., o7, 656 DEDDRE X*THRLTILD2PZIRL. W
F,feX iIILT,
Il =sup {1f(2)]: Jzll <1}

LTS,

FEOIBNT, X & HFLOWI VAL (X, | ) L%, a® arT (=at)) ICBEH
ABY, ROEEH HECELND.



FH1, X% JNVALEMEL, X* % ZOHBERETS. pg>1, %+%:1,
a>0,6: 2h5— e X, f,geX*, fxgDLF,

@ 15-f@F +a(lf gl s+ ls@)P) > o

p—1
(1+as1)
BEDIID. ZIT, fX00L &, ESRIEAFI,

oSl =1l Ie
@) = gy P2 V@I = 11l

FEAOTER(2) & FE1OTER(4) 2 HBLLS. BRIEIIOVT,
(5) I <i+]f-gl
hER b 3D,
(5) DEERE. BB (1) =t? (t > 0) B HTHAHI EMS, FRD 2 € X ITHLT,
( £~} =] + lg()| )” < V=gl]zP + lg(z)PP
—g[+1 = If—g!lJrl1
o¥D, (1F—gllzl + 1g(=))* < (1f—gl +1)7 =}?
2D,

@) < 1/@) - 9@ + @) < 1f gl Izl +lo@)] < (1+]7~a1)" I}
x5, O, I7] < (L+1f-al) k2, (5) % 85, O

FER (6) ICBVWTE, BEOFESHRITET — AP W S5THFEILND. LoT, T
2R (4) 1%, FFK (2) &0 LWFHEICR VLS.

EH1P5E, RORFHLTPNS.

%. >0, 06,01, ,0n, 21, 20 EC T, (a1, ,an) ¥(1,- -, 1) DEE,

n 1 n
— .12 = .
A=y Sl o= g B

a|®

2
)> 13 2 2
a+2(—i§1|ai—c| + || )

EBle,
© |6~ Sam

2 ] n
+ %(/\ Yzl + | Xz
i=1 i=1

DR DD, ZITC, FEMIALRTFE,

(7) z = - 20 (@ —72) (t=1,---,n).
Ao +2( 3 la;—cf?+ Alef?)
j=1

TER (6) &, Pearce-Petari¢c DFEFRX®, [2] D Theorem 1 OAEFERZE, R LTV 5.

EEE. (an,---,an) =(0,-+-,0) DEE, ROFEF IFLALHLIENS, ITF T,
(ala"';an):\:(oj‘”,o) tﬁﬁ'ﬁ'%

FBLIEBNT X &, n KTEEZEEwlid ZEHC" EX 3. £k, p=q=2¢L,0%
%Elﬁg’ﬂiﬁe@, r=z=(z, ,2)eC"&TH. B, (C")ODx f, 9%,

A= Sen  e@)=Nu  (=(a,,me



LEDD. TOLE, ||f—g|]=1f2|a1—l|'~’ ATHd. LoT, (4) DEDLIZ (6) DELIC
5. HLid,

® U= % £ ol + 2
EREE, (4) 0ALY (6) DELITRZD, (6) BIEHTE/-I LIRS,
(x) BRED. C°D27 2= (21, ", 2), w= (w1, -, wn) KN LT,
' {z,w)) = A izi'l—”—i + (izi)(zilwi)

EEL (M m%@f\ﬂa&amxaci BRIHEFETE, ZOARET, C* ik AEZEM
(% Hilbert 22f0) 1272 3. CORBEEMC*IZBNWT, Tz = (21, -, 2) D/ VLI,

(z,2) = \Fzmulz@ = (17 gl 12 + lo())* = 120

THD. Eho, WEESELERBEZER C X, ZOEOIX U DI 2V LZER (X, | )
ROTH?. &,

b,i=%(m-—5) (i=1,---,n)

&L, b= (b1, --,b )t:!’:?lﬁ T3,
£6) = Som=2 Labi+ (Sa)(50) = (20) (2= (1, ) €CY)

i=1 i=1

Zrb,

n n 2 n
|||fm=mbu|=\/Ai§1|bz»lﬂ+|g;1bi = {52 e +1eP
ERD, () BREE.

LERLESE EPDLS. EE1OD (4) OESHIFEDS, (6) DFESRILEHE,

® () =5 9 (=00 = B

iz, o5 2RUd, Cauchy- Schwarz DAEAT E5PRLAL LTL\%%AT’ o, z=xb%
HETHER kD EETS. 2= 2 F1RRATNE, = +2I| | iPZbiPZ;a &

T, z= Wbttpb (N EoNnE. KAIS, (T) 25 () PERICABTTS. WA
12, (6) DESHMERMKE (1) TH . O

§3. EEBIZDOWT

EFEHODBADSL, EEBZATHALI. BHOKKBVW, X =C"LBE, X=C"OD

WA, 529D Buclid 2 )V ATERL,
I S R TR O L (24 + n
Il = Bl (B =z
EEDD. Fr,p=q=2¢L,X*=(C")*Dx | %,
f(z)z,;la'iz‘i (z:(zl,---,zn)eC")

LT3 257 3%, (1) OELE (3) DL, (3) DELH FHITE 2. ORI

HLIONWTEET DL, ROEENFBLNS.



SEEE 2. a>0, 6, a1, ,0n, 21,2 EC DEE, C———I-Zau, LHlL,

)y ot
ot 2 (El lai—c|*+ |c|2)

) |o- za@] + 5 (E|zll +|Zz1

BEED LD, 2T, E5RAEGE

©  am e G=1om)
a+2 QS__:I la;—cl*+ |c|2)
. C" D275 2= (21,70, 2n), w= (W, o, we) KL,

(o) = & (Sam+ (£)(Ew))

B, VY ABOAERAETI LR, BACHERTE, ZORET, C* i3 MEZER
(1 Hilbert Z2/) 112 5. ‘_@WEWF&] CricBW,mz= (zl, S zZn) Db E,

ol = szw

EHZS. FULTC EROIKBNT, XE L_.CD/)\/Aé;FEﬁ(C” ||| NEEZXS. Fi,p=9=2,
a>0,6eC az=z=(21,",2) EC* £T3. EHI, (C")" DR [ %,

f(z):iélaizi (z:(zl’..,’zn)e(cn)

EDHD. NE,
bi=2(m—-3) (i=1,-,n)

U, b= (b1, -,bn) EBLE,

f(6) = Som =% (Zz,b+(Zz,)(nlbi))=((z,b)) (2=(21, 20) €CY)

LRH5,
=||b bi|2 +
I/l = el = \M/ 2 [bal* +
THE. Lo EBOD (1) 25, (8)7b=1azanzs

(8) DESHIRMEEBIDLD. (a1, a0) = (0,--,0) DL E, (8) DETHIALEM

= V243 |ai—c|? +c|?
i=1

==z =0THH, 2HIZ (9) LEETHS. (a1, ,an) %(0,---,0) DBHEEEX
3. CorsE 0N, OO (1) OFSHRAEEDS, (8) OFFRIUFMHR,
8 o)
©) R TN (RN UIE

Y13, 2052 Rid, Cauchy-Schwarz DFERT FESVRIL LTV B HBALERD, 2=kb%
ﬁf—a‘?ﬁ%*ﬂ KD EETS. 2= rbE B1RICARATIE, k= ﬁgﬁsms& £oT,

2= o LD, ) EBE. BT, )25 (o) BIREALUY 2. BRI, (§) O

%EEE_L%EH: i (9) TH3. O

FHBOTER (3) & £H2OFER (8) T, HTLCONT,

(10) a+2 (é:llai—0|2+ |le) < 2a+ (1/ 212 |a;|2 —H/E’L_)Z

DR D 3.



(10) DIEER. M2 OFH LA LEEEAND. EBD 2= (21, -, 2) € CHIALT, 5D
50 Budid /WA |2] =[5 |af? & 50 Vb |2 2 8T L,
i=1

Izl <1 = 2] £ V2
PNnZ3E. LoT,

2 (Elocl+16f) = W17 = (sup {2 Dol < 1})
< (sup {1/ 1l <VZ}) = (VEsup {172 : bel < 1))

n n 2 n 2
= ﬁsup{ 3, a,'zi| : Z |z1~|2 < 1} = (V2 > Iailz
=1

1 =1
2
n
<o+ ( 25 |aif? +\/an)
=

i=1
iz, ZOmELT a M, (10) KR35, 0

(10) & b, T (8) &, TFR (3) £ LLFFHEIK RS LZWZ 5. F /=, (8) & Pearce-

Petari¢ DAEZEROXBTHH 5.
SO, SRR Ried BOESRA-EOEN, §2, 30k S REANTEE. %

DEAZVREZEL, SH FEIRTWEEWE, BHOBRE LTHRLNEFFR (4),

(6), (8) koW, ZOBEKDHPHAER LIE FEEZ TR, SEOBEILEL.

£ F Xk

[1] C.E.M.Pearce and J.E.Pecari¢, On Hua’s inequality for complex numbers, Tamkang J.Math.,

28 (1997), 193-199.

(2] H. Takagi, T. Miura, T. Kanzo and S.-E. Takahasi, A reconsideration of Hua’s inequality, to

appear in J. Inequal. Appl.

[3] H. Tekagi, T. Miura and S.-E. Takahasi, A note on the Pearce-Pecari¢ inequalities, Sci. Math.

Japon. Online, e-2004, 125-133.



HODEZA (HuaFERXEHICELT)

A way of thinking (Taking Hua's inequality as an example)

Sin-Ei Takahasi, Hiroyuki Takagi and Takeshi Miura

Abstract. We consider the best possibility of coefficients in Hua's inequality
by inquiring into the general principles of common characteristics.
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JENSEN INEQUALITY IS A COMPLEMENT
OF KANTOROVICH INEQUALITY

MASATOSHI FUJII AND MASAHIRO NAKAMURA

ABSTRACT. Usually the celebrated Kantorovich inequality is regarded as a complemen-
tary inequality of the Jensen inequality. In this note, we point out that ”monotonicity
and linearity” of integral imply the Kantorovich inequality. As a consequence, the Jensen
inequality is complementary to the Kantorovich inequality in this sense.

1. We first cite the following inequalities: Let 0 < m < M. Then

» frr [ <2

for all probability measures g on I = [m, M], and

(2) (Az,2)(A")z,7) < %ﬁ%;”—)f

for all positive invertible operators A on a Hilbert space H with 0 < m < A < M and unit
vectors z € H. Many authors gave proofs of the inequality, among them we here cite early
papers (8] and [14], for example. Note that (1) and (2) are equivalent and (2) is called
the Kantorovich inequality. Usually they are regarded as complementary inequalities of

(3) 1< [ tdutt) [ %d#(t) and 1< (Az,7)(A\z,7)

respectively, where p (resp. A and z) is as in (1) (resp. (2)).
By the way, (3) is a special case of the Jensen inequality, ie., if f is a real-valued
continuous convex function on I, then

(4) f((Az,2)) < (f(A)z, 7)

for all selfadjoint operators A on a Hilbert space H whose spectra are included in I and
unit vectors £ € H. From the veiwpoint of (4), Mond-Pecari¢ and Ando considered, as
generalizations of the Kantorovich inequality, complementary inequalities of the Jensen
inequality, see [11] and also [13]. We here cite Furuta’s textbook [5] as a pertinent reference
to Kantorovich inequalities.

Reviewing the Kantorovich inequality, we shall point out in this note that the Jensen
inequality is complementary to the Kantorovich inequality. To do this, we shall set up
two elementary and simple axioms "monotonicity and linearity”, by Whlch we approach
to the Kantorovich inequality and its generalizations. Incidentally such an idea can be
seen in the discussion of [16] by Takahasi, Tsukada, Tanahashi and Ogiwara.

1991 Mathematics Subject Classification. 47A63 and 47B15.
Key words and phrases. Kantorovich inequality, Jensen inequality and Mond-Pecaric method in oper-
ator inequality.



2. At the beginning of this section, we cite two simple properties on integral used
below. Let C(I) be the algebra of all real-valued continuous functions on I = [m, M] and
¢ a probability measure on I. Then

(B1) If f < g for f,g € C(I), then [; f(t)du(t) < [; g(t)du(?)-

(E2) If g is linear, ie., g(t) = at +b for some a,b € R and [;tdu(t) = s, then
Jr 9(t)au(t) = g(s).

It is clear that (E1) and (E2) are satisfied. In addition, they are true for a unital
positive linear functional on C(I), E[f] = Ea.[f] = (f(A)z,z) for f € C(I), where A
and z are as in (2). That is, E[ f] satisfies

(E1) If f < g for f,g € C(I), then E[f] < El[g], and

(E2) If g is linear, i.e., g(t) = at + b for some a,b € R and Elt] = s, then E[g] = g(s).
Anyway, (E1) and (E2) are quite trivial, but essential.

We here apply them to the Kantorovich inequality (1): Let h be the function corre-
sponding to the segment connecting the points (m, L) and (M, ;) and so = [; tdu(t)-
Then we have } < h(t) for t € [m, M] and s € I. Hence (E1) and (E2) imply

[ 1aute) / Lau) < [1an(0)- [ mO)dse) = hiso)so.

Since h(m)m = h(M)M = 1, the quodratic polynomial h(s)s attains its maximum at

5= —“’%’ﬂ, so that

o Mim M+m (M +m)
g Mo = ) =
so that we obtain (1).

In the above proof of (1), (E1) and (E2) worked under the following facts:
() f(t) < h(t) for allt € I, and
(ii) f(m)m = f(M)M
The latter (ii) says that the function h(s)s has the same value at s = m, M. As a
consequence, we have the following estimation which is a generalization of (2).

Theorem 1. If f € C(I) satisfies (i) and (i) cited above and f(m) > f(M), then

+ f(m))(M + m)
4

for all selfadjoint operators A on a Hilbert space H with m < A < M and unit vectors
z€H.

Proof. Let h be the function corresponding to the segment connecting the points
(m, f(m)) and (M, f(M)) and sq = (Az,z). Since sy € [m, M] and E[f] = (f(4)z,z) <
E[h] = h(so) by (E2) , it follows from the assumption (ii) that

(f(A)‘T;I)(AfE, SE) < h(So)So < smax h(s)s

(f(A)z,z)(Az,7) < (f(M)

€[m, M|
o M+m Mym (f(M)+ f(m))(M +m)
=hm )= 4 '



3. Next we apply them to generalized Kantorovich inequalities due to Furuta [4] and
[7], cf. also [2] and [1]. Following him [6], we denote by K(m,M,p) the generalized
Kantorovich constant for m < M and p € R:

mMP — Mm® [ (p—1)(M?P —m?)\”
(p—1)(M —m) | p(mMP - Mm?) |

K(m,M,p) =

Theorem 2. Let A be a positive operator on a Hilbert space H with 0 < m < A< M,
and let = a unit vector in H. If p ¢ [0,1), then

(APz,z) < K(m, M,p)(Az, z)P.
On the other hand, if p € (0,1), then

(APz,z) > K(m, M, p)(Az,z)?.

Proof. It is similar to that of the Kantorovich inequality. We put E[f] = (f(A)z,z)
for f € C(I). Then it satisfies (E1) and (E2) and in particular E[t| = (Az,z). Let h be
the function corresponding to the segment connecting the points (m,m?) and (M, M?),
precisely, A(t) = u,t + v, where g, = 22=1" and 1, = Mm-m*M

If p & [0,1), then we have t# < h(t) for t € [m, M] and so
E[)E[t]™ < E[RE[t]™" = h(so)so”

for sy = E[t] € [m, M] by (E1) and (E2). Since (Tf_:fjﬁ; € [m, M] and so

- P\ (1—D)uy
max h(s)sP=h P = K(m,M,p),
e, hls)a~ = A E ) (S 2E — K (m, M, )

we obtain the former.
Next, if p € (0,1), then

E[P)E[t]™ 2 E[R]E[t]™ = h(so)sy”
for so = E[t] € [m, M] by (E1) and (E2). Since
min h(s)s™ = K(m, M, p),

s€lm,M]
we obtain the latter.

4. The following theorem is proposed in [10] as a generalization of the Mond-Peéari¢
inequality [11] which is a typical application of the Mond-Peéari¢ method.

Theorem 3. Let A; be positive operators on a Hilbert space H with 0 < m < A; <
M (j=12--,k) and z,,--- ,zx vectors in H with S llz;l|> = 1. Let f and g be in
C(I) where I = [m, M|, and U and V intervals such that U D f(I) and V 2 g(I). If f
is convezr and a real-valued function F'(u,v) on U X V is non-decreasing in u, then

F(Q_(f(A3)z5,75), 93 (Ajz5,75))) < max F(us(t —m) + f(m), (1)),
where py = L) f(m) Aﬁ:?{f’”).

Proof. Let h be the function corresponding to the segment connecting the points
(m, f(m)) and (M, f(M)), that is, h(t) = ust + v; where vy = Mﬂzfi&l Since



E[f] = Y(f(A;)z;, z;) satisfies (E1) and (E2), we have E[f] < E[h] = h(so) = pgso + vy
where sq = E[t] = ¥(4;z;,7;) € I. Therefore it follows that

F(Y_(f(Aj)z5,35), 9D (425, 25))) = F(E[f], o(E[t])

< F(ugso + vy, g(s0)) < max F(ug(t —m) + f(m), g(2)),

because pfsq + vy = pig(So — m) + f(m)

Remark 4. In Theorem 2, If F(u,v) is non-increasing, then we have the following in-
equality with reverse order to the above, [10]:

F(3o(f(4))75,25), 9(3_(A35,;))) = min Fus(t — m) + f(m), 9(2)).

5. It is known that the Kantorovich inequality (2) is generalized as follows: If @ is a
unital positive linear map between C*-algebras, then
M + m)?
®(A Y < (M +m)”
©) (s ST
for all positive invertible elements A with 0 < m < A < M, see [12] and also [13].
Incidentally we note that it follows from (2) and (3) for states, i.e.,

. (M +m)?
(6) 1< p(A)p(A™) < aMm

for all positive invertible operators A with 0 < m < A < M and states ¢ on the C*-
algebra generated by A, see [13]. Defining ¢(X) = ¢(®(X)) for an arbitrary state ¢, it
follows from (6) that

B(A4)

—1yy _ -1 (M+7”)2 -1 _ (M+m)2 -1
V(@A) = (A7) < = d(A) T = S (B(4))
(M +m)?

< W‘/’(‘I’(A)_l)7

so that (5) is proved. v
In addition, we point out that (5) implies the result [12; Theorem 1] which is a variant
of (5): If ® is a unital positive linear map betwee C*-algebras, then

B(4)§o(47) < AT

for all positive invertible elements A with 0 < m < A < M, where { is the geometric
mean in the sense of Kubo-Ando [9)], i.e., for positive invertible operators A and B,

A§ B=A3(AT BAT)i AL
As a matter of fact, the monotonicity of the geometric mean implies that

B(A) § ®(A7Y) < B(A) § %::)2 ;\f/%

o(A) =

because ®(A) and ®(A)~! commute.
As well-known, the geometric mean } is generalized to the a-geometric mean f,; for
positive invertible operators A and B

Aty B=A3(AT BA7 ) A%



We now point out that our previous result [2;Theorem 4] is a corollary of Theorem 2.
As a matter of fact, it can be expressed by the following simpler form, by which it could
be understood as a noncommutative version of the Pélya-Szegd inequality, see Greub-
Rheinboldt [8, Theorem 2| and also [3, Theorem 3]:

Theorem 5. Let A and B be positive operators on a Hilbert space H with0 <m; < A<
M, and 0 < my < B < M,. Then for a € [0,1] andz € H

((B fa A)z,1) < (Az,2)*(Bz,2)'"* < K*((B fo A)z,2),

where K = K((52)%, (22), ).

To prove this, we have to modify Theorem 2: If 0 < m S X <M and p > 1, then
1 _1 1
(Xy,y) < (XPy,)7|[y** 7% < K(m, M,p)?(Xy,9)
for all y € H. We apply it by taking X = (B¥ AB7 )%, y=Brrand a =}
(X7y,y) = (Az,z), ||lyl|* = (Bz,z) and (Xy,y) = (B fa 4A)z,1)

Finally the constant K = K((31)e, (#4)e, 1) follows from

. Then

™ Bl < BFABF < MBt<
M2 2

6. Related to (5), we recall a conditional expectation introduced by Umegaki [17]
and [18], which is an important tool to study von Neumann algebras. One of its simple
examples is the diagonalization due to von Neumann. Let D be the diagonalization of
the matrix algebra M,(C) of all 2 x 2 matrices onto the diagonal subalgebra. Then
D[A])D[A™] is a scalar multiple of the identity matrix, say a scalar simply. Thus we may

consider the extremal case D[A]D[A™!] = %”;ﬁ, where {m, M} are propervalues of A.
Namely we have the following.

Remark 6. Let A € M,(C) be a positive invertible matriz with the propervalues {m, M}.
Then D[A] is a scalar if and only if

_ M +m)?
7 D[A|D[A™} :(———.
(7 (A)D[A] = 2T
In fact, let A = (; g) where a, ¢ > 0 and |A| = ac — |b|* > 0. Then
_ M+m)®  (a+c)?
D[AID[A™Y = &£ ( -
DA = o and = 4[A]

Therefore (7) holds if and only if

ac _ (a+¢)?
Al 4A]

1e., a = c by |A| > 0, or equivalently, D[A] = 8 0

More precisely, such a matrix A can be expressed as

M4im M-m eio
A= M-—ng e—i0 131+m
2 2

2



for some # € R. As a matter of fact, since |A] = Mm and (2a)? = (M + m)?, we have
a =c=MIm Moreover |b| = 2™ follows from (Y¥E2)2 — b2 = o — |b]* = |A| = Mm.

7. Finally we pose a proof along with Rennie [15] to the fact: If 0 < m < A < M, then

(M +m)? 2

— L p(A

T ERAG,

for any states ¢ of a C*-algebra containing A. Actually, since 0 > (A — m)(A — M), we

have (M +m)A > A% + Mm, so that
M+m
‘2—45(/1) >

Hence we have the conclusion.

$(A%) <

#(A%) + Mm

o > [6(A") Mm]z.
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CONVERGENCE THEOREMS FOR PROXIMAL POINT
ALGORITHMS IN BANACH SPACES

FUMIAKI KOHSAKA (& $£8)

ABSTRACT. In this paper, we deal with the problem of finding solutions of max-
imal monotone operators in Banach spaces. We state weak and strong conver-
gence theorems for proximal-type algorithms recently obtained by Kamimura-~
Kohsaka-Takahashi and Kohsaka-Takahashi. Using these results, we study the
problem of finding minimizers of convex functions in Banach spaces.

1. F

1975 4512 Baillon (2 ROFFEMFB LV T — FEEZFER L7z C % Hilbert 22/ H®D
ZTRVWERBIMESLL, T:C - C2IHLKERETS. ZOLE, KzeCl2
LT

(1) %(z+Tz+---—I—T"_1x)

G T ORESIZHINERT S, 22T, THFELEKRTHHLE||Tz - Tyl < |z — vl
FERTD z,y € CIZOVWTHEN DI LRV, T IFINEHELLIE, {Trz} T
D—EOXREFTIEPER T 52°, FERKEROFEE {T ) F—RISIFPERL &\,
1975 FLUE, FIEREZRR ZOKICH T HIFRFL IV T— FEB ISR+ 2 TREL
Twa BlziE[2, 4, 9, 17, 23, 29, 30, 31, 33, 3| HEZBEOIL). ThbH Ll
ELT, EF, FERERITT A AEMEF S PAITHES R TS, 2051
Mann #! [19] X O Halpern & 8] B EAH 5. Thbid, 25 {z,} 2 ENETNhAH
Hry=xcChb

(2) Tntl = 0nTn + (1 —an)Tz, (n=1,2,...)

(3) Tpt1 =anZ+ (1 —ap)Tz, (n=1,2,...)
TEET 5 AFINABREMETSH S, 72720 {an} C[0,1) £T 5. —f&iZ, =51 (2)
T OFBIEIGHIORT 5 Z MO NTWE. —F, 25 (3) ZMEA S ¢ A & &5EIE
BB T OABAIEICRY 5 Z bR T WA (B2, [31, 33| RZ0BEX
BEZEOZ L),

FMAREBRITT HAE R AL, MRKEREHET : H — 280 |04 23-EHH
23X
(4) 0eTz

DIFEEEET . COMBEEEERICBIAE(OMELEATYS. Bl

f:H— (‘—_oo,oo] % proper TTHEHEZMEKETLLEE, FOLEMHYOf: H —

o (IEAMMEMEL 7Y (25, 33], HER (4) 13 f(2) = mingey f(y) & FETS

5. ZORMBOREOEMEE LTIELHILN TV 5D, Martinet [20] 12 & - TEE
2000 Mathematics Subject Classification. Primary 47HO0S5, 47J25.

Key words and phrases. Convex minimization problem, maximal monotone operator, proximal
point algorithm, resolvent, uniformly convex Banach space.



SN7oEH L (proximal point algorithm) T b, Ihid, #iimz =z€ H i)
HH {z,} %

(5) T € Tn+i +TnTIn+1 (n = 1,2,)

TEHTLFETHS. ZIT{r.} C (0,00) & %. 1976 4, Rockafellar [27] I
(4) DEBESE T-10 22 TR lim, mn > 0% 51, {z,} 1 (4) DBHCEIURT 52 &
RSB L 7. #ifLR (5) 12 T @ resolvent J, = (I +rT)! (r > 0) ZHV2 &,

(6) Tpe1 = JrZn (n=1,2,...)

Y b, J WIEEABRELY, FOFEEES F(J) X TI0E—HTHIENL
(HIBN TS, Rockafellar (2 & ARFZCLRE, T EEICHT AMANF EPLAILES
NTE7 (BlxiE, [3,7,11,12,13,14,18,21,22, 24, 28] & BRE L) FI, LA -
215 [11] 3 Helpern EI% U Mann BOEMEICEIES 5T, BTFO2 D0
EEREAL:

(7 Tpp1 = anZ+ (1 —an)tr 2z (n=1,2,...)

(8) Tnpl = 0nTn + (1 — an)Jr2n (n=1,2,...)

ok, &5 (7) A Pz IR 52 E2RLZ. 6T, HFI(8) 4 z = lim, Pz,
BB B Z L A L. BIEISEIUEEE TH Y, %E 1L Rockafellar DEHD
WEEHTHE. 22T, PRTI0 L OEHRFETHS.

Banach 2812 BT 2 HALESMEERE LT, ¥AMEAFE (accretive operator) &
BHIEAE (monotone operator) % 5. Hilbert ZZH T3 & 12 UATH LD,
Banach ZEITIIE ( BA AL 2 ) RO OIGAEAPHENFELRLS. HE
it, FSHREAERPEEASHEMEEL, %83 NR/MURE, EOAFARE,
3oy s AMES L EET 5. T/, BAEAEO resolvent WIFHERERZRTHL D
at L, BIERZED resolvent 3 —RICIRIEA T vy, v ) B ELOMESDL D
%. k¥ - B (12, 13] 1%, Hilbert 2BV} 21 5 OEE % Banach Zf# EOEK
ERECH L TR 2B B, TVBEICRY, L4 - &5 [14] i3 Hilbert ZEH
I=31} 5 Solodov-Svaiter DiRINEEH [28] % Banach ZZH EOBKEBERAZIIH L
THIETHICE o7 (KIR-BE 21 10 &5 % ) —o0IRERISHEE L), £IT,
=A% (32) LU T oRERZIRE L
RSE 1.1 ([32]). LAt - %6 [11] 12 & B8N & S IUREHE A —HRICHE O 2 Tk
(4% Banach ZEf EOAREFWERAZ I U TR Y LO»?

FRETIE, ZOMECELTEONISRICLER (B - =1% [15]) L9I0RER (L
- B - 51 [10)) RUER 5 DIEAIZOWTHET 5.

2. HEf

ERLERDELS L BRBEROES Y ZNENR E N TKY. E % (¥)Banach %2
FB?J;L, E* k ZORANE@METH. EvHE* ~OFERJTIZ, §XTDz € E
WL

J(z) = {z" € B : (z,2") = ||z|* = |l=*|*}

TEESNHESEERTHS. ZIT, (z,2%) itz (z) %KT. BRT: E - 28
PEFATHH LT, (z-y,z* —y*) > 0P TXTD (z,2*),(y,y*) € G(T) IZ2VT
WO IO ERVD, 22T, GT) ={(z,2*) e ExE*:z* € Ta} BT D57
2ET. COLIRTHABAEHATHA LR, TOFrS 72EIlEgUCEREAZEYE
ELZWIEEWI., —F, BB f: E — (—oo,00| # proper Th o &L, f(z)eR
Ebzre ENFETAILEV). £, fATHERTHLLIL, AEDreR



IHLT{z€E: f(z) <} HEOBRERLEHI LRV, fAMTHBER, £
EOz,yeFELac(0,1)ITxL

flox+ (1~ a)y) <af(z)+(1-a)f(y)

B YD & F ). Rockafellar DEE [25] 12 &Y, fOEWHIf: E— 2¥
BAEFARARE RS, 2T, f3¥_Thzec B3l

8f(z) = {z* € B*: f(z) +{y —z,2") < f(v) (Vy € E)}

TEHINS.

S(E) TE QEMHE {2 € E: ||z = 1} X 7. Banach ZH E»#— k1 ThH 5
i, HEDe e (0,210 L, 50> 0PFEL T,y e S(E) POz —yl| 2 ¢
o (z+9)/2)| <1-8DWDUDI LRV, F2, EFELPTHALE, £
EDz,ye S(E) XL

||z +tyl — ||l

) o t

PEETAZ LRV, &6, EF—RRUELPTHLLR, (9P z,yeSE)K
ONT—RIERTAIEZWVSH . FIzIE, PRLP (1 < p < 00) 3—HKITIFELHT
—#M 7 Banach Zf1T#H 5. —#:7% Banach ZfIZEIFHTHLZ L dMONTW
5. ¥, EFELPTHMNELIE, IMERJ  E - B I—MOEEHERLE
b, EF—HIES»ELIE, JIREOREOFERES LT/ VADEKRT—HE
Erirh, E*—HBIZESH»T—H7% Banach ZE&T5L %, EPb E* ~OX
WER J BEFINICIRERTH S LI, EED E OGRS {z,} & £ DOFIURER
AL, {Jz)} 5Tz IABIURT 52 L 2. LW, [6, 34) 2 BRE L.

5 T—H8M7% Banach Zf E 0L TLhVHAMESC I L, E»bHC E~D
generalized projection [1, 14] & LI B4t P HPEAShTWA. Zhid, Kz e E
L C D

(10) P(z) = arg min ¢(y, )

ARG SEBHRETHS. ZIT, dy,z) = |yl - 2y, Jz) + ||z||® (z,y € E)
Thb. L E I Hilbert ZH7%5IE, FIER JIMESEERT L 256720 ¢(y,z) =
ly—z|? (z,y € E) ¥ %%, LoT, TOPEIT P REEHTE—BT 5.

E %85 T—HM% Banach ZflE L, T: FE — 28 B AHMFHERAZLTL L
X, Br>0& € EIZHLTHER

Jre Jz4 1Tz

iI—FH z b ([26, 33]). T D resolvent it J,z = z TEFHESND EHhDH EDE
#£5 D(T) E~NO—lEHTHS. Sz, J. = (J+rT)"1J THA. Hilbert
ZMTIR S =T +7T) 1 &2, J 3FEEAEE $ 0%, Banach ZZHTiE

(11) ¢(u, Jrz) + d(Jrz, ) < P(u, )
BFRTOueT™10 L g e BEIoWTRN IO (Bl IiE[15] #5E¢ k).
3. BANACH ZERZ BT ATk L #0LH

2004 %, Censor-Reich [5] ICEMEDIT 6N T, B - B8 [15]) & BN - B - &i5
[10] FENENLTOEEAEZEALL: 2y =2 E &L,

(12) Tnt1 =J HanJ(2) + (1 — an)J(Jr,zs)) (Rn=1,2,...)

(13) Tngr = I Hand (zn) + (1 — an)J(Jr,2r)) (n=1,2,...)



4%, 22T, J:E - E*3BE#BET S, Ed Hilbert ZR7%251E, J =1
EBOT(12) & (13) 32hENEFI (7) & (8) I—HT 5.

2004 FFIZHFEO NI ROBPCRERIZ L Y, B - BREORIER (1] A& ) ik
® Banach Zf LOBKBERERZICH L THRLT LI L350 o7
T3 3.1 ([15)). E 2 5H»T—HM7% Banach ZRE L, T:FE - 28 2RAHFAE
RETTOPETEVnSDETAS, J,.=(J+rT)" W (r>00¢&Ll, =12 €F,

Tpr1 = J N and(2) + (1 — an)J(Jr,zn)) (n=1,2,...)
5. ZIZT, {an} C[0,1] & {rn} C (0,00) iFlimy 0y =0, 3 o, an = 00,
lim,r, = co X2 TETH. ZOLE, FHF {x,}1d P(z) IKHBIURT 5. 22T,
P i1 E 6 T710 £~ generalized projection T& 5.

SF](13) KB LT, b - B - B8 (10 12X 0, ROBIEREEI B SN
ZOFBIZL Y, Rockafellar DFFIREE [27) # b - BEOBIGEEHE [11] 2851
—f% " Banach ZH EOBAEREAZIIHF LTOBILT 5 Z &2 d o7
EHE 3.2 ([10]). E Z2—4KiCE S T—HkN7% Banach ZH& L, E »5H E* ~OMt
B{g J B EFIICInERTHE L TH. T E — 28 #BAREBEAZTT 10 7%
ThWbDETAH. J.=J+rT) T (r>0%,L, z1=x€E,

Tns1 = T Hond(@n) + (1 — an)I(Jr.zn)) (n=1,2,...)

35, ZIT, {an} C[0,1] & {r} C (0,00) it limpan < 1 & lim, 7, > 0 %1
yETA ZnEE, i {z,} i3z = lim, P(z,) IC8PETE. 22T, PIRE
6 T710 £~ generalized projection T 5.

T 3.2 OEHMLER L U TLT D Rockafellar BIO M sk 1o0 4 A URER %
#5:
EIE 3.3 ([10]). E Z—#iTiE 50 T—#7% Banach Z& L, E 26 E* ~OIG¢
B J¥uyMCsEERTHLETS. T: E - 28 2BAEFAERAZCT 10 2
TRVWHDET D, J.=(J+rT)" T (r>0%,L, z=z€E,

Tptl1 = Jrnzn (’I’L = 1,2, .. )

Y5, 22T {ra} C (0,00) i lim, rp, > 02T LT A5 ZOLE, &5 {z,}
iz = lim, P(x,) ICGPUORT S, 22T, PIZE 5 T-10 £~ generalized pro-
jection TH 5.

EH 3.2 OFERICIE, LUTFosGREESHW LN

T 3.4 ([10])). E2ES»T—#7% Banach ZRE L, T: E — 25 %k
ERZETT IOPFETEVWIDETH. P% EH5 T-10 L~ generalized projec-
ton&l, Jo=(J+rT) I (r>0&35. z,=c€eE&L,

Tny1 = I Hand (Tn) + (1 — an)J(Jr,2,)) (n=1,2,...)

kT%.::f,ﬁm}chL{m}C(Qm)tT%.:Oké,{P%}dT*O
DRz W58 T A, 2512, 213

Tg&¢@@ﬂwggmgg¢WJw

Pz T 0 ETH L.

EH3.1 LEE32 ZAV% L, Banach ZR_LDMEIRO R/ NG %KD B EUES
BrIEhTas:



EHE 3.5 ([15). E 2EL»T—#M7% Banach Z& L, f : E — (—o0,00] &
proper T F¥5EHE % YBAET (0f) "1 (0) BETLVIDET L. zy=z€FE &L,

yn = argmingep{f(y) + (2rn) " lyll* = (rn) 7y, Jza)}
Tnt1 = J Handz+ (1 — an)Jyn) (n= 1,2,. )

ET5h. 2T, {an} C[0,1) & {rn} C (0,00) it limpan =0, Y poqan = 00,
lim,r, = co X7z LT5. ki, GFl{z,}1d P(z) IZPRYTS. 22T,
Pt E 25 (8f)71(0) £~ generalized projection T 5.

EIE 3.6 ([10]). E % —HRICIE S5 T—Hk1% Banach ZH & L, E 5 E* ~ORG
Efg J B EFIMICEhERTHHET D, f: E — (—00,00] % proper TTH&E Kz
BT (0f)-1(0) AZETHRWODETS. o —z€E EL,

Y = argmingep{f(y) + (2ra) " yl? - (ra) "Ny, Jzn)}
Tp4+1 = J_I(O!nJLBn + (1 - an)Jyn) (n = 1,2, . )

5. 22T, {a,} C[0,1] & {rn} C (0,00) 12 limy 0y, < 1 & lim, 7, > 0 %
teT s ZnkE, AR {z,} 3z = lim, P(z,) CHURT A, 22T, PIIE
75 (0f)1(0) £~ generalized projection TéH 5.

EH31EEEI2FAVD L, EHAERRI =< v 7 ADOREOBE~DOIIRER
bEBHIENTES (REL W, (10, 15, 16) xBHBOZ &).

4. SROFE

AR, Mann BLEME (2) % Halpern ELEME: (3) offic &%
WBHEDTIEE L, FRBER T RV CEFI BN T A2 HETH o7, THTHILT,
INFTELNTWAERD Banach TR TIRITAHZ EHgh o7, LarL, J%
BWTFBEONEATHAVTERELEEICD {2,} PET 2089 pighoTw
v, F7-, €H325°J OEFINTHERENR C TOMYLOP, &) RIED KE
RTH5.
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Mixed Atithmetic amd Geometric Means, and Rolated T nLMﬁ“

TAKAsSH| ITO

Summry of reaudte Lot x,--, xn 20 be a/n? n mamy nen - megative
numboro with n2 3. For any aubat ¢ X= {I,,w,In}‘ , we denfe the anithnetic
Inean and the geomefric mean of Ay A(Y) and G(Y). leccondung T Conloan,
M&wj and Neleoe [31, we obfme Mixed arithmefic ond ?eomefu‘c Means of X, %,
of ondorb with |$f<n as —ga_ﬂfom , dewted Ay ( GroA)g (x,%n) and (AsG)y (5

(2
AP Gy
ool ~

S, 75 G0 = (Al

Y(X, Y8

Net, olomentory pymmetuc means of T, Lo, ojam& with [SRERN
s defined on follows , deroted My g (i, Tu) [for snsforce, 2237, Chapt 2)

Z :; ?CT) = ’bﬁ(:c,/-7r,,)
same P

where P (Y) o the product of oll eemenls of 7.

We prove m-goﬂcw;nﬁ x/‘nerw.ﬂd*\j_ (D).
Theorem 1 Fon amy %, 1y 20 and {Mam} kA of 2R LS n
and 1+l £ Bt we Rorve

1

(D) ]{,bhs,,—,ncy.)T < (GoA), (xm)

I (%) =(,mon(n1), 6ur (D) 4i on sdenlily ao G(X)=GIX) 2

AGO=A(X). Otherwias, the 2Gualidy of (D) Rotds g’a,,(dg,,%,j{
K== Ty 02 R mamy thimeily at Leact eﬁ T, Xy YL 328

Qo o COYo”an,:!/ of this theorem we hape m%aﬁ&wfu} M}eW’ﬁy (C)
clue. o Conbaon, Meamj and Nedson [31,
Coﬂ.of(gﬂ Undu the. Aame Wﬂmdbﬁ %wﬂdﬁ @4 u Theoren 1 , we have

(C) (A )t ) £ (GoAy Gout)



Oun mext eonconn 4 the follaving Types of dmegualitess .
Al n-R

(A) 4 AC’C«“' Ay) -ﬁ:- G‘(’C.,":Zu)ﬁ = (G( IJ/AI)-QL C’Cz,'",Tn)‘ , omel

(B) ([ AsGlp(mm) 2 28 Arx -0y + 2 Geasn)

We g,mra,&'}e, there 15 A&;er,uaﬂé-{—-éw /ﬂwm} ?MLLILG-Z w&'j/llz . et
the Notiom. aﬁ Mmixed oxithmetee omd Qeometric means Cam be trfended 1o meara

%wmda, wwjﬁlo\ Nam’ef& , fon amy ?/Cven, way/vto 5 By, tnpo With t e tbn =1,

Lot demote the avithmefic mean amel the geomefric mear of Y wirth ra[?&'f wess hly
% £

ts (lscen) Ay As (1:() a»;ol (:—EC_Y). For vomple, At(\()=§tﬁ x%/‘%{ t,,

and Gy () = (7T x5 ¥) 5% fon Y= %%, } € X ={x, 0}

W e dz}(tne mixed avithmetcc amel ?mngfr,»c Means of Xi,~) %, oj’omﬁwzfuéﬁén
and with weighty te,~tn >0 , denofed %j (GeA)p s (X, xu) amd
(P\ 2 Gt' )’ﬁ-lt (x,~-, 'xu>) aA -ﬁoﬂom
oly
H At(\r) = (&0/4)_,&’75("9”)1-1)

X, Y=t

2 e GO = (A G)gy (3 )

X, Y=

-k -
Wl\fi‘e 0(\( = [Z:-,( tt:}/ ;_i) $n T'= ‘[%;,~~~,2’¢',‘}CX={L,*~,T~} , T+43 hoteed
tHhat Z OLY =1 ; omel °<Y=/(2) -ILO/L-Q,?—U.AL W‘“’]"Hd )‘ :»—:’é)\:—r:{‘:— i

Yex,N=6

Theorem 2 Flon amy. %=, T 20 and | B <n , we have
iy n-A
W

(A) » A'f: (r, "‘Xu) “—l‘ G{_(I}, x»\)
¢B) (AoG)yy (%, %) = ;—'_% Ap (6 L) + Zf!}' G, (% %)

= (GoAlg(z--%) , ond

4 h=1om, sur(A)anl (B) are coledditan an Gy(x)= G.00) o Ae(x)=A)

Otherusie , the 2fuality of (A) and (B) Folds <f ondonly <f x=--=Tn 01~
ot Leact &mamg, dlemedty of X~ Xy Cre gere m Cane of (A), ond ane. oment
05’ Xiy--y Tn M0 3020 omel the Ofhers are LelenFiead 4n Caat of (B),

Con.off%{ Jun (A) arat (B) are ?mera.&gaﬂ'm op Burhedly .{/ﬁe}atz&ﬁd im (1]
Where. Aome. equalent form of (A) and (B) ave provec fothe casegf N=3 ant =2 .



1 3 L ik o 254 Swmma/-g A 450 £E2, (A~ (Dizouz, 355
0t At i BFi¢ FRBRT3. 12E . 3 $p 220 iFiT, =270 0
wtd  yrz 2+

f8ho gz iz, z "z 3 43 *p s 1854, S 3ELa pEF T ¢t Br3y
¥ S P w
(jg_‘!lg_zg) w3 JRIZ, So AAmPY e KB E Frh e B3 procss TXH T3,

2 2.
$y = %70 FEFE PV iz, J5, [Tz, V2L s 1§ 5 h, 2o 3%ka fEMOFOIY
2 .
L (R e % 3. (BN e S (FaEeE) e 5m 3k A

@ mixed arithmelic omed ?zomd/u‘c mean (Fiz, 22 4 Fr§) erFa h3ta 05 3.
Corluan, Meany andt Nelion (2143 20 K. 31 (7) 76 X &0 Sl & F: U7

(C) —+ (F+ive +ien)  (Zt.ge.2)”

2 2
A e oo AENo ke [HAERcir B Af=or T 2T A S p0d

thiy =29 2BAF R, 2R YR B2, X Rkt 03 w3 apE f7

w3tar Bhha vy, 35, JozE AT VY= A RS vzqupa@ﬁ*?;\‘
o PRt e PARR « 73

Xr9y+2 % ” -+
(A) /—f (xy2)”? < (%.J‘E_A%)a
(B) ~+ (Vxy +V5z +f2x) = —;—[%ﬂihgmf?]

(D) /—31— (131“(721;2'1) < (xﬂ" J+2‘Z+:r)a
Shie REN=-uT, VRazre z£FE T3
() (D)w (C)e&y 79 A XN =53 150

(2 (A), (B), (D) Bz ST w R B3, T%h3 —F4
4trF ry 380 p = 5 313 XU,

(3) (M e(Bra BLxo<, Baklla RENX(177%) 4 2478 nBATH3
( Summarg o FT 180 corollory t A 8% )

(#) (A)e(Dyex T#; (x> (E5E) v F = hs b

( nER x, Y, 2 ¥ IF 9 ﬁ]‘a = FE-E 7:%4’-;—@;;3)
(5) (Aye (Dyuw = AT =453 BR%as FEN= HE 253
znlez 2nTIE JRadr < B YT Th BF 33,

2. (8, (D) v gometric meguabiteis £0 B3 o He, (A, (D B 2 el
nore 3 EEs FTA e Bk, 20 3EE Xy e K= Boe33




M = AT <BLT3 A EAEETHS 14E o AABC v Z

L ETafrz
a,b,C Mupewnefwéﬁlﬂ)ixg”‘("-ﬂ’*‘—) Aa=Ah-a, 4, =8-b, Sc=f-CrE, =4 o

mEEr S, 1 1E Mo £45e Ta, Vo, €73 rq,;/%,qmﬂ;;;%%[qﬂ#éfttga

__%Hntzz-BTB'Pammeﬁero;/m?&ééu#,nla?]um:—: Tmaks (abc)T' B3I
¥ of o=t B ormtar Kzsh3. 132

= TR & 259 5 (Ra T, he)ts
EF{Z:%%m—E*("mammc)%/z. al’bb

{a }aramcf-uas ¢z (La, 4, A )&
(T‘L;rb e ) 13 ¥2 Vo= Huat3 Ao ?%len ‘fi%&?;vzug

1) 7¢& a3 Efixq Bi=xtir, AABC 2+ —E 69w 2k 327 X=ke, fohs, 2240

¥75 3. fa,fp, let=nvzd FlFE s I T3

) R E G E< Rush: xRy, FEie B efvF3. Trbs, TZ5AE X, ¥,250 c Bz

Qogrz, bmgrx, C=xefERIFT, 2a Qb CE SR T 2 LE TRL, 20 SAT e L#E

Ba=x, Ap=y, de=T e 73, 42 Ao TE, X200 1= ¥yiz
a=xgre)a, b _gylzvo/a € =E0Y)/A

. Az(rr+r}+zx)}5
i<z, g,bCr3 =R Fa=i0

£ IRy 0o = AT Tz k=%, =Y, Tes Zrz3,
ZHTE R A T3 pavameer T ka Dokt hz atag; 4t ARyis freo pammeler

y PR e =73, free parametor £ > BlEIELE, VRaESE J%ﬁll_(
Ao 4 % 3. [ 2afree

< \Aj%}%é\;l:

~/IL. Fr3ze
parametu = YR A€ 17, 3E#8 %,z 1254793 TN @ AR
Fafish, e ar TRETAZ (FIRThE a2 RIT6)
1 ok e 3 A5 Bun Bila BIRR eR3 ) vhg sRa Fi [HFy3e=73

Freo pavom<in
5cq, 2 >0 1AXTIRERN

= A W= s473FEN
g XEXN (A) 2 {re«.Famm‘la/(/?»q,Jb,jc) " jé‘:}‘;% 32, Rad5= 7

2) mEA (A) b g2 2P 2L

— % athrc
£ S=rafirer =% 7o .S’§

/3 N
33 qo;ffa 4 lamh( )abcz 11 = £ F '\;
A3 el lﬁ';l: ;]‘3;5\’3‘

ram"c 2 (Z)abc ¥ free paramete (1, fo.12)
< G IE T3, gx20 x5 (D) e aiohd

aly 1) .
3) Tahres (—-)abc LN F 42 (D)

2T [eiec [T 73

(Ae, 45 4c) ranr
& XY A (A) > SEBAL o b e () aLC

3(‘ abe
§'s ab

F%4 (D)
b ¢ ahile (~)aec @ FRx0a X N33 BiEm Coy (176, 7853

LW&»}@» (1961) 1= &3, +a(Ha ﬁtm“m:f@ri]fﬁ\ﬁ“ (A)t(D)gnﬁéYq (59,2)—
(x.:y: Z—)"-Jza g :F&-C 3‘3



3. Thesrema 1 ¥ 2 z o gE8] H4 hRZEATE A (Gohg (2t), (Al
B w AR ddonentory wymmetaie meast }7& (% 5%u) o B Fe (=70 217 Summary s BB T
(210, £k zZEARA ¢ A Leamen‘fmg A#mme‘f'/u?c mean a JBli= 7k o [ 1% 653,

Theorem 1 [ 46,0¢n s> nt[ £ ftd sk, j¢E a0 X, Xy 2O EXATT,
L

(D) Py (=0 Lo (GoAplo5m) 7 %I 73
- LT 45 BE 73 ( Sunmoy % o2)

4 R B FVYiF B adTu B ok 2E AT (GHA)&’,: (- %) B
(Ap&>ﬁ,f; (x‘.“’;fu) = :[‘72 ?—E E'I/LB ( Summwbg;}%), Z#’L\:—’)” Z}
Theorom 2 148 Xi,, Tn 20 v Bzitutwe bty [ $BEn =xFe,

Rl ni
(A)  Aclz-t0 - Glx-x)"" = (GoA)gy (%, %) €

(B) ( A ° G)‘ﬁ/t (rl) ] 7(-4) é n-k A.é(z'/'"/ 1‘,4) +%:_‘!. Gt (I‘/"7 I‘«)

n-i
sk T3, %3kite J5 B8 73 (Sumnavy % 87)
W RFL et ff}?‘\%a@ tiE; %, Xy D0 miresa FEX9 Bty Ea ¥5

Jqte ( Ge&Mpa = =Turn3) EIEER TS Se AT trefa £ B EP A end Ta7E,
A %ggm/’akili‘c'lﬂ £ non-mgahve; X, 0 Zo FTIAFE A AS e Gaf A3 R
Tnbf, FEE Mo gar TN L F 53 v (Datgd, 54142
St oix phae Ael ey Te B0 S & % 2L, A Fa BEf T, ¥ #pa B H]
t E; Xy X0 & gl FR3 Selz T3

(D) sceR 125 h(x.,..,xh)i‘“éﬁé“) Lo S 3] w3
s Moclaurin (1729) 15> ¢ Sesf hzu 3 oo Fon SEERE Hudy, Lotthouoedant [ ilie
[47 1% =4A» nF2E =B 2Tn3, Ea—22" dcnn Fzaf h2E = (AESA3 [4] 1
Firs WEa RBE Bl ea k5072 11 &0 Q-5 Guro 127302, f’.e("r)au)-:'{—:o{txc.
Tatd, £ (G-, Gu) ¢ 51 KA KA DaC Rz qﬁi Ezs_f_i’ Dok 25

£ N
F&[I,.-/ ;(“){41 4B — RANE L = 4R f:ﬁﬁ‘)‘ Da..bﬂ &_{{T,n, X‘“)‘a"q ﬁtf‘(ﬁ Ay o{
{

<%43cxE nFierd>T ]{g_, (Q,w,&«)ﬂ 2 52: (a‘--,em)fa M ETizwI,

F RO T A ]for-, ’f“)t'i E<Bri (GeA)plx )= 22T, =0 FEzh s
FEN < FIzrtE I e kK3 o FE i ®irs AL ntl £ Brl 1k nfE
otnndf A5 1478 BAE 15k 0 JfE s HRy Bipe2 (BT E 1;;;”.:»;,;3:&(2,,:6&“‘7)
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(A) n SEBR #:2 Ailg cEEZ23 ; L(i.“»ru):(AM’EfZ’//(AMEE £73.
f2% a ¢, 0<e<l 1=xtiz, AE FE FA D=l CR" £ za [z, xu) 9

Fed 4B b 1 BT T ey, BRMET 5238 ¢ (A, G)ET 3. SatLE,

(av---,0a) 3 2dondical pointi Gi= Gz=-=Cn ©H3 3¢ BT vox FebfE z Loz 3 4oTey
75 b Lcltical posct = %573 LadE1z [THAB 35283 Eit (a,-, Gu) »v Ldovtical
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l=xtiz, (A G0 & (B8 G-A) e £ EEse D, Mo E84 5 P0U={ 400G, G;-Ge)
(o = G = (FN a+XT, Gl = (M atxT,0exs() EE 23, SorF, N Za
122k o7 [oadB 5 N=oa i 4F v BEE SRR e # 3 2r A FESR K %3 acr

5 (G Gu) 3= Dot zia loafediie Fz3 EcBhdze & 73,

( B)a tzeaf ¥4 il aEr E23; [64-50)=(B)akT -(BELZE T3,

Sar® Li(xe, %)=z, Ea (A 380U = 3H o WHEE T,

Ly (%) & Dp beadedd® 2% 23 & 13 sdeitical powti: PR3, [ESS T

LBz O Fm3ces ms 3 REbEG kg &5:=73 Doma 1280 & (4,5G,)
1= xtiz, ELE (G-, Go)psdnbical poite Fu 513 433 Q=M 4 < Qo=lMasl:
£73. cart, @ =(@tat g 2tiz, & (4, G0 £ (B2,05-A)F E5s

D: o B8 ; $09= (AN, G0, G- Qw) , 05 A% T (515 a,=a) 3,
G2 (X = a‘,_’.)'/a\)\, o<rs( ) 1=z 2 [io 1B @ X=o oL 15 v 5% & 3ABY 53
Ter pEef 1 %3, iEr,z, Dibe LoFRdfEcs238 wcdutical port iz PR3
teph 3 2ok
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Integration Operators With Closed Range
On The Bloch-type Spaces

Rikio Yoneda (Aichi University of Education)

§1. Introduction

zZ—w

Let D denote the open unit disk in complex plane C. For z,w € D, p,(w) = T and
let p(z,w) = ud —_w . The Bloch space B of D is defined to be the space of analytic functions f
— 2W

on D such that
0 fllg:= 1O+ f llp< +o0,

where || f ||g:= sup(l — |2} |f'(z)|. The space B, of D is defined to be the space of analytic
D

F4
functions f on D such that

I f llga:=1F )|+ I f llB.< +o0,
where || f ||g.:= sup(l —|2/*)* | f'(2)|- Note that By is the Bloch space .
The little Bloch pr.CG By of D is defined to be the space of analytic functions f on D such that

(L= 1) @D =0 (2l =17).
The space Bap of D is defined to be the space of analytic functions f on D such that
(1-[zP*|f' @] =0 (2l »17).

Note that B, g is the little Bloch space .

Let X be Banach spaces and let T be a linear operator from X into X. Then T is called to
be bounded below on X if | Tf ||> C || f || for all f € X and positive constants C > 0.

For g analytic on D, the operators I, , J, are defined on the weighted Bloch space by the
following:

IL(f)(z) = fo GO QdC+ £0) 5 Ty(F)(z) = /0 " O QdC + F0), My(£)(2) = g(2)f(2) -

If g(z) = z, then Jy is the integration operator. If g(z) = log ll—z, then J, is the Cesdro operator.

In [6], we also proved the following results :

Theorem 1.1. The operator J, is bounded on B if and only if

1
1—|2z%) [log—— ) |¢'
sup(1 |2 (log 7= ) I (2)] < +o0,



and the operator Jy is compact on B if and only if

tim (1~ 12P%) (log 1—_1@) 1(2) = 0.

|z| =1~

And let o > 1. Then the operator J, is bounded on B, if and only if g € B . And the operator Jg
is compact on By if and only if

lim (1-|2[%)lg'(2)l =0,  ie g€DBo.

|z|=1—

And let 0 < @ < 1. Then the operator Jy is bounded on B, if and only if g € B, . And the
operator J, is compact on Bq if and only if

lim (1-|z%)%¢'(z)| =0, i.e. g€ Bag.

|z| =1~

In [7], we also proved the following results :
Theorem 1.2. Let a > 0. Then the operator I, is bounded on Bq if and only if
g€ H™.
And the operator I, is compact on By tf and only 1 f

g=0.

§2. Integration operators I, J; on the space B and B,

In this section, we study the integration operators on the space B and Bo. We show the
following results :

Lemma 2.1. Let o >0. Let f € Bo. Then there ezist constants 1 > 0 ( independent
of f) such that

(1= 1) ()] — (1 = [w)? [F @] < |1~ [217F(2) = (L= ) Q)] < ne(zw) | £ 5.
for all z,w € D with p(z,w) < 3
Theorem 2.2. Let a > 0. Let g be an analytic function on D. If for some positive

constants r with r(< %) and some constants € > 0, for each w € D, there exists a point 2, € D
such that p(zy,w) < r and [g(zy)| > €, then Iy is bounded below on B,.

Theorem 2.3. Let a > 0. Let g be an analytic function on D. Suppose that I, is
bounded on B,. If I, is bounded below on By, then for some positive constants r with r(< 1)



and some constants € > 0, for each w € D, there exists a point z, € D such that p(zy,w) <1
and |g(zw)| > €

Lemma 2.4. Let o > 1. Let f € Bo. Then there exist constants 3 > 0 ( independent
of f) such that

If) 1S

- <ysplz,w) | £ .
(e (L=l

<‘( ONEN ()

1- e (1= fwf)ie

for all z,w € D with p(z,w) < 3

In [9], K.Zhu proved the following results :
Lemma 2.5.([9, Proposition 7]) Let o> 1. Fbrb f € Ba, the norm
I £ llg.:= F O] + sup(1 = [ £'(2)]
is equivalent to the norm

I £ Il:= sup(1 = |2)*7 | £(2)] -
z€D

i.e. for some constant Gy > 0 ( independent of [ € Ba ),

Gi sup(1 — |2I%)* 71| f(2)] < 1£(0)] +sup(t — |2/*)* | f'(2)| < Cysup(1 - |2/ £ (2)]-
1 2€D z€D zeD

Theorem 2.6. Let a > 1. Let g be an analytic function on D. If for some posilive
constants r with r(< %) and some constants € > 0, for each w € D, there ezxists a point z, € D
such that p(zw, w) <1 and |1 — Wzy||g'(zw)| > €, then Jy is bounded below on Ba.

Theorem 2.7. Let a > 1. Let g be an analytic function on D. Suppose that sup,cp |1—
wz||g'(z)| < 00 for any w € D. If J, is bounded below on B,, then for some positive constants
r with (< 1) and some constants € > 0, for each w € D, there exists a point z, € D such that
(2, w) <7 and |1 — Wzy||g'(20)] > €

Lemma 2.8. Let0 < @ < 1. Let f € B,. Then there exist constants vs5 > 0 (
independent of f) such that

IF @) = [F )l < 1f(2) = Flw)] < ¥5(1 = |2*) " p(z,w) || f |5,

for all z,w € D with p(z,w) < 3



Theorem 2.9. Let 0 < a < 1. Let g be an analytic function on D. If for some
positive constants r with r(< %) and some constants € > 0, for each w € D, there exists a point
2y € D such that p(zy,w) <1 and |1 — Tzu||g'(zv)| > €, then J, 15 bounded below on Bi.

Theorem 2.10. Let 0 < @ < 1. Let g be an analytic function on D. Suppose that
sup,cp |1 —Wzllg'(2)] < oo for any w € D. If Jg1s bounded below on By, then for some positive
constants r with (< 1) and some constants € > 0, for each w € D, there exists a point zy € D
such that p(zy,w) < 1 and |1 — Wzy||g'(zw)] > €

Lemma 2.11. Let f € B. Then there exist constants v4 > 0 ( independent of f) such

that
p@l )l | | @ fw) | 1l
— —_— 1 2
log ——gl_Tzl log _'71~[2w| log I—ZI)ZIZ log 1—lzwl2 log I

. 1
for all z,w € D with p(z,w) < 5.

Theorem 2.12. Let g be an analytic function on D. If for some positive constants
r with r(< :.,_1-) and some constants € > 0, for each w € D, there ezists a point z, € D such that
p(zw, w) < 1 and |1 — W2y||g'(2w)] > €, then Jy is bounded below on B.

Theorem 2.13. Let g be an analytic function on D. Suppose that sup,cp|l —
Wz|%|g'(2)| < oo for anyw € D. If Jg is bounded below on B, then for some positive constants
r with v(< 1) and some constants € > 0, for each w € D, there ezists a point zy € D such that
2y, w) <7 and |1 — Wzy||g' (2w)| > €
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Invariant Subspaces And Hankel Type Operators
On A Bergman Space

Takahiko Nakazi
(Hokkaido University)
Tomoko Osawa

(Asahikawa National College of Technology)

Abstract
Let L? = L}(D,rdrd@/m) be the Lebesgue space on the open unit disc D and let L2=1’n
Hol(D) be a Bergman space on D. In this paper, we are interested in a closed subspace .# of
L? which is invariant under the multiplication by the coordinate function z, and a Hankel type
operator from L3 to .#*. In particular, we study an invariant subspace .# such that there does
not exist a finite rank Hankel type operator except a zero operator.
D% CiZkiTHBMR, Hol(D) % D EDOERIZEENOHOEELTD. du=rdrd0/n
YU, [P=1XD,du) iZA~— 2 ZMTHD. D LOA—T< B L2 &, L =L*NHol(D)
YEZEEIND. 2L ORENZERTH D, A & L OBMHEE, O, 24 C M EiET
TLE, M IREEHEMEMIND. pel™ =L"(D,du) TR LT, N rAd A4 FERE
&g,
Hff=(1-P*) (o)  (feLd)
YERTD. PYE, b4 ~ODEHETHDL. A =L20EE HF 1IBig vy ER
%, M= (z‘L_g)l D ¥ &, HF 13 Small A AR EEENG. £ LT, L2C.4 C (z‘L—g)l
DL E, HF PN TAERE L FRITND.
Fox ORI [4) T, 0 B HIBME Big N TAERFBEBREE LRV L E, 0 Thew
AR Small N FAERRED - SAFETDZ L REE L. [4,Theorem3.2) T, 0 K&
EREEFEN T NAERBDBFELLZOLEP O+ LEW:. FRE (BR[5) T
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13, 0 FR< AR ZAE A TIERESEE LV LE» > +5&EE, 4 DI LHETE
%25, Tibb, # 5 weakly divisible THhHZ LZRLTVD.

[B&] .« 212 B 5 REBHZEMLTS. fed &, bBacDEbDy2 013
LT f2)|<ylz—a|kbiE f(z)=(z—a)g(z) Tge # L72DLE, A I weakly divisible T
HoHEwI,

[(BB1| 4 % 2B BFEBNEMET 5. 0 BB BRI v 75 A THERS
WIE LWL ED D+ &M, A 15 weakly divisible L 72D 2L THD.

FE1 LD, weakly divisible 2 FEESEMEHRET 2 LIIRAKHDI L THD.

FellitH LT, Z(f) ={aeD; fla)=0} £¥5B. /2, GCLZIZHLT, Z(G) =
N{Z(f); feG} ¢T3, 1<p<allF LT, ENDILKITEHEEDLE, HL 12, E TEHJ
LB P ICRTHEREOLELETS.

M P ITBS BTERRERET 5.
(1) #ANL” CH D Z(ANL”)y =012 51F, 1L weakly divisible TH 5.
(2) HBBEEEWCR LT, A NL”=Hf 261, A VX weakly divisible Th 3.
(3) . NL” = (0) 72 54X, . V% weakly divisible T 5.

[R1] % 1280 DREEHZEME T 5. A 5 weakly divisible T B LEA >+
SEIFIT, ANL"=(0) FRITZ(MNLT) =0 LD Z L THE,

M [P ITBI D RERSZERE T 5.
(1) A C LY & dimL2 ) M < = 72 BE, M T weakly divisible TIX720.

(2) A D L2 & dimd [L2 < o0 12 S1E, A 13 weakly divisible TH B,

k20 (2) THDLE D Odimd[LE<lebiE, EBIZ 4 =12 L1725
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EE 1 AR - T NI A TR, 3T b VIATERRET S
LIETE R, MR, BETRWI AT b AvT VL TERRBI L 2 M =L (BD
% Big A S MERFR) THEET B0 b THE.

Tix |32 T D weakly divisible 2 REEHSH M ERE TEA2moT. 2T weakly divisible
RAEESTEHE LT L BEEOBRETH .

ﬁuﬁiﬂb%%%%?%wﬂ%@ﬁﬁm%b<,%<®§§@%%ﬁﬂ6n6%u
otz UL L2ICEEhiVbOI-oTid Hardy ZEH H DBELIIRRY, BEAEM
LRTVWARL, ZOHEEEORNO LD L2 5EEHFLTHED ORI

AR DOMNEIL Reference[5] D—ETH S.
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On weight functions and norms of some
singular integral operators

Takanori Yamamoto
(Hokkai-Gakuen University)

Abstract. In the previous paper, for L functions a,b and a positive L! function w, we
gave the necessary and sufficient condition of the boundedness of singular integral operators
aP, + bP_ in the weighted norm of L*(w), where Py is an analytic projection and P_is a
co-analytic projection. In this paper, we show that if ab is an inner function, then there are
many weight functions w such that aP; + bP_ is an unbounded operator which is bounded
below in the weighted norm of L?(w).

F X

m iIXEALAE T EOEH{LShT Lebesgue BIE £ L¥5, a,be L = L®(m) iX la—b| >0
ae FEHIZLTVWALET S, WEMAM wikwe L' = Li(m) THY, w>0ae ZEMALT
WBETE, BRESIERRE S % Cauchy DEEFEDIICLY

f(2)
z=¢
LEFETD, 1L, C€ETEL, fel' &¥5, Riess W P, & P_ % P, =15, P =I5

LEHETD, £im, [ ORBEAEL f % f = —i(Sf - f(0)) LEET 5. f:r:‘f,, F(0) i3
f ® 0FH® Fourier FRERT, L} (w) /NVok

1
S = — z
(81)(€) m./T dz,

1o = Wl = ( [ 1£Ptm) "

LEET D, w H Muckenhoupt @ (Ag) RbEHITZ &L, EHEREE u,v € L™, ||v]|o <
T2 BFEL T w=exp(u+9) EHETDZLIZFETHD Z ENMOLR TS ([1],p.39). Z
DE H 72 w DFT% Helson-Szegé HORTEFELEZ EIZT 3D, EOH M, N {Z2W T, HE
B w DES :

By(a,b) = {w €eL'; w>0ae, sup ||[(aPy+bP)f|lw < M},
1 lw=1

Cr(a,b) = {w €L'; w>0ae, iof [[@Py+bP.) ] > N}

%E25, Byla,b) BEEATRNL T, max(a], b)) < M ae. BEV T, Cy(a,b) HE
EETRVWE &, min(a|, (b)) > N ae. BEEY D, LaL, #MED LB AR,
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Bu(a,b) #H~BZLICED, aPy +bP. B L} (w) LOFFERRIC RO L5 2w #ERFR/
b ||aPy +bP_|| HRVTET 2 LK TE B, E1, Cnla,b) £M~BTEICLY, aPy+bP-
A L (w) LOFRERETHY, POFFLEEMFE (P +bP) b2 LD e w H1ERE
J b |[(aPy+bP) Y| #RWTRT ZERTE D, TOLEWE, infyg,=1[|(aPy + bP ) fllw =
(P4 + bP_)~Y||"! AFELY 320, Widom-Devinatz OEHE LY, |af =1 ae. ¥, Cyla,l)
EREEDL 572 0< N <1 BFEETZEHOLEFAEMT dist(e, H®) <1 TH D, w B
(A;) &% 7=+ & %, Hunt-Muckenhoupt DEHE LY, P, P i L} (w) EOFRERRIC
RBMb, aP, +bP. bERERRICARD, ZTOLE, aPr+ P O [(w) (KB SF#EL
Toeplitz EFISE T, ® H2(w) I2HB 2 TEIIFIETHY, DL I 2B a & w DEGFIE,
Rochberg-Simonenko OEHE & LTH SN TS ([1], p.216, [4], [8)-

Nakazi [4] I2L Y, w B (A;) FHEEWBTLE, aPp+0P- D L} (w) EBTFBT~DHER
Pz oW TE SR TS, UTORE 1 2BV TE, w b (4) &HEEHLT LV I &EF
FNTW RV, SIFOEE LA, 1B & FHE 2.A, 2.B 13 2 2DES By(a,b),Cn(a,b) DRT
WALIAEELTVEN, ERELC LEHE2CIH2ODEEDRESTVDEIAERLT
W5, Cotlar-Sadosky [2] I M > 1 D& &, KD (1)~ (3) HRBETHHZ LETLI
(1) we By(1,-1).

(@) he H' HTFELT [w—h* < (1 - (ﬁ?;‘{—l)”) w? ae.
(3) EHMERIE v,u € L® BFEL T w = exp(u + 7 + const.), [[v]lo < 5 — arcsin (Hz,—“fﬁ),
|u| < cosh™ (MT;}'—I cos v) ae 7-EL, V

cosh™ z = log(z + V22 — 1).

b BEKTHY |ab| = 1 2T & =13, Bul(a,b) = Ciymla,b) BV LONDH, KIZFAM
Th b,

(1) @Py +bP-)fllo < Milfll, (for all 5)
@) [(@Py +bP)flle > 017, (or all ).

EoT, ab BEHKTHY |ab| =1 2T L ZiF, aPy +bP- O LA(w) 2B 5 A R
LR R REIC 2D, R 2C LY, aPy +bP. BPEMERICRLGR w TS
AMbBZEDBDND, aPy +bP. 3 LP(w) TFCARTH LN, EZFERTRWVWHIELT,
w(z) = |z — 12 & (A;) EHEBLESRVE, RO X IK 2P+ Po 3 LP(w) TFEHRT
»H5b

2Py + P_)f o > %Hfllw, (for all f),
Tbb, welyu21).
R (P4 PSR = [P IR +IP-FIS > SIFIR.
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15 —oDFlE LT, 0<N<1DEE,
z—1 |

z — N?
I (Ag) SRRSOV, KDL S 2Py + P_ ik L (w) TFIERTHS :

w(z) =

(2P + P-)fllw 2 Nllfllw, (for all f),

Tibb, we Cn(z1).
AERA - 2Py + P)FIR = N2I£1IE = 1P+ FIlfi_nayw + IP-fll—nvayw 2 O
BEOOEERRTIHIC, KEEd.

z—1
z— N?

: —(1-2z)?

= H.
1—- N2z €

(z— NY)w = (z - N?)

9 SOBUZBNT, wl g [} Thohb, 8 2.C OFEA LR, LIFARTRNIL
BraEhd, EE2CHE, 2ZFBOFO—ELIZE2THD,

Mo 1

52 bhEQH M LB a,be L® (L, we Bu(a,b) @ Helson-Szegé HOFRT %KD

HREEEE XD,
(a—b)M

ab — M?
LEDBD, Bula,b) #0 Ok xiE, max(jal,[b]) < M ae HEYIONG, |dy(a,b)| <1ae.
AR Y o, LATORE LA B 1ok 5, £8 1B X%OER 2B & EHRIC [9] DRRZEE
5 LEEICENND, T2 1.C ([6]) IMBCHATEZIEETHIA, EB2C (EER) &
T30t NTEL,

dM(a,b) =

(B) la—b| >0 ae., max(jal, |b]) < M ae., |ab— M?| > 0ae &35, EHiE
L™ B s BEFEELT,
T a2 - 1 N ab - M?
|ab — M*|lwexp(§) € L', exp(is) = T~ 7] a.e.

BEVLoTWBETH, ZDEE, we By(a,b) L2 HOUEFSEMHT, ERERPEK
veL®uBFEELT

1
w = m exp(u + ¥ — § + const.) a.e.,

ul < 2 —arcsindae, |uf <cosh™ (252} ae. THB, 7KL, d=du(e,b) LT 2.
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(o) la~-b >0 ae, max(jal, [b)) < M ae., |[ab— M? > 0ae &T5H, D&
X, we By(a,b) LB HDOLEHEM, inner B3 Q L ERIEMEK te L' v e L®u

MEELT _
B ab— M?
" a— b lab — M2|

lv| < £ —arcsind ae., |u| < cosh™! (c"j") ae ThHd, 2L, d=du(eb) &£T5,

w exp(u + 7 +1t) ae, = Qexp(it) ae.,

(16) la—b > 0ae, max(jal, b)) < Mae &L, abe H®, ab# M* £¥5, Z
DLx, KO (1)~ (3) ZRETH B, L, d=du(abd) £T5,

(1) w € Bpyfa,b).

(2) ke H' BFEELT lw—k2 < (1-d*)w’ ae.

(3) EBMEBEK ve L°u BEFEELT w=dlexp(u+7+const.) ae,

cosv

lv]| < T —arcsind ae., |u| < cosh™ (T) a.e.

[ 78 2

KiZ, B2 on-E0E N LB a,be L® XL, w e Cy(a,b) @ Helson-Szegs B DR
ERODEEEEZ S,

(a —b)N
ab — N?
EEDD, Cnla,b) #0 ©L &, min(la|,[b]) > N ae. BV DD D, |dyv(e,b)| <1 ae.
BEYMED, UTOEHE 2.A i3 T# LA LRKIGGEATE S, B 2B 13 (9] ORBRZE
CEREICENAND, ER2CHEEERTH D,

(1) ab=N? DL &L, FEDO wel', w>0ae (2T weCnlab) £725D,

(2) ab M N? LIZRLRDERDLE, we Cyla,b) LD DOLELHEEE, FEERS
veEL®, u MFEELT

dn(a,b) =

w exp(u + ¥ + const.) a.e.,

=
lv] < % —arcsind a.e., |u| <cosh™ (c"%) ae Thd, 727L, d=dy(a,b) &5, ZOD
&, UTOER2A 0L 2B ZAWTHRATE 24, EFERATIZ LB TE D,

(1) & (2) &9, ob BEHD & %i%, Helson-Szegd BOFRIIMHE THD Z L HBbho72, ab
HEFH T TH, ab A inner B TH Y,

al_J—sz

- 1
1| vl

72 61F, Helson-Szegd HORRIILLTOER 2.C (FER) O L 5 cfligizie 3,
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N >0,la—b|>0ae, min(|a],[]) = N ae, lab— N?| >0 ae. &L, FHEEH

B sel® BHEELT,
ab— N?

i_ 2 = 1 1 - —————— 3.6.
|ab — N*|wexp(5) € L', exp(is) lab — V7| ae

DRV o TWBETD, ZDLE, weCn(a,b) LB THOLES A&, FRIEBEK
veEL®uMBFEELT

w exp(u +9 — § + const.) a.e.,

" Ja— 9]

lv| < ¥ —arcsind ae., |ul < cosh™* (“j") ae. TH3B, IFFL, d=dy(a,b) &£T 5,

[E= 28] N>0,]a—b>0ae, min(a|,b]) > N ae. [ab — N} >0ae £33, 2O
%, we Cn(a,b) &2 B7DLEFFEMIT, inner M Q L EHEMS te [Yve L®u

BEELT

1 b— N? N
w= m exp(u + v+ t) a.e., I'ZTE—_—W = Qexp(it) a.e.,

lv| < £ —arcsindae., |u| <cosh™ (%ﬂ) ae. Th5B, L, d=dn(a,b) LT 5,

FEEA. [9] & AR, w e Cy(a,b) DHE+5FAIL inner Bk Q & KEEBIE to € L',v e
L™ ug € L' BHFEELT

1 - ab — N? .
= m CXP('U.Q + v+ to) a.e., |_[1,E——]VT§-|— = Qexp(ztg) a.e.,
lu| < % —arcsind ae., d%™ +e7™ < 2cosv ae EWMLTILETHD, TOEERED L,
BESICGEATE 3,

w

(EF®) 0<N<Lla—bl>0ae, min(la|, b)) > Nae &35, ab iFEHKT
Zeuy inner BAEE L, wy %

2
w

ab— N?
ab—1
LED, wy e L' £TDB, THEE, bLN#1 2o wt gL THY, aP, +bP_ i
LYw) LONERERAZETH D, FiIZ, ZOLIRFEHFEZRIET w iZONT, KD (1)~ (3)
FEETH D, 72720, d=dn(a,b) &T 5.

(1) we Cnla,b).

(2) ke H* BHFELT |luy — k2 < (1 - &)k ae.

(3) E#MERE ve Lo,u BFELT

lab — 1|2
w= -
la — bl - lab — N?|

wy =

exp(u + 9 + const.) ae.,

|v| < Z —arcsind ae., |u| < cosh™ (%) ae THD,
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FEFA. 0<N<1D&% aP, +bP. 12 [*(w) LOBERERARTHDL LRET 2. £27T,
(aP. +bP_) — bl = (a —b)P, bHFFMEAR LS. L27T, HHAEDE M BEELT

(@ = )Py fllw < M| fllw, (for all f).

la —b*w > 0ae THDEMH, Koosis DER 3] £V, wt el &2, £-T,

. 1/2 12
2)f|b—1| / dm < {/I‘ wdm} {[rﬁdm} < oo.

0<N<1&b, |ab—1" e L} Zhid ab HSEH TR inner B L V5 AHRRMFICF BT
5, (1) ~ (3) OR{EHEE Cotlar-Sadosky WV 77 ¢ v 7/ EBERVTERATE 5,

ab— N?
ab—1

ab — N?

ab—1

ZE X
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Interpolation Problem For ¢ And An F-space
By
Takahiko Nakazi (Hokkaido University)

Abstract. Let B be an F-space and B} the unit ball of the dual space. A
sequence (¢,) in By is called £'-interpolating if for every sequence (wy) in €' there exists
an element f in B such that ¢,(f) = w, for all n. In order to study an interpolation
problem for £}, we introduce two quantities p, and HO‘(¢n, ¢r). For arbitrary Banach

k#n
space, we show that (¢,) is an £!-interpolating sequence if and only if igfpn > 0. When
(¢,) is embeded in the open unit disc in the complex plane, we show that (¢,) is an €'~
interpolating sequence if and only if inf 1 o(¢n, ¢x) > O, for a Hardy space H? (D)1 <

k#n
p < 00) and the Smirnov class Ny (D).

B % invariant metric d % %> F-space £ 95, BB, d X d(f+h,g+h) = d(f,9)
7= metric THhd, (é,) 1% By ={p € B*; || ¢|/<1} @ distinct points O infinite
sequence &5, L% O OEHES T, F-space LT 5,

FEBIHLTTS = (6a(f) LEHTBE, T B2H £° DR ~DHRFE
Bchd, Fxali. TBOL LD (¢,) X E AR By O sequence NMIEKENH D, T
D& &, (¢,) 1T L-interpolation sequence &FFITN D, Zhid, EED (w,) € LIZXFL
T, ¢u(f)=w, (n>1) 27D f€ BOFETDHIEEERTD,

HEz b BIZoWT, BRZ (BFEETDLEbh A, ZORKTIIEL
LT %EFZD, '

J = {feB; f=0 on (¢}
Jo = {feB; f=0 on (¢n)nze}-
pe = sup{| ¢c(f) | ; f €k, d(f,0) <1}

ET5HE. pk>0<=>Jng =3 fi € B st ¢a(fe) =06 o % € B} XL T

a(¢.¥) =sup{| &(f) | ; ¥(f) =0, f € B}

EFBEE inf, [[o(dn, ék) > 0 DEE (¢n) 13 uniformly separated sequence & FE{T
k#n
o,
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FEEETIIZ OV TCh., 0 < p< 1 DEED HY(D) & L2(D) ICHLTHSZ L
RTERM-IMB, HP(D) 22 Tid, P-interpolating sequence T D LE TR
inf [T 0(gn, 62) > 0 ThBZ L% ($,) C D DL IR 2 LATE R, THUTV Kabaila

k#n
DHEEOHHREEZTVD, 72 1<p< oo KxT B LE(D) 20T, (¢a) CD D
L&, b L inf [] o(¢n, ¢x) > 0 7% B4 £-interpolating sequence ERBIELERTRTZ
k#n
LM TE P, WIC M-interpolating sequence 7 HIT inf [To(¢n ¢6) >0 &7DZEET

k#n
FTENTEI,

Ex TETHEADOERCOVWT, ROSERESH D,
H*Cc H*CH'CH? (0<p<1)C Ny 2 HP C LE (0 <p < o0)
Thd,

ZE 3Tk
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B
(¢n) C B KR LT, RO 2HOOMEZERTH D,
{'-interpolation sequence T&H D UE+57&HIL inf, p, >0 THDHTZ &

e
Z e,
£ -interpolation sequence T & 2 M E+4r4fid uniformly separated se-

()
quence, B1% ., inf, [[o(dn, ¢x) >0 THD Z L &THE,

k#n

3

FIRE 1 %, T.Nakazi [4] iX2 00 242, B P BIEND (¢,) ¥ B DBRA
TTNERICETD L&, B,

B iC-DW\Tid. Hardy 28 HP(D) D & &, (¢,) BIROBEITHEPNLTND,

I T, DIZEALHEIR. (an) C D. ¢.(f) = flan)/v(an) 232 v(a,) = sup{| f(a,) | ; f €
B, d(f,0) <1} Thb, p=1m&%, HSShapiro & ALShields [5] 21 9 6 1 &I

fEVNz, p=oco DEEFX, 197 14FIZ AKSnyder 25, 1<p<ooP&ZxiX, 199
8 5T O.Hatori [2) BEZH TNz, TDLE,
n—Q
pn = T |22 = 1T o, )

k#n

(L.Carleson 12 & ) MEIHNTWADT, HEL L EEBMICHENTWD,

1—aga, kstn

|
FAEE 1122\ T, FxXMEE® Banach TR THELL Z M TE D, F7~ Smirnov

class Ny(D) & & (¢,) C D D& &, Banach ZEFTIHRVWHHES ZLNRTE S,
RIBE I\ VT, Hardy 25/ HP(D) (1 < p < oo) H Banach ZRITH B 5,
FIRE I MEIT TV B 0T, BS OFFTHE L7 L.Carleson ORENLHLLTH B,

Smirov class No(D) KK OWTHRIE I # VTR 2N TE 3,
H?(D) (1 < p € 00) IOV TR OBEImbh T cbif 7228, &I

DFRE (&< — iR EH) 6. L.Carleson OFERNOEBIZE T2 Lixd
BN HDEES, Ny(D) i HPD) (0 <p<oo) LRy, HHEMBEIIRERTH

Bhb. L IC AN TORREETH B RELI IR - - LI EEN 52 & BN 5,

EX
AR 1 IZ2WT, 0< p<1®&&D Hardy ZEH] HP(D) & Bergman ZEfH L2(D)
T F-ZEMTH 575, Banach ZRETIIR VWO TRES Z N TERMo, L, FHxid

¢P-interpolating sequence TH 2 UE+IHMIT info, > 0 &—fED (§,) ILOVWTFTZ

EWBRTETE,
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