
Title Development of a fuel depletion sensitivity calculation module for multi-cell problems in a
deterministic reactor physics code system CBZ

Author(s) Chiba, Go; Kawamoto, Yosuke; Narabayashi, Tadashi

Citation Annals of nuclear energy, 96, 313-323
https://doi.org/10.1016/j.anucene.2016.06.013

Issue Date 2016-10

Doc URL https://hdl.handle.net/2115/71586

Rights © 2016. This manuscript version is made available under the CC-BY-NC-ND 4.0 license
http://creativecommons.org/licenses/by-nc-nd/4.0/

Rights(URL) https://creativecommons.org/licenses/by-nc-nd/4.0/

Type journal article

File Information main_r2.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



Development of a fuel depletion sensitivity calculation module1

for multi-cell problems in a deterministic reactor physics code system CBZ2

Go Chiba∗,a, Yosuke Kawamotoa, Tadashi Narabayashia3

aHokkaido University, Kita-ku, Sapporo, Hokkaido 060-8628, Japan4

Abstract5

A new functionality of fuel depletion sensitivity calculations is developed as one module in a deterministic

reactor physics code system CBZ. This is based on the generalized perturbation theory for fuel depletion

problems. The theory for fuel depletion problems with a multi-layer depletion step division scheme is

described in detail. Numerical techniques employed in actual implementation are also provided. Verification

calculations are carried out for a 3×3 multi-cell problem consisting of two different types of fuel pins. It

is shown that the sensitivities of nuclide number densities after fuel depletion with respect to the nuclear

data calculated by the new module agree well with reference sensitivities calculated by direct numerical

differentiation. To demonstrate the usefulness of the new module, fuel depletion sensitivities in different

multi-cell arrangements are compared and non-negligible differences are observed. Nuclear data-induced

uncertainties of nuclide number densities obtained with the calculated sensitivities are also compared.

Key words: uncertainty quantification, generalized perturbation theory, fuel depletion6

1. Introduction7

Accurate and reliable prediction of nuclide number densities after fuel depletion is quite important in8

various applications in the field of nuclear engineering, including safety analyses of nuclear power plants and9

nuclear waste fuel management. Since safety margins, which should be considered for various functionalities10

of nuclear systems, significantly affect construction and operation costs, an important issue is the quantitative11

evaluation of accuracy and reliability. Uncertainty quantification (UQ) is one of promising ways to fulfill12

this requirement; much research and development of UQ has been conducted to date in the field of reactor13

physics.14

One of numerical procedures for UQ is the adjoint-based method, in which sensitivities of observed15

(target) parameters with respect to input parameters that include uncertainties are calculated and input16

parameter-induced uncertainties are evaluated by manipulation of the sensitivities and uncertainty informa-17

tion on the input parameters. In the field of reactor physics, the perturbation theory and the generalized18
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perturbation theory (GPT) are well established and implemented to application codes to calculate the sensi-19

tivities of reactor physics parameters with respect to nuclear data, which is a principal source of uncertainty.20

Fuel depletion problems for heterogeneous systems are complicated because they are coupled problems be-21

tween fuel depletion and neutron transport problems. A theory for these problems, GPT for fuel depletion22

problems, however, has been established(Williams, 1979; Takeda, 1985). While this theory exists, actual23

implementation to lattice physics codes is quite rare.24

A deterministic reactor physics code system CBZ, which has been under development at Hokkaido25

University in Japan, has various functionalities for UQ, including fuel depletion problems for a single fuel26

pin cell. In order to enhance this capability, a new fuel depletion sensitivity calculation module has been27

developed and implemented. The purpose of the present paper is to describe this new CBZ functionality.28

The present paper is organized as follows: Section 2 describes the generalized perturbation theory for fuel29

depletion problems and actual implementation. Sections 3 and 4 are devoted, respectively, to the description30

of numerical procedures and results. Finally, Section 5 provides the conclusions of the present study and31

future perspectives.32

2. Theory and implementation33

2.1. General description of fuel depletion calculations34

Generally in fuel depletion calculations, the fuel depletion period is divided into steps and each of the35

steps is further divided into sub-steps. In the frame of the deterministic numerical procedure, resonance36

self-shielding and neutron flux calculations are carried out at the beginning of each step; and the calculated37

multi-group cross sections and neutron flux distributions are commonly used during each step. At the38

beginning of each sub-step, neutron flux distribution is normalized and fuel depletion during the sub-step is39

calculated with the normalized neutron flux.40

Let us consider a step which is divided into I sub-steps. The beginning and end of sub-step i are denoted41

as ti and ti+1, while the beginning and end of this step are denoted as t0 and tI . Note that sub-steps are42

denoted as 0, 1, ..., I − 1.43

Neutron flux distribution Φ at a particular step is defined as the solution to the following neutron44

transport equation:45

B0Φ =

(

A0 −
1

keff,0
F0

)

Φ = 0, (1)46

where keff is the effective neutron multiplication factor, and A and F are operators for neutron loss and47

production, respectively. The subscript for keff and the operators describes the time at which these are48
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defined. The neutron flux distribution Φ is normalized by the following equation:49

〈νΣf,0Φ〉 = Const. (2)50

Neutron flux distribution at sub-step i, φi, is assumed to be proportional to Φ and is defined as51

φi = fiΦ. (3)52

The normalization factor fi is defined so as to satisfy the following equation:53

Giφi = fiGiΦ = P, (4)54

where Gi is an operator for the normalization at sub-step i and P denotes values of the normalization. We

denote average of energy-integrated value for Φ (average total neutron flux) in a fuel region j as Φ̃j , which

is defined as

Φ̃j =

∫

dE

∫

r∈j

Φ(r, E)dr

∫

r∈j

dr

. (5)

Total neutron flux in a region j at sub-step i, φ̃j
i , can be written as55

φ̃
j
i = fiΦ̃

j . (6)56

Let us assume that we consider a system in which there are J fuel regions.57

A number density vector in a region j at time t is denoted as Nj(t). The number density vectors at t0,58

Nj(t0), are given as an initial condition. The fuel depletion equation in this region at sub-step i is written59

as60

dNj(t)

dt
= M

j
iN

j(t), (ti ≤ t < ti+1). (7)61

The fuel depletion matrix in a region j at sub-step i, Mj
i , can be decomposed as follows:62

M
j
i = Mλ +M

j
φφ̃

j
i = Mλ +M

j
φfiΦ̃

j , (8)63

where Mλ and Mφ are fuel depletion matrix components for radioactive decay and neutron-nuclide reaction.64

Note that entries of Mφ are composed of the one-group cross sections.65

A fuel depletion equation for the whole system at sub-step i is written as66

dN(t)

dt
=

d

dt

















N1(t)

N2(t)
...

NJ(t)

















=

















M1
i 0 · · · 0

0 M2
i · · · 0

...
...

. . . · · ·

0 0 · · · MJ
i

































N1(t)

N2(t)
...

NJ (t)

















= MiN(t), (ti ≤ t < ti+1). (9)67
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2.2. Generalized perturbation theory for fuel depletion problems68

Although several papers on GPT for fuel depletion problems have been published and the theoretical69

detail of GPT has well been documented(Williams, 1979; Takeda, 1985), there are none that explicitly70

describe GPT for fuel depletion problems with a multi-layer depletion step division scheme consisting of71

depletion steps and sub-steps.72

Let us focus on the number density of nuclide k in region j after fuel depletion, N j
k(tI). The sensitivity73

of this quantity with respect to arbitrary nuclear data σ is defined as74

S =
σ

N
j
k(tI)

dN
j
k(tI)

dσ
=

σ

N
j
k(tI)

eT(j−1)×K+k

dN(tI)

dσ
, (10)75

where ej is a vector in which the jth entry is unity and others are zero, and K denotes the number of76

nuclides in each fuel region. The superscript T for vectors and matrices is for the transposition.77

In order to calculate
dN

j
k(tI)

dσ
in Eq. (10), a vector w(t), whose size is the same as that of N, is multiplied78

to both sides of Eq. (9), both the sides are integrated over the entire period [t0, tI ], and then the following79

equation is derived.80

∫ tI

t0

wT dN

dt
dt =

I−1
∑

i=0

∫ ti+1

ti

wTMiNdt,81

[

wTN
]tI

t0
=

∫ tI

t0

dwT

dt
Ndt+

I−1
∑

i=0

∫ ti+1

ti

wTMiNdt,82

wT (tI)N(tI) = wT (t0)N(t0) +

∫ tI

t0

dwT

dt
Ndt+

I−1
∑

i=0

∫ ti+1

ti

wTMiNdt. (11)83

For simplicity, dependence of N and w on time in integrations is omitted. Setting84

w(tI) = e(j−1)×K+k, (12)85

as the final condition of w(t), N j
k(tI) can be written as86

N
j
k(tI) = wT (t0)N(t0) +

∫ tI

t0

dwT

dt
Ndt+

I−1
∑

i=0

∫ ti+1

ti

wTMiNdt. (13)87

By differentiating both sides of Eq. (13) by σ, the following equation is derived:88

dN
j
k(tI)

dσ
=

∫ tI

t0

dwT

dt

dN

dσ
dt+

I−1
∑

i=0

∫ ti+1

ti

wT dMi

dσ
Ndt+

I−1
∑

i=0

∫ ti+1

ti

wTMi

dN

dσ
dt. (14)89

The first and third terms in the right hand side (RHS) of Eq. (14) disappear if the vector w is properly90

defined as described later.91
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Let us consider the second term in the RHS of Eq. (14). This can be rewritten as

I−1
∑

i=0

∫ ti+1

ti

wT dMi

dσ
Ndt =

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT dM
j
i

dσ
Njdt

=

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT ∂M
j
i

∂σ
Njdt+

I−1
∑

i=0

J
∑

j=1

∑

g

dΦ̃j
g

dσ

∫ ti+1

ti

wjT ∂M
j
i

∂Φ̃j
g

Njdt+

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT dfi

dσ

∂M
j
i

∂fi
Njdt,

(15)

where Φ̃j
g denotes average neutron flux of group g in region j. The first term in the RHS of Eq. (15)92

corresponds to direct effect of nuclear data to fuel depletion matrix, and partial differentiation
∂M

j
i

∂σ
can be93

easily calculated. The second and third terms correspond to indirect effects of nuclear data to fuel depletion94

matrix via a neutron flux spatial and energy distributions and via a neutron flux normalization factors,95

respectively.96

The second term in the RHS of Eq. (15) can be rewritten as

I−1
∑

i=0

J
∑

j=1

∑

g

dΦ̃j
g

dσ

∫ ti+1

ti

wjT ∂M
j
i

∂Φ̃j
g

Njdt =

J
∑

j=1

∑

g

dΦ̃j
g

dσ

I−1
∑

i=0

∫ ti+1

ti

wjT
∂
(

M
j
φΦ̃

jfi

)

∂Φ̃j
g

Njdt

=
J
∑

j=1

∑

g

dΦ̃j
g

dσ

I−1
∑

i=0

fi

∫ ti+1

ti

wjTM
j
φ,gN

jdt, (16)

where97

M
j
φ,g =

∂
(

M
j
φΦ̃

j
)

∂Φ̃j
g

. (17)98

Since entries of the matrix M
j
φΦ̃

j correspond to the reaction rates, the matrix M
j
φ,g has non-zero entries99

which are related to the gth-group cross sections.100

Next, let us consider the third term in the RHS of Eq. (15). By differentiating Eq. (4) by σ, the following101

equation can be derived:102

dfi

dσ

P

fi
+ fi

dGi

dσ
Φ+ fiGi

dΦ

dσ
= 0. (18)103

Then we can obtain104

dfi

dσ
= −

f2
i

P

(

dGi

dσ
Φ+Gi

dΦ

dσ

)

. (19)105

With Eq.(19), the third term in the RHS of Eq. (15) can be rewritten as

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT dfi

dσ

∂M
j
i

∂fi
Njdt =

I−1
∑

i=0

dfi

dσ

J
∑

j=1

∫ ti+1

ti

wjT
(

M
j
φΦ̃

j
)

Njdt

=

I−1
∑

i=0

(

−
f2
i

P

)(

dGi

dσ
Φ+Gi

dΦ

dσ

) J
∑

j=1

∫ ti+1

ti

wjT
(

M
j
φΦ̃

j
)

Njdt = −

I−1
∑

i=0

fiP
†
i

(

dGi

dσ
Φ+Gi

dΦ

dσ

)

, (20)
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where106

P
†
i =

J
∑

j=1

∫ ti+1

ti

wjT
(

M
j
φΦ̃

jfi

)

Njdt

P
. (21)107

Also if we write108

GiΦ =

J
∑

j=1

V j
∑

g

G
j
i,gΦ̃

j
g, (22)109

the third term in the RHS of Eq. (15) can be written as110

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT dfi

dσ

∂M
j
i

∂fi
Njdt = −

I−1
∑

i=0

fiP
†
i





J
∑

j=1

V j
∑

g

dG
j
i,g

dσ
Φ̃j

g +

J
∑

j=1

V j
∑

g

G
j
i,g

dΦ̃j
g

dσ



 . (23)111

Note that V j denotes the volume of region j.112

With Eqs. (15), (16) and (23), the second term in the RHS of Eq. (14) can be rewritten as

I−1
∑

i=0

∫ ti+1

ti

wT dMi

dσ
Ndt =

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT ∂M
j
i

∂σ
Njdt+

J
∑

j=1

∑

g

dΦ̃j
g

dσ

I−1
∑

i=0

fi

∫ ti+1

ti

wjTM
j
φ,gN

jdt

−

I−1
∑

i=0

fiP
†
i





J
∑

j=1

V j
∑

g

dG
j
i,g

dσ
Φ̃j

g +

J
∑

j=1

V j
∑

g

G
j
i,g

dΦ̃j
g

dσ





=

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT ∂M
j
i

∂σ
Njdt+

∑

g

J
∑

j=1

dΦ̃j
g

dσ

{

I−1
∑

i=0

(

fi

∫ ti+1

ti

wjTM
j
φ,gN

jdt− V jG
j
i,gfiP

†
i

)

}

−

I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

dG
j
i,g

dσ
Φ̃j

g. (24)

Next, let us consider the term
dΦ̃j

g

dσ
in the RHS of Eq. (24). By differentiating both sides of the neutron113

transport Eq. (1) by σ, we can obtain114

(

∂B0

∂σ
+

∂B0

∂NT (t0)

dN(t0)

dσ

)

Φ+B0
dΦ

dσ
= 0. (25)115

At this point the following generalized adjoint equation to Eq. (1) is defined:116

B
†
0Γ

† = S†. (26)117

The superscript † is used to denote the adjoint operators and quantities. Boundary conditions for Γ† should118

be properly chosen in accordance with those for Φ. The generalized adjoint neutron flux Γ† is multiplied to119

both sides of Eq. (25) and both the sides are integrated over whole energy and space. Then, the following120

6



equation is derived:121

〈

Γ†,
∂B0

∂σ
Φ

〉

+
dNT (t0)

dσ

〈

Γ†,
∂B0

∂N(t0)
Φ

〉

+

〈

Γ†,B0
dΦ

dσ

〉

122

=

〈

Γ†,
∂B0

∂σ
Φ

〉

+
dNT (t0)

dσ

〈

Γ†,
∂B0

∂N(t0)
Φ

〉

+

〈

dΦ

dσ
,B

†
0Γ

†

〉

123

=

〈

Γ†,
∂B0

∂σ
Φ

〉

+
dNT (t0)

dσ

〈

Γ†,
∂B0

∂N(t0)
Φ

〉

+

〈

dΦ

dσ
S†

〉

= 0, (27)124

where the brackets 〈〉 denote the integration over whole energy and space. If the source S† is given as flat125

over each region, the third term of Eq. (27) can be written as126

〈

dΦ

dσ
S†

〉

=

J
∑

j=1

∑

g

Sj
g

† dΦ̃
j
g

dσ
V j . (28)127

If we define the source in Eq. (26) as128

Sj
g

†
= −

1

V j

{

I−1
∑

i=0

(

fi

∫ ti+1

ti

wjTM
j
φ,gN

jdt− V jG
j
i,gfiP

†
i

)

}

, (29)129

the second term in the RHS of Eq. (24) can be written as

∑

g

J
∑

j=1

dΦ̃j
g

dσ

{

I−1
∑

i=0

(

fi

∫ ti+1

ti

wjTM
j
φ,gN

jdt− V jG
j
i,gfiP

†
i

)

}

=

〈

Γ†,
∂B0

∂σ
Φ

〉

+

J
∑

j=1

dNjT (t0)

dσ

〈

Γ†,
∂B0

∂Nj(t0)
Φ

〉

. (30)

It is important to mention that the source S† is orthogonal to the solution to the neutron transport Eq. (1),130

Φ, and that the Fredholm alternative theorem guarantees non-zero solutions to Eq. (26).131

Finally Eq. (14) can be written as

dN
j
k(tI)

dσ
=

J
∑

j=1

∫ tI

t0

dwjT

dt

dNj

dσ
dt+

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjTM
j
i

dNj

dσ
dt+

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT ∂M
j
i

∂σ
Njdt

−

I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

dG
j
i,g

dσ
Φ̃j

g +

〈

Γ†,
∂B0

∂σ
Φ

〉

+

J
∑

j=1

dNjT (t0)

dσ

〈

Γ†,
∂B0

∂Nj(t0)
Φ

〉

. (31)

Let us assume that Gi depends on N(ti). In such a case, the term
dNj(ti)

dσ
should be considered in132

dG
j
i,g

dσ
. In the following, we consider a case where the normalization is performed on the thermal output, for133

example. The normalization operator Gj
i,g can be written as134

G
j
i,g =

∑

k

EkN
j
k(ti)σ

j
f,k,g = NjT (ti)R

j
g, (32)135
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where Ek denotes thermal energy per a fission reaction of nuclide k. From Eq. (32), the following equation136

can be derived:137

I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

dG
j
i,g

dσ
Φ̃j

g =

I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

dNjT (ti)

dσ
Rj

gΦ̃
j
g +

I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

NjT (ti)
dRj

g

dσ
Φ̃j

g. (33)138

Inserting Eq. (33) into Eq. (31), we obtain

dN
j
k(tI)

dσ
=

J
∑

j=1

∫ tI

t0

dwjT

dt

dNj

dσ
dt+

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjTM
j
i

dNj

dσ
dt+

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT ∂M
j
i

∂σ
Njdt

−
I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

dNjT (ti)

dσ
Rj

gΦ̃
j
g −

I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

NjT (ti)
dRj

g

dσ
Φ̃j

g

+

〈

Γ†,
∂B0

∂σ
Φ

〉

+
J
∑

j=1

dNjT (t0)

dσ

〈

Γ†,
∂B0

∂Nj(t0)
Φ

〉

. (34)

The first, second, fourth and seventh terms in the RHS of Eq. (34) which include
dN

dσ
disappear if w is139

properly defined as follows. Since the fourth term in the RHS of Eq. (34) can be written as140

−

I−1
∑

i=0

∫ tI

t0

δ(t− ti)fiP
†
i

J
∑

j=1

V j dN
jT (t)

dσ

∑

g

Rj
gΦ̃

j
gdt, (35)141

and the seventh term can be written as142

∫ tI

t0

δ(t− t0)

J
∑

j=1

dNjT (t)

dσ

〈

Γ†,
∂B0

∂Nj(t0)
Φ

〉

dt, (36)143

we define the following equation for wj :144

dwj

dt
+M

j
i

T
wj − fiP

†
i V

j
∑

g

Rj
gΦ̃

j
gδ(t− ti) +

〈

Γ†,
∂B0

∂Nj(t0)
Φ

〉

δ(t− t0) = 0, (ti ≤ t < ti+1). (37)145

This equation can be solved backward with the final condition for w(t) given in Eq. (12). This equation146

suggests that step-type changes are given to wj at the beginning of steps and sub-steps. This is what is147

called the jump condition.148

By virtue of the definition of wj , Eq. (34) can be simplified into the following:149

dN
j
k(tI)

dσ
=

I−1
∑

i=0

J
∑

j=1

∫ ti+1

ti

wjT ∂M
j
i

∂σ
Njdt−

I−1
∑

i=0

fiP
†
i

J
∑

j=1

V j
∑

g

NjT (ti)
dRj

g

dσ
Φ̃j

g +

〈

Γ†,
∂B0

∂σ
Φ

〉

. (38)150

The first, second and third terms in the RHS of Eq. (38) are referred to as the number density term, the151

power normalization term and the neutron flux term, respectively.152

2.3. Implementation of fuel depletion sensitivity calculation module to deterministic reactor physics code153

system CBZ154

CBZ is a general-purpose reactor physics deterministic code system being developed at Hokkaido Univer-155

sity. The CBZ code system has various modules designed to solve neutron diffusion and transport equations156
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based on the collision probability method, the method of characteristics, the finite-volume method, the157

boundary element method and the discrete-ordinate method. CBZ has other modules for reactor physics158

calculations such as resonance self-shielding treatment, fuel depletion and uncertainty quantification. The159

CBZ code system realizes various functionalities related to reactor physics and particle transport through160

combinations of these modules, such as direction-dependent diffusion coefficient calculations based on the161

method of characteristics(van Rooijen and Chiba, 2011), sensitivity calculations for fuel depletion-related162

quantities based on GPT for a single fuel pin(Chiba, 2013), and time-dependent delayed photon transport163

calculations for fast reactor fuel subassemblies(Chiba, 2014), etc. The numerical procedure for fuel depletion164

calculations with CBZ for multi-cell problems is briefly described below.165

Resonance self-shielding calculations, i.e., effective cross sections calculations, are carried out in a sin-166

gle pin cell model with reflective boundary conditions based on the equivalence theory. The fuel escape167

probabilities are evaluated by the one-term rational approximation with the optimized Bell factors and the168

background cross sections are evaluated by the Dancoff factor method. Resonance interference effects be-169

tween different heavy nuclei are taken into account by the multiple resonance interference factors. Through170

these resonance self-shielding calculations, 107-group cross sections are obtained and are used for the sub-171

sequent neutron flux and fuel depletion calculations. Details of the resonance self-shielding calculation172

procedure of CBZ will be presented in a future paper.173

The neutron flux and the generalized adjoint neutron flux are calculated by the collision probability174

method.175

Fuel depletion calculations can be performed with arbitrary nuclide chains which can be generated176

automatically by a module implemented in CBZ. The choice of the nuclide chain is highly dependent on its177

purpose: a detailed chain consisting of over 1,000 nuclides is necessary in decay heat calculations just after178

reactor shutdown, and a simplified chain consisting of about several tens or a hundred of nuclides is suited179

for reactivity calculations during reactor operation.180

Changes in nuclide number densities through fuel depletion are described by the fuel depletion equa-181

tion (7), and this equation can be solved by various numerical methods. Numerical methods for solving this182

equation implemented in CBZ are based on the matrix exponential method, and the Mini-Max Polynomial183

Approximation (MMPA) method developed by Kawamoto is used to calculate the matrix exponential in184

our new module(Kawamoto, 2015). It should be noted that the MMPA method has the specific feature185

of being capable of calculating nuclide number densities at several time steps at once without an increase186

in computation time. This is quite suitable to the GPT calculation for fuel depletion, which requires nu-187

merical integration calculations on time interval during which integrated parameters such as N and w are188

significantly dependent on time. To perform accurate numerical integration for actual implementation, w189

is calculated at a finer time step than the sub-step division; the sub-step is further divided into sub-sub-190

step and w is calculated at every sub-sub-step. Note that the present fuel depletion module of CBZ can191
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be applied only to two-dimensional multicell problems with arbitrary power profiles; multi-cycle problems192

consisting of fresh fuel addition or fuel shuffling cannot be treated with this module.193

At present, this module can calculate the sensitivities of nuclide number densities to the nuclear data194

after fuel depletion. Extensions of this capability to various neutronics parameters, such as the neutron195

multiplication factor and the spectral indices, can be easily realized(Chiba, 2013).196

In addition, another comment should be made about the generalized adjoint neutron flux calculation.197

The generalized adjoint neutron transport equation (26) can be written as198

B†Γ† =

(

A† −
1

keff
F†

)

Γ† = S†, (39)199

where the subscript denoting sub-step 0 for A, keff and F is omitted. The solution to this equation can be200

written as the following Neumann series expansion(Usachev, 1964; Mitani and Kuroi, 1972):201

Γ† =

{

∑

n=0

(

1

keff
A†−1

F†

)n
}

A†−1
S† =

∑

n=0

Γ†
n, (40)202

where203

A†Γ†
0 = S†, (41)204

A†Γ†
1 =

1

keff
F†Γ†

0, (42)205

· · ·206

A†Γ†
n =

1

keff
F†Γ†

n−1, (43)207

· · · .208

Let us expand the source S† as209

S† =
∑

i=0

aiFΦ
†
i , (44)210

where Φ†
i is the solution to the following adjoint neutron transport equation:211

A†Φ†
i =

1

λi

F†Φ†
i . (45)212

Since the source S† is orthogonal to Φ, it can be easily derived that a0 is zero and Eq. (44) is rewritten as213

S† =
∑

i=1

aiFΦ
†
i . (46)214

Since the iterative calculation based on Eqs. (41), (42) and (43) is the power iteration, it is easily understood215

that Γ†
n converges to zero when n → ∞. During the iterative calculation; however, numerical round-off errors216

affect the orthogonality and the correct convergence cannot be attained. In order to avoid this problem, the217

following numerical treatment is generally applied to each iteration step:218

F†Γ̃n = F†Γn −

〈

Φ,F†Γ†
n

〉

〈

Φ,F†Φ†
0

〉F†Φ†
0, (47)219
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where F†Γ̃n is the revised source term used in the next iteration.220

In our implementation, the following different approach is taken. The source S† is separated into S
†
P221

and S
†
N , which are defined as222

S
†
P (x) =







S†(x) ifS†(x) > 0

0 otherwise,
(48)223

and224

S
†
N (x) =







−S†(x) ifS†(x) < 0

0 otherwise.
(49)225

With these two separated sources, two iterative sequences based on Eqs. (41), (42) and (43) are performed226

and iterative solutions Γ†
P,n and Γ†

N,n are obtained at the nth iteration from S
†
P and S

†
N . Since the funda-227

mental mode component a0FΦ
†
0 included in the initial sources S†

P and S
†
N does not grow during the iteration228

and higher mode components decrease, Γ†
P,n and Γ†

N,n converge to a0Φ
†
0 finally. Thus Γ† can be obtained229

by the following equations if the convergence is attained at the n′th iteration:230

Γ†
P =

n′

∑

n=0

(

Γ†
P,n − ΓP,n′

)

, (50)231

Γ†
N =

n′

∑

n=0

(

Γ†
N,n − ΓN,n′

)

, (51)232

Γ† = Γ†
P − Γ†

N . (52)233

This idea to separately treat positive and negative components in a source term was originally proposed by234

Yamamoto(Yamamoto, 1995). Specific features of this numerical method are that the numerical treatment235

described in Eq. (47) is unnecessary, negative quantity can be ignored, and no complicated convergence236

judgment is required for values close to zero.237

3. Numerical procedure238

In the present study, 3×3 and 5×5 multi-cell problems consisting of PWR-simulated UO2 and MOX pin239

cells with the white boundary conditions are considered. Geometric specifications and initial nuclide number240

densities of these fuel cells are taken from the reference(Katakura, 2004). Sensitivities of nuclide number241

densities of uranium-235, plutonium-239, americium-241 and gadolinium-156 after 1,000-day depletion with242

respect to several nuclear data are calculated. Neutron flux is normalized to 3.2×1014[/cm2·s] at the con-243

cerned fuel cell. A nuclide depletion chain consisting of 138 fission product nuclides, which is optimized for244

light water reactor reactivity calculations(Chiba, 2015), is employed.245

In addition to sensitivities of number densities of these specific nuclides, nuclear data-induced uncer-246

tainties which can be obtained with the sensitivities and covariance data of neutron-nuclide reaction cross247
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sections are calculated. In this calculation, covariance data of capture, fission and (n,2n) cross sections of248

the following 16 nuclides are considered; U-234, -235, -238, Np-237, Pu-238, -239, -240, -241, -242, Am-241,249

-243, Cm-242, -243, -244, -245 and -246. These covariance data are taken from JENDL-4.0(Shibata, 2011).250

4. Numerical results251

4.1. Verification252

The functionality of GPT-based sensitivity calculations of nuclide number densities is verified through253

comparisons with sensitivity calculations with direct numerical differentiation. Sensitivities are calculated on254

a 3×3 multi-cell problem, as depicted in Fig. 1. Sensitivities to uranium-238 capture cross section at pin 1255

(UO2) and pin 2 (MOX), and those to uranium-235 fission cross section at pin 3 (UO2) are shown in Figs. 2256

to 4. In these figures, “Ref.” corresponds to reference sensitivities calculated by the direct calculations257

and “GPT” corresponds to sensitivities calculated by the GPT functionality newly implemented into CBZ.258

Sensitivities (multiplied by 0.25) per lethargy are displayed in these figures because lethargy width of each259

energy group above 1.8554 eV is 0.25 in the present calculations. As generally good agreement between260

these two sensitivities is obtained, it can be concluded that the newly implemented GPT functionality261

is well verified. There are some differences in sensitivities of plutonium-239 and americium-241 number262

densities to uranium-238 capture cross sections between 10 and 100 eV. The reason of these differences are263

not clear at present, but the absolute values of these sensitivity differences are not significant.264

4.2. Effect of neighboring fuels in 3×3 multi-cell problem265

In order to see the effects of neighboring fuels on fuel depletion sensitivities, sensitivities of nuclide266

number densities in the same UO2 fuel cell are calculated with different arrangements of surrounding fuel267

cells. The central fuel pin with four different arrangements is shown in Fig. 5. All the neighboring fuel pins268

are UO2 in case 1 and contributions of the MOX cell increase in cases 2, 3 and 4.269

First sensitivities of uranium-235 number densities to several cross sections are shown in Fig. 6. Neutron270

flux energy spectra become harder as the contribution of the MOX cell becomes larger. Differences in energy271

profiles of sensitivities to uranium-235 fission and capture cross sections can be explained by the shifting of272

neutron flux spectra. Sensitivities to plutonium isotope cross sections become larger as the contribution of273

the MOX cell becomes larger. It is interesting to note that sensitivities to uranium-238 capture cross sections274

become small when the MOX contribution is large. Generally, sensitivity of uranium-235 number density275

to uranium-238 capture cross section is positive. When the uranium-238 capture cross section increases, it276

increases plutonium-239 production which enhances neutron flux energy spectrum hardening. This results in277

the reduction of neutron reaction rates with uranium-235 and moderates depletion of uranium-235. Because278

this effect is relatively large if the neutron flux energy spectrum is soft, this sensitivity takes larger values279

in case 1 than other cases.280
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Next, sensitivities of plutonium-239 number densities to several cross sections are shown in Fig. 7.281

Although the trend observed in sensitivities to uranium-238 capture cross sections is similar to that in Fig. 6,282

the following different interpretation is possible. It is well known that the conversion ratio of uranium-283

238 to plutonium-239 becomes large if the neutron flux energy spectrum is hard. The large conversion284

ratio is equivalent to the fact that the cancellation between plutonium-239 production and plutonium-239285

consumption is less significant. Therefore, the effect of the increase in uranium-238 capture reactions to the286

net production of plutonium-239 is large if this cancellation is significant. This is because sensitivities of287

plutonium-239 number density to uranium-238 capture cross section become large when the contribution of288

the MOX cell is small, as in case 1.289

Table 1 shows nuclear data-induced uncertainties of nuclide number densities after fuel depletion. Some290

dominated nuclear data-induced uncertainties are also shown. Uncertainties in Gadolinium-156 number291

density mainly come via neutron flux spatial and energy distributions. Non-negligible differences among292

different cell arrangements are observed in the nuclear data-induced uncertainties.293

4.3. Effect of neighboring fuels in 5×5 multi-cell problem294

To see the effects of distance from different fuel pins on fuel depletion sensitivities, sensitivities of nuclide295

number densities of the same UO2 fuel cell under the same depletion conditions are calculated at different296

pin positions. A 5×5 multi-cell, in which a MOX fuel pin is located at the center, is shown in Fig. 8. Fuel297

pins labeled 1, 2 and 3 are UO2 fuel pins, and the sensitivities of these pins are compared.298

Sensitivities of gadolinium-156 number densities to several cross sections are shown in Fig. 9. Whereas299

slight differences among different pin positions are observed, dependence of sensitivities on pin position, i.e.,300

distance from different fuel pin, is generally negligible. On sensitivities of uranium-235, plutonium-239 and301

americium-241 number densities, the differences among different pin positions are much smaller.302

Table 2 shows nuclear data-induced uncertainties of nuclide number densities after fuel depletion. De-303

pendence of the nuclear data-induced uncertainties on pin position is negligible.304

5. Concluding remarks305

A new functionality of fuel depletion sensitivity calculations has been developed as one module in a306

deterministic reactor physics code system CBZ. This is based on the generalized perturbation theory for307

fuel depletion problems. The theory for fuel depletion problems with a multi-layer depletion step division308

scheme has been described in detail. Numerical techniques employed in actual implementation have also309

been provided. Verification calculations have been carried out for a 3×3 multi-cell problem consisting of310

two different fuel pins. It has been shown that sensitivities of nuclide number densities after fuel depletion311

calculated by the new module agree well with reference sensitivities calculated by direct numerical differen-312

tiation. To demonstrate the usefulness of the new module, fuel depletion sensitivities in different multi-cell313
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arrangements have been compared with one another, and non-negligible differences have been observed.314

Nuclear data-induced uncertainties of nuclide number densities obtained with the calculated sensitivities315

have also been compared. In addition, sensitivities in a 5×5 multi-cell problem have been calculated, and it316

has been shown that the dependence of sensitivities on distance from different fuel pins is negligible.317

The following further developments are now planned: extension of GPT to fuel depletion calculations with318

the predictor-corrector method for lattice systems including gadolinium-bearing fuel pins, and replacement319

of the collision probability module by the method of characteristic module for large systems such as fuel320

assemblies.321
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Table 1: Nuclear data-induced uncertainties of nuclide number densities after fuel depletion in a 3×3 multi-cell problem

Case 1 Case 2 Case 3 Case 4

Uranium-235 Total 1.10 0.63 0.61 0.45

U-238(n,γ) 1.04 0.46 0.41 0.25

Pu-240(n,γ) 0.24 0.35 0.37 0.31

Plutonium-239 Total 2.26 1.90 1.87 1.67

U-238(n,γ) 2.21 1.83 1.79 1.61

Americium-241 Total 5.34 4.36 4.20 3.71

Am-241(n,γ) 4.20 3.30 3.10 2.59

Pu-240(n,γ) 2.01 2.12 2.17 2.12

Pu-241(n,γ) 1.53 1.11 1.03 0.87

U-238(n,γ) 1.66 1.13 1.08 0.94

Gadolinium-156 Total 0.65 0.65 0.72 0.80

U-238(n,γ) 0.54 0.22 0.19 0.07

Pu-240(n,γ) 0.08 0.45 0.55 0.66
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Table 2: Nuclear data-induced uncertainties of nuclide number densities after fuel depletion in a 5×5 multi-cell problem

Pin 1 Pin 2 Pin 3

Uranium-235 Total 1.00 1.02 1.04

U-238(n,γ) 0.92 0.96 1.04

Plutonium-239 Total 2.22 2.22 2.22

U-238(n,γ) 2.16 2.16 2.17

Americium-241 Total 5.14 5.22 5.24

Am-241(n,γ) 4.01 4.11 4.12

Pu-240(n,γ) 2.09 2.04 2.03

Pu-241(n,γ) 1.43 1.47 1.48

U-238(n,γ) 1.55 1.59 1.60

Gadolinium-156 Total 0.64 0.63 0.63

U-238(n,γ) 0.50 0.51 0.51
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Figure 1: 3×3 multi-cell problem for verification calculations. “U” and “M” stand for UO2 and MOX fuel cells, respectively.
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Figure 2: Sensitivities of nuclide number densities after fuel depletion to uranium-238 capture cross section in a 3×3 multi-cell

problem (pin 1)
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Figure 3: Sensitivities of nuclide number densities after fuel depletion to uranium-238 capture cross section in a 3×3 multi-cell

problem (pin 2)
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Figure 4: Sensitivities of nuclide number densities after fuel depletion to uranium-235 fission cross section in a 3× 3 multi-cell

problem (pin 3)



Figure 5: 3×3 multi-cell problem with different arrangements
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Figure 6: Sensitivities of uranium-235 number densities after fuel depletion to several cross sections in a 3×3 multi-cell problem
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Figure 7: Sensitivities of plutonium-239 number densities after fuel depletion to several cross sections in a 3×3 multi-cell

problem



Figure 8: 5×5 multi-cell problem
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Figure 9: Sensitivities of gadolinium-156 number densities after fuel depletion to several cross sections in a 5×5 multi-cell

problem
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