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Abstract: A functional directional differential operator on Boson Fock
spaces in the Q-space representation with a Gelfand’s triple is considered.
Then, we derive an integration by parts formula on that differential opera-
tor by employing the notion of strongly continuous one parameter unitary
group.
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I. INTRODUCTION

Integration by parts formulae play important roles in analysis of finite dimen-
sional manifolds. Hence it is important to derive integration by parts formulae for
foundations of analysis of infinite dimensional spaces. For this subject, there have
been studies [5,7]. We have such formulae for functions of finitely many random
variables on infinite dimensional spaces, which form dense linear subspaces of L?-
spaces. But there might be general classes of functions to which integration by
parts formulae can be applied, not those of finitely many random variables. The
purpose of this paper is to derive integration by parts formulae for such general
functions.

The outline of this paper is as follows. In Section II, we review some fundamental
facts related to functional directional differential operators on Boson Fock spaces
in the Q-space representation with a Gelfand’s triple. In Section III, we consider
the image measure of a probability measure by the translation in locally convex
spaces and introduce a strongly continuous one parameter unitary group on Boson
Fock spaces employing that measure. In Section IV, by applying results in Section
ITI, we derive integration by parts formulae for a general class of functions on
infinite dimensional spaces.



II. PRELIMINARIES

Let 57 be a real separable Hilbert space, & be a real Hausdorff locally convex
space with & = 4, and ¢ be a continuous embedding from & to .#. Then, ‘i, the
transpose of ¢, is injective and regarded as an embedding from 7 to &’. Thus, we
have the Gelfand’s triple (&, 7, &”") such that & C # C &', and the canonical
bilinear form ¢(f) on & x & (¢ € &', f € &) satisfies

o) =, ) €K, [EE. (2.1)

Let £ be a o-field generated by {¢(f)|f € &} and u be a probability measure on
(&', A) such that

/ () = e~ Hfléllgf, feé. (2.2)

Then, we have

2
[ otpraute) = 1
We denote by L?(&”, du; R) the real Hilbert space of all real valued F € L*(&”, du).
Hence, the operator f — ¢(f) from & to L?(&”,du;R) is continuous linear and
extends to the continuous linear operator T from J# to L*(&”’,du;R) such that

feé. (2.3)

2
/ T(f)2dyu = @ fest (2.4)
&1

For all f € 2 and ¢ € & we define ¢(f) by

Then, we have

2 2
o(Fan() = LI / MNdu(g) = e, fed.  (25)
(g’/ (g’/
PROPOSITION 2.1. For all f € 2,
O(f) = (6. f)p  n—ac.p € . (2.6)

Proof. Let f € . Since & = ', there exists a sequence {f,}, .y in & such that
fn— fasn — oo. Since

T(fn) — T(f), as n — oo,

taking a subsequence of {f,} we can assume that

neN?

O(fn) — o(f), p—ae ¢ €8’ asn— .
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Since for all n € N and ¢ € 77,

¢(fn) = <¢> fn>f7

we have
o(f) =&, )y, n—ae ¢ €.
O

We denote by ¢ the complexification of 57 and define a complex Hilbert space
F,(H¢), which is called the Boson Fock space over 4, by

F( ) = PR

n=0

- {¢ - {¢(n)}20=0

. n oo . 9
™ e @A >0, ) M5, < oo},
s n=0

where ®@7.¢ is the n-fold symmetric tensor product of ¢ with ®%# = C.
For all f € J#, we denote by a(f) the Boson annihilation operator in .7, ()
with test vector f, which is the unique densely defined closed linear operator on
F(H2) such that its adjoint a(f)" takes the following form :

(a(fy )@ =0, (al(f) )™ = vnSu(fe ™), n>1, ¢ € D(a(f)"),

where S,, denotes the symmetrization operator (symmetrizer) on ®".#¢. The

operator a(f)* is called the creation operator with test vector f.

For all fy,---, f, € £, we denote by : ¢(f1) - ¢(fn) : the Wick product of the

random variables ¢(f1), -, ¢(f,), which obeys the following recursion relations :

: ¢(f1) = ¢(f1)>

Lo(f1) - o(fn) = o(f1)  o(fa) - B(fn)

R SN R I TR TA L

—

where ¢(f;) indicates the omission of ¢(f;). We define a vector Q2 € .F,(¢) by
Q:={1,0,0,---},

which is called the Fock vacuum in ., (7¢). The following fact is well known (e.g.
[5,8]):



THEOREM 2.2. There ezists a unique unitary operator U from Fr,(#z) to L*(&', du)
such that
UQ =1,

Ulalfi) - a(fa) Q) = (V2)" 1 6(f1) - () s froooe fu €
For all f € 7, we define 7(f) by

i

m(f)=U (ﬁ(a(f)* - a(f))> U

Then, for all f € 7, n(f) is self-adjoint.
For all f € S, we define Dy, called the functional directional derivative along

f; by

Dy :=in(f) + ¢(f)
We denote by Z(R") the set of all polynomials of n variables. We define &2(&”)
by

Then, as is well known, for all f € J#, Dy is a closable linear operator acting in
L*(&',du) and the following proposition holds.

PROPOSITION 2.3. [5] For all g € I, P(&') is a core of w(g) and for all F €
PR") and fj € H,j=1,--- n,

n

DyF((f1),+ d(f)) = D (1 D OF)G(f1), -+, d(fa)). (2.7)

j=1
III. A Strongly Continuous One Parameter Unitary Group

For all g € 7, we define the translation 7, acting in &” by

Tg(¢) = ¢+g7 ¢ S ég,'
Then, we have the followng proposition.
PROPOSITION 3.1. (1) For all g € 7 and B € #, g+ B € AB.
(2)For all g € 2 and B C &', 7,1(B) € % if and only if B € A.

g

Proof. (1) Let A C R be a Borel set and f € &. It is enough to show that
g+T(f)"(A) € B. Since

g+T(f) (A =T(f)"({g. f) + A)

and (g, f) + A is a Borel set, we have g + T(f)"1(A) € &.
(2) Since 7, 1(B) = —g + B, by (1), we have the conclusion. O
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We denote by p, the image measure of ;1 by 75. Then, noticing Proposition 3.1,
we see the following proposition.

PROPOSITION 3.2. Let F' be a measurable function on &'. Then,
/\F|dug<oo<:> /|F|o7'gdu<oo

|F(¢ + g)|du(o)

&
If
/ |Fldpg, < oo,
p
then,
/g, Fdu, = // For,dp (3.8)
— [ PG+ g)du) (39

PROPOSITION 3.3. Let F be a bounded measurable function on &'. Then, the
mapping S from S to L' (&', du) defined by

S(9)(¢) = F(9)e?W), ge A

18 continuous.

Proof. Let g1, g2 € 7. Then,

[ e mane - [ Foea)
< 1Pl [ Jer) - o auo

< Pl [ (904 )lo(00) = bl du(o)
< 11 ([ o+ e rane) ([ oo - oPane)
< VAP, [ (@ 4 o >du<¢>)1/25||gl—gzn

1/2
= 1L @ ) o - el

On the other hand, for all g € 77,
[ () = .
&
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Hence, we have

[ F@du(o) ~ [ P duo)| < [P VeIl el g, - gl
g’/

éal

Then, we have the conclusion. Il

PROPOSITION 3.4. Let {e,}, oy be a CONS of 7 such that for alln € N, e, € &,
G be a bounded Borel measurable function on R™, and F be a measurable function
on &' such that

F(¢) = G(¢(61), e 7¢(en))7 ¢ € &'
Then,

[ P+ (o) = | Floye i 0duge), (3.10)

[ Fo+aaue) = [ Glote) +g.er) ten) + g.ca)

*zjnzll’j2
e 2
= G(5E1+<g,61>,"' a$n+<9,€1>)—d$
/” (V)"
G )e—27:1<xj—<g,ej>>2 ]
— x17 e 73:” xT.
. Vok

Hence, for all m € N with n < m,
[ P+ a)in(o) = [ P onranmtan )
By Proposition 3.3,
/5 P(@)e T 50 200 gy )
— /g, F(¢)e 19P+266) qy(¢), as m — .

Hence, we have

| F@+9in(o) = [ Pl 20du(6),
[

PROPOSITION 3.5. Suppose that there exists a CONS {e, }, o of H such that for

alln € N, e, € & and for all f € &, there exists a sequence {ay}, .y 1 R such
that for all ¢ € &,

¢<f) = Z an¢(en)-

6



Then, for all g €
Qg () = 9174250 gy 5) (3.11)

Moreover, if F' be a measurable function on &' such that

/ |F|dp, < oo,
éa/

then,
/ Fdu, = / F(é+ g)du(9) (3.12)
&' &'

_ / F(6)e 191 +260) gy, (3.13)

Proof. By the present assumption, £ is gererated by {¢(e,)|n € N}. Then, by
Proposition 3.2, Proposition 3.4, and Hopf’s extension theorem, we have the con-
clusion. O

Remark. The measure p is not a Borel measure. Fzample. Let A be a strictly
positive operator acting in J#. Suppose that there exists a constant v > 0 such
that A7 is a trace class operator. We denote by {J#(A)}, . the Hilbert scale
associated with A. We set

& = J,(A).

Then, the embedding mapping of 7# into
&' = (A)

is Hilbert-Schmidt. Hence, by Minlos’ theorem [5,9], there exists a unique proba-
bility measure p on (&, %) such that the o-field £ is generated by {o(f)|f € &}
and

/ DNdp(g)=e 1, fe&.
(g’/

Then, (&,.7) satitsfies the assumption of Proposition 3.5 [1,2,3,4]. Throughout

this paper, we assume the following.

Assumption 1. (absolute continuity of p,) For all g € € and B € % such that
u(B) =0, u(g+ B) = 0.

Under the assumption of Proposition 3.5, Assumption I is satisfied. Absolute
continuity of infinite dimensional measures is well known in different contexts (e.g.
[11,12,13]).

PROPOSITION 3.6. For all f € 72,
(@+9)(f)=0(f) + {9, f), n—ae ¢€&. (3.14)

7



Proof. There exists a sequence { f,},cy i & such that f, = f as n — oco. Then,

we have

O(fn) — o(f) as n — oo in L*(&', dp).

By taking a subsequence of {f,} we can assume that

neN?

o(fn) — o(f), asn — o0, p—ae. ¢peé&'.

On the other hand, for all n € N,

(@ +9)(fn) = &(fu) + {9, fn), @€ &'

Since
(@ +9)(fn) — (0 +9)(f),
O(fa) + (9. fu) —> () + (9. f), asn — 00, p—ae ¢ €&
Hence, we have the conclusion. Il

Let X be a linear space and D C X. We denote by .Z(D) the linear hull of D.
The following fact is well known (e.g.[5]):

PROPOSITION 3.7. Z({?WV)|f € &Y}) is dense in L*(&', dy).

Let {en}, ey be a CONS of Z. We denote by %,(R") the set of bounded Borel

measurable functions on R and define %y}, (") by

Blenynen (&) = {F(der), -+, dlen)) | € Z(R"), n € N}
Then, we have the following proposition.
PROPOSITION 3.8. Bc,}, (&) is dense in L*(&”, dy).
Proof. Let f € 7. For all n € N, we set

n

fn = Z(f, e;)e;.

J=1

Then,

)~ DPdu(o) < [ 10(f) = o) dute)

éf)/

1
= 5an—fH2—>0, as n — oo.

On the other hand,

() = i Tialendte) = T elealde) ¢ B, 1 (&)
j=1

Hence, by Proposition 3.7, we have the conclusion. Il
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PROPOSITION 3.9. For all g € J€, there exists a unique unitary operator U, on
L*(&',du) such that for all F € L*(&',du),

(U,F)(¢) = F(o+ g)e_%_‘ﬁ(g), p—aeqped. (3.15)
Proof. There exists a CONS {e, }, oy of # such that for all n € N, e, € & We
define Uy, a linear operator from B, 3, .,(&”) to L*(&”, du), by

llgll?

(UF)(¢) == F(p+g)e 2 29 Fe By, (&), €&

By Proposition 3.4, we have

| IF@Fdu() = [ P&+ g)Pe 20 dp(s).

Hence, we have
||F||L2(<§”’,du) = ||U9F||L2(c§”,d,u)'
Then, by Proposition 3.8, U, extends uniquely to an isometry on L*(&”,du).

To show that U, is unitary, let F' € L?(&”,dp). Then, there exists a sequence
{Fo}en in Bieny,on (&) such that

F, — Fin L*(&',du), as n — oo.
Since
U,F, — U,F in L*(&',dp), as n — oo,

taking a subsequence of {F,} one can assume that

neN?

Fu(6) — F(6), (U,Fa)(#) — (U,F)(6) as n — oo, p—ae. g€ &

On the other hand, for all n € N,

2
ligll

(UgFn)(9) = Fulo+g)e” 2 %9, p—ae ¢ € &'

Since
Fo(d+9g) — F(¢p+g) as n — oo, p—ae. ¢ €&,

we have ,
llgl

(UF)(¢) = F(¢+g)e” =29, p—ae g €&
Hence, for all F' € L*(&”,du), we have
| IP@)Fdu(9) = | 1F(6+g)Fe b4 du(o),
| IF@Fdu() = | 1F(@ = g) e 24 dp(s).

9



Let G € L*(&',du). We set
F(9) = Glp— g 5+, g &'
Then, F' € L?(&’,du), and by Proposition 3.6,
U,F =G,
Hence, U, is a unitary operator.

PROPOSITION 3.10. For all g € 7,

diy(¢) = 711" 200) 4y (),

Moreover, if F' is a measurable function on &' such that

/ |Fldp, < oo,
(/)@/

then,
/IW% = / “¢+9MM@
& &'
= /F(¢)egllz+2¢(g)dﬂ(¢).
(g’/
Proof. By Proposition 3.9, for all F' € L*(&”,du),

| IF@Fdu(0) = | 1F(@ = g)Pe 20 dy(s).

Let B € #. We denote by pp the characteristic function of B. Then,

tL@d¢+@@W@=MF@+B)<w-

Hence, we have

1(B) = [ nto+a)in(@) = [ nlo)e o0 du(0)

Then, we have the conclusion.

(3.16)

(3.17)

(3.18)

O

For all g € 7 and ¢ € R, we define U,(t), a linear operator on L?(&”, du), by

Ug(t) = Utg-

Then, by Proposition 3.9, for all g € 7 and t € R, Uy(t) is a unitary operator on

L&', dp).

In what follows, we consider &” equipped with a Hausdorff locally convex topol-
ogy such that for all f € &, T(f) is continuous. We denote by %;(&”) the set of
bounded continuous measurable functions on &”’. Then, by Proposition 3.7, we

have the following proposition.

10



PROPOSITION 3.11. 6,(&”) is dense in L*(&',du).

Proof. We have
L] € £}) C 6.

Hence, by Proposition 3.7, we have the conclusion. Il
The following proposition is well known in functional analysis.

PROPOSITION 3.12. Let X, Y be Banach spaces, D be a dense subset of X, S be a
bounded linear operator from X toY, and {Sx},c, be a net in the Banach space
of the bounded linear operators from X to Y. If

sup ||Sy|| < oo,
AEA

and for all x € D,
SA('Q:) - S(.’E),

then, for all x € X,
Sx(z) — S(x).

Proof. Let x € X. Then, there exists a sequence {x, },en in D such that
Ty —> T asn— oo in X.

For alln € Nand A € A,

15x(x) = S@) < [15x(@) = Sx(@a)l| + [15x(zn) = S(zn) || + S (2n) = S(@)]
< supfISylllzn = zll + (153 (wa) = S@n)| + 15 ]lllzn = ]l

Since, for all n € N,
|1Sx(z) — S(zn)|] — 0 in A,

for all n € N,
lim [|Sx () = S(2)]| < sup | Sallllen =zl + IS/l ln — =]
AeA
Hence, we have
T |53(x) — ()] = 0.

Then, we have
Sx(z) — S(x).

]

THEOREM 3.13. For all g € 7, {Uy(t)},c 15 a strongly continuous one parameter
unitary group on L*(&',du).

11



Proof. By Proposition 3.6, for all s,t € R,
Uy(s)Uy(t) = Uy(s + ).
Let F' € 6,(&"). Then, for all ¢ € &,

(U,()F) (@) = F( + tg)e~ 2" s F() as t — 0.

Let 6 > 0. Then, for all ¢t € R with || <0,

t2)

2
|F(gb+tg)e‘ QQH —t¢(g)| < ||F||0065I¢(g)\'

Since
/ 21901 g1 (6) < 27191 < o,
(o@/

by the dominated convergence theorem, we have
U,(t)F — Fin L*(&',dp), ast — 0.

Hence, by Proposition 3.11 and Proposition 3.12, for all F' € L*(&”, du),
U,(t)F — F in L*(&',dp), ast — 0.

Then, we have the conclusion. Il

IV. Integration by Parts Formulae in L*(&", dpu)

By Stone’s theorem [10], we have the following proposition.

PROPOSITION 4.1. For all g € J7, there exists a unique self-adjoint operator A,
such that for all t € R,
U,(t) = . (4.19)

Moreover, for all F € L*(&',du),

F—-F
FeD(4,)) < lim% exists in L*(&',dp),

t—0

and for all F' € D(A,),

tHyF — F
AF = —iling(+ in L*(&',dy). (4.20)

t—0

In this section, we employ a notion of differentiation in locally convex spaces.
There are some definitions of differentiation in locally convex spaces. In this paper,
we consider the notion of Silva differentiation [6], which is proper to asymptotic
analysis in infinite dimensional spaces (e.g.[2] ). Let {F)\},., be a family of measur-
able functions. Then, sup,c, |[F)(¢)], a function on &”, might not be measurable.
So we consider the following definition.

12



DEFINITION 4.2. We say that sup,c, |Fx(¢)| € L*(&”, du) if there exists a positive
valued function G € L*(&',du) such that

Sup [FA\(0)| < G(¢), p—ae ped

Similarly, We say that supyey [FA(9)| € (,en LP(&", dp) if there exists a positive
valued function G € (,cy LP(&”", dp) such that

Sup [FA(9)| < G(), p—ae ¢pe&

We introduce a linear subspace of L?(&”,du).

DEFINITION 4.3. Let g € 2 and F be a measurable function on &'. We say that
F € 9, if F is Silva differentiable and for all 6 > 0,

sup |F(¢ + tg)|e®?@l sup |F(¢ + tg)|p(9)e”? @ € L*(&”, dp),

[t|<s |t|<8
Sup |F' (¢ + tg)(g)|e”?@ € L*(&, dp).
t|<

We introduce another linear subspace of L?(&”, du).

DEFINITION 4.4. Let g € 7 and F' be a measurable function on &'. We say that
F e 9, if F is Silva differentiable and for all 6 > 0,

sup |F(¢ + tg)|, sup [F'(¢+tg)(g)| € () L(&", dp).

t1<8 t1<s Do

PROPOSITION 4.5. For all g € I, .@g C Y.

Proof. By the fact that for all g € 72,

(g), e?9 e () LP(&", dp),

peEN
we have the conclusion. O

The following proposition is well known (e.g.[6]):

PROPOSITION 4.6. Let F, G be Silva differentiable functions. Then, for all g € 7
and ¢ € &,
(FG)(0)(g) = F'(¢)(9)G(0) + F(¢)G'(¢)(9). (4.21)

PROPOSITION 4.7. Let g € . If F,G € 9,, then FG € 9.

13



Proof. Let 6 >0 and F,G € ég. Then,

‘Stlug [F(¢+1tg)G(9 +tg)| < Istlug |F'(¢ + tg)| Istlug |G (¢ +tg)|

Since

sup [ (6 + t9)], sup [G(6 + 19)] € () L7(&,dp),

|t|<(S I peN

we have

sup |F(¢ + tg)G (¢ + tg)| € () LP(&", dp).

‘t|§6 peN
By Proposition 4.6, we have

sup |[(FG)' (¢+tg)(g)| < sup |F'(¢+tg)(g)| sup IG(¢+t9)|+Sup |F(¢+tg)| sup |G'(o+tg)(g)|-

[t <0 t]<0 e, lt|<s

Since

sup |F'(¢ + tg)(g)|, sup |G (¢ + tg) ()] € (| L(&", dps),

jt/<8 t/<0 pent

we have

sup |(FG) (¢ +tg)(9)| € () L(&", dp).

1] <o Do

]

PROPOSITION 4.8. Let g € 7. Then, 9, C D(A,). Moreover, for all F' € 9,

(AgF)(¢) = —iF"(¢)(g) +id(g)F (), p—ae. p€&" (4.22)
Proof. Let F' € &,. For all ¢ € &', we have
i U@ E) @) — F(¢) _ d

t—0 t o dt
= F'(¢)(9) — o(9)F (o).

Let 6 > 0. For all ¢t € R with |¢| < 0, by the mean-value theorem,

(U()F)(6) — F(9) d
: < sup| UL F))

= sw [F'(¢+tg)(g9) + (—tllgll* — ¢(9))F (¢ + tg))le

< s [F'(9+19)(9)|"" + gl up |F(9 + g0
t< t|<

(¢ 1 tg) HQH —te(g)
t=0

Isl® _44(q)

- sup |F (¢ +tg)||6(g)]e”*@).
t<

14



Then, since F' € 9, by the dominated convergence theorem,

t—0

(1 P75 ) = Fo)0) - o) F0), u-ae. o€ &
Hence, by Proposition 4.1, we have F € D(A,) and

(A,F)(9) = —iF'(8)(g) + i6(g) F(9), pacc. € &

O

PROPOSITION 4.9. Let g € . Then, (&) C 9. Moreover, for all F € (&),

(A,F)(9) = —iF(8)(g) + 0@ (D), pac. 8. (123
Proof. Let §> 0 and f € &. We set
F(6) = 0lf), o€ &

Then, we have

|st‘u<1;|F(gz$+tg)| = i&%“@zs‘i‘tg)(fﬂ
< E}glé(f)“(%ﬂl
< [o(H)]+ (g, )l

Since |¢(f)] € Mpen L (&7, dp),

sup |[F(¢ + tg)| € [ L (&, dp).

t]<5 bent

On the other hand,

sup |F'(¢ + tg)(9)| = [(g, /)] € () LP(&", dp).

|t| <o pEN
Then, by Proposition 4.7 and Proposition 4.8, we have the conclusion. O
The following proposition is well known.

PROPOSITION 4.10. [6] Let X,Y, Z be locally convex spaces, F be a differentiable
mapping from X toY, and G be a differetiable mapping from'Y to Z. Then,

(GoF)(x) =G (F(z))o F'(z), » € X. (4.24)
PROPOSITION 4.11. For all g € 7 and F € (&),
(DgF)(¢) = F'(d)(g), n—ae €& (4.25)

15



Proof. By Proposition 2.3 and Proposition 4.10, we have the conclusion. O

PROPOSITION 4.12. For all g € 5,
A, =m(g). (4.26)

Proof. By Proposition 4.9 and Proposition 4.11, we have

7(9)| 2y C Ay

Since X (&) is a core of 7(g),
m(g) C A,

By the fact that 7(g) and A, is self-adjoint, we have

A, =m(g).
O
By Proposition 4.1 and Proposition 4.12, we have the following theorem.
THEOREM 4.13. For all g € 7 and t € R,
U,(t) = @), (4.27)
Moreover, for all F € L*(&",du),
F e D(n(g)) < li—%w exists in L*(&',dp),
and for all F € D(m(g)),
m(g)F = —ilim w in L*(&', du). (4.28)

THEOREM 4.14. Let g € 5. Then, D, C D(n(g)). Moreover, for all F € 9,
(DgF)(¢) = F'(d)(9), n—ae & (4.29)
Proof. By Proposition 4.8 and Proposition 4.12, 9, C D(n(g)) and
(m(9)F)(9) = —iF"(9)(g9) +id(9)F(¢), p—ae o8
By the assumption that F' € Z,,
o(9)F(¢) € L*(&',dp).
Hence, we have

Fl(¢)(g) = im(9)F + ¢(9)F(¢)
= (DyF)(¢), p—ae. ¢eé

Then, we have the conclusion. Il

16



By Proposition 4.6, Proposition 4.7, and Theorem 4.14, we have the following
corollary.

COROLLARY 4.15. Let g € 7. Then, for all F,G € %,
D,(FG) = (D,F)G + F(D,G). (4.30)
PROPOSITION 4.16. Let g € . Then, for all F € D(D,), F € D(D,) and
D,F =D,F. (4.31)

Proof. Let F € D(D,). Then, by Theorem 4.13, F' € D(n(g)) and

m(g)F = —m(g)F.
On the otherhand, we have
¢(g)F € L*(&", dp).

Hence, we have

S
B!
[
S
=

PROPOSITION 4.17. Let g € €. For all F,G € D(D,),

[ (DF)Gi = [ Fo)o0)GE) - (DG @Ddue). (13
Proof. Since m(g) is self-adjoint,

(m(g9)F, G>L2(£”,du) = (F, 7T(9>G>L2(£”,du)'

By Proposition 4.16,

(~iD,F + i6(9)F, G) = (F,~iD,G +ig(g)C)
= [ DG~ [ o@F@C@IN0) =~ [ FDGn+ [ oo FGIGEIu0).

(g’/

Hence, we have

[ (DG = [ F@200)G(0) - (D,6)(0)dute).
Then, we have the conclusion. Il

By Proposition 4.14 and Theorem 4.17, we have an integration by parts formula
for the class Z,.
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THEOREM 4.18. Let g € 5. Then, for oll F,G € 2,

/

| F@06@1ue) = [ F@)60) - o)) (433

We denote by .#(R™) the Schwartz space of rapidly decreasing functions on R™.
We define .(&”) and exp(&”) by

y(é&/) = {F(¢(f1)v e >¢(fn))|F € y(Rn)’ flv o 7fn € éav n e N}7
exp(¢”) := L({"V|f € &}).
Then, we rediscover the following integration by parts formula.

PROPOSITION 4.19. Let g € H. Then, F,G € Z(&') U.7(8") Uexp(&”),

| piGin = [ Fo)o0Ge) - (D@0, (@3
Theorem 4.18 straightforwardly extends to the followng.

THEOREM 4.20. Let g € H°. Then, for all F € D(D,|g,) and G € 2,
| @rican= [ Po)eswco) - D000, @3
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