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Efficiency and limitation of periodic sample multiplication to reduce computational
load in Monte Carlo simulations of electron swarms in gas under
attachment-dominated conditions ¥

Hirotake Sugawara
Graduate School of Information Science and Technology, Hokkaido University, Sapporo 060-0814, Japan

In Monte Carlo simulations of electron swarms, sample electrons were copied periodically so tfiatiensu
number of samples are obtained in equilibrium after relaxation even under a severe attachment-dominated con-
dition where most electrons vanish during the relaxation. The final sampling results were equivalent to those
sampled by a conventional method, and the computational time conventionally wasted for the tracking of van-
ishing electrons was reduced drastically. The time saved can be utilized for tracking more samples to reduce
statistical fluctuation. Thefgciency of this technique and its limitation are discussed guantitatively together
with details on its implementation.

Monte Carlo simulation (MCS) of electron swarms is a typical method to derive fundamental
properties of discharge plasmas such as electron velocity distribution function (EVDF) and electron
transport cofficients. Its advantage is that electron behavior can easily be taken into account; e.g.,
treatments for anisotropic scattering and gyration in magnetic fields would be complicated if consid-
ered in Boltzmann equation analyses. Instead, to reduce statistical fluctuation, a considerable com-
putational load is required to track afBoient number of sample electrons for afsuently long
relaxation time to reach equilibrium. Empirically, we would need at lea3t 1@ samples to obtain
a fairly smooth EVDF. Mean electron energy and average velocity, for which the electron position is
not considered, would be available stably from these populations. However, other electron transport
codficients require more samples; e.gffasion codicient derived from the second-order spatial mo-
ment is sensitive to statistical fluctuation, and collision frequencies of rare reactions are essentially
stochastic. 16-1¢ electrons were sampled in MCSs in which a high precision was regtited.

Attachment-dominated conditions are severe for MCS because the number of electrons decreases
during the relaxatiofl. The electron attachment in electronegative gases likely occurs for low-energy
electrons. The number of electrons tends to decrease dEIDWE, electric field;N, gas molecule
number density) aridr high B/N (B, magnetic field) values. In addition, the relaxation is slow under
such conditions. To overcome thiditttulty, periodic sample multiplication (PSM) is investigated in
this study. Similar treatments have often been adopted in MCSs as reviewed in Ref. 4, and related
scaling techniques are also adopted in particle-in-cell MCSs. However, some important details are still
left as unwritten knowledge. Because PSM is a beneficial but empirical technique, it is meaningful
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Fig. 1. Temporal variation of the number of samples under attachment-dominated condition. Exponential
curve,n(t) in conventional MCS; and stepwise curve(t) in MCS with PSM (n = 2). The hatched area
represents a unit computational lolado quantify the load reductiorfiéciency.

and necessary to formulate it§ieiency and limitation quantitatively for appropriate implementation.

Let us consider an attachment-dominated condition under which the number of electtens
creases exponentially with tinteasn(t) = n(0) exp¢S t), whereve! = vign — var < 0 is the éfective
ionization frequencyyion andvy are the ionization and attachment frequencies, respectively. An elec-
tron swarm reaches its drift equilibrium at givéh B, and N within a simulation timeT. n(T) is
required to be statistically flicient. Thenn(0) = n(T) exp(—viegf]T) becomes correspondingly large
if all electrons are tracked in a conventional manner. However, many of them vanish before the final
sampling att = T. The tracking of vanishing electrons is a waste of computational power, but we
cannot determine which electrons would vanish prior to the choice by random numbers.

By PSM, one can producen- 1) copy samples that inherit the profile of an original sample every
T/k, ie,, k-1 timesatt = iT/k(i = 1,2,..., k- 1) (see Fig. 1). Here, the multiplication factor
m and the number of time divisiorlsare natural numbers. At the time of copying, the weight of a
sample is reduced to/fn to maintain the continuity of the number of electrons. The copying adds
no new statistical diversity at that time. However, the original and copy samples eventually blanch
and undergo dierent histories after the succeeding collisions occurrfor (L) of them original and
copy samples. This blanching is substantial in PSM. Thijk,should be sfficiently long to achieve
the blanching. The blanching timgjanchis estimated from mean free timgee 8STplanch > Tree =
1/viotal, Wherevigig is the total collision frequency. Here, the relaxation of electron swarms, mainly by
energy relaxatiod;® generally needs a longer time thaunch

There are two ways of practical PSM implementation. When the memory capacity for arrays is
sufficiently large to store the positiorx,(y, z2) and velocity (x, vy, v;) of all samples simultaneously
(e.g., about 4.5 GB per Gamples for the six variables in double precision), tracking can proceed
synchronously to the samples. The profiles of newborn samples are stored into vacant elements of the
arrays. Management of the arrays, e.g., the search for vacancies and the judgement of occupation at
sampling, is needed as an additional task. Otherwise, the memory can be saved by tracking samples
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Fig. 2. Dependences of the load reduction fastayn m andk. 7 was calculated a¢® = -10’s™! and
T =250ns;i.e.n(T)/n(0) = exp=2.5).

one by one front = 0 to T repeatedly. The profiles of newborn samples are stacked and their tracking
is reserved during the tracking of the original sample. The stacked profile of a copy sample and its
birth time are recalled when the tracking of the copy sample resumes. The recalls are repeated until all
stacked profiles are processed. These schemes are similar to the treatment of the secondary electrons
generated by ionization except that the scattering operation for the secondary electrons are not applied
to the PSM newborn samples. The stack size must be more tharlj(k — 1) for the PSM, and a
margin for the secondary electrons (jonT) iS necessary.

The computational load is proportional to the number of tracked samples. The load for conven-
tional MCS L¢ony and that for PSM-MC3.psy are quantified with a unit load = f[(Tk_l)/k]T n(t)dt.
From the relationships illustrated in Fig. 1, we obtain the loads and the load reductiornfastor

y = exp(vﬁ)ff]T/k)<1, 1)
k 1i—1 1—’)’_k
conv = - = s 2
. ;(7) ) 1—7‘1L @
(1) L)
I = 2l ©

Lpsm _ 1- (my) *1-y* @)
Leonv 1= (my) 11—y
Figure 2 shows; plotted at variousm and k values. Largem and k are more desirable for load

n

reduction, but the decreaserjrslows down with increasing andk.

There are restrictions anandk. One is that the number of collisionless electrons should be zero
or one amongn originalcopy electrons for the blanching. The probabilityhat an electron remains
collisionless fofT /k is p = exp(viotaT/K). The requirement is satisfied whén= (1 - p)™ + mp(1 -
p)™! ~ 1. If we choose, e.gR > 1 - 1/10000 aim = 2,

K < 2vi0taT/ In 10000 (5)
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Another isn'(0) = n'(T) expvE T)m~&1) > 1 to avoid overpopulation, i.e., an unnecessarily large
n’(T). This becomes

k<1+[Inn(T)—v&T|/Inm (6)

ion
T, Viota, and vi%ff], which are necessary for the PSM setting, can be estimated from small-scale test
MCSs.

A benchmark was performed for electron swarms in an electronegative ga#) EFL B at a low
E/N of 100 Td (townsend, 1 Té 10721 Vm?) and a higha/N of 1000 Hx (huxley, 1 Hx= 102’ Tmd),
atN = 10?2m~2. This condition is strongly attachment-dominated. The initial electrons were released
with a Maxwellian EVDF with a mean energy of 1 eV. The electron trajectories were calculated on
the basis of Ref. 6. Mt method withAt = 0.1 ps and a timesaving schemeere adopted for the
judgement of the occurrence of collisional events. The collision cross sectionsso#/€3E taken
from Refs. 8 and 9. The workstation used for the benchmark had the following properties: CPU,
Intel Xeon E5-1650 v4, 3.60 GHz; main memory, 128 GB; operating system, Linux CentOS 7.3; and
programming language,+G-.

Figure 3 shows the relaxation of representative electron transpdiicbeets obtained by the
conventional MCS witin(T) > 10°%; the mean electron enerdy) = 3me(v% + 07 + v2), the average
velocity V = (v,), the centroid drift velocitylV = d(z)/dt, and the dfusion codficientD = %d((z—
(2))%)/dt. Here,m¢ is the electronic masgX) represents the ensemble average of a quaXtignong
the electrons in the swarm, ardE is applied to the+z-direction. The quantities were calculated in
double precision. The fluctuation was large for tr@ependent cdicientsW andD. Their standard
deviations during the findl/10 period, before which the swarm seems to have reached its equilibrium,
are listed in Table | as relative valueg /X together with other results.

Saving time and suppression of the statistical fluctuation were attempted by PAM &, 3,
and 5. Caser’(T) > 10° andn’(T) > 10’ were examined for comparison ok /X. votas Was about
22x10°s™%, thus,tiree = 0.45ns, and®T = —1.0x 10’ s™1. k was chosen as listed in Tablekl= 25
is close to the upper limit d€ in Eq. (6) forn’(T) > 107, which is tighter than Eq. (5). The initia(0)
andn’(0), the finaln(T) andn’(T), and the CPU tim& cpy spent for each MCS are shown together.
The equilibrium values oK andox/X in cases 2-9 were calculated in the fifak period. They
agreed with each other satisfactorily, and the EVDFs did as well.

Let us focus on the fluctuation b becauserp/D was the largest among the dheients in Fig.

3. Figure 4 shows fluctuations BFD during the relaxation process in the simplest PSkhat 2. The

early fluctuation in case 1 is the smallest for the largest Table I,0p/D in the cases aoff (T) > 10°

was comparable to that in case 1, Agpy was shortened much by PSM. The time saved can be
spent to increase’(T) for a smaller fluctuation in the final period. TAgpy values in the cases of

n'(T) > 10’ were still shorter than that in case 1. Although the initial samples in cases 4 and 5 were
less diverse than those in the other cases and their early relaxation processes were no longer clearly
observableN D reached appropriate equilibrium values by the fih&d. Overpopulation im’(T) was
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Fig. 3. Relaxation of electron transport geients observed by the conventional MCS wiifT) > 1CF.
() =5.114eVV = 445x 10°ms™*, W = 6.02x 10* ms?, andND = 1.37x 10**m1s™.
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Fig. 4. Comparison of statistical fluctuations in the relaxatioN Bf The curve of case 1 is identical to that in
Fig. 3. Cases 2-5 were shifted upward in steps of two divisions to show them separately. Case 4 is plotted
as a broken curve to distinguish it from the other crossing curves.

observed in cases with small(0), andTcpy values ranged wider in such cases.

By PSM, the histories of individual samples that have survived a relaxation period under an
attachment-dominated condition are copied before they are lost uselessly. This enhances the oppor-
tunity that each history participates in the final statistics. The samples produced by PSM are the de-
scendants of a limited number of initial samples. Therefore, one may be concerned about some bias by
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analogy with the statistical time lag in the early phase in electric breakdown that an electron avalanche
develops from a few seed electrons under an ionization-dominated condition. However, it seems that a
satisfactory randomization has been achieved durifitgcgently long intervals of PSM for the blanch-

ing of copy samples. As long as PSM is applied equally to all of the samples surviving at that time,
bias due to factitious choices is excluded from the final statistics.

The dficiency and limitation of the PSM were discussed and quantitative implementation guide-
lines were presented. It was demonstrated that PSM enables us to reduce the computational load in
MCSs even under a severe attachment-dominated condition and the statistical fluctuation can be re-
duced substantially by utilizing the saved CPU time for increasing the number of samples.
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