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CM PERIODS, CM REGULATORS AND HYPERGEOMETRIC
FUNCTIONS, I

MASANORI ASAKURA AND NORIYUKI OTSUBO

ABSTRACT. We prove the Gross—Deligne conjecture on CM periods for motives
associated with H? of certain surfaces fibered over the projective line. Then
we prove for the same motives a formula which expresses the Kj-regulators
in terms of hypergeometric functions 3F>, and obtain a new example of non-
trivial regulators.

1. INTRODUCTION

Periods and regulators of a motive over a number field are very important in-
variants, whose arithmetic significance can be seen from their conjectural relations
with values of the L-function at integers. Such conjectures include those of Birch—
Swinnerton-Dyer, Deligne, Bloch, Beilinson and Bloch—-Kato. If the motive has
complex multiplication (CM) by a number field, especially by an abelian field,
those invariants take a special form.

If A is an abelian variety with CM by a subfield of the Nth cyclotomic field,
its periods are written in terms of values of the gamma function at %Z. When
A is an elliptic curve, the formula is due to Lerch [16] and was rediscovered by
Chowla—Selberg [8]. Gross [14] gave a geometric proof of a generalization of the
formula and proposed a conjecture for any motivic Hodge-de Rham structure with
CM by an abelian field, whose precise form was given by Deligne. Using Shimura’s
monomial relation [24], Anderson [1] proved the formula for CM abelian varieties
by reducing to the case of Fermat curves.

In this paper, we study a surface X fibered over P! (t-line) with the general fiber
defined by

Y =2 (1— o) (¢ — 2)P

where [ and p are distinct prime numbers. It admits an action of 1, and its second
cohomology modulo the image of classes supported at singular fibers gives a Hodge—
de Rham structure H = (Hggr, Hp) with multiplication by K := Q(u,) (see Sect.
2.2). We shall prove that Hp is one-dimensional over K (Theorem 4.12). For each
embedding x: K — C, let HX be the eigencomponent. We shall determine its
period and the Hodge type independently, and prove the Gross—Deligne conjecture.
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2 MASANORI ASAKURA AND NORIYUKI OTSUBO

Theorem 1.1 (Period formula, see Theorem 5.4). For each x: K — C, let x({p) =
po X(Q) =" and put o= {22}, B = {%b}, pw=1{5}. Then we have

Per(HX) ~KX B(ﬂvu)B(l - 676 - O[+,LL)
where K' := Q(paip), and the Gross—Deligne conjecture holds.

On the other hand, regulators of the Fermat curve of degree N are written in
terms of values at 1 of hypergeometric functions 3 F» with parameters in %Z [19].
The conjectural relation with L-values is verified for some cases in [20], [21]. Recall
that the beta function is related with the value at 1 of Gauss’ hypergeometric
function o Fy. It is also suggestive that the classical polylogarithm can be written
as 1,1 1

le(x) —-T'k—i-le ( 2’”'72 ,JJ) 5
and hence special values of Dirichlet L-functions are written in terms of py1Fj-
values.

For the surface X, we consider the Beilinson regulator [7] from the motivic
cohomology to the Deligne cohomology

rg: H3,(X,Q(2)) — Hy(Xe,Q(2)).

In terms of algebraic K-theory, H?,(X,Q(2)) = (Ki(X) ®z Q)® (the second
eigenspace for the Adams operations). Let Z; be the union of fibers over y; and
consider the image of H?%, , (X,Q(2)) — H?,(X,Q(2)). The Deligne cohomology

can be regarded as functionals on F'H3g (X) up to periods, and we restrict them
to FlHdR.

Theorem 1.2 (Regulator formula, see Theorem 6.5). Let x be an embedding such
that HYy C F*Haw. Then, for any z € HE/Z,ZI (X,Q(2)) and w € H)y, we have

17aaﬂ7ﬂ7a+,u‘ )
g ~px B(l—a,fB) - 3F i1
o) e B a,8)-ak (P
where «, B, i are as before.

Moreover, we shall show the non-vanishing of the regulator image under a mild
assumption (Theorem 6.6).

Regarding these examples, it is tempting to ask if the regulators and hence the
L-values of a motive with CM by an abelian field can be written in terms of values
of p1+1Fk, with k& depending on the weight. In a forthcoming paper [4], we shall
study more general fibrations of varieties over P! with multiplication by a number
field whose relative H' has a special type of monodromy.

Concerning the period conjecture, there is a result of Maillot—Roessler [17] us-
ing Arakelov theory on the absolute value of the period. Recently, Fresian [13]
proved the formula for the alternating product of the determinants for any smooth
projective variety with a finite order automorphism by reducing to a result of Saito—
Terasoma [23]. Since we prove dimy Hg = 1 and H'(X) = H3(X) = 0, the Gross—
Deligne conjecture for our H follows from Fresan’s result. We need, however, our
precise computations for the study of regulators.

Our method is quite different from the previous works mentioned above. A cru-
cial step is to compute explicitly Deligne’s canonical extension 7, of the Gauss—
Manin connection on the relative first de Rham cohomology. Our fibration is
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smooth outside D := {0,000} U y; and there is a connection
V: H#, — Qi (log D) @ 2.

We shall describe it explicitly and determine the Hodge structure of H. The 1-
periods of the fiber are Gauss hypergeometric functions o F}. By the integral repre-
sentation of Euler type, the 2-periods of X are firstly written in terms of 3F5-values,
which then turn out to be o Fj-values. The conjecture follows by comparing these
computations.

It is more delicate in general to compute the regulators of given motivic elements,
even for a fibration of curves. Here we use a new technique of the first author. It
was originally written in the unpublished paper [3], but he decided to include it in
the appendix of the present paper. Via the canonical extension, we shall represent
elements of F'' Hyr by certain rational 2-forms. Then the regulators are expressed
as integrals of those rational forms over Lefschetz thimbles, which are again written
in terms of 3F5-values.

This paper proceeds as follows. In Sect. 2, we fix the setting and compute the
1-periods of the fiber and 2-periods of X. In Sect. 3, we determine the Gauss—
Manin connection and the canonical extension. In Sect. 4, we determine the Hodge
structure and show that Hp is one-dimensional over K. In Sect. 5, we give a
basis of F'Hyr and verify the Gross-Deligne conjecture. In Sect. 6, we prove the
regulator formula and discuss the non-vanishing. The appendix (Sect. 7) due to
the first author provides the technique to compute the regulators.

Acknowledgements. This work started when the authors stayed at University of
Toronto. We would like to thank heartily Kumar Murty for his hospitality. The
second author would like to thank Bruno Kahn for helpful discussions. Finally, we
would like to thank Spencer Bloch for valuable comments on an earlier version.
This work is supported by JSPS Grant-in-Aid for Scientific Research 24540001,
25400007 and by Inamori Foundation.

Notations. Throughout this paper, Q denotes the algebraic closure of Q in C. For
each positive integer N, uy denotes the group of Nth roots of unity and we put
(n = e*™/N_ For a real number x, we write x = [x| 4 {2} with [z] € Z, 0 < {2} <
1, and put [2] = —|—2]. For @ € C and an integer n > 0, (a), = H?:_Ol(a +1)
is the Pochhammer symbol and the generalized hypergeometric function is defined
by

Qp,y...,0p - Hle(ai)n "
F, p) = A= T
(G ) 2 G

We often drop the subscripts from ,Fy. It converges at x = 1 when Re(3_; 8; —
>, ;) > 0. We use the standard notation for the product of I'-values

r <a1,...,ap> _ P ()
Blw'wﬁq ‘(7]:1]'—‘(/3])

For a variety X over Q, H7:(X) = H7;(X/Q) denotes the algebraic de Rham
cohomology and H™(X,Q) denotes the Betti cohomology of the analytic manifold
X(C), or the associated mixed Hodge structure.
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2. PRELIMINARIES

2.1. The setting. Let p, [ be distinct prime numbers and a, b, ¢ be integers with
0 < a,b,c < p (we shall soon assume that b+c = p). We define a fibration of curves
f: X — P! as follows. Let g: Y — P! be a proper flat morphism over Q whose
fiber Y; at t € P! is the normalization of the curve defined by

yP = 2%(1 — )bt — 2)°.
Then, g is smooth outside {0,1,00} and by the Riemann-Hurwitz formula, the
genus of the generic fiber is p — 1. The fiber Y7 is a union of P! intersecting
transversally with each other. We have an automorphism o of order p of Y over P!
defined by
o(z,y) = (2, ).

Let g(l): Y® — P! be the base change of g by the morphism P! — P!;t th.
The action of o extends naturally to Y (). On the other hand, the automorphism
T(t) = Clt
of P! induces an automorphism 7 of Y¥) over Y. There is a desingularization X of
Y® such that ¢ and 7 extend to automorphisms of X respectively over P* and Y
(for example, if one takes a sequence of blow-ups only at the singular points, then

o and 7 extend automatically). As a result, we obtain a fibration f: X — P! of
curves in the commutative diagram

X y® Y
DECE
Pl — s P!

and for t € {0,00} U py, the fiber X is isomorphic to Y.

2.2. CM Hodge—de Rham structures. A Hodge—de Rham structure is a quadru-
ple H = (Hggr, Hp, t, F'*) consisting of

a finite-dimensional Q-vector space Hyg,

a finite-dimensional Q-vector space Hpg,

an isomorphism ¢: Hgr ®@(C — Hp ®q C,

a descending filtration F'®* Hqr which induces a Hodge structure on Hp via
L.

For a proper smooth variety X over Q, its nth de Rham and Betti cohomology
groups, the comparison isomorphism and the Hodge filtration define a Hodge—de
Rham structure H"(X).

Let K be a finite extension of Q. We say that H admits a K-multiplication if we
are given K-actions on Hgr and Hp which are compatible with ¢ and F'*. Moreover,
we say that H has CM by K if dimyg Hg = 1. For each embedding x: K — C, let
HY;, HY = (Hp ®Q@)X denote the subspace on which K acts as the multiplication
via x. If dimg Hp = 1, then these subspaces are 1-dimensional over Q. Choosing
any bases war € H)i and wp € HY, we define the period Per(HX) € C* by

t(wgr) = Per(HX)wp.

By the ambiguity of the choices, Per(HX) is only well-defined up to Q. 1t (Hgr, F*)
is already defined over K, the period is well-defined up to K*.
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Let X be as in Sect. 2.1 and let
Z =X xp ({0,00} U )

be the union of the singular fibers. Note that Z is stable under the actions of o
and 7. Put

R = Q[07 T]7 K = Q(Mlp)

and regard K as an R-algebra by o — (,, 7 +— (;. The Hodge—-de Rham structure
we consider in this paper is

H := Coker(H%(X) — H*(X)) ®r K.

It admits a K-multiplication and we shall show that rankx Hg = 1 (Theorem 4.12).
An embedding x: K < C is identified with an element h € (Z/IpZ)* such that

X(Gp) = ¢y IE

Coker(HZ(X) — H*(X)) = @ Hzm
meZLJILnEL|PL

denotes the decomposition into the eigenspaces on which 7 (resp. o) acts by (™
(resp. ('), we have
H= § H™.
m#0,n#0

2.3. Periods of the fiber. Forn =1,...,p—1 and integers i, j, k, put a rational
1-form on Y; by

(1 —x)i(t — x)kd

Wik = ~ x.
yn
Then, we have
* ijk __ ~n, ijk
orwl" = (w” (2.1)

Let 0 <t < 1, and &g be a path on Y; from (0, 0) to (¢,0) defined by

x=ts, y= {/xa(l —z)P(t — x)e.
Let 4, be a path on Y; from (¢,0) to (1,0) defined by

x=t+(1—-1%)s, y zecf/w“(l —x)b(x —t)°

__ i itp=2,
-1 ifpis odd.

bm = (1 = 0)s0pm (m=0,1),

where we put

If we put

these define 1-cycles on Y;, and we have

[ owit= [a—oyeir—a-g [ (22)
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Lemma 2.1. Fiz integers i,j,k > 0. Forn=1,...,p—1, put

b
a="2 4 6—1—.7', ="k
p p

Then we have

- 1—
/wffk:B(l—aJ—*y)-tl_O‘_’yF( a’ﬂ;t),
% 2-a—y

/51 Wik =eP'B(1—,1—7)- (1 -t)!PF (20‘_’15__’87; 1- t) )

Proof. The first equality follows directly from Euler’s integral representation of the
Gauss hypergeometric function o Fy:

b 1
B(b, Cc — b) - F (a; ;t> = / (1 — tl-)faxbfl(l _ ‘,L,)Cfbfl dx
0

(leta=p,b=1—a,c=2—a—-). The second one follows from the same formula
and the transformation formula

F(a’c_b;1—1) :t“-F(a’b;l—t>.
c t c

2.4. Cohomology of the fiber. We have decompositions

Y(vi,C @HlYt o)™,

Hy(Y;,Q @m Y2, Q1)) ™,

where (") denotes the subspace on which o* (resp. o) acts as the multiplication by
(. Note that H'(Y;, C)(® = 0 since Y;/p,, is a rational curve. The natural paring
induces a non-degenerate pairing

H'(Y,,©)™ & H1(Y;, ()™ — C.
We shall give bases of these spaces under a certain assumption.

Lemma 2.2. Letn=1,...,p—1 and i,j5,k > 0 be integers.

(i) If pta+b+c, then w* is a differential form of the second kind.
(ii) Moreover, w* is holomorphic if and only if

1 1 1
izttt g el g g netl g
p
b -1
i+j+k< M _1.
p
Proof. See [2] (18) (but see loc. cit. (13) for the correct sign in the fourth inequal-
ity). O

From now on, we assume:
b+c=np.
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Then the condition p { a + b + ¢ is automatically satisfied. By Lemma 2.2, wi* is
holomorphic if and only if

Z_Fla+1—‘17 jrzb+1—‘17 PLCJFI—‘I,
p p b

and we write this w%* simply as w,. The «, 3, 7 in Lemma 2.1 become

(2} {2} - {z)rn

In particular, 0 < a, 8,7 < 1. Though these depend on n, we shall suppress it from
the notation. By Lemma 2.1, we have

N Lot (2.3)
1 .
/ Wy, = —fspﬂB(l—@ﬂ)J:‘(Oé7 1 'B;l—t).
01
For each n, let 7, j, k be as above and put
T = wiIHLE
Then, § is replaced with 8 — 1 in Lemma 2.1 and we obtain
1-— —1
/nn:B(l—a,ﬁ)-tﬁ—“F< ol ;t),

/51 M = = B(1— B,8) - (1— A1 —DF (“’225;1 —t> .

Here we used B(2 — 3,68) = (1 - 8)B(1 - 5,0).

Proposition 2.3. Letn=1,...,p—1 and 0 <t < 1. Then, {wn,Nn} is a basis of
HY(Y;, €)™,

Proof. By (2.1), (2.2), (2.3) and (2.4), wy,, 1, are non-trivial elements of H*(V;,C)™).
Since w,, is holomorphic and 7, is not, they are linearly independent. Since
dim H*(Y;,C) = 2(p — 1), the proposition follows. |

Proposition 2.4. Letn=1,...,p—1and 0 <t < 1.
(i) The projections of ro, k1 form a basis of Hy(Yy, Q(pp))™.
(ii) As a Q[o]-module, H1(Y:, Q) is generated by ko and k1.

Proof. Put the period matrix

o= (i o)

It suffices to show that det M,,(¢) # 0. Since Hfl;ll det M, (t) is constant, it co-
incides with its limit as ¢ — 1. Hence the proposition follows from the lemma
below. (]

Lemma 2.5. We have

lim det My,(t) = P (1—¢)?- B(f,%;ﬂ)
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Proof. By (2.2), (2.3), (2.4), we have
det M, (t) = —e”’(1 = (')*B(1 — o, B)B(1 — B, B)t° =

1—a,B . 1-a,f-1,
F (i) F ()

R (e ) a-pa-or (45—

Firstly, we have
: 1-o,f N _
}gr%(l —t)F (1 a+ﬁ’t> =0.
This follows from the transformation formula (cf. [12], p. 74 (2))

oo

a8 N1 S0 aBlag o
F(loﬂrﬁ’t)_B(la’ﬂ)z (n!)2 (kn —log(1 —1))(1 —1)",

n=0
kn=2¢(n+1) =y —a+n) =B +n)

where ¥(t) = I"(t)/T'(t) is the digamma function. On the other hand, by Euler’s
formula, we have

l—a,0-1 l—a+p 1
F 1) =1 = .
(1a+ﬁ’ ) (204,6) (1-a)B(1—a,p)
Hence the lemma follows. O

2.5. Periods of X. Now we consider the fibration f: X — PL. Recall that X; ~
Y. By abuse of notation, for each s = 0,1, let 5 (resp. ks) be the path (resp.
loop) on X; which corresponds to the one on Y, defined in §2.3. For each s, let A
be the 2-simplex obtained by sweeping d5 along 0 < ¢ < 1. Since J, is vanishing as
t — s, the Lefschetz thimble (1 — 0),A, has boundary on the fiber X;_;. We shall
use (1—0).A1 (resp. (1—0).4Ap) to compute the periods (resp. regulators). Again
by abuse of notation, let w,, denote the pull-back to X of the rational 1-form w, on

Y defined in §2.4. For n = 1,...,p — 1 and an integer m, define rational 2-forms
on X by
L dt L dt
Wmn =1t ? NWn, Nmn =1 ? A M.

We have evidently,

(Tia'j)*wm,n = lmicgjwm,m (Tiaj)*nm,n = ZMC;Ljnm,n-
Proposition 2.6. Letn=1,....p—1anda = {2}, 8= {%} as before. For an
integer m, put p=m/l.

(i) If u > a— B, then we have

pB
/A wm,n:7€T'B(ﬂ7M)B(17ﬂ7ﬂfa+,u’)a

_ P -p)
/Al nm,n——m'B(ﬂ,u)B(l—ﬂyﬁ—aJru).
(ii) We have

/ w _ B(].—Oé,ﬂ) F< 1_avﬁvﬁ_a+ﬂ 1)
Ay B -t p) l—a+B,B8—a+pu+l)’

/ :B(l—a,,é’)_F<1—a,6—1,6—a+u_1>
a, T 1B —at ) l—a+pf-atp+l )’
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Proof. Recall the integral representation of 3Fy (cf. [25, (4.1.2)]):

_ 1
F(C’e C)F<a’b’c;t> :/ F<a’b;t:ﬂ> 21— x) .
e d,e 0 d

By (2.3), we have

1
1-—
/ wm,n:—sp’@B B,1-5 / F(a’ B 1—t>tm_1dt
AL 0

B( 1— !
— P2V - ) (8, /F 1 B;l—t)t“ldt
0

1
pﬁBﬁ’l_ (a’l B;t) (1—t)* Lt
1-

B!

0

pﬁB(ﬁal_ F a, 6’11
I NS

__aBB1-5), (a,l —/3;1) |
Im w41
which converges by the assumption. Using Euler’s formula
a,b a—>b
F ;1) =T —a—2»b
< . > (c—a,c—b> (Re(c —a—5) >0)
and the functional equations
x,y
I'x+1) =o' (x), B(x,y) =T ,
(@4 1) =a(e), Baa) =1 (1)

we obtain the first equality of (i). The others follow similarly, using (2.4) for
nm,n- I:l

3. CANONICAL EXTENSION

In this section, we compute the Gauss—Manin connection of the fibration and
determine its canonical extension to P*.

3.1. Gauss—Manin connection. Let us start with the fibration ¢g: ¥ — P'; for
a while, ¢ denotes the coordinate of the base scheme of g. Put

T=P'\{0,1,00}, Yr=Y xpuT.
Then the restriction g: Y — T is smooth. Put

H =R'9.0%, 1, O =0% 5,

and let

V:H = Qo H
be the Gauss-Manin connection. For each n = 1,...,p — 1, let (") C # be
the subbundle on which ¢* acts as the multiplication by (. Then ¢ (") is locally

generated by wy,, 7, as defined in Sect. 2.4, and the Hodge filtration F'. (™ is
generated by w,,.
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Proposition 3.1. Forn=1,...,p— 1, the Gauss—Manin connection
V™ 5 0k o o™

is given by

ot 1-8 0 -1 -1
(VmeTln) = ? & (wnann) ( 0 1— a) ((1 . t)_l 1 >
where we put o = {71}, B = {”Tf’} as before.

Proof. We use the following standard derivation relations among Gauss hypergeo-
metric functions (cf. [25], (1.4.1.1), (1.4.1.6)):

d a,b ab a+1,b+1
—F = —F it 3.1
dt ( c ) c ( c+1 7)’ (3.1)

L (e (%)) = e (). .

We also use the following contiguous relations (cf. loc. cit. (1.4.1), (1.4.3), (1.4.5),
(1.4.9), (1.4.13)):

(c—2a+ (a—bt)F+a(l—t)Fla+1] = (c—a)Fla—1], (3.3)
(c—a—bF+a(l—-t)Fla+1] = (c—b)F[b—1], (3.4)
(c—a—1)F+aFla+1]=(c—1)F[c—1], (3.5)
(a—=1+Q+b—c)t)F+(c—a)Fla—1]=(c—1)(1 —¢)F[c—1], (3.6)
c(1—t)F + (c—a)tF[c+ 1] = cF[b—1]. (3.7)
Here, ' = F (“C’b; t) and the notation F[a 4 1] for example means F' (“+Cl’b; t).

We are reduced to show:

t%Mn(t) — M, (1) (1 P Ea> ((1 _‘;_1 ‘11> . (3.8)

We prove this for each row vector. For the first row vector, put

o) = (e=or (00 mer (10 L))

Firstly, consider the case a # 8. By (3.2), we have

td<f<t>,g<t>>=(<ﬁ—a>t5“F( b, ) (ﬁ—a)tﬁaF(l‘a’ﬂ‘l;t)).

dt a+p’ —a+f
Applying (3.6) to F (f - fﬁ,t) we obtain
L () = ~(1= B (1) + (1— a)(1 - 1) g(0)
Applying (3.5) to F (f’;lc;{;; : t), we obtain
gt = —(1— )F(0) + (1~ a)g(r)

Hence we are done. Now consider the case @ = 3. Then

g = (F (") (TN )
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By (3.1), we have
L (50 9(0)) = (<1 ~ajaF (2 ) M”*) - oF <2_2a,a;t)> '

Applying (3.7) to F (2_ai1+a;t), we have

t%f(t) —a(l—t)F (2 _“’11 +°‘;t> —aF (2 _la’a;t> 39

Applying (3.4) to F (lfo‘iHa;t), we have

(1—a)(1—t)F (2‘0’1”0‘;0 —F (1 _a’ll+a;t> —af(®).  (3.10)

Applying (3.3) to F (a’ll_a;t), we have

a(l —t)F <1 mold a;t) = (2 — 1)(1 = ) f(t) + (1 — a)g(t). (3.11)
Applying (3.4) to F ('7™%;t), we have
(1-tF (2 _la’a;t) = g(t). (3.12)
Combining (3.9)~(3.12), we obtain
PR = (1= ) (<70 + (1= 1)g(0).

Applying (3.7) to F' (O"Zl_a;t), we have

t%g(t) —(1-a) (—F (1 _1O"O‘;t> +(1-t)F (2_1a’a;t>)

(3.12)

= (I=a)(=f(t) +9())

In both cases a # 8 and a = 3, we have proved (3.8) for the first row vector.
For the second row vector, put

(u(t), v(t)) = (F (O" 11_’8;1—75> J(1—B)(1-t)F (“22_6;1—15)).

Then, by (3.1) and (3.2), we have
@ (uft),0t)) = (1 - B) (aF (“*1’2‘ﬁ;1—t) F <‘“’2‘5;1—t)) .
dt 2 1

Applying (3.7) to F (Q’Qfﬂ; 1- t), we obtain

tiv(t) =—1-8)ut)+ (1 —a)v(?). (3.13)

t%u(t) —(B-a)l—t)lt)—(1-B)B F (O" 12’ Pz t) . (3.14)
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Applying (3.6) to F (2725"0‘; 1-— t), we have

OL,].*B

(1—ﬁ)B-F( )

01— t) =(-1-B)1-t""+1—a)v(t)—t—uv(t)

(3.13)

(1-8) (u(t) — 1 —t)" (). (3.15)
Combining (3.14) and (3.15), we obtain

t%u(t) = —(1—=BR)ut)+ (1 —a)(1 —t) o).

Hence we have proved (3.8) for the second row vector. O

3.2. Canonical extension. Now, we return to the fibration f: X — P!, and from
now on, t denotes the coordinate of the base scheme of f. Put

D={0,00}Up, T=P'\D, U=X xp T, # = R'f.Qpp,

and let V: 2 — QF @ # be the Gauss-Manin connection. The following is
immediate from Proposition 3.1.

Proposition 3.2. Forn=1,...,p— 1, the Gauss—Manin connection
V™ = ok oo™

is given by
dt 1-p 0 -1 -1
(vwnavnn) = l? Y (Wn777n) ( 0 1— a) <1—1tl 1 )
_ds 1-8 0 1
fl?@)(cm,ﬂn) ( 0 1_a> <1Sle 1)
where s = 1/t.

Let j: T — P! denote the embedding. Let Qf, (log D) be the sheaf of differentials
on P! with logarithmic poles along D. Then the canonical extension
V: H#, — Qi (log D) @ .

of Deligne [9, 5.1] is defined to be the unique sub-bundle of j, 57 satisfying the
following properties:

() V(#) C QL (log D) &

(ii) For each t € D, all the eigenvalues of Res;(V) lie in the interval [0, 1),

where Res; (V) denotes the residue at ¢ of the connection matrix.

In fact, we have J = le*QS(/IP,l (log Z) (recall Z = X xpr ({0,00} U py)) by
Steenbrink [26, (2.18), (2.20)]. This is determined as follows.

Proposition 3.3. Forn=1,...,p—1, local bases of éfé(") att € D are given as
follows:

A0, = {<wn =, 1O = Bl = (L= a)m)) if o # B,

<wna77n> if =P,
%(n” _ <tu1*5)” (1 —a—pPw, + (1 — a)t*lnn),ﬂa”*lnn» if a+ B8 #1,
e loo <t\_aljwn7t|_alj—lnn> ifa—i— 8 =1,

jfe(”)k = <wnv77n> (C € :ul>'
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The residue matrices with respect to these bases are:

0 0 ) .
if a # B,
Reso (V) = (0 {(s —_ocl)l}_1
l(l—a)(l 1> Zfa:ﬂv
{a-p1 0 :
0 {al}) ifa+p8#1,
Res (V) = (al) 0
(a— 1)1 {m}) ifath=1,

Resc(v) =~(1-a) (1 ).

Proof. Let A be the matrix of the connection from Proposition 3.2. For each
t € D, we shall find a matrix P with coefficients in local sections of j,0y such
that (wy,,n,)P is a local basis of . at t. The connection matrix with respect to
this basis is given by the gauge transformation

Ap:=P AP+ PP’

where P’ = %P. For t = 0, we let

1 1-8 1 0
P :<_1 —(1—a)> (o tﬂa—mﬂ)

if « # 8, and P = I (the unit matrix) if « = 8. For t = ( € w, we let P = 1.
Finally for ¢t = oo, we let

p_(l 0\ (l-a-5 0 tla=mu o
—\o ¢! l—a 1 0 tlod]

ifa4+ B #1, and
tlod] 0
P = < 0 t[aljl)
if @ + 8 = 1. Then, one verifies that Ap satisfies the desired properties and its
residue is given as stated. ([

To see the Hodge filtration, we rewrite the above bases as follows.

Corollary 3.4. Letn=1,...,p— 1.
A = {<wn,t—L(B—a)lJ (1= Blwm — (1— a)m)) ifa < B,

<tf(a—5)ﬂ Wy Wy, — 77n> if a > B.
PO e Sl ) if lad] > (1= B,
e t=oco — <t\_0¢l]wn7t\.(1—5)l] ((1 —a— ﬁ)wn + (1 _ a)t—lnn>> Zf La” < (1

%(n)lt:C = <wn777n> (C € Ml)'
Write @ = Op1 and define F'57, = 5,Nj.(F15¢). Then, we have immediately:
Corollary 3.5. Letn=1,...,p—1.
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(i) We have o™ = O (i)t w,, with

(L(1=p)i],0) if lal] = [(1=P)l], a <P,
(i) = (LA =B)] = [(a =B, [(a=B)]) if lal] = [(1 = B)I], a> B,
(Lal],0) if lal] < |(1=P)l], a <P,
(led] = [(a = p)I, [(a = B)I]) if lal] <|(1=PB)l], a>p

(ii) According as the four cases as above, we have

(=11 = )] + [(B = a1~ ((1 = Bwn — (1 = a)n),

(=11 = a)l])(wn =),

O([(B = a)l] = [BI)t~ MM (1 — o = B)tw, — (1= B)wn + (1 = @)mn) ,
o(=[81]) (1 - a = B)twn — (1 — a)(wn — 1)) -

Here, by abuse of notation, the images of wy, N, in Gr}; %”e(") are denoted

by the same letters.

GrY. %”e(") =

Corollary 3.6. For each ¢ € py, X¢ is a normal crossing divisor in X with rational
irreducible components.

Proof. By Proposition 3.3, the local monodromy of H'(X;, Q) at t = ¢ is unipo-
tent, hence X is normal crossing (see [22, Theorem 1]). By the Clemens—Schmid
exact sequence (see [18, §4 (a)]), H'(X¢,Q) is the kernel of the log local mon-
odromy N: H'(X;,Q) — H'(X;,Q). The cohomology group H'(X;,Q) carries a
limiting mixed Hodge structure and N is a morphism of mixed Hodge structures
of type (—1,—1). Since rank N = %dim H'(X;,Q) by Proposition 3.3, we have
Gry” H'(X;,Q) = 0 and WoH'(X;,Q) = Ker(N). Hence H'(X;) is of pure weight
0, and all the irreducible components of X are rational. [l

4. HODGE NUMBERS

In this section, we determine the Hodge numbers of the eigencomponents of our
H and prove that it has CM by K, i.e. dimg Hp = 1.

4.1. Localization sequence. Let the notations be as in Sect. 3.2 and put Z =
X \ U. We have the localization sequence
HZ(X) = H*(X) = H*(U) - H}(X) = H*(X)
both for the de Rham and Betti cohomologies. Let (Z) denote the image of the
first map. Recall that we defined in Sect. 2.2 the Hodge—de Rham structure
H=H*X)/{Z) ®r K.
Proposition 4.1. H'(X) = H3(X) = 0.

Proof. By Poincaré duality, it suffices to show H'(X,Q) = 0. Since H'(X,Q) —
W1HY(U,Q), where W, denotes the weight filtration, it suffices to show the van-
ishing of the latter. By the Leray spectral sequence, we have an exact sequence

0— HYT,Q) - H'(U,Q) - H°(T, R £.Q) — 0.

By the computation of Res (V) in Proposition 3.3, for n = 1,...,p — 1, the local
monodromy around ¢ = oo of H'(X;,C)™ does not have 1 as an eigenvalue. Hence
we have H(T, R' f.Q) = 0 (recall that H'(X;,C)(® = 0). Since H (T, Q) is of
weight 2, we have W1 H(U,Q) = 0. O
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As a result, we have an exact sequence on the de Rham side [15, Chapter II,
Theorem (3.3) and Proposition (3.4)]

0 — H24(X)/(Z) — H2,(U) % H®(Z) = 0.

The middle term is described by the canonical extension as follows. The Leray
spectral sequence yields an exact sequence

0— HY(T,#) = Hig(U) = H(T, R* £.Q, 1) — 0.
Since o* acts on R2f*Q'U/T trivially, we have H*(T, # (™) ~ H2.(U)™ for n =
1,...,p— 1. Put a complex of sheaves on P! as
& = [, % QL (log D) ® H).
Then, the map of complexes

My —= Qpu (log D) @ I,

| |

Judl —— 3. (QL. ® )
induces an isomorphism
HY(P', &) ~ HY(T, ),
and the first group carries a mixed Hodge structure [27, Theorem (4.1) | and its
Hodge filtration is given as follows [loc. cit., (4.10)]:

FYHY (P!, &) = HY(P', &),
F'HY (P!, &) = HY(P', F' ¢, — Q3. (log D) @ S22, (4.1)
F2HY(P', &) = H°(P', Qb (log D) ® F'A2).

It follows:

Grl HY(PY, &) = HY (P, Gi% 22),

Grl H (P!, &) = Coker (HO (B, Floz) S HO(PY, 0L, (log D) ® Gr% %)) 4.2)
where V is the map induced from the composition of V and the projection % —
Grl .

4.2. Residues. For each t € D, let
Or: Hip(U) — HI®(X,)

be the t-component of the coboundary map 0. Let N; C JZ ; be the image of the
composite

(U, #2) % T(Up, Qb (log t) @ 7#2) “3 ey,
where U; is a small open neighborhood of ¢t. Then, it is not difficult to show that

the diagram

HY(P', &) —— H3 (U)

\LRest l@t

M| Ny —— H{R(Xy)
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commutes where the lower map is an isomorphism. The following is immediate
from Proposition 3.3.
Proposition 4.2. Forn=1,...,p— 1, we have
Ny = (11 = B — (1= a)na)).
N = He o,
N = () (¢ € m).
Therefore, we have

1 ift=0orte p,

dim H{® (X)) =
(X 0 ift=oc.
Later, we shall use the following.

Lemma 4.3. Letn=1,...,p—1.
(i) If a < B, then t™wy|i=0 € Né") ifm>0, and & Nén) if m=0.
(ii) If a > B, then t™wp|i—o € Nén) if m > [(a—P)].
Proof. By Corollary 3.4 and Proposition 4.2, this is trivial except when a > 5 and

m = [(a — B)I]. In this case, we have

m m Qo tm((l — 5)(")” — (]' B a)nn)|t20 n
" nlimo = "l 51" (@n =) =0 = - e NV.
U
4.3. Hodge numbers. For each n =1,...,p — 1, we obtained an exact sequence
0= (Hip(X)/(2)™ — H'(B',6™) 5 25 INg™ & @ A N — 0.
CEWL
(4.3)

Firstly, we give a basis of F2. By (4.1), we have an embedding
v FA(H2R(X)/(2))™ — T(P, Qb (log D) @ Fro™).
By this, we identify F?(H23(X)/(Z))™ with the elements of the right-hand side
having trivial residues. Recall the rational 2-forms
dt

Wimn :tm? R Wy,

)

Proposition 4.4. For each n = 1,...,p — 1, a basis of F?(H3z(X)/(Z))™ is
given by {wpm n | m € I2} where
12 = {m | max{1, [(a — H)I]} < m < min{|ad), [(1 - B)IJ}}.
In particular,
dim F?(Hgg (X)/(Z))™ = min{ |1, |(1 = B)I]} — max{0, [(a — B)I]}.
Proof. Let Flo2"™ = O(i)t'w, be as in Corollary 3.5 (i). One easily sees that a
basis of HY(P*, O, (log D) ® Fljfe(n)) is given by

Wm,n (G<m<i+yj), v

dt
t—(®w" (€ € w).
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For the first type, the residues at ¢ € y are trivial. By Lemma 4.3, Reso(wm,n) =
t"wy, is trivial for m > j unless @ < § and m = 0. For the second type, it has
trivial residues except at ¢ and

o dt ,
Res¢ (t]t c ®wn> = twp,

which is non-trivial by Proposition 4.2. These show that a basis of F2(H2(X)/(Z))™
is given by wy, », with j <m <i4jand m # j = 0if a < 5. Hence the proposition
follows from Corollary 3.5 (i). O

Since (H.0/No)™ and (A /N¢)™ are all 1-dimensional, the above proof im-
plies the following.

Corollary 4.5. Forn=1,...,p—1, we have

(#e0/No)™ & @ (Hec/N)™ if a < B,
Res (F?H'(P',£™)) = cem ,
( ) @ (Hec/No)™ if o> p.
CEML
Corollary 4.6. Suppose that p < l. Then we have F?(H2x(X)/(Z))™ # 0 for
anyn=1,...,p—1.
Proof. Since a,1—f > 1/p, we have la, I[(1—) > 1. Since 8 > 1/pand a < 1—1/p,
we have (a — 8)l < al —1,(1 — )] — 1. Hence we have I2 # (). O

Now, we determine the other Hodge numbers.
Lemma 4.7. Letn=1,...,p—1.
(i) If a < B, then we have
Gri(Hip(X)/(2))™ = Grp H' (P!, &™),
(ii) If a > B, then we have an exact sequence
0 — Gri(Hin(X)/(2)™ — Grp H' (B, 60) "5 (A.0/No)™ — 0.

Proof. By (4.3) and Corollary 4.5, we are left to show the non-triviality of Resg in
the case (ii). If |al] > | (1 — B)I], consider
dt

= ®@ (Wn — Mn)-

By Corollary 3.5 (i), this is an element of H°(P*, QL (log D) ® GrY, %(n)). Its
residue at 0 is w, — 1, Z 0 (mod Ny) by Proposition 4.2. If |al] < [(1 — B)],
consider similarly

dt .
m@((1—a—ﬁ)twn—(1—a)(w—nn)),
whose residue at 0 is —(1 — @) (wp — M) Z 0 (mod Np). O
Proposition 4.8. For eachn=1,...,p— 1, we have

dim Grp(Hip (X)/(2)™ = |lal] = [(1 = B)U| + Lo = Bl1].



18 MASANORI ASAKURA AND NORIYUKI OTSUBO

Proof. First, we show that the map
V: HO(PY, Floz™) - HO(P, QL (log D) ® GrY s2™)
is injective. Let F1z" = O(i)t/ wy, as in Corollary 3.5 (i). Then, HO (P!, Fljfe("))
has a basis {wmn | j <m <i+j}, and
V. = %tm {(m —1(1-P))wn + 11—tl77”} =I(1- a)t(ld_ttl)tmnn #0
modulo H°(P*, O3, (log D)®F1<%”e(n)). Since 0 < ¢ < [ in every case, w,, » belong to

different eigenspaces with respect to the 7-action. Hence the non-vanishing implies
the injectivity.

By Corollary 3.5 (i), we have Gr% AL ~ O (k) where
—[A=a)l] + (B —a)l] if [al] = [(1=B)l], < B,
-t it [al] > [(1- B)l),a > 6,
(8 — )l] — [81] if (1] < |(1- B)l),a < 6,
—[pl] if [ol] < [(1-p)l],a>p
Note that k& < 0 in any case. One sees that H°(P*, Q}, (log D) ® €'(k)) has a basis
tm dt

By (4.2) and the above injectivity, we have
dim Grl, HY(PY, &™) = dim H°(P', Qb, (log D) ® O(k)) — dim HO(P*, 6(i))
=(l+k+1)—-(i+1)=14+k—1i.
By Corollary 3.5 (i) and Lemma 4.7, we obtain the desired formula. O
Corollary 4.9. Assume that p <1 and p > 2 when a =b. Then we have
Gri(H2(X)/(2))™ £ 0
foranyn=1,...,p—1.
Proof. If a # b, then ||a — S]] > L%J > 1. If a =b, then a # 1 — o since p > 2,
and hence ||al| — |[(1 —a)l]| > 1. O
Proposition 4.10. For eachn=1,...,p— 1, we have
dim Gryp(Hgr (X)/(2))™ = min{[(1 — )1, | 81]} — max{0, [(8 — a)l]}.
Proof. By (4.2), Corollary 4.5 and Lemma 4.7, we have
G (3 (X)/(2)) ™) = H(PY, Gy A7) = H' (P, 6(k)),
where k is as in the proof of Proposition 4.8. Since k& < 0, we have
dim H*(P*, 0(k)) = dim H(P*, 0(—k — 2)) = —k — 1.
Hence the proposition follows. O

Remark 4.11. In fact, Proposition 4.10 is equivalent to the dimension formula in
Proposition 4.4. Note that the complex conjugation switches n (resp. «, ) and

p—mn (resp. 1 —a, 1 —73).

Theorem 4.12. The Hodge-de Rham structure H = (H*(X)/(Z)) @r K has CM
by K, i.e. dimg Hg = 1.
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Proof. Combining Propositions 4.4, 4.8 and 4.10, one verifies that
dim(Hig(X)/(Z2)"™ =1-1
for each n =1,...,p — 1. It follows that
dimgHp < (I-1)(p—1)=[K:Q].
It remains to show that H # 0, for which it suffices to show that 7 is not the
identity on H3g(X)/(Z). If p < I, this follows from Proposition 4.4 and Corollary
4.6. The general case follows from Proposition 5.2 below. O

5. PERIODS

We compute the periods of our H and verify the Gross—Deligne conjecture, for
which it will suffice to consider F!1Hyg.

5.1. Basis of F'Hgg. Recall that, by (4.3), we can identify F'(H32g(X)/(Z))™
with the elements of F*H' (P!, &™) having trivial residues. Furthermore, they are
identified with rational 2-forms by the following lemma. Put T3 = P!\ {0, c0}.

Lemma 5.1. For eachn=1,...,p—1, there is a natural injection
v FYNHGR(X)/(2)™ < T(Th, Qa (log D) @ F ™).
Proof. By (4.1) and (4.3), it suffices to show the existence of an injection
HY(PY, F1e™) < (T, Qb (log D) @ Frz2™)

where we put F'& = [F'o, — Ql (logD) ® #]. Consider the commutative
diagram
0

0L, (log D) © FLz™

™ —Y 5l (log D) ® ™

|-

Pl Yo QL (log D) ® Gr'% A

0

where the right vertical sequence is exact. By Proposition 3.3, V is an isomorphism
on Tj. Therefore, we have an isomorphism

[(Ty, Q% (log D) ® Floz™) = gHY(Ty, F1e™).

It remains to show the injectivity of H'(P', F1&™) — HY(Ty, F'&™). This
follows from the fact that H'(P!, F1&) — H!(P!, &) is injective and H!(P!, &) —
H(Ty, &) is an isomorphism. O

Under the identification via ¢, we have the following.
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Proposition 5.2. For each n = 1,...,p — 1, a basis of F*(H3z(X)/(Z))™ is
given by {wy,n | m € I} where
{=1(B —a)l],. —1} U {1 ,max{|ad], | B} ifa<B,
{1,..., max{|od], 31} if a > .
Recall that oo = {*}, B = {%b}.

Il .=

n *

Proof. 1t is a routine to verify that |I}| = dim F*(H32g(X)/(Z))™ using Proposi-
tions 4.4 and 4.8. Therefore, it suffices to show that wy, , € F'(H2z(X)/(Z))™ if
m € I'. We construct Cech cocycles representing elements of HY(P!, Flé"(")) with
trivial residues which correspond to wy, . Take a covering P! = Uy U Uy where
Up := P\ {00}, Uy := P!\ {0}; note that T3 = Uy N Us. A Cech cocycle in this
case is a triple
(l/f, ©o, (Poo) S F(Tla Fljzﬁe(n)) S @ F(Uta Q]}l"l (log D) & ‘}iﬂe(n))
t=0,00

satisfying Vi) = @o|lr, — @oolry- We construct such cocycles in four ways. By
Proposition 3.2, we have

171V (t"™w,)

= (u —1+B)wmn+1 tlnmn (5.1)

= (w-a= 210+ 5 (0= = B+ ) 62

= (5 1= ) omn — T (0= D= (=) (63

= (u —a+B8+(1- O‘ﬁ—Z) Wi, — %(Wm,n — Thm.n)- (5.4)
Put

Jj=max{0, [(«— B)I]}, k=min{|al],|(1—-P)]}.
(i) Suppose that |al] > [ (1 — B)I]. Let ¢ = [~ 1t™w,,
1-a
¥o = (p, -1+ ﬁ)wm,nv Poo = _mnm,rp
By (5.1) and Corollary 3.4, these define a cocycle if j < m < |al|. By Proposition
4.2, it has no residues unless m = 0, hence defines an element of F'(H32x (X)/(Z))™
if
j<m<|al], m#0.
(i) Suppose that [al] < [(1—/)l]. Then, by (5.2) and Corollary 3.4, 1 = I~ 1w,
l—a-p
$o = M—Q—W Wm,n,
t! !
Poo = _ﬁ ((1 - — ﬂ)wm,n + (1 - a)t_ nm,n)

define a cocycle if j < m < |(1 — B)I]. To kill the residues, we use Lemma 5.3
below. Then, by letting

11—«
Yo = (,u - a)wm,na Poo = (1 - — 6)Wm,n - ﬁnm,na
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we obtain an element of F'(H3,(X)/(Z))™ for

j<m< |(1- A, m£0.
(iii) Suppose that o < 3. Then, by (5.3) and Corollary 3.4, 1 = —~1t"w,,

l
%tl((l = B)wWmmn — (1 = ) mn)s Poo = <u +(1— 5)@) Wi

define a cocycle if

Yo =

—[(B=a)l] <m <k
If m < 0, we can kill the residues using Lemma 5.3, and
1-a
Yo = (1 - B)wm,,n - itlnm’n’ Poo = MWm,n

define an element of F'(H2(X)/(Z))™ for
—1(B—a)l] <m <0.
(iv) Finally, suppose that a > 3. Then, by (5.4) and Corollary 3.4, —I~1t™w,,,
1—a t!
Yo = m(wm,n - nmm)v Poo = (/’6 —a+ /6 + (1 - a)].—tl> Wm,n
define a cocycle if 0 < m < k. If m # 0, we can use Lemma 5.3 to kill the residues

and
1l -«

Yo = (1 - a)wmtn - mnm,na Poo = (/1* -1+ ﬁ)wm,n
define an element of F'(H32(X)/(Z))™ for
0<m<Ek.

Combining (iii) and (i) (or (ii)), we obtain the first case of the proposition. For the
second case, combine (iv) and (i) (or (ii)), just noting that k > j—1 = |(a—p)l]. O

Lemma 5.3. If j <m <, m#0, then

1
L S € TP 20 (08 D) © ),

and it has trivial residues at t = 0, co.
Proof. This is immediate from Corollary 3.4 and Lemma 4.3. t

5.2. Period formula. We prove the period formula which verifies the conjecture of
Gross—Deligne [14, Sect. 4] (but see Remark 5.6 below). We identify an embedding
x: K < C with the element h € (Z/IpZ)* such that x(¢;,) = (l’;, and write H")
instead of HX. For each h € (Z/lpZ)*, let (p(h),2 — p(h)) be the Hodge type of
H® ., Put K" = Q(par,) (K = K’ if Ip is odd).

Theorem 5.4. Define a function : Z/lpZ — Z by

1 ZfZ Elb7p7l(p_b)7l(b_a)+p (mOd lp)7
e(i) =< -1 ifi=lb+pllp—a)+p (modlip),
0 otherwise.

Then, for any h € (Z/IpZ)*, we have
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v 1 o))"

i€Z/1pZ

and

Proof. For real numbers x, y with 0 < z,y < 1, z + y # 1, put

1 ifa4y<l,

5($,y) = {—Ji} + {_y} - {_(x+y)} = {0 if +y>1.

Then we have

) hi
o) = e {12 b =65+ 51 - 545 - a ).
where we put a = {ha/p}, 8 = {hb/p}, p = {h/l}. Firstly, we have p(h) = 2 if
and only if
B+u<l, 1-+{B—-a+u}<l.
Letting m = Iy, the first condition becomes m < (1 — B)I, i.e. m < [(1 — B)].
Similarly, the second condition is equivalent to

(a< B, m<al) or (a>f, (a—p)l<m<al).

Comparing with Proposition 4.4, we have p(h) = 2 if and only if p(h) = 2. Secondly,
since

p(h) +p(=h) = ¢(h) + ¢(=h) = 2,
we have p(h) = 0 if and only of ¢(h) = 0. Since p(h),p(h) € {0,1,2}, we have
p(h) = p(h) for any h.
For the second statement, we compute the periods over the 2-cycle

(1 =7)s(1 —0) A

Since (1—¢;)(1—(p) is invertible in K, it reduces to the periods over Ay (Proposition
2.6 (i)). Consider firstly the two cases:

(i) @ <Band p(h) > 1,

(ii) o> B and p(h) = 2.
In both cases, by Propositions 4.4 and 5.2, H" is generated by W, n satisfying
[(a — B)I] < m, which is equivalent to o — 8 < p := m/l. This is the assumption
of Proposition 2.6 (i) and we obtain the desired formula.

The other cases are reduced to the above ones. If we replace x with x !, then

h (resp. «, B, p(h)) is replaced with —h (resp. 1 —«a, 1 — 8, 2 — p(h)). By Lemma
5.5 below, the cup-product H?(X) ® H*(X) — Q(—2) induces an auto-duality on
H, under which HX is dual to H X' Hence we have

Per(H™) . Per(H™M) ~ e (2mi)%.

On the other hand, recall the reflection formula

sinmz
for any = € iZ \ Z. Therefore, the case where o < 8 and p(h) = 0 (resp. a > 3
and p(h) > 1) is equivalent to the case (ii) (resp. (i)). O
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Lemma 5.5. Put H?(X)z = Ker(H?(X) — H?(Z)). Then, the composition
HA(X) 7 — HA(X) — HY(X)/(Z)

induces an isomorphism of Hodge-de Rham structures H*(X)z; @r K ~ H.

Proof. This follows from the fact that the kernel of the composite
H%(X,C) - H*(X,C) — H*(Z,C)

is one-dimensional by Zariski’s lemma (cf. [6, III, (8.2)]). O

Remark 5.6. Our definition of ¢ is slightly different from [14]; £(¢) here is €(—i) of

loc. cit., where Gross looks at the values I' (1 — {hi/lp})s(i). The former conforms
to the definition of the Stickelberger element as

hl
> TN (%o
he(Z/NZ)*
where op, € Gal(Q(un)/Q) sends an Nth root of unity to its hth power.

6. REGULATORS

After explaining the regulator map we consider, we prove Theorem 1.2 from the
introduction and its consequences on the non-vanishing.

6.1. Formulation. The Deligne cohomology of X¢ := X X .5 SpecC with coef-
ficients in Q(2) is defined to be the hypercohomology of the complex

Q2) = Oxc = Qx e

where Q(2) := (27i)2Q is placed in degree 0. Consider the Beilinson regulator map
[7] from the motivic cohomology

ro: H3y(X,Q(2)) — H3 (X, Q(2)).
We have a natural isomorphism
H5(Xe, Q(2)) ~ H*(X,C)/(F? + H*(X,Q(2))),
and the Carlson isomorphism
H?(X,C)/(F? + H*(X,Q(2))) = Extyys(Q H(X, Q(2))).
Here, MHS denotes the abelian category of Q-mixed Hodge structures. By Poincaré
duality H?(X,Q(2)) ~ H2(X,Q), we obtain an identification
H3(Xe, Q(2)) ~ Bxtyins (Q, H2(X, Q).
Let Z C X be as before and consider the regulator map
ro.z: Hiy 2(X,Q(2) = H3 2(X,Q(2) ~ Hi(Z,Q)
from the motivic cohomology supported on Z. Since H; (X, Q) = 0 by Proposition
4.1, we have an exact sequence of mixed Hodge structures
0,
HZ(ZaQ) — HQ(Xv@) — HQ(X7 ZaQ) — HI(Z7Q) — 0.

If we denote the image of the first map by (Z), we have the connecting homomor-
phism

p: Hl(Z’ Q) NHY — Ethl\/IHS(Q’ H2(X’ Q)/<Z>)7
where H%? denotes the Hodge (0,0)-component of Hi(Z,C). By the lemma and
the remark below, p describes the restriction of r4 to the image of Hi/z,Z(X’ Q(2)).
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Lemma 6.1. The diagram below is commutative up to sign:

H?, ,(X,Q(2) —% Hi1(Z,Q) N H*® — Extiys(Q, H>(X,Q)/(2))

| T

H3,(X,Q(2)) — 2= H(Xc,Q(2)) — = Extyms(Q, H2(X, Q)

where the vertical maps are the natural ones.

Proof. See [5], Theorem 11.2. O

Remark 6.2. The right vertical arrow is surjective since Extfv[HS = 0. Its kernel
is topologically generated by decomposable elements, i.e. the image of

(CHi(2) Q") ®2Q = H' £(X,Q(2)).
Also, it is not difficult to show that r4 7 is surjective.

6.2. Regulator formula. Now, we regard the extension classes as functionals (up
to period functionals). Let H?(X)z; = Ker(H?(X) — H?(Z)) as before. Since
H?*(X,Q)z ~ (H2(X,Q)/(Z))*, we have

Extyms(Q, Ho(X,Q)/(2)) ~ (F'H?(X,C)z)"/ Image H2(X, Q)
where * denotes the C-linear dual. By Lemma 5.5, p induces a map
p: (Hi(Z,Q) N H")®@p K — (F'Hc)*/HY,

where He := Hp ®g C and HY denotes the dual Hodge-de Rham structure of H.
Put Z1 = ;¢ X¢c. We shall describe the restriction of p to H1(Z1,Q) ®r K.
Recall that Hy(Z;,Q) c H%? (Corollary 3.6). We have in fact the following.

Lemma 6.3. We have an isomorphism
H\(Z,,Q)®r K > Hi(Z,Q) ®@g K.
Proof. By Proposition 4.2, 7 acts trivially on H;(Xp,Q) and H;(X,Q) =0. O

Let (1 —0).A¢ € H2(X, Z1;Q) be the Lefschetz thimble defined in Sect. 2.5,
and let Hy(X, Z1; Q)res C H2(X, Z1; Q) denote the R-submodule generated by this

element.

Lemma 6.4. The restriction of the boundary map
0: Hy(X, Z1;Q)ret ®r K — H1(Z1,Q) @ K
is surjective and H1(Z1,Q) ® g K is one-dimensional over K.

Proof. By Proposition 4.2, dimg H1(X¢,Q) = p — 1 for ( € y;. Since 7 permutes
the components of Z;, Hy(Z1,Q)®g K is one-dimensional over K. Whereas k¢ and
k1 generate Hi(X:, Q) (Proposition 2.4 (ii)), x1 vanishes as ¢ — 1 by definition.
Therefore kg does not vanish, i.e. ((1 —0).Ag) is non-trivial in Hy (X7, Q), hence
so is in H1(Z1,Q) ®r K. O

Now we state our main theorem. For z € K, let =, (resp. z*) denote its action
on homology (resp. cohomology). Since 1 — (, is invertible in K, we write

(1= G) ™)1 = 0)ulo € Hi(X, Z1;Q) ®r K
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simply as Ag. For each m and n, define an embedding X, n: K < C by

Xm,n(cl) = Clrnv X’myn(CP) = CZTJL

Theorem 6.5. Let v € H1(Z1,Q) ®r K and take © € K such that v = x.0A.
Let {wmn |n=1,....,p—1,m € I} be the basis of F'Har given in Proposition
5.2. Then we have
B(l_aaﬁ) 1_a567ﬁ_a+p’
Wmn) = Xman(T) 70— F i1
POV o) =m0 o) (1a+ﬂ,ﬂa+u+1

where o = {%}, 8= {%b}, p=".

Proof. We apply Theorem 7.3 of the appendix to our situation where D = Z; and
X° = X\(XoUXx) (see the proof of Lemma 5.1). Note that Hc ~ H3g(X¢)o®rK
by Lemma 5.5 since T acts trivially on H3g (e(P{)) (see Sect. 7.2 for the notations).

PutT'= (1—7)4«(1 —0).Ag. Since I' € Hy(X, Z1; Q) does not necessarily comes
from Hy(X°,Z1;Q), we take a detour. Let I be the Lefschetz thimble given by
sweeping (1 — 0).dp along the path k1 + k2 + x5 in T\ {0, 00}, where & is the line
segment from ¢ to ¢ (¢ > 0), ko is the arc from e to € and k3 is the line segment
from € to 1. Then IV € Hy(X°, Z1;Q) and 7 := 9(T") = 9(I"”). Theorem 7.3 yields

) @rn) = / .

The right integral is computed similarly as Proposition 2.6 (ii), and letting ¢ — 0
we obtain the theorem for x = (1 — ;)(1 — (). The general case follows by the
cyclicity of H1(Z1,Q) ®g K. O

6.3. Non-vanishing. We prove the non-vanishing of p under a mild assumption.
The situation is different depending whether a + b = p or not.

If a + b # p, the regulator does not vanish even in the Deligne cohomology with
R-coefficients, or equivalently, the extension group of R-mixed Hodge structures

Extgyns (R, Hr) = (F' He)*/H,
where Hr = Hp ®g R, Hc = Hp ®g C. Note that
dimg (F' He)*/Hy = dimg Gry, Hag.
Let
pr: Hi(Z1,Q) ®r K — (F'He)*/Hy
be the composition of p and the natural surjection.

Theorem 6.6. Suppose that p <l and a+b # p (sop > 2). Then pgr is non-trivial.
In particular,

dimg pr(H1(Z1,Q) @r K) = (I —=1)(p — 1).
Proof. By restricting the functionals to F'Hg := F'Hc N Hg and taking the imag-
inary part, we obtain a K N R-linear map

ok Hi(Z,,Q) ®r K — Hom(F*! Hg,iR).

Foreachn =1,...,p—1, we have o # 1—f by the assumption. Hence |a—(1—/)| >
1/p > 1/l and there exists an m satisfying

min{|al], [(1 = B)I]} <m <max{|al], [(1 - )]} (6.1)



26 MASANORI ASAKURA AND NORIYUKI OTSUBO

Then we have w,, ,, € Grj. Hyr by Propositions 4.4 and 5.2. Since m > |(a — )i/,
we have p:=m/l > a — 3, hence we can apply Proposition 2.6 (i) to compute the
period:

(-1

Qo = wm’n:—TB(B,M)B(l—ﬁ,ﬂ—a—i-u).
Ay

Put a normalization

-1
Winn, = Qm’nwm’n.

~ o~
/ Wm,n = / T Wm,n = Xm,n(x)
I*Al Al

forany z € K. fwelet ' =p—n, o ={na/p}=1—a, f/ ={n'b/p} =1- 0,
m' =1l—m and p/ = {m’/l} = 1—p, then these satisfy the assumption (6.1). Hence
W e 1s defined and we have

/ a7n’,n’ = Xm,n (J?)
T Al

for any x € K. Since H}, is generated as a K-module by
(1 =) 1 =) (1 = 7)u(1 = 0)uAy,

which we simply denote A; as before, we have &y, r, = Wy » and hence

Then we have

&m,n +am/,n’ € FlHR-
Define the regulator as
B(1— 1-— —
Rm’n::/ wm’n:(a’B)F< a7/8)6 a+lu ’1>.
Ao (B—a+p) " \l—a+BB—atpu+l

By Theorem 6.5, for any v € H1(Z1,Q) corresponding to = € K as in loc. cit., we
have

PN @ + Do) = 10 (Xonn (21251 Ron + X (0) 2 R

= 1 (o, (2)) (b B = U R )

Since Qi n Qs < 0and Ry, R s > 0, the above does not vanish for z € K'\R.
Hence pr is non-trivial. Since pr is K-linear, the second assertion follows. ]

The non-vanishing of p is a more subtle problem. For the case a +b = p, we
have the following criterion.

Proposition 6.7. Let p, | be distinct prime numbers and suppose that a + b = p.
If p is trivial, then there exists an x € K such that

Rm,n :Xm,n(m)Qm,n
foranyn=1,...,p—1 and m € I} such that%>{%}—{"7f’}.

Proof. Let v = 0A¢ and suppose that p(y) = 0. Since H} is generated by A; over
K, there exists an « € K such that p(v) is represented by the functional ng A If
m, n are as in the statement, then

*
/ Wm,n = / T Wm,n = Xm,n(-r)ﬂm,n
I*Al Al

by the definition. Hence the proposition follows. O
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Example 6.8. If p = 2, then « = 8 = 1/2 and Y is nothing but the Legendre
family of elliptic curves. By Proposition 4.8, we have Grj, Hqr = 0 and the Deligne
cohomology with R-coefficients is trivial. Since the condition 7 > {%%} — {%b}

(= 0) is automatically satisfied, Proposition 6.7 is in fact an equivalence. If | = 3
for example, then p is trivial if and only if

51\ 2 111
\/g<r()) ,F<212;3;1> c Q.
'3

6
I'(3)

7. APPENDIX: FIBRATION OF CURVES AND EXTENSION OF MOTIVES (BY M.

ASAKURA)

3
Here we used Q(¢3) NiR = /3iQ.

In this appendix, we develop a technique to compute regulators for a fibration
of curves and motivic elements constructed from degenerating fibers, which is used
in the proof of the regulator formula (Theorem 6.5).

7.1. Relative cohomology. Let V' be a quasi-projective smooth surface over C.
Let D C V be a chain of curves. Let 7: D — D be the normalization and ¥ C D

be the set of singular points. Let s: ¥ := 77 1(X) < D be the inclusion. There is
an exact sequence

0= 60p ™ 65 Cs/Cx — 0,
where Cs, = Maps(%, C) = Hom(Z, C) and 7*, s* are the pull-backs. For a smooth
manifold M, let &/9(M) denote the space of smooth differential g-forms on M with
coefficients in C. We define «/*(D) to be the mapping fiber of s*: &/*(D) —
CE/CZ:

(D) “H Cs/Cx @ 7'(D) 228 2(D),
where the first term is placed in degree 0. Then
Hig(D) = H(«/*(D))
is the de Rham cohomology of D, which fits into the exact sequence
-+ — H3x(D) — C5/Cx. — Hig(D) — Hig(D) — -~ .

We have the natural pairing
(,)p: H(D,Z)® Hig(D) = C, ~y®zr / n—c(0(r™y)),
¥

where z is represented by (c,n) € C5/Cx @ /1(D) with dn = 0 and d denotes the
boundary of homology cycles. N _

We define «7*(V, D) to be the mapping fiber of i*: &/*(V) — «/*(D), the pull-
back by i: D — V:

(V)8 7 (D)e o' (V) B Cs/Cs 0 7 (D)o (V) L -
Then the relative de Rham cohomology is defined by
Hin (V. D) = HY(o/* (V. D)

and fits into the exact sequence

o= HIZHN(D) — HIy(V, D) — Hig(V) — Hig(D) — - . (7.1)
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An element of H3y (V, D) is represented by
(¢,n,w) € Cg/Cx @ 1 (D) ® (V) (7.2)
which satisfies i*w = dn and dw = 0. The natural pairing
(, )vip: Ho(V,D;Z) ® Hig(V,D) — C

is given by

(T, 2)yp = / w— (0T, (e.n)) p = / w- /6 (o @r))).

The complexes &/*(V) and «7*(D) are canonically equipped with Hodge and
weight filtrations, and then (Qy,«*(V),F*,W,) and (Qp,«*(D), F*,W,) be-
come cohomological mixed Hodge complexes in the sense of [11, (8.1.2)]. The
Hodge and weight filtrations on «/*(V, D) are induced from them and the data
(Qv,p,«*(V,D), F*,W,) becomes a cohomological mixed Hodge complex as well.
Hence we have an exact sequence

..o HN(D,Q) — HY(V, D;Q) — HU(V,Q) — HY(D,Q) — ---

of mixed Hodge structures which is compatible with (7.1). Taking its dual, we
obtain an exact sequence

0= Hy(V,Q)/Hz(D) — Ha(V, D;Q) % Hy(D,Q) — Hi(V, Q).
Since H{(V,Q) N H%% = 0, we obtain the coboundary map
pv.p: Hy(D,Q) N H* — Extyyg(Q, Ha(V, Q)/Ha (D)) (7.3)
to the extension group of mixed Hodge structures. If we put

Hig (V)p = Ker[Hig(V) — Hig(D)],

e

then we have the Carlson isomorphism
Extys(Q, H2(V,Q)/Ha(D)) = Coker [Hy(V, Q) — (F' Hr(V)p)*],  (7.4)

where * denotes the C-linear dual and the map is the natural pairing. Under this
identification, the map py p is described as follows. For v € H1(D,Q) N H%?, take
aT € Ho(V,D;Q) such that 9(T') = ~. Then we have

pvo(7) = [w = (Towvin)yp) (7.5)
where wy p € FYH3; (V, D) is a lifting of w, on which the pairing does not depend.

7.2. Rational forms. For a given w, it is usually complicated to compute an ana-
lytic lifting wy, p explicitly. In the following situation, we shall be able to associate
a rational 2-form via Deligne’s canonical extension, which gives a simple expression
of pv,p.

Let C be a projective smooth curve over C and f: X — C be a fibration of
curves with connected general fiber which admits a section e: C — X. From now
on, we use the algebraic de Rham cohomology groups (see [15]) and identify them
with the analytic ones in the previous paragraph. For a Zariski open set S C C,
let V = f~1(5) and put

Hig(V)o = Ker | Hig(V) — H Hig(f1(s)) x Hip(e(S))] ,
ses
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Hg(V, D)o = Ker [Hig (V. D) = Hip(V)/Hir(V)o] -
Then we have an exact sequence of mixed Hodge structures
Hig(V) = Hig(D) = Hig(V, D)o = Hig(V)o — 0. (7.6)

The arrows are strictly compatible with the Hodge and weight filtrations. In partic-
ular, F'H3,(V, D)o — FYH2; (V) is surjective. Later, we shall use the following.

Lemma 7.1. Let g: V' — V be a birational transformation which is an isomor-
phism outside D and put D' = g=1(D). Then the pull-back g* induces isomorphisms
Hig(V)o = Hig(V')o and Hig(V, D)o ~ Hig(V', D')o.

Proof. By (7.6) it is enough to show isomorphisms
Hig(V) =~ Hip(V'), Hig(D)~ Hig(D"), Hir(V)o = Hir(V')o.

The first one is an easy exercise. Let X’ be a smooth compactification of V' such
that X'\ D’ ~ X \ D and consider the commutative diagram with exact rows

H3 (X') == H3 (X D) ——= H{R(D') —— Hig (X') —“= Hi(X'\ D)

| |

2 3

Hip(X) b*>HdR X\ D) —— H{"(D) —— Hiz(X) L>HdR (X\ D).
The second isomorphism follows from the fact that
Image(a™) = Image(b") = W,, Hjz (X \ D).
The last isomorphism follows from the commutative diagram
0 —— Hi(V)o — Hix(V'\ D)o —— H{™(D)

.| -

0 —— Hig(V")o —= Hig (V' \ D)o — H{"(D’)

with exact rows. O

Now, fix a Zariski open set S C C such that U := f~1(S) — S is smooth. Put
T=C\Sand Z=X\U. Let

V: A, — Q-(logT) @ A,

be the Deligne canonical extension of the Gauss—Manin connection (2 = R! [0y /8" V).
Put F'J¢, = j,F' ¢ N A, where j: S < C and Gr'ly 5, = #,/F' . Let

V: F'i, — Qb(logT) @ Gr% A,
be the O¢-linear map induced from V. In what follows, we assume the following:
(*) The map V is generically bijective.

Let C° C C be a Zariski open set on which V is bijective and put X° := f~1(C°).
Note that S ¢ C° in general and X° — C° is not necessarily smooth. Then the
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commutative diagram

QL (log T) ® F1. 2,

F'te —— Qb (log T) ® A2

—i

ot Y = QL (log T) @ Gr'h A,

induces an isomorphism
A°:=T(C°,QL(logT) ® F1.0) S HY(C°, F* ., — QL (log T) @ H2).
Note that A° C I'(X°, Q% (log Z)).
Lemma 7.2. There are natural injections
F'H3g(X)o < F'HIg(U)o = A°.
Proof. The first injectivity follows from Zariski’s lemma (cf. [6, III, (8.2)]). Since
H2 (U)o~ HY(S, # — Q5 @ ) ~ H(C, #, — Q(log T) @ JH2)
and
FYHYS, 0 — Qg @ ) = H'(C, F*, — Qt(log T) @ )

(cf. [27, §5]), the second injectivity follows from that of F*H3z (U)g — F1H3z(UN
X%)o. O

Define A(X) C A(U) C A° to be the images of F*H3z(X)o, F*H33 (U)o, re-
spectively. By the commutative diagram

FngR(X)O 4 >FlHéR(U)O —>H?R(Z)

1 |
A(X) ————— A(U) —— H(X°, Q% (log Z) /%)

we have A(X) C I'(X°,Q%). For any cohomology class w € F'H3(X)o, let
w® € A(X) denote the corresponding rational 2-form.

7.3. Main result. Now, let D C X° be a finite union of fibers. We give a descrip-
tion of the map
px,p: Hi(D,Q) N H" — Coker [Hy(X,Q) — (F'H3g(X)o)*]

induced from (7.3), (7.4) and the inclusion F*H3g(X)o C F*Har(X)p. Note that
this factors through pxe p. We regard an element 1 € A° as an element of &/%(X°).

For the dimension reasons, we have i*n = 0 and dn = 0. Hence (0,0, 7) as in (7.2)
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defines a cohomology class 7 € H33(X°, D). Note that 7 does not necessarily
belong to F!. For any w € F1H3(X)o, write & instead of w®.

Theorem 7.3.
(i) For any w € FY*H2;(X)o, we have @ € FY*H23(X°, D)o and it lifts w|xo.
(ii) For any v € Hi(D,Q) N H%?, choose I € Hy(X®, D) such that (') = 7.

Then we have
pxp(y) = [w — /wo} .
r

Proof. By (7.5), the assertion (ii) follows immediately from (i). By Lemma 7.1, we
may assume that D,eq and Z,eq are divisors with normal crossings. It suffices to
prove the case where D = f~1(P), P € C°.
For a Zariski sheaf %, let (C*(.%),d) denote its Cech complex. Firstly, Hg (X)
is given by the cohomology in the middle of the complex
CH(Ox)x CO Q) B C2(0x) x CH (k) x CO Q%) B C3(0x) x CP () x CH(9%).
A description of H3g (U) = H?(X, Q% (log Z)) is given similarly. Finally, H3; (X, D)
is given by the complex
O (Ox) x C(05 & %) B C2(0x) x C (05 & k) x V(0505 ® Q% & 0%)
@ N -~ ~
= CP(Ox) x C* (05 ® Q) x CH 05/ 05 © QF @ O%).
Let w € F*H3,(X)o and take its representative z = (0) x (a;;) % (3;) € Ker(%s).
Since w € FYH3z(X)p, there exists (¢;) € C’O(Q%) such that ag;|5 = €; — €. If we
put
zx,p = (0) x (0, ;) x (0, €, 5s),
then zx p € Ker(%,). By the definition of the Hodge filtration, it represents a class
wx,p € F'H?2; (X, D) which lifts w. Let wx p|xe be its image in H3z(X°, D).
Let & € H23(X°, D) be the class of the Cech cocycle
z:=(0) x (0,0) x (0,0,w"®).
The group HY(C°, F'#, — QL (logT) ® ##,) is given by the complex
~ 9 ~ ~
COUF' A co) 3 CHE A o) x CV(Q(log T) @ A o)
% C2(F' ) o) x CH QL (10g T) ® A o).
By the definition of w®, there exists y = (1;) € C°(F'#|c0) such that Z5(y) =
(ai5) X (Bi) = (0) x (w°), i.e. vj —v; = a5, dv; = B; — w°. Hence we have
ZX,D|X° —Z= (0) X (O,Z/j — Vi) X (O,éfi,dl/i).
It is clear that this vanishes in H3 (X°), hence @ lifts w|xo.
We are left to show that the class of & lies in F''. Let V be a sufficiently small
neighborhood of D so that we have an exact sequence
0— Qb — QL (log D) *$7,05 — 0.
Since H3,(X°,D)/F* — H3;(V,D)/F* is injective, it suffices to show the claim
after restricting to V. Since Res(v;) — Res(v;) = Res(a;;) = 0, (Res(v;)) defines a
class e € HY(D, 0p). Consider the composite

H(D,05) % H'(V, Q) 5 H'(D, QL) ~ Hi (D),
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where § is the connecting map. Then (i*o4)(e) is represented by (ai]5) € CHQp).
Therefore, under the above isomorphism, (i* o 8)(e) corresponds to i*(w) = 0. Let

t € O¢ p be a uniformizer at P. By Zariski’s lemma (cf. [6, ITI, (8.2)]), Ker(i* o )
is one-dimensional and generated by Res(%). Hence there exists a constant ¢ such
that

dt

0; =y -

has no pole along D. By replacing v; with 6; and taking ¢; = 6;|5, we see that
wx,ply —®@|y is in the image of F*Hl (V) — H3x(V, D). Hence we obtain & € F*
and the proof is complete. O
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