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I. Introduction

Integration by parts formulae play important roles in analysis of finite dimen-

sional manifolds. Hence it is important to derive integration by parts formulae for

foundations of analysis of infinite dimensional spaces. For this subject, there have

been studies [5,7]. We have such formulae for functions of finitely many random

variables on infinite dimensional spaces, which form dense linear subspaces of L2-

spaces. But there might be general classes of functions to which integration by

parts formulae can be applied, not those of finitely many random variables. The

purpose of this paper is to derive integration by parts formulae for such general

functions.

The outline of this paper is as follows. In Section II, we review some fundamental

facts related to functional directional differential operators on Boson Fock spaces

in the Q-space representation with a Gelfand’s triple. In Section III, we consider

the image measure of a probability measure by the translation in locally convex

spaces and introduce a strongly continuous one parameter unitary group on Boson

Fock spaces employing that measure. In Section IV, by applying results in Section

III, we derive integration by parts formulae for a general class of functions on

infinite dimensional spaces.
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II. Preliminaries

Let H be a real separable Hilbert space, E be a real Hausdorff locally convex

space with Ē = H , and ι be a continuous embedding from E to H . Then, tι, the

transpose of ι, is injective and regarded as an embedding from H to E ′. Thus, we

have the Gelfand’s triple (E ,H ,E ′) such that E ⊂ H ⊂ E ′, and the canonical

bilinear form ϕ(f) on E ′ × E (ϕ ∈ E ′, f ∈ E ) satisfies

ϕ(f) = ⟨ϕ, f⟩H , ϕ ∈ H , f ∈ E . (2.1)

Let B be a σ-field generated by {ϕ(f)|f ∈ E } and µ be a probability measure on

(E ′,B) such that ∫
E ′
eiϕ(f)dµ(ϕ) = e−

∥f∥2H
4 , f ∈ E . (2.2)

Then, we have ∫
E ′
ϕ(f)2dµ(ϕ) =

∥f∥2

2
, f ∈ E . (2.3)

We denote by L2(E ′, dµ;R) the real Hilbert space of all real valued F ∈ L2(E ′, dµ).

Hence, the operator f 7−→ ϕ(f) from E to L2(E ′, dµ;R) is continuous linear and
extends to the continuous linear operator T from H to L2(E ′, dµ;R) such that∫

E ′
T (f)2dµ =

∥f∥2

2
, f ∈ H . (2.4)

For all f ∈ H and ϕ ∈ E ′ we define ϕ(f) by

ϕ(f) := T (f)(ϕ).

Then, we have∫
E ′
ϕ(f)2dµ(ϕ) =

∥f∥2

2
,

∫
E ′
eiϕ(f)dµ(ϕ) = e−

∥f∥2H
4 , f ∈ H . (2.5)

Proposition 2.1. For all f ∈ H ,

ϕ(f) = ⟨ϕ, f⟩H , µ−a.e. ϕ ∈ H . (2.6)

Proof. Let f ∈ H . Since Ē = H , there exists a sequence {fn}n∈N in E such that

fn → f as n→ ∞. Since

T (fn) −→ T (f), as n→ ∞,

taking a subsequence of {fn}n∈N, we can assume that

ϕ(fn) −→ ϕ(f), µ−a.e. ϕ ∈ E ′, as n→ ∞.
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Since for all n ∈ N and ϕ ∈ H ,

ϕ(fn) = ⟨ϕ, fn⟩H ,

we have

ϕ(f) = ⟨ϕ, f⟩H , µ−a.e. ϕ ∈ H .

We denote by HC the complexification of H and define a complex Hilbert space

Fb(HC), which is called the Boson Fock space over HC, by

Fb(HC) :=
∞⊕
n=0

n⊗
s

HC

=

{
ψ = {ψ(n)}∞n=0

∣∣∣∣ ψ(n) ∈
n⊗
s

HC, n ≥ 0,
∞∑
n=0

∥ψ(n)∥2⊗n
s HC

<∞

}
,

where ⊗n
sHC is the n-fold symmetric tensor product of HC with ⊗0

sHC := C.
For all f ∈ HC, we denote by a(f) the Boson annihilation operator in Fb(HC)

with test vector f , which is the unique densely defined closed linear operator on

Fb(HC) such that its adjoint a(f)∗ takes the following form :

(a(f)∗ψ)(0) = 0, (a(f)∗ψ)(n) =
√
nSn(f ⊗ ψ(n−1)), n ≥ 1, ψ ∈ D(a(f)∗),

where Sn denotes the symmetrization operator (symmetrizer) on ⊗nHC. The

operator a(f)∗ is called the creation operator with test vector f .

For all f1, · · · , fn ∈ H , we denote by : ϕ(f1) · · ·ϕ(fn) : the Wick product of the

random variables ϕ(f1), · · · , ϕ(fn), which obeys the following recursion relations :

: ϕ(f1) := ϕ(f1),

: ϕ(f1) · · ·ϕ(fn) : = ϕ(f1) : ϕ(f2) · · ·ϕ(fn) :

− 1

2

n∑
j=2

⟨f1, fj⟩ : ϕ(f2) · · · ϕ̂(fj) · · ·ϕ(fn) : n ≥ 2,

where ϕ̂(fj) indicates the omission of ϕ(fj). We define a vector Ω ∈ Fb(HC) by

Ω := {1, 0, 0, · · · },

which is called the Fock vacuum in Fb(HC). The following fact is well known (e.g.

[5,8]):
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Theorem 2.2. There exists a unique unitary operator U from Fb(HC) to L
2(E ′, dµ)

such that

UΩ = 1,

U(a(f1)
∗ · · · a(fn)∗Ω) = (

√
2)n : ϕ(f1) · · ·ϕ(fn) : , f1, · · · , fn ∈ H

For all f ∈ H , we define π(f) by

π(f) := U

(
i√
2

(
a(f)∗ − a(f)

))
U−1.

Then, for all f ∈ H , π(f) is self-adjoint.

For all f ∈ H , we define Df , called the functional directional derivative along

f , by

Df := iπ(f) + ϕ(f).

We denote by P(Rn) the set of all polynomials of n variables. We define P(E ′)

by

P(E ′) := {F (ϕ(f1), · · · , ϕ(fn))|F ∈ P(Rn), fj ∈ E , j = 1, · · · , n, n ∈ N}.

Then, as is well known, for all f ∈ H , Df is a closable linear operator acting in

L2(E ′, dµ) and the following proposition holds.

Proposition 2.3. [5] For all g ∈ H , P(E ′) is a core of π(g) and for all F ∈
P(Rn) and fj ∈ H , j = 1, · · · , n,

DgF (ϕ(f1), · · · , ϕ(fn)) =
n∑

j=1

⟨fj, g⟩(∂jF )(ϕ(f1), · · · , ϕ(fn)). (2.7)

III. A Strongly Continuous One Parameter Unitary Group

For all g ∈ H , we define the translation τg acting in E ′ by

τg(ϕ) := ϕ+ g, ϕ ∈ E ′.

Then, we have the followng proposition.

Proposition 3.1. (1) For all g ∈ H and B ∈ B, g +B ∈ B.

(2)For all g ∈ H and B ⊂ E ′, τ−1
g (B) ∈ B if and only if B ∈ B.

Proof. (1) Let A ⊂ R be a Borel set and f ∈ E . It is enough to show that

g + T (f)−1(A) ∈ B. Since

g + T (f)−1(A) = T (f)−1(⟨g, f⟩+ A)

and ⟨g, f⟩+ A is a Borel set, we have g + T (f)−1(A) ∈ B.

(2) Since τ−1
g (B) = −g +B, by (1), we have the conclusion.
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We denote by µg the image measure of µ by τg. Then, noticing Proposition 3.1,

we see the following proposition.

Proposition 3.2. Let F be a measurable function on E ′. Then,∫
E ′
|F |dµg <∞ ⇐⇒

∫
E ′
|F | ◦ τgdµ <∞

=

∫
E ′
|F (ϕ+ g)|dµ(ϕ)

If ∫
E ′
|F |dµg <∞,

then, ∫
E ′
Fdµg =

∫
E ′
F ◦ τgdµ (3.8)

=

∫
E ′
F (ϕ+ g)dµ(ϕ) (3.9)

Proposition 3.3. Let F be a bounded measurable function on E ′. Then, the

mapping S from H to L1(E ′, dµ) defined by

S(g)(ϕ) = F (ϕ)eϕ(g), g ∈ H

is continuous.

Proof. Let g1, g2 ∈ H . Then,∣∣∣∣∫
E ′
F (ϕ)eϕ(g1)dµ(ϕ)−

∫
E ′
F (ϕ)eϕ(g2)dµ(ϕ)

∣∣∣∣
≤ ∥F∥∞

∫
E ′
|eϕ(g1) − eϕ(g2)|dµ(ϕ)

≤ ∥F∥∞
∫

E ′
(eϕ(g1) + eϕ(g2))|ϕ(g1)− ϕ(g2)|dµ(ϕ)

≤ ∥F∥∞
(∫

E ′
(eϕ(g1) + eϕ(g2))2dµ(ϕ)

)1/2(∫
E ′
|ϕ(g1)− ϕ(g2)|2dµ(ϕ)

)1/2

≤
√
2∥F∥∞

(∫
E ′
(e2ϕ(g1) + e2ϕ(g2))dµ(ϕ)

)1/2
1√
2
∥g1 − g2∥

= ∥F∥∞
(∫

E ′
(e2ϕ(g1) + e2ϕ(g2))dµ(ϕ)

)1/2

∥g1 − g2∥

On the other hand, for all g ∈ H ,∫
E ′
eϕ(g)dµ(ϕ) = e

∥g∥2
4 .
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Hence, we have∣∣∣∣∫
E ′
F (ϕ)eϕ(g1)dµ(ϕ)−

∫
E ′
F (ϕ)eϕ(g2)dµ(ϕ)

∣∣∣∣ ≤ ∥F∥∞
√
e∥g1∥

2
+ e∥g2∥

2∥g1 − g2∥.

Then, we have the conclusion.

Proposition 3.4. Let {en}n∈N be a CONS of H such that for all n ∈ N, en ∈ E ,

G be a bounded Borel measurable function on Rn, and F be a measurable function

on E ′ such that

F (ϕ) = G(ϕ(e1), · · · , ϕ(en)), ϕ ∈ E ′.

Then, ∫
E ′
F (ϕ+ g)dµ(ϕ) =

∫
E ′
F (ϕ)e−∥g∥2+2ϕ(g)dµ(ϕ). (3.10)

Proof.∫
E ′
F (ϕ+ g)dµ(ϕ) =

∫
E ′
G(ϕ(e1) + ⟨g, e1⟩, · · · , ϕ(en) + ⟨g, en⟩)

=

∫
Rn

G(x1 + ⟨g, e1⟩, · · · , xn + ⟨g, e1⟩)
e−

∑n
j=1xj

2

(
√
π)n

dx

=

∫
Rn

G(x1, · · · , xn)
e−

∑n
j=1(xj−⟨g,ej⟩)2

(
√
π)n

dx.

Hence, for all m ∈ N with n ≤ m,∫
E ′
F (ϕ+ g)dµ(ϕ) =

∫
E ′
F (ϕ)e−

∑m
j=1 ⟨g,ej⟩

2

e2ϕ(
∑m

j=1⟨g,ej⟩ej)dµ(ϕ)

By Proposition 3.3, ∫
E ′
F (ϕ)e−

∑m
j=1 ⟨g,ej⟩

2

e2ϕ(
∑m

j=1⟨g,ej⟩ej)dµ(ϕ)

−→
∫

E ′
F (ϕ)e−∥g∥2+2ϕ(g)dµ(ϕ), as m→ ∞.

Hence, we have ∫
E ′
F (ϕ+ g)dµ(ϕ) =

∫
E ′
F (ϕ)e−∥g∥2+2ϕ(g)dµ(ϕ).

Proposition 3.5. Suppose that there exists a CONS {en}n∈N of H such that for

all n ∈ N, en ∈ E and for all f ∈ E , there exists a sequence {an}n∈N in R such

that for all ϕ ∈ E ′,

ϕ(f) =
∞∑
n=1

anϕ(en).
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Then, for all g ∈ H ,

dµg(ϕ) = e−∥g∥2+2ϕ(g)dµ(ϕ). (3.11)

Moreover, if F be a measurable function on E ′ such that∫
E ′
|F |dµg <∞,

then, ∫
E ′
Fdµg =

∫
E ′
F (ϕ+ g)dµ(ϕ) (3.12)

=

∫
E ′
F (ϕ)e−∥g∥2+2ϕ(g)dµ(ϕ). (3.13)

Proof. By the present assumption, B is gererated by {ϕ(en)|n ∈ N}. Then, by

Proposition 3.2, Proposition 3.4, and Hopf’s extension theorem, we have the con-

clusion.

Remark. The measure µ is not a Borel measure. Example. Let A be a strictly

positive operator acting in H . Suppose that there exists a constant γ > 0 such

that A−γ is a trace class operator. We denote by {Hs(A)}s∈R the Hilbert scale

associated with A. We set

E := Hγ(A).

Then, the embedding mapping of H into

E ′ = H−γ(A)

is Hilbert-Schmidt. Hence, by Minlos’ theorem [5,9], there exists a unique proba-

bility measure µ on (E ′,B) such that the σ-field B is generated by {ϕ(f)|f ∈ E }
and ∫

E ′
eiϕ(f)dµ(ϕ) = e

−∥f∥2
4 , f ∈ E .

Then, (E ,H ) satitsfies the assumption of Proposition 3.5 [1,2,3,4]. Throughout

this paper, we assume the following.

Assumption I. (absolute continuity of µg) For all g ∈ H and B ∈ B such that

µ(B) = 0, µ(g +B) = 0.

Under the assumption of Proposition 3.5, Assumption I is satisfied. Absolute

continuity of infinite dimensional measures is well known in different contexts (e.g.

[11,12,13]).

Proposition 3.6. For all f ∈ H ,

(ϕ+ g)(f) = ϕ(f) + ⟨g, f⟩, µ− a.e. ϕ ∈ E ′. (3.14)
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Proof. There exists a sequence {fn}n∈N in E such that fn → f as n → ∞. Then,

we have

ϕ(fn) −→ ϕ(f) as n→ ∞ in L2(E ′, dµ).

By taking a subsequence of {fn}n∈N, we can assume that

ϕ(fn) −→ ϕ(f), as n→ ∞, µ− a.e. ϕ ∈ E ′.

On the other hand, for all n ∈ N,

(ϕ+ g)(fn) = ϕ(fn) + ⟨g, fn⟩, ϕ ∈ E ′.

Since

(ϕ+ g)(fn) −→ (ϕ+ g)(f),

ϕ(fn) + ⟨g, fn⟩ −→ ϕ(f) + ⟨g, f⟩, as n→ ∞, µ− a.e. ϕ ∈ E ′.

Hence, we have the conclusion.

Let X be a linear space and D ⊂ X. We denote by L (D) the linear hull of D.

The following fact is well known (e.g.[5]):

Proposition 3.7. L ({eiϕ(f)|f ∈ E }) is dense in L2(E ′, dµ).

Let {en}n∈N be a CONS of H . We denote by Bb(Rn) the set of bounded Borel

measurable functions on Rn and define B{en}n∈N(E
′) by

B{en}n∈N(E
′) := {F (ϕ(e1), · · · , ϕ(en))|F ∈ Bb(Rn), n ∈ N}

Then, we have the following proposition.

Proposition 3.8. B{en}n∈N(E
′) is dense in L2(E ′, dµ).

Proof. Let f ∈ H . For all n ∈ N, we set

fn :=
n∑

j=1

⟨f, ej⟩ej.

Then, ∫
E ′
|eiϕ(fn) − eiϕ(f)|2dµ(ϕ) ≤

∫
E ′
|ϕ(fn)− ϕ(f)|2dµ(ϕ)

=
1

2
∥fn − f∥2 −→ 0, as n→ ∞.

On the other hand,

eiϕ(fn) = ei
∑n

j=1⟨f,ej⟩ϕ(ej) =
n∏

j=1

ei⟨f,ej⟩ϕ(ej) ∈ B{en}n∈N(E
′)

Hence, by Proposition 3.7, we have the conclusion.
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Proposition 3.9. For all g ∈ H , there exists a unique unitary operator Ug on

L2(E ′, dµ) such that for all F ∈ L2(E ′, dµ),

(UgF )(ϕ) = F (ϕ+ g)e−
∥g∥2

2
−ϕ(g), µ− a.e.ϕ ∈ E ′. (3.15)

Proof. There exists a CONS {en}n∈N of H such that for all n ∈ N, en ∈ E . We

define Ug, a linear operator from B{en}n∈N(E
′) to L2(E ′, dµ), by

(UgF )(ϕ) := F (ϕ+ g)e−
∥g∥2

2
−ϕ(g), F ∈ B{en}n∈N(E

′), ϕ ∈ E ′.

By Proposition 3.4, we have∫
E ′
|F (ϕ)|2dµ(ϕ) =

∫
E ′
|F (ϕ+ g)|2e−∥g∥2−2ϕ(g)dµ(ϕ).

Hence, we have

∥F∥L2(E ′,dµ) = ∥UgF∥L2(E ′,dµ).

Then, by Proposition 3.8, Ug extends uniquely to an isometry on L2(E ′, dµ).

To show that Ug is unitary, let F ∈ L2(E ′, dµ). Then, there exists a sequence

{Fn}n∈N in B{en}n∈N(E
′) such that

Fn −→ F in L2(E ′, dµ), as n→ ∞.

Since

UgFn −→ UgF in L2(E ′, dµ), as n→ ∞,

taking a subsequence of {Fn}n∈N, one can assume that

Fn(ϕ) −→ F (ϕ), (UgFn)(ϕ) −→ (UgF )(ϕ) as n→ ∞, µ−a.e. ϕ ∈ E ′.

On the other hand, for all n ∈ N,

(UgFn)(ϕ) = Fn(ϕ+ g)e−
∥g∥2

2
−ϕ(g), µ−a.e. ϕ ∈ E ′.

Since

Fn(ϕ+ g) −→ F (ϕ+ g) as n→ ∞, µ−a.e. ϕ ∈ E ′,

we have

(UgF )(ϕ) = F (ϕ+ g)e−
∥g∥2

2
−ϕ(g), µ−a.e. ϕ ∈ E ′.

Hence, for all F ∈ L2(E ′, dµ), we have∫
E ′
|F (ϕ)|2dµ(ϕ) =

∫
E ′
|F (ϕ+ g)|2e−∥g∥2−2ϕ(g)dµ(ϕ),∫

E ′
|F (ϕ)|2dµ(ϕ) =

∫
E ′
|F (ϕ− g)|2e−∥g∥2+2ϕ(g)dµ(ϕ).
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Let G ∈ L2(E ′, dµ). We set

F (ϕ) := G(ϕ− g)e−
∥g∥2

2
+ϕ(g), ϕ ∈ E ′.

Then, F ∈ L2(E ′, dµ), and by Proposition 3.6,

UgF = G.

Hence, Ug is a unitary operator.

Proposition 3.10. For all g ∈ H ,

dµg(ϕ) = e−∥g∥2+2ϕ(g)dµ(ϕ). (3.16)

Moreover, if F is a measurable function on E ′ such that∫
E ′
|F |dµg <∞,

then, ∫
E ′
Fdµg =

∫
E ′
F (ϕ+ g)dµ(ϕ) (3.17)

=

∫
E ′
F (ϕ)e−∥g∥2+2ϕ(g)dµ(ϕ). (3.18)

Proof. By Proposition 3.9, for all F ∈ L2(E ′, dµ),∫
E ′
|F (ϕ)|2dµ(ϕ) =

∫
E ′
|F (ϕ− g)|2e−∥g∥2+2ϕ(g)dµ(ϕ).

Let B ∈ B. We denote by φB the characteristic function of B. Then,∫
E ′
φB(ϕ+ g)dµ(ϕ) = µ(−g +B) <∞.

Hence, we have

µg(B) =

∫
E ′
φB(ϕ+ g)dµ(ϕ) =

∫
E ′
φB(ϕ)e

−∥g∥2+2ϕ(g)dµ(ϕ).

Then, we have the conclusion.

For all g ∈ H and t ∈ R, we define Ug(t), a linear operator on L2(E ′, dµ), by

Ug(t) := Utg.

Then, by Proposition 3.9, for all g ∈ H and t ∈ R, Ug(t) is a unitary operator on

L2(E ′, dµ).

In what follows, we consider E ′ equipped with a Hausdorff locally convex topol-

ogy such that for all f ∈ E , T (f) is continuous. We denote by Cb(E ′) the set of

bounded continuous measurable functions on E ′. Then, by Proposition 3.7, we

have the following proposition.
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Proposition 3.11. Cb(E ′) is dense in L2(E ′, dµ).

Proof. We have

L ({eiϕ(f)|f ∈ E }) ⊂ Cb(E
′).

Hence, by Proposition 3.7, we have the conclusion.

The following proposition is well known in functional analysis.

Proposition 3.12. Let X,Y be Banach spaces, D be a dense subset of X, S be a

bounded linear operator from X to Y , and {Sλ}λ∈Λ be a net in the Banach space

of the bounded linear operators from X to Y . If

sup
λ∈Λ

∥Sλ∥ <∞,

and for all x ∈ D,

Sλ(x) −→ S(x),

then, for all x ∈ X,

Sλ(x) −→ S(x).

Proof. Let x ∈ X. Then, there exists a sequence {xn}n∈N in D such that

xn −→ x as n→ ∞ in X.

For all n ∈ N and λ ∈ Λ,

∥Sλ(x)− S(x)∥ ≤ ∥Sλ(x)− Sλ(xn)∥+ ∥Sλ(xn)− S(xn)∥+ ∥S(xn)− S(x)∥
≤ sup

λ∈Λ
∥Sλ∥∥xn − x∥+ ∥Sλ(xn)− S(xn)∥+ ∥S∥∥xn − x∥.

Since, for all n ∈ N,
∥Sλ(xn)− S(xn)∥ −→ 0 in λ,

for all n ∈ N,

lim
λ

∥Sλ(x)− S(x)∥ ≤ sup
λ∈Λ

∥Sλ∥∥xn − x∥+ ∥S∥∥xn − x∥.

Hence, we have

lim
λ

∥Sλ(x)− S(x)∥ = 0.

Then, we have

Sλ(x) −→ S(x).

Theorem 3.13. For all g ∈ H , {Ug(t)}t∈R is a strongly continuous one parameter

unitary group on L2(E ′, dµ).
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Proof. By Proposition 3.6, for all s, t ∈ R,

Ug(s)Ug(t) = Ug(s+ t).

Let F ∈ Cb(E ′). Then, for all ϕ ∈ E ′,

(Ug(t)F )(ϕ) = F (ϕ+ tg)e−
t2∥g∥2

2
−tϕ(g) −→ F (ϕ) as t→ 0.

Let δ > 0. Then, for all t ∈ R with |t| ≤ δ,

|F (ϕ+ tg)e−
t2∥g∥2

2
−tϕ(g)| ≤ ∥F∥∞e

δ|ϕ(g)|.

Since ∫
E ′
e2δ|ϕ(g)|dµ(ϕ) ≤ 2eδ

2∥g∥2 <∞,

by the dominated convergence theorem, we have

Ug(t)F −→ F in L2(E ′, dµ), as t→ 0.

Hence, by Proposition 3.11 and Proposition 3.12, for all F ∈ L2(E ′, dµ),

Ug(t)F −→ F in L2(E ′, dµ), as t→ 0.

Then, we have the conclusion.

IV. Integration by Parts Formulae in L2(E ′, dµ)

By Stone’s theorem [10], we have the following proposition.

Proposition 4.1. For all g ∈ H , there exists a unique self-adjoint operator Ag

such that for all t ∈ R,
Ug(t) = eitAg . (4.19)

Moreover, for all F ∈ L2(E ′, dµ),

F ∈ D(Ag) ⇐⇒ lim
t→0

Ug(t)F − F

t
exists in L2(E ′, dµ),

and for all F ∈ D(Ag),

AgF = −i lim
t→0

Ug(t)F − F

t
in L2(E ′, dµ). (4.20)

In this section, we employ a notion of differentiation in locally convex spaces.

There are some definitions of differentiation in locally convex spaces. In this paper,

we consider the notion of Silva differentiation [6], which is proper to asymptotic

analysis in infinite dimensional spaces (e.g.[2] ). Let {Fλ}λ∈Λ be a family of measur-

able functions. Then, supλ∈Λ |Fλ(ϕ)|, a function on E ′, might not be measurable.

So we consider the following definition.

12



Definition 4.2. We say that supλ∈Λ |Fλ(ϕ)| ∈ L2(E ′, dµ) if there exists a positive

valued function G ∈ L2(E ′, dµ) such that

sup
λ∈Λ

|Fλ(ϕ)| ≤ G(ϕ), µ− a.e. ϕ ∈ E ′.

Similarly, We say that supλ∈Λ |Fλ(ϕ)| ∈
∩

p∈N L
p(E ′, dµ) if there exists a positive

valued function G ∈
∩

p∈N L
p(E ′, dµ) such that

sup
λ∈Λ

|Fλ(ϕ)| ≤ G(ϕ), µ− a.e. ϕ ∈ E ′.

We introduce a linear subspace of L2(E ′, dµ).

Definition 4.3. Let g ∈ H and F be a measurable function on E ′. We say that

F ∈ Dg if F is Silva differentiable and for all δ > 0,

sup
|t|≤δ

|F (ϕ+ tg)|eδ|ϕ(g)|, sup
|t|≤δ

|F (ϕ+ tg)|ϕ(g)eδ|ϕ(g)| ∈ L2(E ′, dµ),

sup
|t|≤δ

|F ′(ϕ+ tg)(g)|eδ|ϕ(g)| ∈ L2(E ′, dµ).

We introduce another linear subspace of L2(E ′, dµ).

Definition 4.4. Let g ∈ H and F be a measurable function on E ′. We say that

F ∈ D̃g if F is Silva differentiable and for all δ > 0,

sup
|t|≤δ

|F (ϕ+ tg)|, sup
|t|≤δ

|F ′(ϕ+ tg)(g)| ∈
∩
p∈N

Lp(E ′, dµ).

Proposition 4.5. For all g ∈ H , D̃g ⊂ Dg.

Proof. By the fact that for all g ∈ H ,

ϕ(g), e|ϕ(g)| ∈
∩
p∈N

Lp(E ′, dµ),

we have the conclusion.

The following proposition is well known (e.g.[6]):

Proposition 4.6. Let F,G be Silva differentiable functions. Then, for all g ∈ H

and ϕ ∈ E ′,

(FG)′(ϕ)(g) = F ′(ϕ)(g)G(ϕ) + F (ϕ)G′(ϕ)(g). (4.21)

Proposition 4.7. Let g ∈ H . If F,G ∈ D̃g, then FG ∈ D̃g.
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Proof. Let δ > 0 and F,G ∈ D̃g. Then,

sup
|t|≤δ

|F (ϕ+ tg)G(ϕ+ tg)| ≤ sup
|t|≤δ

|F (ϕ+ tg)| sup
|t|≤δ

|G(ϕ+ tg)|

Since

sup
|t|≤δ

|F (ϕ+ tg)|, sup
|t|≤δ

|G(ϕ+ tg)| ∈
∩
p∈N

Lp(E ′, dµ),

we have

sup
|t|≤δ

|F (ϕ+ tg)G(ϕ+ tg)| ∈
∩
p∈N

Lp(E ′, dµ).

By Proposition 4.6, we have

sup
|t|≤δ

|(FG)′(ϕ+tg)(g)| ≤ sup
|t|≤δ

|F ′(ϕ+tg)(g)| sup
|t|≤δ

|G(ϕ+tg)|+sup
|t|≤δ

|F (ϕ+tg)| sup
|t|≤δ

|G′(ϕ+tg)(g)|.

Since

sup
|t|≤δ

|F ′(ϕ+ tg)(g)|, sup
|t|≤δ

|G′(ϕ+ tg)(g)| ∈
∩
p∈N

Lp(E ′, dµ),

we have

sup
|t|≤δ

|(FG)′(ϕ+ tg)(g)| ∈
∩
p∈N

Lp(E ′, dµ).

Proposition 4.8. Let g ∈ H . Then, Dg ⊂ D(Ag). Moreover, for all F ∈ Dg,

(AgF )(ϕ) = −iF ′(ϕ)(g) + iϕ(g)F (ϕ), µ− a.e. ϕ ∈ E ′. (4.22)

Proof. Let F ∈ Dg. For all ϕ ∈ E ′, we have

lim
t→0

(Ug(t)F )(ϕ)− F (ϕ)

t
=

d

dt
F (ϕ+ tg)e−

t2∥g∥2
2

−tϕ(g)

∣∣∣∣
t=0

= F ′(ϕ)(g)− ϕ(g)F (ϕ).

Let δ > 0. For all t ∈ R with |t| ≤ δ, by the mean-value theorem,∣∣∣∣(Ug(t)F )(ϕ)− F (ϕ)

t

∣∣∣∣ ≤ sup
|t|≤δ

| d
dt
(Ug(t)F )(ϕ)|

= sup
|t|≤δ

|F ′(ϕ+ tg)(g) + (−t∥g∥2 − ϕ(g))F (ϕ+ tg))|e−
t2∥g∥2

2
−tϕ(g)

≤ sup
|t|≤δ

|F ′(ϕ+ tg)(g)|eδ|ϕ(g)| + δ∥g∥2 sup
|t|≤δ

|F (ϕ+ tg)|eδ|ϕ(g)|

+ sup
|t|≤δ

|F (ϕ+ tg)||ϕ(g)|eδ|ϕ(g)|.
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Then, since F ∈ Dg, by the dominated convergence theorem,(
lim
t→0

Ug(t)F − F

t

)
(ϕ) = F ′(ϕ)(g)− ϕ(g)F (ϕ), µ−a.e. ϕ ∈ E ′.

Hence, by Proposition 4.1, we have F ∈ D(Ag) and

(AgF )(ϕ) = −iF ′(ϕ)(g) + iϕ(g)F (ϕ), µ−a.e. ϕ ∈ E ′.

Proposition 4.9. Let g ∈ H . Then, P(E ′) ⊂ D̃g. Moreover, for all F ∈ P(E ′),

(AgF )(ϕ) = −iF ′(ϕ)(g) + iϕ(g)F (ϕ), µ−a.e. ϕ ∈ E ′. (4.23)

Proof. Let δ > 0 and f ∈ E . We set

F (ϕ) := ϕ(f), ϕ ∈ E ′.

Then, we have

sup
|t|≤δ

|F (ϕ+ tg)| = sup
|t|≤δ

|(ϕ+ tg)(f)|

≤ sup
|t|≤δ

|ϕ(f) + t⟨g, f⟩|

≤ |ϕ(f)|+ δ|⟨g, f⟩|.

Since |ϕ(f)| ∈
∩

p∈N L
p(E ′, dµ),

sup
|t|≤δ

|F (ϕ+ tg)| ∈
∩
p∈N

Lp(E ′, dµ).

On the other hand,

sup
|t|≤δ

|F ′(ϕ+ tg)(g)| = |⟨g, f⟩| ∈
∩
p∈N

Lp(E ′, dµ).

Then, by Proposition 4.7 and Proposition 4.8, we have the conclusion.

The following proposition is well known.

Proposition 4.10. [6] Let X,Y, Z be locally convex spaces, F be a differentiable

mapping from X to Y , and G be a differetiable mapping from Y to Z. Then,

(G ◦ F )′(x) = G′(F (x)) ◦ F ′(x), x ∈ X. (4.24)

Proposition 4.11. For all g ∈ H and F ∈ P(E ′),

(DgF )(ϕ) = F ′(ϕ)(g), µ− a.e. ϕ ∈ E ′. (4.25)
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Proof. By Proposition 2.3 and Proposition 4.10, we have the conclusion.

Proposition 4.12. For all g ∈ H ,

Ag = π(g). (4.26)

Proof. By Proposition 4.9 and Proposition 4.11, we have

π(g)|P(E ′) ⊂ Ag.

Since P(E ′) is a core of π(g),

π(g) ⊂ Ag.

By the fact that π(g) and Ag is self-adjoint, we have

Ag = π(g).

By Proposition 4.1 and Proposition 4.12, we have the following theorem.

Theorem 4.13. For all g ∈ H and t ∈ R,

Ug(t) = eitπ(g). (4.27)

Moreover, for all F ∈ L2(E ′, dµ),

F ∈ D(π(g)) ⇐⇒ lim
t→0

Ug(t)F − F

t
exists in L2(E ′, dµ),

and for all F ∈ D(π(g)),

π(g)F = −i lim
t→0

Ug(t)F − F

t
in L2(E ′, dµ). (4.28)

Theorem 4.14. Let g ∈ H . Then, Dg ⊂ D(π(g)). Moreover, for all F ∈ Dg,

(DgF )(ϕ) = F ′(ϕ)(g), µ− a.e. ϕ ∈ E ′. (4.29)

Proof. By Proposition 4.8 and Proposition 4.12, Dg ⊂ D(π(g)) and

(π(g)F )(ϕ) = −iF ′(ϕ)(g) + iϕ(g)F (ϕ), µ− a.e. ϕ ∈ E ′.

By the assumption that F ∈ Dg,

ϕ(g)F (ϕ) ∈ L2(E ′, dµ).

Hence, we have

F ′(ϕ)(g) = iπ(g)F + ϕ(g)F (ϕ)

= (DgF )(ϕ), µ− a.e. ϕ ∈ E ′.

Then, we have the conclusion.
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By Proposition 4.6, Proposition 4.7, and Theorem 4.14, we have the following

corollary.

Corollary 4.15. Let g ∈ H . Then, for all F,G ∈ D̃g,

Dg(FG) = (DgF )G+ F (DgG). (4.30)

Proposition 4.16. Let g ∈ H . Then, for all F ∈ D(Dg), F ∈ D(Dg) and

DgF = DgF . (4.31)

Proof. Let F ∈ D(Dg). Then, by Theorem 4.13, F ∈ D(π(g)) and

π(g)F̄ = −π(g)F .

On the otherhand, we have

ϕ(g)F ∈ L2(E ′, dµ).

Hence, we have

DgF = DgF .

Proposition 4.17. Let g ∈ H . For all F,G ∈ D(Dg),∫
E ′
(DgF )Gdµ =

∫
E ′
F (ϕ)(2ϕ(g)G(ϕ)− (DgG)(ϕ))dµ(ϕ). (4.32)

Proof. Since π(g) is self-adjoint,

⟨π(g)F,G⟩L2(E ′,dµ) = ⟨F, π(g)G⟩L2(E ′,dµ).

By Proposition 4.16,

⟨−iDgF + iϕ(g)F,G⟩ = ⟨F,−iDgG+ iϕ(g)G⟩

⇐⇒
∫

E ′
(DgF )Gdµ−

∫
E ′
ϕ(g)F (ϕ)G(ϕ)dµ(ϕ) = −

∫
E ′
F (DgG)dµ+

∫
E ′
ϕ(g)F (ϕ)G(ϕ)dµ(ϕ).

Hence, we have∫
E ′
(DgF )Gdµ =

∫
E ′
F (ϕ)(2ϕ(g)G(ϕ)− (DgG)(ϕ))dµ(ϕ).

Then, we have the conclusion.

By Proposition 4.14 and Theorem 4.17, we have an integration by parts formula

for the class Dg.
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Theorem 4.18. Let g ∈ H . Then, for all F,G ∈ Dg,∫
E ′
F ′(ϕ)(g)G(ϕ)dµ(ϕ) =

∫
E ′
F (ϕ)(2ϕ(g)G(ϕ)−G′(ϕ)(g))dµ(ϕ). (4.33)

We denote by S (Rn) the Schwartz space of rapidly decreasing functions on Rn.

We define S (E ′) and exp(E ′) by

S (E ′) := {F (ϕ(f1), · · · , ϕ(fn))|F ∈ S (Rn), f1, · · · , fn ∈ E , n ∈ N.},

exp(E ′) := L ({eϕ(f)|f ∈ E }).

Then, we rediscover the following integration by parts formula.

Proposition 4.19. Let g ∈ H . Then, F,G ∈ P(E ′) ∪ S (E ′) ∪ exp(E ′),∫
E ′
(DgF )Gdµ =

∫
E ′
F (ϕ)(2ϕ(g)G(ϕ)− (DgG)(ϕ))dµ(ϕ). (4.34)

Theorem 4.18 straightforwardly extends to the followng.

Theorem 4.20. Let g ∈ H . Then, for all F ∈ D(Dg|Dg) and G ∈ Dg,∫
E ′
(DgF )Gdµ =

∫
E ′
F (ϕ)(2ϕ(g)G(ϕ)− (DgG)(ϕ))dµ(ϕ). (4.35)
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